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ABSTRACT

Equivariant Neural Networks (ENNs) have empowered numerous applications
in scientific fields. Despite their remarkable capacity for representing geometric
structures, ENNs suffer from degraded expressivity when processing symmetric
inputs: the output representations are invariant to transformations that extend be-
yond the input’s symmetries. The mathematical essence of this phenomenon is that
a symmetric input, after being processed by an equivariant map, experiences an
increase in symmetry. While prior research has documented symmetry increase in
specific cases, a rigorous understanding of its underlying causes and general reduc-
tion strategies remains lacking. In this paper, we provide a detailed and in-depth
characterization of symmetry increase together with a principled framework for
its reduction: (i) For any given feature space and input symmetry group, we prove
that the increased symmetry admits an infimum determined by the structure of the
feature space; (ii) Building on this foundation, we develop a computable algorithm
to derive this infimum, and propose practical guidelines for feature design to pre-
vent harmful symmetry increases. (iii) Under standard regularity assumptions, we
demonstrate that for most equivariant maps, our guidelines effectively reduce sym-
metry increase. To complement our theoretical findings, we provide visualizations
and experiments on both synthetic datasets and the real-world QM9 dataset. The
results validate our theoretical predictions.

1 INTRODUCTION

Equivariant Neural Networks (ENNs) have
become a cornerstone of modern ma-
chine learning, empowering numerous
applications in scientific fields ranging
from molecular dynamics to materials de-
sign (Bronstein et al., 2021; Huang & Cen,
2026). By building in physical symmetries,
these models achieve remarkable data effi- (a) 3-fold (b) 4-fold
ciency and generalization capabilities when Figure 1: k-fold structures.
representing complex geometric structures.

Th

Despite their success, ENNs exhibit a critical vulnerability when processing symmetric inputs:
their expressivity can degrade, leading to a loss of information. This phenomenon, which we term
symmetry increase, occurs when the output representation becomes invariant to transformations that
are not symmetries of the original input itself. A canonical example arises when processing k-fold
symmetric structures. These objects, visualized in Fig. 1, possess a specific dihedral symmetry, yet
an ENN will map their distinct rotated versions to an identical feature, erasing their orientation.

This type of degradation has been documented in previous work. Empirically, it has been observed
that the degradation depends on the feature space, particularly for symmetric inputs (Joshi et al., 2023).
Theoretically, research on ENNs has shown that for k-fold symmetries, selecting only low-degree
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features can cause all rotated inputs to collapse into a single representation (Cen et al., 2024). This
ENN-specific issue is a modern manifestation of a general phenomenon observed in other fields. It
has been linked to physical principles such as Curie’s Principle (Smidt et al., 2021) and described
using the concept of orbit types (Kaba & Ravanbakhsh, 2023).

However, existing analyses provide an incomplete picture and lack a predictive framework. In our
analysis, this degradation of k-fold caused by symmetry increase can be categorized into three distinct
types: full degeneration, axial degeneration, and half degeneration (see Fig. 2)'. The work of Joshi
et al. (2023), while empirically important, does not theoretically explore the cause of the degradation.
The collapse-to-zero theory proposed by Cen et al. (2024) addresses only full degeneration, which is
the most extreme case identified by our analysis. The broader principles discussed by Smidt et al.
(2021) and Kaba & Ravanbakhsh (2023) lack a rigorous mathematical description, and the solutions
proposed, such as in Kaba & Ravanbakhsh (2023), often involve relaxing the equivariance constraint
itself, rather than providing a solution within the equivariant framework.

In this paper, we fill this gap by providing a comprehensive mathematical characterization of symmetry
increase. Our main contributions are briefly listed as follows:

e In § 3, we prove for any given feature space and input symmetry group, that the increased
symmetry is bounded from below by a unique symmetry infimum, which is determined entirely
by the algebraic structure of the feature space.

* In § 4, we develop a computable algorithm to derive this infimum by analyzing the orbit types.
This provides practical guidelines for predicting and controlling potential symmetry increases,
thereby preventing harmful symmetry increases in feature design.

* In § 5, we demonstrate that under regularity conditions, such as the manifold hypothesis for
data, our method can fully reduce symmetry increase. Specifically, for most equivariant maps
or for ENNss with sufficient approximation capabilities, the output symmetry will be precisely
this predictable infimum, preventing orientational information loss.

* In § 6, we complement our theoretical findings with empirical evidence. We provide visual-
izations to illustrate the proposed concepts and present experimental results on both synthetic
datasets and the real-world QM9 dataset, which validate our theoretical predictions and demon-
strate the practical effectiveness of our framework.

2 PRELIMINARIES

Group action and representation. Consider the action of a group G on a set X, denoted by px.
This action is a map that assigns to each element g € G a transformation px (¢) : X — X, such that
px(g192) = px(g1)px(g2). We call such a set X a G-set. In particular, if X is a vector space and
px(g) is a linear transformation for all g € G, we call X a G-representation?.

Equivariant map. For maps between two G-sets X and Y, an equivariant map is one that respects
the group action, meaning that the output transforms accordingly when the input is transformed.
Formally, amap f : X — Y is equivariant if forall g € G and z € X:

Flpx(9)(@)) = py (9)(f(2)). )

Example 2.1 (Equivariant Encoding of Point Clouds). The symmetry group is G = H x S, where
H is typically the special orthogonal group SO(3) or the orthogonal group O(3), and S,, is the
permutation group. We consider features that are invariant to both permutation and translation.
To achieve translation invariance, the input representation X is the space of centered point clouds,
where H acts on the coordinate of each point and S,, permutes the points. To achieve permutation
invariance, the final output are designed to be invariant with respect to Sy,. This means the feature
representation of interest is a direct sum of specified irreducible representations of H. The task of
equivariant encoding is then to learn an equivariant map f : X — Y.

Data symmetry. For a G-set X, the action partitions the space into orbits, G(z) := {g(z) | g € G}.
The subgroup that fixes a point is its isotropy subgroup, G,. := {g € G | g(z) = x}. The conjugacy

! Although we choose k-fold as an illustrative example, our theories are applicable to general cases.
*Unless otherwise specified, all groups are assumed to be compact Lie groups, and all vector spaces are
finite-dimensional real vector spaces.
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class (G ) of this subgroup is the orbit type of x. The set of all points with orbit type (H) is Xz
and the set of points fixed by all elements of a subgroup H is the fixed-point set X .

These concepts distinguish between the global symmetry of the space and the intrinsic symmetry of
an object. The group G represents the global symmetry, transforming the object between different
reference frames. An orbit G(x) thus represents a single physical object in all of its possible
orientations. This object possesses its own intrinsic symmetry, mathematically defined by the isotropy
subgroup G, for any point  on its orbit. While the specific subgroup is frame-dependent, its structure
up to conjugation is constant. The orbit type (G,.) therefore serves as a reference-frame independent
identifier that precisely describes the physical object’s intrinsic symmetry. The set of all possible
orbit types, O (X)), thus catalogs all distinct symmetries that objects in the space can possess.

Example 2.2. Now apply the setup from Ex. 2.1. Consider the action of G = O(3) X Si41 on
centered point cloud space X for k > 2. Let x € X be the set of vertices of a k-fold in the xOy-plane:

x = (x0,21,...,2), wherex; = (cos(2in/k),sin(2ir/k),0) fori > 0. 2)
with xq at the origin. The generators of G, include:(1) A rotation about the z-axis combined with a
cyclic permutation of x1, . . . ,xk. (2) A reflection across the xOz-plane combined with a product of

transpositions. (3) A reflection across the xOy-plane combined with the identity.

Considering the projection map wx ((g,0)) = g, where (g, o) is a pair consisting of a geometric
transformation g € O(3) and a permutation o € Sy, we find that geometric symmetry 7wx (G ) is the
dihedral group with horizontal reflection of order 4k, denoted by the Schoenflies symbol Dyy,.

The symmetry of data can be altered by an equivariant map. The following theorem shows that an
equivariant map does not decrease symmetry.

Theorem 2.3 (Curie’s principle, Kaba & Ravanbakhsh (2023), Thm. 1). Let f : X — Y be a
G-equivariant map. For x € X, the isotropy subgroup of x is contained in that of its image f(x), i.e.,

Such an increase in symmetry becomes unavoidable if the feature space Y cannot support the
input’s symmetry. If the orbit type (G) is not present in Y (ie., (G,) ¢ Og(Y)), then the
equality G, = G(,) is impossible (otherwise, G'y(,) becomes an isotropy subgroup, implying
(Gz) € O¢(Y), which leads to a contradiction), and the symmetry must therefore strictly increase.
This increase leads to a degeneration, as any transformation g in the larger group G4, that is not
in G, will map the distinct inputs 2 and g(x) to the same output, since f(g(z)) = g(f(x)) = f(z).
Fig. 2 illustrates three possible types of such degenerations for the k-fold structure from Ex. 2.2.

3 THE INFIMUM OF SYMMETRY Half Degeneration

. . . . 2 /\
This section establishes that symmetry increase A
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infimum and show that its coincidence with the @ 0. o o

input symmetry is a necessary condition for an
equivariant map to preserve symmetry.

Input Space Output Space

3.1 THE INFIMUM OF SYMMETRY Figure 2: Three types of degeneration of k-fold.

The symmetry of data can increase after being transformed by an equivariant map. This increase
can be an intentional design choice, or it can arise from subtle properties of the feature space. For
instance, in the task from Ex. 2.1, the requirement for permutation-invariant features means that the
permutation group .S,, is naturally introduced into the isotropy subgroup of any output. This type
of designed, unavoidable symmetry increase is formalized by the kernel of the group action on the
feature space. We define the kernel of the action px as the set of group elements that fix every point
in X: kerpx :={g9g € G| g(x)=z,Vr e X}

Distinguishing between intentional and unintended symmetry increase is crucial. We begin by
assuming that the group action is faithful, i.e., it has a trivial kernel with kerpy = {e}. The case of a
nontrivial kernel will be discussed in the next subsection.
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To characterize the behavior of symmetry increase within a representation X, we first establish a
partial order to compare different symmetries. An orbit type (H;) is considered greater than or equal
to another, (Hs), written as (H;) > (Haz), if H; contains a conjugate of Hs. This ordering reflects
that a larger orbit type corresponds to a higher symmetry.

With this framework, we are interested in the lower bound of orbit types that can be reached from
a point & with a specific isotropy group H = G,. The analysis can be framed around any closed
subgroup H, as the set of all possible isotropy subgroups is precisely the set of all closed subgroups
of GG (see, e.g., Field (2007); Mostow (1957)). The fixed-point space X H contains points of all higher
orbit types. This leads to the following powerful theorem, which guarantees that the lower bound on
symmetry increase is unique, corresponding to an isotropy subgroup that is unique up to conjugation.

Theorem 3.1 (Uniqueness of Minimal Type). Let X be a representation of a compact Lie group
G. For any closed subgroup H C G, a unique minimal orbit type exists among the points in the
fixed-point subspace X ™. In particular, if (H) € Og(X*™), then (H) is the minimal orbit type
within that subspace.

The uniqueness guaranteed by this theorem allows us to define the symmetry infimum, denoted by
Ic(X, H), as this unique minimal orbit type. In the context of symmetry increase, we are concerned
with the relationship between I(Y, G;) and (Gf()). An unexpected symmetry increase occurs if
(G¢x)) > 1a(Y, Gy). The desired behavior for an equivariant map is captured by the following
definition. For a map between G-sets X and Y, we define an isovariant map as one that strictly
preserves symmetry for all z € X:

Gy =Gy 4)
Using the concept of the symmetry infimum, we can provide a necessary condition for the existence
of isovariant maps. In § 5.1, we will see that this condition is in fact not sufficient for equivariant
maps between representations, even when we assume a trivial kernel kerpy = {e}.

Theorem 3.2. A necessary condition for the existence of an isovariant map between G-sets X and
Y isthat O (X) C Oc(Y). When X and Y are representations of a compact Lie group G, this is
equivalent to the condition that I(Y,H) = (H) for all (H) € Og(X).

3.2 EQUIVARIANCE WITH NON-TRIVIAL KERNELS

When the feature space Y is restricted to have a non-trivial kernel, i.e., ker py # {e}, the definition
of an isovariant map becomes too restrictive. Since every isotropy group G, in Y contains the kernel,
any subgroup H not containing ker py cannot occur as an isotropy subgroup. Consequently, for any
map f: X — Y, an input isotropy subgroup G, that does not contain the kernel must increase.

To formalize this unavoidable symmetry increase, we introduce an operator py . In the discussion
following Ex. 2.2, the presence of the Sy 1 kernel forces the input isotropy subgroup G, to become
at least Dy, X Si41 in the feature space. We generalize this observation. The operator py (H) is
defined as the smallest subgroup containing H that is compatible with the action on Y, given by the
projection py = 7r{,1 o my, where my : G — G/kerpy is the natural projection. This operator is
idempotent (p?- = py') and maps any isotropy subgroup in Y to itself. These properties reveal why
increasing is unavoidable. For any equivariant map f, the relation G, C G'y(,) must hold. Applying
the py operator to this inclusion gives:

G. Cpy(Ge) Cpy(Gay) = G- &)

This unavoidable increasing from G, to py (G, ) means our goal is not to preserve G, itself, but
to ensure no additional symmetry is introduced beyond py (G, ). This leads to a more practical
definition. We say amap f : X — Y is an isovariant map relative to Y if for all x € X it satisfies

When the kernel is trivial, this definition reduces to that of a standard isovariant map. With this
refined goal, we can state a necessary condition for the existence of such maps.

Theorem 3.3. A necessary condition for the existence of an isovariant map relative to 'Y from a
G-set X to a G-set Y is that (py (H)) € Og(Y) for every (H) € Og(X). When X and 'Y are
representations, this is equivalent to the condition that I(Y, H) = (py (H)) for all (H) € Og(X).
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Figure 3: Visualization of representation spaces. (a) A k-fold structure is reoriented onto multiple
planes. (b) Each is further rotated about the perpendicular axis. (c) All structures are embedded
and projected into 2D. Marker shapes denote rotation axes, and colors denote rotation rates. Full
degeneration appears at [ = 0, 1, and axial degeneration at [ = 2, 4.

4 COMPUTATION OF ORBIT TYPES

The computation of orbit types is a classical problem, with most established results focusing on
irreducible representations, often in the context of bifurcation theory. In representation learning tasks,
however, we utilize feature spaces containing high multiplicities of these representations, which
requires us to supplement the existing computational frameworks.

4.1 ORBIT TYPES OF HIGH-MULTIPLICITY REPRESENTATIONS

For a compact Lie group G, any representation space X can be uniquely decomposed into a direct
sum of its irreducible components. For G = SO(3), this decomposition is written as
~ 00 dm(X,V,—

X =@, v, )
where V), is the irreducible representation corresponding to the space of spherical harmonics of
degree ly, and m(X, V,—;,) is its multiplicity. For G = O(3), the decomposition is similar, but the
irreducible representations must also be distinguished by parity, denoted V;_ I and V,_ I

We begin with the foundational criterion for identifying isotropy subgroups, first established as a
necessary condition by Michel (1980).

Theorem 4.1 (Michel’s Criterion, Michel (1980), App. A). Let V be a representation of a group
G. A necessary condition for a closed subgroup H to be an isotropy subgroup in'V is that for any
adjacent closed subgroup H' 2 H, the dimension of the fixed-point subspace strictly decreases:

dimVH < dimVH. 8)

While this condition is not sufficient for all representations, its sufficiency can be guaranteed under
certain common conditions. We define a representation V' of a group G as a high-multiplicity
representation if for every non-zero isotypic component corresponding to an irreducible representation
V;, its multiplicity m(V, V;) is greater than dim G.

Proposition 4.2. For a high-multiplicity representation V, the necessary condition stated in Thm. 4.1
is also sufficient.

This criterion is particularly powerful for two reasons. First, it offers a computationally convenient
method in the form of a chain recursion, which only requires checking adjacent subgroups. The
dimensions of the necessary fixed-point spaces can be calculated via the trace formula (Golubitsky
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Algorithm 1: Orbit Type Test for High- Algorithm 2: Symmetry Infimum Cal-
Multiplicity Representations culation
Data: Symmetry group G, Data: Symmetry group G;
Closed subgroup H C G, Closed subgroup H C G
High-Multiplicity Rep. V of G Rep. V of G.
Result: is_in((H),Oq(V)). Result: Symmetry inf. I (V, H).
1 Letset S = {H;} C G to be all adjacent rifis_in((H),Oq(V)) then
closed supergroups of H in G; 2 | return (H);
2 O« 3 end
4 Letset S = {H;} to be all closed
3 dy  dim V', supergroupi of if in G;
4 for H; in S do 5 O« o,
5 dg, + dim VHi; 6 for H; in S do
6 ide _dHi = 0 then 7 if iS_in((HZ'),O(;(V)) then
7 | returnFalse; 8 | Add (H;) to O;
8 end 9 end
9 end 10 end
10 return True; 11 return min(QO);

et al., 1988). Second, the sufficiency condition is frequently met in our applications, as it holds for all
finite groups and for feature spaces with a high number of channels. Based on the result of Prop. 4.2,
we design an orbit type test Algo. 1 and a symmetry infimum calculation Algo. 2. Using the two
algorithms described above, we have characterized all instances of symmetry increase for the closed
subgroups of SO(3) or O(3) in the representations VIEZ) and VE;; for r > 3, respectively, see § C.4.
We now illustrate our algorithms with a simple example. ’

Example 4.3. We illustrate our algorithms by calculating the orbit type and symmetry infimum for
the geometric symmetry Dy, (k > 2) of the k-fold from Ex. 2.2, considered as a subgroup of O(3).
The calculation is performed in the high-multiplicity representation space Y = Vlilro (r>3,lp>0).
Here we provide only a sketch of the derivation, the full procedure is provided in § C.3.

First, we apply the orbit type test from Algo. 1. This involves comparing the dimension of the
fixed-point space of Dy, with that of its adjacent supergroups (e.g., Dpy j, and, for k = 4, Oy,). The
analysis shows that (Dyy,) is an orbit type if and only if |y > k and ly, k have the same parity. Next,
we apply the symmetry infimum calculation from Algo. 2. This requires identifying the minimal orbit
type among all supergroups of Dyy, including non-adjacent ones like Doy, and O(3). The final
results are summarized in Table 1.

Table 1: The symmetry infimum Io3) (V2] , Dys) for k > 2,7 > 3,15 > 0.
lo <k k<ly <2k lo > 2k
lpiseven [lpisodd Ipiseven I[pisodd I[yiseven [jisodd

kiseven  (Doon)  (O(3))  (Dgn)  (0B))  (Dgn)  (O(3))
kisodd  (Dson)  (O(B3))  (Dson)  (Drkn)  (Dakn)  (Dia)

The analysis in Ex. 4.3 predicts three types of degeneration for the k-fold inputs from Ex. 2.1:

* Half Degeneration: The symmetry infimum of G, is (Dagp X Sk+1). The feature cannot
distinguish the k-fold from itself rotated by 7 /k around the z-axis.

* Axial Degeneration: The symmetry infimum of G, is (Dsop X Sk+1). The feature cannot
distinguish the k-fold from itself rotated by any angle around the z-axis.

* Full Degeneration: The symmetry infimum of G is (O(3) X Sk1). The feature cannot
distinguish the k-fold from itself rotated by any angle around any axis.

We consider encoding k-fold point clouds using equivariant neural networks and visualize the
resulting embeddings. The three degenerations are experimentally verified in our visualizations,
with Fig. 3 showing full and axial degeneration, and Fig. 4 showing axial and half degeneration.
Although derived assuming high multiplicity (= > 3) in the feature representation, these predictions
are identical for the single representation case (r = 1), see § C.4.
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Figure 4: Visualization of representation spaces. (a) A k-fold (k is odd) structure is rotated 7 /k about
the perpendicular axis. (b) The path of symmetry increase. (c) Half degeneration appears at [ = 10.
Atres = 98 and res = 49, the overall shape is identical, but the yellow data points (i.e. the second
half of the rotation) completely cover the blue data points.

4.2 GUIDELINES FOR MANAGING SYMMETRY INCREASE

It is a general property of representations that the orbit types of a direct sum are related to those
of its components by Og (V1) U Og(V2) C Og(Vi @ Va), and Ig(Vy & Vo, H) < I¢(V;, H) for
1 = 1, 2, with equality conditions discussed in § C.5. These properties provide a direct mechanism
for controlling the symmetry increase of an equivariant feature, that is to choose components whose
symmetry infimum (computed as described in § C.4 for G = SO(3) or O(3)) align with the desired
behavior for task-relevant symmetries. Regarding the selection of the feature space Y in equivariant
representation learning, this principle translates into two guidelines.

For orientation-dependent tasks (e.g., § 6.2), when considering the kernel of feature space, it is
crucial to avoid non-trivial symmetry increase (i.e. ensuring the map is relative isovariant) since such
increases can lead to the accidental loss of orientational information. Therefore, for a given input
symmetry (H ), one should select feature components that contain the orbit type (py (H)).

For general tasks (e.g., § 6.3), certain forms of symmetry increase must be avoided, as the output
symmetry reflects the dimensionality of the fixed-point subspace where the equivariant features
lie (see Remark of Prop. C.2). In this context, one should generally avoid components where the
symmetry infimum indicates a severe compression of the fixed-point subspace. Specifically, one must
be cautious of components corresponding to non-trivial representations where the symmetry increases
to the full group, as this causes the component to be annihilated and lose all discriminative power.

5 DENSITY OF (ALMOST) ISOVARIANT MAPS

We now connect the preceding theory to a practical machine learning context by introducing models
for the data distribution and for the parameterized map. We show that the necessary conditions for
isovariance established previously become sufficient under a relaxed definition of isovariance.

5.1 THE MANIFOLD HYPOTHESIS

Motivated by the manifold hypothesis and the broader considerations summarized in § A.3, we
model the data distribution as being supported on a finite union of smooth, compact submanifolds
M= ; M embedded in X. When a group G acts on X, this action equips each M with a natural
G-manifold structure.

The central question is: when does an isovariant map f : M — Y exist? The existence is a non-trivial
issue. The counterexample in Cex. D.3 demonstrates that the necessary condition of orbit type
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inclusion is not sufficient. Specifically, it shows that an isovariant map can fail to exist precisely
because the multiplicities of the irreducible representations in the feature space are insufficient.

The non-existence of perfectly isovariant maps motivates a more practical, relaxed definition: a
map that is isovariant almost everywhere. To formalize this, we equip M with the d-dimensional
Hausdorff measure pps, where d = max;{dim M, }. This allows us to identify subsets of measure
zero as negligible. Note that Mgy is a finite union of submanifolds, then f is almost isovariant
relative to Y if for every orbit type (H) in the data support, the isovariance condition

py (Gz) = pY(Gf(w))v )]

holds for all points « € M) except for a subset of jips ,, -measure zero. This ensures that any
undesired increase in symmetry occurs only on a negligible portion of the data.

5.2 GENERICITY OF (ALMOST) ISOVARIANT MAPS

For Ex. 2.1, we select TFN (Thomas et al., 2018), a classic ENN based on tensor products, as our
parameterized model. We provide the complete formulation to § D.2. An important property of
TFN parameterizations Frry is that they satisfy a universal approximation theorem (Dym & Maron,
2021). In topology, this is equivalent to Frpy being dense in equivariant function space C(X,Y)
with respect to the C° topology. In fact, we can establish a stronger approximation theorem.

Theorem 5.1. In Ex. 2.1, the function families FrypN with smooth activation function are C*°-dense
in the space of smooth equivariant maps CZ(X,Y). That is, for any integer v > 0, any map
feCx(X,Y), any compact set K C X, and any € > 0, there exists a function g € Frpx such that

maxzex ||D¥f(z) — D¥g(z)|| < e,k <. (10)

Here, D* denotes the k-th order total derivative operator. A significant portion of maps within a
dense parameterization reflects the generic properties of the mapping space. For equivariant maps, a
key generic property, closely related to almost isovariance, is that the dimension of the set of points
where the orbit type is increase from (H) to (H') by a map f is constrained for a generic map. The
following theorem shows that for expressive models with C'*° approximation capabilities, such as the
TFN discussed, almost isovariance is a generic property, and full relative isovariance can be achieved
by increasing representation multiplicity. As shown in Cex. D.3, this requirement is tight.
Theorem 5.2. Let F be a equivariant parametrization with C'° approximation capability. If for
every (H) € Og(M) we have (py (H)) € Og(Y), then for any finite union of compact, smooth
G-submanifolds M C X, any f € CF(X,Y), any integer r > 0, and any ¢ > 0, there exists a map
g € F such that

max,enr||DF f(2) — DFg(z)|| < e,k <1, (11)
and g|pr is almost isovariant relative to Y. Furthermore, if the feature space Y contains a
representation Y " for an integer v > max;{dim M;}, where Y itself satisfies the condition
(py(H)) € Oq(Y), then the approximating map g|n can be chosen to be isovariant relative to Y.

6 EXPERIMENT

We validate our theoretical analysis through three experiments: representation-space visualizations
in § 6.1, a geometric graph discrimination task in § 6.2, and a molecular isotropic polarizability
prediction task on QM9 (Ramakrishnan et al., 2014) in § 6.3. Across all experiments, we consider
two equivariant architectures, TFN (Thomas et al., 2018) and HEGNN (Cen et al., 2024): TFN is used
in the first two experiments, whereas HEGNN is employed in the last two. All detailed experimental
settings are provided in § F.

6.1 VISUALIZATION OF REPRESENTATION SPACE

To provide a clearer illustration of our theory, we present visualizations of the representation spaces
of different degrees, obtained from the 3-fold structure.

Dataset. We first construct a k-fold structure lying in the Oy plane (here £ = 3), and then
apply random rotations to place it on m distinct planes (here m = 6), as illustrated in Fig. 4(a).
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Subsequently, as shown in Fig. 4(b), each structure is further rotated about the axis perpendicular to
its plane. The rotation angle 6 € [0, 27/k) is uniformly discretized into res candidate values, defined
as {2mi/(k - res) "%, Unless otherwise stated, we use res = 49 to verify the half-degeneration.
We also consider the doubled resolution res = 98.

Embeddings. For the resulting m - res candidate structures, we compute the graph-level features
via randomly initialized single-layer TFN (Thomas et al., 2018) with detailed setting in § F.1. For
lp = 0 the feature dimension is 1; for visualization we set the second coordinate to zero. For [y > 1
the feature dimension is 2[p + 1 > 2; we reduce dimensionality via random projection and then
rescale all features to a common range so that visualizations are comparable. Data points are plotted
in ascending order of plane index; for structures on the same plane they are ordered by increasing
rotation angle about the axis.

Results. Detailed experimental results are presented in Figs. 3 and 4. The former shows the input
symmetry with [p < 11 increase to (O(3) X Sk+1) (Full degeneration, ly = 0, 1), (Doon, X Sk+1)
(Axial degeneration, [y = 2, 4), or remains non-degenerate. The latter shows the symmetry increase
to (Dagp X Sk+1) at lp = 10. These experimental results are consistent with Ex. 4.3.

6.2 EXPRESSIVITY ON SYMMETRIC GRAPHS

To experimentally validate our theoretical con- 2D Rotation 3D Rotation
clusion established , we design a more compre- 0 mt c
hensive experiment following Joshi et al. (2023). 1 S
o 2 o

Dataset. We construct four symmetric k-fold g 3 103 8E
structures (k € 2,3,4,6), each centered at the = ‘; o3
origip. For each. structure gq we apply a random E 6 £z
rotation to obtain Gy, ensuring that G; doesnot ¢ 7 L, 20

- X g X o 106.E x
coincide with the original Gy. The goal is to § : %‘z"
evaluate whether different ENNs can distinguish 10 7
Go from G;. To probe different aspects of our 1 | w
theory, we treat 2D and 3D rotations separately; 2-fold 3-fold 4-fold 6-fold 2-fold 3-fold 4-fold 6-fold
in the 3D setting we additionally require that G; Figure 5: Heatmap of Emb. Diff. Norm.

is not coplanar with G.

Embeddings. We employed both TEN (Thomas et al., 2018) and HEGNN (Cen et al., 2024)
to compute the norm of the embedding difference across 12 configurations for each, varying by
the number of irrep channels (1, 4, 16) and layers (1-4). The extracted /y-degree embeddings are
evaluated via the norm of the difference between the embeddings of Gy and G; as in Cen et al. (2024)
with detailed setting in § F.2.1. When this norm approaches zero, the two embeddings are numerically
indistinguishable, and hence the corresponding geometric figures cannot be told apart by the model *.

Results. The maximum value was selected for each configuration and visualized in a heatmap,
as shown in Fig. 5. The results exhibit a clear binary pattern: the values are either greater than
1073 or less than 10~% (due to numerical error), with a difference of more than 103 times. This
suggests that values exceeding 103 indicate distinguishable structures, while those below 106
correspond to indistinguishable structures. These findings align precisely with our theoretical
predictions. Furthermore, as the maximum value was chosen, with all norms being less than 106,
this phenomenon is shown to be independent of the model choice, the number of channels or layers.

6.3 MOLECULE PROPERTY PREDICTION WITH PRETRAINED EQUIVARIANT FEATURES

To illustrate the guiding significance of the theory presented in this paper for practical applications,
we designed experiments on the QM9 dataset (Ramakrishnan et al., 2014) for verification.

Dataset. We choose to predict the molecular isotropic polarizability «. It is worth noting that the
QMO dataset (Ramakrishnan et al., 2014) contains many highly symmetric structures spanning 22

3In Joshi et al. (2023), the embeddings are directly fed to a vanilla classifier. To address issues such as
imperfect classifier training and numerical error, we slightly modify this experimental setup. We also reproduce
their original experiment in § F.2.2, and the results remain consistent with our theory.
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Figure 6: MAE loss (in units of a}) for isotropic polarizability prediction with degree [ = Iy across
molecules from the top-16 point groups by molecular count. Each boxplot shows the distribution of
errors at a given degree, while diamond markers denote the corresponding mean MAE.

molecular symmetry groups #, with Fig. 6 reporting sample counts for the 16 most frequent groups;
the remaining seven are D3 with 2 samples and Cy, D2, Dgp, Oy, Sy, each appearing only once.

Embeddings. We adopt HEGNN (Cen et al., 2024) as our backbone. Specifically, we first pretrain
on features of [ < 11 to obtain a shared equivariant feature encoder, ensuring that all subsequent
configurations operate on the same embedding space. We then consider two fine-tuning strategies:
(a) using only features of [ = [y, and (b) using all features of [ < [y, yielding 12 distinct prediction
heads for each. The detailed experimental setup is given in § F.3.1.

Results. The results are shown in Figs. 6 and 7, with a summary of all symmetry increases in
Table 22. We note that for the majority of samples, different feature components contribute similarly
to the prediction. However, as illustrated in Fig. 6, for non-trivial feature components where molecular
symmetry increase to O(3), the prediction loss is substantially higher. Furthermore, the results in
Fig. 7 show that for symmetries causing full degeneration in 1-degree features, including additional
1-degree features may not provide significant improvement to the model’s prediction performance.
This validates the design guidelines in § 4.2. Detailed case studies are provided in § F.3.2.

7 CONCLUSION

In this work, we presented a rigorous mathematical framework to address the critical issue of
symmetry increase in ENNs. We introduced the concept of the symmetry infimum, a computable
lower bound for any increase in symmetry determined by the feature space. Our central contribution
is to show that this infimum can be used to precisely predict and control the expressive degradation of
ENNSs. The framework successfully explains phenomena in settings like those of Joshi et al. (2023),
which could not be fully accounted for by prior theories such as the collapse-to-zero model from Cen
et al. (2024). Our findings provide both a robust theoretical understanding and practical guidelines
for designing more reliable ENNs.

*We use the QM9 dataset as provided in PyG (Fey & Lenssen, 2019) and apply the PointGroup library (Car-
reras, 2025) to pre-compute and manually post-process the point groups of all molecules. As a result, our
statistics may differ slightly from those reported in previous works like Zeng et al. (2025).

10
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A BACKGROUNDS

A.1 EQUIVARIANT NEURAL NETWORKS

Equivariant Neural Networks (ENNs) have emerged as a cornerstone of modern machine learning,
enabling a wide range of applications across the sciences (Han et al., 2025; Wu et al., 2023; Li et al.,
2025b; Wu et al., 2025; Li et al., 2025c¢; Feng et al., 2026; Cao et al., 2026; Wu et al., 2026; Li
et al., 2025a). Most mainstream ENNs adopt tensor product operators to design the message passing
architecture (Thomas et al., 2018). In particular, since scalarization operations (e.g., norm and inner
product) can substantially reduce computational cost, Cartesian vector-based networks (Satorras et al.,
2021) and spherical scalarization networks (Cen et al., 2024; Aykent & Xia, 2025) have become
particularly popular. More specifically for asymmetric graph structures, Cen et al. (2025) point out
that networks employing scalarization operations already possess sufficient expressive power, i.e.,
universal approximation.

However, additional subtleties arise in the presence of input symmetries. The interaction between
architectural components and symmetric structures can lead to nontrivial representational effects. For
example, techniques such as global virtual nodes (Zhang et al., 2024; 2025) and reference frames
(Puny et al., 2022; Duval et al., 2023), though effective in improving model capacity, may exhibit
unintended behaviors when applied to symmetric inputs. In particular, their use can potentially induce
symmetry increase. In this work, we systematically analyze these phenomena under symmetric
structures for general equivariant neural network architectures.

A.2  CLOSED SUBGROUPS OF SO(3) OR O(3)

Before proceeding, we briefly review the classification of the closed subgroups of SO(3) or O(3).
The closed subgroups of O(3), also known as point groups, are classified up to conjugacy as follows.
Throughout this paper, we use the Schoenflies notation to denote these groups.

* Finite Subgroups: These are divided into axial and polyhedral groups. The axial
groups include the Abelian subgroups (Cy, Sak, Ckpn) and the non-Abelian subgroups
(Cxv, Diy Dih, Diq). The polyhedral groups are all non-Abelian and comprise seven
families (T, Ty, Ty, O, Oy, I, I,). Among these, the groups Cy, Dy, T, O, I consist solely
of pure rotations and are subgroups of SO(3).

* Infinite Subgroups: These include the cylindrical groups (Cso, Coohs Coovs Doos Doon)s
which arise as limits of the axial groups, and the spherical groups, which are K = SO(3)
and K, = O(3).

To facilitate the identification of input symmetries, we now provide a brief overview of the elemental
structure of the key finite subgroups. The identification of cylindrical symmetries, which are infinite,
can be achieved by taking the limits of these finite axial groups.

ABELIAN AXIAL GROUPS

* C% (Cyclic Group): Generated by a rotation ¢y, of angle 27 /k, with k elements:

(1) Rotations ¢, about the principal axis.

* S5 (Rotation-Reflection Group): Generated by adding a rotation-reflection element corop,
to O}, with 2k elements:

(1) Rotations c), about the principal axis.

(2) Rotation-reflections cgﬁlah about the principal axis.

e Ckp (Cyclic Groups with Horizontal Reflection): Generated by adding a horizontal
reflection plane oy, to C, with 2k elements:

(1) Rotations ¢}, about the principal axis.

(2) Rotation-reflections ci o, about the principal axis.
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NON-ABELIAN AXIAL GROUPS

* (' (Cyclic Groups with Vertical Reflections): Generated by adding a vertical reflection
plane o, to C}, with 2k elements:

(1) Rotations c), about the principal axis.
(2) Reflections ci o, about the vertical plane.

* Dj (Dihedral Groups): Generated by adding a 2-fold rotation axis us perpendicular to the
principal axis of C}, with 2k elements:

(1) Rotations ¢}, about the principal axis.
(2) 2-fold rotations ciuz about horizontal axes.

* Dy (Dihedral Groups with Horizontal Reflection): Generated by adding a horizontal
reflection plane oy, to Dy, with 4k elements:

(1) Rotations c), about the principal axis.

(2) 2-fold rotations c,iuz about horizontal axes.

(3) Rotation-reflections ci oy, about the principal axis.
(4) Reflections ci o, about the vertical plane.

* Djq (Dihedral Groups with Dihedral Reflections): Generated by adding a diagonal
reflection plane o4 = cor0, to Dy, with 4k elements:

1) Rotations ¢! about the principal axis.
k p p
2) 2-fold rotations ¢’ uo about horizontal axes.
k
(3) Rotation-reflections 2 +1ah about the principal axis.
2%k p p

(4) Reflections cgfjlaq, about the diagonal plane.

POLYHEDRAL GROUPS

* T (Tetrahedral Group): The rotational symmetry group of a tetrahedron, with 12 elements.
* Ty (Full Tetrahedral Group): The full symmetry group of a tetrahedron, with 24 elements.
o Ty, (Pyritohedral Group): Generated by adding an inversion center to 7', with 24 elements.

* O (Octahedral Group): The rotational symmetry group of a cube or octahedron, with 24
elements.

¢ Oy, (Full Octahedral Group): The full symmetry group of a cube or octahedron, generated
by adding an inversion center to O, with 48 elements.

* I (Icosahedral Group): The rotational symmetry group of an icosahedron, with 60 ele-
ments.

* [; (Full Icosahedral Group): The full symmetry group of an icosahedron, generated by
adding an inversion center to I, with 120 elements.

The subgroup relations among point groups, as well as the dimensions of fixed-point spaces of
O(3) representations, can be readily determined. In particular, they can be derived from the minimal
subgroup relations provided in § E.1 and from the dimension table for fixed-point spaces of irreducible
O(3) representations established in § E.2.

A.3 MANIFOLDS AND BASIC DATA ASSUMPTION

Following the definition in Milnor (1990), a C” manifold M is mathematically defined as a subset of
some linear space R?. For every point z in this subset, there must exist a neighborhood W in R? such
that W N M is C"-diffeomorphic to an open set in another linear space R'. The integer [ is known as
the dimension of M. An alternative, intrinsic definition that does not depend on an embedding space
can also be found in Hirsch (1976).

Machine learning often assumes that the data distribution is supported on a submanifold of the input
space. The dimension of this manifold characterizes the directions in which the data can vary within
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the input space. However, the term manifold is often used loosely in this context and does not
perfectly align with its mathematical counterpart (Goodfellow et al., 2016). First, the data manifold
may have self-intersections, causing the local dimension of data variation to differ at various points.
Second, data belonging to different classes or clusters may possess different structures and potentially
different dimensions. Lastly, stochastic factors such as observational noise can prevent the data from
forming a strict surface in the input space. We will not address this last factor, instead, we assume
that the interference from noise is minimal and ignorable.

To address the first two issues, we can relax the manifold hypothesis by assuming that the data is
supported on a finite union of submanifolds within the input space. Since a manifold with multiple
connected components can itself be viewed as a disjoint union of connected manifolds, we can
assume, without loss of generality, that each of these submanifolds is connected. For theoretical
convenience, we further assume that these manifolds are bounded and closed. By the Weierstrass
theorem, this is equivalent to assuming they are compact. We briefly outline the justification for these
assumptions below:

* Finite Union of Manifolds: This assumption has been partially verified experimentally on
computer vision datasets (Brown et al., 2022). Theoretically, it encompasses classic cases of
self-intersection. A data manifold may arise as the image of a map. However, the image of
an immersion or submersion of a manifold can have self-intersections. The image of such a
map from a compact manifold is, however, a finite union of compact manifolds.

* Boundedness of Manifolds: This assumption stems from the natural assumption that the
data distribution itself is bounded.

* Closedness of Manifolds: This assumption covers scenarios where the data is defined
by a set of well-behaved constraints. For example, the set of points satisfying n indepen-
dent, differentiable constraint equations in the input space forms a closed submanifold of
codimension 7.

In equivariant representation learning, the data possesses symmetries, meaning that data corresponding
to the same physical object can be transformed by symmetry operations to represent different reference
frames. These symmetry transformations typically form a group, and since the transformed data is
still valid data, the data manifold must be closed under these group transformations, that is, the data
manifold must be invariant under the group action. Considering the group action for any given input,
we summarize the preceding discussions into the following assumptions about the data:

* Lie Group Assumption: The transformation group G is a compact Lie group.

* Manifold Assumption: The input space X is a linear space equipped with a linear
action px of the group G. That is, there exists a map px : G — GL(X) such that
px(g192) = px(91)px (g2), and the identity element of the group is mapped to the identity
transformation. The data manifold M is a finite union of compact, connected, smooth, and
G-invariant submanifolds of X.

The smoothness assumption is added for theoretical convenience and the connectedness assumption

does not impose additional restrictions, since each compact smooth submanifold admits only finitely
many connected components.
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B PROOFS OF THE INFIMUM OF SYMMETRY (§ 3)

B.1 PROOF OF THM. 3.1

Lemma B.1 (Azzi et al. (2023), Cor. 2.3). For a compact Lie group G and a representation V., let
v € V be any point. There exists a neighborhood U of v such that for any point uw € U, we have
(Gu) < (Go).

Lemma B.2 (Azzi et al. (2023), Cor. 2.20). For a reductive group G and an affine algebraic variety
X, let x € X be a point with a closed orbit G(x). There exists a Zariski neighborhood U of x such
that for any point u € U, we have (G,) < (Gy).

We use the definition of the complexification from Prop. 3.3 of Azzi et al. (2023). For a real vector
space V/, its complexification is V¢ := C ® V. Considering an orthogonal action of G on V, with g
being the Lie algebra of G, the complexification of the group is G© := {gexp(iX) | g € G, X € g}.
By the above complexification, we obtain the following lemma.
Lemma B.3. For a compact Lie group G, consider the inclusion map « : G — G into its
complexification. Let H and K be subgroups of G and let g9 € G be an element such that
gOHga1 C K. Then,

1(go)H t(go) ™ € K©. (12)

Proof. Let b and £ be the Lie algebras of H and I, respectively. Any element of H© can be expressed
as ho exp(iXy) for hg € H and X, € b. Its conjugation by gy is

90 (hoexp(iX0)) gy ' = (gohogy ) exp(iAdg, Xo). (13)

Since goH gy ! C K, the term gohg 9o ! belongs to K. The expression thus belongs to K© provided
that Adg, Xo € &

This condition on the Lie algebra is obtained by differentiating the subgroup inclusion go H gy lcK
at the identity element, which gives Ad,, () C £ As X € b, it follows immediately that Adg, X, €
€, which completes the proof. O

Proposition B.4. Let V' be a representation of a compact Lie group G. For any closed subgroup H
of G, the set of points in the fixed-point subspace V¥ that have the minimal orbit type is a dense and
open subset of V.

Proof. The proof strategy is similar to that of Prop. 2.10 in Azzi et al. (2023). We first show that the
set of points with a minimal orbit type is open, then use complexification to show it is Zariski-open,
which implies density.

First, to prove openness, let (K) be a minimal orbit type in V# and let 2 € V¥ be a point with
(G) = (K). By Lem. B.1, there exists a neighborhood U of x such that for any u € U, (G,,) < (K).
Since (K) is minimal in V', any point in the open set U N V¥ must have orbit type (K). Thus,
openness is established.

Next, we consider the complexifications G and V. For a point x € V with orbit type (K), by
Lem. 3.13 of Azzi et al. (2023), we have (G®), = (G,)® = K. By Prop. 3.14 of Azzi et al. (2023),
the orbit Gc(x) is closed. Therefore, by Lem. B.2, there exists a Zariski neighborhood U of z in
V€ such that any point in this neighborhood has an isotropy type less than or equal to (K*). The
setU' =UnN (VC)HC is Zariski-open in (VC)#". By Cor. A.7 of Azzi et al. (2023), its real part
U"” = U’ NV contains a non-empty real Zariski-open subset of V.

We now show that for any y € U”, its orbit type is (G,) = (K). Since y € VH, we have
(K) < (Gy), which implies there exists g1 € G such that glKgfl C Gy. By Lem. B.3, this gives
91Kt C (G,)C. Since y € U"” C U, we have ((G®),) < (K©), which means there exists
g2 € G€ such that (G,,)® C g2 KCg; . Combining these inclusions yields

K gr ! C(Gy)" C 92K g5 (14)
By Lem. A.3 of Azzi et al. (2023), this implies that the real subgroups are conjugate, i.e., (Gy) =
(91Kg;") = (K). This completes the proof of density. O
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Theorem 3.1 (Uniqueness of Minimal Type). Let X be a representation of a compact Lie group
G. For any closed subgroup H C G, a unique minimal orbit type exists among the points in the
fixed-point subspace X*. In particular, if (H) € Og(X*H), then (H) is the minimal orbit type
within that subspace.

Proof of Thm. 3.1. The density and openness of the set of points corresponding to any minimal orbit
type is established by Prop. B.4. The uniqueness then follows from the fact that two distinct open
dense sets must have a non-empty intersection.

O
B.2 PROOF OF THM. 3.3
Theorem 3.3. A necessary condition for the existence of an isovariant map relative to 'Y from a

G-set X to a G-set Y is that (py (H)) € Og(Y) for every (H) € Og(X). When X and Y are
representations, this is equivalent to the condition that I(Y, H) = (py (H)) for all (H) € Og(X).

Proof of Thm. 3.3. The equivalence for representations follows directly from applying the operator
py to the known partial order (H) < I5(Y, H) < (py(H)). Since py is order-preserving and fixes
isotropy subgroups in Y, the inequality collapses to an equality. [
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C SYMMETRY INCREASE FOR G = SO(3) OR O(3) IN § 4

C.1 GENERAL ORBIT TYPE CRITERION

To derive Prop. 4.2, we need more general results require criteria for identifying orbit types of general
representation. Given the sufficiency of the Thrig-Golubitsky Criterion (Prop. C.1), we demonstrate
that for high-multiplicity representations, the conditions of the Michel Criterion imply the conditions
of the Thrig-Golubitsky Criterion. This, in turn, establishes the sufficiency of the Michel Criterion.

Let G be a compact Lie group and X be the input space. The normalizer of a subgroup H C G
is No(H) := {g € G| gHg™! = H}. The normalizer of H relative to a supergroup H' O H is
Ng(H,H') :={g € G | H C gH'g~'}. Based on the above definitions, we recall the following
general criterion.

Proposition C.1 (Ihrig-Golubitsky Criterion, Ihrig & Golubitsky (1984), Prop. 5.3). Let V be a
faithful representation of a group G. A sufficient condition for a closed subgroup H to be an isotropy
subgroup in 'V is that for every orbit type (H') in V with (H') > (H), the following inequality holds:

dim V7 + ag(H, H') := dim V¥ + dim Ng(H, H') — dim Ng(H') < dim V7, (15)
where ag (H, H') is the Thrig-Golubitsky correction term.

Remark. Thrig & Golubitsky (1984) states that the condition is also necessary for G = SO(3), O(3).

Compared to Prop. C.1, the Linehan-Stedman Criterion (Linehan & Stedman, 2001) is more con-
venient due to its structure, which only requires checking adjacent subgroups. Since the associated
theoretical results are not needed in our proofs, we do not elaborate on them here.

C.2 PROOF OF ProPr. 4.2

Proposition 4.2. For a high-multiplicity representation V', the necessary condition stated in Thm. 4.1
is also sufficient.

Proof of Prop. 4.2. We show that for representations where each irreducible component has multi-
plicity > dim G, the necessary condition from Michel’s Criterion (Thm. 4.1) becomes sufficient
by proving it implies the condition in Prop. C.1. We may assume without loss of generality that the
representation is faithful. For unfaithful representations, we proceed by factoring out the kernel from
G and invoking Prop. C.1, as the procedure remains unchanged.

It follows from the condition that for any closed subgroup H' of G containing H, we have dim V' <
dim V. The condition implies that for at least one irreducible component V;, we must have

dim V7" < dim V;*!. Since dimensions are integers, this is equivalent to dim V' + 1 < dim V;*.
Given that the multiplicity m(V;, V) > dim G, it follows that

m(Vy, V)dim V¥ + dim G < m(V;, V) dim V;7 . (16)

Summing this strict inequality for one such component with the non-strict inequalities for all other
components yields

dim V' + dim G < dim V¥, (17)
The term from Prop. C.1 is bounded by
0<ag(H,H') =dim Ng(H,H'") — dim Ng(H') < dim G. (18)
The sufficiency of Michel’s condition follows from combining these two results:
dm V7 <dimV? = dimV? +dimG < dim V¥ (19)
—  dim V7 +dim Ng(H, H') — dim Ng(H') < dim V7, (20)

where the final implication uses the upper bound from Eq. (18). This shows that Michel’s condition
implies the sufficient condition from Prop. C.1. O
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C.3 DETAILED CALCULATION IN EX. 4.3

We now conduct the orbit-type test and symmetry infimum calculation for the geometric symmetry
Dy, (k > 2) of the k-fold from Ex. 2.2. Consider Dy, as a closed subgroups of O(3), the calculation
is performed in the representation space ¥ = Vlgo for r > 3 and [y > 0. We will use the pre-
computed subgroup relations from Table 6, the dimensions of the fixed-point spaces for Dy, and Oy,
in Vi, from Table 8, and the orbit type test results for (Do) and (Op,) in Vﬂjlro.

First, we perform the orbit type test. Consider the case where k # 4. In this situation, the adjacent
supergroups of Dy, are of the form D, ;,, where p is a prime number. We classify the discussion
into 12 cases based on the parity of k£ and [y, and the ranges [y < k, k < Iy < 2k, and [y > 2k,
and calculate the dimensions of the fixed-point spaces of V), for Dy}, and D,y j,. The calculated
dimensions are shown in Table 2. For the case k = 4, we must additionally consider the supergroup
Oy,. Here, dim V/j jo = dim Vlg?o only when [( is odd, which aligns with the results from Table 2.
In all other cases, Oy, does not affect the orbit type test of (D). Thus, we find that (Dyy,) is an orbit
type when [y > k and when [y and k have the same parity.

Table 2: Dimension of fixed-point space for supergroups of Dy, (kK > 2) in Vlffo (r > 3), organized
by the parity of k and [g.

lo <k k<ly <2k lop > 2k
lpiseven Ipisodd I[giseven [pisodd I[piseven [pisodd
k is even
Dy, 1 0 2 0 d 0
Dpkh 1 0 1 0 <d 0
k is odd
Dyp, 1 0 1 1 d d
Doy, 1 0 1 0 d 0
Dk, 1 0 1 0 <d <d

Next, we proceed with the symmetry infimum calculation. Again, we first consider the case where
k # 4. In this situation, the supergroups of Dy, are D, ,, Doon. and O(3), where O(3) is always
an orbit type. Using the orbit type test results just calculated and those pre-computed, we analyze the
cases based on the parity of k£ and [ as before, with the results summarized in Table 3. For k£ = 4,
the additional supergroup O}, does not affect the final result. This is because the supergroup Oy, is
never the minimal isotropy supergroup, as it only becomes an orbit type when (Dy;,) already is. This
leads us to the symmetry infimums shown in Table 1.

T

Table 3: Isotropy conditions for supergroups of Dy (K > 2) in Vlf 1, (r > 3), organized by the parity
of k and ly. A v indicates the condition is satisfied, and X that it is not. In the subgroup notation, p
denotes a prime number and p* denotes an odd prime number.

lo <k k<ly <2k lop > 2k
lpiseven Ipisodd I[giseven [pisodd I[piseven [pisodd

k is even
Dy, X X v X v X
Dyin X X - X - X
ocoh ‘/ X - X - )(

k is odd
Dy, X X X v X v
Doyp X X X - 4 _
Dygn X X X - - -
Doon v X v - - -
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C.4 CALCULATION OF SYMMETRY INFIMUM

We calculate the orbit types for the SO(3) representation Vlejfo and the O(3) representation fo?i-

As the calculation procedure is highly similar to that in Ex. 4.3, we omit the detailed steps here. For
the case of = 1, the results can be found in Table B.1 and Table B.2 of Linehan & Stedman (2001).

The orbit types are calculated using the procedure in Algo. 1. This calculation requires the dimensions
of the fixed-point spaces for the closed subgroups of SO(3) or O(3) in the representations V;—;, and
Vi_ 1 respectively, which are provided in § E.2.

According to Prop. 6.2 from Ihrig & Golubitsky (1984), the Ihrig-Golubitsky correction term

a(H,H') = 0 for all subgroups except H = C}% in SO(3), and for all subgroups except

H = Cy, Sa, Ckp, in O(3). Therefore, for all subgroups other than H = CY, Sax, Ckp, our results

are identical to those calculated by Linehan & Stedman (2001) for » = 1. We present only the results

of whether (Cy,) € Oso3)(V,2) ,) on Table 4 and whether (Cy), (S2k), (Ckn) € Oo(g)(VElr,) on
-0

Table 5.
The reason for omitting the discussion of VfBlT  1s consistent with the explanation in the header of

Table B.2 in Linehan & Stedman (2001). Th1s is because the corresponding conclusions can be
found in the orbit type table for the SO(3) representation Vl69 1, Via the mappings Do — Doop,
Co = Coon, I — I,, O = Oy, T — T}, as well as Dy, — th and Cj, — Cyy, for even k, and
Dy, — Dyq and C, — S for odd k.

Table 4: Modified isotropy subgroups for the multiple irreducible representation Vf:B;O ,7 > 3 of
SO(3) obtained via the Michel criterion.

H  Condition of [y
Cr >k

Table 5: Modified isotropy subgroups for the multiple irreducible representation Vle_az"_ ,7 > 3of
-0
O(3) with nontrivial reflection, obtained via the Michel criterion.
H Condition of [

Ck lo >k
Sor (kiseven) Iy >k
Ckh (k is Odd) lo > k

The complete set of orbit type calculation results can also be found in the tables for the symmetry
infimum. This is because (H) is an orbit type of a representation V' if and only if the symmetry
infimum of H in V is (H) itself. These non-degenerate cases are highlighted in green in the tables.

Using the calculated orbit types for the SO(3) representation Vleifo and the O(3) representation
VEB Zj» We can now compute the symmetry infimum for all subgroups of SO(3) or O(3) in these

representations. When calculating the symmetry infimum for all subgroups, the algorithm differs
slightly from that in Ex. 4.3. We reduce the need to enumerate all supergroups by leveraging the
symmetry infimums of adjacent supergroups. An improved version of Algo. 2 is detailed in Algo. 3.

To reduce the computational load, this algorithm employs a top-down calculation strategy. First, we
compute the results for the infinite groups, followed by the polyhedral groups. Finally, we calculate
the results for the axial groups in the order Dy, Dyg, Dk, Ciyv, Ckh, Sak, Ck. Due to the exceptional
subgroup relations shown in Table 6, special consideration for additional supergroups is required for
certain cases where k € {1,2,3,4,5}. These cases are handled last.

The results for SO(3) are presented in § E.3, and the results for O(3) are in § E.4. Here, we provide
a general classification for the observed symmetry increases. For a closed subgroup H, an increase
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Algorithm 3: Symmetry Infimum Calculation With Precomputed Results

Data: A symmetry group G,
a closed subgroup H C G;
aRep. V of G;
amap M of previously computed symmetry infs.
Result: Symmetry inf. I (V, H).
1 ifis_in((H),Og(V)) then
| return (H);
end
Let So = {H;} C G to be all adjacent closed supergroups of H in G;
O+ &,
for H; in Sy do
if is_in((H;),0q(V)) then
| Add (H;) to the set O;
end
else if H; is a key in the map M then
| Add M[H,] = I5(V, H;) to the set O;
end
else
Let S; = { K} to be all adjacent closed supergroups of H; in G;
for K; in S; do
if (K;) € O¢(V) then
| Add (Kj) to the set O;
end
end

o e NN R W

e e e
(IR~ T vl e~

20 end
21 end
22 return min(O);

to the full group O(3) or SO(3) is termed full degeneration and marked in red in the tables. An
increase to a supergroup of higher dimension than H is termed continuous degeneration and marked

in blue . An increase to a supergroup of the same dimension as H is termed discrete degeneration
and marked in yellow or light green . No symmetry increase is no degeneration and marked in
green .

For the subgroup Dy, C O(3), the classification of degeneration behaviors given after Ex. 4.3 is a
special case of this general framework. Specifically, full degeneration is identical to the definition
here, axial degeneration corresponds to continuous degeneration, and half degeneration corresponds
to discrete degeneration.

We note that for the representation Y = VfE;} , the action of GG has a non-trivial kernel, and thus
-0

symmetry increase is inevitable. Let 7y be the natural projection to the quotient G /kerpy In this
context, the light green marks an increase to 7y ' (7y (H)), which, as explained in § 3.2, is the
lowest possible symmetry that H can be reduced to when a non-trivial kernel is present. This
is therefore a predictable behavior. The yellow marks other exceptional cases within discrete
degeneration.

C.5 COMPOSITION PROPERTY OF HIGH-MULTIPLICITY REPRESENTATION

In the tables of § E.3 and § E.4, there exists a special class of subgroups H for which any non-trivial
symmetry increase always results in an infimum (H,) where Hj is an adjacent supergroup. We
call (Hy) the bottleneck of H, denoted by B (H ), and we say that a subgroup H that possesses
a bottleneck satisfies the bottleneck condition. These groups that act as bottlenecks satisfy some
elegant properties. To demonstrate this, we first prove a structure theorem for the symmetry infimum
of high-multiplicity representations.
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Proposition C.2. For a high-multiplicity representation V, the lowest orbit type in the fixed-point
subspace VH is (Gy ), where Gyu = (), oy u G is the largest subgroup that leaves V! invariant.
This shows that I¢(V,H) = (Gyu).

zeV

Proof. Since any element in V¥ has at least the symmetry Gy r, we only need to prove that Gy # is
an isotropy subgroup. Assume, for the sake of contradiction, that G’y # is not an isotropy subgroup.
By the sufficiency of the Michel Criterion, there exists a supergroup K such that Gy, » C K and

dimVH =dim Ve =dimVE — VH =yGve = VK, (21)

This means that K leaves all elements of VH fixed. From this, we derive a contradiction:

K cC ﬂ G, =Gyn. (22)
zeVH

O

Remark. This result implies that for a high-multiplicity representation, the symmetry increase from
(H) to I(V, H) does not alter the dimension of the fixed-point space. Therefore, for high-multiplicity
representations, the dimension of the fixed-point subspace corresponding to the input symmetry group
equals that corresponding to the symmetry infimum. Since the fixed-point subspace dimensions for
certain closed subgroups exhibit distinct regularities, the behavior of symmetry increase toward these
subgroups serves as an indicator of the underlying subspace dimension. For instance, in the cases
of SO(3) or O(3), for non-trivial representations, full degeneration corresponds to a 0-dimensional
fixed-point subspace, whereas for finite input subgroups, continuous degeneration corresponds to
a 1-dimensional subspace. However, we must emphasize that when a quantitative assessment of
the equivariant feature’s expressive capacity is required, relying solely on the symmetry infimum is
insufficient, as it yields only coarse, qualitative insights. In such cases, one should directly compute
the fixed-point subspace dimension. For calculations related to SO(3) or O(3), see § E.2.

We can prove that these groups acting as bottlenecks satisfy the property that for any irreducible rep-
resentation Vp, if dim Vj## < dim VOHO, then dim V' < dim V! " holds for all adjacent supergroups
H' of H. This is because if we assume there exists an H’ such that equality holds, then by the Michel
Criterion, (H) must undergo a non-trivial symmetry increase to (Gy #) in the high-multiplicity
representation V;°". Since these increases always have the bottleneck (Hy) as their infimum, the
inequalities

dim V¥ < dim V% < dim Vv (23)
must in fact collapse to dim Vi = dim V%, which leads to a contradiction.

For any high-multiplicity representation V' that satisfies dim V# < dim Vo, there must exist a
component corresponding to an irreducible representation V in V such that dim V{7 < dim VOH o,
It follows that dim Vi < dim V{? ' for all adjacent supergroups H’ of H, which in turn shows that
dim VH < dim V¥’ holds for all such H'. Therefore, for high-multiplicity representations, Hy
controls the dimension gap of the fixed-point spaces between H and its other adjacent supergroups.
This property allows us to prove a theorem regarding the direct sum of high-multiplicity representa-
tions, which in turn establishes a property for the orbit types of such direct sums.

Theorem C.3. Let a subgroup H satisfy the bottleneck condition. For two high-multiplicity represen-
tations Vi and Vs, we have (H) € Og(Vi ® Vo) ifand only if (H) € Og(Vh) or (H) € Og(V3).

Proof. We have already shown that for any high-multiplicity representation V, if dim V¥ <

dim Vo then dim V¥ < dim V¥’ holds for all adjacent supergroups of H. Therefore, assuming
(H) € O¢(V1 @ Va), the Michel Criterion gives us

dim V7 4 dim V' < dim V{f"' 4 dim V. (24)

By taking H' = Hy = B (H), we see that at least one of the following two conditions must be true:

dim V7 < dim V7, i=1,2. (25)
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This implies that for all adjacent supergroups of H, at least one of the following two conditions must
hold:
dim V7 < dim V', i=1,2. (26)

Therefore, (H) is an orbit type of either V; or V5. O

The above theorem shows that when we construct a high-multiplicity representation for which (H)
is an orbit type using high-multiplicity components, the only way is to find a high-multiplicity
component that already contains (H) as an orbit type.

For SO(3), all closed subgroups satisfy the bottleneck condition. Consequently, for high-multiplicity
representations, we have O (V; UV,) = Og(Vh @ V2). This means that I (V; @ Vs, H) will be the
minimum of I (V;, H) and I (Va, H). Furthermore, the set of representations {Vf:BlTO} is sufficient
to generate all closed subgroups as orbit types, because for any closed subgroup, there always exists
a high-multiplicity representation for which it is an orbit type.

For O(3), the bottleneck condition does not necessarily hold. For example, for H = C,, a symmetry

increase can result in either D, or C,,, which shows that no bottleneck group exists. The fact that

C~ never appears as an orbit type in any representation Vﬁlri demonstrates this point precisely.
-0

This introduces a subtle issue when we apply the guideline on § 4.2: for certain orbit types, a repre-
sentation exhibiting the target orbit type cannot be constructed simply by including the component

Vle_a;i associated with it. Fortunately, C, is the sole instance of this phenomenon encountered when
-0
G = O(3). Regarding the construction of a O(3) representation containing C., following Prop. 4.2,

it suffices to simultaneously select components Vlej;, with both odd and even degrees [y > 0.
-"0
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D PROOFS OF DENSITY OF (ALMOST) ISOVARIANT MAPS (§ 5)

D.1 COUNTEREXAMPLE IN § 5.1

Lemma D.1 (Borsuk-Ulam Theorem, Guillemin & Pollack (1974), Chap. 2, Sec. 6). For any
continuous odd function g : S™ — R™, there exists a point x € S™ such that g(z) = 0.

Lemma D.2 (Weak Borsuk-Ulam Theorem, Nagasaki (2003), Thm. A). Let M and N be G-spheres
in a representation space for a compact group G. If there exists an equivariant map from M to N,
then the following dimensional inequality holds:

we(dim M — dim MY) < dim N — dim N¢, 27)
where pg : N — N is a non-decreasing function that diverges to infinity.

Counterexample D.3. For a compact Lie group G, consider a representation Y with no trivial
component, i.e. Y& = {0}. Let Y = Y® and X = Y®+D for some r,ng > dimG. By
Prop. 4.2, we have Og(X) = Og(Y), yet no isovariant map exists from the unit sphere in X toY
for a sufficiently large integer ny.

In particular, for G = Zs, if Y is the non-trivial irreducible representation, then for any X = yon
andY = Y O"2 with ri > ry, no isovariant map exists from the unit sphere of X to'Y .

Proof. For any compact Lie group G, consider an equivariant map f from a G-sphere M in a vector
space X to a G-representation Y. We assume that the multiplicities of the trivial representation
components in both X and Y are zero, i.e., X = {0} and Y& = {0}. Therefore, only the origin
in X and Y has the orbit type (G), and the sphere M does not contain any point of orbit type (G).
Consequently, if f is an isovariant map, it must have no zeros.

From such a zero-free map f, we can define a map f to the G-sphere N in Y:

fiM—=N, f()=f@)/|f@)]2. (28)

Since scaling in a vector space does not change the orbit type, f is also an isovariant map. Therefore,
by Lem. D.2, we obtain the dimensional relation:

wo(dim M — dim M%) = pg(dim X — 1) < dim N —dim N¢ =dimY —1.  (29)

Since p¢ is a non-decreasing function that diverges to infinity, there must exist an integer ng > dim G
such that pg(ng) > dim'Y — 1. This implies that

o (dim(YEot)y _ 1) > dimY — 1. (30)

This shows that no isovariant map can exist from the unit G-sphere M in the space X = Yy ®(o+1)
to the space Y. To complete the counterexample, let Y = Y®7 where r > dim G. By Prop. 4.2, we
have Og(Y) = Og(X), yet no isovariant map exists between them.

For the special case of G = Zsy, let Y be the non-trivial irreducible representation. Let X = Y ®™
and Y = Y®"2 with r; > ro. A map f from the unit sphere in X to Y is equivariant if and only
if it is an odd function. Since the representations have no trivial components, an isovariant map is
equivalent to an odd function that has no zeros. However, by Lem. D.1, any odd map from a sphere in
a higher-dimensional space to a lower-dimensional space must have a zero. Thus, no such isovariant
map exists. [

D.2 PROOF OF THM. 5.1

TFN is an ENN based on tensor products of hidden features. The TFN architecture is composed
of a feature lifting map followed by an equivariant pooling stage. The feature lifting map contains
equivariant convolutional layers that update node features by aggregating information from neighbors.
These convolutions employ filters built from learnable radial functions parameterized by a Multi-Layer
Perceptron (MLP) and real spherical harmonics Y, .

Mathematically, the parameterized map frrn € Frrn is defined as a sum over feature channels.
Each term in the sum is a composition fpo01 © freat, consisting of a feature lifting map followed by
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equivariant linear pooling. Let Z represent the hidden features associated with each node. The feature
lifting map freas takes the input point cloud X to node features Z @ R™. This map is constructed as a
composition of layers:

freat = mz@rn o (fF),id) 0 -+ o (f1),id) o ext o C, 31)

where C is a centering operation, ext is a constant extension map, and each layer f(*) updates the
node features v*~1) to v(¥) according to the rule:

(k)  _ p, (k=1) (I3,m3) (l2) (k—1)
Vilams — evilsm3 + Zj?“ leym11127m2 C(l;m:),(ll,ml)sz (xl o Jjj)vjllml' (32)
Here, v;;,m, corresponds to the feature of type /3 at node ¢, and C(lg’m?’) are the Clebsch-

(l2,m2),(l1,m1)
Gordan coefficients. The filter function is defined as F,(,f)(x) = hi(||z]l2)Yim (z/]|z||2), Where
the radial function h; : R>9 — R is parameterized by a Multi-Layer Perceptron (MLP). For
G = O(3) x Sy, the parities of /; and I3 must also be considered. We denote by Frgy the resulting
family of TFN filters under MLP-parameterized radial functions. In contrast, when h; is chosen as

polynomial parameterization, we denote the corresponding parameterization by ﬂ?%lf(].

We use L(X,Y) to denote the vector space of linear maps X — Y, and P(X,Y") the vector space
of polynomial maps X — Y. Given the G-actions on X and Y, we write Lo(X,Y) C L(X,Y)
and P5(X,Y) C P(X,Y) for the subspaces of G-equivariant maps, i.e., f(g(z)) = g(f(x)) for all
g € Gandz € X. If Y carries the trivial action, equivariance reduces to invariance.

Lemma D4. Let X,Y, Z be representations of a group G. Consider a subset of G-equivariant
polynomial maps S C Pg(X, Z) that satisfies the spanning condition:

P(X,Y) Cspan(L(Z,Y)oS) :=span({Aop| A€ L(Z,Y),p e S}). (33)
Then, it follows that Po(X,Y) = span(Lg(Z,Y) 0 S).
In the special case where G = Hy x Hs, the spanning condition can be relaxed to
P, (X,Y) Cspan(L(Z,Y) 0 5). (34)
Remark. The case for G = SO(3) x S, is from Thm. 1 of Dym & Maron (2021). In this context, the

action of .S,, on the representations is faithful, while we are concerned with features that are invariant
under S,,.

Proof. Let f € Pa(X,Y). Since P(X,Y) C P(X,Y), by the spanning condition, f can be
written as a linear combination of compositions:

N
f:ZAiOpi» (35)
i=1

where p; € S and A; € L(Z,Y). Here, we have absorbed the expansion coefficients into the linear
maps A;.

Since f is G-equivariant, it is a fixed point of the group averaging operator. Applying this operator to
both sides of the equation gives:

f(a) = /G oy (g7 (px(9)()) dg 36)
N
= /G py (g~ (Z Ai(px(g)(x))> dg (37)
N
-Y ( /G oy (g~ ) Aipz(9) dg> pi(@). (38)

In the last step, we used the fact that the maps p; € S are themselves G-equivariant and moved the
integral inward. Let us define the averaged linear maps as

(Ag)i = /G py (97 ") Aipz(g) dg. (39)
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By construction, each (Ag); is a G-equivariant linear map, i.e., (Ag); € La(Z,Y). The expression
for f(x) can now be written as f(x) = Zivzl(AG)l- o p;(x). This shows that any map in P (X,Y)
can be expressed as a linear combination of compositions of maps from S and equivariant linear
maps from L (Z,Y). Therefore,

Pe(X,Y) Cspan(Lg(Z,Y) 0 S). (40)

The reverse inclusion, span(Lg(Z,Y)0S) C Pg(X,Y), is true by definition, since the composition
of two equivariant maps is equivariant. Thus, the equality P5(X,Y) = span(Lg(Z,Y) o S) is
established.

The proof for the relaxed condition when G = H; x Hs follows the exact same logic, by taking an
f € Ps(X,Y) C Py, (X,Y) and averaging over the group H. O

Lemma D.5. Consider the TFN model with polynomial parametric radial function, a input space
X, a lifted representation space Z, and a final output space Y. Suppose the final output space
Y =Y @ R"™, whereY is a representation of SO(3) or O(3), and the symmetric group S, acts
on'Y by permuting the coordinates in the R™ factor. Then the family of polynomial feature maps,
fgglty C Pg(X, Z), used in TFN satisfies the relaxed spanning condition:

Ps, (X,Y) Cspan(L(Z,Y) o F2OU). (41)
Remark. Lem. 4 in Dym & Maron (2021) proves the case for G = SO(3) x S,,. The proof for
O(3) is similar to that for SO(3) and is therefore not repeated here. It is worth noting that in the
O(3) case, the spherical harmonics map can still be used to construct the component-wise map from

representation Vi_; - = R? to symmetric algebra Sym,,(V;—;- ), which in turn is used to build the
lifted representation.

Lemma D.6. In Ex. 2.1, the function families f%oplf\} contain all equivariant polynomial maps.

Proof. According to Lem. D.4, to prove that a family of equivariant maps contains all equivariant
polynomials, it is sufficient to show that it satisfies the (potentially relaxed) spanning condition. We

verify this for 2O

By Lem. D.5, for Y = Y @ R", the family F2° satisfies the spanning condition

Ps, (X,Y) Cspan(L(Z,Y) o F2OU). (42)
We now only need to verify the following spanning condition:
Ps, (X,Y) Cspan(L(Z,Y) o F2OU). (43)

For any g € Pg, (X, }7), we construct an S, -equivariant polynomial map to Y as
§g: X-=Y, glx,...,zn);=9(x1,...,2n) forj=1,...,n (44)

This function is clearly an .S,,-equivariant polynomial because all n components of its output are
identical. Thus, § € Pg, (X,Y). By the spanning condition, we can write

§g=)>_ Ajop; where A; € L(ZY)andp; € Fhoy. (45)
i
Applying the averaging operator to both sides yields
1 -
57 2 @) = olx) = > (As,)eopile), (46)
n O'ESn i
where
1 1 ~
(Ag,)i = i > wpopy(oT)oAiopz(o) € La(Z,Y). (47)
" oes,
This establishes the spanning condition
Ps, (X,Y) Cspan(La(Z,Y) o FLOY). (48)
O
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We consider the higher-order approximation theorem of MLPs, and obtain C'*°-density via higher-
order approximations based on polynomial parameterization.

Lemma D.7 (Higher-Order Approximation Theorem for MLPs, Pinkus (1999), Thm. 4.1). For any
compact set K C R™, any function f € C™(R"™), and any non-polynomial activation function

o € C™(R), let € > 0. Then there exists an MLP parameterized map gg with activation function o
such that

max [0y} ... O f(z) = O} - O g ()] < € (49)
for all non-negative integers k1, ...,k withky + -+ - + k, < m.

Theorem 5.1. In Ex. 2.1, the function families FrpN with smooth activation function are C*°-dense
in the space of smooth equivariant maps CZ(X,Y). That is, for any integer v > 0, any map
feCX(X,Y), any compact set K C X, and any € > 0, there exists a function g € Frpx such that

maxgc g ||Dkf(:c) - Dkg(x)H <ek<r. (10)

Proof of Thm. 5.1. On the domain of analyticity of a function, its Taylor polynomials and their
derivatives converge locally uniformly to the function. Therefore, an analytic function and its
derivatives can be uniformly approximated by a polynomial and its derivatives on any compact set.
This establishes the C'°°-density of polynomial functions in the set of analytic functions. Furthermore,
by Chap. 2, Thm. 5.1 in Hirsch (1976), the set of analytic functions is C*°-dense in the space of
smooth functions. Consequently, polynomials are C'*°-dense in the space of smooth functions. By
applying the group averaging operator, equivariant polynomials are also C'*°-dense in the space of
equivariant functions.

We use mathematical induction to prove the C'*°-density of Frpn. Let
F® = (f™ id)o---o (fM, id) oext o C. (50)

We prove that for the TFN, the MLP-based parameterized map fls/ﬁzp can approximate the polynomial-

based parameterized map f (Zl)y After establishing the approximation property of the feature

maps, and noting that the equivariant pooling maps coincide in both settings, we obtain the C*°-

approximation of f{i%lf\'] by Frrn. The desired approximation result then follows directly from
Lem. D.6.

For the base case n = 1, there is no difference in the derivatives with respect to the X component
corresponding to the identity map. Therefore, we only need to discuss the output of f(1). Since

F(1) _ .
Fityms (T15 -+, Tp) = 0+A”3m3 i=1,2,...,n, (51)
we only need to consider the approximation of the derivatives of All ms- EXpanding Agllg)mg yields
1) l3,m 1
Ay = D CEms) ey 21y i = @5 12)¥iama (@5 — )/ lles = 25]2). (52)
l1,m1,l2,m2 j#i

The difference between flf/fﬁp and f;ﬁ%y lies in the parameterization of h;,. When taking derivatives
of any order of A;;,,,,, each term in the result is a product of derivatives of h of various orders and a
fixed function, and the number of terms is finite. By Lem. D.7, these terms can be approximated to

any precision on a compact set.
Now, assume the conclusion holds for n = £ — 1. We will prove that it also holds for n = k. Let

k—1 k—1
v = FE D ). (53)

The update rule is given by
f(k) (T1,...,2p) = ool 4 A

’ngmg Zlgmg

i=1,2,...,n. (54)

By the inductive hypothesis, the first term can be approx1mated by an MLP model to any precision.
k)

1l3m3

k l3,m k -1
AP = 3 e s S R (s — ) Yima (@i — 1)/l — x5]l2)0l) )
l1,m1,la,m2 JFi
(55)

’ngmg,

We observe the second term. Similarly, expanding Al yields
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The derivative of this term is a finite sum of products, where each product involves derivatives of
(k=1)

various orders of both hl(f) and Vilim, -

To show that the error of this term can be controlled, we only need to prove that for a vector space
X, if for any compact set K C X, we consider maps f € C(X) and g € C(X), and for any €; > 0
there exists f; € Ry, and for any €5 > 0 there exists g; € Ro such that

max || f(z) = f(@)]| <er, max|lg(z) — g1 ()] < ez, (56)
then for any € > 0, there exist f; € R1, g1 € Rs such that
max || f(z)g(z) - fi(@)g1(@)]| <e. (57)

‘We bound the term as follows:

[f(2)g9(x) = fi(z)g1(@)]| < [[f@)llg(z) — g1 (2)]| + [lgr(2)[[[| f(z) — fr (@)l
< | f(@)lle2 + [lg1(z)l[ex
< ([[fi@)[[ + e1)e2 + [|g1(2)]|er
= [[fi(z)lle2 + [lg1(2)[[e1 + €1€2. (58)

Since a continuous function on a compact set attains its maximum, let L1 be the maximum of || f1 (z)||
on K and Ly be the maximum of ||g; (x)|| on K. We get

max | f(@)g(z) — fi(z)g1(2)[| < Laer + Liez + €162 (59)
This shows that the error can be made arbitrarily small, completing the proof. O

D.3 SOME RESULTS ON TOPOLOGY

Here we adopt the definition of Ng(H) and N (H, H') from § C.1, and consider the twisted product
between G-sets as defined in Chap. 2, Sec. 2 of Bredon (1972). We denote Xy := {z € X | G, =
H}, from which we obtain the following lemma on topology.

Lemma D.8. When the action of a group G on a G-manifold M is faithful, the following decomposi-
tions hold:

Mgy = My X ngayyar G/H' (60)

and
M(I};/) = MH/ XN(;(H’)/H’ Ng(H, H/)/H/ (61)

Proof. The first identity is derived from Thm. 1.31 in Meinrenken (2003), which states the existence
of a homeomorphism

0 My Xngy e G/H — Mgy, givenby o[z, gH']) = g(x). (62)
We now prove that o(My: X ng(m1y/m (Na(H,H')/H")) = M(II{I,). The second identity then
follows by restricting this homeomorphism.

(C) Take an element [z, gH'| where © € My and g € No(H, H’). Its image under o is g(x). The
isotropy subgroup is G,y = gG,g~* = gH'g™". Since g € Ng(H, H'), we have H C gH'g™".
This implies g(z) € M*, and since its orbit type is (H’), we have g(x) € M(’}[I,).

(D) Take any y € M&I{,). This means H C G, and (G,) = (H'). The latter implies there exists a
go € G such that G, = gOH’go_l. The condition H C gOH’gO_1 implies that gg € Ng(H, H'). Let
x = gy *(y). Then G, = H’, s0 x € My. We can then write y as

y = 90(90 ' (1) = go(x) = o ([, goH')). (63)
Since x € My and go € N (H, H'), this shows that y is in the image of the restricted domain. The
inclusion is thus proven. O
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From the following proposition onward, we need to invoke stratification theory. For the definitions of
Whitney conditions and stratifications, we refer to Chap. 3, Sec. 9 of Field (2007). Going forward,
unless otherwise specified, all function spaces in this paper are equipped with the (weak) C*°
topology. For the topology on function spaces, we refer to Chap. 2, Sec. 1 of Hirsch (1976).

Proposition D.9. Consider smooth manifolds M and N. Let (S, Sg) be a pair of submanifolds
in N that satisfies Whitney’s condition (a). If amap f : M — N is transverse to S, at a point
x € f71(S,), then there exists a neighborhood U of f in C°°(M, N) and a neighborhood V' of x in
M, such that for any map g € U and any pointy € V, g is transverse to both S, and Sg at y.

Proof. The proof is adapted from Prop. 1.3 of Trotman (1976). We proceed by contradiction. Assume
the conclusion is false. Then for any neighborhood V' of & and any neighborhood U of f, there exists
amap g € U for which the condition g h S,, Sg on V' does not hold.

For a neighborhood V; of 2 with radius less than €;, we can construct a sequence of maps { 97(L1)}
converging to f such that transversality to S, or S fails on V;. Let the sequence of non-transverse

points be {y,(})}. We can similarly construct, for neighborhoods V; of x with radius less than ¢,
sequences of maps {g,(f )} converging to f and corresponding sequences of non-transverse points

(¥

Now, consider the diagonal sequence of maps {gr(L")} and the corresponding sequence of non-
transverse points {y\"}. We have g’ — f and 4"’ — z. We can partition the sequence {y{"}
into a subsequence lying in S, and another lying in Sg. At least one of these two subsequences must
be infinite. It is therefore sufficient to negate the following proposition: There exists a sequence of
maps {g,} — f and a sequence of points {y, } — x with either {y,,} C S, or {y,} C Sg, such that

for each n, g, is not transverse to S, or Sz at yy,.

This is impossible. Note that for a sufficiently small €1, the closure of the neighborhood V; is
compact by local compactness of the manifold, and we can consider the control of the neighborhood
U over functions on this compact closure in the C'*° topology of functioin space. Also note that
d(gn)y, (T}, M) converges to d f,, (T, M ). For the case of S, by the smoothness of the manifold,
T So converges to T'y(,)Sa. For the case of Sg, by Whitney’s condition (a), the limit of

gn (Yn)
Ty, (y.)Sp contains T,y S,. However, f is transverse to S, at x, meaning

dfx(TmM) + Tf(x)Sa = Tf(x)N. (64)

Therefore, due to convergence, the transversality condition for S, or Sg must hold for g, at y,, for
sufficiently large n, which is a contradiction.

Corollary D.10. Under the conditions of the previous proposition, assume that the stratification
S = {S.} satisfies Whitney’s condition (a). If a map [ is transverse to a stratum S,, at a point
x € f71(S,), then there exists a neighborhood V,, of x and a neighborhood U, of f in C>°(M, N)
such that for any g € U, and any y € V,, g is transverse to the entire stratification S in the
neighborhood V.

Proof. Let x be a point where f is transverse to S,. We consider all strata Sg that satisfies SN S, #
. Since a stratification is locally finite, there are only a finite number of such adjacent strata. For
each such adjacent stratum S, the pair (S,, Sg) satisfies Whitney’s condition (a). By Prop. D.9,

there exist neighborhoods U. éa’ﬂ ) of f and Vx(a’ﬁ) of x where transversality to both S, and S holds.
We can then construct the desired neighborhoods by taking the finite intersection of these individual
neighborhoods labelled by 3:
Ue= () U™ and Vo= () vi@?. (65)
SgNSa#Q SgNSa#2

Since the intersection is finite, U, and V,; are still open neighborhoods of f and z, respectively. For
any g € U, and y € V,, g is transverse to S, and all its adjacent strata Sy at y. Therefore, it is
transverse to the entire stratification .S within the local neighborhood V..

O
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Lemma D.11. For a G-manifold M and a G-representation Y, the collection of submanifolds
(M) X Yoy ey () (66)
forms a Whitney stratification of (M X Y') (g

Proof. By Prop. 3.7.1 of Field (2007), we obtain that these point sets in the collection are smooth
G-submanifolds. By Lem. D.8, we have

(Mmy < Yuny) iy = (Mo < Yan) v Xneayu G/H (67)
= (M) X Y(u)) (i) X No(ay/m G/ H (68)

(H)
= (M) x Y1) X nemyya G/H. (69)

By local trivialization, similar to the proof of Prop. 3.9.2 of Field (2007), it is sufficient to prove that
the pair (Y(Ié,), Y(II'I()) satisfies Whitney’s condition (b). By Prop. 3.9.2 of Field (2007), the orbit type
stratification for a representation space is a normal orbit type stratification, and therefore the pair of
strata (Y1), Y(k)) for (H') > (K) satisfies Whitney’s conditions. We now show that (Y(ILILII/)7 Y(I}'I{))

also satisfies Whitney’s conditions.

The condition holds for the pair (Y5, Y(x)). Therefore, for a point z € Y(x) N Y x, and for
sequences {y,} C Y(x) — x and {x,,} C Y(x+) — z such that the secant lines 7,7/, converge to
aline | C T, Y and the tangent spaces T}, Y (k) converge to a linear subspace £ C T Y, we have

I C E. By restricting the point z to be in Y(II{() N Y(’}I{,), and the sequences {x,} and {y, } to be in
Y(g,) and Y(II{() respectively, the conclusion [ C F still holds. Therefore, the pair (Y(I};II,)7 Y(II'I()) also

satisfies Whitney’s condition (b).
O

Lemma D.12. Let M and N be topological spaces, with M being compact. Consider a continuous
map f: M — N. Let C be a closed set in N, and suppose there exists a neighborhood V' of the

preimage f~(C).
Then there exists a neighborhood U of f in C(M, N) with the C° topology (compact-open topology)
such that for any map g € U, we have g(M \ V)N C = .

Proof. Note that M \ V is a compact set, and N \ C is an open set. By the definition of the
compact-open topology, e.g. Definition 43.1 of Willard (1970), the set

U:={heC(MN)|(M\V)CN\C} (70)

is an open set.

Since V is a neighborhood of f~1(C'), we have f~1(C) C V, which implies f(M \ V) C N\ C.
Therefore, the map f itself is an element of U, meaning U is an open neighborhood of f. For
any map g € U, its definition directly implies that g(M \ V) C N \ C, which is equivalent to
g(M \ V)N C = @. Thus, this set U is the desired neighborhood. O

D.4 GENERIC EQUIVARIANT MAPPINGS

Proposition D.13 (Equivariant Smooth Extension). Let M be a smooth G-manifold and let S C M be
a smooth and compact G-submanifold. For any smooth equivariant map f € CZ(S,Y’) defined on S

that maps into a representation space Y, there exists a smooth equivariant extension f € C¥(M,Y)

s=r

such that its restriction to S is f, i.e., f

Proof. The proof strategy is the same as that for the Tietze-Gleason Theorem (see Chap. 1, Thm. 2.3
of Bredon (1972)).

First, we can view the map f as a collection of dim Y smooth real-valued functions defined on S. By
the standard smooth extension theorem, e.g., Lem. 5.34 in Lee (2012), there exists a smooth (but not
necessarily equivariant) extension ¢ € C*°(M,Y") such that p|g = f.
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We then construct an equivariant map from ¢ using the group averaging operator. Define the map
¥ : M —Y by

(z) = /G oy (5~ Ve (ox (9)()) dg. 1)

Due to the linearity of the integral and the properties of the Haar measure, this map is equivariant.
For any h € G:

b(h(z)) = /G oy (g™ elg(h(z))) dg )
=/Gpy((g’h‘l)‘l)w(g’(w))dg’ (73)
— () / () Veld () A (74)
G
= py (h)Y(x). (75)

Next, we verify that the restriction of ¢ to the submanifold S is equal to the original map f. For any
s€S:

vl) = [ pvla™ (o) dg 76)
= [ ovla™sto(e)) dg %)
=/pr(g‘1)py(g)f(8) dg (78)
= [ 1009 = 15) [ 100 = 1(s), (19

Finally, the smoothness of 1) follows from the smoothness of ( and the properties of integration over
a compact group. This can be verified by a local coordinate analysis. Thus, 1 is the desired smooth

equivariant extension f. O

Corollary D.14. Consider maps from a G-manifold X to a representation space Y, where X contains
a compact, smooth G-submanifold M. Let S be a subset of C& (M,Y) that contains an open dense
set. Then the set of maps f € CZ(X,Y') whose restriction to M lies in S (i.e., f|ar € S) also
contains an open dense subset of C& (X,Y).

Proof. We recall that a set contains an open dense subset if and only if for any non-empty open set, its
intersection with the set contains a non-empty open subset. Let A := {f € CX(X,Y) | flm € S}
Our goal is to show that for any f € Cg(X,Y") and any of its open neighborhoods U, there exists a
non-empty open set V C U N A.

Consider the restriction map Resys : C2(X,Y) — CZ (M, Y), by Prop. D.13, this map is surjective.
Furthermore, this map is continuous and open.

Let U be an open neighborhood of an arbitrary map f. Since Resj, is an open map, its image,
Resps(U), is an open neighborhood of f|5;. By our hypothesis on S, its intersection with the open
set Resys (U) must contain a non-empty open subset. Let us call this non-empty open set V/. We
have

V' CResy(U)NS. (80)

Now, let’s consider the preimage V := Res}; (V). Since Res), is continuous and V" is open, V' is
an open set. Since Res)y is surjective, the preimage V' must also be non-empty. Therefore U N V' is
a non-empty open subset of U N A, which proves the corollary. O

For C" manifolds X and Y, C"(X) is the set of C" real-valued functions on X, and C"(X,Y) is
the set of C” maps from X to Y. For manifolds with a C" G-action, C;(X,Y) is the set of C”
equivariant maps from X to Y. We assume these function spaces are endowed with the C” topology;
in our proofs, we always consider the C'*° topology. For a map f € C'(X,Y’) and a submanifold
A CY, f M Adenotes that f is transverse to A. For G-manifolds, f Mg A denotes that f is in
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equivariant general position with respect to the G-submanifold A defined in Bierstone (1977). For
feC"(X,Y), thejetmap j"f : X — J"(X,Y) maps a point z to the equivalence class of the first
r derivatives of f at x. We obtain the following results.

Proposition D.15 (Bierstone (1977), Thm. 1.3). Let M and N be smooth G-manifolds. If P is a
closed G-submanifold of N and K is a compact subset of M, then the set of maps f € CX (M, N)
satisfying f Ma P on K forms an open subset of C& (M, N) (in the Whitney C> topology).

Proposition D.16 (Bierstone (1977), Thm. 1.4). Let M, N be smooth G-manifolds and P be a
G-submanifold of N. The set of maps f € CZ (M, N) satisfying f Mg P forms a residual subset of
C& (M, N), i.e., a countable intersection of open dense sets (in the Whitney C'™ topology).

Remark. For compact M, note that the Whitney C°° topology coincides with the C*° topology.

Proposition D.17 (Stratumwise Transversality Theorem). For any orbit type (H) € Og (M), a map
feCE(M,N)with f g P satisfies the stratumwise transversality property:

flatg Mg = N flag, o PP (81)
Alternatively, this can be expressed in the language of jets as

3 F I ntcary = My = (May X N) ey, 3° f I, D (May X P) (82)

Remark. The fact that f thg P implies stratumwise transversality on the fixed-point sets is a funda-
mental conclusion derived from Prop. 6.4 of Bierstone (1977). Our proof below is a straightforward
corollary of this.

Proof. From the discussion in Prop. 6.4 of Bierstone (1977), we have
300 ) s My = (M X N) ey, 30 Ivae,) (M X P) gy (83)

Note that the image of the map j°(f] M,y,) is contained within My x N. The transversality
condition is an equality of tangent spaces:

A (f 100y ) (Te M) + Ty (M % P) 1)) = Ty (M % N)(my).- (84)
Intersecting both sides of this equation with T, ((M gy x N)(g)) yields
A (|t e (Te M) + Ty (Mgry X P) ) = Ty(Megry % N) ) (85)
Therefore, we have
300 ) My = Mgy < Ny 3° () D (Megy X P) gy (86)
O]

Proposition D.18 (Bierstone (1977), Sec. 7). Consider smooth G-manifolds M and N. Let P be a
smooth G-submanifold of N. If an equivariant map f satisfies f hg P at a point v € f~1(P), then
there exists a neighborhood U of f in CZ (M, N) and a G-invariant neighborhood V' of the orbit
G(z) such that for any map g € U and any point y € V, it holds that g thg P at y.

Remark. The proposition above can also be derived from the properties of stratifications given in
Prop. D.9 by the definition of equivariant general position in Bierstone (1977).

Proposition D.19. Ler G be a compact Lie group, M be a compact, smooth G-manifold, and Y
be a G-representation space. The set of smooth equivariant maps [ € CZ(M,Y) that satisfy the
transversality condition

3O Intimy) D (Mary X Yian) ooy (87)
for all pairs of orbit types (H) and (H') such that (H) is present in M and (H') > (H), contains
an open dense subset of C&(M,Y).

Remark. The proof of density is straightforward. However, the openness of this property does not
generally hold. A counterexample can be constructed following Ex. 2.1 of Bierstone (1977).
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Proof. Since M is compact, by Proposition 3.7.2 of Field (2007), the orbit types are finite. For any
given symmetry type (H), by Prop. D.16 the set of maps satisfying f Mg Y{z) is an intersection of a
finite number of residual sets, and is therefore itself a residual set. By Prop. D.17 the set of maps
satisfying the transversality condition stated in the theorem is dense.

Instead of directly proving openness property, we prove a related proposition: for a map f that
satisfies f Mg Y{) for all orbit types (H), there exists a neighborhood U of f such that for any
gev,

329 My) N (May X Yy )y forall (H') > (H). (88)
The proof proceeds by induction on the dimension of the strata in the orbit type stratification of Y,
ordered from lowest to highest (or equivalently, from highest to lowest symmetry). We discuss the
fixed orbit type (H) in M. Then we can construct neighborhoods that hold for all (H) by taking the
intersection of the neighborhoods corresponding to each orbit type (H).

We start with the lowest-dimensional strata. Let Y77, be a stratum of minimal dimension. Such a
stratum is unique, which corresponds to a maximal symmetry type (G) and is a closed G-submanifold
Y'©. By Prop. D.15, the set of maps in general position to Y(#,) is open in Cg (M, Y"). Thus, there
exists a neighborhood U; of f such that for any g € Uy, g thg Y(#,). By Prop. D.17, this implies
that for all (H),

32 Mey) N (Miary X Yimy) (- (89)

Assume the proposition holds for all strata of dimension up to £ — 1. Let Uy _1 be the neighborhood
of f found from the inductive hypothesis. For any map g € Uy and for any stratum Y4,y with
dim Y(Hi) < k — 1, we have

329 nem) N Mz X Yoy forall (H;) > (H). (90)

Note that by Lem. D.11 the collection S(gy = {(M(zy X Y(a+))(m) }(H)>(m) is @ Whitney strat-
ification and satisfies the frontier condition. Therefore, by Cor. D.10, for any x € Mg with
f(x) € Y(g,), there exists a neighborhood V, of = and a neighborhood U, ofjo(f|M(H)) such that
for any map in Uy, it is transverse to the stratification .S ).

Next, we need to obtain an open set in C&’ (M, Y"). We use the following sequence of maps between
function spaces:

Resps -

CE(MY) =" CF(Mu,Y) 1)
L O (May, (M) X Y) (a1) 92)
— O (M), My X Y)(m))- (93)

The maps between these function spaces are continuous in C'*° topology. For example, the 0-jet map
is a restriction of the continuous O-jet map on the general function space, which can be obtained
from the continuity of jet map in the Whitney C*° topology established in Chap. 2, Prop. 3.4 of
Golubitsky & Guillemin (1973). Since the topology on the equivariant function space is induced
from the general function space, the restricted map is also continuous. Similarly, Resyy,,, and the
inclusion are continuous. From this analysis, we can pull back the neighborhood U, to obtain a
neighborhood U, of f in CZ°(M,Y") where the transversality holds.

We deal with the global result. For any ¢ with dim Y( i) < k — 1, the collection of neighborhoods
{Vx}zef—l()/(H_)) for all i with dim Y( g,y < k—1 forms an open cover of ft (Y(#,)). By the frontier

condition, any stratum that intersects the closure Y, has strictly smaller dimension than Y{g,).
Hence | J; Y{ ;) is closed. Since M is compact and f is continuous, the preimage [~ (U, Y(s,)) is
compact, so there exists a finite subcover {V,,, }N_, of the preimage. We construct the neighborhood
Vi := UL, V., of the preimage in M, and the neighborhood U,gl) := (V\_, U, of fin the
function space.

In the C? topology, by Lem. D.12, there exists a neighborhood U ,52) of f in C(M,Y) such that for
any g € U (2),

g\ Vi) N[ JYim = 2. (94)
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By pulling this back through the inclusions C& (M,Y) — C>(M,Y) — C(M,Y’), we obtain a
neighborhood (U, ,52))’ in CZ (M, Y). The neighborhood is open in the C* topology, so it also open
in the C* topology. Let U}, = U1 N U,El) N (U,gQ))’. For any map g € Uj,, we have

j0(9|M(H)) M S(H) forz e V},
9(x) & Y, forz € M\ Vg

for all 4 with dim Y, < k—1.

(95)

Now we show by contradiction that there exists a neighborhood Uy, C Uj, of f where the transversality
condition holds for strata of dimension k. By the induction hypothesis, the transversality condition
holds for all strata of dimension at most £ — 1. Therefore, it also holds for all strata of dimension
at most k. The proof idea is from the proof of openness of equivariant general position in Sec. 7 of
Bierstone (1977), where the closedness of P is replaced by the condition that f does not intersect
low-dimensional Y, outside of V.

i

Assume openness does not hold. Then there exists a sequence {g, } — f in U}, such that each g,
fails the stratumwise transversality condition for some stratum of dimension k. Since the stratumwise
transversality condition fails, it follows from Prop. D.17 that g,, thg Y| m;) forall j withdimY(y,) =
k also does not hold. The points of non-transversality for these maps, {y,, }, can only occur in M \ Vj
and g, (yy) € U, Y(a,). Since M \ Vj is compact, there is a convergent subsequence {y,, } with
limit . Then g,,(yy) — f(z). By construction of U, f(M \ V},) does not intersect Y{, for any
dimY(g,) < k — 1. Thus, we must have f(x) € Y(y,) for some j.

We claim that g, (yn;) € Y(z,) for all sufficiently large . Otherwise, there exists a further sub-
sequence {gn,_ (yn,, )} such that gn, (yn,,) € Y(m,) for some j' # j and all o, while still
Ini,, (Yn,,) = f(z) € Yim,). Hence Yg,) N Y(TJ,) # @. By the frontier condition of stratification
this implies dim Y( ;) < dim Y{ H,)- However, Y(y;) and Y H,/) have the same dimension, yielding
a contradiction. Therefore, for i sufficiently large, g, (yn,) € Y(#,)-

We now show that this contradicts the assumption that f g Y| ;) at . If f were to satisfy
[ MG Y(u;) at z, then by Prop. D.18, there would exist a neighborhood U of f and a G-invariant
neighborhood V' of G(x) such that any g € U satisfies g g Y(g,) atany y € V. This contradicts the
existence of sequence { g, } and points {y,, } where transversality fails. This completes the proof. [J

Proposition D.20. Let F be a C™-dense family of smooth parameterized maps in C& (X,Y) and
{M;} be a finite collection of compact, connected and smooth G-submanifolds of X. Let

Siy—an (f) ={z € X | (Ga) = (H), (Gyw)) = (H')}. (96)

There is a C*°-dense subset G C F, for g € G, the set Sy, 1+ (9|n, ) is a disjoint union of smooth
G-submanifolds of X, and its dimension satisfies

dim S (1) (9lag;) = dim(M;) g7y — (dim Y7 — dim Y3}, 97)

if the right-hand side of the equation is not smaller than dim G — dim H. Otherwise, the set
S(t)— (a7 (9la1;) is empty.

Proof. By Prop. D.19, for each M;, there exists an open dense set in C&* (M, Y") such that for any
map g in this set,

329l ) (M) gy X Yary) ey forall (H') > (H). (98)

Therefore, writing codimxY := dim X — dim Y for the codimension of Y in X, the dimension
theorem for transverse maps (see, e.g., Sec. 2.3 of Arnold et al. (2012)) yields

codim(ny) ) Sy () = COAM((a1,) 4y ¥y (M) a1y X Y1) gy (99)
Furthermore, from the proof of Lem. D.11, we have

(M) ) % Yeun) my = (M) () X Yin) X ng s G/H. (100)
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Thus, we obtain
COdim(]wj)(H) S(H)H(H’) = COdimyH}/(]}II/). (101)

Moreover, since the dimension of an orbit with orbit type (H) in a G-manifold is dim G — dim H,
if the dimension of .Sy, (g calculated above is less than dim G — dim H, then Sz, gy is an
empty set.

For each M, we take the corresponding open dense set U; C C&(M;,Y) on which the maps
satisfy the dimension theorem. Then, by Cor. D.14, the set of functions f € C&(X,Y") that satisfy
f \Mj € U; contains an open dense set U j’ . Since {M;} is a finite collection, the intersection
U=N ;U J/ is also an open dense set. Therefore, the intersection of U with the C'*°-dense set F is
a dense set G. Thus, this intersection is the set of maps in F that we sought to construct, which is
dense and whose elements satisfy the dimension theorem. O

D.5 PROOF OF THM. 5.2

Theorem 5.2. Let F be a equivariant parametrization with C'°° approximation capability. If for
every (H) € Og(M) we have (py (H)) € Og(Y'), then for any finite union of compact, smooth
G-submanifolds M C X, any f € C&(X,Y), any integer r > 0, and any € > 0, there exists a map
g € F such that

maxzen||DF f(z) — Drg(a)l| < ek <, (11)
and g|pr is almost isovariant relative to Y. Furthermore, if the feature space Y contains a
representation yeor for an integer r > max;{dim M;}, where Y itself satisfies the condition
(ps(H)) € Og(Y), then the approximating map g|nr can be chosen to be isovariant relative to' Y .

Proof of Thm. 5.2. By Lem. D.8, we consider the relation
dim Ng(H, H') — dim Ng(H) = o(H, H') = dim Y, — dim V7", (102)

Regarding the G-representation as a faithful representation of G/kerpy, for orbit types satisfying
(py(H")) > I(H,Y), the dense and open property of the minimal orbit type by Prop. B.4 in the
fixed-point space implies that for each M,

dim V¥ — dim Y}, = dim V" — dimY*' — ag(H,H') > 0. (103)

By Prop. D.20, it implies

dlm(Mj)(H) > dimS(H)q(H/)(g\Mj). (104)
With respect to the Hausdorff measure H¢, since the dimension of Sy ) (g|a1;) is strictly less
than the dimension of the manifold it lies in, its measure is zero. Then, by the finiteness of the set of

orbit types for a compact manifold and the finiteness of the collection {/;}, it follows that g|as is an
almost isovariant map relative to Y.

Furthermore, if we require g to be isovariant relative to Y, we need

Sy (9lm;) = 2. (105)
The condition for this set to be empty is related to its codimension. Since the inequality
dimY? — dimY" — ag(H, H') > 1 (106)
scales with multiplicity r to become
r(dimY? — dim Y™ — ag(H,H') > r, (107)

it is sufficient to choose the multiplicity for the representation Y ®” such that » > max; {dim M, }.
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E TABLES

All closed subgroups of O(3) are denoted using Schoenflies notation, where it should be noted that
K = SO(3) and K}, = O(3). When interpreting the tables, care should be taken to recognize the
low-dimensional equivalences: Cs = Cyj, = C1,, D1 = Cy, Dyj, = Cay, and D1g = Cyp,. In the
tables of symmetry infimum, we list a representative subgroup from each conjugacy class and omit
the class notation (e.g., Co instead of (C)) for clarity.

E.l MINIMAL PROPER SUPERGROUPS IN SO(3) OR O(3)

Minimal proper supergroups table of SO(3) or O(3). Some of the results can be found from
Fig. 3.2.1.6 of Aroyo (2016). We only present the results for O(3). The discussion for SO(3) can be
obtained by removing the subgroups that are not subgroups of SO(3) (i.e., the subgroups of the first
kind), namely Cy, Dy, T,0,1,Cy, Do, and K.

Table 6: Table of minimal proper supergroups H of axial closed subgroups of O(3). In the supergroup
notation, p denotes a prime number and p* denotes an odd prime number.

G H for General k H for Special k

Cr Cpk» Sok, Crny Crvs Dk Dy (k= 2); T (k = 3)

Sak Sopks Cok,hy Dia Ty (k= 3)

Cih Cok,h> Din Cpo(k =1); Dpq (k = 2)

Cro (k>1)  Cprvy Dy Dra Tq (k=3);Dpn (k=2)

Dy (k>1) Dpk)aDk:h7Dk:d T(kZQ);O(k:3,4);I(k:3,5)
Dip (k>1) Dpgp Ty (k=2);0p (k=4)

Dyq(k>1) Dpeg,a, Dog,n Ty (k=2); O (k=3);I, (k=3,5)

Table 7: Table of minimal proper supergroups H of other closed subgroups O(3).

G H

T TdvThaOaj
Ta O,

Ty, On, I,

O O, K

O Ky,

1 I, K

I Ky,

Coo Cooh7Coo,vaDoo
Cooh Doo,h

Coov Doo,h

Doo DOO,’HK
Docn K

K Ky
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E.2 DIMENSIONS OF FIXED-POINT SUBSPACES FOR SUBGROUPS OF SO(3) OR O(3)
Dimensions table of fixed-point subspaces for subgroups of SO(3) or O(3). Some of the results can

be found from Table B.1 and Table B.2 of Linehan & Stedman (2001). We only present the results
for O(3). The discussion for SO(3) can be obtained directly from the table.

Table 8: Dimensions of fixed-point subspaces for closed subgroups of O(3) acting on the irreducible

representations Vz:zga where ax (1) = |I/k] and b (I) = [(1 + k)/(2k)].
I=1 I=1
Subgroup
lop even ‘ lp odd Iy even ‘ lp odd
Ck 2a5(lp) + 1
S k even 2bi(lp) 2a9k(lp) + 1
k odd 0 2a,(lo) +1
k even 0 2ai(lp) + 1
Ckn
k odd 201, (Io) 2a2k(lo) 11
Chw ax(lo) ar(lo) +1 ax(lo) + ar(lo)
Dy, ax(lo) +1 ar(lo) ax(lo) + ar(lo)
k even 0 ax(lo) + ax(lo)
Dgp
k odd br:(lo) azg (lo) + azk(lo)
Dy k even br:(lo) azk(lo) +1 | az(lo)
k odd 0 an(lo) +1 | anllo)
T 2as(lo) + as(lo) — lo + 1
T, 0 2a3(lg) + az(lo) —lo+1
Ty az(lo) + ba2(lo) + b1(lo) —lo | as(lo) + as(lo) + az(lo) —lo +1
0 as(lo) + as(lo) + az(lo) —lo + 1
Oy, 0 ‘ as(lo) + as(lo) + az2(lo) —lo+1
I as(lo) + az(lo) + az(lo) —lo +1
I 0 | as(lo) + as(lo) + az(lo) — lo + 1
Coo 1
Cooh 0 1
Coon 0 1 1 0
Dy 1 0 1 0
Doon, 0 1 0
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E.3 SYMMETRY INFIMUM FOR SUBGROUPS OF SO(3)

Symmetry infimum table for subgroups of SO(3). In the following tables, we use a color-coding
scheme to classify the types of symmetry increase. An increase to the full group is termed full

degeneration and is marked in red . An increase to a supergroup of a strictly higher dimension is
termed continuous degeneration and is marked in blue . An increase to a supergroup of the same
dimension is termed discrete degeneration, and is marked in yellow . No increase is termed no
degeneration, and is marked in green . All subgroups increase to to K when [ = 0.

Table 9: Symmetry infimum of general axis subgroup of SO(3) on Vf:BlTO, r> 3,1l > 0.

lp <k lo > k
lp even | lgodd
C} D Cw Cy,
Dk(k > 2) Doo K Dk

Table 10: Symmetry infimum of special axis subgroup of SO(3) on Vf:BlTO, r> 3,1y >0.
lo=1]1l=21lg=3]1l>4
K Dg T D2

D,

Table 11: Symmetry infimum of polyhedral subgroup of SO(3) on Vlgo, r > 3,1y > 0. The
"Caption" in the table takes the value [y = 6,10, 12,15, 16, 18,20 — 22,24 — 28.

T lp =6,9,10 lo=3,7 lg=4,8 1lp>12 other
T T 0] T K
o lp=4,6,8,9,10 [y >12 other
(0] (@) K
I Caption lp > 30 other
I 1 K

Table 12: Symmetry infimum of infinite subgroup of SO(3) on VliBlro, r>3,1>0.

lg even | lgodd
Cs | Doon Cooh
Do | Dson Ky,
K K K
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E.4 SYMMETRY INFIMUM FOR SUBGROUPS OF O(3)

Symmetry Infimum table for Subgroups of O(3). The color scheme for full, continuous, and no
degeneration is the same as for SO(3). For cases of discrete degeneration of [y = [T, we distinguish

between (a) light Green , which indicates the predictable increase to 7~ (7 (H)) for the projection

map 7 : O(3) — SO(3), and (b) yellow , which indicates all other exceptional cases of discrete

degeneration. In the following table, the first type of subgroups degenerate to K and the others to K,
when Iy = 0~. All subgroups increase to to K} when [y = 0F.

Table 13: Symmetry infimum of general axis subgroup of O(3) on Vﬁlr, , 7> 3,1 > 0.
—0

0<ly<k k<ly <2k lop > 2k
Subgroup
loeven | lpodd | lgpeven | lgodd | lgeven | [y odd

Ck Do Coov | Ck Ck Ck Ck

IS k even Kh Kh SQk; Sgk Sgk S2k

2 kodd | Kn Kn | K Kn | K, K,

C k even Kh Kh Kh Kh Kh Kh
h kodd | Kj Ky, Crn Ckn Ckn Crn
Cho(k > 2) keven | Kp Clew Dyq Chro Chro Chro
kodd | Kp Coov | Din Cro Cro Cro

Dk(k N 2) k even Doo Kh Dk Dkd Dk Dk
k odd -Doo Kh Dk th Dk Dk

th(k>2) k even Kh Kh Kh Kh Kh Kh
kodd | Kj Ky, Dy, Dy, Dy, Dy,
Dkd(k > 2) k even Kh Kh Dkd Dkd Dkd Dkd
k odd Kh Kh Kh Kh Kh Kh

Table 14: Symmetry infimum of general axis subgroup of O(3) on Vﬂi}, r> 3,1y >0.
— 0

O0<lyp<k k<ly <2k lo > 2k
Subgroup
lgeven | lgodd | lgeven | lpodd | lgeven | [y odd
Ch keven | Dsop Cooh Cxn Ckh Crn Ckh
kodd | Deon Coon | Sox Sox Sak Sog,
g keven | Dop Cooh | Doon Coon | Cokn Cokn
2 kodd | Dsop Cooh | Sox Sak Sak Sag
o keven | Dsop Coon | Ckn Crn Crn Crn
%h
kodd | Deon Cooh | Doon Coson | Cokn Cokn
Croll > 2) keven | Deop Ky, Din Dyp Dyp Din
kodd | Dep Ky Diq Dyq Dyq Diq
Dyl > 2) keven | Doon K Dy, Dy, Dip Dy,
kodd | Deon Ky, Dyq Dyq Dyq Dyq
th(k > 2) k even Dooh Kh th th th th
kodd | Do Ky, Do, Ky Doyp Doy,
Dralh > 2) keven | Doop Ky, Do Ky Doy, Doy,
kodd | Dsp Ky, Diq Dyq Dyq Diq
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Table 15: Symmetry infimum of special axis subgroup of O(3) on VE?, r>3,1y>0.
— 0

lo=1|1lo=2|1l,=3 loz4
lg even | lpodd
Co | Coow | Dog Cay Cay Cay
Dy | Ky Dy Ty Dy Dy
DQh Kh Kh Kh Kh Kh
Daq | Kp Doyq Ty Doyq Daq

Table 16: Symmetry infimum of special axis subgroup of O(3) on ‘/IE_BlT+, r> 3,1y >0.
)

lo=11lo=2|1l=3 lo > 4
lp even | lgodd
Ca | Kp Doy, Ty, Doy, Doy,
Dy | Ky Doy, Ty Doy Doy,
Doy | Ky Doy, Ty, Doy Doy,
Doy | Kp Doon | Kp Dyp Dy,

Table 17: Symmetry infimum of polyhedral subgroup of O(3) on Vl@” r > 3,lp > 0. The

=]’

"Caption" in the table takes the value [y = 6, 10,12, 15,16, 18,20 — 22, 24(1) — 28.

T lp =6,9,10 lo=3,7 lp=4,8 Iy>12 other
T Ty 0 T Ky,
lp =3,6,7 lo>9 other
Ty
Ty Ty Ky
Th all lo
Ky,
0 lp =4,6,8,9,10 [y >12 other
O 0 Ky,
1
Oh a l()
Ky,
I Caption lo > 30 other
I, I, Ky,
Ih, all lo
K,
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Table 18: Symmetry infimum of polyhedral subgroup of O(3) on Vf‘j}, r > 3, lp > 0.The "Caption"
-0

in the table takes the value [y = 6,10, 12, 15,16, 18,20 — 22,24 — 28.

lo=3,6,7,9,10 ly=4,8 Iyp>12 other

T
Th Oh Th Kh
lp =4,6,8,9,10 [y >12 other
Ty
Oy, O, Ky,
T lp=3,6,7,9,10 1y =4,8 1g>12 other
h
Th Oh Th Kh
0 lp =4,6,8,9,10 [y >12 other
Oy, Oy, Ky,
lp =4,6,8,9,10 [y >12 other
On
Oy, Oy, Ky,
I Caption lo > 12 other
I, I, K;,
7 Caption lo > 12 other
h Ih Ih Kh

Table 19: Symmetry infimum of infinite subgroup of O(3) on Vlej;_ , 7> 3,1p > 0.
-"0

lp even | lgodd

Cso D @
Cooh = S200 | Kn Ky

Coov Ky Coov
D D Ky,
Dooh = Doca | K Ky
K K, Ky,
Ky Ky Ky

Table 20: Symmetry infimum of infinite subgroup of O(3) on Vlej;;, r> 3,1y >0.
-0

lg even | [y odd

Co Do, Cooh

Cooh = S200 | Doon Cooh
Coov Doon Ky
Dy, Do, Ky
Doch=Deoq | Doon Ky
K Ky Ky
Ky Ky, Ky
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F DETAILED EXPERIMENT

Experiments in § 6.1 and 6.2 are conducted with randomly initialized TFN (Thomas et al., 2018)
and HEGNN (Cen et al., 2024) architectures as the underlying equivariant models, whereas the
experiments in § 6.3 first pretrain a HEGNN encoder to obtain molecular embeddings and then
fine-tune separate MLP heads for the final prediction task under different settings.

For TFN (Thomas et al., 2018), we use the implementation from GWL-test (Joshi et al., 2023), which
relies on irreducible-representation features with alternating parity. For HEGNN, we extend the
original design to a multi-channel variant. In particular, the spherical scalarized features computed
for nodes j and ¢ are defined as

20 =1vo- @8\, (108)

where v(l) and 'vj( ) denote the I-th degree steerable features of channel ¢ among a total of C' channels.
To obtaln the degree-/y graph-level representation, we apply global mean pooling for each graph
gV, &):

(1 (1

oy, =1/V] -3, 8" (109)

lC

We will detail, in this section, how each experimental task processes these graph-level features.

F.1 VISUALIZATION OF REPRESENTATION SPACE

We use a TFN with single-layer to calculate the embedding. After that, to extract features of degree
lo, we append an 03.Linear layer from e3nn (Geiger & Smidt, 2022), denoting this setup as
TFN;—,, in our experiments.

F.2 EXPRESSIVITY ON SYMMETRIC GRAPHS

This section first introduces the detailed settings of § 6.2 in § F.2.1, and then introduces the reproduc-
tion of the original experiment of GWL-test (Joshi et al., 2023) in § F.2.2.

F.2.1 EMBEDDING DIFFERENCE NORM EXPERIMENT

We employed both TFN (Thomas et al., 2018) and HEGNN (Cen et al., 2024) to compute the norm
of the embedding difference across 12 configurations for each model, varying the number of channels
(1, 4, 16) and layers (1, 2, 3, 4). The degree-/ discrepancy between two graphs Gy and Gy is defined as

AW =1/lC]- S 185, — 85 |l (110)

These choices give rise to 2 x 3 x 4 = 24 distinct A®), In Fig. 5, we report the maximum norm
across all A®), Since every norm is strictly positive, a maximal value below 10~¢ indicates that all
corresponding norms fall below 10~%, meaning none of them can distinguish Gy from G;.

F.2.2 ORIGINAL GWL-TEST ON SYMMETRIC GRAPHS

Dataset. Same as the setting in (Joshi et al., 2023), we construct four symmetric k-fold structures
(k € {2,3,4,6}), each centered at the origin. For each structure Gy we apply a random rotation to
produce G; which ensures G; does not coincide with the original Gy. The goal is to evaluate whether
different equivariant neural network architectures can distinguish Gy from G;. To validate distinct
aspects of our theory, we consider rotations separately in 2D and 3D; in the 3D experiments we
additionally ensure that G; is not coplanar with G.

Embeddings. The extracted [y-degree embeddings from TFN are fed into a vanilla classifier for
the classification task. The model was trained for 300 epochs to ensure the classifier had sufficient
capacity to discriminate the classes.

Results. The detailed experimental results are presented in Table 21, which can be observed that the
color blocks in this table are completely consistent with Fig. 5. It demonstrates that our theoretical
predictions in Table 1 are in complete agreement with the empirical findings obtained from the model.
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Such remarkable consistency not only confirms the correctness of our theoretical analysis, but also
highlights the importance of constructing mappings with appropriately chosen features.

Table 21: Results of distinguishing k-fold structures rotated in 2D/3D space.

2D Rotational Symmetry 3D Rotational Symmetry

GNN Layer 2 fold 3 fold 4 fold 6 fold 2 fold 3 fold 4 fold 6 fold
TFN;—g 50.0 £0.0 50.0 0.0 50.0 £0.0 50.0 0.0 50.0 £0.0 50.0 0.0 50.0 £0.0 50.0 0.0
TFN;— 50.0 £0.0 50.0 0.0 50.0 £0.0 50.0 0.0 50.0 £0.0 50.0 0.0 50.0 £0.0 50.0 0.0
TFN;_, 100.0 z00  50.0 0.0 50.0 0.0 50.0 0.0 100.0 00  100.0 z0.0 100.0 t0.0  100.0 +0.0
TFN;—3 50.0 £0.0 100.0 t00  50.0 z00 50.0 0.0 50.0 £0.0 100.0 t00  50.0 z00 50.0 0.0
TFN;—4 100.0 t00  50.0 z00 100.0 t00  50.0 z00 100.0 t00  100.0 00 100.0 t00  100.0 +0.0
TFN;—5 50.0 0.0 100.0 0.0  50.0 00 50.0 0.0 50.0 0.0 100.0 00  50.0 00 50.0 0.0
TFN;—¢ 100.0 t00  100.0 0.0 100.0 t00 100.0 00 100.0 x00 100.0 00 100.0 z00 100.0 0.0
TFN;—7 50.0 £0.0 100.0 z0.0  50.0 00 50.0 0.0 50.0 £0.0 100.0 z0.0  50.0 00 50.0 0.0
TFN;—s 100.0 00 100.0 z00 100.0 t00 100.0 z0.0 100.0 z0.0 100.0 z0.0 100.0 0.0 100.0 0.0
TFN;—g 50.0 £0.0 100.0 t00  50.0 z00 50.0 0.0 50.0 0.0 100.0 t00  50.0 z00 50.0 0.0
TFN;—19 100.0 z00 100.0 z00 100.0 t0.0 100.0 z0.0 100.0 z0.0 100.0 z0.0 100.0 00 100.0 0.0
TFN;=11 50.0 £0.0 100.0 zt0.0  50.0 200 50.0 0.0 50.0 £0.0 100.0 t00  50.0 £00 50.0 0.0

F.3 MOLECULE PROPERTY PREDICTION WITH PRETRAINED EQUIVARIANT FEATURES

F.3.1 DETAILED EXPERIMENTAL SETUP

We employ HEGNN as the encoder in our experiments. TFN is computationally prohibitive in this
setting: its tensor-product operator has a complexity of O(L®), and when the maximum degree
is set to L = 11 (the upper limit supported by e3nn), training a four-layer TFN with only four
irreducible-representation channels on QM9 requires roughly 10 A100 GPU-hours per epoch. This far
exceeds any practical budget. In contrast, HEGNN adopts spherical scalarization, where interactions
across different degrees are mediated solely through scalars, reducing the complexity to O(L?). For
this reason, we choose HEGNN as our encoder.

Concretely, we use a four-layer HEGNN with 16 irreducible-representation channels and a hidden
dimension of 64. The resulting features are passed through a scalarization layer and then into a
two-layer MLP to predict the molecular isotropic polarizability & on QM9. During fine-tuning, we
freeze the encoder, apply a mask to selectively remove information, and train a separate two-layer
MLP for each setting. Specifically, our designed mask multiplies the features of the unselected
degrees by 0, followed by scalarization calculation, that is:

o) = HEGNN(G), (111)
st =vec([(®, 8\ )oxc,l =1,...,11, (112)
& = MLP¢inerune (00, s ... s(D)), (113)

Following the standard protocol, we train on the first 110k molecules for 300 epochs and fine-tune
for an additional 30 epochs. Notably, although the final visualizations are produced by running the
trained models on the entire QM9 dataset’, this does not affect our theoretical conclusions, as our
analysis relies solely on horizontal comparisons rather than absolute predictive performance.

F.3.2 CASE STUDIES

To further validate our theory, we analyze three prominent point groups Csy,, Csp, and Ty (see Fig. 7).
Each exhibiting a representative pattern of symmetry increase. These groups display a symmetry
increase to the full group O(3) under specific conditions: for Cy;, when [y is odd, for C3;, when
lop = 1, and for Ty when [y = 1,2,5. This increase corresponds to full degeneration, making the
features non-discriminative. The impact of this degeneration is evident in our experiments. Due
to the full degeneration of 1-degree features, introducing them paradoxically decreases predictive
performance for molecules with Cyj,, Csp,, and T,; symmetry. Following the introduction of 2-degree
features, a marked improvement in performance is observed for Cy;, and C's;,. Conversely, for T},
performance again decreases, a result directly attributable to the fact that its 2-degree features also
undergo full degeneration.

SMinor discrepancies between [ = 0 in Fig. 6 and [ < 0 in Fig. 7 result from not fixing the random seed and
do not affect the conclusions.
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Figure 7: MAE loss (in units of a3) for isotropic polarizability prediction with degree [ < Iy across
molecules from the top-16 point groups by molecular count. Each boxplot shows the distribution of
errors at a given degree, while diamond markers denote the corresponding mean MAE.

The experiment shows strong dependence between model performance and feature choice on a
real-world dataset validates our discussion on symmetry increase and feature space dimension. It
demonstrates a critical model design principle: not only should one avoid building a model entirely
from fully degenerate features, but one should also avoid including individual feature components
that undergo full degeneration, as they can be actively detrimental to predictive performance.

Table 22: Symmetry infimum of point group symmetry on the QM9 dataset.

0 1 2 3 4 5 6 7 8 9 10 11
Cy K C, C, Cy Cy C, Cy C4 Cy Cy C, Cy
Cs Ky Cs Cop Cs Cop Cs Con Cs Cop, Cs Cop Cs
Coy K | Cuy | Co Co Cop Co Cop Cy Cop, Co Cop Co

Cay Kpn | Cow | Don | Co | Dop | Co | Dop | Coy | Daop | Cop | Dap | Coy
Csy Kp | Dooh | Coow | C30 | Dsa | C3y | D3g | C3y | D3a | C3y | Dza | Csy
Cop, Ky, | Kn Cop, Ky, Coyp, Ky, Cop Ky, Cop Ky, Cop, Ky,
Ci=5 | Kp| K C; Ky C; Ky C; Ky, C; Ky, C; Ky
Dsp, Kp | Kn | Doon | Dsn | Dooh | Dsn | Den | Dsn | Den | Dsp | Den | Dan
Dag Kn | Kn | Doon | Tu Dap | Dag | Dap | Daa | Dap | Dag | Dap | Dag
Cs K | Cov | Doon | Cs Csp, Cs Csp, C3 Csp, Cs Csp, Cs
Deon Kn| Kpn | Do | Kn | Doon | Kn | Doon | Kn | Do | Kn | Deon | Kn
Coov Kp | Cow | Dot | Cov | Dooh | Coov | Dooh | Coov | Dooh | Coov | Deoh | Coow
D3 Kn | Kn | Dooh | Kin D3 Ky D3, Ky, D34 Ky, D3 Ky
Dap, Kn | K Dsp, Kp D3y, Kp Dsp, Ky Dsp, Ky Doy, Ky
Ty Ky | Kn Ky, Ty O, Ky, Oy, Ty Oy, Ty Oy, Ty
Csp, Kn | Kn | Dooh | Csn | Dooh | Can | Con | Cap | Cen | C3p | Cen | Csyp
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