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Abstract

Online Convex Optimization (OCO) over Riemannian manifolds raises fundamental questions
about how geometry affects algorithmic performance. While Riemannian Online Gradient Descent
(R-OGD) has been shown to achieve a regret upper bound of O(D L+/CT), where ¢ depends on the
manifold’s curvature, the tightness of this bound remained unclear. We first establish a matching
lower bound of Q(D L+/¢T) for R-OGD, valid for any fixed step-size schedule. This shows that the
worst-case regret of R-OGD is ©(DL+/(T), and that the effect of manifold curvature appears as a
multiplicative factor of v/ in the regret. In contrast to the Euclidean setting—where OGD is mini-
max optimal and regret bounds are independent of feedback models—this result reveals that geom-
etry can substantially degrade the performance of first-order algorithms. Our second contribution
addresses the full-information setting. In this setting, we propose a new algorithm, R-FTRL, based
on a Riemannian extension of Follow-the-Regularized-Leader. R-FTRL achieves a regret bound of
O(DL~/T), independent of the curvature. This result confirms that curvature-independent regret is
achievable with full-information feedback, consistent with prior results. Our findings further sup-
port the fundamental separation between first-order and full-information models in non-Euclidean
settings, illuminating the interactions between feedback structure and geometry.

1. Introduction

In this paper, we consider the following Riemannian online convex optimization setting:

A player is given a compact g-convex set K on a manifold M and a number of steps T'. At each
stept = 1,2,...,T, the player selects z; € K. After choosing z;, a loss function f; : £ — R,
which is g-convex, is determined, and the player incurs a loss f;(z;).The function f; can be selected
arbitrarily and may depend on previous decisions x1,...,x;. Then, the player receives feedback
about f;. Common feedback types include full information feedback, where the player receives all
information about the function f;; first order feedback, where the player obtains the function value
ft(x¢) and a subgradient g; € 0 f;(x;); and bandit feedback, where only the function value f;(z;) is
observed. Algorithms that utilize first order feedback are referred to as first order algorithms. We
measure the learning performance using regret, defined as:

T T T T
Regp(u) = th(iﬁt) - th(u), Regp = sup Regp(u®) = th(xt) — inf th(U*)-
t=1 t=1 t=1 =1

u*e u*el v
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In this paper, as in the previous work by Wang et al. [27], we introduce the following assumptions:

Assumption 1 The loss function f; : K — R is g-convex and L-Lipschitz continuous.

Assumption 2 The feasible set K is a bounded compact g-convex set which has a diameter D €
Rso: maxy yex d(z,y) = D < +o0.

Assumption 3 (M, g) is a Hadamard manifold whose sectional curvature lies within the interval
[k, 0], where k < 0.

The theory and methodology of Online Convex Optimization (OCO) [11, 18] have developed
significantly, both through their diverse applications—such as sequential prediction [26], model
ensemble (boosting) [7, 16], sequential portfolio selection [5, 10]—and through their role as a math-
ematical foundation in fields like online learning theory [3], algorithmic game theory [20], and
reinforcement learning [14]. One most notable algorithms for this problem is Online Gradient De-
scent (OGD) [30], which achieves a regret bound of O(DL\/T ), where D is the diameter of the
feasible set I and L is the Lipschitz constant of the loss functions. It is also known that this bound
is tight, i.e., there exists a sequence of loss functions such that the regret is Q(DL+/T) [11].

Recent research [4, 12, 27, 28] has sought to extend the framework of online convex optimiza-
tion (OCO) to settings where the decision variables lie on Riemannian manifolds and the loss func-
tions exhibit geodesic convexity. Extending OCO from Euclidean spaces to Riemannian manifolds
raises a fundamental question:

Research Question: How does the intrinsic difficulty of the problem change in transitioning
from Euclidean geometry to a manifold setting?

The objective of this work is to offer a refined and rigorous answer to this fundamental ques-
tion. To date, our understanding of this question has remained limited. Wang et al. [27] proposed
Riemannian OGD (R-OGD), which achieves a regret upper bound of O(DL+/(T), where ¢ > 1
is a parameter depending on the manifold’s sectional curvature and the diameter of the feasible re-
gion. However, the established lower bound is only Q(DL+/T), which implies that there remains
a gap of factor /¢ between the upper and lower bounds for first-order methods. This stands in
sharp contrast to the full-information setting, where Roux et al. [21] recently achieved a curvature-
independent regret bound of O(DL\/T) using an Online Mirror Descent type update. The same
fundamental uncertainty persists in the offline setting of optimization over manifolds. While some
recent work has established lower bounds incorporating ¢ for specific algorithms, such as gradient
descent with a Polyak step size [6], no matching lower bounds have been found for gradient de-
scent with the step size a; = LL\/E as proposed by Zhang and Sra [29]. More broadly, for many
first-order methods on Riemannian manifolds, tight characterizations of complexity—particularly
lower bounds—remain elusive. This highlights a fundamental gap in our theoretical understanding

of optimization in curved spaces, both in the online and offline settings.

1.1. Contributions

The first contribution of this work is to provide a tight bound on the (worst-case) regret achievable by
Online Gradient Descent (OGD) in Riemannian online convex optimization, in terms of the geomet-
ric structure of the underlying manifold. Specifically, we show that for Riemannian OGD (R-OGD),
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Table 1: Comparison of upper and lower bounds for Riemannian online convex optimization prob-
lem. Regret bounds in gray boxes are new results in this paper.

Feasible set Euclidean Riemannian

Feedback type full-information/first-order full-information first-order

O(DL\T): RIOD[21]
O(DL\/T): R-FTRL

Upper bounds ~ O(DL+/T): OGD[30],FTRL[9] O(DL+/CT): R-OGD[27]

Q(DLVT)[27]

L bound: Q(DL/TH[19 O(DL/TH[27
ower bounds (DLVT)[19] (DLVT)[27] Q(DL\/T): R-OGD

there exists a sequence of loss functions under which the regret is lower bounded by Q(DL+/CT).
This lower bound holds uniformly over all predetermined step-size schedules. Combined with the
previously established upper bound of O(DL+/(T) [27], this result implies that the worst-case re-
gret of OGD is ©(DL+\/(T), thereby quantifying the effect of the manifold geometry through a
multiplicative factor of /. It is important to note that the regret lower bound discussed above
applies specifically to the R-OGD algorithm. Thus, it does not necessarily characterize the inherent
difficulty of the problem itself. Nevertheless, since R-OGD constitutes a natural extension of the
classical OGD algorithm—which achieves tight bounds in the Euclidean setting—understanding the
regret behavior of R-OGD represents a significant step toward elucidating the intrinsic complexity
of the problem and the influence of manifold geometry.

Our second main contribution is to propose Riemannian FTRL (R-FTRL) for the full-information
feedback model. We prove that R-FTRL achieves a regret bound of O(DL\/T ), which is indepen-
dent of the manifold’s geometric structure. The lower bound Q(DL+/T) was established in [27],
and our contribution lies in demonstrating that the FTRL framework can also match this bound
from above. The proposed algorithm is based on the Follow-the-Regularized-Leader (FTRL) frame-
work, widely used in the Euclidean setting, and we refer to our extension as R-FTRL. Unlike the
Euclidean case, where first-order approximations (i.e., gradients) of the loss functions are often suf-
ficient, our algorithm directly utilizes the original loss functions. As a result, it requires access to
full-information feedback rather than merely first-order information.

The regret bounds from prior work and our contributions are summarized in Table 1. From this,
several noteworthy contrasts between the Euclidean and manifold settings can be observed in terms
of worst-case regret: (i) In the Euclidean case, OGD is minimax optimal, whereas this is not the case
on manifolds. (i) In Euclidean spaces, OGD and FTRL exhibit the same (optimal) performance,
while in the manifold setting, there is a performance gap of a factor of 1/C between them. (iii) In
the Euclidean setting, there appears to be no distinction between the first-order and full-information
feedback models in terms of minimax regret. In contrast, in the manifold setting, [21] and our
results highlight that a performance gap exists between these two feedback models.

2. Preliminaries

Let (M, g) be a Riemannian manifold. At each point z € M, the tangent space T, M is equipped
with an inner product (-,-) and a norm || - || defined by the Riemannian metric g. We denote the
distance between x,y € M by d(z,y). A geodesic is a curve that locally minimizes the length.
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We assume that the manifold M is (geodesically) complete. Then, the exponential map exp,, :
T, M — M is defined for ¢ € T, M by exp,(§) = (1), where v : [0,1] — M is the geodesic
satisfying v(0) = x and 4(0) = &. A set £ C M is called geodesically (totally) convex (g-convex)
if for any two points x,y € K, any geodesic connecting x and y is contained in . Additionally,
if a geodesic is unique, the set is called uniquely geodesically convex. A function f : K — R
is called g-convex if for any geodesic v : [0,1] — K, it holds for all ¢ € [0,1] that f(y(¢)) <
(I1=t)f(v(0))+tf(v(1)). Afunction f : K — Ris called geodesically L-Lipschitz (g-L-Lipschitz)
if there exists a constant L > 0 such that it holds for any z,y € K that |f(z) — f(y)| < L -
d(x,y). A simply connected complete manifold having non-positive sectional curvature everywhere
is called a Hadamard manifold. A Hadamard manifold is uniquely geodesically convex. By Cartan-
Hadamard theorem, the exponential map exp, and its inverse exp, ! are diffeomorphisms. On a
Hadamard manifold, the identity || exp, !(y)|| = d(z, y) holds. Moreover, the function = + d(x,y)
is geodesically convex. The subdifferential of a function f : ' — R at a point z € K is a subset of
T, M defined by f (x) = {g € TuM | f(y) = f(x)+ (g, exp, ' (y)), Vy € K}, where g € Of (x)
is called a subgradient of f at . For any geodesically convex function on a Hadamard manifold,
the subdifferential at each point is non-empty (see [8, p. 139] and [25, Chapter 3, Theorem 4.5]).

3. Analysis of Riemannian online gradient descent

Riemannian Online Gradient Descent (R-OGD) [27] is a natural extension of OGD [30] to Rieman-
nian manifolds, which works given the first-order feedback. The procedure of R-OGD is summa-
rized in Algorithm 1. In this section, we first review the algorithm and its regret upper bound. Then,
we show that the regret lower bound of R-OGD is Q(DL+/CT), where ( is a parameter depending
on the sectional curvature of the manifold and the diameter of the feasible set.

Algorithm 1: Riemannian Online Gradient Descent (R-OGD) [27]

Data: A feasible set X C M, time horizon 7', step sizes {at}le, and an initial point x1 € K.
fort < 1to 7 do
Play z; and observe a subgradient g, € 0fi(x¢) of f; at xy;
Update x4, 1 with ;11 = Pr(exp,, (—atg:)), where Py is the Riemannian projection
mapping of z onto K, i.e., Pk () € argmin, i d(7,y);

end

3.1. Review of existing results: regret upper bound for R-OGD
Wang et al. [27] showed that R-OGD achieves the following regret upper bound:
Theorem 4 (Theorem 5 of Wang et al. [27]) Suppose that Assumptions 1, 2, and 3 hold. Algo-

rithm 1 (R-OGD) with step sizes {at = LL\/E} achieves Regp < %DL\/CT for any T and any
initial point x1 € K, where ( = ((k, D) > 1 is defined as

VK| D
(5, D) = —F—= (£ <0), (¢(x,D)=1(rk=0). e))
tanh (\/‘H‘D)
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This theorem can be proved in a similar way to the Euclidean case, but there are several points
requiring careful attention. The proof begins by upper bounding the regret as:

Filwe) = fe(u) < (—ge.expy, (w)) = fe(wr) = fe(u),  where fi(2) = (gr,exp;}(2)). ()

We note that this expression essentially corresponds to the first-order characterization of convexity
in the Euclidean case, namely the following inequality:

Fiwe) — folw) < (g, 2 —u) = folze) — folu), where fi(z) = (g, @ — z).  (3)

From (2), it becomes clear that it suffices to bound the regret with respect to ft instead of f;. Note,
however, that while ft in (3) is a linear function—and hence convex— ft in equation (2) is not even
linear, ! nor is it g-convex. This observation indicates that bounding the regret for ft in our case
requires a different analytical technique that generalizes beyond the Euclidean setting.

3.2. Regret lower bound for R-OGD

In this subsection, we present one of the main results of this paper: the O(DL+/(T) regret upper
bound established in Theorem 4 is tight, as long as one uses R-OGD.

Theorem 5 For any T and any predetermined sequence of step sizes {at}thl, there exists K C M
and a sequence of loss functions { ft};@rzl satisfying Assumptions 1, 2, and 3 for which the regret of
R-OGD (Algorithm 1) is lower bounded as Regy = ) (DL\/CT), where ( is defined in (1).

Together with Theorem 4, this result provides a ©(DL+/CT) characterization of the worst-case
regret achievable by R-OGD with any fixed step-size sequence, which is tight up to constant factors.
At the same time, it reveals that the parameter ( serves as an essential quantity capturing how the
structure of the Hadamard manifold affects the worst-case performance of R-OGD.

The following proposition is crucial for establishing the lower bound in Theorem 5

Proposition 6 (Lower bound for first-order algorithm) Fix an arbitrary M satisfying Assump-
tion 3 and and arbitrary K C M satisfying Assumption 2. For any first-order deterministic algo-
rithm, the worst case regret under Assumptions 1 is bounded from below as follows:

!

T
sup maxz fi(xy) — fe(u)) > sup maxz (ft(It) - ft(u)> ) 4)
t=1

{fL eF uek {g:}T_,€g WEX 1

where F denotes the set of all loss function sequences satisfying Assumption I, G denotes the set of
all sequences {g;} such that g; € Ty, M and ||g;|| < L/\/2, and f; is defined in (2).

At this point, we emphasize the distinction between the Euclidean and Riemaniann settings. In the
Euclidean case, when the loss functions are convex, the surrogate loss ft appearing on the right-hand
side of (4) can be expressed as in (3). Then since ft is linear, it remains convex, and thus the problem
of minimizing regret with respect to ﬁ still falls within the scope of online convex optimization.
In contrast, in the setting of g-convex functions over Hadamard manifolds, the surrogate loss f
appearing on the right-hand side of (4) is not necessarily g-convex. As a result, the problem of

1. On a Riemannian manifold, a "linear" (or affine) function is typically defined as one that is both g-convex and g-
concave. However, on non-Euclidean Riemannian manifolds, nontrivial linear functions rarely exist; see e.g., [13].
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minimizing regret with respect to f; goes beyond the class of online convex optimization problems
and can be interpreted as belonging to a broader class of online learning problems. Importantly, this
proposition holds not only for R-OGD but for any first-order algorithm, and it captures the intrinsic
difficulty gap between the first-order feedback and the full-information feedback models.

4. Follow the regularized leader

In this section, we introduce a Riemannian extension of the Follow-the-Regularized-Leader (FTRL)
algorithm. FTRL is a classical and widely used algorithm in online convex optimization, known for
achieving minimax-optimal regret bounds [11, 18]. At each round, it outputs the minimizer of the
cumulative loss (typically approximated by surrogate losses) plus a regularization term.

In the Euclidean setting, it is standard to apply FTRL to linear surrogate losses fi given in (3),
which arise from first-order approximations of the original convex losses. This formulation not only
preserves convexity but also ensures that the update at each round is uniquely defined. However,
extending this approach to Riemannian manifolds presents fundamental challenges. In particular,
while linear functions are convex in Euclidean spaces, the analogous surrogate losses ft in the
Riemannian setting given in (2) are not necessarily g-convex, even when the original loss functions
are. As a result, the minimization problem at each step may fail to have a unique solution, or may
even fall outside the class of g-convex optimization problems.

To address this issue, we consider a Riemannian Follow-the-Regularized-Leader algorithm (R-
FTRL) that directly uses the original loss functions rather than their surrogates. The core of this
method is the following update rule for eachstept =1,...,7"

t—1
7, € argmin {wt@:) +y fs(fv)} . )
s=1

zell

This approach avoids the geometric inconsistency introduced by surrogate approximations and
ensures that the algorithm operates within the well-defined structure of Riemannian geometry. While
this design requires access to full-information feedback, it allows us to derive curvature-independent
regret bounds, as shown in the following theorem:

Theorem 7 Suppose that Assumptions 1, 2, and 3 hold. Let p be an arbitrary point in IKC. Then,
R-FTRL with regularizer \(x) = g—gcp (z,p) achieves Regp < 3DLVT.

Theorem 7 establish that R-FTRL achieves the optimal regret bound for Riemannian online con-
vex optimization. Notably, the bound matches that of FTRL in the Euclidean setting, namely
O(DLA/T), and does not depend on the curvature parameter ¢. This implies that R-FTRL is ro-
bust to the geometry of the underlying manifold, in contrast to R-OGD, whose regret grows with
V<.

This observation highlights a sharp distinction between the Euclidean and Riemannian settings.
In Euclidean spaces, OGD and FTRL are both minimax optimal and yield the same regret bounds
under standard assumptions. However, in the Riemannian setting, this equivalence breaks down:
while R-OGD suffers from curvature-dependent regret, R-FTRL achieves curvature-independent
performance. This mirrors the behavior of [21] and confirms a fundamental separation in the effec-
tiveness of first-order and full-information algorithms under non-Euclidean geometry.
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Appendix A. Related work

Optimization on Riemannian manifolds has attracted growing attention due to its theoretical sig-
nificance and practical applications in non-Euclidean domains. Zhang and Sra [29] pioneered the
analysis of first-order methods on Hadamard manifolds by introducing novel analytical techniques
tailored to the geometric structure of such spaces. They established convergence rate guarantees for
Riemannian gradient descent applied to geodesically convex functions, demonstrating that the com-
plexity bounds mirror those in Euclidean spaces, but with additional factors depending explicitly on
the curvature and the geometry of the manifold.

Building upon these foundational techniques, Wang et al. [27] extended the analysis to the
online setting, introducing Riemannian Online Gradient Descent (R-OGD) for online geodesically
convex optimization over Hadamard manifolds. Their results showed that, as in the offline case, the
regret upper bounds achieved by R-OGD contain curvature-dependent terms, reflecting the intrinsic
difficulty introduced by the manifold geometry. This line of work highlighted that regret rates for
first-order methods on curved spaces can be substantially affected by the curvature. One approach to
circumventing this dependence is to impose stronger assumptions on the objective functions. It has
been shown that under the condition of horospherical convexity—a stronger notion than geodesic
convexity—R-OGD can achieve curvature-independent regret bounds [22].

Meanwhile, Antonakopoulos et al. [1] addressed the online optimization of non-Lipschitz con-
vex functions in the Euclidean sense. By leveraging a suitable Riemannian manifold on which these
functions become Riemannian-Lipschitz continuous, they applied the FTRL algorithm to establish
regret bounds.

More recently, Criscitiello and Boumal [6] conducted a systematic investigation into the role of
curvature in the complexity of offline optimization on manifolds, establishing lower bounds that re-
veal fundamental limitations imposed by negative curvature for certain classes of algorithms. How-
ever, their lower bounds apply only to a class of algorithms that encompasses the Polyak step size
and its variants, which do not cover the methods of Zhang and Sra [29] or other first-order algo-
rithms. Determining how curvature affects the complexity of g-convex optimization problems when
using first-order methods remains an open problem; see, for example, recent progress in Martinez-
Rubio et al. [17], Shu et al. [24].

In this work, we address some of these gaps by adapting analytical ideas from Criscitiello and
Boumal [6] to the online optimization setting. Our contributions are distinct from, and in some
aspects complementary to, Criscitiello and Boumal [6]. First, while their lower bounds are estab-
lished in the offline setting, we focus on the online scenario and establish lower bounds on the regret
of R-OGD under any predetermined step size sequence. In particular, we show that the curvature-
dependent lower bound holds for the canonical step size choice 7, = % introduced by Wang
et al. [27], which is the same step size in Zhang and Sra [29]. Furthermore, our results apply to
all R-OGD algorithms with predetermined step size sequences, thereby covering a broader class of
methods.

Appendix B. Proof of Proposition 6
B.1. Review of the upper bound

First, we provide a brief overview of the proof of Theorem 4 by Wang et al. [27]. What proves to
be useful at this point is the following lemma:

10
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Lemma 8 (Special case of Lemma 5 of Zhang and Sra [29]) Letra > 0, b > 0 and ¢ > 0 be
the sides (i.e., side lengths) of a geodesic triangle on a Riemannian manifold with curvature lower
bounded by k. Let A be the angle between sides b and c. We then have

a® < ((k, c)b? 4+ ¢ — 2bccos A, (6)
where ((k,c) > 1is defined in (1)

Let Z;,1 = exp,,(—ag;) be the point obtained by the gradient update step. Using this lemma, the
regret can be upper bounded as follows, following a line of reasoning similar to that in the Euclidean
case.

T
Regr(u) = Y (filae) — fi(u) < Y (filwr) = filw)) (from (2)

£l 1 (677
<2 (m (& (0, w) = &*(Fes1,w) + 2<<m,d<xt,u>>||gt|2>
4 1 o
<3 (g (@)~ ) + G D) )

where the second inequality follows from Lemma 8 applied to the geodesic triangle of vertices
xt, Tt, w and the last inequality follows from the facts that the projection Py of any g-convex set
is distance-nonincreasing [2, Theorem 2.1.12], that {(x, D) is monotone non-decreasing in D > 0,
and that the norm ||¢;|| of subgradient is at most the Lipschitz constant L. The regret upper bound
of Theorem 4 follows by applying this inequality (7) together with the specification of step sizes oy
in the theorem and the bound d(z,u) < D.

B.2. Proof of the lower bound

We start by proving following lemma:

Lemma9 Let M be a Hadamard manifold, and K C M be a g-convex set. Then, for any x,u €
K, and g € Ty M, there exists a g-convex and +/2||g||-Lipschitz function f : KK — R such that
g € 0f(x) and

f(@) = f(u) = (~g,expy " (u)).

The proof of this lemma is inspired by the proof of Proposition 35 by Criscitiello and Boumal
[6]. All results established in this work but stated without proof in the main text, including this
lemma, are proved in the Appendix.

Lemma 9 implies that for any z;, g+, and u, there exists a loss function f; such that the inequality
in (2) holds with equality (and thus so does the first inequality in (7)). Moreover, under the first-
order feedback model, the algorithm’s output x; depends only on the sequence {gs}z;ll, and is
invariant under changes to f;, as long as the subgradient condition g; € Jf; is satisfied. Therefore,
in analyzing worst-case regret under first-order feedback, we may equivalently consider the regret

induced by the surrogate functions f; defined in equation (2) in place of the original loss functions

Jt.

11
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Proof [Proof of Lemma 9] We can assume u # z. Let g = % exp, H(u)and g, = g—g.

Note that g, is orthogonal to g. Consider the geodesic line S passing through v and z, i.e., S =
{exp,(texp; *(u)) | t € R}. Define u' € M by

o {expx(—exp;%u)) if (g, exp; " (u)) > 0,
u if (g,exp, t(u)) < 0.

Define fy, fi, f: M — Rby

fi2) = llgylld(z, u') — [lgylld(z,u"),
fi(z) = llgvlld(z,5),
f(z) = fi(z) + fL(2),
where d(z, S) = minyeg d(z, y).
Then it holds that
g1 € 0fi(x). (8)

Indeed, consider arbitrary z € M, let § and 6* be the angles between exp, L4 and expgj1 z, and
between exp, ! z and g, respectively. Then we see (8) from

fr(z) = fi(@) = gl fyneigd(%y)
> ||lgL|| min(d(x, 2)2 + d(z, y)2 —2d(z, z)d(z,y) cos 9)1/2
yeSs

= |lgr|ld(z, 2)sind
= |lgLlld(z,2) cos(m/2 — 0)
> g1 ld(z, 2) cos 0"

= (g1,exp, ' v),

where the first inequality follows from the CAT(0)-inequality for geodesic triangle of vertices z, y, z,
and the second from the fact that the angle between g, and exp, ! u is 7/2 and the triangle inequality
0" +60>7/2.

In addition, by [23, Proposition 4.8 (1)], it holds that

Vi) = gy-

Therefore, g = g| + g1 € 0f)(x) + 9fL(x) C Of(x).

Since S is a convex set on a Hadamard manifold, f, is g-convex (see [2, Example 2.2.4]). Also
f| is g-convex. Thus, f is g-convex. Clearly, f(x) — f(u) = (—g, exp, ' (u)) holds by construction.
Hence, the Lipschitz constant for f satisfies

lgill + llgll < \/Q(HQHH2 +llgLl?) = v2llgl

where the first inequality follows from the Cauchy—Schwarz inequality, and the second equality
holds due to the orthogonality of g and g, . Therefore, f is g-convex and v/2||g||-Lipschitz, com-
pleting the proof. |

12
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We are now ready to show Proposition 6.
Proof [Proof of Proposition 6] For any first-order algorithm, the sequence {x;} remains unchanged
even if {f;} varies, as long as {¢;} remain unchanged. Thus, for any sequence of {g;} such that
gt € Tam(zy) and ||lg¢|| < L/V/2, by keeping g; fixed and defining a function as in Lemma 9
corresponding to u, we can construct a sequence of L-Lipschitz g-convex functions f; ,, that ensures

Fra(w) = (=gi, expz! (u))
for all ¢. For such {f;,}{_, we obtain the regret bound as follows:

T

T
Regr(u) = Y fru(@e) = fru(u) =Y (=g expy (u).
=1

t=1

Appendix C. Proof of Theorem 5

For the proof, consider a hyperbolic space with curvature x. Consider a geodesic triangle of side
lengths a, b, c where the angle of edges of lengths b and ¢ is A. Then the following hyperbolic law
of cosines holds:

cosh(y/|k]a) = cosh(y/|x[b) cosh(~y/]k|c) — sinh(~/]k|b) sinh(+/|x|c) cos(A).

Before the proof, we consider right triangles on hyperbolic space. Consider a right-angled triangle
with vertices p, x, u, where right angle is at vertex p, and the angle at x is 6. Let a = d(p, z),
b = d(p,u), and ¢ = d(x,u). Then, by the hyperbolic law of cosines, we have:

cosh(v/|k]e) = cosh(v/|k|a) cosh(~y/]k|b), )
cosh(v/|k[b) = cosh(v/|k|c) cosh(y/|k|a) — sinh(~/]k|c) sinh(+/|x|a) cos(6). (10)
From (9), we have
1

Vsl

c= L cosh™ (cosh(y/|k|a) cosh(~/]x|b)) >

VIl

From (10),

cosh™!(cosh(~/|x[b)) = b. (11)

cosh(y/|k|c) cosh(y/|x[a) — cosh(/]x|b)
sinh(y/|k|c) sinh(y/|k|a)
_ cosh?(y/]k|a) cosh(/|k|b) — cosh(~/]k[b)
sinh(4y/|k|c) sinh(y/|k|a)
_ (sinh?(v/|k|a) + 1) cosh(+/|k|b) — cosh(y/]x[b)
sinh(4/|x|c) sinh(y/|k|a)
_ sinh(+/|x|a) cosh(y/|x[b)
sinh(4/|k|c)
_ sinh(v/|x[a) cosh(y/][b)
sinh(cosh™* (cosh(+/|xa) cosh(~/]k[b))) ’

cos(f) =

13
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where the second and fifth equalities follow from (9). Because m > % forx > 1, we

have

cos(6) = sinh(y/[k]a) cosh(+/][b)
sinh(cosh™* (cosh(+/||a) cosh(+/]x[b)))
S sinh(y/|x]a) cosh(y/]x[b)
~ cosh(+/]xa) cosh(+/]x[b)
(

= tanh(y/|k|a). (12)

Lemma 10 Consider the two-dimensional hyperbolic plane H2 with curvature k. Let p € H? and
take an orthonormal basis e1, es of TpHi. Forr > 0, define

D
T =expy(re1), u=exp, ez |-

Furthermore, define g € T,H? by
L exp;'(p)

YT VR A, p)
Ifr > %, VIk|D > 1, and% % < 1, then it holds that

DL\/7

(—g, expx .

Proof We begin by applying (11) and (12) to the geodesic triangle with vertices p, x, u, where we
have sides of length a = d(p,z) = r, b =d(p,u) = D/2,and ¢ = d(x, u).

First, from the law of cosines in (11), it holds that d(z,u) = ¢ > b = D/2. Combining this
result with the bound from (12), we can establish a lower bound for the inner product:

_ D L
(g, exp; ' (w) = d(z,u)|g] cos(6) > 5ﬁtanh( W) - (13)

Since the hyperbolic tangent function is monotonically

Next, we use the given condition 7 > 5 \/2TT
increasing for x > 0, we can substitute this lower bound for 7 into the argument to obtain

DL DL (YD
Wi tanh( \/i|r> > Wi tanh (%/ﬁ) . (14)

By the assumption /|x|D > 1 and the relation /|x| D = ( tanh(y/|k|D), it follows that \/|k| D >
¢/2, since tanh(x) > 1/2 for > 1. This provides a simpler lower bound for the argument:

\H|D> ¢/2 _1/¢
2V/2(T ~ 22T 4V 2T

Applying the monotonicity of tanh once more yields
DL |k|D DL 1 /¢
—— tanh > tanh [ -4/ = | . 15
23 <2¢2TT> SO (4 2T> (1>

14
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Finally, under the condition %\/ % < 1, we can apply the inequality tanh(z) > z/2 for z € [0, 1].
This leads to our final result:

DL 1 [¢ pL 1(1 [¢\ DL/ DL [C

Combining inequalities (13) through (16), we obtain:

DL |¢

— ) > ==/ =

Proof of Theorem 5. Let H2 be the two-dimensional hyperbolic space with curvature . Let
p € H2 and take an orthonormal basis e1, e of T, H2. We define the g-convex set K as a closed ball
of radius D/2 centered at p:

K ={z e H;|d(p,x) < D/2}.
Define I = {t € {1,2,..., T} oy >
Case 1: |I| > L.
Assume \/|x|D > 1,T > 2 and } ¢ < 1. Define a geodesic ~ such that v(0) = p,5(0) = e;.

ﬁ -~
Letxy = fy(%) and define s; such that z; = 7y(s;). Define

%} and consider cases based on |[].

%7(30 (t € I and s; > 0),
g = —%"}/(St) (t € Iand s; < 0),

0 (t¢ D).

We here note that ||g;|| < L/+/2, and hence we can use Proposition 6. Additionally, let

u = expp(%eg). Then, consider the geodesic triangle formed by the points p, x;,u. Let their

corresponding side lengths be denoted by a = d(p, z;), b = d(p,u), and ¢ = d(x¢,u). The sign

of the inner product (—g¢, exp.! (u)) is determined by the sign of the cosine of the angle 6 at the

vertex ;. From inequality (12), we have cos > tanh(y/|k|a) > 0. This directly implies that
(—gt, expy,t(uw)) > 0. We next show that

iy (17)

D
fres|miz sz = 5

For any t € I, we consider the quantity |s;+1 — s;| and analyze it by distinguishing two cases
depending on whether

Tyy1 1= expy, (—ougt)

lies within the feasible set /C.
If ;11 € K, no projection is applied, and hence the change in s; equals the step length, i.e.,

|st+1 — st| = | gel|-

15
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Conversely, if ;11 ¢ K, the iterate is projected onto the boundary of K. Because g; is defined
such that the direction —a;g; points toward the center p, any step that exits K must cross p. As a
result, the updated point satisfies |s;41| = D /2 with an opposite sign to that of s, leading to

‘St+1 — St| = |St| + D/2 > D/2

These two cases can be combined into a single, unified lower bound: |s;+1—s¢| > min(oy||g:||, D/2).

Furthermore, using the condition for ¢ € I, namely o > - \%, and the fact that ||| = L/v/2, we
have ay||g¢|| > W Since ¢ > 1 by definition and we assume 7" > 2, it follows that \/2(T > 2,
which ensures that \/% < D . This leads to the final lower bound:
sev1 = sul = min (acllgel, 5 ) > min (2 D) = 2
S — S min | « y min |\ —F(——, — = —.
t+1 t| = tl| gt 5 VT 2 3T

Therefore, if both |s¢41| < 3acT and |s¢| < SvVacT then|s; 11 —s¢| < JacT Wthh contradicts

the above inequality. Thus, foreach ¢ € I, at least one of ¢ or t+-1 satisfies |s¢| > m Combining
this with the fact that s;11 = s; for all ¢ ¢ I, it follows that for any two consecutive elements of I,

say t; and t; 1, at least one of them must satisfy |s;| > \/W Therefore equation (17) holds.

Using Lemma 10, we obtain that for any ¢ € I with |s;| > 3 \/7 it holds that

20T
DL\@

(—gr,expy, (v)) > o (18)

Then, from Proposition 6, there exists { f;} satisfying Assumptions 1, 2 and 3 such that

T
Regr(u Z — gt expy ! (u)). (19)
t=1

Combining (17), the bound of (18) that holds for ¢ such that |s;| >
(—gt, expg, (w)) > 0 hold for all other ¢, we obtain

D
N and the fact that

¢ ¢
d g o=l )) > DL\/;B N DL\/;Z _ DLVCT
thl b expy, (u) 2 32 2~ 64 2~ 128 °

Case 2: |I| < L.

Let J = {1,...,T} \ I, and note that our condition implies |.J| > T'/2. Let the elements of .J be
ordered as t; < ta < --- < t|;. Define a geodesic 7 such that 7(0) = p,¥(0) = e1. Assume
(< T.Letzy =v(—Ley),u= expp(%el), and x; = y(s;). Define

(tel),

0
N {L\/gd(:z,u) (teld).

Then, fi(x¢) > 0, fi(u) =0, and

( )_{O (tel),
T Cy s (e ).

16
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We can express

Jj—1 Jj—1 C
St; — 81 = Zatingtin = ZatiL Tl
VT

i=1 =1

. ) D .
Since o; < LVCT for i € J, we have

DG —1)
T
Because s1 = —%, we obtain
D(j—1 D
5 < (JT ) a
Therefore, forallt = 1,2,...,T, we have s; < % — % g Then, we obtain

ftj (.th) = L\/Ed(.ft].,U) =L % <2 — Stj> .

Consequently, combining the fact that f;(x;) = 0 for t € I, we obtain

Regy(u th ) iL[(—stJ.

Because |J| > L and L\/g (5 —s¢,) > 0, itholds that

S5 (§-n) =55 (5-n)

Next, substituting the upper bound for s¢; from (20) into this inequality yields:

_y o/ spT =it

; T T
J=1
¢ 3T?+2T
=L\ =2D———
T 8T
> %DL\/CT.

S (50) S (5 (2

D

2

(20)
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Thus, we have 5
Regp(u) > §DL CT.

Therefore, in both cases, we have regret lower bounds of Q(DL+/CT).

Appendix D. Proof of Theorems 7 and 11

A function f is called p-strongly g-convex if for any geodesic v : [0, 1] — KC, it holds
FOW) < (L= 0FGO) + 56 (1) = 51 = O ((0),9(1) - (v € 0.1)).

On a Hadamard manifold, the squared distance function x %dg(:p, y) is 1-strongly geodesically
convex ([15, Lemma 12.15] and [2, Remark 2.2.2]). When the objective function f; is strongly
g-convex, the following theorem holds.

Theorem 11 Suppose that Assumptions 1, 2, and 3 hold. We also assume that f; is p-strongly
g-convex for all t € [T]. Then, R-FTRL defined in 5 with 1,(x) = 0 achieves the following regret
bound:

1.2
RegT < ﬂ(l + log(T))

In this section, we provide the proofs for Theorems 7 and 11. To demonstrate the regret bound
for FTRL on manifolds, we use the following lemma and proposition. In the following, M is a
Hadamard manifold and X is a convex subset in M.

Proposition 12 For f : K — R, the following conditions are equivalent:
(i) fis u-strongly g-convex.

(ii) Forall z,y € K, Of (x) is non-empty, and for all g € O f(x), it holds that
) = £@) + (g.exp; ' (9) + S ().

Proof We apply the proof in [25] for the case of pu-strongly g-convex functions.

(ii) = (i)

Let 7y : [0, 1] — K be the geodesic connecting v(0) = x and (1) = y, and define ¥(¢t) = v(1 — ).
Fix t and set u(s) = t+s(1—t). Define a(s) = y(u(s)) = y(t+s(1—t)) and B(s) = (1 —t+st).
Then,

a(0) =~(t), (0= (1~ 3(0)
s
50) = (1), (0 = ~#i(1)

By (ii), for any g € 0f(v(t)), we obtain
F) 2 S 0) + (1= (g, 5(0) + 51— ().
F@) = FO1(1) = tlg.4(8) + 5P ().

18
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Thus,
H(y) + (L= Df(@) > f((0) + 50 =D ().

(1) = (i)
Since f is g-convex, df(x) is non-empty. For any g € 0f(x), by the definition of subgradient,

{g.expz (1(1))) = t{g,expy " () < F(4(1) — f(x).
Using the p-strongly g-convexity of f, we get

() = f(=)

T < f) ~ fl@) ~ 50— )P ().

{g.exp; ' (y)) <
Taking the limit as t — 0 gives (ii). |

Lemma 13 Let f : K — R be a p-strongly g-convex function. Then, for any x,y € K and
g € 0f(x), it holds that

ﬂ@—ﬂws;mw?
Proof
flx) = fly) < —(g,exp; ' (y)) — gdz(rﬂ, y) (. fis p-strongly g-convex)

I - o Ly o
= —5llexps (y)+M9H +2MH9H

A

1 2
< ﬂllgll :

Lemma 14 Let f : K — R be g-convex. Then, x* € arg mingcic f(z) if and only if 0 € O f(x*).

This follows from 2* € arg mingex f(z) < f(z) > f(2*) = f(a*) + (0,exp, (z)) (Vo € K).

Proof of Theorems 7 and 11. Using these lemmas, we derive an upper bound for FTRL on a
manifold. Define functions F; as Fy(z) = 4 (x) + Y221 fi(x), with i1 = 7.

Lemma 15 The following holds:

T T
> (fulwe)— = i1 (u)— gg}cﬂﬁl($)+Z[Ft($t)—Ft+1($t+1)+ft(1?t)]+FT+1($T+1)—FT+1(U)-
t=1 t=1

19
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Proof
T
= filw) = ¥ri1(u) = Frya(u)
t=1
= Yry1(u) — Fi(z1) + Fi(21) — Froa(@ra) + Fra () — Fraa(u)
T
= Yra(u) = Fi(z) + Y _[Fi(ae) — Froa(@)] + Proa(wri) — Froa(u).
t=1
Since F(z1) = 11 (21) = mingex ¥1(x), the lemma follows. [ |

Lemma 16 Assume F; is g-convex, and F} + f; is \-strongly g-convex. Then, for g; € O f(xy),

1

Fi(xt) — Fip1(@e41) + fr(we) < 27“”97&”2 +Ye(zi41) — Yer1(zer1)  (Vge € Ofe(me)).

Proof Since x; € argmingex Fi(x), Lemma 14 implies that 0 € 9F;(z). In particular, g; €
Ofi(xy) is also in O(F; + f)(x¢). By Lemma 13 with \;-strongly g-convexity of F; + f;, we have

Fy(zt) — Fepr(ve1) + fe(ae) = (Fe(xe) + fe(ae)) — (Fe(@eg1) + fe(@e41))
+ (1) — Yr1(Te41)

2
< llgell” + Ve(@e41) — Ve (e41).
2\

Lemma 17 Let ) : K — R be p-strongly g-convex. Let oy be a sequence of positive numbers that
satisfies oy < oyy1. Define 1y : KK — R>q by

Y(x) — min,ex Y (2) .

(6721

() =

Then, for R-FTLR using 1y as the regularization function, the following inequality holds:

T
1
Regy(u) < vr(u) + 57 > aeflgel®
t=1

Proof From Lemma 16, we have

E

[Fi(z1) — Fip1 (@) + fr(@e)]

~~
Il

1

L Taylgel)?
[Pt )~ i)
=1
Soallgl?®
< Z T (since oy < 1 = Y > Pyy1).

&
Il
—
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Also, since 741 = argmingei Fryi(x), we have

Frii(zrie1) < Frog(u).
Together with Lemma 15, this gives

T
Regr(u) = Y (filwr) = fi(u))

t=1

T
< ryr(u) — mmwl )+ Z Fy(z¢) — Fip1(xi41) + filxe)] + Froa(@erse) — Frya(u)
=1

1
u)+ - at—lHQtHQ-

Corollary 18 (Restatement of Theorem 7) Suppose that Assumptions 1, 2, and 3 hold. Let p be
an arbitrary point in KC. Then, R-FTRL defined in 5 with regularizer 1, (x) = g—‘ng(x, p) achieves
the following regret bound:

3

Proof Since v is 1-strongly convex from Proposition 12, By applying Lemma 17, we derive the
following upper bound on the regret:

T
1
Regp(u) < ¥r(u) + 2 E ar—1l|gt|?
=1

(u p)° T
1 D
Y
L\f 2 t=1 L\/i
T
DL\F 1
< DL
3
< 5DL\/T.
Here, we used the fact that Y7 17 < 2VT. |

Corollary 19 (Restatement of Theorem 11) Suppose that Assumptions 1, 2, and 3 hold. We also
assume that f; is p-strongly g-convex for all t € [T). Then, R-FTRL defined in 5 with 1y(x) = 0
achieves the following regret bound:

L2
R < — (1 +1log(T)).
cir < 5 (14 log(T))
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Proof Noting that F} + f; is a (ut)-strongly convex function, from Lemmas 15 and 16, we have

M=

1
Regp(u) < ﬂHQtHZ
=1 “H
2 1
< = -
- QM;IS
L2
< —(1+logT).
< 2u( +log T)

These results demonstrate the effectiveness of FTRL on manifolds.
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