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Abstract

Local SGD is a communication-efficient variant of SGD for large-scale training, where multiple
GPUs perform SGD independently and average the model parameters periodically. It has been
recently observed that Local SGD can not only achieve the design goal of reducing the commu-
nication overhead but also lead to higher test accuracy than the corresponding SGD baseline [39],
though the training regimes for this to happen are still in debate [47]. This paper aims to understand
why (and when) Local SGD generalizes better based on Stochastic Differential Equation (SDE) ap-
proximation. The main contributions of this paper include (i) the derivation of an SDE that captures
the long-term behavior of Local SGD with a small learning rate, after approaching the manifold of
minima, (ii) a comparison between the SDEs of Local SGD and SGD, showing that Local SGD
induces a stronger drift term that can result in a stronger effect of regularization, e.g., a faster re-
duction of sharpness, and (iii) empirical evidence validating that having small learning rate and
long enough training time enables the generalization improvement over SGD but removing either
of the two conditions leads to no improvement.

1. Introduction

Recent advances suggest that the ultimate performance of deep learning on test sets can be dras-
tically improved by scaling up the dataset and increasing the model size, but this requires more
computation. In response, recent works [15, 24, 65] seek to speed up standard training methods by
exploiting data parallelism in a distributed computing setting and most works focus on improving
Stochastic Gradient Descent (SGD).

SGD tries to solve problems of the form mingega E, 5 [¢(6; &), where 6 € R< is the parameter
vector of the model, £(8; ) is the loss function for a data sample & drawn from the training distribu-
tion D, e.g., the uniform distribution over the training set. SGD with learning rate 7 and batch size
B does the following update at each step, using a batch of B independent &; 1,...,& B ~ D:

B
1
0,11+ 0; —ng;, where g;= B E Vﬁ(et;ft,z‘) (D
i=1

Farallel SGD tries to improve efficiency by distributing the gra_dient computation to K > 2 workers,
each of whom focuses on a local batch of Bj,. := B/K samples and computes the average gradient
over the local batch. Finally, g; is obtained by averaging the local gradients over the K workers.
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(a) CIFAR-10, B = 4096, ResNet-56. (b) ImageNet, B = 8192, ResNet-50.

Figure 1: Post-Local SGD (H > 1) generalizes better than SGD (H = 1). We switch to Local
SGD at the first learning rate decay (epoch 250) for CIFAR-10 and at the second learning
rate decay (epoch 100) for ImageNet. See Appendix L.1 for training details.

In the ideal case where the batch size B is large enough, the speedup of parallel SGD over single-
machine SGD (in terms of wall-clock time) can be linear in the number of workers K. However,
large-batch training leads to a significant test accuracy drop compared to a small-batch training
baseline with the same number of training steps or epochs [23, 27, 53, 55], which probably stems
from a low level of gradient noise (see Appendix A for discussion).

A variant of SGD, called Local SGD [61, 67, 69] has been recently observed to help resolve the
generalization degradation in certain regimes of large-batch training. Perhaps surprisingly, Local
SGD is not designed for better generalization, but for reducing the high communication cost, another
important issue that bottlenecks large-batch training [5, 50, 52, 58].

Instead of averaging the local gradients per step as in parallel SGD, Local SGD averages the
local model parameters on the K workers whenever they finish i local steps of SGD (reducing
the communication by a factor H). Formally, Local SGD proceeds in multiple rounds of model
averaging, where each round produces a global iterate 6(). In the (s + 1)-th round, every worker

k € [K] starts with its local copy of the global iterate 0](65()) + 0®) and does H steps of SGD with
local batches. The k-th worker at its ¢-th local step draws a local batch of Bj,. := B/ K independent

samples & 1(:2 € ,(:2 Bio from a shared training distribution D and updates as follows:
Bloc
1
0°),., < 6y —ng’), where g’ = 5 S OVeO:El)). t=0,.. H-1 (@
¢ i=1
After finishing the H local steps, the workers aggregate the resulting local iterates 9,(:}] and assign

the average to the next global iterate: ¢+1) +— LS~ 0,(3{.

Lin et al. [39] discovered that Local SGD can be used as a strong component to improve gen-
eralization in large-batch training. They proposed Post-local SGD, a hybrid method that starts with
parallel SGD (equivalent to Local SGD with H = 1 in math) and switches to Local SGD with
H > 1 after a fixed number of steps £y. Following a standard training procedure with momentum
and multiple learning rate decays, they showed through extensive CIFAR-10 [31] experiments that
Post-local SGD significantly outperforms parallel SGD in test accuracy, where g is carefully cho-
sen to be the time of the first learning rate decay. Ortiz et al. [47] conducted a large-scale empirical
study on ImageNet [51] but found that switching at the first learning rate decay can hurt general-
ization; instead, switching at a later time may improve validation accuracy. Our experiments on
CIFAR-10 and ImageNet (Figure 1) reproduce the generalization improvement of Post-local SGD.

The success of Post-local SGD suggests that Local SGD induces a generalization benefit if the
training starts from a model pre-trained by (parallel) SGD, though Local SGD is designed for a
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Figure 2: Effect of n, H and training time. See Appendix L.2 for training details.

(e) CIFAR-10, test acc v.s. H.

different purpose. The current paper tries to understand: Why does Local SGD generalize better?
Under what general conditions does this generalization benefit arise?

Previous theoretical research on Local SGD is mainly restricted to the convergence rate for
minimizing a convex or non-convex objective (see Appendix A for a survey), and the generalization
aspect of Local SGD is still unclear.

Our Contributions. In this paper, we provide the first theoretical understanding on why (and
when) switching from parallel SGD to Local SGD improves generalization.

1. We conduct ablation studies on CIFAR-10 and ImageNet and identify that small learning rate
and sufficient training time are two important factors that contribute to the generalization im-
provement of Local SGD over the corresponding (parallel) SGD baseline.

2. Inspired by a previous analysis of the long-term generalization benefit of SGD [37], we derive
an SDE for Local SGD that can track its long-term behavior with a novel proof.

3. We explain the generalization improvement of Local SGD over SGD through comparison with
the corresponding SDEs: increasing the number of local steps H strengthens the drift term of
SDE. We then connect the stronger drift term to a stronger implicit regularization effect.

2. When does Local SGD Generalize Better?

It is still in debate under what general conditions this generalization benefit arises; see Appendix B.1
for a review. In response, we focus on a simple yet insightful setup: the learning rate 7 is constant
with time, and we train SGD and Local SGD without additional tricks (e.g., without momentum).
We observed the generalization improvement of Local SGD over SGD even in this setting (Figure 1).
We further conduct ablation studies and identify that small learning rate and sufficient training
time are key factors that enable the improved generalization of Local SGD over its SGD counterpart.

Finding 2.1 Given a sufficiently small learning rate n and sufficiently long training time, Local
SGD exhibits better generalization than (parallel) SGD (with the same 1, Bioc, K), if the number of
local steps H is tuned properly according to 1. This holds for both training from random initializa-
tion and from SGD pre-trained models.

Our finding can help to settle the debate to a large extent; see Appendix B.3 for discussion.
Now we go through each point of our finding. (1). Pretraining is not necessary. In contrast to
previous works claiming the benefits of Post-local SGD over Local SGD [39, 47], we observe that
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Local SGD with random initialization also generalizes significantly better than SGD, as long as
7 is small and the training time is sufficiently long (Figure 2(a)). (2). The learning rate should
be small. The learning rate is 0.32 for Figures 2(a) and 2(b) and is 0.16 for Figure 2(c). As
shown in Figure 2(d), Local SGD encounters optimization difficulty in the first phase when 7 is
large (e.g., n = 3.2), resulting in inferior final test accuracy. Even for training from a pre-trained
model, the generalization improvement of Local SGD disappears for large learning rates (e.g., n =
1.6 in Figure 3(d)). In contrast, Figure 3(c) shows that Local SGD achieves a comparable test
accuracy with a much smaller learning rate = 0.064 (with H and the training budget set properly).
(3). Training time should be long enough. In Figures 2(b) and 2(c), we extend the training budget
for the Post-local SGD experiments in Section 1 and observe that a longer training time leads to
greater generalization improvement upon SGD. On the other hand, Local SGD generalizes worse
than SGD in the first few epochs of Figures 2(a) and 2(c); see Figures 3(a) and 3(b) for an enlarged
view. (4). The number of local steps H should be tuned carefully. The number of local steps H
has a complex interplay with the learning rate 7, but generally speaking, the test accuracy first rises
as H increases, then it begins to fall when H is too large. A smaller n needs a higher I to achieve
consistent generalization improvement. See Figures 2(e) and 2(f).

3. Theoretical Analysis of Local SGD: The Slow SDE

In this section, we use an SDE-based approach to establish the generalization benefit of Local SGD.
Below, we first identify the difficulty of adapting the conventional SDE framework to Local SGD.
Then, we present our new SDE and explain the generalization benefit.

Notations. We follow the notations in Section 1. We also define £(8) := E,_5[€(6;¢)] as the
expected loss, 3(0) := Cov,_5[V{(6; )] as the noise covariance of gradients at 6. Let {W}i>o
denote the standard Wiener process. For a mapping F' : R? — RY, denote by 9F(0) the Jaco-
bian at @ and 0?F(0) the second order derivative at . Furthermore, for any matrix M ¢ R*¢,
0?F(0)[M] = Zie[d]<%, M)e; where e; is the i-th vector of the standard basis. We write
0*(VL)(0)[M] as V3L(0)[M] for short.

3.1. Difficulty of Adapting the SDE Framework to Local SGD

A widely-adopted approach to understanding the dynamics of SGD is to approximate it with the
following SDE (3), which we call the conventional SDE approximation. Below, we discuss why it
cannot be directly adopted to characterize the behavior of Local SGD.

AX (1) = ~VL(X)dt + /5" (X)aW;. 3)

Itis proved by Li et al. [34] that this SDE is a first-order approximation to SGD, where each discrete
step corresponds to a continuous time interval of 7. By Finding 2.1, it is tempting to consider the
limit » — 0 and see if Local SGD can also be modeled via a variant of the conventional SDE. In
this case the typical time length that guarantees a good SDE approximation error is O(n~!) discrete
steps [34, 36]. However, this time scaling is too short for the difference to appear between Local
SGD and SGD. We show in Theorem 9 that they closely track each other for O(n~!) steps. See also
Appendix D for Lin et al. [39]’s attempt to model Local SGD with multiple conventional SDEs and
for our discussion on why it does not give much insight.

3.2. SDE Approximation near the Minimizer Manifold

Inspired by a recent paper [37], our strategy to overcome the shortcomings of the conventional
SDE is to design a new SDE that can guarantee a good approximation for O(n~2) discrete steps.
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Following their setting, we assume the existence of a manifold I" consisting only of local minimizers
and track the global iterate 6) around T after it takes O(n~1) steps to approach T'.

Assumption 3.1 The loss function L(-) and the matrix square root of the covariance 21/2(~) are
C°-smooth. Besides, we assume that |V (0;§)||2 is bounded by a constant for all 6 and .

Assumption 3.2 T is a C*®°-smooth, (d — m)-dimensional submanifold of R?, where any ¢ € T
is a local minimizer of L. For all { € T, rank(V2L(¢)) = m. Additionally, there exists an open
neighborhood of ', denoted as U, such that T' = arg mingey £(0).

Assumption 3.3 T is a compact manifold.

The existence of a minimizer manifold with rank(V2£(¢)) = m has also been made as a key
assumption in Fehrman et al. [11], Li et al. [37], Lyu et al. [40]. rank(V2£({)) = m ensures
that the Hessian is maximally non-degenerate on the manifold and implies that the tangent space at
¢ € T equals the null space of V2£(().

Our SDE for Local SGD characterizes the training dynamics near I'. For ease of presentation,
we define the following projection operators ®, ¢ for points and differential forms.

Definition 1 (Gradient Flow Projection) Fix a point 6, ¢ T. Forx € R4, consider the gradient
flow dﬁgt) = —VL(x(t)) with (0) = x. We denote the gradient flow projection of © as ®(x).
O(x) = limy_, 4 oo x(t) if the limit exists and belongs to I'; otherwise, ®(x) = Opy.

Definition 2 For any ¢ € T and any differential form AAdW, + bdt in It calculus, where A

is a matrix and b is a vector, we use Pc(AdW; + bdt) as a shorthand for the differential form
0D (¢)AdW,; + (0@ (¢)b + 20%®(¢)[AAT]) dt.

Here P equals ®(¢ + AdW; + bdt) — ®() by Ito calculus, which means ¢ + P¢(AdW; + bdt)
does not leave I'. It can be shown that 9% () equals the projection matrix onto the tangent space of

I" at ¢. We decompose the noise covariance 3 () for ¢ € I into the tangent space part 3 (¢) :=
0P (¢)X(¢)0®(¢) and the rest part 3¢ (¢) := X(¢) — X (¢). Now we are ready to state our SDE.

Definition 3 (Slow SDE for Local SGD) Given n, H > 0 and {y € T, define {(t) as the solution
of the following SDE with initial condition (0) = (o

a¢(t) = Pe( 52 (QaWs = VAL S0 (Ot —BF VAL E(Qldt ). &)
—_——

(a) diffusion (b) drift-1 (c) drift-II
Here ﬁQ(C) \TI(C) € R4 gre defined as
S T T
30(€) = Di (a0 (0 70) KR <2<>(C>, v, >ij 7 (5)
T — Y(mH-(AitA; T T
W(C) == 225 j:(n0) V(A #0) W <2<>(C)7vivj >Uﬂ?j ; (6)
where {v;}L_, is a set of eigenvectors of V2L(() that forms an orthonormal eigenbasis, A1, . . ., \g
are the corresponding eigenvalues. Additionally, 1(0) = 0 and ¢(x) = % for x # 0.

The use of P keeps ¢(t) on I' through projection. Zi/ ?(¢) introduces a diffusion term to the

SDE in the tangent space. The two drift terms involve 3 (-) and ®(-), which can be intuitively

understood as rescaling the entries of the noise covariance in the eigenbasis of Hessian. In the

special case where V2L = diag(A1,--- ,Aa) € R™4, we have Xg;; = yo S04 Vij =
1T A

Y(HXi+A5))

N Y0,i,j- ¥ () increases from 0 to 1 as x goes from 0 to infinity (see Figure 7)
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We name this SDE as the Slow SDE for Local SGD because we will show that each discrete
step of Local SGD corresponds to a continuous time interval of n? instead of an interval of 7 in
the conventional SDE. This Slow SDE is inspired by Li et al. [37]. Under nearly the same set of
assumptions, they proved that SGD can be tracked by an SDE that is essentially equivalent to (4)
with K = 1, namely, without the drift-II term:

1 o~
A¢(t) = Pe( F5B(QaW () —g5 VAL [Zo(Q)ldt ). ™
(a) diffusion (b) a;ift-l
We refer to (7) as the Slow SDE for SGD. We remark that the drfit-II term in (4) is novel and is the

key to separate the generalization behaviors of Local SGD and SGD in theory. We will discuss this
point later in Section 3.3. Now we present our SDE approximation theorem for Local SGD.
Theorem 4 Let Assumptions 3.1 to 3.3 hold. Let T' > 0 be a constant and (t) be the solution
10 (4) with the initial condition ¢(0) = ®(0©)) € T. If H is set to & for some constant o > 0,
‘ = O(1°%),

then for any C3-smooth function g(8), maxg_ . 1 ‘E[g(fb(e_(s))] — C(sHn?)
B — — Hng

where O(-) hides log factors and constants that are independent of ) but can depend on g(G).

Theorem 5 For § = O(poly(n)), with probability at least 1 — 6, it holds for all O(% log %) <

s < aln that ®(0%)) € T and ||6) — ®(0))||2 = O(, /anlog %), where O(-) hides constants
independent of 1, o and 6.

Theorem 4 suggests that the trajectories of the manifold projection and the solution to the Slow

SDE (4) are close to each other in the weak approximation sense. Theorem 5 further states that the
iterate (%) keeps close to its manifold projection after the first few rounds.
Remark 6 7o connect to Finding 2.1, we remark that our theorems (1) do not require the model to
be pre-trained (as long as the gradient flow starting with 8) can converge to T); (2) give better
bounds for smaller n; (3) characterize a long training horizon ~ n~2. The need for tuning H will
be discussed in Remark 8.

3.3. Interpretation of the Slow SDEs

In this subsection, we compare the Slow SDEs for SGD and Local SGD and provide an important
insight into why Local SGD generalizes better than SGD: Local SGD strengthens the drift term in
the Slow SDE which makes the implicit regularization of stochastic gradient noise more effective.

Interpretation of the Slow SDE for SGD. The Slow SDE for SGD (7) consists of the diffusion
and drift-I terms. The former injects noise into the dynamics; the latter one drives the dynam-
ics to move along the negative gradient of 55 (V2£(¢), 3¢ (¢)) projected onto the tangent space,

but ignoring the dependency of f)Q(C ) on ¢. This can be connected to the class of semi-gradient
methods which only computes a part of the gradient [4, 45, 60]. In this view, the long-term be-
havior of SGD is similar to a stochastic semi-gradient method minimizing the implicit regularizer
25 (V2L(C), 20(( )) on I'. This argument reveals that SGD has a deterministic trend toward the
region with a smaller magnitude of Hessian, which is commonly believed to correlate with better
generalization [19, 25, 27, 46]. In contrast, the diffusion term can be regarded as a random per-
turbation to this trend, which can impede optimization when the drift-I term is not strong enough.
Based on this view, we conjecture that strengthening the drift term of the Slow SDE can help SGD
to better regularize the model, yielding a better generalization performance. More specifically, we
propose the following hypothesis, which compares the generalization performances of the following
generalized Slow SDEs. Note that (% 513 B) -Slow SDE corresponds to the Slow SDE for SGD (7).
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Definition 7 For k1, ko > 0, define (k1, k2)-Slow SDE to be the following:

A¢(t) = Pe(VArs| QAW () — VP £(Q)[So(C))t ). ®)

Hypothesis 3.1 Starting at a minimizer ¢y € T, run (K1, k2)-Slow SDE and (k1, k})-Slow SDE
respectively for the same amount of time T > 0 and obtain {(T'),{'(T). If ko > K, then the
expected test accuracy at {(T) is better than that at {'(T).
One motivating example is SGD with label noise regularization. In this case, the Slow SDE for
SGD turns out as a simple gradient flow on I' aimed at minimizing tr(V2£), and larger drift term
means flatter minima; see Appendix E. Due to the No Free Lunch Theorem, we do not claim that
our hypothesis is always true, but we do believe that the hypothesis holds when training usual neural
networks (e.g., ResNets, VGGNets) on standard benchmarks (e.g., CIFAR-10, ImageNet).
Local SGD Strengthens the Drift Term in Slow SDE. Our hypothesis can help us understand
why Local SGD generalizes better than SGD. The Slow SDE for Local SGD (4) has an additional
drfit-II term. Similarly, this term has the effect of driving the dynamics to move along the negative
semi-gradient of 52 (V2L(¢), (C )) (with the dependency of \II(C ) on ¢ ignored). Combining
it with the implicit regularizer induced by the drift-I term, we can see that the long-term behavior
of Local SGD is similar to a stochastic semi-gradient method minimizing the implicit regularizer
55 (VQE(C) 0(€)) + EFH(V2L(C), ¥(£)) on the minimizer manifold of the original loss £.

\II(C ) is basically a rescaling of the entries of by »(€) in the eigenbasis of Hessian, where the
rescaling factor ¢ (nH - (A; + A;)) is between 0 and 1 (see Figure 7 for the plot of ¢)). When nH
is small, the rescaling factors should be close to 0, then li!((j ) ~ 0, leading to almost no additional
regularization. On the other hand, when n H is large, the rescaling factors should be close to 1, then
\TI(C ) ~ f)o(C ). We can then merge the two implicit regularizers to be 15 (V2L(¢), f]Q(C )). The
corresponding Slow SDE is approximately the (% 53 B) -Slow SDE, which is restated below:

a¢(t) = (fxf@aw>—%v%@i<mw) ©)

Comparing the (& 55 B) -Slow SDE for SGD (7) and the (4 53 B) -Slow SDE above (9), the difference
is that the drift term is amplified by K times. According to our hypothesis, we can then attribute the
generalization improvement of Local SGD to the amplified drift term.

Since the Slow SDE of Local SGD is better approximated by the (& 1) B) -Slow SDE above (9)
when H7 increases, our hypothesis also implies that we should increase H when decreasing 7
to experience the similar generalization benefit, which is consistent with our empirical finding in
Section 2 that the optimal H for generalization increases as n decreases (Figures 2(e) and 2(f)).
Remark 8 When n is small but finite, tuning H offers a trade-off between regularization strength
and SDE approximation quality. Larger o := nH makes the regularization stronger in the SDE, but
the SDE itself may lose track of Local SGD, which can be seen from the error bound in Theorem 5.
This matches our finding that tuning H is important for better generalization (Finding 2.1).
Prediction: Increasing the number of workers helps generalization. In addition to strengthen-
ing the drift term of the Slow SDE for SGD, another way to help the corresponding semi-gradient
method to optimize the implicit regularizer is to reduce the diffusion term. We conduct experi-
ments where we keep H and 7 fixed and gradually increase the number of workers K to reduce the
diffusion term. As shown in Figure 6, a higher test accuracy is achieved for larger K.

4. Conclusions

In this paper, we provide a theoretical analysis for Local SGD that captures its long-term gener-
alization benefit in the small learning rate regime. We derive the Slow SDE for Local SGD as a
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generalization of the Slow SDE for SGD [37], and attribute the generalization improvement over
SGD to the larger drift term in the SDE for Local SGD. Our empirical validation show that Local
SGD indeed induces generalization benefits with small learning rate and long enough training time.
The main limitation of our work is that our analysis does not imply any direct theoretical separation
between SGD and Local SGD in terms of test accuracy, which requires a much deeper understand-
ing of loss landscape and the Slow SDEs and is left for future work. Another future work direction
is to design a distributed training method that provably generalizes better than SGD based on the
insights from Slow SDEs.
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Appendix A. Additional Related Works

Optimization Aspect of Local SGD. Local SGD is a communication-efficient variant of parallel
SGD, where multiple workers perform SGD independently and average the model parameters pe-
riodically. Dating back to Mann et al. [43] and Zinkevich et al. [71], this strategy has been widely
adopted to reduce the communication cost and speed up training in both scenarios of data center
distributed training [6, 48, 59, 68] and Federated Learning [26, 44]. To further accelerate train-
ing, Wang and Joshi [61] and Haddadpour et al. [16] proposed adaptive schemes for the averaging
frequency, and Basu et al. [1] combined Local SGD with gradient compression. Motivated to the-
oretically understand the empirical success of Local SGD, a lot of researchers [14, 28, 57, 62, 67]
analyzed the convergence rate of Local SGD under various settings, e.g., convex/non-convex ob-
jective functions. The error bound of Local SGD obtained by these works is typically inferior to
that of SGD for fixed number of iterations/epochs and becomes worse as the number of local steps
increases, revealing a trade-off between less communication and better optimization. In this pa-
per, we are interested in the generalization aspect of Local SGD, assuming the training loss can be
optimized to a small value.

Gradient noise and generalization. The effect of stochastic gradient noise on generalization
has been studied from different aspects, e.g., changing the order of learning different patterns Li
et al. [34], inducing an implicit regularizer in the second-order SDE approximation Li et al. [34],
Smith et al. [56]. Our work follows a line of works studying the effect of noise in the lens of
sharpness, which is long believed to be related to generalization Hochreiter and Schmidhuber [19],
Neyshabur et al. [46]. Keskar et al. [27] empirically observed that large-batch training leads to worse
generalization and sharper minima than small-batch training. Hu et al. [21], Ma and Ying [41], Wu
et al. [63] showed that gradient noise destabilizes the training around sharp minima, and Ibayashi
and Imaizumi [22], Kleinberg et al. [29], Xie et al. [64], Zhu et al. [70] quantitatively characterized
how SGD escapes sharp minima. The most related papers are Blanc et al. [3], Damian et al. [7], Li
et al. [37], which focus on the training dynamics near a manifold of minima and study the effect of
noise on sharpness (see also Section 3.2). Though the mathematical definition of sharpness may be
vulnerable to the various symmetries in deep neural nets [8], sharpness still appears to be one of the
most promising tools for predicting generalization [13, 25].

Improving generalization in large-batch training. The generalization issue of the large-batch
(or full-batch) training has been observed as early as [2, 33]. As mentioned in Section 1, the gen-
eralization issue of large-batch training could be due to the lack of a sufficient amount of stochastic
noise. To make up the noise in large-batch training, Goyal et al. [15], Krizhevsky [30] empirically
discovered the Linear Scaling Rule for SGD, which suggests enlarging the learning rate propor-
tionally to the batch size. Jastrzebski et al. [23] adopted an SDE-based analysis to justify that this
scaling rule indeed retains the same amount of noise as small-batch training (see also Section 3.1).
However, the SDE approximation may fail if the learning rate is too large [36], especially in the
early phase of training before the first learning rate decay [55]. Shallue et al. [53] demonstrated that
generalization gap between small- and large-batch training can also depend on many other training
hyperparameters. Besides enlarging learning rate, other approaches have also been proposed to re-
duce the gap, including training longer [20], learning rate warmup [15], LARS [65], LAMB [66].
In this paper, we focus on using Local SGD to improve generalization, but adding local steps is a
generic training trick that can also be combined with others, e.g., Local LARS [39], Local Extrap-
SGD [38].
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Appendix B. Supplementary for Section 2
B.1. The Debate on Local SGD

In this section, we summarize a debate in the literature regarding when to switch the training mode in
Post-local SGD. As Post-local SGD can be viewed as running Local SGD from an SGD-pretrained
model, the discussion around the time point for switching can reveal some information about the
conditions for Local SGD to generalize better.

Local SGD generalizes better than SGD on CIFAR-10. Lin et al. [39] empirically observed that
Post-local SGD exhibits a better generalization performance than SGD. Most of their experiments
are conducted on CIFAR-10 and CIFAR-100 with multiple learning rate decay, and the algorithm
switches from (parallel) SGD to Local SGD right after the first learning rate decay. We refer to
this particular choice of the switching time point as the first-decay switching strategy for short.
To justify this strategy, they empirically showed that the generalization improvement can be less
significant if starting Local SGD from the beginning or right after the second learning rate decay.
It has also been observed by Wang and Joshi [62] that running Local SGD from the beginning
improves generalization, but the test accuracy improvement may not be large enough. A subsequent
work by Lin et al. [38] showed that adding local steps to Extrap-SGD, a variant of SGD proposed
therein, after the first learning rate decay also improves generalization, suggesting that the first-
decay switching strategy can also be applied to the post-local variant of other optimizers.

Does Local SGD exhibit the same generalization benefit on large-scale datasets? Going be-
yond CIFAR-10, Lin et al. [39] conducted a few ImageNet experiments and showed that Post-local
SGD with first-decay switching strategy still leads to better generalization than SGD. However, the
improvement is sometimes marginal, e.g., 0.1% for batch size 8192. For the general case, Lin et al.
[39] suggested that the time of switching should be tuned aiming at “capturing the time when trajec-
tory starts to get into the influence basin of a local minimum” in a footnote, but no further discussion
or experiments are provided to justify this guideline. Ortiz et al. [47] conducted a more extensive
evaluation on ImageNet (with a different set of hyperparameters) and concluded with the opposite:
the first-decay switching strategy can hurt the validation accuracy. Instead, switching at a later time,
such as the second learning rate decay, leads to a better validation accuracy than SGD.! To explain
this phenomenon, they conjecture that switching to Local SGD has a regularization effect that is
beneficial only in the short-term, so it is always better to switch as late as possible. They further
conjecture that this discrepancy between CIFAR-10 and ImageNet is mainly due to the task scale.
On TinylmageNet, which is a spatially downscaled subset of ImageNet, the first-decay switching
strategy indeed leads to better validation accuracy.

B.2. Additional Experimental Results for Section 2

In Figure 3, we present additional experimental results for Section 2 to further verify our finding.
Specifically, in Figure 3, (a) and (b) are enlarged views for Figure 2 (a) and (c) respectively, showing
that Local SGD can generalize worse than SGD in the first few epochs. (c) shows that Local SGD
can still chieve comparable test accuracy when we use a much smaller learning rate (e.g., n = 0.064)
on the condition that H and the training budget are set properly. (d) presents the case where, with
a large learning rate, the generalization improvement of Local SGD disappears even starting from

1. This generalization improvement is not mentioned explicitly in [47] but can be clearly seen from Figures 7 and 8 in
their paper.
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a pre-trained model. In (e), the generalization benefit of Local SGD with H = 24 becomes less
significant after the learning rate decay at epoch 226, which is consistent with the observation by
Ortiz et al. [47] that the generalization benefit of Local SGD usually disappears after the learning
rate decay. But we can preserve the improvement by increasing I to 900. Here, we use Local SGD
with momentum. We refer the readers to Appendix L.2 for training details.

] 20.760- H=1

g s -

o [oppp— _

§ 0.6- f 0.755 H=6

< 3

P e

] 0.750-

o4 i ///

0.24 ‘ ‘ ‘ P 0.745- ‘ ‘ ‘ ‘ ‘
0 100 200 300 100 101 102 103 104 105
Epochs Epochs

(@) CIFAR-10, start from random. (b) ImageNet, start from #100.
. 50.72- 30.94-
@ I 1 @
3 g 3
O O 1 (v}
< < 0.70- < 0.93-
8 3 8 =
2 —— ) =0.32,H = 600 = | ‘ = ] — H=2

’ n = 0.064, H = 3000 ] n=16 —— H =900
0.927 ‘ ! ‘ ! ‘ ‘ 0.68- w . ‘ 0.92- . : . : . :
250 20000 40000 60000 1 2 3 4 200 400 600
Epochs Number of Local Steps H (log scale) Epochs
(c) CIFAR-10, start from #250. (d) ImageNet, start from #100. (e) CIFAR-10, start from #150.

Figure 3: Additional experimental results about the effect of learning rate, training time and the
number of local steps.

B.3. Reconciling previous works

Our finding can help to settle the debate presented in Appendix B.1 to a large extent. Simultaneously
requiring a small learning rate and sufficient training time poses a trade-off when learning rate decay
is used with a limited training budget: switching to Local SGD earlier may lead to a large learning
rate, while switching later may result in insufficient training time. It is thus unsurprising that first-
decay switching strategy is not always the best when the dataset and learning rate schedule change.

The need for sufficient training time does not contradict with Ortiz et al. [47]’s conjecture that
Local SGD only has a “short-term” generalization benefit. In their experiments, the generalization
improvement usually disappears right after the next learning rate decay (instead of after a fixed
amount of time). We suspect that the real reason why the improvement vanishes is that the number
of local steps H was kept as a constant, but our finding suggests to tune H after n changes. In
Figure 3 (e), we reproduce this phenomenon and show that increasing H after learning rate decay
retains the improvement.

Appendix C. Accuracy and Loss on the Training Set

This section visualizes the accuracy and loss on the training set for CIFAR-10 experiments in Fig-
ures 1, 2 and 3. The accuracy and loss on the training set are computed on the averaged parameters.
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In each evaluation, we first randomly sample 100 batches of training data (batch size = 128) without
replacement and go through them to estimate the running mean and variance. Then we compute
accuracy and loss on the whole training set. We omit the plots for training accuracy and loss for
ImageNet experiments since it is computationally expensive to go through the whole training set of
ImageNet.
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Figure 4: Accuracy and loss on the training set for CIFAR-10 experiments.

Appendix D. Modeling Local SGD with Multiple Conventional SDEs

Several previous works adopt the conventional SDE approximation (3) and connect good gener-
alization to having a large diffusion term \/% 21/2th in the SDE [23, 55], because a suitable

amount of noise can be necessary for large-batch training to generalize well (see also Appendix A).
Lin et al. [39] tried to informally explain the success of Local SGD by adopting this argument.
Basically, they attempted to write multiple SDEs, each of which describes the H -step local training
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process of each worker in each round (from 0,(5()) to 0,23‘9}{). The key difference between each of

these SDEs and the SDE for SGD (3) is that the former one has a larger diffusion term because the
workers use batch size B, instead of B:

AX(t) = —VL(X)dt + , /BLEI/Q(X)th. (10)
loc

Lin et al. [39] then argue that the total amount of “noise” in the training dynamics of Local SGD
is larger than that of SGD. However, it is hard to see whether it is indeed larger, since the model
averaging step at the end of each round can reduce the variance in training and may cancel the effect
of having larger diffusion terms.

More formally, a complete modeling of Local SGD following this idea should view the se-
quence of global iterates {6(*)} as a Markov process { X (*)}. Let Px (x, B, t) the distribution of
X (t) in (3) with initial condition X (0) = . Then the Markov transition should be X (*+1) =
Lyr X 1&8}{ where Xl(f}p . ,X}?H are K independent samples from Px (X ), By,., Hn),
i.e., sampling from (10).

Consider one round of model averaging. It is true that Px (X ), Bioe, H 7n) may have a larger
variance than the corresponding SGD baseline Px (X ) B, H 7n) because the former one has a
smaller batch size. However, it is unclear whether X (**1) also has a larger variance than Px (X (%), B, Hp).
This is because X (1) is the average of K samples, which means we have to compare % times the
variance of Px (X(S), Bioc, Hn) with the variance of Px (X(S), B, Hn). Then it is unclear which
one is larger.

In the special case where Hn is small, Px (X ), Bioe, H 1) is approximately equal to the fol-
lowing Gaussian distribution:

nH
N (X<s> —nHVL(X®), E(X(S))> (11)
loc
Then averaging over K samples gives
2
N <X(s) —nHVL(X®), "BHZ(X(S))> : (12)

which is exactly the same as the Gaussian approximation of the SGD baseline. This means there do
exist certain cases where Lin et al. [39]’s argument does not give a good separation between Local
SGD and SGD.

Moreover, we do not gain any further insights from this modeling since it is hard to see how
model averaging interacts with the SDEs.

Appendix E. The Slow SDE for Training with Label Noise Regularization

In this section, we study the case of training over-parameterized neural nets with label noise regu-
larization to exemplify the generalization benefit of having a larger drift term [3, 7, 37].

For a C'-class classification task, the label noise regularization is as follows: every time we draw
a sample from the training set, we make the true label as it is with probability 1 — p, and replace it
with any other label with equal probability -*<. When we use cross-entropy loss, the Slow SDE for
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SGD turns out to be a simple deterministic gradient flow on I' (instead of a semi-gradient method)
for minimizing the trace of Hessian:

AC(1) = — 5 Vrtr(V2L(Q)dr, (13)

where Vr f stands for the gradient of the function f projected to the tangent space of I'. Checking
the validity of Hypothesis 3.1 reduces to the following question: Is minimizing the trace of Hessian
beneficial to generalization? Many previous works provide positive answers, including the line of
works we just mentioned. Blanc et al. [3] and Li et al. [37] connect minimizing the trace of Hessian
to finding sparse or low-rank solutions for training two-layer linear nets. Damian et al. [7] empiri-
cally showed that good generalization correlates with a smaller trace of Hessian in training ResNets
with label noise. Besides, Ma and Ying [41] connects the trace of Hessian to the smoothness of the
function represented by a deep neural net. We defer all the proofs to Appendix K.
As for Local SGD, the Slow SDE can be simplified as:

tr(F(2H77V2['(C)))> at, (14)

4 = v (tr(V2£(C)) (K -1)- e

where F(z) := [’ 1(y)dy and is interpreted as a matrix function in (14). Note that the magnitude
of the RHS in (14) becomes larger as H increases. When H gets large enough, the RHS in (14) is
approximately K times of the RHS in (13):

d¢(t) = —%thr(v2£(4’))dt. 15)

Comparing (13) and (15), we can conclude that Local SGD accelerates the process of sharpness
reduction, thus leading to better generalization. Furthermore, the regularization effect gets stronger
for larger H. We also conduct experiments on non-augmented CIFAR-10 with label noise regu-
larization to verify our conclusion. As shown in Figure 5, adding local steps indeed gives better
generalization performance.
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(a) ResNet-56 + GroupNorm. (b) VGG-16 w/o normalization.

Figure 5: Local SGD with label noise regularization on CIFAR-10 without data augmentation. A
larger number of local steps indeed enables higher test accuracy. For both architectures,
we replace ReLU with Swish. See Appendix L.4 for training details.

Appendix F. Experimental Results on Reducing the Diffusion Term

We conduct experiments on CIFAR-10 with varying K and fixed n, H to justify that reducing the
diffusion term is beneficial to generalization. As shown in Figure 6, we can achieve higher test
accuracy for larger K where the diffusion term is smaller.
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Figure 6: A smaller diffusion term leads to better generalization. Test accuracy improves as we
increase K with fixed n and H to reduce the diffusion term while keeping the generaliza-
tion part untouched. See Appendix L.3 for training details.

Appendix G. Discussion

Connection to the conventional wisdom that the diffusion term matters more. As mentioned
in Section 3.1, it is believed in the literature is that a large diffusion term in the conventional SDE
leads to good generalization. One may think that the diffusion term in the Slow SDE corresponds to
that in the conventional SDE, and thus enlarging the diffusion term rather than the drift term should
lead to better generalization. However, we note that both the diffusion and drift terms in the Slow
SDEs are associated with the diffusion term in the conventional SDE (Slow SDEs become stationary
if 3 = 0). Our view identifies the effect of each different component of the noise covariance on
generalization, and therefore, goes one step further on the conventional wisdom.

Can Local SGD close the generalization gap between small- and large-batch training? We
remark that the mechanism causing the generalization gap is different from the mechanism of Local
SGD for improving generalization, so it is unclear what a general claim can be made. As noted by
Smith et al. [55], the generalization gap occurs early in the training when the learning rate is large
and SDE does not give a good approximation. In contrast, as shown in our paper, Local SGD yields
generalization benefits mainly for small learning rate in later phases of training.

Appendix H. Local SGD stays close to SGD for O(n~!) steps

The following theorem states that Local SGD and SGD closely track each other for O(n~1!) steps.
It suggests that this time horizon is too short for the difference between the two algorithm to appear,
necessitating an analysis that lasts for a longer time.

Theorem 9 Assume that the loss function L is C3-smooth with bounded second and third order
derivatives and that V(0 €) is bounded. Let T > 0 be a constant, 0%) be the s-th global iterate
of Local SGD and wy be the t-th iterate of SGD with the same initialization wy = 09 and same
1, Bioc, K. Then for any H < % and 6 = O(poly(n)), it holds with probability at least 1 — ¢ that

o) — wsp|l2 = O(y/nlog 77—15)

forall s < WLH,
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H.1. Proof of Theorem 9

This subsection presents the proof for Theorem 9. First, we define some notations that will be

used throughout this section. For the sequence of Local SGD iterates {0,252 ck e [K[,0<t<

H, s > 0}, we introduce an auxiliary sequence {; }scry which starts from 6(°) and follows. Define

A,(:Z 1= 0,(;2 — ﬁgs) and A®) .= () — zlés), which stand for the difference between the Local
(s)

SGD iterate and GD iterate. For convenience, let &, " = @ p4¢ and 2, st = z,g,sg , which will be

used interchangeably. Assume that £ is C3-smooth with bounded second and third order derivatives.
Let v 1= supgepa ||V2L(0)|2 and v3 := supgepa ||[V3L(0)]]2. Since VE(6;¢) is bounded, the
gradient noise z,gsz is also bounded and we denote by oy the upper bound such that Hz,gsz l2 <
Omax, VS, k, t.

For each client, define the following sequence {Zkt (1t >0}

t—1 t—1
Zii =Y | [] =nV2L(@))| zkr,  Zro=0,Yk€[K].

To prove Theorem 9, we will show that both Local SGD iterates 0() and SGD iterates WH
will closely track GD iterates ugy with high probability. The following lemma establishes the
concentration property of Zj, ;.

Lemma 10 (Concentration property of {Zk,t}) With probability at least 1 — 0, the following
holds simultaneously for all k € [K], 0 <t < L%j

- A 2T 2TK
||Zk‘,t||2 S Clamax 710g7’
n on

where Cy = exp(Tws).
Proof For each ZAM, construct a sequence {ZAM,t/}i,:O:
=1/ t-1 }
Zhpy =Y ( I1a- nv%(az))) 20, Z0),=o.
7=0 \l=7+1
Since ||V2L(1;)||2 < vy for all [ > 0, the following holds forall 0 < 7 <t —land 0 < t < L%J

t—1

I T] (I = nV2L(a)ll2 < (1+ pan)’ < exp(Trg) = Cy.
l=7+1

Notice that {ZAk,M/}i,:O is a martingale with HZAkm/ — ZAk7t7t/_1 2 < C0max. Since ZAM = ZAk,m,
by Azuma-Hoeffding’s inequality,

o 6/2

P(||Zk,t”2 >€) < 2exp _—
2t <Clamax)
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Taking union bound on all k € [K]and 0 < ¢ < L%J , we can conclude that with probability at least
1-94,

2T 2TK T
VO<t<|—],kel[K]

1 Ztll2 < Cromax 1 og == <

The following lemma states that, with high probability, Local SGD iterates 0](;2 and 0®) closely

track the gradient descent iterates w g for LHan rounds.

Lemma 11 For § = O(poly(n)), the following inequalities hold with probability at least 1 — §:

s) A A 1 T
105°) — tsrrell2 gcg,/nlog%, Vk e [K],0< s < LHnJ L0<t<H,

_ N 1 T
() _ 4 < Cq4/nlog — <s< | —
He usHH2 = C?) n1og né? U >85> LHT]L

where C is a constant independent of n and H.

(s)

and

~(5)

Proof According to the update rule for 6, kot and w; "/,
6it1 = 60 — VL[ — ) (16)
), =l — qvL(af?). (17)
Subtracting (16) from (17) gives
ALy = AL —n(VLOL) = VL)) —nz(]
= (I - qV2L@)AY) —nz) + o)), (18)
where H’l},g;?‘b <2 HA t”2 Applying (18) ¢ times, we have
) t—1 ) t—1 [ t—1
Ap) = [H(I - nv%(f&)))] AR -1y [ IT - nv%(a}s)))] z)
7=0 7=0 Li=7+1
T (19)
t—1 t—1
+0Y [ d - 0v2c@))ey).
7=0l=7+1

Here, T can expressed in the following form:

sH4t—1

T = Zk,sH+t - [ H (I - UVQﬁ(ﬁl))] Zk,sH-

l=sH+1
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Substituting in ¢ = H and taking the average, we derive the following recursion:

s+1) Z Agg

ke[K]
H-1 H-1[ H-1

= [T -nvc(a <>>>] AV -2 Z[H <I—nv2£<afs>>>] zi
=0 ke[K] =0 Li=r+1

H-1 H-1

L33 IT @ —nvree@)sg). (20)

k‘EK]T 0 l=r+1

Applying (20) s times yields

n n s—1 H-1 sH
AL) = — Zksu + e [ I a- nVQE(ﬁz))] o). @D
ke[K] r=0 7=0 ke[K] L=rH+71+1
Substitute (21) into (19) and we have
n sH+t—1
AL ==L Zan —nZisiv+n | T] (0 =nV2L6@)| Zysn
k' €[K] l=sH+1
n s—1 H-1 sH+t—1
Y T a e o,
r=0 7=0 k’'€[K]| U=rH+7+1
t—1 sH+t—1
X | T - o
7=0 Li=sH+7+1
By Cauchy-Schwartz inequality and triangle inequality, we have
1AL < % kz;( 1Zw iz | + 0l Zrstrllz + nCul| Ziom |12
=¥ 22)
7701V3 = 77011/3
ZZ S IARL I+ ZH 1,
r=0 7=0 k’€[K]
where (] = exp(1,T'). Below we prove by induction that for § = O(poly(n)), if
. . 2T . 2TK T
HZk,tHQ S Clamax - logiv V0 S t < Lijvk € [K]v (23)
7 10 n
then there exists a constant Cy such that for all k € [K],0 < s< LWLHJ and 0 <t < H,
R A 2TK
1AL 2 < Cay/nlog (24)

nod
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First, for all k € [K], HA,EO()]HQ = 0 and hence (24) holds. Assuming that (24) holds for all A,(:,)T
where k' € [K],0<r <s,0<7< Handr =s,0 <7 <t, then by (22), then for all & € [K],
the following holds:

~ ~ / 2K ~ 4 2TK
||A](€S,g||2§30%0'max 2Tnlog o +01022T7’]V310g o .

Let 02 > Gé’lzcrmaxx/ 27T. Then for sufficiently small n, (24) holds. By Theorem 10, (23) holds with

probability at least 1 — §. Furthermore, notice that ) — 4,y = % > kelK] AE;). Hence we
have the lemma. u

The iterates of standard SGD can be viewed as the local iterates on a single client with the number
of local steps L%J Therefore, we can directly apply Theorem 11 and obtain the following lemma
about the SGD iterates wy.

Corollary 12 For 6 = O(poly(n)), the following holds with probability at least 1 — 6:

. A 1 T
|lwsg — |2 < Cs HIOg%, VO < s < e

where C’g is the same constant as in Theorem 11.

Applying Theorem 11 and Theorem 12 and taking union bound, we have Theorem 9.

Appendix I. Proof Outline of Main Theorems

In this section, we provide the proof outline of Theorem 4. The proof details are deferred to Ap-
pendix J. We first introduce additional notations that will be used throughout Appendix I and Ap-
pendix J.

I.1. Additional Notations and Definitions

We first introduce the notion of u-PL.

Definition 13 (Polyak-FLojasiewicz Condition) For y > 0, we say a function L(-) satisfies y-
Polyak-tojasiewicz condition (abbreviated as j1-PL) on set U if

SIVEO)IE > u(c(6) — int (&)

We will later show that there exists a neighborhood of I where L satisfies y-PL.

We then introduce the definitions of the e-ball at a point and the e-neighborhood of a set. For
0 c Riand e > 0, B(0) := {0 | ||@ — 0]]2 < €} is the open e-ball centered at 8. For a set
Z CRY M€ := Jgerq BE(0) is the e-neighborhood of M.
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I.2. Construction of working zones

We construct four nested working zones (I'0, I'* | "2, T3 in the neighborhood of T". Later we will
show that the local iterates Hl(fz € I'2 and the global iterates 8(®) € T'© with high probability after

O(log %) rounds. The following lemma illustrates the properties the working zones should satisfy
and the proof is deferred to Appendix J.4.

Lemma 14 (Working zone lemma) There exists constants ey < €1 < €z < €3 such that ([0, T'1 T2 T'3)
satisfy the following properties:

1. L satisfies y-PL in '3 for some 1 > 0.

2. Any gradient flow starting in T'? converges to some point in I'. Then, by [10], ®(-) is C* in
I,

3. Any 6 € T'°! has an €, neighborhood B (0) such that B (0) C I'2.

4. Any gradient descent starting in I'°° with sufficiently small learning rate will stay in I'.

1.3. Proof Outline

We are now in a position to state the proof outline. The general idea is to adopt the framework
proposed by Li et al. [34] to bound the closeness of the manifold projection {@(é(s))}gz{)(HnQ)J and
the solution to SDE (4), {¢(¢) : t € [0,7]}. A key component of this framework is to estimate
the moments of change over a fixed time interval. To obtain the estimation of moments for ¢(t),
we can directly apply the results in Li et al. [34]. However, the estimation of the moments for
®(6)) requires a careful analysis of the limiting dynamics of {6(9)} LZ{)(HnQ)J. The dynamics of
{é(s) }Lz{)(HnQ)J are divided into two phases: the approaching phase and the drift phase.

For the approaching phase (Phase 1), we show that after O(log %) rounds, the iterate will reach

within O(,/7) from T (see Appendix J.5).
For the drift phase (Phase 2), we first prove that, with high probability, both 6(®) and 0,(;2 stay

close to I' with a distance of only (5(\/ﬁ) for all O(log %) < s < LHLnQJ We also provide a
high probability bound on the movement of the manifold projection (see Appendix J.6). Based on

these high probability bounds, we group Rgyp = Lﬁj rounds together and compute the first and

second moments of ®(§(5+Hep)) — ®(0)), which is the movement of manifold projection over
Rg,p, rounds (see Appendix J.9). Here, (3 is a constant between 0 and 0.5 and will be specified later.

Finally, utilizing the estimation of moments in Appendix J.9, we prove that {{(¢) : ¢t € [0,T]}
following the SDE (4) are weak approximations of each other following Li et al. [34] in Ap-
pendix J.10.

Appendix J. Proof Details of Main Theorems

The detailed proof is organized as follows. In Appendix J.1, we introduce the notations that will be
used throughout the proof. To establish preliminary knowledge, Appendix J.2 provides explicit ex-
pression for the projection operator ®(-) and Appendix J.3 presents lemmas about gradient descent
(GD) and gradient flow (GF). Based on the preliminary knowledge, we prove the working zone
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lemma in Appendix J.4. Appendices J.5 to J.10 make up the main body of the proof. Specifically,
Appendices J.5 and J.6 derive high probability bounds for phase 1 and 2 respectively. Then, we
provide a summary of these high probability bounds in Appendix J.7 and the proof of Theorem 5
in Appendix J.8. Utilizing the high probability bounds, we derive the estimation for the first and
second moments of the one step update ®(6Fer)) — &(0()) in Appendix J.9. Finally, we prove
the approximation theorem 4 in Appendix J.10.

J.1. Additional Notations
Let Riot := LHLWQJ be the total number of rounds. Denote by ¢(*) the manifold projection of the
(s)

global iterate at the beginning of round s. Let x, := 0,2382 — ¢') be the difference between the

local iterate and the manifold projection of the global iterate. Also define a‘cgj) = % > kelK] a:,is}l
and :Eés) = % > ke[K] a:,(f% which is the average of 33](:2 among K workers at step 0 and H. Then

forall k € [K], zc](:()) = CE(()S) = 09) — ¢(*). Finally, Since V/(0;¢) is bounded, the gradient noise

()

2z, is also bounded and we denote by o,y the upper bound such that Hzl(:g ll2 < omax, Vs, k, t.

J.2. Computing the Derivatives of the Limiting Mapping

In subsection, we present lemmas that relate the derivatives of the limiting mapping ®(-) to the
derivatives of the loss function £(-). We first introduce the operator V.

Definition 15 For a semi-definite symmetric matrix H € R¥? [et Aj, vj be the j-th eigenvalue

and eigenvector and v;’s form an orthonormal basis of R?. Then, define the operator Vg : R¥*¢ —
Rd xd as

1
Va(M)= Y <M,viva>vinT,VMeRdXd.
i,5: M0V 720 T

Intuitively, this operator projects M to the base matrix viva and sums up the projections with

weights ﬁ

Additionally, for @ € I', denote by Ty and 7, el the tangent and normal space of I" at 8 respectively.
Lemmas 16 to 19 are from Li et al. [37]. We include them to make the paper self-contained.

Lemma 16 (Lemma C.1 of Liet al. [37]) For any @ € T and any v € Ty(T'), it holds that
V2L(0)v = 0.

Lemma 17 (Lemma 4.3 of Li et al. [37]) Forany 0 € T, 09(0) € R**? is the projection matrix
onto the tangent space Ty(T").

Lemma 18 (Lemma C.4 of [37]) Forany 0 € T, u € R? and v € Ty(I), it holds that
D*®(0)[v,u] = —0D(0)V3L(0)[v, VZL(0) u] — VL)Y VEL(0)[v, 0D(0)u).
Lemma 19 (Lemma C.6 of [37]) Forany @ € ' and ¥ € span{uu' |u € T, (')},

(0°0(8), %) = —0D(0)V>L(0) Vy2r(0) ()]
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Lemma 20 Forall @ € T, u,v € Ty(T"), it holds that
dB(0)V3L[vu'] = 0. (25)

Proof This proof is inspired by Lemma C.4 of [37]. For any @ € I, consider a parameterized
smooth curve v(t),¢ > 0 on I' such that v(0) = 6 and v'(0) = v. Let Py(t) = 0®(v(t)),
P (t) =1 - 0%(v(t)) and H(t) = V2L(v(t)). By Lemma C.1 and 4.3 in [37],

H(t)= P (t)H(t).
Take the derivative with respect to ¢ on both sides,

H'(t) = PL(t)H'(t) + PL()H(?)
— P|(t)H'(t) = P{(t)H(t) = —P|(t)H ().

Att = 0, we have
Py(0)H'(0) = ~P{(0)H(0). 26)

WLOG let H(0) = diag(\1,---,\q), € R¥?, where \; = 0 for all m < i < d. Therefore

P (0)= [Ig]n g] , P)(0) = [8 Id(im:|‘ Decompose PH/(O) H (0) and H'(0)as follows.

) o]

P,’ 0) Pl7 (0) _ |Hu(0) 0 100} —
11 /12 ] ,H(0) = [ 10 0} H(0) = [HQI(O) H,(0)]

Pj(0) =
: [Pﬁm(o) P 22(0)
Substituting the decomposition into (26), we have

. [Pn,n(mﬂn(m 0] |

[Hé?(o) HéZ(O)} N

Therefore, H),(0) = 0 and

Py(0)H'(0) = —P(0)H (0) = - [H;l)(m 3]

Any u € Ty(T") can be decomposed as u = [O, uz] T where uy € R With this decomposition,
we have P (0)H’(0)u = 0. Also, note that H'(0) = V3L£(8)[v]. Hence,

0P (0)V3L(0)[vu’l] = 0.
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J.3. Preliminary Lemmas for GD and GF

In this subsection, we introduce a few useful preliminary lemmas about gradient descent and gradi-
ent flow. Before presenting the lemmas, we introduce some notations and assumptions that will be
used in this subsection.

Assume that the loss function £(8) is p-smooth and p-PL in an open, convex neighborhood U
of a local minimizer 8*. Denote by £* := £(6*) the minimum value for simplicity. Let ¢’ be the
radius of the open €’-ball centered at 8* such that B (6*) C U. We also define a potential function
U(0) := \/L(0) — L*.

Consider gradient descent iterates {u; }cn following the update rule @1 = Uy — nV.L(Uy).
We first introduce the descent lemma for gradient descent.

Lemma 21 (Descent lemma for GD) If4; € U andn < %, then
TIVL@)|B < L{i) = Liise),
and
L(tgy1) — L5 < (1= pm) (L) — L7).

Proof By p-smoothness,

£la) + (V£ s — i) + L2 i —

= L{a) (1 = E)IVL@)|B
Lla) — H|VLa)|3

By the definition of u-PL, we have

L(tyr) = L5 < (1= pm)(L(ar) — £7).

Then we prove the Lipschitzness of ¥(6).

Lemma 22 (Lipschitzness of U (0)) U(8) is \/2p-Lipschitz for 0 € U. That is, for any 6, 05 €
U)

[0(01) — U(62)] < +/2p]|61 — Ba]|2-

Proof Fix 6; and 05. Denote by 0(t) :
where t € [0, 1]. Further define f(t) :=

(1 — t)81 + tO the convex combination of €; and 6,
(6(t)). Below we consider two cases.

i

S
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Casel. IfVte (0,1), f(t) > 0, then f(¢) is differentiable on (0, 1).

1),
[W(82) — W(61)] = [f(1) — f(O)]
| o

_ / (VE(6(1)), 0, - 6:) dt‘

0

_ / <vc<e< )), 02 — el> dt‘
0

VL ))

By p-smoothness of £, for all @ € U,
IVLO)II5 < 20 (L(8) — L7).

Since /L(0(t)) — L* > 0forall ¢t € (0,1), % < +/2p. Therefore,

[T (602) — T(0:1)] < \/2p2]|62 — 012
Case 2. If3t' € (0,1) such that f(¢') = 0, then
[U(62) — W(61)] = |f(1) — f(0)]

_ ’(1 =10, <f(t’) . f(0)>'
< max < fQ) f(O)) .
- 1—t7 #

Since O(t') minimizes £ in an open set, VL(6(t')) = 0. By p-smoothness of £, for all 8 € U,

o< blo-0l; = B0 <\ /b1 -0l

\fnez— Mo = (1—¢ fwz—olnz
\f 16 - uz:t\f 162 — 01l

(602) — (6,)) < @|92 0.

Combining case 1 and case 2, we conclude the proof. |

Therefore,

Then we have

Below we introduce a lemma that relates the movement of one step gradient descent to the
change of the potential function.
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Lemma 23 (Lemma G.1in [40]) Ifd; € U and n < 1/py then
~ ~ 2 .
(i) = ¥ (i) > )| VL)
Proof

U(ty) — U(tyy) = Elay) = £

- 20 (1)
o (1= pan/2)|VL(@)|3
20 (d)

)

where the two inequalities uses Theorem 21. By p-PL, W(d;) < ﬁ |IVL(t)||2. Therefore, we
have W(die) — @ (dn1) = Y34 (1 = np/2n|[VL @) |2 = Y0l VL ) 2. u

Based on Theorem 23, we have the following lemma that bounds the movement of GD over
multiple steps.

Lemma 24 (Bounding the movement of GD) If 0 is initialized such that ||tug — 0*||2 < i\/% e,
then for all t > 0, @w; € B (0*) and

R . 8~
e — dtollz < \/;\P(uo).

Proof We prove the proposition by induction. When ¢ = 0, it trivially holds. Assume that the
proposition holds for @, 0 < 7 < t. For step ¢, since u, € Bel(H*), we apply Theorem 23 and
obtain

=1
=
N
|
=1
&
N
IN
iy
=1
=
=

t—1
- N N 8
e = tioll2 <5 Y VL2 < \/;(

7=0

Further by p-smoothness of L(-),

N . 8= . » 1
||ut — UOHQ < \/>\I/(UO) < 2\/?”11/0 -0 HQ < *6/.
% % 2

Therefore, ||t — 0*||2 < |4 — Ggl|2 + ||y — 6%||2 < €, which concludes the proof. [

Finally, we introduce a lemma adapted from Thm. D.4 of which bounds the movement of GF.
[40].

Lemma 25 Assume that |6y — 0*||2 < \/%e’. The gradient flow 0(t) = —dﬁ(det(t)) starting at 0

converges to a point in U and

00— lim G(t)

t——+00

2
< \/;\/5(90) o< \/§||90 P
2
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Proof Let T :=inf{t: 0 ¢ U}. Thenforallt < T,

% (L(B) — L) = % (£(0) — £V <vz(9) ‘i’>
B _%(ﬁ(a) — L)V L(9)]l2 H H2

By u-PL, [|[VL(0)|2 > /2u(L£(0) — L*). Hence,

4 ety - oy <2199,

Integrating both sides, we have

g d9( ) 2 p
dr L(8o) 5*1/23[9—0* <é,
/O Jar < ——(&( ) 60— 6"l

where the second inequality uses p-smoothness of £. Therefore, T' = +oo and 6(t) converges to
some point in U. |

J.4. Construction of working zones

In this subsection, we provide the proof for Theorem 14. Note that the notions of Z¢, M, ps, p3,
vy and v, defined in the proof will be useful in the remaining part of this section.

Proof [Proof of Theorem 14] Let 8(%) be initialized such that ®(8(°)) € T". Let Z be the set of all
points on the gradient flow trajectory starting from 6©) and Z° be the e-neighborhood of Z, where
¢ is a positive constant. Since the gradient flow converges to ¢(?), Z and Z¢ are bounded.

We construct four nested working zones. By Lemma H.3 in [40], there exists an e3-neighborhood
of I, I3, such that £ satisfies p-PL for some ;o > 0. Let M be the convex hull of I'* U Z¢ and
M€ be the e4-neighborhood of M where ¢, is a positive constant. Then M is bounded.

Define p2 = supgeages |[V2L(0)|2 and p3 = suppyes |[V3L(0)|l2. By Theorem 25, we
can construct an ex-neighborhood of I where e < \/%63 such that all GF starting in I'*? con-
verges to I'. By Falconer [10], ®(-) is C? in I'>. Define v; = supgepes |0P(0)||2 and vy =

Supgeres [|02®(8)]]2. We also construct an €1 neighborhood of I', I'?, where €1 < Ze2 < 3, /p%ég
such that all @ € I'“! has an ¢; neighborhood where ® is well defined. Finally, by Theorem 24, there

exists an €g-neighborhood of I" where ¢g < %1 /p%el such that all gradient descent iterates starting
in "0 with n < p% will stay in I"1, [ |

When analyzing the limiting dynamics of Local SGD, we will show that all 91(:2

dis) e I'1, 0) ¢ T with high probability after O(log %) rounds.

stays in 1'°2,

J.5. High Probability Bounds for Phase 1: Iterate Approaching the Manifold

The approaching phase can be further divided two subphases. In the first subphase, 09 is initialized
such that ¢(©) € T". We will show that after a constant number of rounds sq, 8(*0) goes to the inner
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part of "0 such that ||§(0) — ¢(©)||; < cey with high probability, where 0 < ¢ < 1 and the
constants will be specified later (see Appendix J.5.2). In the second subphase, we show that the
iterate can reach within @(\/'77) distance from T after O(log %) rounds with high probability (see
Appendix J.5.3).

J.5.1. ADDITIONAL NOTATIONS

Consider an auxiliary sequence {ﬁ%s)} where ﬁés) =0 and ﬁgi)l = dgs) — T]Vﬁ(’llgs)), 0<t<

H — 1. Define A;:z = 0,(;2 — '&gs) to be the difference between the local iterate and the gradient

descent iterate. Notice that Al(j()) =0, for all £ and s.

Consider a gradient flow {u(t)};>¢ with the initial condition »(0) = 6(*) and converges to

»© e I'. For simplicity, let uis) := u(sa + tn) be the gradient flow after s rounds plus ¢ steps.

Let so be the smallest number such that Huéso) — Oy < 1 /%eo . Note that s is a constant

independent of 7.
In this subsection, the minimum value of the loss in Appendix J.3 corresponds to the loss value
onTl,ie., L*=L(¢p),Vop €T.

We also define the following sequence {Z ,gst) }L , that will be used in the proof. Define

t—1 t—1
2 =% ( T - nv2£(a§5)))) Lz o,

7=0 \l=7+1

J.5.2. PROOF FOR SUBPHASE 1
(s)

First, we have the following lemma about the concentration of Z kst .
Lemma 26 (Concentration property of {Z ,gst) Y ) Given 0'%) such that dis) € I's U Z€ for all
0 <t < H, then with probability at least 1 — 6,

. N OHK
1Z) |2 < Cromaxy/ 2H log 5 W<t<Hke[K],

where Cy := exp(aps).
Proof For each Z ,552 , construct a sequence {Z ]gst) w o
i Y1/ t-1 i
Zivw =3 < IT a- nv%@}S)))) 2 Z=0
7=0 \l=7+1

Since ﬁ§5> e I' U Z¢, we have HVQE('&ES))HQ < pgforall 0 < ¢ < H. Then, for all 7 and ¢,

t—1

I TT (@ —nv2L@))ll2 < (1 + po)™ < explaps) = C1.
l=7+1
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Notice that forall 0 < ¢t < H, {Zktt,}t, o 18 a martingale with HZ,gst v ,gg _1ll2 < Cromax.
By Azuma-Hoeffding’s inequality,
() _ 6/2 _ 6/2
POIZE) > ¢) < 2exp | —— | <2ep [ —
2t <010'max> 2H (C’lamax>

Taking a union bound on all £ € [K] and 0 < ¢ < H, we can conclude that with probability at least
1-4,

» . 2HK
1Z7)ll2 < C1omax/2H log s Wo<t<Hke[K].

The following lemma states that the gradient descent iterates will closely track the gradient flow
with the same initial point.

Lemma 27 Denote G := supt>0 IVL(u(t))||2 as the upper bound of the gradient on the gradient

flow trajectory. If||11§ - 'u,t H2 = O(y/n), then for all 0 < t < H, the closeness ofﬁ,(;s) and ugs)
is bounded by

@l — i)y < Gyl — ul? |l + CinG,

where Cy = exp(aps).
Proof We prove by induction that

t—1

18 — uf 2 < (1+ pan)' a5 — u |2 + p2n®G (1 + pan)”. 27)
7=0

When ¢ = 0, (27) holds trivially. Assume that (27) holds for 0 < 7 < ¢, then

() (s _ ~(5) _(s) satlitln

il —ulh =il 9e@?) ~ (we- [ VL)

sa+in
= al? —w - (VE@) - VL))
sa+(t+1)n
-/ (VL) ~ VL u(w))) do
sa+tn
By smoothness of L,
IVL(uf™) = VL@())ll2 < pallut® — u)]
< pz/ IV L (w(w))||2dw

a+in
< panG.
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Since p3n?G S (1 + pam)” < nG(1+ pan)” < exp(apa)nG then iy — ug” |2 = O(/),
which implies that ug ) € M¢4. Hence, IVL(a g )) £(u§s))||2 < ng'&ES) - u§8)||2.
By triangle inequality,

@, —ullla < (1 + pa)l|as™ — wl? s + por*G

t
< (1+ pon) T = uf s + parPG (1 + pon)T,
7=0

which concludes the induction step. Appling 1 4 pa2n < exp(p2n), we have the lemma. |

Utilizing the concentration probability of {Z ,gst) }, we can obtain the following lemma which implies
that the Local SGD iterates will closely track the gradient descent iterates with high probability.

Lemma 28 Given 0') such that &ts) € U Z¢ forall 0 < t < H, then for 6 = O(poly(n)),
with probability at least 1 — 6, there exists a constant C3 such that

s ~ (s ~ 1
64— @72 < sy fnlog s, WO <t < Hok e [K)
n(s ~ (s = 1
HO( +1) _ ugq)Hg < C34/nlog .t

Proof Since a,@ el UZforall 0 <t < H, we have HVQE(@ES))HQ < po. According to the

update rule for 0! 2 and ﬁgs),

and

6),, =01 —nvL(6L) - nzl), (28)
al =l —pve@). 29)

Subtracting (29) from (28) gives

t s
— (I nv2£(u§5> )A,(jg — 2]+, (30)

Here, v,(:t) =(1- Bl(jt)) 0, + ,8 k t, where ,8 € (0,1) depends on 0( ) and '&Es). Therefore,

||Uk )||2 < 2 1(“2”% if 6 (t ./\/164. Applying (30) t times, we have

A _

t—1 t—1 t-1
[T —nv2el)) ] Al (1= nvL(a)=)

k?
=0 =0 =741
t—1 t—1
+ny T @ —nv2e@))sg).
7=01=741
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By Cauchy-Schwartz inequality, triangle inequality and the definition of Z ,ist) ,ifforall0 <7 <t—-1
and k € [K], 9,(:3 € M*, then we have

||Akt||2<77H kt\|2+ 77P3201\A 2. (31
7=0

Applying Theorem 26 and substituting in the value of H, we have that with probability at least 1—4,

||Zk ||2 < C’1O-maux 1 — log —— Vke K,0<t<H. (32)

Now we show by induction that for 0 = O(poly(n)), when (32) holds, there exists a constant
Cy > 20maxV2aCy such that ||A ||2 < Cyy /nlog =& 20‘K

Whent = 0, A(S% = 0. Assume that HA )”2 < C’21 /77logM forallk € [K],0 <71 <t—-1.
Then forall0 < 7 <t —1, 0 8) € M*, Therefore, we can apply (31) and obtain

1AL < nllZy] \2+ psZClllA Al

20K

no

~ 2x 1~ -
< C10maxy | 2anlog + 501 0220-12naxap377 log

no

Given that Cy > 20maxV2aCy and § = O(poly(n)),

C, w/nloghK

A/r(cs,2||2 <
To sum up, for 6 = O(poly(n)), with probability at least 1 — ¢, A,(fz |2 < Cay/nlog 2‘;]‘—? for
all k € [K], 0 <t < H. By triangle inequality,

= (s 2aK
6650 — @l < = S ALYl < Gy [nlog 5
ke[K]

The combination of Theorem 27 and Theorem 28 leads to the following lemma, which states that
the Local SGD iterate will enter I'“* after sg rounds with high probability.

Lemma 29 Given 0 such that ®(0\)) ¢ T, then for & = O(poly(n)), there exists a positive
constant Cy such that with probability at least 1 —

16¢0) — ¢O]|5 < \/*eo+04\/7710g e

Proof First, we prove by induction that for 6 = O(poly(n)), when
~ ~ 2HK
1Z8 )12 < Cromax/ 2H log : N W<t<Hke[K,0<s<so, (33)

37



WHY (AND WHEN) DOES LOCAL SGD GENERALIZE BETTER THAN SGD?

the closeness of 8(*) and u(()s) is bounded by

169~ il < 3204 (16 + Coyfatog ). w0 << (34
=1 776

When s = 0, 000 = u((]o) . Assume that (34) holds for round s. Then by Theorem 27, for all
0<t<H,

18 — u® |y < Gllal) — w)y + CinG
= C1)165” — ug s + CinG

< ZC{H <?7G + C~'31 /nlog ;?5) + CinG.
=1

Therefore, for sufficiently small 7, '&gs) € Z¢,V0 <t < H. Combing the above inequality with
Theorem 28, we have

N(s s+1 N(s S
1000 — g = 06D — wip

< 0D — @l o + [laly — ul|,
s+1 3
~l4-1 A 0
S;Cl <nG+03,/7710gn(5>,
which concludes the induction.

Therefore, when (33) holds, there exists a positive constant C~'4 such that

" s - 1
|W“—%whéﬁﬂwm%.
_ 1 ~ 1
168G — ¢y < = [Eeg + Cyy nlog —.
4V p2 no

Finally, according to Theorem 26, (33) holds with probability at least 1 — 6. |

By definition of u(()so),

J.5.3. PROOF FOR SUBPHASE 2

In subphase 2, we show that the iterate can reach within @(\/ﬁ) distance from I" after O(log %)
rounds with high probability. The following lemma manifests how the potential function W(6())
evolves after one round.

Lemma 30 Given 0®) € T, for § = O(poly(n)), with probability at least 1 — 6,
S T S TN ~ 1
0’} €T, W(O)") < W(OY)+ C5y/nlog 5 ThelKLo<t<H
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and

é(s+1) c 1’162, \I](é(s+1)) S exp(—au/z)ﬁ/(é(s)) —+ 05\/@7

where C~'5 is a positive constant.
Proof Since 09) € T, then forall 0 < t < H, '&ES) € I'M by the definition of the working zone.
By Theorem 21, forn < p%,

Llaf) £ < (1= ) (£O) —£7) < £(0@) — £, Vo<t <H.
Specially, fort = H,
L(as)) — £ < (1= )7 (L) - £7) < exp(~ap) (L) - £7).
Therefore,
B(a) < exp(—ap/2)¥(0)).
According to the proof of Theorem 28, for § = O(poly(n)), when

2c 200K

||Zlisg||2 < C10max 7 log W? Vk € [K],0<t<H, 35)

there exists a constant C~'3 such that

s ~(s ~ 1
1657 — a2 < O, /nlog%, YO <t < H, ke K],
s (s - 1
186+ — a3, < Csy/nlog pra

Since @\” € T, Y0 <t < H, 66D € T2 and 8°) € T2, ¥0 < t < H, k € [K].
By ThNeorem 22, \ilN() is v/2pa-Lipschitz in M. Therefore, when (35) holds, there exists a
constant Cs := /2p2C'3 such that

WO < Wal”) + V2ol - @l

s o ~ 1
< W(e® \/nlog —

and

and
(O < \i/(’&g)) + /22|00 — "15;)”2
< expl—ap/2)H(8) + G [nlog —.
Finally, by Theorem 26, (35) holds with probability at least 1 — 9. |
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We are thus led to the following lemma which characterizes the evolution of the potential \11(9_(5))

and @(0,&32) over multiple rounds.

Lemma 31 Given |60 — )|, < 3 /;‘—Qeo,for(s = O(poly(n)) and any integer 1 < R < Ry,
with probability at least 1 — 9,

_ i ~ 1 ~ R
(s) €0 (S) < _ (0) — < < .
0'%) c T° U (0') < exp(—aus/2)V(O%) + 1—eXp(—au/2)C5”7710g né,VO_s_R
(36)

Furthermore,

o) ere, U(6y)) < W(OW) + Cs, /nlogz, VO<t<HO<s<RkelK]. (37
Proof We prove induction that for § = O(poly(7)), when

- ~ 2x 2RaK
Z(S) 2 < C1Omax| — 10g
126  log 210

., Vke[K],0<t<HO0<s<R, (38)

then forall 0 < s < R, (36) and (37) hold.
When s = 0, 0 e ¢ and (36) trivially holds. By Theorem _30, (37) holds. Assume that (36)
and (37) hold for round s — 1. Then for round s, by Theorem 30, 0) € T2 and

T(0%)) < exp(—ap/2)¥(OF) + éﬂ /nlogﬁs
< exp(—opus/2)T(00) + ! Csy[nlog R
< = xp(—ar/2) 00

where the second inequality comes from the induction hypothesis. By Theorem 25,

2

16— §) ] < ——_F(6®)

o 2 - R

< (0 + Cs1[nlog —

21 (0%) V(1 —exp(—ap/2) e
1 2 - R
<z log —.
= 30T Ja — oxp(—apy2) | 1B s

Here, the last inequality uses ¥(6() < /22(|0() — ¢, < é\/gﬁo- Hence, when 7 is suffi-

ciently small, (%) € T'“0_ Still by Theorem 30, é,isz € I'*? and

- %
=
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Finally, according to Theorem 26, (38) holds with probability at least 1 — 4.

The following corollary is a direct consequence of Theorem 31 and Theorem 25.

Corollary 32 Let s1 := [2—2 log %1 Given |00 — (]|, < 1, [ £€o, for & = O(poly(n)), with
probability at least 1 — 6,

@(9(81)) < (’j6 nlogi, Hg(81) _ ¢(81)H2 < @6 nlogi, (39)
V nd V no

where Cy is a constant.

Proof Substituting in R = s; to Theorem 31 and applying [|8¢1) — ¢()||5 < \/%\il(é(sl)) for

001 I'“0, we have the lemma. |

Finally, we provide a high probability bound for the movement of the projection on the manifold
after s; rounds || (1) — @()||,.

Lemma 33 Let s1 := [%log %] Given ||0©) — 0|5 < 1 /p%ﬁo- For § = O(poly(n)), with

probability at least 1 — 6,
(1) — Ol < Crelog - 1
[p!*1) — ' V]]y < Cglog —/nlog —.
U 1o

Proof From Theorem 31, for § = O(poly(7)), when

2s1aK
no

= (s . 2
1Z)N2 < Cromax 70‘ log Vke[K],0<t<HO0<s<s;,  (40)

then 85) I'“o, for all 0 < s < s;. By the definition of "0, ﬁgs) el forall0 <t < H,0<
s < s1. By triangle inequality, [|¢(**) — ()| can be decomposed as follows.

s1—1

(66 = 6Ol < 3 o = o2
s=0

s1—1 s1—1

< S lle@y) — @@+ - 1e@tY) — e(@l)l. @
s=0 s=0

By Theorem 28, when (40) hold , then forall 0 < s < 51 — 1,

A(s ~ (s ~ S1
164D — @'y < Cs, /nlog%.

This implies that (+1) ¢ Bel(ﬁg)). Since for all 8 € T'2, [|0®(0)[]2 < v1, then ®(-) is v1-

Lipschitz in B (ﬁg)) This gives

1264+ — d(@\)) o < 1110 — a5

< 11Cs, [nlog o1 (42)
no
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Then we analyze ||§¢+1) — 115;) |l2. By Theorem 24 and the definition of I'° and I'“!, there exists
¢ € I such that '&ES) € B (¢), V0 <t < H. Therefore, we can expand @(ﬂgi)l) as follows:

() = e(a” - VL))
2
= (") — no®(a)VL(u”) + Lo () VL), VL))
2
= o(@”) + T (Va? + (1 - )afl) ) [VL@), VL)),
where cl(fs) € (0,1). Then we have

o H-1

~(s ~(s n ~(s s)\ ~ (s ~(s
le(asy) - e@i)lle < T Y lo*e((c e + (1 - )af, )Ive@), ve@)
t=0
7]2 H-1
< Ty IVL@)3
t=0

By Theorem 21, Q!]Vﬁ(ﬁgs))H% < E(ﬁ,gs)) — E(&ii)l) Therefore,
B(aD) — (a1 < mm(£(a) LG
[@(wy) (ag )|z < mva(L(ag”) (wg))
. C2n s1
2 exp(—asp) ¥ (00) + : log —~|, (43)
p-asu)(ET) (1—exp(—ap/2)? 13

where the last inequality uses Cauchy-Schwartz inequality and Theorem 31. Summing up (43) , we
obtain

< v

s1—1 s1—1 510277 51
d(u 2 < 1on 2\11 exp(—apus) 2 log —
2 I Bl "2 = ol 8 o
~ 1
71 log E log %’ (44)

where C~'7 is a constant. Substituting (42) and (44) into (41), for sufficiently small 1, we have

- S ~ 1 1
||¢(sl) — qb(O)Hg < 11C5s14/nlog L Crnlog — log —
no n - no
~ 1 1
< Cglog — [nlog —,
n no

where Cy is a constant. Finally, according to Theorem 26, (40) holds with probability at least 1 — 4.
|

J.6. High Probability Bounds for Phase 2: Iterates Staying Close to Manifold

In this subsection, we show that ||ac ”2 = O(y/n) and [|86F7) — 81|y = O(n*5-058), v <
r < Rgrp with high probability.

42



WHY (AND WHEN) DOES LOCAL SGD GENERALIZE BETTER THAN SGD?

J.6.1. ADDITIONAL NOTATIONS

Before presenting the lemmas, we define the following martingale {m,(:z}fio that will be useful in
the proof:

t—1
).~ Zz,(:z, myo = 0.
=0
We also define P : RY — R%*4 ag an extension of O®:

15(0) ) 0®(0), if0cT,
o 0, otherwise.

Finally, we define a martingale {Zt(s) :5>0,0<t< H}:

s—1 H—1

ZAEE 30 3 S CLIRIEETS 3 oY LR P LT

ke[K] r=0 7=0 kE[K]T 0

J.6.2. PROOF FOR THE HIGH PROBABILITY BOUNDS

A direct application of Azuma-Hoeffding’s inequality yields the following lemma.

Lemma 34 (Concentration property of m,(:g) With probability at least 1 -9, the following holds:

s ~ 1 1
Img) 2 < Coy /510g%, VO<t<Hke[K],0<5< Rgp,

where Cy is a constant.

Proof Notice that Hmk 41 m,(fz ll2 < omax- Then by Azuma-Hoeffdings inequality,

(s) , 6/2
P([lrmy;ll2 = €) < 2exp ~ 572 .

max

Taking union bound on K clients, H local steps and Ry, rounds, we obtain that the following
inequality holds with probability at least 1 — 4:

2KHR
Imicylle < amaM 2H log =22, W0 <t < H k€ [K],0< 5 < R
Substituting in H = ¢ and Rgyp = | 55 ] yields the lemma. u

Again applying Azuma-Hoeffding’s inequality, we have the following lemma about the concentra-
tion property of Zt(s)

Lemma 35 (Concentration property of Z ) With probability at least 1 — 0, the following in-

equality holds:
~ 1
HZS)Hz < Chan 05795, [log %7 V0 < s < Rgrp.
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Proof Notice that || Z\”; — Z\V |2 < 130max, Y0 < t < H —1and | ZS™ — Z8) |12 < v20max.

By Azuma-Hoeffding’s inequality,

12
PIZ® ||, > ¢) < 2 _ € .
(1272 2 €) < eXp( 2(sH 4 t)V302,.x

Taking union bound on R, rounds, we obtain that the following inequality holds with probability
at least 1 — ¢:

oR
1252 < omaxva \/ 2H Ry log ;rp, V0 < 5 < Ryp.

Substituting in H = % and Ry = | ;5] yields the lemma. u

We proceed to present a direct corollary of Theorem 31 which provides a bound for the potential
function over Ry, rounds.

Lemma 36 Given |00 —¢p©) |y < Cy,/nlog % where Cy is a constant, then for § = O(poly(n)),
with probability at least 1 — 6,

_ -~ 1
6 e, (W) < Cpy/nlog s V0 <'s < R, (45)

and

n(s > (s 1
6’ e T, \IJ(OIE})SC’“/nlog%, VO < s < Rgp,0<t< Hkec[K], (46)

where C is a constant that can depend on Cy.

~ = ~ 1
(Rgrp)y « —
v (o )_010\/7710%7757

where C’g is a constant independent of Cj.
Proof By py-smoothness of £, U(6(0)) < Cp, /722 log % Substituting Rgp, = Lﬁj and

T(O) < Cp, /1£2 log% into Theorem 31, for 6 = O(poly(n)), with probability at least 1 — 4,
(45) and (46) where C is a constant that can depend on Co.
Furthermore, for round 9 (Berp) ,

- _ 1 ~ Ry, ~ 1
(6 Fe)) < exp(—O(n 7)) + - exp(—au/Q)Csm < C’1om,

where C’g is a constant independent of Cj. |

Furthermore,
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Lemma 37 Given 0% —¢©) ||y < Cy,/n log - Lyvhere Cy is a constant, thenf0r6 = O(poly(n)),
with probability at least 1 — 9, for all 0 < sy < Rgrp, 0<t<Hke]

||$kt\|2<02\/7710g vl ||fBH H2<02W710g vl
1
1657~ 8]z < oy flog - 5 1807 =800l < Coy [log .
n

where Cs is a constant that can depend Cy. Furthermore,

_ ~ 1
|6 Fe) — lFew) ||y < Chyy [y log 7’

where C11 is a constant independent of C.

(s)

Proof Decomposing ;. t by triangle inequality, we have
|2l < 1165} — 8]2 + 61 — o).

We first bound [|8(*) — ¢(*)||5. By Theorem 36, for § = O(poly()), with probability at least 1 — %,

0(8 < Cl\/@ V0 < s < Rgrp, (47
gl(sst \/E V0 < s < Rgrp, 0 <t < H, (48)

B(0M) < Coy [log =, 49)
n

where C is a constant that may depend on Cy and C~'10 is a constant independent of Cy. When (47)
and (49) hold, by Theorem 25,

V 1 pooom
_ 2~ ~ 2 2
|9 Ba) — p(Bare) ||, < \/;\Il(e(Rgrp)) < Cio 777 log s (S1)

Then we bound ||0,isz — 6)||5. By the update rule, we have

and

=60 nZVﬁ nsz‘i =0 nZVﬁ 0,252) nm,(:z
=0
Still by triangle inequality, we have
t—1
165 = 092 < 0> VLG D) 1o+ nllmf) 2.
7=0
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Due to ps-smoothness of £, when (48) holds,

~ s 2
IVLOEDIz < /202 0(6)7) < Cy 202108 -

By Theorem 34, with probability at least 1 — g,

~ 1 2
[mi)ls < Coy/ “log ==, VO <t < Hk e [K,0< 5 < Ry,
’ n n

(52)

(53)

Combining (52) and (53), when (48) and (49) hold simultaneously, there exists a constant C's which

can depend on Cj such that

s = 1
16 60112 < Csy fmlog . ke [K],0<t < H
By triangle inequality,
s+1 0 (s) 1
19+ — 6P l5 < Oy [nlog —.
nod

Combining (50), (51) and (54), we complete the proof.

Then we provide high probability bounds for the movement of ¢(*) within Ry, rounds.

(54)

Lemma 38 Given ||6(°) —¢() ||y < Cy, /nlog % where Cy is a constant, then for 6 = O(poly(n)),

with probability at least 1 — 9,
_ 1
¢ = ¢ Olls < Can**70% log s, V1 < 5 < Ry,

where Cy is a constant that can depend on Cy.

Proof By the update rule of Local SGD,

) H-1 H-1
0 =09 —n > veLer)-nd 2
t=0 t=0
Averaging among K clients gives
. H-1 © . H-1 ©
n(s+1) ] s s
ot = 91 - VL6 — 5 z)-
t=0 ke[K] t=0 ke[K]

By Theorem 37, for § = O(poly(n)), the following holds with probability at least 1 — 6/3,

S n 3 S
16 — 6)||2 < Cay/nlog L 6y") € B(¢*)), V0 < s < Ryp,0 < t < H, k € [K], (55)

01710 00 < o frlog . 89,00 € B, 0 <5 < Ry

46
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When (55) and (56) hold, we can expand <I>(9_(3+1)) as follows:

Pt = ) 1 959 (66D — 9(8))+ 32 ®(O) [+ — gs) glstD) — gl

H-1 ped
_ ¢(S) _% Z 8@(9(3))V£(01252 N 8‘13 Z Z Z,(cs
t=0 ke[K] 1=0 kelK]
e 7
20RO 4 (1 - al)BEF) gl — gl gL+ _ (o]
2 ’ |
7~3<5>

where a(®) € (0, 1). Telescoping from round 0 to s — 1, we have

s—1 s—1 s—1
16 = ¢ = >+ 3T+ 3T
r=0 r=0 r=0

From (56), we can bound H7§<8) |2 by H’]})(S) |2 < 212C3nlog %. We proceed to bound H’Tl(s) [|2.
When (55) and (56) hold, we have

00(09)VL(Y)) = 00(6")VL(6Y)) + 8°d(6)
— 920 ( 1(30(5) ( b( ))é

where b,(:z € (0,1). By Theorem 31, with probability at least 1 — §/3, the following holds:

3
VLo H2<\/2p\If <CM/2p2nlog 5 WVke[K|,0<t<H,0<s<Rgp (57)

When (55), (56) and (57) hold simultaneously, we have for all 0 < s < Rgp,

s nv
1Tl < 22\\0 ©o[VL@O)) 2

< 041/2\/2p20102 ] g 3

- K e no

Finally, we bound || Zi;é T;” ||2- By Theorem 35, the following inequality holds with proba-

bility at least 1 — §/3:
S 05— 3
HZJ(HTS)HQ < Cign™ P 0'55\/10g s V0 < s < Rgrp. (38)

When (55), (56) and (58) hold simultaneously, we have

* s - - 3
1N T2 =012 )2 < Cran® 0-55\/10%, V0 < s < Rerp

r=0
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Combining the bounds for HTl(S) 2 | >0 ’75@ |l2 and H’7§(8) ||2 and taking union bound, we obtain
that for § = O(poly(n)), the following inequality holds with probability at least 1 — §:

1
¢ = @Vllo < Cn ¥, log 5, V1 <5 < Ry,

where (Y} is a constant that can depend on Cj. |

J.7. Summary of High Probability Bounds

Based on the results in Appendix J.5 and Appendix J.6, we summarize the dynamics of Local SGD
iterates in this subsection. For convenience, we first introduce the definition of global step and
d-good step.

Definition 39 (Global step) Define an index set T := {(s,t) | s > 0,0 < t < H} with lexico-
graphical order, which means (s1,t1) = (s2,t2) if and only if s1 < s or (s1 = sg and t1 < t2). A
global step is indexed by (s, t) which corresponds to the t-th local step at round. s.

Definition 40 (5-good step) In the training process of Local SGD, we say the global step (s,t) <
(Rtot, 0) is d-good if the following inequalities hold:

6H Ryt K
(5 Y

HZ;S?H2 < exp(apg)amax\/2H log Vk € [K], (r,7) =< (s,1),

6K H Riot
S )
2-Rtot
5

lmy 2 < Umax\/QHlog Vk € (K], (r,7) < (s, 1),

HZg)HQ < UmaxVQ\/2HRgrp log YO < r < s.

Applying the concentration properties of A ,@, mgﬂi and Zg) (Lemmas 35, 34 and 26) yields the
following theorem.

Theorem 41 For 6 = O(poly(n)), with probability at least 1 -9, all global steps (s,t) < (Rtot,0)
are 6-good.

In the remainder of this subsection, we use O(-) notation to hide constants independent of ¢ and 7).
Now we are ready to present a summary of the dynamics of Local SGD when 09 is initialized
such that ®(6()) € T and all global steps are §-good. Phase 1 lasts for 5o + s1 = O(log %)

rounds. At the end of phase 1, the iterate reaches within (’)(\/nloig% ) from I, i.e., |[|@(s0+s1) —
(o 5)||, = O(, [ log ) . The movement of the projection on manifold over so + 51 rounds,
||¢(s1+50) — ¢(0) HQ, is bounded by 0(10g %\/@)

After so + s1 rounds, the dynamic enters phase 2 when the iterates stay close to I' with 00 ¢
I, Vsg+51 < s < Riop and 1) € T2, Vk € [K], (504 51,0) =< (s,£) < (Riot, 0). Furthermore,

Ha:,(:z |l2 and H:fzg) ||2 satisfy the following equations:
Hw;(:,ZH2:0(\/?71075-§;15), Vk € [K],0 <t < H,so+s1 <5< R,

HjS)HQ = O(m% VSQ +s51<s< Rtot-
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Moreover, the movement of the manifold projection within I, rounds can be bounded as follows:

1
@17 = ¢llo = OG0 flog 5, V1 <1 < Ry,

Finally, we provide a theorem which states that 0 stays within @(ﬁ) from the manifold after
O(log %) rounds with high probability. This theorem is a direct consequence of the lemmas in
Appendix J.5 and J.6.

Theorem 42 For § = O(poly(n)), with probability at least 1 — 6, for all O(log%) < s <
LT/ (Hn?)],

3(@¥) e, |e<s>¢><e<s>>12=o( nloglé),
n

where O(-) hides constants independent of 1 and §.

Proof [Proof for Theorem 42] By Lemmas 29, 37 and Theorem 32, for § = O(poly(n)), when all
global steps are d-good, 8() € T2, Vsy + 51 < s < Ryor and 0,(68) e I'2,Vk € [K], (so + $1,0) =
(s,t) = (Rtot,0) and ||:13,(:2H2, ”@S)HQ satisty the following equations:

|z} 2 = O(y/nlog %), Vk € [K],0 <t < H,so+ 51 < s < Riot,

121l = O(\/nlog ), Vso + 81 < 8 < Rior.

Hence Ha’:(()Rmt)Hg = O(U(§Fror))) = O(\\szgmt_l) l2) = O(y/nlog %) by smoothness of £ and
Theorem 25. According to Theorem 41, with probability at least 1 — 9, all global steps are d-good,
thus completing the proof. |

J.8. Proof of Theorem 5

In this subsection, we explicitly derive the dependency of the approximation error on «.. The proofs
are quite similar to those in Appendix J.5 and hence we only state the key proof idea for brevity.
With the same method as the proofs in Appendix J.5.2, we can show that with high probability,

10¢) — @) || < 1, /4 after sy = O(1) rounds. Below we focus on the dynamics of Local SGD
P2
thereafter. We first remind the readers of the definition of {Z s

t—1 / t-1

2 =% ( I - nv2£(a§s)))) L 70—,
7=0 \l=7+1

We have the following lemma that controls the norm of the matrix product [T/} e —77V2£(11l(8) )

Lemma 43 Given 05) € T, then there exists a positive constant C4 independent of o such that
forall0 <71 <t<H,

t—1
I T @ —av2c@))l < ¢4
I=7+1
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Proof Since 80 € I'“0, then ﬂgs) e I'*forall0 <t < H. We first bound the minimum eigenvalue
of V2/L(€L§S)). Due to the PL condition, by Theorem 21, for n < p%,
L) = £ < (1= pp)! (£(0) = £) < exp(—ptn) (L(O) = L), WO <t< M.

Therefore,

B(al™) < exp(—putn/2) B ().

Let C] = p3 %2. By Weyl’s inequality,

Mo (V2L (@) = Poanin(V2L(@17)) = i (VL (@ (@1 7))
< p3l|V2L(@") — V2L(® (@)
< pslla” — @ (@)l
< P3\/§ exp(—ptn/2)¥(6"))
< O} exp(—putn/2)eo,

where the last two inequalities use Lemmas 25 and 22 respectively. Therefore, forall0 < ¢ < H
and0 <7 <t-—1,

t—1
|| H (= nv2L(@))l2 < ] O+ 0l dmin V2L ()))
l=7+1 l=7+1
< Tt + 2w V2L(@)))
=0
< exp(neoCy Y exp(—pln/2)). (59)

1=0
For sufficiently small ), there exists a constant C such that

1 _ G
1 —exp(—pn/2) = n~

zexp (~pin/2)) = (60)

Substituting (60) into (59), we obtain the lemma. |

Based on Theorem 43, we obtain the following lemma about the concentration property of ,gt)

which can be derived in the same way as Theorem 26.

B

Lemma 44 Given 0(8) ¢ <0 , then with probability at least 1 — 0,

~ 2 20K
1Z0 < Chomasy [ M log S5 W0 <t< Hok e [K],

where Cf is defined in Theorem 43.
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The following lemma can be derived analogously to Theorem 28 but the error bound is tighter in
terms of its dependency on a.

Lemma 45 Given 60) € T1, then for 6 = O(poly(n)), with probability at least 1 — §, there exists
a constant C} independent of « such that

65 —a{7ll2 < Ciy fomlog e, W0 <1< H ke [K)
_ (s «
10C+D — @ ||, < Cf [anlog ra

Then, similar to Theorem 31, we can show that for § = O(poly(n)) and simultaneously all s >
sy, + s} where i = O(% log %), it holds with probability at least 1 — § that ||@(®) — ¢()||, =

and

O(,/anlog %) Note that to eliminate the dependency of the second term’s denominator on « in

(37), we can discuss the cases of @ > cp and a@ < ¢p respectively where ¢y can be an arbitrary
positive constant independent of c. For the case of o < ¢o group [“2] rounds together and repeat
the arguments in this subsection to analyze the closeness between Local SGD and GD iterates as
well as the evolution of loss.

J.9. Computing the Moments for Phase 2

In this subsection, we compute the first and second moments for the movement of manifold projec-
tion after R4y, rounds of Local SGD. Since the randomness in training might drive the iterate out
of the working zone, making the dynamic intractable, we analyze a more well-behaved sequence
{é,(jz : (8,t) < (Riot, 0), k € [K]} which is equal to {é,gsz } with high probability. Specifically, OA,E:SE

equal to 0,2382 if the global step (s, t) is n'°-good and is set as a point ¢, € I' otherwise. Denote

by St(s) the event {global step (s, t) is n'°-good}. Then é,isg = 9,2,52 1) + @nunlgc) and {é,isz}
2 ? t t ?
satisfy the following update rule:

Biter = 60 Lot + Guunl g, (61)
= 0} —nVLOL) 0z ~Lao (0] —nVLOL) —nz) + Lo Sunr. (62)

.5(8)
€p

By Theorem 41, with probability at least 1 — 1'%, 6'*) = 6(*), vk € [K], (s,) < (Riot,0). Similar

to {0,(:2 }, we define the following variables with respect to {é,gsz }

K
ke[K]
~ (s (s (s ~(s (s 7(s ~ (s 1 ~ (s
x;{,l)f = el(c,z - ¢( )’ w;v)g,[) = Ozgw)g - d)( )7 xz(w)gH = ? Z wgc,)H
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0 10 2 30
Figure 7: A plot of ¢ (x)

Notice that :?3](:% = igi)g,() for all k € [K]. Finally, we introduce the following mapping ¥(0) :

I' — R4, which is closely related to W defined in Theorem 4.

Definition 46 For € T, we define the mapping ¥(0) : T’ — R*4;
w(0) = > wmHO +A)) (2(0), viv] Yviw]
i,j€ld]

where \;, v; are the i-th eigenvalue and eigenvector of V2 L(0) and v;’s form an orthonormal basis
of RY. Additionally, y(z) := “—=*£ and 1(0) = 0; see Figure 7 for a plot.

Remark 47 Intuitively, W () rescales the entries of X(0) in the eigenbasis of V2L(0). When
V2L(0) = diag(A1, -+, Aa) € R where \; = 0 forall m < i < d, ¥(Zg);; = v(nH (N +
Aj))20,i,5. Note that ¥ (0) can also be written as

vec(¥(0)) = 9 (nH(V>L(0) © V>L(0)))vec(E(0)),

where @ denotes the Kronecker sum A® B = A® I;+ I;® B, vec(-) is the vectorization operator
of a matrix and 1) (-) is interpreted as a matrix function.

Now we are ready to present the result about the moments of $(8+Rgfp) — (f)(s).

Theorem 48 For sg + 51 < 5 < Ryt — Rgrp and 0 < B < 0.5, the first and second moments of
P Ram) — () are as follows:

(st Rarp) _ 3(5) | p(s) gy ﬂ 2P (h( 5(s) _ 5(s)
E[$ 6001 60).67) = 0" (P)B@Y) + (K -]
+O0("°72%) + O(n),
. . . . . 1-5 . .
E[( ) — ) (it i) — DT | g1, £57) = L3y (61)) + O ) + O,
(64)

where @() hides log terms and constants independent of n.

Remark 49 By Theorem 41 and the definition of é’(:E’ (63) and (64) still hold when we replace
tﬁ(s) with ¢') and replace dA)(s‘*'Rng) with ¢(stHerp),
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We shall have Theorem 48 if we prove the following thegrem Wthh directly gives Theorem 48
with a simple shift of index. For brevity, denote by A¢®) : = ¢ — pO, 3 = 2(¢(0 )s

Zo, = ().
Theorem 50 Given ||0A§L9,2g — ¢y = O(,/nlog %) for 0 < B < 0.5, the first and second

moments of A(Z)(Rgrp) are as fOZZOWS'

E[A¢ )] = 32 (6 )[Z0 + (K = TPV + O(n' %) + O(),
1—/3
B

We will prove Theorem 50 in the remainder of this subsection. For convenience, we introduce more
notations that will be used throughout the proof. Let Hy := V2L(¢(®). By Assumption 3.2,
rank(Hy) = m. WLOG, assume Hy = diag(\i,---,\g) € R?, where \; = 0 for all m <
1 <dand \y > Ag--- > Ap. By Theorem 17, 8@(@3(0)) is the projection matrix onto the tangent

E[AgFer) AgHerw)T] — B, + O 1) + O(n).

space T ) (I) (ie. the null space of V2L(¢©)) and therefore, 0B(¢©)) = [g I 0 } Let
d—m
P|:=0%(¢®)and P, := I, P,.
Let Aéf,)g = Elz ;V)g ngw)gTH] qt(s) = E[m,(:z} and Bt(s) = E[ﬁ:,(jquS(S)]. The latter two
notations are independent of & since for all k € [K], 6?,(C t)’s are identically distributed. The following

lemma computes the first and second moments of the one round movement.

Lemma 51 Given ||éz(19,)g— pO|ly = O(,/nlog %),forO <5 < Rgyp, the first and second moments
of Y — ) are as follows:

n in ~(s n (s 1 n A(s A —
E[$) — 6] = Pgyy + 0*0(6)[BR] + ;0 R($V) AR + O ), (63)
E[(¢“H) — ) (¢CHY — )] = PAG, Py + O(n' 7057, (66)

Proof By Taylor expansion, we have
L) = (¢(S Aafz)g H)
= 30+ 00(§)aL3), s + 307 BB, ] + OIS,
= ) + 00(60 + AP
+ Ol 1 113)

. N (s ~ (s 1 s
= 1)+ P,y + 0° (@) &, yAGOT] + 50°( ), pi ]

N ang+ 82 (6 + A2 afz)gHméi)gTH]

+ O(| A 31125, srll2 + 1A 131128, 11113 + 125 1113)-

Rearrange the terms and we obtain:
2 7 n 1 n ~(s ~(s
O =6 = Pyl + 003, A ]+ f82¢<¢<0>>[w§3gﬂw§3;,{1

+ O(HA¢ || ”wavg,H||2 + ||A¢ || Hwavg,HHQ + || avg HH )

(67)
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Moreover,

s s s 2(s ~(s ~(s)T (s ~ (s
(D — @) () — N T = P&l &l P+ O(]Ad >u2uw;v’gH||2>. (68)

Notlcmg that & k }IA¢ are identically distributed for all £ € [K], we have IE[ A(p(s | =
+3 ke[K] IE[a: k. HA(b M= BS). Then taking expectation of both sides of (67) gives

~

E[¢+) — ¢()] = Pud@+a2<1><<2><°>>[3<5>1+182@<<£<°>>[Aé?g1

O(E[| A 31255, lla] + E[IAS 1o]|2 1113] + Ellle, 13]).
Again taking expectation of both sides of (68) yields

E[(¢0F) — () (3D — AT = PIAL), Py + O(E[|AG®))o]|253), 1113 ])
By Lemmas 37 and 38, the following holds simultaneously with probability at least 1 — n'®
18O o = O@*5=%), (125 lls = O("?).

Furthermore, since for all £ € [K] and (s,t) =< (Ryot, 0), 0,(“2 stays in I'®> which is a bounded set,

|AG®) ||y and H:L'avg g ||2 are also bounded. Therefore, we have

E[|AG@ 3125, ;2] = O(n**P), (69)

E[|AGE) 2]l ;3] = O(n'o~057), (70)

Elll&, 3] = On'®), (71)

which concludes the proof. |

A(s)  5(9)

We compute Aavg, q; ' and Bgs) by solving a set of recursions, which is formulated in the following
lemma. Additionally, define A'®) := E[2 Szwl(ff] and M/*) .= [acést ksl)] (k #1).

Lemma 52 Given HGan (O)HQ = O, /nlog%), for0 < s < Rgypand 0 < t < H, we have

the following recursions.

ath = 4 —nHog” — aVPL@)B - IVPL(6O)A + 000 (72)

i) _ &) OO Ul A
A=Ay —nHoAy" —nAy Hy + B 3o+ 0(772'5_0'5’8)7 (73)
Mt(j—)l _ M(S) nH M(S) Mt(S)HO + @(n2.5—0.5,3)’ (74)
BY), = (I —nHy)BY® + O(n*>7). (75)
Moreover,
s 1 (s 1 “r(s

A = LA+ (- )N, (76)
MO(erl) _ Aéerl) — PJ_A;(;)gPJ_ + (9(7]1.570.5,3)7 (77)

~(s ~(s S5(S 1 1
Q5" = Pray) — 0*2(0 ) By - 50" 2(¢ VAR, + O ). (8)
BET — PLBY) + PLALP + O ) )
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Proof We first derive the recursion for (jt(s). Recall the update rule for BA,(CSE:

Subtracting dg(s) from both sides gives
B0 = @) — nVLOL)) — 0z + O(é) )
‘i—n(v2c<¢<s>>@<s> SVL@ a1+ 0l )
— 0z + O(lé) )
ési—n(v%(cﬁ( )+ VIL@0)AC) + 0| A0 ) 4]
— 2 (VL) + 0189 ) #e1; ] — nz) + Ol&13 + 1€f)2)
:x,ifz—nﬂom,QZ—nv%(as( NagadT] = IVEL(@O) e al) ] 1)

7

Oml& 113 + nl A o]l ()13 + nl A 3112412 + l1€5)112), (80)

where the second and third equality perform Taylor expansion. Taking expectation on both sides
gives

47 = (I =nH)g” = VL@ (g - TV L)AL

t
&3] + B[ A 122 18] + R A 312 12] + Elllef) 2]

By Theorem 41, with probability at least 1 — 7' é,(:g = 0,Vk € [K],(s,t) = (Rgp,0). Also
notice that both é,gsz and ¢, belong to the bounded set I'2. Therefore, ||é,(:2 ||2 is bounded and we
have E[Hél(:z ll2] = O(1n'°0). Combining this with (69) to (71) yields (72).

Secondly, we derive the recursion for Bt( ), Multiplying both sides of (80) by AQS(S)T
taking expectation, we have

B, = (I - nHy)B + OE[| AP |2 &) 13 + 1A 312112 + 1€} ]12])-

Still by Theorem 41 and (69) to (71), we have (75).
Thirdly, we derive the recursion for Ags). By (80), we have

2

ARy = AP —nHy A —n A Ho + 55 + O0PE[|ASYo + [12]12)
+ OE[|2 13 + 1251312 |2 + 1&g l12])
— (I nH)AY ; S + 05057
which establishes (73).
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(s)

Fourthly, we derive the recursion for Mt( ) Multiplying both sides of (80) by x, 11

expectation, [ # k, we obtain

and taking

M = M = nHo M — M Ho + OEl|2() )27 2126 2))
+ O[3l 12 + 1é7)12).
By a similar argument to the proof of Theorem 51, we have

Efl&()1312( 1] = O'),
B a1 oA ] = O 5059,

which yields (74).
Now we proceed to prove (76) to (79). By definition of Ag‘i)g,

ke[K] ke[K]
- % S sl el + KL S By
ke[K] ke l€[K] k£l
= LAY (- )Ny,
which demonstrates (76). Then we derive (77). By definition of :cgf,glo),
T = O+ & — PO + 3T, )
= ¢+l — (6 + 003l +O(la), 413)

Il
oS

= (B + 001809 1)) 25, 5 + O(I25) 113)
= Pl + 0125 413+ 1185, 1 121120 ||2). @1)

Hence,

~r(s+1 2 (s+1 ~(s ~(s)T
VY - AP Bl 8

= PJ-ASLV)gPJ- + O( [Hwavg,HHZ + H avg,HH2HA¢ H2])
By (69) and (71), we obtain (77). By (67),

$0TY = G0 = Pall, o+ O, l2 A6 2 + 20, ml3). (82)
Combining (81) and (82) gives

E[2() o($0D) — $NT] = P, AL P + Oy 5 0%5).

avg

Therefore,

B(()s—i—l) E[& ai—gl() Ad) (s+1)T | = E[& ai‘é‘%)( ¢(s qS(s—‘rl) _ (Z)(s))T]

— PLBY) + PLAG), P + O(n'57).
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Finally, we apply Theorem 51 to derive (78).

@ = El@l ) = B2, — (0T — M]
= af) — Py — (GO BY)] — SoPB(BO)[AL)] + O )
= Py - *2($O)BY)] - L% <<f> AL + O ),
which concludes the proof. |

With the assumption that the hessian at o0 is diagonal, we have the following corollary that
formulates the recursions for each matrix element.

Corollary 53 Given Hé;@; — 0|y = O, /nlog%),for() <5 < Rgrpand 0 < t < H, we have
the following elementwise recursions.

2

A5 = 0= Qa M)A + 0.5 +0(**0%), (83)
Mt(j-)l,z,j (1—(Ai+A)) )Mt(i)] +0( 2570.5,3), (84)
BY) = (1= B+ 009), (85)
S 1 N ~ ~(s
Aig = 7oAy = M) + M), (86)
r(s+1) _ A(s+1) _ Agv)g, ij T O( b 570'5&)7 I1<i<m,1<j<m, (87)
07 07 O(n5-058), otherwise.
By, + AL, 4+ O0WF), 1<i<mm<j<d,
By = qu) +O< oh), 1<i<m,1<j<m, (88)
O(n*57), m <i<d.

Having formulated the recursions, we are ready to solve out the explicit expressions. We will
split each matrix into four parts and them one by on. Specifically, a matrix M can be split into
P M P in the tangent space of I at (],7)(0), P M P, in the normal space, along with P|M P, and
P M Py across both spaces.

We first compute the elements of P AgS)P  and P Agf,)gP .

Lemma 54 (General formula for P AES)P ' and P LAésv)gP 1) Let Ry == | )\10 log } Then
for1 <i<m,1<j<mandRy<s < Rgyp,

ils) 1 A¢,1.5—0.53
L= Yoii+ O ’
avg,i,J ()\i + )\j)KBlocn 0,i,j T (77 )
1 1Y (1= (i + X)) 7 _
A()__ 1— — J Soii+ 5 A(pl-5-0-58Y
£ < K) (Az + /\j)Bloc 120,05 + (Al + )\j)Bloc 0, F ( )
For s < Ry, Ag‘?] O(n) and A;f,)g = O(n).
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Proof For1 <i:<m,1<j5<m,\; >0,\; >0.By(83),

AS) = (1= i+ A OU+Z1—A+A )”7 o
t—1
+ 00 (1= (i + M) > 70P)
=0

1= (1= +2)n)!
()\z + )\j)Bloc

=1 =N+ /182) 1504 + O(n-5-058),

I—(Ai+A)n)t

where the second inequality uses ZtT_:lo(l — N+ X)) = 1=( A )m < (/\'+1A')n' By (84),
7 ] g J

t—1
Mt(z,)j (I—\i+Aj)n )Méi)J+O(Z(1_(/\ )0 2.5— 055)
7=0
= (1 — (N + X)) AT+ O(n'57059),

where the second equality uses M, (s+1) _ A(()SH). By (86) and (87),

RO e O (s) -
A J Yo i 1— (N + X\ H} A(n1-5-058
wEid = (A KB 0id T Qe AT+ O )
~(s+1 2 _
Aé,:—j ) - Aiw?g,zj + O( 25 0.5ﬁ>
I—(1—(\+ )\j)ﬁ)H H 7(s) 1.5-0.5
= Yo+ (1= N+ X)n)HA O )
()\i+>\j)KBloc n 0:7J+( ( + J) ) Oz]+ ( )
Then we obtain
(s 1- (1= (A" —
A()Zl—)\i /\, sHA() J Ei' 1_)\2, s rH
s—1
+ @(7715—0.5,3 Z (1 . (>\z + )\j)n)rH)'
r=Rp
Notice that |1 — (A\; + Aj)n| < 1 and
(1= (i + X)) < exp(—(Ai + Aj)nH) = exp(— (X + Aj)e). (89)
Therefore,
s—1
1—(1— A+ ) 1
1— (N + X)) = J < .
2= QM = G T S T e t AjJa)

Then we have

X L—(1— N+ X)m)H
Aéz) (1_ ()\i+)\j) )SHA(O) ( ()‘ +)‘J)77)

S O (5058
0 (Ai + Aj) K Bioc "0+ O )
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Finally, we demonstrate that for s > Ry, A( ) and A;V)g i is approximately equal to WEOJE e

By (89), when s > Ry, (1 — (A + Aj)n)*H = O(n'?), which gives

. 1 5
A® S0 + Onl5-058
avg,,] (>\7, + )\J)KBIOCT] 0, 5] + (T’ )7
: 1\ (1= (v + 2)0)" , -
A® — _(1- = J Yoiidt — S O(ntP058Y,
b ( K ) vt 3B 00 T O g e O
For s < Ry, since A) = @;i)go gf,)gTo—@( ), we have A;v)g i = O(n) and Ag‘?J =0®). =

Secondly, we compute P AES) P, and P, Agf,)gP ).

Lemma 55 (General formula for PLA,ES)P” and PLAgf,)gIﬁ) Forl1<i<m,m<j<d,

. 1—(1-X\n)t ~ _
Al i 0.0 1.5-0.58
tﬂv] )\Z'Bloc 77 07 i + 0(77 )7
i) _1-(1-X " 1.5-0.583
Aanvivj - X\ K Bloc n0,ij + O( )-

Proof Note thatfor1 <i <m,m < j < dand A\; > 0,A; = 0. By (83) and (87),

1(s S 1 - (1 - )\ ) —0.
A;i{j:(l_)‘ )Aéz)] W 150, + O(nt570-58)
1 - (1 - )\177) ~N/ 1.5—
= U pSg 4+ OO P.
AiBloc 10,4 * (77 )
By (84) and (87), M, 7, = O(n*~). Then,
i 1= S 4 (L5058
avg,i,j ;K B N20,,5 + (77 )

Similar to Theorem 55, we have the following lemma for the general formula of 13||A§S)P ) and
PAYLP.

Lemma 56 (General formula for PHAES)PL and P”Ag‘i)gPl) Form<i<dandl1<j<m,

A 1—(1=X\mn)t .
A ( Ajn) 772072,7‘7_’_0(171.570.5,8)7

iy )\jBloc
H
i (s) _1_(1_)\ n) 1.5—0.5
Aa‘ig’i’]. = KB n%0i; +O(n 8.

Finally, we derive the general formula for PHAES)P” and P”Agi)gm
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Lemma 57 (General formula for PHAES)PH and PHAgf,)gPH) Form <i<dandm < j <d,

A(5) Hn A(.1.5-0.58
avg,i,] KBloc 20,1:] + 0(77 )7
i tn? _
Ay = A5+ B Zoid + 070

A(s) A(s) n? 2.5—0.5
At-‘rlﬂ,] = At,z,j + B EO,i,j + 0(77 - ﬂ)
ocC
Therefore,
N N tn2 ~ _
Agi)u = Aéi?,g * Bioe S04, + O(n"270%). (90)

According to (84), M%), = O(n5=95%) form < i < dandm < j < d. Combining (84), (87)
and (90) yields

2

1(s) Hn A/ 1.5-0.
A;f/g,i,j - KBIOC Eoﬂi’j + O<T’ 55)

)

Now, we move on to compute the general formula for Bt(s .

Lemma 58 (The general formula for PL358)13‘|) Note that for 1 < i < mand m < j < d,
when Ry := “\}Toa log %1 < 5 < Rgrp,

. 1—X\n)t ~ _
T ) MR, TR E S
t,e,g )\’LKBIOC 77 0727J + (n )

For s < Ry, Bt(i?] =0O(n).
Proof Note that for 1 <i < m, \; > 0. By (85),
Bt(i)l,i,j =(1- )\m)Bt(,si?j + O(n*57h).

Hence,

According to (88),

A (541 . . -
Blg,si,j = Bl(‘;,)z‘,j + Az(jmfz)g,,i,j +O(n*57)
+ A + @(771.5—5)_

avg,i,j

= (1- )" BS);
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Then we have

s—1
0 _
BE)y = (=) B+ AD) Z = Am) 4 O(S (1= Ay 50
r=0
_ H j(0) 1—(1—A-) i) (15—
=@ =)™ By + 7 (1- Alm)H A ig +O077)
1-(1- Am)s i (s) A(,1.5—
= AD O,
1— (1 _ >\i77)H avg, 1,7 + (77 )
where the second equality uses (89) and the last inequality uses Béo) = Ag?,)g OAd) = 0. For
s > Ry, A;‘f,)g = %nﬂ)m + O(n**=058), which gives
B _ s L A58y
0,3,J \; K Bo. 0§ T On )
Therefore,
- 1—X\n)t
BB _ ( D 15-8y
(AN N K Bloe 71240,i,j +O( )
For s < Ry, A;‘i)g i = O(n) and therefore, B! z)] O(n). |

Lemma 59 (General formula for the elements of P J_BES)P ) Forl1 <i<mandl <j<m,
) B(S) 0(771 5— [3)

ti,g

Proof Note that for 1 < i < m, \; > 0. By (85),

By = (1= ) B, + O(5~7)
Hence,
BLSSZ)J =(1- Am)té(()i',j +0(n**F)
By (88),
AH(s+1 A(s A _
B((),ZJ,FJ )= BI(T{)ij +O(n 2 ’8)
= (1= TBS) + O0('o77)
s—1
=(1- )\Zn)SHBé Z)] + O(Z( _ )\m)anlﬁ—,B)
r=0
= (12T BY) + On57)
O(n">~")
where the last inequality uses Béo) =0. m
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Lemma 60 (General formula for PHBt(s)) Form < i <d, Bﬁ)J = O(n*5P).

Proof Note that \; = 0 for m < 7 < d. By (85) and (88),
B, = B+ 0GP, B = 067,

Therefore,

|
A(5)

Having obtained the expressions for Bgs), A;” and Ag‘i)g, we now provide explicit expressions
for the first and second moments of one round movements in the following two lemmas.

Lemma 61 The expectation of one round movement is

E[¢e+D) — )] = {%52‘1)(43(0))[20 + ()] + O F), Ry<s< Rgp

Z , 91
), s < Ry
where Ry := [)\}Toa log %]

Proof We first compute IE[¢ (s+1) — () |. By (65), we only need to compute P”(jg) by relating it
to these matrices. Multiplying both sides of (72) by P gives

~(s ~(s I s n In 2 (s ~ 5—
P4 = Pig;” —nP VL) (B[] - DB VPL@ )AL + 06 F). (92)
Similarly, according to (78), we have
IDHq[() s+ == ||82 (d; )[ : ] - 713”82 (é )[ Aavg] + O( 1o B) 93)
Combining (92) and (93) yields

avg

(s 1 ~ o n . ~ ~(s
Py = —5Po* (@ [ALY] - TPVPLGO)Y AL
(94)

I

~1
—nP VL)Y B - Po*e(6 ) By + O(n' ).
t
By Lemmas 54, 57 and 55, for s < Ry = L;—g log %J Ags) = O(n), A;f)g = O(n) and Bt(S) _
Of). Therefore, E[G+) — ¢)] = O(y). For s > Ro, Al = ALy + O(n-5-0%%).
Substituting (94) into (65) gives

EIG0D - 30 = L PLo?($O)AG)] + PLo*B(60)[BY)

Il
o

7'1
.
1 H-1 H-1
P VAL($ )] Z AP+ 37 BY 4O 5P
2 =0 =0
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Below we compute 77 and 75 for s > Ry respectively. By Theorem 18,

P 0*0(¢ )P AL P = P 5*®(60) [Pl AL, P ] = 0,

avg

P 0*0(¢\)) [P AL, P|| = 9°®(¢V) [P AL, Py

avg
By Theorem 19,
P 3?0 P AL P ] =0

avg

Therefore, for s > Ry,

A H ~
PLo*®($)[A avg1—2Kgbcaz (") @[Sy, ] + Oy 70,

where we apply Theorem 57. Similarly, for s > Ry,
P50 (6") B = 906 Bf P|] = O(n'* ),
where we apply Theorem 60. Hence,

Hn

Ti = S5 0°®(O) [T, + O(n"*77). (95)
We move on to show that
H .
7o = 20 52§00 — By + (K~ )W (GO, 96)

Similar to the way we compute AES), A&i)g and Bt(s), we compute TQAby splitting 73 into four
matrices and then substituting them into the linear operator —77PHV3£(¢(0))[-] one by one. First,
we show that
3 4/ 5(0) Hn? 5 20
NPV L) PLTsPL] = —5-0"0(¢™) [0, + (K — 1)$(30,1)]
+0(n*577),

o7

where v(-) is interpreted as an elementwise matrix function here. By Lemmas 54 and 59, for
1<i<m,1<j<mands > Ry,

A LY (1= i+ 2)n)! n B -

A():— 1—— J Y0 — L 3.+ O 1.5—0.53
o ( K> a2 Boe 00 O ) B0 O )
BfY); = 0(n'*9),
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Therefore,
H-1
(s LY 1= (1= i+ x)m)" Hn o
A(,).:_ 1— — J Ei’ —Ei' 0.5—03
t=0 12,7 < K> (>‘1 + )‘j)QBloc 0.3 + ()\Z + )‘j)Bloc 0.2 T O(T] )
_ Hr 5o
B K()‘ + A )Bloc 0%
1 H?] 1- (1 — (Al + AJ)n)H A(..0.5—03
T % 1- Yo+ On27P).
( K) (A + )‘j)Bloc |: Hn(\ + )\j) 0.7 (n )
Ta
H-1 A ~
Bt(sz)] = 0(770'57’8)7
t=0

Then we simplify 7;. Notice that

(1= (N + X)) = exp(—

Therefore,
Ta=v((Ai + Aj)Hn) + O(n).

Substituting 74 back into the expression for Zi 61 ESZ) j gives

H-1

S AL Hy Hipb((As + A\j) Hn) .
A(): M i 1— — EZ 0-55.

— 1,0,] K(\ + )‘j)Bloc 0., T < K> v + )\])Bloc 04,5 + O )

Combining the elementwise results, we obtain the following matrix form expression:

~ 2 ~
*77P||V35(¢(0))[P¢7§Pﬂ = *%HN%@(O))[VHO(EO,L + (K = 1) (Xo,1))]
+O(n'7").

By Theorem 19, we have (97).
Secondly, we show that for s > Ry,

—nP\V3L(¢) [P T3P + P T;P1]

Hn? 2 . (98)
= —-020($)[So, 1 + (K = V(S 1)) + O 77,

where A’l/}(') is interpreted as an elementwise matrix function here. By symmetry of AES)’S and
VEL($).

H-1
3 0 (s) s)
V£¢() Y PLAY P||+§:PHA P,
t=0 t=0

=Vv3L(p?) [ZPLA ]
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Therefore, we only have to evaluate
VAL(¢ ZPL (A + B H+ZP|| P,

To compute the elements of Zfi _01 P L(Aﬁs) + E§S))IJ“, we combine Lemmas 55 and 58 to obtain
thatfor 1 <¢<mandm < j <d,

H-1 H-1
Z At,’L,_] Z )\zBloc 20 ,J + O( )
t=0 t=0
Hr 1—(1— ) 05
= 2o,i Yoii+ O B
>\7,Bloc 007 A Bloc 0.4, - ( )
Hn 1—(1 - ) R
~ AB <1 - NiHn So,i5 +O0™7)
ocC
JHN) Y04 0.5—3
ABmw@ 120, + O(n°77),
and
H-1 ) H- 1
BY. 150, 1.5-8
— ti,g Z s KB]OC 0,i,5 + O( )7
1—<1—Am> _—
= oii+0On" B
A,?KBIOC 07 »J + (77 )
H Hn 1- (1= )7 —
N )‘iTBlOCEO’i’j a )\iKBloc ( B )\z’Hn Eo’i’j T O(n05 6)

Hn

Hn A(,0.5—3
= — 3 i T T /\iH PN 3.7 ’ .
VKB 0 AiKBlocw( Mo, +O(n""7")

Therefore, the matrix form of Ztligl PL(A,ES) + B,fs))PH is

L+ (K =1D9(Z,1)) + O™,

where 1(+) is interpreted as an elementwise matrix function here. Furthermore, by Theorem 60,

tH: 61 Bgs) = O(n°>=5). Applying Theorem 18, we have (98). Finally, directly applying Theo-
rem 20, we have

~nP VL@ )P T:P|] = 0. (99)

Notice that 1)(X ) = 0 where 9/(-) operates on each element. Combining (97), (98) and (99), we
obtain (96). By (95) and (96), we have (91). |
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Lemma 62 The second moment of one round movement is

~(,r’1.5—0.5,3)’ RO <s< Rgrp

Hn?
B[ — 0@+ - 60)T] = { 8

O(n), s < Ry ’
where Ry := [)\L—Oa log %]
Proof Directly apply Theorem 57 and Theorem 51 and we have the lemma. |

With Lemmas 61 and 62, we are ready to prove Theorem 50.
Proof [Proof of Theorem 50.] We first derive E[A¢Fer»)]. Recall that Ry, = Lﬁj = W +

o(1) where 0 < 8 < 0.5. By Theorem 61,

Rerp—1
B - 0= B - B0+ S Bl g0
s=Rop+1
1 ~ A~ ~ ~
- %32@<¢(°>>[20 +@($ )]+ O ) + O().
Then we compute E[A¢Ferw) Ag(Bere) T,
Rgrp—1 Rgrp—1 T
gl 30 @em—dm) (30 @em— gy
s=0 s=0
Rgr
Z BI(§) — ) (9 = 6)T] 4 DBl — SNE(SC D —§)T]
=0 s#s!
77 7 A/ 1.5-1.58
5 O(1) + O ('~ 157),
where the last inequality uses E[((;AS(SH qAb )] [(q@ s'+1) _ QB(S’))T] — (7)(772)' n

J.10. Proof of Weak Approximation

We are now in a position to utilize the estimate of moments obtained in previous subsections to prove

the closeness of the sequence {¢(*) }LT/ (7)) and the SDE solution {¢ : t €]0,T]} in the sense of
weak approximation. Recall the SDE that we expect the manifold projection {®(6(®) )}LT/ H)) o

track:

a¢(t) = Pe( 53 (QaWs =g VP L(Q)[Bo(Q)lat — S5 VALl ), (100)
| M ——

(a) diffusion (b) drift-1 (c) drift-IT

According to Theorem 18 and Theorem 19, the drift term in total can be written as the following
form:

(b)+(c) = ﬁéﬂ (O[ZE() + (K —1)¥(C)).
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Then by definition of P, (100) is equivalent to the following SDE:

4C(t) = Z=OOEQAW; + 350%0(C) [B(O) + (K~ DF(Q)ar. (o)
Therefore, we only have to show that ¢(*) closely tracks {¢(t)} satisfying Equation (101). By The-
orem 14, there exists an €3 neighborhood of T', '3, where ®(-) is C*°-smooth. Due to compactness
of I, '3 is bounded and the mappings 0°®(-), ®(-), 3'/2(-), X(-) and ¥(-) are all Lipschitz in
I'®3. By Kirszbraun theorem, both the drift and diffusion term of (101) can be extended as Lipschitz
functions on R¢. Therefore, the solution to the extended SDE exists and is unique. We further show
that the solution, if initialized as a point on I', always stays on the manifold almost surely.
As a preparation, we first show that I" has no boundary.

Lemma 63 Under Assumptions 3.1 to 3.3, I' has no boundary.

Proof We prove by contradiction. If I' has boundary 0I', WLOG, for a point p € JI', let the
Hessian at p be diagonal with the form V2L (p) = diag(\1,--- ,\g) where \; > 0for1 <i < m
and \;, = 0form < i <d.

Denote by x;.; = (zj, Tit1, - ,x;) (i < j)the (j — i + 1)-dimensional vector formed by
the i-th to j-th coordinates of «. Since (Ejv P) = diag(A1, -+, A ) is invertible, by the implicit
function theorem, there exists an open nelghborhood V of ppi1.q4 such that VL(v) = 0, Vv € V.

Then, £(v) = L(p) = mingey £(0) and hence V' C I', which contradicts with p € JI. [

Therefore, I is a closed manifold (i.e., compact and without boundary). Then we have the following
lemma stating that I is invariant for (101).

Lemma 64 Let ((t) be the solution to (101) with (0) € T, then {(t) € I for all t > 0. In other
words, T is invariant for (101).

Proof According to Filipovié¢ [12] and Du and Duan [9], for a closed manifold M to be viable for
the SDE dX (t) = F(X (t))dt + B(X (t))dW; where F : R? — R% and B : R? — R? are locally
Lipschitz, we only have to verify the following Nagumo type consistency condition:

p(x) = —fZD (z) € Tu(M), Bj(z) € Tu(M),

where D[] is the Jacobian operator and B;(x) denotes the j-th column of B(x).

In our context, since for ¢ € I', 0P(¢) is a projection matrix onto T(I"), each column of
O®(d)X1/2(¢) belongs to Ty (T'), verifying the second condition. Denote by P (¢p) := I; —
0P (¢) the projection onto the normal space of I at ¢. To verify the first condition, it suffices to
show that P| (¢) () = 0. We evaluate . P\ (¢)D[B;(¢)]B;(¢) as follows.

3" Pu(@)DIB;(6))B;(¢ BZDFM’ )25 (@)102(0)%](¢)
pr Za? 5/%(¢),00()T]%(9)]

= _§v2£(¢)+v3£(¢) (= (e)], (102)
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where the last inequality uses Theorem 18. Again applying Theorem 18, we have

1
PL(@)F(¢) = —55VL($) VL(®)[Z) ()] (103)
Combining (102) and (103), we can verify the first condition. |

In order to establish Theorem 4, it suffices to prove the following theorem, which captures the
closeness of ¢(*) and ¢(t) every Ry, rounds.

Theorem 65 If[|6©)—¢()[|2 = O(, /nlog ;1) and ¢(0) = ¢ € T, then for Ry, = | 57575 every
test function g € C>,

max

(nRgrp)y _ 0.75 0.25 1\b
n=0,--,|T/n0-75 Eg(@™ 7)) —Eg(C(nn™"))| < Cgn (logn) )

where Cy > 0 is a constant independent of n but can depend on g(-) and b > 0 is a constant
independent of 1 and g(-).
J.10.1. PRELIMINARIES AND ADDITIONAL NOTATIONS

We first introduce a general formulation for stochastic gradient algorithms (SGAs) and then specify
the components of this formulation in our context. Consider the following SGA:

Tp+1 = Tp + neh(a:m En)v

where z, € R? is the parameter, 7, is the learning rate, h(-,-) is the update which depends on
@, and a random vector &, sampled from some distribution Z(x,,). Also consider the following
Stochastic Differential Equation (SDE).

dX (1) = b(X (1))dt + o (X (£))dW,,

where b(-) : R? — R? is the drift function and o(+) : R?*4 — R?*4 is the diffusion matrix.
Denote by Px (x, s, t) the distribution of X (¢) with the initial condition X (s) = @.Define

A(z,n) == X(niiy — T, where X (;,41y,, ~ Px (x,n7e, (0 + 1)ne),
which characterizes the update in one step.
In our context, we view the movement of manifold projection over Ry, = I—oml%ﬁj (8 €

(0,0.5)) rounds as one update step. Hence the ¢(izp) corresponds to the discrete time random
variable x,, corresponds to and ¢(t) corresponds to the continuous time random variable X;. Ac-
cording to Theorem 48, we set

=0 b0 = GEPRO RO + (K=D)L o(0) = —=0m(OE(Q),

Due to compactness of I', b(-) and o (+) are Lipschitz on T".

As for the update in one step, A(-, -) is defined in our context as:

A(¢7n) = C(n—l—l)ne -, where C(n—l—l)ne ~ PC(¢>nne7 (TL + 1)776) and ¢ €T
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For convenience, we further define
AP q5((n+1)1'%gnp) _ é(”RgrP)7 AR . A(@(Rgrp),n%
b(n) — b(()g(n]:'fgrp))7 O'(n) — U(é(nRgrp))_

We use Cy; to denote constants that can depend on the test function g and independent of 7e. The
following lemma relates the moments of A(¢,n) to b(¢) and o (o).

Lemma 66 There exists a positive constant Cy independent of ne and g such that for all ¢ € T,

|E [~'(¢, n)] — 1ebi(#)| < Con?, vVi<i<d,

[E[Ai(p, n)A (2, n)] %Zk” Joui (@) < Cone, V1 <i,j<d,

The lemma below states that the expectation of the test function is smooth with respect to the initial

< Cond, V1 <y, i < d.

value.

Proof Noticing that (i) the solution to (101) always stays on I" almost surely if its initial value ¢(0)
belongs to T', (ii) b(-) and o (-) are C* and (iii) T is compact, we can directly apply Lemma B.3 in
[42] and Lemma 26 in [34] to obtain the above lemma. |

The following lemma states that the expectation of g(¢(t)) for g € C3 is smooth with respect to
the initial value of the SDE solution.

Lemma 67 Lets € [0,T), ¢ € T and g € C3. Fort € [s,T), define

(¢75 t) - ECtNPC (d,s,t) 19 [ (Ct)]
Then u(-, s,t) € C3 uniformly in s,t.

Proof A slight modification of Lemma B.4 in [42] will give the above lemma. |

J.10.2. PROOF OF THE APPROXIMATION IN OUR CONTEXT

For 5 € (0,0.5), define v := l'f’:gﬁ,'m = ﬁ, and then 1 < 73 < 1.5, 1 < 75 < 2. We in-
troduce the following lemma which serves as a key step to control the approximation error. Specif-
ically, this lemma bounds the difference in one step change between the discrete process and the
continuous one as well as the product of higher orders.

Lemma 68 If [|0©) — ¢, = O(,/nlog %) then there exist positive constants C and b inde-
pendent of ne and g such that for all 0 < n < |T/ne|,

1.
EIA — A | &5 )| < Conpt(log L)Y + Crng(log 1), W1 <i<d
EAMAM — AWAI | gl < O og L)Y+ Crnt(log L), V1 <idj<d
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n) | génRgrp)] S 012773’\/1 (IOg FZ)Qb’ V1 S 'il, e 7i6 S d7

I
I

i Sé”Rg”’)] < G2 (log 1), VI <t g < d

Proof According to Appendix J.7, we have

6
Al

Since 71 < 1.5 and 2 < 2, we can utilize Theorem 50 and conclude that there exist positive
constants (> and b independent of 7). and g such that

EIAM — b | 6| < Cont(log )" + Com* log 1), ¥1 < i < d,

| Sé”Rg”’)] = O(i*).

(104)

EAMAM _ g, Z‘f Do) | 5| < Cond (log L)P + Can? (log 1), W1 < i j < d,

(105)
6
[TA0| 1| < 32 (log L), V1 <y, yig <d. (106)
s=1
Combining (104) - (106) with Theorem 66 gives the above lemma. |

Lemma 69 For a test function g € C3, let u; ,(¢) = u(ep, Ine, n1e) = Ecthc(db,lnc,nnc)[Q(Ct)]- If
16©) — ||y = O, /nlog%), thenforall0 <l <n-—1land1l<n < |T/ne],

Bl (@175) 4+ AD) = 1o (17e) + ALY | G| < G (2" + ) log(1)

where Cy 1 is a positive constant independent of ) and (Z)(lerP) but can depend on g.

Proof By Theorem 67, u; ,(¢) € C3 for all [ and n. That is, there exists K (-) € G such that for all
l,n, u;»(¢) and its partial derivatives up to the third order are bounded by K (¢).
By the law of total expectation and triangle inequality,

Bl (G157 + AD) — iy ($0Fs) + AO)] | 1R

< ‘E[um,n@,(mgrp) + AD) g (U 1 AD) | GURzw) gl Hare)]

A
+77100E[|Ul ln(¢(lerp) +A )| | ¢1Rgrp) g(lerp)]
As
+7]100E[|Ul+1, (¢(1Rgrp) —|—A )| | ¢ (IRgrp) g(lerp)]‘
As
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We first bound A5 and As. Since ¢(f=re) € T, both ¢ Hap) + A and $(Fee) + AW belong to
I". Due to compactness of I" and smoothness of u;1 ,(-) on I', there exist a positive constant Cy o
such that Ay + Az < Cjon'®.

We proceed to bound A;. Expanding ;41 ,(-) at @ B=rv) and by triangle inequality,

aul+1n Ry (AD _ ADY | GRer) g Rsro)
g, (@) (A - AD) 91

B1
a Ul+1,n

B 000, i

1
+5 Dl

1<ij<d

(§07e) (A0 - BUEDY | ), )

/

B2
+[R[+|R],

where the remainders R and R are

Pursin sun IIWADAD | SR (IRgrp)
6 B[ ($(Rer) 1 gADYADAD | G@Fsrn) gl Fer))
1<§<d 8¢’La¢ja¢p J 0

7@:% > E[azgffa’l (¢17ee) 4 GAD)ADADAD | Githaw), g,
1<i,j,p<d IRITEP

for some 0,6 € (0,1). Since @(Hiarp) belongs to I which is compact, there exists a constant Cy 3
such that forall 1 <i,5 <d,0<1<n-—1,1<n<|T/n],

8ul—s—l n

9oi

’5’2uz+1,n

7 ZR rp) <
(d) & )‘ — 09737 8¢Za¢]

= (§!Fiam))| < Cys.

By Theorem 68,

d2
By < dCy3Ci(nd* +n)(log )", By < - CosCa(nd + ) (log 7)".

Now we bound the remainders. By Cauchy-Schwartz inequality,

3
’E[(m () +-0AD) AP AT AD |l 5w
1P OPp
1/2
Puiin 3 (IRgrp) ) ’ 7 (IRgrp) o(nRgrp)
= \®|\8600,00, ¢ " H0AT)) 1074 "
g J p

R n 1/2
(BUADADAPY? | gtFiw) g5 er))

Since dA)(lerP) and dA)(lerP) + A® both belong to T" which is compact, there exists a constant
Cgasuchthatforalll <i,j,p<d,0<I<n—1landl<n < |[T/n],

83“ \n (IR T l 2 2
(73@325?3%(05( gp)+9A())> <c2,
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Combining the above inequality with Theorem 68, we have

83UZ+1 AlR l l n IR,
g ¢ Wrtn z0) 1 IADYVAVADAD | G(Rarp) elRee))) < 0 011 10g(L)P,
[8¢i8¢j8¢p(¢ + JATATA) [ @ &0 ] = Coalimd log )

Hence, forall 1 <n < |T/ne],0 <1 <n-—1,

3

d
R| < & CoaCr og(L)"

Similarly, we can show that there exists a constant Cy 5 such that forall 1 <n < [T/n.|,0 <1 <
n—1,

d3
|73|<f 550113t log ()",

Combining the bounds on A; to A3, we have the lemma. [ |

Finally, we prove Theorem 65.
Proof For 0 <[ < n, define the random variable él,n which follows the distribution P¢ (qAb(lerP), l,n)
conditioned on g{') IRgro) . Therefore, P(én,n = (ﬁ(”Rgrp)) = 1 and éO,n ~ Cnn.- Denote by
u(ep, s,t) == ECtNPc (,5,) [9(¢¢)] and Tit1n = ul+1,n($(1Rgrp)+A(l)v (I4+1)7e, nne)_ul+1,n($(l}zgrp)+
AG, (14 1)17e, 1e).

\E[gw(”%))] — Elg(¢ ()

Elg(Gnn) = (o) | £")]| +O61)
n—1
< S Elg(&1m) — 9(Ein) | €571 4+ 0('™0)
=0
n—1

Elu(@(TDRe) (14 1)e,nme) — u(Gasr, (L+ Ve, nge) | £ )| + (')

Il
S o~
Hy
)

BT | €57

+0(n™).

l

Il
=)

Noticing that E[7;41,, | E'énRgrp)] = E[E[Ti+1, | q@(lerp)’g((]lerp)} | €énRg’p)], we can apply
Theorem 69 and obtain that for all 0 < n < [T/,

E[g(¢" )] = Blg(¢(nme))]| < nCya(nd" +ni?)(log L)°
< TCya (" + 02 ") (log ;).

Notice that " 4+ 12> = n°°# + P and T, Cy,1 are both constants that are independent of 7. Let
B = 0.25 and we have Theorem 65. |

Having established Theorem 65, we are thus led to prove Theorem 4.
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Proof [Proof of Theorem 4] Denote by s.s = so + s1 = O(log %) which is the time the global
iterate (%) will reach within O(7) from I" with high probability. Define ¢(t) to be the solution to
the limiting SDE (101) conditioned on 5és°ls) and ¢(0) = ¢(%=). By Theorem 65, we have

(nR T +Sc s) _ ~ 0.75 (SCS) (scls) 0.25 l b
n:O,--?lELr)jno.mJ E[g(@'"erToee)) — g(¢(nn™"?)) | ' 760 J| < Cg77 (logn) )

where Rgy, = | 165 ] Noticing that (i) g € C? (ii) b, & € C* and (iii) ¢(¢),{(t) € I', € [0,00)
almost surely, we can conclude that given (C/‘(gScls)’

I¢(t) = CW)ll2 = O(va), vt € [0,T].

Then there exists positive constant b’ independent of 7 and g, and C’; which is independent of 1 but
can depend on g such that

(nRgrp+5cis)) _ 0.75 2 /. 0.25 1N\
o S s Elg(@™ e Tes)) — g(C(nn™ " + sasHn™))]| < Cgn~ = (log )"

We can view the random variable pairs {(¢("/terptseis) Con0-75 45 0am) <= 0, [T/n° "]} as

reference points and then approximate the value of g(¢(*)) and g(¢(sHn?)) with the value at the
nearest reference points. By Lemmas 33 and 38, for 0 < r < Rgrp and 0 < s < Ry — 1,

E[|¢* ) — ¢[l2] = O(n"™).

Since the values of ¢(*) and ¢ are restricted to a bounded set, g(-) is Lipschitz on that set. Therefore,
we have the theorem. |

Appendix K. Deriving the Slow SDE for Label Noise Regularization

In this this section, we formulate how label noise regularization works and derive the theoretical
results in Appendix E.

Consider training a model for C-class classification on dataset D = {(x;,v;)}Y.,, where z;
denotes the input and y; € [C] denotes the label. Denote by A ™! the (C' — 1)-open simplex. Let
f(0;x) € AS’:_I be the model output on input & with parameter 6, whose j-th coordinate f;(6; x)
stands for the probability of = belonging to class j. Let £(0; x,y) be the cross entropy loss given
input « and label y, i.e, £(0;x,y) = —log f,(0;x).

Adding label noise means replacing the true label y with a fresh noisy label ¢ every time we
access the sample. Specifically, ¢ is set as the true label y with probability 1 — p and as any other
label with probability %, where p is the fixed corruption probability. The training loss is defined as
L£(0) =+ S N | E[0(8; x;, )], where the expectation is taken over the stochasticity of ;. Notice
that given a sample (x, y),

N p
E[((6;2,9)] = —(1—p)log f,(6;x) — 5 D _log f;(6;z). (107)
J#y
By the property of cross-entropy loss, (107) attains its global minimum if and only if f; = #%,
forall j € [C],j # y and f, = 1 — p. Due to the large expressiveness of modern deep learning
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models, there typically exists a set S* := {0 | f;(0) = E[g;],V: € [N]} such that all elements
of S* minimizes £(6). Then, the manifold I" is a subset of S*. The following theorem relates
the noise covariance X(6) = + > iey) EI(VUO; @i, i) — VL(O)) (VO i, §i) — VL)) ]
to the hessian V2£() for all § € S*.

Theorem 70 If f(0;x;, ;) is C>-smooth on R? given any i € [N], §; € [C] and S* # @, then for
all @ € S*, 2(0) = V2L(0).

Proof Since L£(-) is Ca-smooth, VL(0) = O for all & € S*. To prove the above theorem, it
suffices to show that Vi € [N], E[V(0; x;, ;) VL(0; x5, §;) '] = V2L(0). WL.O.G, lety = 1 and
therefore for all @ € S*

fi(@;x) =1—p=:a,

[i(Om) = =P — =4y, ¥j > 1,5 € [C).

C-1
Additionally, let h(z) := —log(z),x € RT. The stochastic gradient V{(0;x,) follows the
distribution
Vi(0; T, §) = Wla)gg w1
(el - of; . .
W(a2) g, Wb cEy. Vi € [0 > 1.

Then the covariance of the gradient noise is

* o\ T
EIV(0: 2. 9)VE(0:2.9) ] = (1 - p)(8 (ar))* 20 <3f1<" >)

00+ \ 06"
p(h(a2))® x— 0F;(0%) (9f;(6°)\ "
o ; 0" ( 0" ) '

Now we compute the hessian.

Of | ph'(a) 02
002 C—1 4~ 062
i>1

J/

V2L(6) = (1 - p)H(a1)

T

L Ofi (0fi\ ph'(a af; (0f:(0)\ "
i (35) 52 ()
7>1

Since } ;e fi = 1,

> fi 0 f
= _ . 1
06? — 062 (108)
7>1
Also, notice that 1/ (z) = —1. Therefore,
vy _ Ph(ag)
(1 —=p)h'(ar) = o1 (109)
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Substituting (108) and (109) into the expression of T gives 7 = 0, which simplifies V2£(8) as the
following form:

] T " a . . T
v22(0) = (- i) Gy (P05) T S O (L)
7>1

Again notice that h”’(z) = h/(z) for all z € R*. Therefore, V2£(0) = 3(6). [ |
With the property X (6) = V2£(8), the limiting SDE (4) can be greatly simplified.

Corollary 71 (Slow SDE for Local SGD with label noise) For C-class classification task with cross-
entropy loss, the slow SDE of Local SGD with label noise has the following form:

tr(F(2HnV>L(C)))
2Hn ) dt,

A1) =~V (tr<v2c<c>> F (K1) (110)

where F(x) := [ (y)dy and is interpreted as a matrix function in (110). Additionally, Vr f
stands for the gradient of a function f projected to the tangent space of T'.

Proof Recall the general form of the slow SDE for Local SGD:

A1) = —=0B(OBVAOIW (1) + 550°0(O) [B(O) + (K~ )F(Qldt. (11D
where ¥(() is defined in Definition 46. Since for ¢ € T, X(¢) = V2£((), then
09(¢)=2(¢) = 0. (112)
Now we show that
B (¢)[Z(Q)] = —Vrtr(V2L(C)). (113)

Since V2L(¢) = (). Vyzr(o)[Z] = 1. By Theorem 19,

PBQIQ)] = — 50O VILOT] = —5 Vetx(VAL(C)).

Finally, we show that

*0(¢)[¥(C)] = —Vr———tr(F(2HnV>L(Q))). (114)

1
2Hn
Define ¢)(z) := z¢)(x) = e * — 1 4 z. By definition of ¥(¢), when 2(¢) = V2L(¢), ¥(¢) =

V(2nHV2L(¢)), where ¢)(-) is interpreted as a matrix function. Since ¢(2nHV2L(¢)) € span{uu ' |
u € TCL(F)}, by Theorem 19,

1
9*e(O)[¥(¢)] = —§8<I>(C)tr1/1(2nHV2£(C))-
By the chain rule, we have (114). Combining (112),(113) and (114) gives the corollary. |

We further have the following corollary as H goes to infinity.
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Lemma 72 As the number of local steps H goes to infinity, the slow SDE of Local SGD with label
noise (110)can be simplified as:

d¢(t) = —%thr(VQE(C))dt. (115)

Proof We obtain the corollary by simply taking the limit. By L'Hospital’s rule,

lim Flaz) = lim dF(az) = lim ay(azx) = a.
r—=+oco I z—+oo  dx r—+00
Therefore,
. w(FRHNVALI))) oo
xgrfoo 2, =tr(V°L(())- (116)
Substituting (116) into (110)yields (115). |

Appendix L. Experimental Details

In this section, we specify the experimental details that are omitted in the main text. Our experiments
are conducted on CIFAR-10 [31] and ImageNet [S1]. Our implementation of ResNet-56 [18] and
VGG-16 [54] is based on the high-starred repository by Wei Yang % and we use the implementation
of ResNet-50 from torchvision 0.3.1. We run all CIFAR-10 experiments with By, = 128 on 8
NVIDIA Tesla P100 GPUs while ImageNet experiments are run on § NVIDIA A100 GPUS with
Bjoe = 32. All ImageNet experiments are trained with ResNet-50.

We generally adopt the following training strategies. We do not add any momentum unless
otherwise stated. We follow the suggestions by Jia et al. [24] and do not add weight decay to the
bias and learnable parameters in the normalization layers. For all models with BatchNorm layers,
we go through 100 batches of data with batch size Bj,. to estimate the running mean and variance
before evaluation. Experiments on both datasets follow the standard data augmentation pipeline in
He et al. [18] except the label noise experiments. Additionally, we use FFCV [32] to accelerate data
loading for ImageNet training.

Slightly different from the update rule of Local SGD in Section 1, we use the following sampling
scheme unless otherwise stated. At the beginning of every epoch, the whole training dataset is
shuffled and evenly partitioned into K shards. Each worker takes one shard and samples batches
without replacement. When all workers pass their own shard, the next epoch begins and the whole
dataset is reshuffled. An alternative view is that the workers always share the same dataset. For each
epoch, they perform local steps by sampling batches of data without replacement until the dataset
contains too few data to form a batch. Then another epoch starts with the dataset reloaded to the
initial state. This sampling scheme is standard in practice and is also adopted by Lin et al. [39] and
Goyal et al. [15].

2. https://github.com/bearpaw/pytorch-classification
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L.1. Post-local SGD Experiments in Section 1

CIFAR-10 experiments. We simulate 32 clients with B = 4096. We follow the linear scaling
rule and linear learning rate warmup strategy suggested by Goyal et al. [15]. We first run 250
epochs of SGD with the learning rate gradually ramping up from 0.1 to 3.2 for the first 50 epochs.
Resuming from the model obtained at epoch 250, we run Local SGD with n = 0.32. Note that
we conduct grid search for the initial learning rate among {0.005,0.01,0.05,0.1,0.15,0.2} and
choose the learning rate with which parallel SGD (H = 1) achieves the best test accuracy. We also
make sure that the optimal learning rate resides in the middle of the set. The weight decay A is
set as 5 x 107%. As for the initialization scheme, we follow Lin et al. [39] and Goyal et al. [15].
Specifically, we use Kaiming Normal [17] for the weights of convolutional layers and initialize the
weights of fully-connected layers by a Gaussian distribution with mean zero and standard deviation
0.01. The weights for normalization layers are initialized as one. All bias parameters are initialized
as zero. We report the mean and standard deviation over 5 runs.

ImageNet experiments. We simulate 256 workers with B = 8192. We follow the linear scaling
rule and linear learning rate warmup strategy suggested by Goyal et al. [15]. We first run 100
epochs of SGD where the learning rate linearly ramps up from 0.5 to 16 for the first 5 epochs and
then decays by a factor of 0.1 at epoch 50. Resuming from epoch 100, we run Local SGD with
17 = 0.16. Note that we conduct grid search for the initial learning rate among {0.05,0.1,0.5,1}
and choose the learning rate with which parallel SGD (H = 1) achieves the best test accuracy. We
also make sure that the optimal learning rate resides in the middle of the set. The weight decay
\is set as 1 x 10~ and we do not add any momentum. The initialization scheme follows the
implementation of torchvision 0.3.1. We report the mean and standard deviation over 3 runs.

L.2. Experimental Details for Sections 2 and B.2

CIFAR-10 experiments. We use ResNet-56 for all CIFAR-10 experiments in the two sections.
We simulate 32 workers with B = 4096 and set the weight decay as 5 x 10~%. For Figure 2 (a)
and (b), we set n = 0.32, which is the same as the learning rate after decay in Figure 1 (a). For
Figure 2 (a), we adopt the same initialization scheme introduced in the corresponding paragraph in
Appendix L.1. For Figure 2 (b), (e) and Figure 3 (c), we use the model at epoch 250 in Figure 1 (a)
as the pre-trained model. Additionally, we use a training budget of 250 epochs for Figure 2 (e). In
Figure 3 (e), we use Local SGD with momentum 0.9, where the momentum buffer is kept locally
and never averaged. We run SGD with momentum 0.9 for 150 epochs to obtain the pre-trained
model, where the learning rate ramps up from 0.05 to 1.6 linearly in the first 150 epochs. Note that
we conduct grid search for the initial learning rate among {0.01, 0.05,0.1,0.15, 0.2} and choose the
learning rate with which parallel SGD (H = 1) achieves the highest test accuracy. We also make
sure that the optimal learning rate resides in the middle of the set. Resuming from epoch 150, we
run Local SGD H = 1 (i.e., SGD) and 24 with n = 0.16 and decay 7 by 0.1 at epoch 226. For
Local SGD H = 900, we resume from the model at epoch 226 of H = 24 with n = 0.016. We
report the mean and standard deviation over 3 runs for Figure 2 (a) (b) and Figure 3 (c), and over 5
runs for Figure 2 (e).

ImageNet experiments. We simulate 256 clients with B = 8192 and set the weight decay as
1x 1074 In Figure 2 (d), both Local SGD and SGD start from the same random initialization. We
warm up the learning rate from 0.1 to 3.2 in the first 5 epochs and decay the learning rate by a factor
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of 0.1 at epochs 50 and 100. For Figure 2 (c) (f) and Figure 3 (d), we use the model at epoch 100 in
Figure 1 (b) as the pre-trained model. In Figure 2 (c), we set the learning rate as 0.16, which is the
same as the learning rate after epoch 100 in Figure 1 (b). Finally, in Figure 2 (f) and Figure 3 (d),
we report the mean and average over 3 runs.

L.3. Experiments on Reducing the Diffusion Term

CIFAR-10 experiments. The model we use is ResNet-56. We first run SGD with batch size
128 and learning rate 7 = 0.5 for 250 epochs to obtain the pre-trained model. The initialization
scheme is the same as the corresponding paragraph in Appendix L.1. Resuming from epoch 250
with 7 = 0.05, we run Local SGD with K = 16 until epoch 6000 and run all other setups for the
same number of iterations. We report the mean and standard deviation over 3 runs.

ImageNet experiments. We use the model at epoch 100 in Figure 1 (b) as the pre-trained model.
Resuming from epoch 100 with 7 = 0.032, we run Local SGD with K = 256 until epoch 250 and
run all other setups for the same number of iterations.

L.4. Local SGD with Label Noise Regularization

For the label noise experiments, we do not use data augmentation and use sampling with replace-
ment. We simulate 32 clients with B = 4096 and set the corruption probability as 0.1. Below we
list the training details for ResNet-56 and VGG-16 respectively.

ResNet-56. As for the model architecture, we replace the batch normalization layer in Yang’s
implementation with group normalization such that the training loss is independent of the sampling
order. We also use Swish activation [49] in place of ReLU to ensure the smoothness of the loss
function. We generate the pre-trained model by running label noise SGD with corruption probability
p = 0.1 for 500 epochs (6000 iterations). We initialize the model by the same strategy introduced in
the first paragraph pf Appendix L.1. Applying the linear warmup scheme proposed by Goyal et al.
[15], we gradually ramp up the learning rate n from 0.1 to 3.2 for the first 50 epochs and multiply
the learning rate by 0.1 at epoch 250. All subsequent experiments in Figure 5 (a) use learning rate
0.1. The weight decay \ is set as 5 x 10™% . Note that adding weight decay in the presence of
normalization accelerates the limiting dynamics and will not affect the implicit regularization on
the original loss function [35].

VGG-16. We follow Yang’s implementation of the model architecture except that we replace max-
imum with average pooling and use Swish activation [49] to make the training loss smooth. We
initialize all weight parameters by Kaiming Normal and all bias parameters as zero. The pre-trained
model is obtained by running label noise SGD with total batch size 4096 and corruption probability
p = 0.1 for 6000 iterations. We use a linear learning rate warmup from 0.1 to 0.5 in the first 500
iterations. Resuming from the model obtained by SGD, we use learning rate 7 = 0.1. The weight
decay ) is set as zero.
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