Under review as a conference paper at ICLR 2026

AN EFFICIENT FRAMEWORK FOR LENGTH EXTENSION
VIA DYNAMICALLY GROWING POSITIONAL EMBED-
DING AND ROUTING ATTENTION

Anonymous authors
Paper under double-blind review

ABSTRACT

Modeling long sequences is critical for numerous large-scale models. However,
extending existing architectures to handle significantly longer sequences poses
substantial technical and computational challenges. One inevitable issue is the over-
fitting of large models to positional encodings during pretraining, which limits their
ability to generalize to unseen positional encoding scales. Additionally, extending
sequence lengths requires extensive computational resources and time. Existing
positional encoding methods often rely on carefully designed scaling factors but
typically yield suboptimal results. To tackle these challenges, we propose Cyclic,
Randomly Truncated, and Dynamically Growing NTK Positional Embedding
(CRG NTK), a data-augmentation-based technique that fully explores the RoPE
encoding space, enabling models to adapt to various positional scales and achieve
state-of-the-art extrapolation for the extension of lengths dominated by position
encoding. Furthermore, we introduce an efficient attention mechanism with a
correlation-based routing strategy to enhance the fitting of the augmented
positional encoding, yielding superior performance and more efficient fine-tuning.
With our approach, LLaMA-7B and Mistral-7B fine-tuned at 16K context length
achieve extrapolation factors of at least 128 x on simple tasks and maintain stable
perplexity over 32x sequence length extensions and saves at least 16 times the
GPU training resources compared to the existing optimal method. Experiments
also show that correlation routing can achieve good performance by further filtering
out large amounts of noise in long sequences.

1 INTRODUCTION

In various natural language processing (NLP) tasks, such as document-level sentiment analysis Be-
hdenna et al.|(2018)), long document summarization |Koh et al.|(2022)), and code generation Roziere
et al.|(2024)), the ability to effectively model long-sequence dependencies is crucial. This capability
allows for capturing complex relationships over sequences spanning hundreds or thousands of tokens,
which is essential for tasks where contextual information is dispersed. Consequently, extending the
context window enables large language models (LLMs) to perform tasks that shorter context windows
cannot handle and potentially enhances performance across a variety of NLP tasks.

However, extending the context window of LLMs [Touvron et al.| (2023a)); Jin et al.| (2023)) is a
critical research direction, yet it faces numerous challenges. Foremost among these is the influence
of positional encoding mechanisms on the context window extension. During pre-training, models
typically operate within fixed-length windows using predefined positional encodings. This often
leads to overfitting to the positional distribution within the training range, thereby limiting the
model’s ability to handle unseen positional information beyond this range. Furthermore, the resource
requirements for extending the context window are significant, involving not only substantial storage
space but also excessive computation time due to the need for fine-tuning on extremely long sequences.

To address the limitations of positional encodings, recent work |Press et al.| (2022); (Chi et al.[(2022);
Li et al.|(2024); Zheng et al.| (2024) has extensively analyzed relative mechanisms, particularly Rotary
Positional Embedding (RoPE) Su et al.| (2023)). A common approach to extending RoPE involves
scaling positional indices, effectively mapping out-of-distribution positions back into the pre-trained
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Figure 1: (a) During fine-tuning, the CRG NTK (Cyclic, Randomly Truncated, and Dynamically
Growing NTK Positional Embedding) mechanism is employed for context length extension. /V:
Original sequence length. R and m = 1: Randomly sampled starting index for cyclic truncation. s*:
scale for Dynamically Growing. ”Ft 32M tokens”: fine-tuning with 32 million tokens. (b) Efficient
fine-tuning architecture using Merge and Select Attention (MS Attention) integrated with LoRA.
I: Indexes for selection. fs, f,,: Select and merging functions. f., f', f;: Compress and gather

functions in MS Attention.

range. For example, Positional Interpolation (PI) (Chen et al.|(2023) rescales indices to fit within the
original context, while NTK-aware Ntk (2023) methods scale the base frequency to modestly enhance
extrapolation. YaRN [Peng et al.|(2023) improves on this by separating frequencies into high, mid,
and low bands, applying different scaling strategies: leaving high frequencies unchanged, scaling
low frequencies with PI, and adjusting mid frequencies using NTK-aware methods. LongRoPE |Ding
et al.|(2024) further optimizes scaling ratios and anchor positions through a search algorithm. Despite
these efforts, most methods rely on carefully crafted scaling heuristics and still fall short in capacity
for extrapolation and performance. Moreover, context extension also faces hardware bottlenecks:
large model sizes demand significant compute and memory. To mitigate this, LongL.oRA |Chen et al.
(2024) integrates efficient Attention, DeepSpeed |Rasley et al.| (2020), and LoRA Hu et al.| (2021) to
reduce fine-tuning time and storage requirements.

To overcome these limitations, we propose a data-augmentation-based positional encoding method
designed to improve the generalization ability of positional encodings. Our approach employs
dynamically growing scaling ratios, allowing positional encodings to scan a broader solution space
to achieve stronger extrapolation capability. Based on the above method, we provide a degree
of theoretical interpretation and empirical support for the extrapolation capacity of models: the
extrapolation limit is approximately bounded by the model depth. This extrapolation-based
context extension strategy not only significantly reduces the resource requirements for expanding
the model’s context length, but also substantially advances the study of foundation models, such as
understanding the transmission of information across layers.

We further optimize the LoRA configuration and design an efficient attention mechanism aligned
with positional encoding strategies. Our relevance-based routing selectively weights value tokens
based on relevance-based routing mechanism, reducing computation while enhancing the model’s
dependence on accurate positional cues. This allows effective regression even with partial positional
information. We argue that simply increasing sequence length does not unconditionally improve
model performance. As the sequence length grows, the beneficial information gain diminishes,
while the negative impact of noise becomes increasingly pronounced. Although Softmax provides
limited noise suppression, it is inadequate for long sequences. In contrast, our routing mechanism
explicitly filters irrelevant tokens, enabling efficient attention under controlled noise and improving
long-sequence performance.

In summary, our method tackles the core challenges of context window extension by introducing
advances in both positional encoding and efficient Attention. Through theoretical analysis and
empirical validation, we demonstrate superior extrapolation capabilities and performance. Leveraging
CRG NTK positional encoding, we achieve extrapolation up to 32x the fine-tuning length on a 32-
layer model—approaching the hypothesized limit. Then, combining with MS Attention our method
surpasses LongRoPE with at least 16x less GPU fine-tuning time and comparable performance.
Furthermore, our approach achieves over 128x extrapolation on simple retrieval tasks. These results
offer new insights and practical strategies for efficiently scaling context windows in LLMs.
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2 PRELIMINARY

2.1 TRANSFORMER

The Llama2 Touvron et al.|(2023b) and Mistral Jiang et al.|(2023) models are based on the Transformer
architecture, which consists of the core modules self-attention and feed-forward network (FFN). The
computation process of self-attention Vaswani et al.| (2017) is as follows: O = softmax(QK ")V,
where @, K, and V are obtained from X € R"™*% using embedding weights Wy, Wy, and W,
respectively. The final output O is then passed through W, to obtain the final output of the attention.
Subsequently, the entire Transformer layer is completed through the FFN.

2.1.1 FIXED-PATTERN AND DYNAMICALLY ROUTED SPARSE ATTENTION

This category of methods restricts queries ((Q) to fixed or sequence-independent key (K) positions,
which significantly reduces the computational cost. The general formulation is:
K =Loc(K,ix(Q,K)), V =Loc(V,ix(Q,K)), output = Softmax(QK)V, 6]

where Loc(+) represents a selection function, and ¢), denotes the selected indices. In fixed-pattern
approaches, iy, is independent of () and K. s is sliding window size and [ is shift size:

* Sliding Window: iy € (i — 5,7+ 5).
* Global Tokens: ij, € (0, s), commonly used in attention sink mechanisms.

* Swin Transformer|Liu et al.[(2021)): alternates between windowed attention i, € (i— %, i+ %)
and shifted window attention i, € ((1 — 5 +1) mod n, (i + 5 +1) mod n).

* BigBird Zaheer et al.| (2021): incorporates sliding window, global tokens, and randomly
selected keys and values: i, € (71,72, ..., T'm)-

Unlike fixed-pattern approaches, dynamically routed methods determine key (K') positions based on
the importance of different regions, thereby achieving improved performance. In other words, the
selected indices ix(Q, K) depend on ) and K.

For instance, Biformer Zhu et al, (2023) selects keys dynamically using: in(@Q,K) =
arg maxop. i (QK T), where Q € R*/**4 and K € R™**? are compressed segment represen-
tations of () and K, respectively. More detailed analysis we put in the appendix [E.T}

2.2 POSITIONAL ENCODING

Positional encoding can be divided into relative and absolute positional encodings. The most widely
used method for relative positional encoding is the Rotary Positional Encoding (RoPE) |Su et al.

(2023)). The encoding formula is given as follows, where 6; = basef% and base is the fundamental
frequency, usually taken as 10000 or some other integer value:

p.(m,base) = [cos(mby) cos(mbp) ... cos(mﬂg_l) cos(mt‘)%_l)] 2)
p,(m, base) = [sin(mby) —sin(mby) ... sin(mﬁgfl) — sin(megfl)] 3)
The output for the encoding of the m-th token is given by:
fo(@m,p(m)) =[z0 21 ... Ta—1 g ©Op(m)+[z1 To ... Ta Ta—1] ©py(m).
“)

Positional Interpolation Chen et al.|(2023)) is performed by scaling the above position, where the
index of the m-th position is transformed as follows. Where A is the scaling factor, and f represents
the vector of cosine or sinine in RoPE.

70 (m) = [F(200) [(200) ... [(20s) [(205))]
NTK Positional Encoding [Ntk| (2023)): For NTK positional encoding, the base is rescaled as:

base’ = base x (Aﬁ) L0 = base’f%,p;NTK)(m) = | f(mbp), f(mby) ..., f(m@’%_l), f(m@’%_l)}
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YaRN [Ntk| (2023): Other positional encoding methods extend from the two encoding strategies
described above. For example, YaRN |Peng et al.| (2023)) posits that high-frequency information is
more important, so it retains the high-frequency portion of the positional encoding unchanged, while
applying interpolation to the low-frequency components.

0; . .
=, ifr(i) < a,
T@:§:4%@%@F:&’l 4 if (i) > B, )
oo 2 Bﬂ‘fﬁf) &4 r/(gz),;aﬁi, otherwise.
P} ™) (m) = [f(mhy(60))  f(mhy(0) .. flmhy(6g_1)) f(mhy(6s_1)] (©)

where o and 3 are designated by the author as 1 and 32, s = %,L is original context size, L' is
current length.

LongRoPE: LongRoPE Ding et al.| (2024)) addresses the issue of attention sink |Xiao et al.| (2024)
by preserving the positional encoding up to a specific position n, and performing interpolation for
positions beyond 7. The interpolation ratio \; is determined via a search algorithm.

9% ifm>n,
fu(m. 6:) = {92, if r(i) < B, 7
p(fLROPE)(m) = [f(mhy(m,0:))  f(mhi(m,0;)) ... f(mhi(m,0a_y)) f(mhi(m,0s_4))).]

3 METHODS

3.1 CycLic, RANDOMLY TRUNCATED, AND DYNAMICALLY GROWING NTK METHOD

Due to the pretraining of models on fixed-size windows, they tend to overfit to positional information
within this range. To better handle unseen positional information, one solution is to fine-tune the
model using larger context windows, thereby improving its generalization ability. Another approach
is to scale the positional information during the fine-tuning, bringing it back into the range of the
pretrained window size. This method can greatly enhance the positional encoding capability learned
during pretraining. Furthermore, combining these two strategies is the most common way—using
larger context windows and scaling the positional encoding during fine-tuning, enables the extension
of even longer context windows.

This paper briefly analyzes the reasons for the above approach; please refer to the appendix D] for
more details. We break down the attention score calculation into the attention scores of sequences
without positional information and the adjustments made by the relative receptive field change
through positional information. To make the analysis more concise and easily scalable, we linearize
the positional information of the Attention formula as follows:

ean; (1 + fp(qn,p(n))fp(km,p(m))T - an;)

The error of the above formulae with respect to the original Attention is O (E) , and it has been
base d

shown experimentally that its extension for position encoding is identical to the original Attention.
With the decomposition of the above formulae, the position information is concentrated only in the
linear terms p(n)) f,(Km, p(m)) T. A simple analysis of the forward process shows that the equality
of the attention scores for the unfine-tuned extrapolation-only and the learned extrapolation length
through learning indicates that successful extrapolation can be achieved, and this equation can be
simply deduced to be similar to that of equation[9] This approach yields only one particular solution,
and we perform a more general and rigorous derivation and analysis through the lens of optimisation
in the appendix In a word, the goal is to make the following equation hold true, L is desired

length:
L-1 0 M-1
( )/S} c ()“( 1) ©)
(base/s9)2a  basezd  basezd
where M represents the sequence length during training or fine-tuning, s; and s, are scalar position
and frequency scaling factors respectively (choices of s1, s5 are discussed below), i € {0,...,d/2 —

1} indexes the RoPE frequency.
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Search over base frequencies and adjusted bases. We assume there exists a family of base
frequencies {base;} such that, by fine-tuning the model on sequences constructed with these bases,
the model can restore performance at the desired length L;. Concretely, we consider adjusted bases

(k) bas“.e (k)

base;”’ = =45, where s, are per-frequency adjustment factors (either hand-designed, searched, or
S

%

learned). Prior works (e.g. NTK, YaRN, LongRoPE) and appendix provide strong empirical and
theoretical motivation for such frequency-wise adjustments; this motivates scanning the base-space

to find {sgk)} that recover the pretrained behaviour.

Solution-space scanning via a power-law growth schedule. To efficiently explore the space
of feasible base adjustments, we adopt a power-law dynamic growth ratio schedule for the scale
parameter(s). The motivation is two-fold: Modern LMs exhibit some inherent extrapolation ability:
when positional encodings are smoothly scaled, the model often preserves much of its short-range
behaviour at longer contexts. Thus a smoothly varying family of scales can be learned incrementally.
Under a power-law schedule each adjacent scale differs only slightly, so the positional information
learned at one scale largely transfers to the next. Hence scanning a small number of scales with
exponential spacing suffices to cover the continuous solution band (see Figure [2).

Practically, we enumerate a small set of scale factors {s(*)} with exponential spacing (e.g. s*¥) =
s . g* for some a > 1), fine-tune at each scale for a short time, and take the union of the covered
phase ranges to ensure the target L, is represented.

Mitigating catastrophic forgetting. The scanning process is designed to be incremental and
inheritable: the positional representations learned at one scale serve as warm-starts for adjacent
scales, which greatly reduces the amount of new information to be learned and mitigates catastrophic
forgetting. Empirically, the difference in positional embeddings between neighboring scales is small
(see Figure[3)), so the optimization pressure per step is modest and convergence is fast.

Random shifts, cyclic phases and mitigation of Attention Sink. To further improve generalization,
we introduce two practical regularizers: Random shifts: before applying the positional map, we add
a random offset r (sampled per-batch) to the position indices. This is analogous to data augmentation:
it forces the model to be robust to local phase offsets. Cyclic modular mapping: we optionally
map positions using a modulo operator to a finite cycle length max. Concretely, we replace a raw
position m with (m + r) mod max. When max is sufficiently large and shares factors with the RoPE
frequencies, the positional encoding exhibits cyclic phases; this enables the model to simulate very
long (even effectively infinite) relative positions by folding them into the learned phase space.

The final positional encoding formula is as follows:

2

he(m, i, s%)) = ((m + r)%max) (basei X ((wl X s(k))ﬁ)) ‘
pe = [cos(he(m,0,5%)))  cos(he(m,0,s%)) ... cos(he(m, 4 —1,5%))) cos(he(m, 4 —1,s*)))]
(10)
ps = [sin(he(m,0,s0)))  —sin(he(m,0,s%))) ... sin(he(m, $ —1,50)) —sin(he(m, ¢ -1, S(k()l)%])

where scale factor s*) = s(9) . ¢* that after a certain number of fine-tuning steps multiply by a, r
is randomly generated, max is set manually, typically to twice the target extension length and w; is
learnable parameter. By fine-tuning the LLM using the above methodology, we were able to achieve
extrapolation capabilities close to a multiple of the model layer size, i.e., using 16 K length and Full
Attention fine-tuning, and were able to maintain a stable level of perplexity when tested using Full
Attention in 16 K x [ length contexts.

Despite comprehensive solution space coverage, our approach faces two primary challenges: (1) As
scaling ratios increase dynamically, positional encodings may imperfectly align with the inherent
locality bias of sequence modeling tasks, where current tokens preferentially attend to nearby contexts.
Counterintuitively, we observe performance improvements with larger scaling ratios, suggesting that
expanded contextual windows introduce beneficial information for regression tasks after extensive
training. In order to further improve the scaled performance, we consider in the appendix the inclusion
of YaRN-like segmentation to make it more consistent with the sequence modelling bias. (2) At
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extreme sequence lengths, full attention computation becomes dominated by irrelevant tokens, with
noise overwhelming useful signal.

To address these limitations, we integrate an efficient attention mechanism with relevance-based
routing. Our key insight is that prediction-relevant tokens constitute a sparse subset of the complete
sequence. By employing fixed-length windows selected via relevance-based filtering, we maintain
near-optimal performance while achieving significant computational efficiency. This approach
effectively mitigates noise accumulation while preserving essential contextual information.

3.2 MERGE SELECTION

We propose a method for implementing more general and efficient sparse attention through correlation
selection and merging mechanisms, as shown in Figure[d] This method consists of two main steps:
selection of relevant regions and merging of these regions. The proposed method consists of two
main steps: selection and merging. The pseudo-code is 2]

Step 1: Selection. First, the @), K, and V' tensors with shape (b, h, n, d) are segmented into regions,
resulting in tensors Qs with shape (b, h, n5q, 3¢, d), K, and V; with shape (b, h, ng, sk, d), where
54 and s, denote the segment size. Each region is represented by a semantic token or an average
compressed token, yielding @/, and K. A dot product or another similarity metric is then applied
between @', and K. to analyze the relevance between Q) and K ; regions. To prevent information
leakage, we apply a mask and control the number of selected tokens. This process results in the
indices of the top-k most relevant K¢ regions for each @), region, denoted as selectindx with shape
(b, h, nsq, topk), where n is the number of (), regions and topk is the number of selected K; and
V; regions.

Step 2: Merging. In the merging step, the indices obtained from the first step and (), are per-
muted and combined, effectively merging the selected regions. @) is merged according to a spec-
ified number of segments m = merges, resulting in Q,,s with shape (b, h, np,s,m - s,d), where
Npms = Ns/m. Similarly, selectindx is split, permuted, and merged into mselectindx with shape
(byh,ng/m,m,top — k) — (b, h,npy,s,top — k,m) — (b, h,nps,top — k - m). Due to previous
top-k operation, the permutation can ensure that each row is sorted by relevance, with the first m
indices corresponding to the most relevant K region for each of the merged @), regions, the next
m indices corresponding to the second most relevant K region, and so on. After obtaining the
merged indices mselectindx, performs unique operation while maintaining relevance order. The
top-n indices, denoted as gmselectindz, are selected as the final indices corresponding to the merged
@ regions and their relevant K regions.

More detailed analysis is given in the Appendix Merging ensures sufficient /{/V token coverage
per (), where larger () regions sharing K/V tokens improve efficiency over smaller isolated regions.
This strategy also enhances selection precision through localized relevance filtering.

While inspired by Biformer|Zhu et al.|(2023) and Routing Transformer |Roy et al.|(2021), our method
uniquely enables: 1. Dynamic region scaling: Flexible Q/K/V partitioning (Appendix [E.T]) adapts
to varying attention ranges and token retention needs. 2. Compressible merging: Adjustable
merged region sizes balance computational efficiency and contextual breadth. 3. Layer-aware
extrapolation: Combined with CRG NTK-enhanced positional encoding, our attention mechanism
selectively regresses positional subsets rather than full sequences, amplifying extrapolation limits.

We hypothesize these limits scale linearly with layer count—e.g., a 32-layer Llama2-7B model
achieves 32x extrapolation beyond its training sequence length. This aligns with Swin Transformer’s
shifted-window paradigm, where layer stacking expands the effective receptive field multiplicatively
(current layer tokens attending to prior layer counterparts). See the appendix [D.I0] for a brief
theoretical discussion, and empirical also validation supports this hypothesis.

4 EXPERIMENT

4.1 EXPERIMENTAL SETUP

Our experiments were conducted on only one A100 80GB GPUs, using the Llama2-7B [Touvron et al.
(2023c) model and Mistral-7B-v0.1 with the attention mechanism replaced by our MS Attention as
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described in Section [3.2] The training approach used the efficient fine-tuning method described in
Section with CRG NTK position interpolation applied.

Fine-tuning Steps and Parameters: The fine-tuning parameters included the linear transformations
for key and query (W}, and W), as well as the embedding and normalization parameters. W, and
W, take LoRA for fine-tuning with rank 16. The training approach used an autoregressive method,
where the objective was to generate the next token. The loss function used was cross-entropy, and
the optimizer was AdamW |Loshchilov & Hutter| (2019) with parameters 51 = 0.9, 85 = 0.95 and
lr =1e —4.

Dataset: The dataset used for fine-tuning was the Redpajama|Computer| (2023)) dataset, which is the
same dataset used in LongLora. Evaluation was performed using the widely used long text dataset
PG19Rae et al.| (2019) and proofpile. Additionally, the model’s performance was assessed using the
passkey task [Mohtashami & Jaggi|(2023) and LongBench Bai et al.| (2024).

4.2 MAIN RESULTS

Table 1: Passkey Retrieval Task Performance. FT=16K with FA indicates fine-tuning using Full
Attention, others use MS Attention.

Model Configuration 2K 16K 32K 64K 128K 256K 512K 1024K 2048K 4096K
Baselines
Llama2-7B-LongLora (ft=100K, PI) 1.0 1.0 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0
Llama2-7B-LongRoPE (ft=256K, PI) 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.6 0.0
Our Method (Llama2-7B-MS)
FT=16K, PI, scale=16 1.0 1.0 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0
FT=16K, NTK, scale=4096 1.0 1.0 1.0 1.0 1.0 0.7 0.0 0.0 0.0 0.0
FT=16K, CR-NTK, scale=4096 1.0 1.0 1.0 1.0 1.0 1.0 0.0 0.0 0.0 0.0
FT=16K, CR-NTK, scale=16384 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.0 0.0 0.0
FT=16K, CRG-NTK, scale=4096 x 2* 1.0 1.0 1.0 10 1.0 1.0 1.0 1.0 1.0 1.0
FT=16K with FA, CRG-NTK, scale=4096 x 2* 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Cross-Architecture Validation
Mistral-7B-MS (FT=16K, CRG-NTK, scale=4096 x 2¥) 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Table 2: Perplexity Results on PG19 Dataset. Models were fine-tuned with Multi-Scale Attention and
evaluated with either MS Attention or Full Attention. Lower values indicate better performance.

Model Configuration 16K 32K 64K 128K 256K 512K 1024K 2048K
Baselines
Llama2-7B-LongLora (FT=32K, PI) 735 722 - - - - - -
Llama2-7B-LongRoPE (FT=256K) 737 - 664 631 - - - -
Our Method (Llama2-7B-MS)
FT=16K, PI, scale=16 6.50 625 653 - - - - -
FT=16K, CR-NTK 786 792 797 823 868 - - -
FT=16K, CRG-NTK (test: Full Attention) 720 725 729 743 836 9.72 16.98  36.82
FT=16K, CRG-NTK (test: MS Attention) 692 685 7.09 731 756 7.78 7.96 8.32
Extended Fine-tuning (Llama2-7B-MS)
FT=64K, CRG-NTK (test: Full Attention) 724 645 6.19 623 647 6.76 7.38 7.92
FT=64K, CRG-NTK (test: MS Attention) 6.62 6.60 6.09 622 656 6.88 6.89 6.92
Cross-Architecture Validation
Mistral-7B-MS (FT=16K, CRG-NTK, test: FA) 820 8.15 829 856 9.76 1212 1896 44.82
Table 3: Extrapolation Perplexity for Models with Different Number of Layers.
Model layers 16K 32K 64K 128K 256K 448K 512K 640K
Llama3.2-1B-MS (ft=16K, CRG NTK, test:FA) 16  13.10 1286 13.19 1392 [15.77] . 5237 64.52 94.78
Llama3.2-3B-MS (ft=16K, CRG NTK, testFA) 28 1024 9.06 939  9.56 989 [11.64] ,,  20.14 62.96
Llama2-7B-MS (ft=16K, CRG NTK, test:FA) 32 710 707 716 7.40 8.26 - (9.96].,, 1456
Llama2-13B-MS (ft=16K, CRG NTK, testFA) 40 655 632 638 644 6.56 - 698  [8.97]

4.2.1 LENGTH EXTENSION: FINE-TUNING

We use the CRG NTK and MS attention to fine-tune the LLM and enhance its generalization
of positional information. First, for the architecture, during fine-tuning, we replace the attention
mechanisms in Llama and Mistral with our MS Attention that segment size is 16, merge count is 128
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and selection number is 512. For parameter fine-tuning, since only the ) and K tokens incorporate
positional information, we use LoRA to fine-tune the mapping weights of W and Wi with rank 16,
while other parameters are only fine-tuned for embeddings and normalization layers. Regarding the
choice of positional encoding, we apply CRG NTK method, starting with an initial scaling factor (set
to scale = 4096 in this work), and increase this factor fourfold after fine-tuning a small fixed data
volume (32M tokens in our case).

1. For the passkey task with a length of 16K for fine-tuning, as shown in Table|[I] using standard NTK
positional encoding combined with our algorithm enables length extensions of up to 16x. Moreover,
employing random cropping and circular modular (CR NTK) sampling stabilizes this extension.
Finally, by incorporating dynamic growth (CRG NTK), we can scale up to 4M and possibly arbitrary
length. For every 4x increase in base scale, our approach can solve passkey tasks with a 2x length
extension, potentially due to the square root relationship between positional encoding and the base
value.

A potential issue with this approach is that the positional encoding ratio during inference remains
fixed. For instance, when training with a length of 16K, the NTK positional encoding starts with
scale = 4096 and the maximum position_ids = 32K . During inference across all passkey task lengths
(0-256K), we use a fixed base scaling rate of 1024 for prediction, achieving 100% performance.
After extending by 16x, the scaling factor becomes scale = 4096 x 16, and inference using a fixed
base scaling rate of 4096 can solve passkey tasks up to 1M in length. Similarly, extending by the
corresponding multiples and using a fixed base scaling rate of 65536 extends passkey tasks up to 4M.

2. For the long-text perplexity experiments, we evaluated our model on the PG19 and proofpile
datasets, as presented in Table |2| and Table Based on the experimental results, positional
interpolation generally yields better performance, as it effectively preserves the learned distributions.
In contrast, the NTK-based method may disrupt this distribution to some extent, leading to a
performance loss, but it enables much longer extrapolation.

From the results, with 16K fine-tuning, we tested using Full Attention, and the performance on a
512K length test was close to the original perplexity, achieving an extrapolation of nearly 32 times,
which corresponds to the number of layers in Llama7B. Moreover, in Table 3] we show the results of
the perplexity test for models with different number of layers, which shows that the extrapolation
ability is very much related to the number of layers of the model. Moreover, we believe that after
reaching a certain length, the gain from introducing useful information becomes much smaller than
the effect of noise in the sequence. Therefore, we use efficient attention with correlation routing to
further enhance the filtering capability, thus maintaining or even improving performance, as show in
Table 2} test with MS.

4.2.2 IMPACT OF SELECTION AND MERGE

Further validation shows that our efficient Attention enhances the filtering capability and improves
performance. As shown in Table[I0] with 16K fine-tuning, we set different patch selection precision,
selection quantity (select), and merging quantity (merge). We found that using better precision,
selecting fewer items, and merging fewer items leads to better performance. However, this comes at
the cost of reduced operational efficiency and decreased generalization. For example, with patch=8
and select=32, we achieved a perplexity of 6.09 on PG19, which is far better than other optimal
methods, such as LongLora, which achieved a perplexity of 6.86 with 16K fine-tuning.

4.3 MEMORY USAGE AND FINE-TUNING TIME

Table [4| compares the fine-tuning time of our method with LongLLoRA and LongRoPE. Our approach
significantly reduces both the memory overhead and fine-tuning time. Due to the strong extrapolation
capability of our method, it requires only short-length fine-tuning to achieve the same context window
length as existing methods. As shown in the table, we fine-tune with a sequence length of 50K for
only 29 hours, yet successfully generalize to a 1M-length context window. For LLaMA2-7B with 32
layers, the theoretical extrapolation limit implies that a training length of 32K is sufficient. However,
since performance degradation may occur near the extrapolation boundary, we include a small margin
by slightly increasing the training length. For LongRoPE its expansion to 1M length requires 8
A100s for 5 days of search (data from its paperDing et al.|(2024)) and needs to be fine-tuned on 128K
length, so its total time is 5x24hx8 + 98h, where 98h comes from the fine-tuning time required to
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Table 4: Training hours comparison on LLaMA2-7B for various positional encoding methods to
realize a certain context window length.

Model Upto 64K Up to256K Up to 512K Up to 1024K Up to 2048K
LonglLora 52.4hx8 OOM OOM OOM OOM
LongRoPE - 3x24hx1 3x24hx2  5%24hx8 +98h 5x24hx8 + 202h
CRG NTK 2.6hx1 5.9hx1 13.8hx1 29.2hx1 64.7Thx 1

perform 128K for our configurations, and the LongRoPE method, since it does not use LoRA and
MS Attention would only be longer.

Table 5: Performance comparison of different 7B parameter models on short standard benchmarks.

Model ARC-¢  HellaSwag MMLU Truthful QA
Original LLaMA2-7B 53.1 78.6 45.6 39.0
Together 47.6 76.1 433 39.2
Code LLaMA 424 64.8 40.1 37.1
YaRN (s = 16) 52.4 78.7 424 38.2
YaRN (s = 32) 522 78.5 41.8 37.4
LongRoPE-2048k (ft=128k) 529 76.5 434 38.8
LongRoPE-2048k (ft=256k) 51.0 75.3 39.6 373
LLaMA2-7B-MS (ft=16K, CRGNTK) 51.9 77.8 419 40.1

4.4  ABLATION

In addition to the ablation comparisons of CRG NTK with other positional encodings and Full
Attention with MS Attention shown in Tables [I|and [2} we also studied the impact of Lora on our
performance, as shown in Table[6]and 0] The results indicate that full fine-tuning provides a slight
performance improvement, but our efficient fine-tuning is very close to the full fine-tuning results.
We also demonstrate that our MS Attention has better dynamic scaling extrapolation ability and
forgetting at very long lengths, whereas Full Attention fits better at a fixed large scale. As a result,
performance is slightly better when using FA for testing compared to the MS Attention fine-tuning
method. However, our method outperforms FA when tested with different ratios, allowing for greater
inheritance, which is beneficial for dynamic growth methods, as show in Table

4.5 OTHERS

Additionally, in Appendix[A.3] we highlight the advantages of our efficient Attention in pre-training.
Our MS Attention method is capable of breaking the translation invariance of Full Attention and
intrinsically achieving high-multiple length extrapolation. For example, we were able to achieve
excellent performance using MS Attention and a context window length of 8K for training on PG19,
and then tested on a length of 64K without a perplexity explosion, as shown in Tables and
Tables In addition, we were able to achieve performance comparable to the current optimal
efficient Attention by pre-training on Imagenet, as shown in Table[T5]Finally we include the results
of the tests on LongBench, as shown in Table

5 CONCLUSION

In this paper, we build upon the LongLoRA framework, utilizing a mechanism of selection and
merging within the Attention mechanism (referred to as MS Attention). By employing our approach
on 1 x A100 80GB GPUs, we achieve the same level of length extension for Llama2-7B as LongLoRA
and LongRoPE does on 8 x A100 80GB GPUs. Specifically, we extend the context length of Llama2-
7B to 2M tokens, significantly reducing the resource requirements for handling long sequences.
Moreover, We also indicate the possible extrapolation limit of the model: the number of layers of the
model. Finally, the flexibility of our MS Attention mechanism allows for adjustable selection size
and selection quantity, which, combined with restricting the attention range of each token, enables
adaptable fitting and convergence rates.
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A ADDITIONAL EXPERIMENTS

STATEMENT ON THE USE OF LARGE LANGUAGE MODELS

In the preparation of this paper, Large Language Models (LLMs) were used to assist with specific
text and formatting tasks. The applications included:

 Text Translation and Polishing: Polishing English text to improve fluency and academic
rigor.

* Format Conversion: Converting part of the formulas and tables content from other formats
into IKTEX code.

It is crucial to emphasize that all core ideas, theoretical derivations, experimental designs, result
analyses, and final scientific conclusions were independently generated by the authors. The LLM
served solely as a tool to enhance writing efficiency. All its outputs were rigorously reviewed,
modified, and integrated by the authors to ensure accuracy and consistency with the paper’s core
ideas.

A.1 ABLATION EXPERIMENTS

This subsection shows the results of the ablation experiments.

Table 7: Memory and Time w/wo DeepSpeed and
Table 6: PPL on the PG19 with Lora or not. LoRA

Model Configuration 2K 4K 8K 16K 32K __Configuration Memory (MB) — Time (s/it)
Llama-7B-MS-no LoRA 7.06 696 6.78 6.56 6.93 W"\ﬁlvll)lfeptsgeed gz L(;RA 2?122 — g?g
_7B-MS- ithout DeepSpee 31,5 — 6.
Llama-7B-MS-LoRA 761 742 7.7 7.03 7.06 i Decp b o — s
Without DeepSpeed & LoRA 40,132 — 6.38

Table 8: PPL on the PG19 (50 samples) with MS Attention or not. FT steps: 1000, FT length: 16384,
ntk scale: 16384.
Model Configuration 16K 64K 128K 256K (scale=16384/32768/8192)

Llama-7B-MS-ntk16384  9.58 9.55 22.09 55.76/90.92/181.20

Llama-7B-FA-ntk16384 9.57 9.36 21.54 53.92/103.03/298.86
Llama-7B-MS-PI16 9.23 9.18 - -
Llama-7B-FA-PI16 9.18 9.04 - -

Table 9: Ablation experiment for PEFT. PEFT steps: 1able 10: PPL for Llama2-7B with MS

1000, Evaluation DataSet: PG19 validation. Attention on PG19.

oy Parameters PPL

PEFT Training Conte)ft Length Evaluation Context Length
w/wo setting MS-patchl6-select512-merge64 7.17
32768 16384 8192 MS-patch16-select64-merge4 6.95
vy MS-patch16-select16-merge4 6.83
gkvo 16384-m16-s64 8.96 8.33 8.32 MS-patch8-select32-merge8 6.18
ko 16384-m16-s64 855 836 8.43 MS-patch8-select32-merged 6.09

A.2 LONGBENCH AND PROOFPILE

Table |1 1|shows Few-shot Learning and Code Completion Evaluation on LongBench: These tasks do
not require chat instruct fine-tuning. We have observed significant improvements in trec”, “triviaqa”,
’lcc”, and “repobench-p” using our method on Llama2-7B-4k comparing with Llama2-7B-chat-4k,

especially outperforming other models in the LCC task.
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Table 11: Few-shot Learning and Code Completion Evaluation on LongBench

Model TREC TriviaQA SAMSum LCC RepoBench-P
GPT-3.5-Turbo-16k 68 91.4 41.7 54.7 53.6
LongChat-v1.5-7B-32k 63.5 82.3 34.2 53 55.3
XGen-7B-8k 65.5 77.8 253 38.6 38.6
InternLM-7B-8k 52 77.8 21.2 441 28.8
ChatGLM2-6B-32k 62.5 78.7 36.3 55.6 49.9
Vicuna-v1.5-7B-16k 71.5 86.2 40.8 51 43.5
ChatGLM3-6B-32k 79 87.1 38.2 57.66 54.76
Llama2-7B-chat-4k 61.5 77.8 40.7 524 43.8
Llama-7B-32k-MS-PI 72.6 85.7 40.6 61.95 49.09
Llama-7B-16k-MS-CRGNTK 72.6 87.5 39.3 65.24 54.76
Mistral-7B-16k-MS-CRGNTK  65.6 88.3 38.3 64.4 54.1

Table 12: Perplexity results on proofpile dataset. Fine-tuning with MS Attention; Testing with MS
Attention or Full Attention.

Model 4K 8K 32K 64K 128K 256K
Llama2-7B-LongLora (ft=32K, PI) 3.01 278 258 257 - -
Llama2-7B-LongRoPE (ft=256K) 371 350 260 236 226 1.88

Llama2-7B-MS (ft=16K, CRG NTK, test:FA)  3.12 2.76 256 2.58 2.60 2.68
Llama2-7B-MS (ft=16K, CRG NTK, test:MS) 296 2.64 232 231 226 228

A.3 MS ATTENTION PRETRAINING ON PG AND IMAGENET AND THE EXTRAPOLATION EFFECT

Tables [T4]and [I5] show the results of pretraining with MS Attention on PG19 and ImageNet, where
our method outperforms various baselines. For PG19, test data is truncated when it is larger than the
length of the test.

We further conducted experiments on automatic length extrapolation. After training on sequences of
8K and 16K tokens, our method shows stable perplexity even when extending inference to 8x the
training length. Table 16| presents the results.

B RELATED WORK

Efficient Attention Mechanisms To fully exploit the inherent sparsity and positional relationships be-
tween tokens, a significant body of research has focused on developing efficient attention mechanisms.
These mechanisms reduce the computational complexity of attention operations by focusing on a
subset of tokens at each step, thus processing long sequences more efficiently or reducing resource
consumption. Existing methods first preserve local features and then use various strategies to attend
to more distant tokens. For instance, BigBirdZaheer et al.|(2020) and PerformeiChoromanski et al.
(2022) use random patterns, LongformerBeltagy et al.|(2020) and DETRZhu et al.[(2021) use fixed
patterns, while BiformerZhu et al.| (2023)) and Routing TransformerRoy et al.| (2021) utilize relevance
routing mechanisms. Our proposed relevance selection and merging mechanism adapts flexibly to
various scenarios and is compatible with FlashAttention2Dao et al.| (2022)), achieving more efficient
and general sparse attention.

Table 13: Comprehensive evaluation of our method compared to baselines on LLaMA2-7B and
LLaMAZ2-13B models. PPL: Perplexity (lower is better), FA: Full Attention, MS: Multi-Scale

Attention.
Model Method FT Length PPLS8K PPL32K PPL64K PPL 128K
Codellama NTK 16K 371 2.74 2.55 271 Method (13B) ARC-c HellaSwag MMLU TruthfulQA
LLaMA2-7B  YaRN 64K 3.51 2.65 2.42 >10  LLaMA?2 59.4 82.1 55.8 374
Ours (FA/MS) 16K 3.12 2.56 2.58/2.32  2.60/2.26 Code LLaMA 40.9 63.4 328 43.8
Codellama NTK - 354 2.63 241 254  YaRN(s =16) 58.1 823 52.8 378
YaRN - 3.25 2.50 2.29 ~ 10 YaRN(s=32) 58.0 822 51.9 373
LLaMA2-13B  y on , 329 553 231 524 CRGNTK (Ours) 58.5 81.2 52.1 40.7
Ours (FA/MS) - 3.05 2.42 230/222 231/2.16
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Table 14: Perplexity (PPL) results on the PG19.  yp1e 15: Top-1 accuracy results on ImageNet.

Model Params  PPL (PG19) Model FLOPs (G)  Top-1 Accuracy (%)
TransformerXL - 36.3 VVIT-12.9M 2.0 79.4
Routing Transformer - 333 Swin Transformer-29M 42 81.3
Landmark Attention-200M 200M 14.55 Biformer-13.1M ) 2.2 814
Selection-Merging Attention-200M  200M 10.89 Selection-Merging Attention-13. IM 21 82.1

Table 16: Perplexity across different sequence lengths for Select-Merge Attention. Test data is
truncated when it is larger than the length of the test.

Method 8K 16K 32K 64K 128K

Select-Merge Attention (8K) 10.9 10.57 12.57 14.16 -
Select-Merge Attention (16K) 9.82 9.56 1093 12.16 16.28

Positional Encoding Another research direction aimed at extending sequence length in LLMs focuses
on positional encoding techniques, such as positional interpolation and extrapolation. Most pretrained
models are trained on fixed-length sequences with fixed positional encodings, leading to performance
degradation when extended to unknown positions. Therefore, numerous studies have analyzed the
impact of positional encodings and modified them through interpolation or extrapolation to extend
to longer sequences. For example, Position InterpolationChen et al.| (2023)), NTK-awareNtk| (2023)),
YarnPeng et al.|(2023), and LongRopEDing et al.[(2024) mitigate the effects of pretrained positional
encodings by using interpolation with different scales based on frequency importance, effectively
extending sequence modeling lengths.

Efficient Fine-Tuning Efficient fine-tuning of LLMs has become a critical research direction,
especially for handling long sequences. Techniques like Input-tuningAn et al.|(2022)) and LoRAHu
et al.[ (2021) have shown significant promise in this area. Building on the LongLoraChen et al.
(2024) method, we further optimize by using fewer parameters for fine-tuning, aiming to reduce
the computational and memory overheads associated with fine-tuning large models on extended
sequences while maintaining their performance on downstream tasks.

C POSITIONAL AWARENESS AND BREAKING TRANSLATION INVARIANCE

C.1 POSITIONAL AWARENESS:

Our algorithm( [E.2) leverages semantic token-based routing and selection mechanisms to
capture boundary effects, thus disrupting the translation invariance inherent in global Attention
mechanisms.

Semantic Token Routing and Selection: The routing process in our algorithm employs semantic
tokens, which represent the semantics of a region, carrying contextual information similar to a sliding
window in convolutional neural networks (CNNs). Due to the contextual variance surrounding each
token, the derived semantic tokens differ, leading to the routing of different KV tokens. This results in
the selection of distinct interpolation variables and, consequently, varying outputs. This mechanism
allows our approach to effectively capture boundary effects, unlike traditional global Attention which
maintains translation invariance.

C.2 EXTRAPOLATION THROUGH FINETUNING AND POSITION INTERPOLATION:

Our method can be fine-tuned during training and later applied to full Attention during inference,
enabling significantly higher extrapolation factors. Specifically, our MS Attention mechanism can
achieve up to twice the extrapolation compared to traditional methods, with potential reasons outlined
as follows:

- Improved Relative Positional Awareness: The primary reason behind this extrapolation capability
is our selection mechanism, which better extends the model’s awareness of relative positions. In full
Attention, tokens near the boundaries rely on all preceding tokens for regression, potentially leading

15



Under review as a conference paper at ICLR 2026

ROPE:m*base~# with m=1

—— base=10000

—— base=20000

—— base=40000

—— base=80000

—— base=160000

—— base=320000
base=640000

—— base=1280000
base=2560000

—— base=5120000

—— base=10240000
base=20480000

—— base=40960000

—— base=81920000

—— base=163840000

—— base=327680000
base=655360000
base=1310720000
base=2621440000
base=5242880000

1.0

0.8

0.6

2
T

base ™

0.4

0.2

0.0 e e e EEE AR PR

0 20 40 60 80 100 120
i (Position Index)

Figure 2: Dynamic scanning PE solution space.

the model to integrate all previous positional information. In contrast, our selection mechanism
integrates a subset of positions into the final positional information, leading to a more accurate
representation of relative positions. This method allows the model to assert the correct positional
information even with different combinations of preceding positions.

- Extrapolation Limits: The reason for successful extrapolation up to twice the training length, but
not beyond, lies in the finetuning process itself. During finetuning with a length [, the model learns
the correct positional information and its integration within this range. Therefore, the model can
correctly extrapolate up to 2/, but further extrapolation may fail as it exceeds the recognized range.

For instance, when finetuning LLaMA2-7B with a length of | = 16K, the positional range for
‘Position_ids* is set from 1 to 16K. By increasing the initial position range, e.g., choosing starting
positions within the 1-64K range (I; = 64K), and setting the interpolation ratio for position inter-
polation as 80K /4K = 20 or higher, we successfully achieve 100% accuracy on the 80K-length
passkey task. Similarly, by exposing the model to even longer positions and using our adaptive
positional interpolation encoding, we set [y = 128 K and successfully extrapolate to 144K. This
analysis suggests that our method, even with simple position interpolation, has the potential to achieve
near-infinite length extrapolation.

C.3 EXTRAPOLATION THROUGH FINETUNING AND NTK-BASED POSITIONAL ENCODING:

Combining our MS Attention with NTK-based positional encoding enables extrapolation by factors
exceeding tenfold. This approach is explained using the radix theory proposed by the authors of
RoPE:

- Learning Relative Magnitudes: Our MS Attention accurately learns the relative magnitudes of
positional encodings. By incrementally increasing the radix base size, the model learns to represent
the relative magnitudes across different radices. Additionally, by varying the starting positions, the
model further refines its understanding of relative magnitudes within the same radix.

- Future Work: Future extensions will incorporate relative shifts between Q tokens and K tokens,
allowing the model to sense deviations between different positions of Q and K.

This combination of MS Attention and NTK-based encoding showcases a significant potential for
enhancing extrapolation capabilities, ultimately pushing the boundaries of positional understanding
in large language models.

16



Under review as a conference paper at ICLR 2026

RoPE:m*base~¥ with m=1024 RoPE:m*base~¥ with m=1024
2.0 1 —— m=1024,base=10000 2.0 —— m=15360,base=10000
I m=1024,base=20000 m=15360,base=20000
15 | ‘\‘ 15
10 ‘ H 1\ 1.0
F ML =
'y 05 l vH y’,\
] NN
2 ‘vJ\ 1] _
3 00 “ ‘ I
g | ‘r‘ Il
T -0.5 | /
8 (] ||
° I [\ //
1.0 Hit 1.0 HHHTE
| \| i/
-15 ‘ HEUY -15 vy
1l I /
20 i -20
0 20 40 60 80 100 120 [ 20 40 60 80 100 120
i (Position Index) i (Position Index)

Figure 3: Differences in information encoded in different scale positions.

D POSITION INFORMATION LEARNING PROCESS ANALYSIS:

D.1 FORWARD PASS

In the computation process, the steps of Attention typically follow this sequence:

1. First, we introduce two components, P. and P;, to model cosine and sine positional encoding:

Kp=K®P +K,0P,
QP:QQPc+Qs®Ps

The matrices P, and P; are structured as:

costly cosfy ... COSG%_l
cos20p cos20p ... cos20q_,
2
P.=
cosnfy cosnby ... cosnba_,
2
sin 0 sinfp ... sinfa_,
2
sin20p sin20y ... sin204_,
2
P, =
sinnfy sinnfy ... sinnba_,
2

Moreover, we apply a learned matrix W to K as follows:
0 -1
1 0
K=K xWy,=K x

nxn

2. Compute similarity scores:

KT
Scores = QP—P

Vi,
3. Apply Softmax:

Weights = softmax(Scores)

4. Compute the output:
Output = Weights x V'

17
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D.2 THEORETICAL ANALYSIS OF POSITIONAL ENCODING EXTRAPOLATION BASED ON
LINEAR APPROXIMATION

D.2.1 NOTATION AND SETUP

Let d denote the model hidden dimension (assumed even) and m := d/2 the number of 2D rotational
blocks used by RoPE-style position encoding. Let base > 1 denote the RoPE base. For block index
1 € {0,...,m — 1} we define the block frequency parameter

0; = base_%/d,

and the phase at position p as

¢i(p) = pb.
We consider a Transformer trained on sequences of length M (positions O, . . . , M —1) with parameters
© minimizing

We are interested in extrapolation to length L > M, and in finding (possibly small) parameter
adjustments A© or deterministic transforms on positions/frequencies that preserve the loss behavior:

L(© + AO;Dy) ~ L(©; D).
D.2.2 LINEAR APPROXIMATION OF ATTENTION AND POSITIONAL TERMS

We adopt a first-order / linearized viewpoint of the attention exponential term. For queries q,, and
keys k,, we approximate:

(K 2 BT (14 £ (s D) fy s )T — k).

where f,(-,-) denotes the position-dependent linear contribution. For RoPE,

fp(qn7 p(n))fp(km; P(m))T = (sz('(n) + Qz,sps‘(n)) (K]P('(m) + Kj,spe(m))

with P.(n), Ps(n) the cos/sin matrices evaluated at position n.

T

Proof. The original attention computation can be expressed as:

(— 1)7+1

anj* 3,(j+%)%d.(Sin[(n_s)9j])

efZ, 0dnj* S]Z fzj 0 dnjksj-(cos[(n—s)0;]— 1)+Zd70

(12)
Let us define the residual term:
r(01,...,04 44 an] sj-(cos[(n—s)6 +Z ;- 7(j+%)%d-(s1n[(n—s)0j])
7=0
(13)
Since 0; = base_%, when base is large, we have the approximations:
92
cosf; =1— 5] + 0(9?) (14)
sinf; = 0; + 0(9;’) (15)

Following the CRG-NTK method which has been proven to extend context window length and
achieve excellent performance, we extend base to very large values (e.g., base = 240 x 10000). In
this regime, cos ; and sin ; become very small, particularly for dimensions with larger j values.

r(01,...,0
Since % Z‘;:O Gnj-ksj is typically on the order of 1, we can apply Taylor expansion to e @ %’1):
T(al ..... 01_1) 2
e 2 :1+r(91,...,9%_1)+O(r(01,...,9%_1) ) (16)
O
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D.2.3 GRADIENT LINEAR-DOMINANCE

Theorem D.1 (Linear dominance of positional gradients). Under the linearized attention model
above and standard smoothness assumptions on activations, the gradient of the loss with respect to
positional encoding parameters P (or frequency parameters 0;) is dominated by the linear positional
term:

L ~~ 0L 0

OP " £~ A, OP [fo(an, (1)) fo(Km. P(m)) ],

where A, denotes pre-softmax attention scores. Consequently, positional modifications that
preserve these linear terms approximately preserve gradient directions/magnitudes.

Sketch. The proof follows by substituting the first-order expansion into the attention expression,
differentiating the scalar loss £(A) via chain rule, and observing that higher-order derivatives
involving the exponential factor or the quadratic term q, k. are of smaller magnitude under mild
norm bounds on q, k. Hence the linear position-dependent contribution dominates the derivative w.r.t.
positional parameters. O

D.3 GRADIENT CONTINUITY AND FREQUENCY SENSITIVITY
Lemma D.1 (Frequency-wise gradient expression). For RoPE-like encoding, the gradient w.r.t. the
i-th frequency parameter 0; can be written as

L L dAmn
06, _m" 0A,n  00;

with (up to the block-specific linear coefficients)

aAmn
09,

= —(m = m)[Q KM sin (m —m);) + QT K cos (m — n)6;)]

Sketch. Differentiate the block-wise rotated representations R(¢;(p)) with respect to 6; where
¢i(p) = pb;. By the product and chain rules, derivatives bring down the multiplicative factor p
(hence the difference m — n appears after combining query/key contributions), and the trigonometric
derivative yields sine/cosine terms as shown. O

Remark D.1. Lemmal|D.1| highlights that gradients for different frequency components are weighted
by the difference index (m — n) and trigonometric factors; thus, phases beyond the training interval
may flip signs or amplify gradients unless controlled.

D.4 PHASE-CONSISTENCY AND GRADIENT-MATCHING CONDITIONS

Definition D.1 (Effective training phase set). The set of phases exposed during training length M is
Oy = {mb;mod27r:m=0,.... M—1,:=0,...,m—1}.

The convex hull conv(® ) denotes the (real-valued) interval(s) spanned by these phases (we treat
phases lifted to the real line under the principal branch approximation).

Theorem D.2 (Phase extrapolation condition). A necessary condition for successful extrapolation (so
that gradients and attention statistics behave similarly on length L as on M) is that for extrapolated
positions p € {M, ..., L — 1} the adjusted phases ¢}(p) lie in conv(®ys). Equivalently, under a
position-frequency scaling

p 0 p
pOi = 6i(p) = — - 577 = —57a 0%
S1 s;z/d Slsgz/d
we must have for the maximal position p = L — 1 that
L—-1
0 < 5i/d < M—-1. (17)
5189
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Proof. 1f the scaled phases lie outside the training-phase interval, trigonometric factors in Lemma|D.1]
will take values not seen during training and can cause sign changes or amplitude differences in
0Apn/00;. Hence keeping ¢ (p) inside conv(®y) (and in particular for p = L — 1) ensures the
phase-dependent terms remain in the range observed during training. Solving ¢;(L—1) < (M —1)6;
yields equation

D.5 VARIATIONAL DERIVATION OF SCALING FACTORS

We now pose a quantitative objective to choose (s1, s2). Define the gradient-discrepancy objective

oL 2
J(s1,52) j{: H (Eis1,52) ae»(Al)Hz'
i=0 v

Under the linear approximation (Theorem |D. 1)) the mapping (s1, s2) — 9L/980;(L; s1, s2) is approx-

imately multiplicative:
oL 1 oL

—(L; s1,82) =~ — —
a0, 1,52 Slsgz/d 90;

Thus minimizing J w.r.t. (1, $2) reduces approximately to minimizing

T = 3 (1) o]

Proposition D.1 (Stationary condition for multlphcatlve approximation). A stationary (and in some
cases minimizer) solution of J satisfies approximately

1

2i/d
51821/

(M).

oL
~1 forthose i with H MH.
for those i with large 20, (M) ,

Hence optimal (s1, $2) tends to match the most “energetic” frequency components.

Sketch. Take partial derivatives of J wrt. S1, s2 and set to zero. The resulting equations emphasize
frequencies with large pre-factor norms; when few frequencies dominate, one can approximately
match those frequencies, leading to the multiplicative conditions for those indices. O

D.6 FINAL ALGEBRAIC FORM OF THE EXTRAPOLATION CONSTRAINT

Using 0; = base 2%, condition 1' can be rewritten as
L—-1 2i/d (L—l)/51 M—-1

<(M-1 — < — .
5 o ( ) 52 (base/s2)2/d = page?i/d

Therefore the (conservative) target constraint for extrapolation becomes

(L—=1)/s1 G[O,M_l} (18)

(base/ss) T base &

for every frequency index 7 that we require to be “covered” by training. Note that equality corresponds
to exact matching of the maximal phase; the interval allows any scaled maximal phase within the
training-covered range.

D.7 ANALYSIS OF TYPICAL EXTRAPOLATION STRATEGIES

Position interpolation (PI). Set s, = 1. Then condition equationreduces to(L—1)/s1 < M—1.

Choosing

L-1 L

M-1"M

maps the target maximum position to the training maximum position and (under multiplicative gradi-
ent approximation) yields exact gradient-amplitude matching across all frequencies (Theorem [D.T].

PI is therefore the uniform, parameter-free approach to preserve gradient amplitudes.

S1 =
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Frequency/base scaling (NTK-aware-like). Set s; = 1. For each frequency ¢, exact matching
requires

2i/d L—-1 ( L-1 )?
= — = .
2 T M1 2o\
Since the RHS depends on 7, a single scalar s5 cannot match all frequencies. In practice, choosing

s9 > 1 biases the transform to preserve higher-frequency gradient amplitudes (large 7), which is
sometimes desired when high-frequency structure carries important sequence-local information.

Hybrid and optimization-based calibration. Treat (sy, s2) as tunable and directly optimize
J (s1, $2) on a small calibration set (or via projected gradient descent). This hybrid method can
trade off which frequency bands to prioritize according to their gradient energy, and is theoretically
justified by the variational derivation above.

D.8 ALGORITHM: PROJECTED GRADIENT CALIBRATION ON ($1, $2)

Algorithm 1 Calibrate (s, s2) via projected gradient descent
1: initialize s < 1, so < 1
2: fort=1,2,...do
3: compute A; = 0L/90;(L; 1, 82) — OL/06;(M) for all ¢
4: 81 ¢ 81— 7713%1 > AP
5: S9 <_S2_7728i52 Zl ||Az||2
6: project s1 < max(sy, L/M), s2 + max(sz, 1)
7.
8
9

if >, |A;||? < e then break
: end if
: end for

Under standard smoothness and boundedness assumptions on the mapping (s1, $2) — 9L/00,
sufficiently small learning rates 71, 172 ensure monotone decrease of the objective and convergence to
a local minimum.

D.9 CONCLUDING REMARKS

* The key analytic object is the scaled phase ¢(p) = %/d@i. Ensuring ¢ (L — 1) lies
5189

in the training-phase interval [0, (M — 1)6;] for the set of important frequencies ¢ yields
inequality equation

Position interpolation offers a simple, parameter-free method that preserves gradient magni-
tudes across frequencies in the multiplicative linear approximation. Frequency (base) scaling
adds a degree of freedom to prioritize certain frequencies but cannot match all frequencies
exactly with a single scalar.

Practical schemes combine interpolation, frequency-aware scaling, and small calibration
fine-tuning on (s, $2) to obtain robust extrapolation; the above derivations give clear,
testable predictions for such hybrid methods.

* All theoretical claims are made under a first-order / linearized approximation of attention;
nevertheless the derived conditions are both interpretable and useful as initializations or
constraints for empirical calibration.

D.9.1 STRATEGIES FOR GENERALIZATION:

1. Increase M: Increasing the length of the original sequence M allows us to cover a broader range of
positions.

2. Adjust Token Positions: Using a method like Position Interpolation (PI), we can adjust the token
positions to fall within the range that the model has learned.
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3. Increase Base: Using methods such as NTK-aware RoPE, we can increase the base value. Since
the positional base is inherently discrete across dimensions, it is only necessary to adjust a subset of
the positional encodings correctly to achieve proper adjustment. An advantage of this method is the
reuse of previously learned positional bases. For example, bases like 16% and 256% can share learned
weights, allowing us to generalize to various sequence lengths dynamically.

4. Dimensional Generalization: Similarly, we can extend the generalization mechanism across
sequence dimensions. By selectively using parts of the position encodings that fall within the learned
range, we can efficiently cover new positions while maintaining computational efficiency.

5. Scaling Numerator and Denominator: We can also consider scaling both the numerator and denom-
inator of position encodings to achieve a more generalized weighting over positional information.

D.10 EXTRAPOLATION CAPACITY LIMIT: MODEL DEPTH

We first analyze potential causes from the perspective of the backward learning process. For the entire
training corpus, which we assume to be a sequence of length L g, we partition it into chunks of the pre-
training length. Although these chunks are not explicitly modeled as a continuous sequence (i.e., they
are not concatenated for end-to-end sequence modeling), the linear superposition of backpropagated
gradients across chunks allows the model to capture partial linear relationships between them.

The gradient information propagates backward through each layer, enabling the model to learn
most inter-chunk dependencies. Theoretically, between any two adjacent layers, the model can
learn information equivalent to a concatenated sequence of two chunks. Consequently, the ultimate
extrapolation limit scales linearly with the number of model layers. In the following, we analyze the
specific inverse process to illustrate how the above process is implemented:

The gradients of the MLP and the linear layer

1. Linear Layer

Given the linear projection:
Y=XW+b

where: X € R"*4in is the input, W € Rdin Xdout jg the weight matrix, b € Rt is the bias.

The gradients during backpropagation (given upstream gradient 3—6) are:

aw =X oy - 2\av),; X ~av

OL _ (v L az_z((%)’ OL _ 0L

Thus, it is clear:
T0Ls,

oY

OLcai(S,,5) TOLs
moo~n — X m X
oW Smo gy TS

2. MLP (Multilayer Perceptron)
With two linear transformations and activation:

Z=0(XW;i+by), Y=ZW,5+b,
where o denotes the activation function (e.g., GELU).

(a) Second Layer Gradients (identical to linear layer):

oL oL oL "\ (0L
=7 = === i
oW, Y’  0Ob, ; (w)i

(b) First Layer Gradients:

oL oL

oL oL
57 8—YW2T, ( ®o (XW, + b1)> w/

X ~ \oz

Here @ denotes element-wise multiplication, and ¢’ is the derivative of the activation function.
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(c) First Layer Parameter Gradients:

oL oL oL oL
W, =XT (aZQU(le +b1)), 8T>1 Z(aZ@U(XW1+b1))

1= A

From this formula, it can be seen that for sequences whose dimensions are in the Sequence direction,
the linear superposition of their gradients is the same as using the inverse gradient of the entire
sequence, i.e., these two middle layers completely model the splicing of chunks

The gradients of the Attention layer

Given the attention computation:

. QKT
Attention(Q, K, V) = softmax A%
Vdy

where: Q, K € R™*% are queries and keys, V € R"*% are values, n is sequence length, d}, is key
dimension.

3. Attention
1. Output Gradient: Given upstream gradient % where O = Attention(Q, K, V):

2. Attention Weights: Let A = QK\/T: and P = softmax(A)

Then:
0L _ 0Ly

P 90

oL oL - oL

1=

3. Softmax Gradient:

4. Query/Key Gradients:
-
(%) 2L (25) g

0Q Vdi, \OA oK Vd \OA
5. Value Gradient:
oL + 0L
6V 50

For simplicity, we analyze the last two layers to learn the gradient information of one chunk first and
then perform Attention on the latter chunk, with the error of using two chunks spliced together for
Attention to illustrate that the model is able to learn a part of the information of the spliced Attention,
thus realizing a certain degree of extrapolation ability.

A, = Attention(Qs,, ; Keacs,,.5,), Veaus,..s,)) — Attention(Q37™, K3°, V§™)

A, = softmax Qs, K Vg, +softmax Qs, K Vg, — | softmax M vigew
x/ﬁ \/ﬁ e "

where:

oL oL oL
new __ o K2ew — K Vnew Ve —
5 Qs, 905, Ko S, — IKs S0 T Gvs

m

For ease of analysis we freeze the gradients of Q and V (gradients with Q and V will have smaller
errors) and observe only the output after learning K.

Qs,, (Ks *\/E—k(g*ﬁ)TQsm)T v

035®" = | softmax
n
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Observing only the propagation of information, it can be seen that the learned Attention is able to
approximate the Attention with Q with the information of the previous sequence S,,, thus completing
a portion of the complete Attention information, and then each chunk, with each layer of attention, is
able to realize an approximate Attention of the L-fold sequence, thus realizing a certain amount of
extrapolation. Finally more detailed and rigorous proofs we leave for future work to investigate.

D.10.1 OTHER EXTRAPOLATION ERROR ANALYSIS:

To analyze the error during extrapolation, we assume a linear relationship between different segments,
where each part is responsible for the corresponding position transformation. Specifically, the part of
the gradient involving P, is responsible for handling the ground-truth P.. Let the positional difference
between seen and unseen sequences be:

—0, = X _X 9~
Qz - QL Wqz (WQ + 8WQ>

Now, consider a fine-tuning setup where we train on sequences of length M. For the first M tokens,
the model performs without loss. However, for tokens beyond M, the extrapolation requires additional
adjustments. For the first M tokens, the gradient is:

oL
XuWoz =Xm (Wo+ =— | + L(V, K)
oW

For the tokens beyond M, the extrapolation error is:

oL
(Xm:Woz) © Pe — (Xur.(Wo + W)) oy
Q

Letting it generalize continuously over a fixed length enables the continuous reduction of the above
error L, thus reducing the extrapolation of the final position information.

E ANALYSIS OF ATTENTION WITH CORRELATION-AWARE SELECTION AND
MERGING:

E.1 APPROXIMATION AND CONVERGENCE OF OUR MS ATTENTION TO VARIOUS EFFICIENT
ATTENTION METHODS

Our proposed Select-Merge Attention (MS Attention) can approximate and converge to the optimal
solutions of many efficient Attention mechanisms that utilize a subset of key-value (KV) pairs. Below,
we describe the computation process using the notations introduced in the algorithm description:

Selection:
A, = Q.K'", 1dx = topkIndex(A,)

Merge:
Qs = merge, (Q}), Idx = filter(merge, (Idx)), KV, = Select(KV,Idx)
Final Attention:
O = Attention(Qs, K, V)
E.1.1 LANDMARK ATTENTION

Landmark Attention adjusts the attention scores by incorporating landmark tokens, with the output
expressed as:

O = (softmax(QK™) - repeat(softmax(QGT ), blocksize, dim = —1))V
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Algorithm 2 Correlation-based Selection & Merging for Sparse Attention

Require: Q, K,V € RBXHXNxD > batch B, heads H, tokens N, dim D
Require: segment sizes s, sx; number of Q-segments ns <— [N/s,|; topk; merge factor m (divisor
of ny)

Require: compress function compress(-) (e.g. mean / learned semantic token)

Require: similarity function sim(-, -) (e.g. dot-product)

Require: mask function Inaskg) (to prevent leakage); optional final select length top_final
Ensure: Output € REXHXNXD (an5roximate attention output)

1: Segmentation:

2: Split Q into Q, € REXHXnsxsexXD by seaments > last segment padded if needed

3: Split K, V into K, € RExHXxnixsexD v/ similarly

4: Compress region representatives:

5: @', < compress(Q,), Q. € RBxHxnsxD B> one token per Q-segment

6: K’ < compress(K,), K! € RExHxnxD

7. Compute relevance / selection:

8: S «+ sim(Q, K.) > S € RBxHxn:xn

9: S + mask(S) > mask out invalid / future / leakage entries
10: selectindz < topk_indices(S, k = topk) > (B, H, ng, topk): top-k K indices per Qs
11: (Optional) Permutation for sharing/clustered KV (pretrain/infer):
12: Compute permutation 7 from .S (group similar ) > optional, improves KV sharing
13: Apply 7 to Q, and selectindz (and record inverse 1)

—_
N

: Merging () segments:

D Nps 6 Ns /M > number of merged () regions
: Reshape / merge Q into Q,,s € RE>H>nmsx(m=sq)xD by concatenating every m adjacent Q)
: Optionally compress merged (), s to one representative per merged region (if desired)

: Transform and merge selected indices:

—
00 AN W

19: Reshape selectindx from (B, H, ng, topk) to (B, H, ny,s, m, topk) by grouping every m adja-
cent ; rows

20: Permute to (B, H, 15, topk, m) and then reshape to (B, H, ny,s, topk - m) > now each
merged () region has topk - m candidate K

21: For each merged row do: mselectindx < unique_preserve_order(candidates) > remove

duplicates while keeping relevance order

22: gmselectindx + top_n(mselectindx,n = top-final) > final top-n K groups per merged Q)
region; shape (B, H, np,s, top-final)

23: Gather relevant K /V segments:

24: For each merged () region, gather the corresponding K¢ and V regions indexed by gmselectindx
and similarly V9 :

K9 ERBXHXnmSXtop,finalekXD
ms

25: Compute attention on merged blocks:
26: for each merged region index r = 1...n,,,; do
27: Flatten Q,,,s|..., 7] to queries of shape (B, H, glen = m - 54, D)

28: Flatten K9, [...,r] and V.2 [..., r] across selected segments to (B, H, klen, D) where klen =
top_final - s,
29: Compute local attention outputs:

Oums[.... 7] = Attention(Qms[...., 7], K& [.... ], Vi [....])

30: end for

31: Unmerge and scatter back to token positions:

32: Split each O,,]..., 7] back to the m original @, regions and to individual tokens, then reorder
according to 71 if permutation was applied and get O € RBXHxNxD,

33: Attention computation process can be fully parallelised.

34: return O
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8 (5,4,7,8} 3 {5,4,6,8}

Figure 4: Overview of Merging and Selection Attention Mechanism (MS Attention). The MS
Attention mechanism involves two main steps. In the first step, the QKV tensors are split into regions,
and a single token is used to represent each region. Subsequently, the regional representatives are
used to compute dot products or other similarity measures to select the most relevant KV regions
for each Q region. For example, Q regions 5, 6, 7 and 8 select KV regions {3, 4,2, 5}, {5,4,2,6},
{3,5,4,7} and {5, 4, 7,8} respectively. In the second step, for each Q region, tokens are merged
with their adjacent or related tokens after permuting. The union of the selected KV regions is taken,
and the top-n regions are chosen. For example, combine Q regions 6 and 8, along with their selected
KV regions, resulting in {5, 4,2, 7,6, 8}. To ensure tensor consistency, we select the top k regions
from the merged set. If k = 4, the final selection is {5,4,6,8}. The reason for retaining 6 and 8
is because by default we believe that the local region is important and must be preserved, and that
the local region does not perform scoring calculations. Finally, each merged Q region performs
self-attention with its selected relevant KV regions.

When setting the split size of () to 1 and the split size of K to blocksize, our MS Attention also
calculates softmax(QK7) and softmax(QK'T), which fully enables the adjustment of attention
scores using semantic tokens. This operation can be approximated under other settings as well.

Alternatively, if the score adjustment is performed without directly multiplying softmax(QK'T),
treating semantic tokens as regular KV tokens during Attention computation, the output can be
expressed as:

sumexp(QKT) x softmax(QKT)V,  sumexp(QK'T) x softmax(QK'T)V/
sumexp(QKT) + sumexp(QK/T) sumexp(QKT) 4 sumexp(QK.T)

where V! is a linear combination of V5 or V. This approach can also directly adjust the attention
coefficient of V; in the output, allowing convergence to the optimal solution based on the task.

E.1.2 BIFORMER
The BiFormer computation process is as follows:
A, =Q.(K,)", I, =topkindex(4,), KV, = Select(KV,I,)
O = Attention(Q, K4, V)

When the Merge size is set to 1, our method fully degenerates to BiFormer. To achieve lower
complexity, BiFormer requires setting the initial region @).., K, relatively large and then compressing
it as a region representative. This approach reduces the accuracy of selection.

When merge size is greater than 1, our method performs more fine-grained partitioning and selec-
tion. If BiFormer’s selection is optimal, our algorithm can also converge to this optimal selection.
Overall, compared to BiFormer, our method has a larger convergence space, and under the same fine
partitioning and selection, our method has relatively lower computational complexity.
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E.1.3 ROUTING ATTENTION METHODS
For the Routing Transformer, the following update rule is applied:

M<—>\M+(1;/\) Z QH-(I;)\) Z K;

p(Qi)=p Jiu(Kj)=p

This can be rewritten as:

(1=X

(1=X)
2 2

[ A+ argmax,,,, (1Q")Q + argmax,,, (nK") K

where
1 argmax(-,dim = —2)
argmax,, (-) = {0 otherwise
Idxg = topkIndex(uQT), Idxx = topkIndex(uK™T)

Using the triangle inequality of the metric, the above approximation can select ()-related KV tokens
with:
Idx = topkIndex(Qu” nK™)

Our semantic tokens in each Attention step also cluster similarly:
ms = Softmax(m K ) K,

or
ms = my + softmax(Qs K1)V,

Our selection process can be written as:
Idx = topkIndex(m WoWiEm?D)

where my is the regional semantic token of X, (e.g., average or m,; = Softmax(msKsT)Ks),
equivalent to further clustering.

Therefore, during selection, the cluster center can be used to represent the tokens within the relevant
cluster, similar to the Routing Transformer. Our method, by only using the cluster center for selection,
introduces minimal quantization error. However, because the selection quantity is sufficient, the loss
is negligible. In contrast, the Routing Transformer loses some related () and K tokens to ensure
regular shape, introducing non-negligible error.

E.1.4 SWIN TRANSFORMER

The Swin Transformer utilizes local Attention and shifted local Attention. Our selection mechanism
can completely converge to Swin Transformer when it is optimal.

- Local Attention:
T
softmax(Qi:j sz ) V;J
When this is the optimal solution, our selection mechanism will automatically select tokens within
the local region.
- Shifted Local Attention:
T
softmax (Qi; Ky r. i) Vigrsjir
When this is optimal, our selection mechanism will automatically select tokens within the correspond-
ing region (K'V;,.;4,), where r is the cyclic shift offset.
In a similar manner, our method can approximate or cover many variants of the above Transformers.

To compare our method with these efficient Transformers, we conducted experiments on the PG19
datasets, as shown in the tables

On the PG19 dataset, our method outperforms Landmark Attention in terms of both performance and
efficiency, improving PPL by 4. The efficiency advantage becomes more pronounced as the input
length increases.
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Table 17: Perplexity (PPL) and Training Memory Consumption (MB) on PG19. The 20186/22496
means using flashatten or not. The 1 x 8192 means bsz x seglen.

Model PPL (PG19) 1 x 8192 1 x 4096 1 x 2048
MS Attention-60M 13.9 - - -

MS Attention-200M 9.32 20186/22496 13152/14300  9976/10346
Landmark Attention-200M 14.55 (40960 (OOM) ;40960 (OOM) 17938

E.2 DETAILED PARAMETER SETTINGS

Our algorithm can encompass the majority of Q-attention to KV-subset methods by adjusting pa-
rameters such as the QKV segment size, the number of selected top-K high-relevance KV regions,
and the number of merged Q regions. Below is a detailed discussion on the selection of these
hyperparameters:

E.2.1 QKYV SEGMENT SIZE SELECTION:

The QKV segment size is crucial and typically ranges from 8 to 128. This parameter must be chosen
by balancing computational complexity and performance. In future work, we plan to incorporate
Triton operators in the QK routing step to achieve linear spatial complexity, thereby mitigating the
current limitations:

- (1) During the selection and routing process, a semantic token represents each region, and the
relevance between Q and K semantic tokens is measured. KV tokens related to the Q region are then
selected based on this relevance. A larger QK region size results in a coarser semantic representation,
leading to less precise KV token selection. To minimize this loss, more KV tokens must be selected
in the second step, thereby reducing information loss due to coarse semantics. Thus, smaller segment
sizes are preferred, though incorporating Triton operators in the QK routing step is anticipated to
provide linear spatial complexity.

- (2) Alternatively, a larger segment size can be set, and more KV tokens can be selected in the second
step. This approach may increase algorithmic complexity as more KV tokens are likely to be used for
interpolation within the same Q region. However, this issue can be alleviated through the third step of
merging, where the selected KV tokens can be further merged and selected according to relevance,
filtering out irrelevant information.

- (3) Additionally, the segment size of Q regions is independent of the segment size of KV regions. A
relationship between them should only be established when specific tasks and complexity constraints
require it.

E.2.2 Topr-K HIGH-RELEVANCE KV REGION SELECTION:

The number of selected top-K high-relevance KV regions is generally determined by factors such as
the model’s pre-training length and the amount of task-specific data. It may also need to be adjusted
based on the granularity of the segmentation from the first step. Current large model training methods
suggest that selecting 1K-8K KV tokens for interpolation is robust:

- (1) The above represents a general approach, while scenario-specific selection yields higher perfor-
mance and efficiency. For example, if the task’s data volume is small, a relatively small number of
high-relevance regions can be selected to maximize overfitting and memorize the critical data. Con-
versely, as the data volume increases, more KV tokens may be required for autoregressive prediction
of the next token, necessitating the selection of more high-relevance regions.

- (2) In addition to task-based selection, the granularity of segmentation from the first step must also
be considered. If segmentation precision is insufficient, more KV tokens should be selected to prevent
the loss of critical information. Subsequent merging can then be used to jointly select high-relevance
information, improving space and time complexity by sharing KV tokens across Q regions.
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- (3) For length fine-tuning, the model’s parameters have adapted to the interpolation degree of the
pre-training length, which uses a specific number of KV tokens. Hence, the same magnitude of KV
tokens must be selected during fine-tuning to avoid overfitting.

This parameter is highly flexible and can be adapted to various scenarios, often requiring some
experience for optimal settings. Future work may involve incorporating a loss function to control the
selection space, allowing the algorithm to automatically select the appropriate size based on the loss.

E.2.3 MERGING Q REGIONS:

The number of merged Q regions generally depends on the segmentation precision and space

complexity. In scenarios where space complexity is not a major concern, sizes ranging from %’(L" to

% can be chosen. The number of merged KV tokens is typically selected from a range of topk to

2topk KV tokens. Generally, sharing high-relevance KV regions across multiple Q regions results
in lower space complexity. Moreover, during the merging process, high-relevance KV regions are
selected with flexibility, enhancing performance through methods such as:

- a. Simple unique and sort operations for selection.

- b. Unique operations followed by a secondary segmentation based on high-relevance scores, with
allocation and selection according to region clustering.

E.2.4 ALGORITHM COMPLEXITY ANALYSIS

(1) Let the segmentation sizes for the Q and KV regions be Cg and Cg, respectively. The time and

space complexity of routing Q and K using dot products is O (Cévié;()

(2) In the second step, the selection of high-relevance regions, denoted by C'g, results in space
complexity of O (CN—QCS> due to the storage of necessary indices.

(3) The merging step, with a merge size of C'j;, involves combining the selected indices. Filtering
algorithms can be introduced during merging; in this work, we employ unique and high-score

selection. The space complexity for storing KV tokens after selection and merging is O (%CZ,MC’S).

(4) The final attention operation has a time complexity of O(Q%C’Q CyCs) = O(NCs). Hence,
only the segmentation size and selection quantity affect the algorithm’s complexity.

2
Without merging, the selected KV tokens have a complexity of O (%Cs> , whereas with merging,
N2
C Q C M
selection process is only carried out after merging, storing only the selected indices before that.

the complexity is O ( CS). The reduction in complexity due to merging is because the

E.3 REDUCED LONGLORA

We propose a method that selectively fine-tunes only the W}, and W, weights, achieving results nearly
identical to fine-tuning the entire attention mechanism. Specifically, since QK7 = X W, WkT X7,
updating only W}, yields W, W/, effectively replicating the effect of simultaneously updating W,
and W,. This approach is particularly effective when W, is full rank. Similarly, fine-tuning W,
follows the same rationale, as the final output is a linear mapping of W,,W,. Since only the ) and K
tokens undergo positional encoding, the weights to be fine-tuned are limited to Wg and Wy . Based
on the above analysis, it suffices to only fine-tune W or Wik In this work, for the fine-tuning of
LLaMA, we adopt a low-rank fine-tuning of W and W, while for Mistral, we apply low-rank
learning of W, for sequence length extension.

Additionally, since query tokens can be considered well-fitted through extensive training, learning
the linear mapping for their corresponding key tokens is reasonable. Furthermore, as the attention
mechanism becomes heterogeneous, updating the final classification head is a direct approach.
However, considering the large number of parameters, altering the initial embeddingAn et al.| (2022)
to achieve a certain degree of equivalence is also a feasible consideration.
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E.3.1 THE STRATEGY FOR INCORPORATING POSITIONAL INFORMATION DURING
PRE-TRAINING

Our algorithm leverages semantic token routing, where each semantic token encapsulates contextual
information from its surrounding tokens, similar to a sliding window mechanism in convolution.
Since different tokens are surrounded by distinct contexts, the resulting semantic tokens are unique,
leading to different routed KV tokens and interpolated variables. As a result, we do not assign
positional information during the selection process. Instead, after the selection process, RoPE
positional encoding is applied to the K and () tokens to enhance performance.
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