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ABSTRACT

This paper develops a finite-sample statistical theory for in-context learning (ICL),
analyzed within a meta-learning framework that accommodates mixtures of di-
verse task types. We introduce a principled risk decomposition that separates the
total ICL risk into two orthogonal components: Bayes Gap and Posterior Vari-
ance. The Bayes Gap quantifies how well the trained model approximates the
Bayes-optimal in-context predictor. For a uniform-attention Transformer, we de-
rive a non-asymptotic upper bound on this gap, which explicitly clarifies the de-
pendence on the number of pretraining prompts and their context length. The
Posterior Variance is a model-independent risk representing the intrinsic task un-
certainty. Our key finding is that this term is determined solely by the difficulty
of the true underlying task, while the uncertainty arising from the task mixture
vanishes exponentially fast with only a few in-context examples. Together, these
results provide a unified view of ICL: the Transformer selects the optimal meta-
algorithm during pretraining and rapidly converges to the optimal algorithm for
the true task at test time.

1 INTRODUCTION

Large language models (LLMs) have moved far beyond classic NLP benchmarks into complex,
real-world workflows (Naveed et al., 2024; [Zhao et al.| [2025) such as code assistants and genera-
tors (GitHub), |2025; [Team et al., 2025) in software engineering, Med-PalLLM 2 (Singhal et al., [2025))
in healthcare, text-to-SQL systems (Gao et al., 2024 [Shi et al., |2024) in business intelligence, and
vision-language-action models (Kim et al., |2024b; Zitkovich et al., |2023)) in robotics. In particu-
lar, since GPT-3, modern LLMs have demonstrated a striking ability to adapt to new tasks from
only a handful of input-output exemplars, without parameter updates (Brown et al., [2020). This
phenomenon, known as in-context learning (ICL), appears across diverse datasets and task formats
and is at the heart of these workflows (Min et al., 2022; [Dong et al. 2024)). These deployments
share common constraints: inference-time (test-time) prompts are short, and upstream pretraining
covers heterogeneous task types. A concrete, finite-sample account of predictive error under these
constraints is therefore of key importance to practitioners.

Numerous studies aim to elucidate the behavior of ICL. Wang et al.| (2023); |Akytirek et al.| (2023));
von Oswald et al.[ (2023); L1 et al.| (2023); |Bai et al.| (2023); |Garg et al.| (2022); |Mahankali et al.
(2024) have empirically or theoretically shown that Transformers can implement canonical esti-
mators and learning procedures in context (e.g., least squares, ridge, and Lasso, gradient-descent
steps, model selection), sometimes achieving near-Bayes-optimal performance on linear tasks. Con-
currently, Jeon et al.| (2024) provide information-theoretic analysis and [Kim et al.| (2024a)) present
nonparametric rates for particular architectures and settings, with subsequent progress (Wang et al.,
2024; |Oko et al.| [2024; Nishikawa et al., |2025). A compelling perspective frames ICL as a form of
implicit Bayesian inference (Xie et al.l [2022; [Wang et al.| [2023; Panwar et al., |2024; |Arora et al.,
2025} Reuter et al) 2025 |[Zhang et al.| 2025). Although this viewpoint provides an explanatory
framework for ICL’s capabilities, the aforementioned theories have not fully leveraged the theoret-
ical relationship between ICL and Bayes. Hence, they lack a statistical theory that can (i) jointly
couple pretraining size /N and prompt length p and (ii) accommodate heterogeneous mixtures of task
types, the regime in which modern LLMs operate.
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We develop a Bayes-centric framework that offers a concrete account of the sources of error and
clarifies how they shrink with p and N. Specifically, viewing ICL risk as the Bayes risk (e.g.,
§5.3.1.2 of Murphy, [2022), we treat the Bayes-optimal predictor as the optimal in-context predictor
and derive the following orthogonal decomposition under squared loss (Theorem [I)):

ICL risk = Bayes Gap + Posterior Variance,

where the Bayes Gap measures the discrepancy between a pretrained model and the optimal in-
context (Bayes) predictor, and the Posterior Variance is independent of the model and shrinks as the
observed context length grows. Conceptually, performance limits at inference time are governed by
Bayesian uncertainty about the test task (i.e., the task at inference time), not by pretraining alone.
We summarize the further contributions below:

1. Provide non-asymptotic upper bounds that couple the number of pretraining prompts N
and their context length p (Theorem[2). For uniform-attention Transformers, we leverage se-
quential learning theory (Rakhlin et al.;2010), develop optimal transport-based approximation
theory, and then obtain

ERpq(Mj)

~

—2a/dest —1 -1 : s
< m - +m(pN)" + N (ignoring logarithmic factors)
approxXimation  ,etraining generalization

Here m is the number of learned features in the Transformer, d.g is the effective dimension,
and « is a Holder exponent. The rate oc m/(pN) clarifies the dependence on both p and N,
which earlier theories on ICL (Kim et al.}|2024a; [Wu et al.| 2024} [Zhang et al.,|2024) have not
fully captured. Importantly, the result suggests that Transformers select the optimal meta-
algorithm during pretraining.

2. Explain in-context error via the test-task difficulty (Theorem 3). In a mixture of task types,
the posterior over the task index concentrates exponentially fast with respect to the observed
context length, and the irreducible term Rpy is upper bounded by the minimax risk of the
test (true) task family. Without assuming specific algorithms (Akytirek et al.l 2023} Bai et al.|
2023} Zhang et al.,2024)), our result implies that even in mixed-task settings the optimal meta-
algorithm rapidly converges to the optimal algorithm for the true task at inference time.
This finding is consistent with empirical reports (Panwar et al.,[2024; |Arora et al.,|2025)), which
show that ICL often behaves like Bayesian inference, particularly in task-mixture settings.

3. Characterize stability under input-distribution shift (Theorem @). We demonstrate that
under input-distribution shift from pretraining data to inference-time prompt, the Bayes Gap
incurs an out-of-distribution (OOD) penalty proportional to the Wasserstein distance between
the distributions, while the Posterior Variance is intrinsic to the target domain. |Zhang et al.
(2024) have noted that ICL is vulnerable to input-distribution shift in some settings, whereas
our results specifically show that only the Bayes Gap increases in proportion to the magnitude
of the shift.

The paper is organized as follows. Section[2|formalizes the meta-learning prompt model, introduces
the Transformer architecture, and states assumptions, followed by a primer on the Bayes-optimal
in-context predictor. Section [3] presents the risk decomposition and then analyzes (i) the Bayes
Gap (Section , (ii) the Posterior Variance (Section , and (iii)) OOD stability under input-
distribution shift (Section[3.3). Section[dconcludes with limitations and future work. The Appendix
contains a list of notation, numerical experiments, all technical proofs, auxiliary lemmas, and ex-
tended discussions.

Related Work

(A) ICL as Bayesian inference. ICL has been framed as (implicit) Bayesian inference under struc-
tured pretraining. Xie et al.| (2022) show that mixtures of hidden Markov model-style documents
enable Transformers to perform posterior prediction; Panwar et al.| (2024) show that Transformers
mimic Bayes across task mixtures. |[Lin & Lee| (2024)) reconcile task retrieval versus task learning
with a probabilistic pretraining model. Wang et al.| (2023) view LLMs as latent-variable predic-
tors enabling principled exemplar selection. [Reuter et al.| (2025) empirically show full Bayesian
posterior inference in-context and |Arora et al.| (2025)) demonstrate Bayesian scaling laws predicting
many-shot reemergence of suppressed behaviors. Our results explicitly use Bayesian properties for
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ICL theory and provide a concrete non-asymptotic validation both in pretraining and at inference
time.

(B) ICL as Meta-Learning. ICL is widely understood as meta-learning (Brown et al., [2020).
Transformers implement gradient-descent-style updates within their forward pass, acting as meta-
optimizers that perform implicit fine-tuning (von Oswald et al.| 2023} [Dai et al.}[2023)). Models can
be meta-trained to execute general-purpose in-context algorithms across tasks (Kirsch et al.l 2022]).
From a learning-to-learn perspective, ICL’s expressivity explains few-shot strength while exposing
generalization limits (Wu et al.| 2025). Beyond single tasks, meta-in-context learning shows recur-
sive adaptation of ICL strategies without parameter updates (Coda-Forno et al., 2023)). From this
perspective, we theoretically clarify how ICL identifies the task at inference time and solves the true
task.

2 PROBLEM SETUP

2.1 META-LEARNING: MIXTURE OF MULTIPLE REGRESSION TYPES

We consider a meta-learning framework that accommodates a finite number of distinct task types
(task families).

Definition 1 (Prompt-Generating Process). The data generating process for prompts proceeds as
follows:

1. Sample a task type: I ~ P; = Categorical(c), i.e., Pr(I =i) =«q; >0fori=1,...,T.

2. Given I = i, sample a task function: f ~ P, where Pp, is a distribution on the ¢-th function
space F; = {f : Rreat — R},

3. Fork=1,....,.p+ 1

. . . iid.
« Sample an R%e»t-dimensional input: zj '~ Px

* Generate output: y, = f(xx) + &, where g, g P. is sub-Gaussian random noise with
Eler] =0, Var(eg) = 02, and e, L (f, z).

4. Form the length-p (complete) prompt: P = (1,41, ..., %p, Yp, Tp+1)-
—_————

context DP query

This setting allows for a mixture of 7' (< oo) different task types (task families), such as linear
regression type F' = {x + w ' x + b}, sparse regression type F' = {x — w 'z + b : [|[w|o < s},
and basis-function regression type F' = {x — Zf:o a;g;(x)}, where g; are, for example, Hermite
polynomials or Fourier basis functions. Note that Step 1 of Definition [I] selects the task family F;
(via I), and Step 2 samples a particular function f from that family; in the linear-regression case,
this corresponds to choosing coefficients such as w and b.

A length-k partial prompt is denoted by P* = (1,1, ..., %k, Y, Tr+1) and its context dataset by
DF = {(z;,y;) ;?:1 € RFdert where dog := dfe + 1. We fix a maximum context length p. At
inference time, after observing k£ < p examples, we sequentially evaluate the risk of predicting yx11
from PF.

2.2 TRANSFORMER ARCHITECTURE

We begin by briefly reviewing the standard Transformer architecture. The standard
Transformer (Vaswani et al.) 2017) processes sequences through self-attention mechanisms:

Attention(Q, K, V) = softmax(cf/[%r )V, where queries (), keys K, and values V are linear projec-

tions of the input embeddings. Each Transformer layer consists of self-attention and a position-wise
feed-forward network.

In this work, we adopt a specialized uniform-attention () = K = 0) Transformer architecture. The
components of our prompts are generated independently conditional on the task function (Defini-
tion E]) Therefore, a permutation-invariant mechanism like uniform attention is sufficient, which
motivates our choice of the following architecture. Further justification is provided in Appendix
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Definition 2 (Uniform-attention Transformer Architecture). We study a uniform-attention (mean-
pooling) Transformer of the form:

k
My(P") _P6<%Z¢e($i,yi),$k+1 )
i=1

Here, the feature encoder ¢ : Y — A™ ! and the decoder py : A™ ™! x C — R, where A™~!
denotes the (m — 1)-dimensional probability simplex, I/ denotes the example domain (the space of
(xi,y) € Ref) and C denotes the query domain (the space of x4 1), have the following structures:

Feature Encoder Network ¢g: The feature encoder consists of a depth-Dy feedforward ReLU net-
work followed by a renormalization layer:

®9(z,y) := Renorm, o gy(z, y),
go(u) == W(D¢)U(W(D¢—1)J( . U(W(l)u + b(1)> .. ) + b(Ddo—l)) + bPe),
where u = [x7,y]" € R%#, o(-) = max{0,-} is the ReLU activation applied element-wise,
W e Rrexme-1 gre weight matrices with ng = degr and np, = m, and the renormalization layer

is defined as Renorm, (s) = % (1 € (0,1]). This ensures ¢p(x,y) € A™ L.

Decoder Network pg: The decoder is a depth-D,, feedforward ReLLU network that jointly processes
the aggregated features and query:

po(z;¢) :=clip_p, p.(he(z,0)),
h@(’U) — W(DP)O-(W(DP_l)o-( A O'(W(l)’v + b(l)) c. ) + b(Dp_l)) + b(Dp)’

where v = [z7,¢T]T € Rmtdiea, WO e RXme-1 with ng = m + dgeqr and np, = 1, and the
clipping operation ensures | Mg (P")| < Byy.

Size of the Networks: Throughout, ||-||2 denotes the Euclidean norm for vectors and the spectral norm
for matrices. For depth-D ReLU network 7y, define the spectral product S(7p) := HdD:1 HW(d) | )
There exist fixed constants Cy, C, > 0 (independent of p, N) such that S(¢g) < Cym*/dett
and S(py) < C,m!/2. For the feature encoder ¢y, we assume a depth of Dy = O(logm) and
the number of trainable parameters is O(mlogm). Also, we assume the decoder py is uniformly
Lipschitz in both arguments: |pg(z, c) — po(2',¢’)| < ll2 + Le|le — € ||2, with Ly, L, <
S(pe). Finally, let © denote the parameter space that satisfies these conditions.

Averaging simplex-valued features produces a summary statistic that is permutation-invariant and
has a fixed total mass of 1 irrespective of k. Thus, the summary carries only distributional informa-
tion about the context, rather than scale information due to sequence length.

2.3 RISK, TRAINING, AND ASSUMPTIONS

Throughout, we use the squared loss ¢(u,v) = (u — v)?. The ICL risk of a predictor M averages
the mean-squared error over k = 1, ..., p and the aforementioned generative process:

1 - k)2
R(M) = 5];1EINthNPFI,D’“NP%fCY‘f,wkHNPX [(f(xk—&-l) — M(P")) } )

where Px y|y is the joint distribution of (X,Y") conditional on the task function f. Pretraining is
performed with N i.i.d. length-p prompts; the empirical risk minimizer (ERM) is

6= argggg mg; Yik+1 — Mop( Pk)) (1)

Remark 1 (Meta-train/test protocol). The pretraining dataset consists of NV i.i.d. prompts {P; }2" =1
each generated by first sampling /;, next drawing f;, and then sampling context examples and a
query from the same Py. At inference time, I'** and f**" are drawn from the same mixture, and the
risk R(M) is averaged over new prompts from the same meta-distribution.
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For the subsequent discussion and analysis, we make the following assumptions about the task
function and the input data.

Assumption 1 (Bounded task functions). There exists By > 0 such that for any i and f € Fj,
| f(x)| < By for all « in the support of Px.

Assumption 2 (Bounded inputs and conditional independence). There exists Bx < oo such that
|||z < Bx, Px-almost surely. {a;}}_; areii.d. samples from Px and, conditional on a sampled
task function f, the pairs {(x, yx) }x are conditionally independent across k.

2.4 PRIMER ON THE BAYES-OPTIMAL IN-CONTEXT PREDICTOR

In this section, we characterize the optimal predictor that minimizes the ICL risk. Since the ICL risk
is equivalent to the Bayes risk (e.g., §5.3.1.2 of Murphy| [2022), the theoretically optimal in-context
predictor is the Bayes predictor, i.e., the posterior mean of the function value given the context in
this setting. We explain this point below.

The ICL risk minimization problem is to find a predictor M that solves:

. 1 "
II}LIIHR(M) = II]l\lfn 5 ;]EIN”PIE]“NPFI ED"‘NP?FYWE”ICJANPX V (f(wk+1), M(P ))] .

Using the law of total expectation, we can rewrite the risk as an expectation over the context D*.
For each context, we aim to minimize the conditional expectation of the loss:

mA}nED’“NP?’CyEINPuDkEfNPFflol« Bz p1npx [E (f(mk‘*l)’ M(Pk))] :

To minimize the outer expectation, it suffices to minimize the inner conditional expectation for
each fixed context D*. The minimizer is exactly the definition of the Bayes estimator (Bernardo
& Smith, [1994; Robert, 2007) because the inner conditional expectation is the Bayes risk, which is
the expected predictive loss Eq, ,,~p, [¢ (f(@x11), M(P*))] with respect to the Bayes posterior

distribution Ey.p [P, pr]. Specifically, for the squared error loss, the value M (P*) that mini-

1|DF
mizes the conditional mean squared error, EINP”D’"EfNPFI\DkEwk+1NPX [0 (f(zrs1), M(PF))],
is the Bayes posterior mean (e.g., Murphyl, 2022; [Lehmann & Casellal [1998). Thus, the optimal
predictor Mp,yes that minimizes the ICL risk is the posterior mean:

MBayes(Pk) = EI’VP”Dk ]EfNPFIIDk [f(mk+1)] = arg]\zmnR(M)

This Bayes predictor serves as the theoretical target during pretraining. (See Figure[T]) Intuitively,
the optimal ICL can be viewed as performing implicit prompt learning (L1 & Liang| 2021} [Lester
et al.l|2021): given a context DF¥_ it infers a task-specific representation (E I~Py ok [PFI| pk]) which
plays a similar role as a learned prompt in prompt learning. The Bayes Gap, which we introduce
next, measures how well the pretrained model M; emulates this predictor.

Posterior notation.

Let m;(D¥) := Pr(I =i | D*) and P(f | D¥) = .7 m(D*)Pr,(f | D¥, T = i). We write
the Bayes predictor as Mpayes(P*) = E;.up(fph) [f(:ck+1)] Note that, throughout, we work on
standard Borel spaces so that regular conditional distributions exist. Accordingly, Pr(f € - | D¥)
and the quantities E[f(xx1) | D¥] and Var(f(zx41) | D¥) are well-defined.

Permutation invariance of the Bayes predictor.

For each k, we write uy = (xg,yx) € U and ¢ = x,y; € C and view the Bayes pre-
dictor MBayCS(P’“) as Mpayes(t1:x,¢) here. Since the posterior P(f | D) depends on DF
only through the multiset {(z;,y;)}¥_,, for any permutation 7 of {1,...,k}, Mpayes(v1.k,¢) =
Mpayes (uw(l), s U (k) c). Thus, the Bayes predictor is a symmetric set functional, which justi-
fies using the uniform-attention Transformer to emulate it. See Appendix [C|for more details.

' As the query @4 1 is drawn independently of f and D*, P(f | P*) = P(f | D*).
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k
(D%, xp11) = Epop(ipry [f (@h+1)]
Bayes predictor
Distribution on functions Bayesian update Posterior distribution at query

Bayes predictor

! P(f | D) t Efopsipr lf (Tkt1)

In-context examples from New que
Pretraining|data atest task f ~ P(f) ‘
k k
from P() D* = {(=i, i)} *
Pretrained model \ ICL predictor
k
Mé In-context learning via pretrained model Mé (D ) wk—i—l)

Figure 1: Bayesian view of in-context learning (ICL). The upper path: the process of computing
the optimal prediction is (D*, @x41) — Ej.op(spr)[f(@k+1)] given P(f). The lower path: since
P(f) is unknown, the model M}, pretrained on data from P(f), aims to emulate this process via
(D*, @pt1) = My(D*, @p1).

3 RISK ANALYSIS OF IN-CONTEXT LEARNING

In this section, we first present a risk identity (Theorem [T), then control each term separately: Sec-
tion 3.1 bounds the Bayes Gap (pretraining approximation and generalization), while Section [3.2]
analyzes the Posterior Variance (inference-time uncertainty in mixtures).

The following identity, using the Bayes predictor, decomposes the ICL risk into a model-dependent
term and a model-independent term.

Theorem 1 (Risk decomposition for in-context learning). Consider the prompt-generating process
from Definition[I|and assume that Assumption[I|holds. For a measurable, bounded map M, the ICL
risk decomposes as
R(M) = RBG(M) + Rpv
S—— ~
Bayes Gap Posterior Variance

where:

1. Bayes Gap: Rpg(M) := 3350 Epr [ (M(P*) - MBayes(P’“))Q] This measures how
closely the model M approximates the optimal Bayes predictor. In other words, this is the
excess risk to the Bayes predictor.

2. Posterior Variance: Rpy := + 37 Epr [Vars p(spr)(f(zr11))], which is independent
of M and irreducible. This represents the behavior of the Bayes estimator given the context.

This decomposition reveals how each term can be reduced. The Bayes Gap is the aggregate im-
perfections of pretraining, controlled through architecture design and pretraining scale (N, p). In
contrast, the Posterior Variance stems from the inference-time uncertainty of the test task and can be
reduced only by increasing the context length £ at inference time because E[Var ¢ p (¢ pr+1)(f)] <
E[Var;p(¢pry(f)] follows from the law of total variance. Therefore, under sufficiently large
pretraining, the final error bottleneck is the latter. Also, relative to information-theoretic decom-
positions under log-loss 2024), our identity is exact under squared loss and directly
interprets the irreducible term as the Posterior Variance. Note that this decomposition holds for any
measurable and bounded predictor, independent of the specific form of the model. Also, the analysis
can be extended to a broader class of losses that admit an analogous decomposition with the Bayes

estimator, such as Bregman-type losses (Adlam et al.| 2022} [Pfaul [2025).

3.1 BAYES GAP: PRETRAINING GENERALIZATION ERROR AND APPROXIMATION ERROR

This section answers “Can Mg emulate the hypothetical map P* — E¢piripm[f(®rs1)] 27
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For the uniform-attention Transformers, the following theorem decomposes the Bayes Gap into an
approximation term and a pretraining generalization term, and provides a non-asymptotic upper
bound that depends jointly on both p and V.

Theorem 2 (Bayes Gap upper bound). Consider the prompt-generating process defined in Def-
inition |l| under Assumptions |l| and For k = 1,...,p, assume the Bayes predictor Mpayes :
(Rdett )k Rtear — R satisfies the Holder condition: |MBayeS(u1;k, ¢) — Mpayes(u) 4, c’)| <
Lz Zle | (wi, e) — (u;,c’)H;E for bounded u;,w, € U, ¢,¢ € C,and o € (0,1]. Let 0 be the
ERM (1) with Dyyain = {{(Pf, yj7k+1)}£:1}§v:1. Then, for any p > 2,

2a

_ 2a m 1
ERpa(My) S m %+ N polylog(pN) + N polylog(pN),

Approximation error

Pretraining generalization error

where the expectation is taken over Dy, ain and polylog(-) < log” (-) with some r € N. Choosing
de _ [e3
m* =< (pN) Tt 125 and ignoring polylog(pN) yield ERpc(M;) S ((pN) T T 4 N7h.

Proof Idea: Regarding the pretraining generalization error, we handle the N meta-training prompts
via conventional learning theory across j (van der Vaart & Wellner, 2023} |Shalev-Shwartz & Ben-
David, 2014), and the p context examples per prompt via a sequential learning theory across
k (Rakhlin et al.l 2015} Block et al.l [2021). Concerning the approximation error, we build a mol-
lified partition-of-unity (“soft histogram”) over the example domain ¢/ and mean-pool it to encode
prompts. Then the Bayes predictor on empirical measures is approximated by a decoder defined
via a McShane extension over a discrete 1-Wasserstein metric between histograms (Peyré & Cuturi,
2019), yielding a Lipschitz, piecewise-linear target. Both encoder and decoder are then realized by
moderate-size ReLU networks. As these proof ideas do not depend on a specific Bayesian formula-
tion, the result holds under milder data assumptions compared to prior Bayesian analyses (Xie et al.,
2022} Zhang et al., |2025)).

The key point of Theorem [2|is that Rpg decomposes into (i) an approximation error yn~ 2%/ dest

stemming from the expressiveness of the Transformer, and (ii) a generalization error O(m /(pN) +

1/N ) coming from a finite dataset. This decomposition clarifies the respective roles of the two
terms. The feature dimension m governs the expressive power of the Transformer, and increasing m
allows a smoother approximation of the Bayesian predictor. (The depth and number of parameters of
the Transformer affect Theorem 2 only implicitly, through the feature dimension m and the Lipschitz
constants of the encoder and decoder (Lemmas [}f3).) On the other hand, p represents the amount
of information within one task, while /V represents the coverage of the meta-distribution. The rate
o m/(pN) makes explicit the joint effect of pN, which earlier non-asymptotic theories on ICL (Kim
et al.,[2024a; Wu et al., 2024} [Zhang et al.,[2024) have not fully captured, as they typically considered
the effect of p and IV separately or focused on only one of them. Many works (e.g., |Akyiirek
et al.l |2023; Bai et al., 2023} Zhang et al., [2024) have theoretically and empirically shown that
Transformers approximate ridge regression and gradient descent in linear settings. By contrast,
we non-asymptotically demonstrate that in more general settings (nonparametric, nonlinear, meta-
learning), the optimal meta-algorithm is selected.

We also highlight its ability to avoid the curse of dimensionality with respect to context length
p. Since the Bayes predictor is unchanged no matter the order in which the context arrives, we
can compress a long input sequence into a single mean vector without losing information, and the
network only needs to handle that fixed-length vector of dimension d.g rather than pdeg + dfeat -

The Holder condition holds, intuitively, if (i) each task function is smooth (e.g., Holder) with respect
to the input, (ii) inputs and responses are effectively bounded (e.g., sub-Gaussian noise), and (iii)
Bayesian updates are stable (e.g., distributions of parameters are light-tailed or log-concave), so
perturbing any single context point by O(§) changes the posterior mean by at most O(6%/k) under
the prompt metric. These conditions are typically met for mixtures of common task families (e.g.,
linear regression, basis-function regression, finite convex-dictionary regression). Further discussion

is deferred to Appendix @ Moreover, the rate (pN) T 725 matches the minimax lower bound for
estimating, for example, the density of the joint distribution of (x;,y;) € U under the standard
Holder smoothness assumption (Tsybakovl 2009).
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In practice, as the token budget used for pretraining LLMs is enormous (say, infinite), the only risk
that essentially remains is the inference-time risk (Rpv) analyzed in the following section.

3.2 POSTERIOR VARIANCE: INFERENCE-TIME ERROR

Having established bounds on the Bayes Gap, we now turn to the other component of the ICL risk:
the Posterior Variance, Rpvy . This term represents the irreducible error of the Bayes predictor itself.
A key question is: How does this Posterior Variance, arising from a mixture of T' task types, relate
to the intrinsic difficulty of the true task at inference time?

The following theorem shows that, under some assumptions on the data (discussed later), the Bayes
predictor quickly identifies the true task type at inference time.

Theorem 3 (Gap between Posterior Variance and minimax risk of the true task type). Suppose

Assumption[I|holds. Let i* be the true task index. For each wrong task j # i* and eacht > 1, define
. t—1

%. Under the true task, there

exist a task type divergence D; > 0 and constants (v;, b;) such that, for all t > 1 and the filtration

gt_l, E[Zj7t | gt_l,I = Z*} S 7Dj andIE [GXP{A(Zjvt + D])} | gt_l,I = Z*] S exp (>\2VJ2/2)
2

hold for all |\| < 1/b;. Let Dyniy, = minj;» Dj > 0 and C' := min;z;« > 0. Then,

forallk > 1,

Epeajr—i | Vargpe{f(z)} }Si]{lfffselg? Epe [(f(@rs1) = M(PY)’|/]

mixture Posterior Variance

the predictive log-likelihood ratio increment Z;; = log

Dj
8(v7+b;D;/2)

the true task type’s minimax risk

1 — Qx . _
e

Quix

task type identification error

This theorem quantitatively justifies the empirical observation that ICL can quickly adapt to the
specific task at hand, even when pretrained on a diverse mixture. Concretely, the posterior distri-
bution over the task index, Py p, concentrates exponentially fast on the true index i* as k grows.
This result is consistent with empirical demonstrations. [Panwar et al.| (2024) show that in hierar-
chical mixtures, Transformers mimic the Bayes predictor based on the true task distribution. Also,
the above theorem explains the “Bayesian scaling laws” of |Arora et al.|(2025), which model ICL’s
error curves as repeated Bayesian updates, and under an ideal Bayesian learner, the task posterior
converges to the true task as context grows.

Compared to prior ICL theories, Theorem [3] can be seen as the general form of the result in [Kiml
et al.|(2024a), which showed that even when the function class used at pretraining is wider than the
one at inference, the inference error depends only on the hardness of the latter class. Although Jeon
et al.| (2024) also mentions an irreducible error of ICL, our addition is to show that it manifests as
Posterior Variance and that it approaches the minimax risk for the “true family” up to a small gap.
Moreover, this phenomenon of ICL “selecting algorithms on the fly” is consistent with the theoret-
ical results on in-context algorithm selection in generalized linear models and the Lasso (Akyiirek
et al., 2023} Bai et al.| [2023; [Zhang et al.| |2024). Our result proves that even without assuming a
specific algorithmic form, behavior close to optimal algorithm selection emerges through posterior
concentration in mixture settings.

The assumptions are fairly standard in the theory of sequential data and ensure that the in-context
examples provide sufficient signal to rapidly rule out incorrect task types: (i) the supermartingale
condition E[Zj’t | Gio1, I = i*] < —D; < 0 (Williams, 1991) means each new observation, on
average, decreases the predictive log-likelihood ratio of any wrong type j against the true type;
(ii) the Bernstein-type condition E [exp{\(Z;; + D;)} | Gi—1,1 =i*] < exp (A\?v/2) (Bercu
et al.| [2015) yields the concentration of the cumulative log-likelihood ratio, so occasional mislead-
ing samples cannot outweigh the overall trend. Note that D; is the per-step information gap that
favors the true task over the wrong type j, v; is the sub-exponential scale of the log-likelihood
ratio, b; bounds the tail via the moment-generating-function (smaller means heavier tails), and
min; .+ D?/8(v? + b;D;/2) sets the uniform exponential rate at which posterior mass on wrong
types decays with more context.
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In Appendix [F| we consider a concrete regression problem (linear vs. series regression) and specify
vj,bj, Dj and C that appear in Theorem [3} The results show that to make the task type identification

3 . 1. — error variance4-within-task variance # of task types
error at most 7), one requires the context length: k =< ruc-rask signal ” .

log

Remark that if the likelihood does not have a density function (with respect to Lebesgue measure),
assume that all predictive distributions P;(y; | x;, D!~!) are dominated by a common reference
measure so that the Radon-Nikodym derivative exists. Then Z;; can be rigorously defined as a
log-likelihood ratio.

3.3 OOD STABILITY OF THE ICL RISK

This section investigates how the ICL risk changes under a distributional shift in the input between
pretraining data and inference-time prompt. Note that the task distribution and the noise distribution
are unchanged. Since Rpy represents the uncertainty of the task at inference time, it depends only
on the prompt distribution at inference time. In contrast, the Bayes Gap Rpg (M), which measures
the performance of the pretrained model M, is directly affected by the discrepancy between the
pretraining (source domain) and inference-time (target domain) distributions.

To formalize the problem, let P denote the prompt distribution based on the source input distribution
Px used during pretraining, and Q be the prompt distribution based on a target input distribution
Qx at inference time. Denote the Bayes Gap evaluated under a distribution R by

12
R 2
RY%(Mp) = , > Eper[{Mo(P*) = Mpayes(P*)}7].

k=1
We measure the shift at the prompt level. For0 < o« < land k € {1, ..., p}, define the ground met-
tic di o (wik, €), (Whp, €)) = L0 [lwi —uf||§ + |l — €[|3, and the associated 1-Wasserstein

distance W(Lp(PF), Lq(P*)) := Wi(Lp(PF), Lq(P*);dy.o). Assume U and C have finite
diameters (e.g., by truncating on a high-probability event under the sub-Gaussian noise model)
for brevity, and recall that the decoder is uniformly Lipschitz in its two arguments with constants
(Ls, L), while Lip(¢g) denotes the encoder’s Lipschitz constant.

Theorem 4 (Wasserstein stability of the Bayes Gap). Consider the prompt-generating process de-
fined in Definition[Ijunder Assumptions[I|and[2] Suppose that the Bayes predictor satisfies the same
a-Holder condition as in Theorem 2| with exponent o € (0,1] and constant L. Then, for every
parameter 0,

P)

B My) — BEL )| < 2B B SN (14 A ) W2 (P), Lo(PH),

p k

[u

where Ao, := (Ls Lip(¢g) + L) (diam (i) + diam(C)) e

This result implies that the Bayes Gap is distributionally Lipschitz: its change across domains is
controlled by (i) the smoothness L of the Bayes predictor and (ii) the architectural regularity of Mjy
through L, L., and Lip(¢g). The penalty scales with the prompt-level Wasserstein shift and does
not depend on the number of pretraining prompts V. In line with the findings of [Zhang et al.|(2024)
that ICL is susceptible to input-distribution shifts, we find that only the Bayes Gap is affected by
such shifts and quantify the magnitude of this effect.

For additional theories and detailed discussions, please see Appendix

4 CONCLUSION

In this work, we introduced a Bayesian-centric framework to dissect the ICL phenomenon. Our
central contribution is an orthogonal decomposition of the ICL risk into two conceptually distinct
components: a model-dependent Bayes Gap and a model-independent Posterior Variance. This
decomposition provides a principled lens through which to understand the sources of error in ICL
and how they are reduced by pretraining and in-context examples.

Our analysis of the Bayes Gap (Theorem [2) yielded non-asymptotic bounds that jointly couple the
number of pretraining prompts N and their context length p. This result clarifies their synergistic
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role in learning an optimal meta-algorithm, showing that the model’s ability to emulate the ideal
Bayes predictor improves as the total number of pretraining examples (p/N') grows. The analysis of
the Posterior Variance (Theorem [3)) revealed that in a heterogeneous mixture of tasks, ICL rapidly
identifies the true underlying task family at inference time. The irreducible error converges expo-
nentially fast to the minimax risk of the true task, explaining ICL’s adaptability without explicit
algorithm selection. Finally, we characterized the model’s stability under distribution shift (The-
orem [)), demonstrating that the Bayes Gap increases moderately in proportion to the Wasserstein
distance between the pretraining and inference input distributions, while the Posterior Variance re-
mains intrinsic to the target domain.

Practical implications for model design and training. For practitioners and model designers,
our theory provides concrete guidance for optimizing in-context learning performance:

- Architecture: Choosing the model’s feature dimension m (hidden size) according to the scal-

d,
ing m* < (pN )deffefrfh is beneficial (Theorem . Moreover, when within-task examples
are i.i.d., using permutation-invariant architectures such as uniform-attention (mean-pooling)
Transformers, which match the symmetry of the Bayes-optimal predictor and avoid the curse
of dimensionality in context length, is sufficient (cf. Appendix [C).

- Inference-time prompts: At inference time, an excessively long prompt may not be necessary,
but the model does need at least a few examples to identify the task (about three in our experi-
ments, cf. Figure[3). For more complex problems, the model needs enough examples to solve
them, such that the minimax risk becomes sufficiently small (Theorem EI)

- Distributional shift: One should match the input distribution at inference to that used in pre-
training; our Wasserstein stability bound shows that distribution shifts primarily degrade the
Bayes Gap (Theorem ). When moderate domain shift is unavoidable, it is preferable to con-
trol the Lipschitz constants of the Transformer (e.g., via spectral normalization and output
clipping) and then increase p and N and adjust m according to the above scaling, rather than
arbitrarily growing model size.

- Benchmark design: Since ICL performance transitions from being dominated by task-type
identification (small k) to within-family generalization (large k), few-shot benchmarks primar-
ily measure task discrimination, while longer-context evaluations assess learning within the
identified family.

Limitations and Future Work. Our analysis focuses on a uniform-attention Transformer, moti-
vated by the permutation invariance of the Bayes predictor in our setup. If inputs in a prompt are
chosen adaptively (active learning, bandit-style data acquisition), non-uniform attention or explicitly
sequential models would be beneficial. Future work could explore how these results extend to more
complex architectures with non-uniform attention under dependent data settings. Our generalization
analysis already uses tools from sequential learning, so the technical machinery can be compatible
with order-dependent settings; what would change are the target Bayes predictor and its symmetry.
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APPENDIX

A

NOTATION AND DEFINITIONS

This section provides a comprehensive list of notations and definitions used throughout the paper
for ease of reference.

General Mathematical Notation

R?: The d-dimensional Euclidean space.

| - [|2: The Euclidean (¢2) norm for vectors and the spectral (operator) norm for matrices.

I - ]1: The ¢1 norm of a vector.

|| - ||o: The £o pseudo-norm of a vector, counting the number of non-zero elements.

1: A vector of all ones, with its dimension inferred from the context.

A™~1: The standard probability simplex in R™, defined as A™~! = {s € [0,1]™ :
Z;ﬁ:l sj =1}

U, C: The example domain (the space of (x;,y;)) and the query domain (the space of xy1),
respectively.

F;: The function space for tasks of type i.
O: The parameter space for the neural network model My.
diam(A) := sup, , ¢ 4 ||& — yl|2: The diameter of a set A.

B(a, R): The closed Euclidean ball of radius R > 0 centered at a, B(a, R) := {x € R? :
|z — all2 < R}, where the ambient dimension d is understood from context.

Lip(f): The Lipschitz constant of a function f.

f = g: Indicates that f and g are of the same order, i.e., there exist constants ¢1, co > 0 such
that 19 < f < cag.

f < ¢: Indicates that f is less than or equal to g up to a constant factor, i.e., f < C'g for some
universal constant C' > 0.

0() Asymptotic notation that hides polylogarithmic factors.
polylog(-) := (log(-))°™), i.e., log®(-) for some constant ¢ > 0.

o(-): The Rectified Linear Unit (ReLU) activation function, o(u) = max{u,0}, applied
element-wise.

clipj, 5 (z) := max(a, min(b, z)): The clipping function.

Probability and Statistics

Px,Pe,...: Probability distributions of random variables X, ¢, . ...

Ex~py[] or simply E[-]: The expectation with respect to the distribution of the random vari-
able(s) specified in the subscript. If no subscript is present, the expectation is taken over all
relevant random variables.

Var(-): The variance of a random variable.

Empy, (u1.) := ¢ Zle 0., : The empirical measure of the context.
Yx :=E[(x — Ex)(x — Ex)"|: The covariance matrix of .

Pr(-): The probability of an event.

X ~ Px: The random variable X is drawn from the distribution Px.
A symbol for “is independently and identically distributed as”.
X 1 Y: The random variables X and Y are statistically independent.
Px,y|s: The joint distribution of (X, Y’) conditional on a function f.
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L]

Pk The k-fold product measure, corresponding to k i.i.d. draws from the distribution P.
I ~ Categorical(a): I is a discrete random variable on {1,...,7} with Pr( = i) = «;.
ZiTzl a; =L

’ng | D¥): The marginal posterior distribution of the task function f given the context data
Dr.

7;(D¥) := Pr(I = i | D¥*): The marginal posterior probability of task type (task family) i
given the context D,

Gy: The o-algebra generated by the random variables D*, representing the information avail-
able at step k.

G;.: The o-algebra generated by the random variables (D*, z1).

Sub-Gaussian: A centered random variable X is sub-Gaussian with proxy variance o? if
EeX < exp(02A2/2) forall A € R.

Sub-exponential: A centered random variable X is (v, b)-sub-exponential if Ee
exp(v?\2/2) for all |A| < 1/b.

KL(P||Q): Kullback-Leibler divergence between distributions P and @), used to quantify sep-
aration between task types.

m;(D*) == [ Hle p(ys | x¢, f) Pr,(df): The marginal likelihood of the context D* under
task type <.

AX <

i (), sit(w): Predictive mean and variance for task type ¢ after observing t—1 examples.

N (i1, 0%): Gaussian (normal) distribution with mean z and variance o2.

Truncated Gaussian: A Gaussian distribution restricted to a bounded support set and renormal-
ized to integrate to 1.

%: Radon-Nikodym derivative of P with respect to () (when P is absolutely continuous with
respect to Q).

Meta-learning Setup

T'": The total number of distinct task types (task families).

p: The maximum number of in-context examples (i.e., the context length).

1*: The index of the true task type at inference time.

N': The number of prompts in the pretraining dataset.

dfeat: The dimensionality of the input features .

dof := dfeatr + 1: The effective dimensionality of an example pair (x;, y;).

m: The dimensionality of the feature vector produced by the encoder, g (x;, y;)-
P=(x1,41,...,%p,Yp, Tps1): A full prompt of length p.

P¥ = (x1,91,..., Tk, Y, Tx11): A partial prompt of length k.

DF = {(z;, yj)}§:1: The context data, consisting of k example pairs.

M, My, My: A generic predictor, the uniform-attention Transformer parameterized by 6, and
the uniform-attention Transformer obtained by empirical risk minimization (ERM), respec-
tively.

®o: The feature encoder network that maps an example (z,y) to a feature vector in A™~1,
po: The decoder network that predicts the output from the aggregated features and the query
1nput.

¢(u,v) = (u — v)?: The squared error loss function used throughout the paper.

S(Ty) = HEL:1 W ©)||5: The spectral product of the weight matrices of a neural network Tg.

Renorm,(s): A specific renormalization layer that maps a vector s € R™ to the probability
simplex A™~1,

By, Bx, Bys: Uniform bounds on | f ()], |z |2, and | M (P*)|, respectively (as assumed).

S(a), S(pg): Layerwise spectral-product bounds (or induced Lipschitz budgets) for the fea-
ture network ¢y and decoder py used in generalization and stability analyses.
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Theoretical Quantities

R(M): The in-context learning (ICL) risk of a predictor M. R(M) := % P E[(M(P*) —
f(@rs1))?]
Mpayes(P*) == E[f(xk41) | D, xp41]: The Bayes predictor, which corresponds to the

posterior mean of the query output given the context and is the optimal predictor for the squared
error loss.

Rpi(M): The Bayes Gap, measuring the squared difference between the predictor M and the
Bayes predictor, averaged over prompts. This term is reducible by training the model.

Rpa k(M) := E[{M(P*) — Mpayes(P*)}?], Rpv . := E[Var(f(zr11) | D*)]: Per-k ver-
sions used in the risk decomposition.

Rgg(M) = ]l? b Eprp[{M(P*) — Mpayes(P*)}?]: Bayes Gap evaluated under a
prompt distribution P (used in OOD analysis).

Rpvy: The Posterior Variance, which is the irreducible error corresponding to the variance of
the posterior predictive distribution. This term is independent of the model M.

R} (F;+): The minimax risk for predicting a function from the true task class Fy» given k
examples.

R} (F;+;R): The minimax risk for predicting a function from the true task class Fj« under
prompt distribution R (default R is the pretraining domain).

L, o Constants that define the Holder condition on the Bayes predictor (see Lemma [5] and
Theorem 2)).
pj(ye|ze,D
pix (Yt |@e,
Dj, vj, b;, C: Identification-rate constants for the wrong task j # ¢*; D; is the negative
drift, (v;, b;) are sub-exponential parameters, and C' controls exponential concentration of the
posterior mass on incorrect types.

= log = 1)) The predictive log-likelihood ratio increment.

Sk: The symmetric group on {1, ..., k}; S[M] denotes the symmetrized predictor obtained by
averaging M over all permutations in Sy.

Predictable tree: A depth-p tree z = {z;(£1.4—1) }1<p, Whose node z; depends only on past signs
E1—r € {10

{5 sequential metric: For a depth-p tree z and predictable sequences v, v’, and for a path £ €
{£1}P, define

1/2
do¢(v,0';2) Z{Ut 2t(1:0-1)) — vi(2¢(§1:0-1)) } ] .

t 1

N3*Y(a, F;z): The sequential covering number (Rakhlin et al., 2010; 2015) is the minimal
size of a predictable a-cover on a predictable tree z with respect to da ¢ (-, -; z) such that, for all
& € {£1}P and all f € F, there exists v in the cover with da ¢ (f 0 z,v;2) < au.

N;*%a, F,p): The depth-p {5 sequential covering number is the worst-tree version
N5*Ya, F,p) := sup, N5*4(«, F; z), where the supremum ranges over all predictable trees z
of depth p.

Sequential Rademacher complexity: R5°4(F) := sup,, E¢ [sup rery i &of (zt(flzt_l))} ,

where &; S Unif{+1}.
W1 (p, v; d): The 1-Wasserstein distance between probability measures y, v with ground metric
d. The specialized distances WOEU) and W&k) below are instances of W1 (-, -;-) with particular
choices of d.

L(Yu)(s, t): Discrete 1-Wasserstein on A™~! with grid {r;} C U and cost ¢(")(j,¢) = ||r; —
rells (0 < o < 1); S“(s, t) = ming>0);, ¢ (4, £)m; subject to the usual marginal

constraints. On the simplex, W™ (s, t) < MHS t:.
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* Px, Qx: Source (pretraining) and target (test) input distributions used in OOD analysis.

Lp(P*), Lo(P*): Distributions of length-k prompts under the source and target domains,
respectively.

o dio((uig, ), (W), €)) = L8 flu; — ullls + |l — €||§: Prompt-level ground metric
0<a<l).

w) (Lp(P*),Lo(PF)) = Wi (Lp(P*),Lo(P*);dk,): Prompt-level Wasserstein dis-
tance used in OOD bounds.

¢ P, Q: Generic prompt distributions used when evaluating risks.

B EXPERIMENTS

In this section, we empirically investigate (i) how the Bayes Gap of a Transformer depends on the
number of pretraining prompts N and their length p, and (ii) how the actual ICL prediction by the
Transformer depends on the in-context length £.

Prompt Generation We set the feature dimension dge,¢ = 5. Tasks are generated from a mixture
of two regression families: Family 1 is linear regression y = w ' @ + &, and Family 2 is regression
via an element-wise nonlinear map ¢(x) = tanh(x), i.e., y = w ' ¢(x) + . The mixture weights
are (a1,a2) = (0.5,0.5). The weight vector w for each family is drawn from N (u;, 72I) with
T=1, 1 =(3,3,3,3,3) and po = (—3,—3,—3, -3, —3). The observation noise ¢ is zero-mean
Gaussian with 0. = 0.1. This process generates prompts P* = (z1,y1, ..., Tk, Yk, Thr1) €
(Rdfeat x R)F x Reat and the target y5,1 € R.

Architecture  As in|Oko et al|(2024) and [Garg et al| (2022)P] we adopt a GPT-2 model (Radford
et al.| 2019} Wolf et al., [2020), with 12 layers, 8 heads, a hidden size of 256, and positional embed-
dings removed. The input is a token sequence of length 2k + 1: P* = (21,91, ..., Tp, Y, Thy1)-

Evaluation of Bayes Gap For any prompt (D*, x;. 1), since each family admits a conjugate
Bayesian update, we can compute the mixture posterior 7;(D*) and the Bayes predictor Mpayes in
closed form (Gelman et al,[2013). At inference time, using token sequences of length 2p + 1, we
compute the difference between the model’s prediction and the Bayes prediction Mpayes (Dk, Tht1)-
We average this over 1000 trials and report the mean as the Bayes Gap.

o N-Sweep (fixed p): For p € {5,10,15}, we train the model on data with N €
{128,256, ...,8192} and report the Bayes Gap.

* p-Sweep (fixed N): For N € {500, 1000, 2000}, we vary p € {1,2,4,6,8,10,12,14} and
report the Bayes Gap.

During pretraining, we perform the ERM as in (I)) using Adam (Kingma & Bal 2015}, [Paszke et al
2019) with a learning rate of 0.00005, a batch size of 64, and 10000 steps.

Figure [2] illustrates how the Bayes Gap depends jointly on the number of pretraining prompts N
and the context length p. In the N-sweep (left panel), larger p values start with smaller gaps and
maintain this advantage as N grows. In the p-sweep (right panel), increasing p steadily reduces the
gap for any fixed IV, with higher N curves lying lower overall.

Evaluation of In-Context Error We pretrain the model on a dataset with N = 12800000 and
p = 15 using Adam, which involves 200000 steps of online learning, sampling 64 data points per
step, similar to (Garg et al} 2022). On 1000 test prompts, the Bayes Gap is below 1072, so the
pretrained Transformer reasonably approximates Mpayes (cf. Theorem |Z|) We then investigate: (i)
the prediction accuracy of the Transformer via the mean squared error (MSE) with respect to v,
and (ii) Bayes-like behavior of the Transformer via linear probing: generating inputs, recovering
the regression coefficients implied by the Transformer’s outputs (inverting the induced linear map),
and comparing against the optimal Bayesian coefficients. The probed coefficients are averaged over
2000 independent input—output sets.

Zhttps://github.com/dtsip/in-context-learning, MIT License.
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Figure 2: Behavior of the Bayes Gap (left: N-sweep, right: p-sweep). The left panel fixes
p € {5,10,15} and varies the number of pretraining prompts N; the right panel fixes N €
{500, 1000, 2000} and varies the context length p in pretraining. In both cases, the Bayes Gap
decreases generally as N or p increases, demonstrating that longer contexts and more pretraining
improve approximation to the Bayes predictor.

Transformer Transformer
81 —a— Bayes (mixture)
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—&— Bayes (mixture)
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MSE (pred.)
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Figure 3: In-context error under task mixtures (left: predictive MSE; right: parameter-
estimation MSE). As the context length & increases, both predictive error for the next label 41
from P* (left) and parameter-estimation error (right) decrease monotonically. The Transformer
closely tracks the mixture Bayes predictor and, with sufficient context, approaches the oracle Bayes
curve that knows the true task family. This demonstrates the rapid concentration of the task-index
posterior under growing context and the corresponding shrinkage of the irreducible term.

Figure [3]illustrates the inference-time behavior of the Transformer. Note that Bayes (mixture) cor-
responds to the Bayes-optimal in-context predictor Mpayes that conditions on the mixture prior over
task families, whereas Bayes (oracle) denotes the Bayes predictor that knows the true task family
at inference time. First, with sufficiently large pretraining, the Transformer tracks the Bayes (mix-
ture) curve almost exactly and its error decays toward zero, consistent with our theory (Theorem [2)).
In terms of parameter estimation, the Transformer likewise reproduces the Bayes-mixture behav-
ior, supporting the view that it performs Bayesian inference in context. Moreover, the gap between
the Transformer and Bayes (oracle) diminishes rapidly as the number of in-context examples % in-
creases and essentially vanishes around & ~ 3-4. This indicates that the task type identification
error quickly diminishes and the remaining bottleneck is the intrinsic (optimal) error of the true task
family (Theorem [3).

C PERMUTATION INVARIANCE AND JUSTIFICATION FOR
UNIFORM-ATTENTION TRANSFORMERS

This section formalizes the permutation invariance of the Bayes predictor under the prompt-
generating process (Definition [T). In summary, by Proposition [T} the Bayes predictor depends on
DF only via its empirical measure. Hence, any architecture that can approximate functionals of
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empirical distributions, e.g., uniform-attention Transformers, matches the symmetry of the optimal
predictor. Moreover, in view of Theorem [5] replacing any non-invariant model by its permutation
average never increases risk.

Recall that the loss is the squared error, and all random objects live on standard Borel spaces, so
regular conditional distributions exist.

Under Definition (1} once the task (I, f) is fixed, the context pairs (xy,y;) are i.i.d. draws. The
following lemma says that the context can be treated as a multiset rather than an ordered list.

Lemma 1 (Conditional exchangeability). Fix (I, f) with I € {1,...,T} and f € F;. Under
Definition |1} the context pairs (xy,y:)5_, are i.i.d. from Px,y|s; hence for any permutation 7 of

{1,...,k},
E((w17y17'~'7wk7yk)|lu f) :L(($W(1)7y7r(l) S Lr(k)s Yn(k ’I f)
where L(Z | W) denotes the conditional law (distribution) of Z given W.

If the order of the context is uninformative, averaging any predictor over all permutations should not
increase risk. This symmetrization principle justifies restricting attention to permutation-invariant
models.

Theorem 5 (Risk-reducing symmetrization). For any measurable predictor M and any k €
{1,...,p}, define the permutation-averaged predictor

S[M](Pk) =En [M((wﬂ(l)vyl'[(l)w~°>wH(k)ayH(k))v wkﬂ) | Dkvwk+1] )

where 11 is uniform on the symmetric group Sy, and independent of everything else. Then the ICL
risk satisfies

R(S[M]) < R(M).

Hence, by convexity of the squared loss and conditional exchangeability (Lemma [I]), permutation-
averaging is a risk-reducing ensembling step. This is an instance of Rao—Blackwellization by group
averaging under convex loss (Lehmann & Casellal |1998). Therefore, uniform-attention (mean-
pooling) architectures are not only natural but also without loss of optimality in this setting.

Proof of Theorem 5] Write R(M) = % b Rp(M) with R, (M) := E[(f(zr+1) — M(P*))?].
Fix k and condition on (D¥, xy, 1, I, f). By Jensen’s inequality applied to the convex map v

(f(@ry1) —v)%,
En[(f(@rs1) — Mu)? | D, @iqr, 1, f] > (f(@rs1) — )2,

where MH = M((CL'H(l),yH(l)), e ( (k) > yn(k)) :Bk+1) By Lemmal EH[ f ) MH)2 |
I, f] = E[(f(zry1) — M(P*))? | I, f]. Taking expectations proves Ry (S[M ]) < Ry(M) and
summing over k yields the claim. O

The previous theorem immediately yields that an optimal predictor can be chosen permutation-
invariant:

Corollary 1 (Existence of permutation-invariant minimizers). There exists a risk minimizer that
is permutation-invariant in the k context items. In particular, when analyzing architectures it is
without loss of generality to restrict to permutation-invariant (set-valued) models, e.g., uniform-
attention/mean-pooling Transformers.

Analytically, we may restrict our hypothesis class to set-function architectures (e.g., uniform-
attention Transformers) without sacrificing optimality.

With a mixture over task families, the optimal predictor must both identify the task type and perform
within-family inference. Bayes’ rule exposes this computational structure explicitly.

Theorem 6 (Hierarchical posterior factorization). Assume that for each 1 all predictive distributions
Pi(y | =, f) are dominated by a common reference measure so that Radon—Nikodym derivatives
p(y | x, f) exist. Then for any context D¥,

. ' k A a; m;(DF)
Pr(@f | D1 =0) o { Tl [0 N} Pr@D, - (DY = o T,
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where m;(D¥) = f]_[lep(yt | @4, f) Pr,(df) and 7;(D*) := Pr(I = i | D*). Consequently,
the Bayes predictor decomposes as

T
MBayeS(Pk) = Zﬂi(Dk) EfNPpi(-\Dk,I:i) [f(wk+1)] .
i=1

The Bayes predictor is a mixture of within-family posterior means with weights 7;(D*) determined
by marginal likelihoods m;( D¥). Because these weights depend on the product of likelihood factors,
they are invariant to permutations of the context, foreshadowing the permutation invariance results
below and validating architectures that first summarize the context before decoding.

Proof of Theorem 6] Bayes’ rule and conditional i.i.d. of (z¢,y;) given (I, f) yield the displayed
formulas. The final expression follows from the tower property applied to E[f(xx+1) | D, xx11].

Corollary 2 (Permutation invariance of the Bayes predictor). For any permutation w of {1, ..., k},

MBaycs((wla yl)v SERE) (wkv yk); karl) = MBayCS((a:ﬂ'(l)) y‘n'(l))a RN (mﬂ'(k})7 yﬂ(k))v warl) .

Proof of Corollary[2] In Theorem @ both the within-family posterior Pr, (- | D¥, I = i) and the

weight 7;(D¥) depend on D¥ only through the product Hle p(ys | 4, f), which is invariant under
reindexing ¢ — 7(t). Substituting this into the mixture formula yields the claim. O

Proposition 1 (Empirical-measure representation). Let Emp, : U* — P(U) be the empirical

measure map Empy, (u1.) = Zle Ou,, where P(U) is endowed with the Borel o-algebra of the
weak topology. Then there exists a measurable map U : P(U) x C — R such that

MBayes(ulzkaC) = \P(Empk(ul:k); C) (vul:k S uk’ (oS C)

Once the context is summarized as an empirical distribution, a mean-pooled soft histogram is a
faithful finite-dimensional proxy. This is precisely the representation approximated by our feature
map ¢ and decoder py (cf. Lemma [5] Theorem [2). It also explains why the analysis avoids a
dependence on the sequence length p beyond averaging.

Proof of Proposition[l] By Corollary [2l Mpayes(-, ¢) is invariant under permutations on U/ k. The
quotient of a standard Borel space by a finite group action is standard Borel; thus any measur-
able, permutation-invariant map factors measurably through the canonical invariant Emp,,. Define
U (u, c) to be the common value of Mpayes(U1:%, ¢) on the fiber {u1., : Empy (wi.x) = p}; well-
definedness follows from invariance, measurability from the quotient factorization. O

Remark 2 (When permutation invariance may fail). The invariance arguments rely on the condi-
tional i.i.d. structure of Definition (1| If inputs are chosen adaptively (active learning, bandit-style
data acquisition), or if the within-prompt distribution drifts over time, (¢, y;) are not conditionally
i.i.d. given (I, f) and order may carry information. In such cases, non-uniform attention or explic-
itly sequential models can be beneficial, and our uniform-attention analysis should be viewed as the
principled baseline for the i.i.d. prompt regime.

For further investigation of exchangeability of the Bayes predictor in the standard Bayesian statistics
context, refer toBernardo & Smith|(1994); Gelman et al.| (2013);/Ghosal & van der Vaart| (2017).

D FURTHER DETAILS ON OUT-OF-DISTRIBUTION GENERALIZATION

Throughout this section, Px denotes the source input distribution used during pretraining and Q x an
input distribution at inference time. The task distribution and the noise distribution are unchanged.
We work with ground metrics and assume compact supports (finite diameters) so that constants
remain finite; in particular, diam(i/) < oo and diam(C) < oo. (Unit-diameter rescaling, e.g.,
diam(Y/) < 1 and diam(C) < 1, is a convenient normalization and only rescales constants.)
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Remark 3 (High-probability boundedness). As in Step O of Theorem define & =
{max;<pt1|et] < ts} with ts = o.+/21og(4p/d). On &5, the domains U, C have finite diameters
since |y| < By + t5. Theorems in this section can thus be established on &5, while the contribution
of &5 is controlled by sub-Gaussian tails, yielding an additional O(é log(1/0)) term.

For a metric space (Z,d), we write Wi (p,v;d) := infrem(y, [ d(z, 2 )m(dz,dz") for the 1-
Wasserstein distance with ground metric d. For 0 < o < 1 and k£ € N, define the prompt-level
ground metric

k
3 1 «@ «@
dk,oz((ulzkvc)7 (ullzkac/)) = % Z Hul - u;”Q + ||C - cl||2a
=1

and abbreviate ng)(~, ) := Wi(-,+;dg.q). Likewise, for a random pair U = (X,Y), we write
Wa(,+) == Wi(-, ;] - ||9)- Note that for any metric d and 0 < e < 1, d* is a metric by concavity
of t — t*.

Define

R](3PC);(M9 D ZEP’“NP |:(M9(Pk) MBayes(Pk))Q} 5
k=1

so that RgéX) (resp. R](SQGX)) means the expectation under £ p(P*) (resp. Lg(P*)). Since | f| < By,
we have | MBayes| < By and hence |My — Mpayes| < Bar + By.

Theorem 7 (Wasserstein stability: OOD upper bound for the Bayes Gap). Under Definition [I]
Deﬁnmon@]and Assumpttons[ﬂ-@ assume the Bayes predictor Mpayes satisfies the same o-Holder
condition as in Theoremlwzth exponent o € (0, 1] and constant L. Then, for any 0,

. » 2(By + By) &
IR (My) — REX (My)| < <Mpf) S7(E + AW (Lp(PF), Lo(PY)),
k=1

where
«

Ao = (LLip(¢) + Le) (diam(U) + diam(C)) "~
In particular, when o = 1, Ay = L Lip(¢g) + L.

Proof of Theorem[/} Fix k € {1,...,p} and abbreviate z = (u1 ke) € UF x C, s(z) =
LSk de(u;) € A™ 1, and My(2) := clip_g,,.5) (Po(s(2), ¢)). Write the Bayes predictor as
Mpayes(2) := Mpayes(t1., €) and introduce

2
gk(2) == (Mg(z) - MBayCS(z)) , hi(z) := My(z) — MBayes(2).

Step 1 (Lipschitz modulus of My under Ek}a). By the network size assumption and the 1-

Lipschitzness of clipping,

|Mp(z) — My(2")| < Ls||s(2) — + L|le — |2

I,

Let Ly := Lip(¢g) (for our encoder with Renorm,, Ly < \ﬁ S(g

0))-
k k
Is(2) = s(2')ll2 < ZII% u;) w2 < fZIqu 2.
=1 =1

Let Dy := diam(U) and D¢ := diam(C), and put D := Dy + D¢. For 0 < a < 1 and any
t € [0, D] one has t < D'~%¢%; hence

Since ¢y is Ly—Lipschitz,

k k

1 1 _

Z > llui — w2 < DY “Z S llui —wills,  le—clla < DE e -5
=1 =1

Using the prompt-level metric dj o (2, 2) = 1 Zle lu; — ul]|s + |le — ¢||$, we obtain

|Mp(z) — Mp(2")| < (LsLip(¢o) + Le) D' ¥dpa(2,2') = Aadyo(2, 2').
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Step 2 (Lipschitz modulus of /) and g;). By the assumption on the Bayes predictor, Mpayes 1S
a—Holder with constant L under the Ek,a, hence

|hi(2) — hi(2))] = ‘Mg(z) — My(2) — (MBayes(z) — MBayes(z'))| < (Aa + L)ak@(z, Z').
Because |My| < By and | Mpayes| < By, the range of hy, is contained in [—(Bas + By), By + By).
Therefore, using |a? — b%| = |(a — b)(a + b)| < 2(By + By)|a — bl

|9(2) — u(2))] < 2(Bag + By hi(2) — hi(2))| < 2(Bag + By)(L + Aa)da(z, ).

Thus gy, is Eha—Lipschitz with modulus 2(Bys + By)(L + Aq).
Step 3 (Kantorovich-Rubinstein duality and averaging over k). Let £p(P*) and Lo (P*) de-

note the distributions of the length-k prompts under the source and target domains, respectively.
Kantorovich-Rubinstein duality for W7 (-, -; dk@) implies, for any Lipschitz gy,

[Eqgi(P*) —Epgr(P")| < Lipg, (g0)W (Lp(PF), Lo(PY)),

where Wff) := Wi (-, ; dk.o ). By the definition of the Bayes Gap under a prompt distribution P,
P 1
R (Mp) = > " Ep [gr(P¥)]
L
Combining the last two displays and the Lipschitz bound from Step 2 yields

(2x) (Px) 2(Bu + By) (k) k k
R0 ()~ A o) < ZEEB S (1 Wi (201, £ (),
k=1

which is exactly the claimed inequality. [

The prompt P* = (Uy, ..., Uy, C) contains dependent coordinates in general, because the context
responses U; = (X;,Y;) share the latent task function f within a prompt. Therefore, a direct
product of coordinate-wise optimal couplings is not a valid coupling of the prompt distributions.
The following conditional coupling fixes this.

Remark 4 (Prompt-level Wasserstein via conditional coupling). Let S be a latent seed that is shared
across domains and determines the task index and task function. For instance, one may take S =
(I, f). Conditional on S, the prompt coordinates factorize as

Lp(P*|8) = (Lp(U | 9)* x Px,  Lo(P*|8) = (Lo(U|5)*" x Ox,

where U = (X,Y) and Px, Qx are the (source/target) input distributions. In particular, condi-
tional on S the k context pairs are i.i.d. under each domain. (If one prefers to carry a coupling
of the additive noise across domains, introduce an exogenous noise seed that determines the noise
distribution but not its realized sample path; this preserves conditional i.i.d.)

Lemma 2 (Conditional product-type upper bound for prompt-level Wasserstein). Under the setting
of RemarkH) for every k > 1and 0 < a < 1,

W (Lp(P*), Lo(PF)) <Es [Wao(Lp(U | S),Lo(U | S))] + Wa(Px, Qx),

where the prompt-level ground metric is

T =

k
8k,l)é(("-lll:kn C), (ullzka d)) = Z Hul - ’u’;”g + ||C - C/HS’
=1

and for single pairs U = (X,Y) we write Wy, (-, ) := Wi (-, 5| - ||19)-

Proof of Lemma[2] Step 1 (conditional product coupling). Fix S = s. By Remark f] under
each domain the k context coordinates are i.i.d. with common conditional distribution Lp (U | s)
(resp. Lo(U | s)), while the query coordinate has distribution Px (resp. Qx) independent of the
context. Let mj; be an optimal coupling for W (Lp(U | s),Lo(U | s)) with ground metric
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do(u,u’) := ||lu — u'||$, and let w¢ be an optimal coupling for W, (Px, Qx ) with ground metric
da(c,c’) = |l — ¢/||§. Construct a coupling II, of Lp(P* | s) and Lo(P* | s) by drawing
i.d.

(U;,U}) "= 7 fori = 1,...,k and (C,C") ~ mc, all independent across coordinates. Then, by
the definition of the prompt-level ground metric,

k
Ep. [ak,a((UMC),(U{:k,c’))} = 2 D Eug [da (UL U] + Ere [da(C.C)]

1

k
=W, (Lp(U | 5),Lo(U | 5)) + Wa(Px, Ox).
Therefore,

W (Lp(PF | 5), Lo(P¥ | 5)) < Wo(Lp(U | 5), Lo(U | 5)) +Wa(Px, Ox).

Step 2 (dlSlntegratlon and convex1ty). Write the unconditional prompt distributions as mixtures
over S: Lp(P*) = [Lp(P* | s)v(ds) and Lo(P*) = [Lo(P* | s)v(ds), where v is the
(shared) dlstrlbutlon of S under both domains (task distribution and noise distribution are kept the
same across domains). By convexity of Wi (-, -; d o) in each argument,

W (Lp(PF), Lo (PY)) / WE (Lp(P* | s), Lo(PF | 5))1/(d5)
which is the desired bound. O

Corollary 3 (Input-only reduction under Lipschitz tasks). Assume Y = f(X) + € with a shared
noise coupling across domains (possibly conditional on S) and a task family that is uniformly L ¢-
Lipschitzin x: | f(x) — f(2')| < Lyl — &'||2 for all tasks. Then for every k > 1and 0 < o < 1,

W (Lp(PF), Lo(PY)) < (2+ L§)Wa(Px, Qx)-

Proof of Corollary[3] Under the shared-noise coupling, by subadditivity of ¢ — t* for a € (0, 1],
U -U'll5 < X = X'[lg + [£(X) = f(X)|* < (1 + L} X — X'[|5. Hence Wao(Lp(U
S),LoU | S5)) < (1+ L})Wa(Px,Qx) for every S. Plug this into Lemma 2| and add the
W (Px, Qx) term for the query coordinate C'. O]

Combining Theorem[I} Theorem [2} Theorem [7] with either Lemma 2] or Corollary [3] and absorbing
polylogarithms into O(+), yields the same end-to-end OOD risk bound as in the main text, with
the prompt-level Wasserstein term. The additional terms quantify distribution shift incurred during
pretraining (via £p(P") vs. Lo(P*)); once 6 is fixed, the inference-time predictor risk Rpy is
evaluated under the target domain alone and does not carry extra estimation error from pretraining.
Putting everything together, for the target domain Q x we obtain

1 <& - 1
(Qx) ~ _ * . ﬂ
ER(CX)(M;) < pE R:(Fiv; Qx) +0< . +pN+N>

oracle risk under the true task type in the target domain

P 5 B2 1—ayx .
+ 2ButBy) Z(L+Aa)W,(f)(ﬁP(Pk)aﬁQ(Pk))+pf< w L 1>,

Dpin/2 _ C _
p P e 1 e 1

OOD penalty on the Bayes Gap mixture identification remainder

where R} (F;~; Qx) denotes the minimax risk for predicting a function from the true task class F«
under prompt distribution Qx.
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E ON THE HOLDER CONDITION OF THE BAYES PREDICTOR

Although y is not bounded in the prompt-generating process, the theorem imposes the Holder con-
dition on bounded examples and queries. This is because if the noise follows a sub-Gaussian distri-
bution, boundedness holds with high probability. Hence, the unbounded cases do not significantly
affect the final result. Moreover, since the statement of Theorem [2]is a bound on the expectation, it
suffices that the Holder condition holds with high probability.

In addition to Assumptions[T}2] assume the noise is Gaussian for simplicity. Under these conditions,
the Bayes predictor Mpayes is Holder (o« = 1), with the family-specific Holder constants listed
below:

Y(x) =[x, 1]". Then z — [, p) (@) is B,-Lipschitz.

* Linear regression. f(,p)(z) = w'x + b with ||w|]s < By, [b| < B, and feature map

* Finite-order series regression. f,(x) = Zle a;g;(x) with |la||; < A, basis functions satis-
fying ||g;|lco < 1 and | Vg;(x)|l2 < L, uniformly; take v(x) = [g1(z),...,gr(x)] . Then
x — fo(x)is ALg-Lipschitz.

* Finite convex dictionary. f, = Z'jjzl a; 9 with @ € A7, each atom obeying | f()(z)| <
By and |[Vf9)(x)|ls < Lj uniformly; take 1(x) = [fV(z),..., f)(x)]T. Then =
fa(x) is Ly-Lipschitz. (An example of a distribution on A7~ is the logistic-normal distribu-
tion (Aitchison & Shenl, [1980).)

We consider these three regression models. For these models, we additionally assume the following
conditions:

* For task family 4, there exist a dimension d; € N and a parameter space ©; C R% such that
fo : C — R for every 8 € ©;. Moreover, the model is uniformly bounded and Holder in the

query: supgee, SWPgec |fo(2)| < By and suppee, supg LHEIGHEN < Ly

* The distribution on € given I = ¢ has a density m;(0) o exp{—V(0)} on ©;, where V is
twice continuously differentiable and V2V (6) = \ogly, forall @ € ©;, for some Ao > 0. In
particular, a Gaussian distribution N (0, A, 1) satisfies this with Ag = Apin(Ao).

* Letu = (x,y) € U and define the per-sample loss £(8; u) := 723 (fo(x) —y) ?. There exists a

constant Lg ; < oo such that, for all @ € ©; and all u, u € U, Vgg(Q; u) — vgi(a; ﬂ)H2 <
Le,i [lu —ull.

* There exists b such that 1 Zle P(x)p T (x4) = bI.

In the mixture setting, the Bayes predictor decomposes as Mpayes(PF) = 23:1 7;(D*) s (DF, €)

with 1;(D*,¢) := E[f(c) | D*,I = i] and 7;(D*) x o;m;(D*), m;(D*) = [exp{ —
(202)71 21::1( fo(x,) — y,)?} dP;(8). The above single-family arguments and the assumptions
imply that each p; is a-Holder with a constant L, ; independent of k. However, the mixture
weights 7; depend on the entire context through the marginal evidences m;(D*). Then, there exists
C; such that log m;(D*) is kC;-Holder in D¥ when measured by the average per-sample metric:
| log mi(D¥) —logmi(D*)| < kC; £ S°F_ (lu, — @, ||2). Hence, in the worst case, the softmax
gating D* + 7(D¥) is O(k)-Holder under the same metric, and | Mpayes(P*) — Mpayes(PF)| <
(max; L, ; + ByCk) L F_ ||(u,, €) — (i, &)||2 for some C.

If, in addition, the standard log-likelihood-ratio conditions in Theorem [3| hold, the task posterior
Prpr concentrates exponentially fast on the true index ¢*. From Step 3 in proof of Theorem@ with
probability at least 1 — e~ 1%, Z#i* 7;(D*) < CoTke~C3F holds for some C1, Cy, and Cs, im-
plying |MBayes(Pk) —MBayes(IE’kﬂ < (Lu,i* +ZBngTke’C3k)% Zle l(wr, €) — (@, €)]]2. In
particular, the effective Holder constant is independent of k£ up to an exponentially small remainder.

Also, a uniform margin assumption min,; 1|log m;(D*) — logm;(D*)| > v > 0 implies the

same conclusion with e 7% in place of e =%,
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F DETAILS OF THEOREM 3]

We concretely investigate Theorem [3] for a pair of task families: linear regression versus a series
(basis) regression that excludes constant and linear terms.

Standing assumptions.

o Inputs are bounded and i.i.d.: X ~ Px with || X||2 < By as. and E[X] = 0. Let ¥x :=
E[X X ], which we assume is positive definite on R%eat with \pin (Sx) > 0.

* Noise is Gaussian (a special case of sub-Gaussian): ¢ N (0,02) independent of (f, X).
* Boundedness of tasks. For the linear class
Fin = {fwp(z) =w'z +b: |wll2 < By, || < By},
we have | fy, »(x)| < B,Bx + By =: By on the support of Px. For the series class

Rumax
Foow = {fa(ac) = Z argr(x) : |alls < Ba},
T=T0
assume 79 > 2 (so constant and linear terms are excluded), the basis {g, 5;1,?5‘ is orthonormal

in L?(Px ), orthogonal to linear functions, and bounded pointwise, i.e. sup,, |g, ()| < Gmax.

Rmax
Then | (@)] < llall2 - (g (2)) ™12 < Buv/ R — 70+ 1Chnax = By.

T=To
* Within each family we use a truncated Gaussian parameter distribution supported on the above
bounded parameter sets (to respect | f| < Bj) and otherwise conjugate:
O1in := (w,b) ~ N(0, 75, 1) truncated to {||w|| < By, |b| < By},
Osor := a ~ N(0,72,1) truncated to {||a||2 < Ba}.

The truncation preserves boundedness; the standard Gaussian formulas below give upper
bounds (hence valid constants) for the truncated case because the posterior covariances are
= their untruncated analogues on the bounded domain.

A generic Gaussian—predictive bound for Z;; Fix a time ¢ and condition on G;_; and X; = x.
Under any task type (task family) ¢, the (posterior) predictive distribution is Gaussian

pily | 2,Gi1) = Mpii(), s34 (2)),
with mean f; () (the posterior mean of f(x)) and predictive variance
sit(:c) = O'g + Var(f(ac) | Gi—1,I = z)

For our conjugate priors,

fin (€)= p(x) Tmy 1, Siin ¢ (T) = 02 + o) D1 o). o) = {ﬂ 7

and similarly
Mser,t(m) = ’L/J(SC)TT?Ltfh sger,t(w) = 0'3 + w<(L‘)Tit71 w(w)7 1/}(33) = (g'f(w))f;n:;

Because ||¢p(z)|l2 < By := /B% + 1 and ||[¢(z)|2 < By := VRmax — 70 + 1 Gmax and the

posterior covariances are bounded by the prior covariances, we have a uniform variance upper bound
2 2 7 v 2 p2 2 p2
sii(®) <o +V, V= max{r, By, i By} (2)

ser

For two types ¢ (true) and j (wrong), define the log-predictive incremenﬂ

pi(Ye | X4, Gi—1)
pi(Ye | X4, Gro1)
31f the likelihood does not have a density function with respect to Lebesgue measure, assume that all predic-

tive distributions are dominated by a common reference measure so that the Radon-Nikodym derivative exists.
Then Z; ; can be rigorously defined.

Zjt = log
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A direct Gaussian calculation (writing Y; = p1; +(X¢) + s;.4(X¢) € with e ~ N(0,1)) yields
ElZ;: | Gi—1,Xy] = —KL(N(M ty S zt ’N Kty S5, t))

)
1 st s i,
:_{1g82 . Qt_H(utw},

it gt Sjat

Consequently, for every (¢, ),

(pip() = pje(2))? < _ (pip(x) — Nj,t(m))Q.

E[Zis |G, X: = a] < — K 3
[Zj | Gt—1, X4 ] < 257, (x) < 202+ V) 3)
Moreover, the centered increment Z;; + D, with D;, := —E[Z;; | G;—1,X] is a quadratic
polynomial in a standard normal,
it — Hyt) Si 1(s?
th+Dj,t:ats+bt(52—1), ay = *M, bt =z 2,75 71 )
’ 554 2\ sj4
hence sub-exponential. Calculating the mgf
Aa?
E Mae+be (1)) _ ,—Xb; 1—2\p, )" 1/2 t
° e e\ g o )
and the elementary bound — In(1 — u) — u < u? valid for |u| < 1/2 (note that |b;| < V/(202), so
u = 2Xb; € [—1/2,1/2] whenever |A| < 1/b;), we obtain the uniform sub-exponential parameters
(v;,b5) in Theorem B with
20,2 17 o >
V2<8Bf(ag+v)+V72 i
ST tar T

Pair A: true linear vs. wrong series (degree > 2) Assume the data are generated by some
f*(x) = wlx + b, € F;, and the wrong family is Fi., with orthonormal {g, }Fmax ry > 2,

T="ro°
orthogonal to 1 and to all linear functionals of X . Let Il denote the L?(Px )—orthogonal projec-
tion onto span{g, }.

By orthogonality, I, f* = 0, hence the L?—gap between the true function and the wrong family is
* 2
Ahn—)ser = Hf - Hserf*HLz(»PX) = E[(’LUIX + b*)2] = wIEXw* + bi

For conjugate normal models with bounded regressors ¢, ¥ and positive definite design covariances,
standard ridge-risk bounds in series regression (§3.4 in|van der Vaart & Wellner, 2023)) give

dfeat +1 * Rmax —ro+ 1
||Mlin,t - f*H%?(’PX) = O(t) ) ||,U/ser,t - Hserf ”iz(PX) = O(t) .

Thus, taking to = O (W), for all ¢ > t,, we have

lin—ser

]EX [(,Ulin,t (X) — Mser,t (X)) ] > Ahn—>ser

Combining with (3 and s, < a? +V gives the uniform negatlve drift (for all ¢ > tg)

ser,t
E[Z | g ] < D D — Alzin%ser
gt = T 4(024 V)
From Theorem [3| the posterior mass on the wrong family is
1— Quj* D] D2
e —— k| +exp(—Cjk), Cj = ———21 ——.
s Xp< 2 ) *p(=Cik) I 8(v} +b;D;/2)

Therefore, to make the mixture identification remainder < 7, it suffices (up to absolute constants
and polylog factors) to take

o2+ V 1 (02 + V)2 _ B (@2 + V)V 1
" O(AQ log5 v [Ni (BioZ +V)+V?) + ﬁ] 10g77>.(4)

lin—ser lin—ser ¢ lin—sser ¢
The first term is the dominant, interpretable signal-to-noise scaling:
-
o4V 1
k=< —w5———5 log—.
w, Yxw, + b? n
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Pair B: true series (degree > 2) vs. wrong linear Now the data come from f*
S Fmax gx o (@) with ||a*||2 < B, and the wrong family is linear. Orthogonality gives ITy;,

r=rQ

(since 79 > 2 and E[X] = 0), hence

)

(@ =
fr=0

Rn\ax
Azer—>lin = ||f* - Hlinf*||2Lz(fpx) = Hf*”QL?(’PX) = Z (a:)z'

T=To

Exactly the same argument as above yields, for t > ty = O (M),

ser—lin

D, — @ 2 SB?(U§+V)+V2 b — g
T 4oz + V)’ I ol ’ T o2
€ g 15

and the same k—order as in @) with A}, ser replaced by Ager—lin-

Remarks and extensions All bounds above use only: (i) | f| < By on the support of Px; (ii) the
uniform predictive variance upper bound ([2); and (iii) L?(Px )—orthogonality for the two families
considered. Using truncated conjugate priors guarantees (i) and keeps (ii) finite with the explicit
V' given. The sub-exponential constants remain valid for truncated conjugate posteriors because
truncation can only decrease posterior covariances, hence decrease |a:| and |b:|.

If {g.} is merely linearly independent (non-orthonormal) let I, be the L?(Px )—projection onto
span{g, }. Then the formulas hold with

A12in—>se1r = Hf* - Hserf*||i2(7px)7 Ager—ﬂin = ||f* - Hlinf*HiQ(px)v

and the same (v}, b;) (with the same V) because the mgf bound depended only on boundedness and

Eq. (2.

G TECHNICAL LEMMAS

Lemma 3 (Posterior variance is bounded by the true task’s minimax risk). Suppose the prompt-
generating process is as described in Definition [I| and that Assumptions [I{2 hold. Fix a task-type
index i* € {1,...,T} and recall that F;» = supp(Pp,. ) is the corresponding function class (sup-
port of the true task type prior). For any k > 1,

. ka2
Bpnpr,. Eprpgs, Bonps [Vargor, o (f@)] < igf sup Epe [(Fanen) = MPH)°f].

where the left-hand side is the conditional Posterior Variance average under the true task type and
M belongs to the bounded and measurable function space.

This suggests that if the true task type is given, the Posterior Variance is smaller than the minimax
Lo prediction error.

Lemma 4 (Sequential covering bound). Fix k € N,. LetU C R and C C R%eat be bounded with
Sup,cy ||ull2 < Ry and diam(C) < oo. For § € ©, consider the uniform-attention architecture

k
1
MQ(Pk) = Pe <k2¢9(ul)ac> ) Pk = (ula"'aukac) euk X Ca
=1

where the query c is shared across the k context items within each P (i.e., c does not depend on i
.. 1 k
inside the mean 1.5 .| ¢g(u;)). Assume:

(i) ¢o : U — A™~ 1 is Ly—Lipschitz, where Ly := Lip(¢g) < @ S(gs) for our encoder with
Renorm., and the ReLU component satisfies S(gg) < Cym/ %t Moreover, (¢g); € [0,1]
and Z;’;l(d)g)j = 1, and ¢y admits a realization with O(m)-weights and O(log m)-layers.
Put By = sup; [|(¢9);]loc < 1.
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(ii) pg : A™" 1 x C — R is a ReLU network with spectral product S(pg) < Cpm1/2, is jointly
Lipschitz,

po(s,¢) = po(s', )| < Lylls = 8"z + Lelle = €/[la, Ly, Le < Cpm'/?
and its (clipped) output is bounded, |pg| < Biy.

Let H := {P* — My(P*) — Mpayes(P) : 0 € @} be the centered class for any fixed target
Mpayes. Denote by N3°4(6, -; z) the sequential covering number under the {5 sequential metric on
a depth-k predictable tree z. Then, for all § € (0,2B)y],

1
sup log N3 (8, H; z)<mlog(\5ﬁ>+klog(6>

Lemma 5 (Approximation error of the Bayes predictor by a uniform-attention Transformer). Let
U C R%t and C C R¥ear be non-empty compact sets with diam(U) < 1. For every k € Ny,
consider a permutation-invariant map Mpayes ZF 5 Ron Z := U x C satisfying the Hilder
condition

??'M—‘

|MBayes(z1:k) Mdees Zl k

k
Z |zi - z;”%» o€ (07 1}7 Zi = (uivc)7 zz/’ = (u;,c’).

Then, for any 1 € (0,e™1), there exists an integer m =< 19t ' and a C> partition of unity

¢ = (D1s--esbm) U — [0, 1™ with 3751, ¢j = 1 such that, writing s(u1.x) := 3 ZZ L 0(u;) €
A™1 one can construct a (clipped) ReLU decoder pg : A1 x C — R so that

sup sup |[Mpayes(®1:x,€) — po (s(uw1:), €)] < C(desr) L.
ce€C uq., €UF

Furthermore, py is uniformly Lipschitz and bounded with respect to (s, ¢), and the layer-wise spec-
tral product can be controlled as follows:

|po(s,€) = po(s'.c)| < Lg|s — &'[|2 + Lelle — |2, lpo| < B,

Ly <CLym,  L.<CLmU=/dt < CLym,  S(pg) < CLy/m.
In addition, ¢ can be uniformly approximated by a ReLU network with O(logm)-layers and
O(mlogm)-weights, and its implementation satisfies 3_;(¢e); = 1, (¢9); € [0,1], with the spec-
tral product satisfying S(¢g) < Cym!/dert,

This lemma guarantees that the uniform-attention Transformer we are analyzing has the capacity to
adequately represent smooth Bayesian predictors. This yields a fixed-length, permutation-invariant
representation independent of context length p with provable approximation rates that feed directly
into the sequential generalization analysis.

Lemma 6 (Oracle inequality for Rpg). Let Dipain = {{(P]k7 Y kt1) ﬁ:l};vzl be draws from the
prompt-generating process in Definition[I| Let My be the ERM (1)) of the Transformer (Definition
. Suppose Assumptionshold. Ifinfpco Rpc(Mp) = O(%(% +1)),

1
ERpg(My) S 1nf Rpa(Mp) + TV polylog(pN) + i polylog(pN),

where polylog(pN) denotes a factor that is a polynomial in log pN, the expectation is taken with
respect 10 Diyain and M .= {My : 6 € O}

The generalization error is O( %)+ N~ L. Here, m represents the complexity of M, and increasing

m improves the approx1mat10n ablllty (Lemma [3), but also increases the variance, which appears
here.
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H PROOFS OF THE MAIN RESULTS

Proof of Theorem|l| Let Ry(M) := Ez‘:INPI,ijFi,D’“~7’§?’}|f.,mk+1~7>x [(f(w;gﬂ) — M(Pk))ﬂ.
Then, R(M) =  >°7_; Re(M).

For any k-context D¥ and query 1, define MBayes(Pk) = Esupisips)[f (€ry1)]. By simple
algebra:

Ri(M) = E f pr[(f(zrs1) — M(P"))?)
=Ey 5,px [(f(@r41) = Mpayes(P*))*] + Ep g, pr [(Mayes (P*) — M(P"))?]
+ 2By 7, pr[(f(@h11) — MBayes(P*)) (Mbayes (P*) — M (P¥))]. ®)

Let Gj, be the o-algebra generated by (D*, z.1). Since f is almost surely finite and (Mpayes (P*)—
M (P*)) is G} -measurable, by the tower property of conditional expectation:

Epf,pe[(f(@r41) — Mbayes(P*)) (Mpayes(P") — M (P¥))]
= EI,f,Pk [(MBayeS(Pk) - M(Pk))El,f[f(wk'+l) - MBayeS(Pk) | gl’i}H .
Mgayes(P¥) = E tup(spr)[f (#k+1)] implies the inner expectation equals zero.

From (3 with vanishing cross-term, Ry (M) is decomposed as Ry (M) = Rpv i + Rpa.x(M),
where

Rpv i = Ep p,pr [(f(Thi1) — MBayes(P))?]
= Ept [Efup(s1pr) (f(Trs1) — MBayes(PY))?]
= Epr ey, [Varsop(spr) (f (@r+1))],
and
Rpa k(M) := Epi[{ Mpayes(P*) — M (P¥)}?]
= Epe[{Esup (o [f (@r41)] = M(PF)}?).

Hence,

1< 1<
R(M) = ~ ZRPv,k + - ZRBG,k(M) = Rpv + Rpc(M).
P4 P
O

Proof of Theorem 2] Step 0 (clipping via a high-probability event). Let t. := o./2log(4p/J)
for § € (0,e~1), and define

&g = { max |g;| < te}.
1<i<p+1
By sub-Gaussian tails and a union bound, Pr(£¢) < §. On &, writing z; := (x;, y;, Tk+1), we have
z; € B(0, Ryqq) withtadius R,qq := C(Bx+Bg+t.), hence z; € Zg := B(0, Ryqq) C R?dfeat 1
(compact). Rescale 2 := z/(2R,qq) so that diam(Zg) < 1.

Step 1 (approximation & aggregation noise on £). Apply Lemma [5| with the shared variable
c:=x11 and z; = (@, y;, Try1). With grid scale n < m~1/dett_on £, squared error is

Cl (QRTad)QO‘nQO‘ .

Since Ryqq < /log(p/9), the factor (2R,.44)% is polylogarithmic and is absorbed into O(). Choos-

ing 7 =< m /4t gives m—2%/dett up to polylogarithmic factors.

Step 2 (estimation error and combination). From Lemma EI, the estimation term O(pﬂN + ).
Combining with Step 1 gives
mffi?f 4+ ﬁ + i
pN N’
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Optimizing over m yields the displayed rate (polylog factors absorbed into 0).

Step 3 (contribution of £°). As in Step 7 of Lemma [6] using (By+Bas)? + o2 as an envelope
and sub-Gaussian tails, the contribution on £¢ is O(8 + &log(p/d)). With 6 := (pN)~2, this is
negligible compared to the main terms. O

Proof of Theorem[3] Recall that D¥ = (x1,91,...,%k, yx). By the chain rule and the definition of
Zj ts

k
p;( wt,yt | D) p;( yt | x¢, D ( )
I I | I E Z; 6
p «(@y, e | D 1 “(ye | e, D'~ 1 - — ©

Write m;(D¥) := Pr(I =i | D*) and p;(z) := E [f(z) | I =i, D*]. By the law of total variance
conditioning on 7,

Var (f(z) | D*) = Eypr [Var (f(z) | 1, D*)] + Varrp, |, (ur())- (7)

(A) (B)

We compare the right-hand side with Var (f(z) | I = i*, D).
Step 1 (term (A)). Using | f(x)| < By,
|Eqpr [Var(f(z) | I,D*)] = Var (f(z) | I =i*,D")| < Z 7;(D") [Var; — Var;. |
i
S B]% Z Uy (Dk)7
I
where Var; := Var(f() | I = j, D*) < B}.

Step 2 (term (B)). For any G, -measurable scalar a, Varrwp, . (1) < Eppr(pr — a)?. Choosing
a = p;+ () and using |p;(x)| < By,

Variop, . (nr(®)) < ZWJ — - (@))* < 4B} Y m;(D).
J#i*
Combining the two steps with (7)),
Var (f() | D*) < Var (f(e) | I =i*,D") + 557 Z 7;(D").
J#

Taking Eg~p, and then Epr ;- yields

]EDk,wH:i* [Varlek {f($)}:| (8)

< Epp gjr—is [Var (f(x) | I =i*, DF) } +5B2E i y—is [1 — i (D))

Step 3 (posterior concentration of the task index). Let S 1 := Zt 1 Zjyand \j i = €%+, By

the assumption, {Z; ; + D;} are conditionally sub-exponential supermartmgale differences. Apply—

ing a Bernstein-type supermartingale inequality (Theorem 2.6 in |[Fan et al.| |2015)), for each j # i*,
2

D;

Pr(S;,+kD; > kD, | T =i%) <e CiF Cii=—pr 7
(St kD; 2 3hD; [ T=8) <™ O goamsy 5oy

Hence, by a union bound, there is an event &, := {)‘Lk < e Dik/i2yj +£ z'*} with Pr(&) > 1 —
(T — 1)e=C*, where C := min;;+ C;. On &, using (@),

s 1 — oy« 1
Sy = I Ny < —— g Dmink/2 i« (DF) = >1— 5.
k ]; (6755 ik = Q% ¢ ’ i ( ) ]. + Sk - k
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Hence 1 — m;« (D¥) < S, on &, while trivially 1 — 7;« (D*) < 1 on &f. Therefore

1- % .
]EDk“i* [1 — Trix (Dk)} S ie*Dmmk/Q + (T B l)eick.
(o754

Step 4 (conclusion). Plug the last inequality into () to obtain the displayed

bound for Epk 47— [Vary pe{f(x)}]. Finally, apply Lemma to bound
. . 2

Epk p|r=i* {Var (f(z) | I:z*,Dk)} by infpssupsep, Epr [(f(a:k_H) — M(P*)" | f} O

I PROOFS OF THE TECHNICAL LEMMAS

Proof of Lemma[3] Define the MSE at step k& under f, ry(M,[) =
E pr {(f(:c;gﬂ)—M(P’“))2 \ f}, and the minimax risk at step k for the true task type
Ry(Fix) = infysupsep, re(M, f). For any fixed M and any measure II supported on

1%

sup (M, f) > /Tk(MJ)dH(f)-

feF;*
Taking II = Pp,, and then infimum over M,

Ri(F) 2 inf [ r (L, 4P (£).

By Tonelli’s theorem and the tower property,

/Tk(M, £APE.(f) =Eprk ay | 1=i* [Efw?fu:i*pk [(f(warl) - M(Pk))q }

Since M (P¥) is G,-measurable, the inner expectation is minimized pointwise (for each real-
ized D¥, @} 41) by the posterior mean E [f(z441) | I = i*, D*, @441], and its minimum value is
Var (f(xp41) | I = i*, D¥). Therefore

i&f/m(M7 PAPr.(f) = Bpopr, Bpeoper Bopiinpy {VarfNPFi*‘Dk (f(wk+1))}

which proves the claim. O

Proof of Lemma[d} Step 1: Contraction via triangle inequality. Let S := {P* — % Zle po(u;)}
and R := {(s,¢) — pp(s,c) : (s,¢) € A™~! x C}. For any two predictors pg o S and pg o Sy
evaluated along a predictable tree z, the (L, L.)-Lipschitz property of py in s and the triangle
inequality give

|po(Sa(P*), ct) — por(Ser (P, ¢1)]
< Ly ||So(P') — S (P)]|, + | pa(Ser (P*), ct) — por (Se (P*), cr)] -
Consequently, a (§/(2L))—cover of the pooled-feature class S together with a (6/2)—cover of the

decoder outputs R produces a d—cover of the composite class {pg o Sy} under the ¢» sequential
metric. Equivalently,

sup log N34 (8, {pg 0 Sp}; z) < sup log N5 (2%785 z) + sup log N5*4 (g,R; z).

This single reduction step subsumes the earlier contraction and triangle-inequality arguments and
will be followed by separate bounds for S (Step 2) and R (Step 3).

Step 2: Cover of the pooled features S. Let ® = {¢g : 0 € ©}. For any 0,0’ € © and any prompt
pP*,
k

156 (P*) = So: (P*)|12 = H;Z(%(Ui) = dor(ui))

< sup ||po(u) — dor (u)||2.
= uel

2
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Fix n € (0,1) and set 7 := 1/(4Ly), where Ly := Lip(¢y). Take an r-net N” C U of input space of
¢p with

|./\/" < O(des) (M)dcff — O(de) (M)dcﬁ .

n
By triangle inequality and Lipschitzness, for every u € U, there exists u’ € A such that

[do(w) — dor (w)ll2 < ldo(w’) — o (w)]|2 + 2Lo 7 < [P0 () — dor (u')[|2 + /2.

Hence a cover of {¢g(-)} on N at scale 1/2 yields a uniform cover on U at scale 7.

Note that log Neo 2(1, ;N) < Z;,”:l log N4 (%’q)j;./\/‘) < Z;‘n:1 Pdim(®;) log wam
From|Anthony & Bartlett| (1999); Bartlett et al.[(2019), using Pdim(®) = O(m) for the coordmate-
wise [0, 1]-bounded ReLU features, the finite-set (size |A/]) covering bound gives

log Neo,2 (2, ®;N) < Pdim(®) [log (Cm) + degt log (W)}

<m [log ( f) + degr log (M)] .

Substituting = §/(2L;) from Step 1 yields the sequential bound
suplog N3 (52-,8:2) S m [log (CE5/ ) + deg log (S Letigm@Ote )]

uniformly in z.

Step 3:  Uniform cover of the decoder R. Fix a predictable input tree z =
{(s¢(&1:4-1), ct(€1:4-1)) < with nodes in A™~ x C. Fix 6 € (0,2B)] and build a uniform
grid on the output range:

G = {7BN1’7BJW+57fBM+25,...,*B]VI+J6}a J = ’VM%—I’

so that for any y € [—By, Ba| there exists ¢(y) € G with |y — ¢(y)| < §/2. Now consider the
family V of depth-wise constant predictable trees v = {v; }1<) defined by choosing, independently
for each depth ¢, a grld value g; € G and setting v;(-) = g; (constant on all nodes at depth t). Then
VI=19]* = (J+ 1D

Fix any decoder py € R and any path & € {£1}*. Along this path, we observe the length-k
sequence of decoder outputs y: := pg (s¢(€1:4-1), ct(§1:4—1)) € [—Bur, Bar]. Define the depth-
wise grid sequence g; := q(y:) € G and take the corresponding v* € V with vy (-) = g¢;. Then,

along the path &,
k 2 2
1 1 0 )
%Z o (Erie1) — i) Sktzl<) <2) )

that is, da ¢ (pg © 2,v*;2) < 6/2. Since this holds for every py and every path &, the set V is a
sequential (§/2)—cover of R on z. Therefore,

N9 (8, R;2) < V| = (J + 1)F < (2B 1 9)"
Taking logarithms yields
D108 N5 (4,72 2) < Klog (255 +2) £ Ko (224).

O

Proof of Lemmal] We will write C, C(d), ... for positive constants depending only on displayed
arguments. Note that, w.r.t. /5, the renormalization layer with parameter 7 has Lipschitz constant

Lienorm < @ Since ReL.U is 1-Lipschitz and biases do not affect Lipschitz constants, the global
Lipschitz modulus satisfies Lip (7?9) < S(Ty) for ReLU network Ty.

Step 1 (feature map: soft histogram). Fix

— (8\/%)1/a €(0,1), r:=04/4
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Let U D U be an axis-aligned cube with dist(U,0U) > r, where dist(U, OU ) := inf{||u — u/| :
u € U,u' € U} denotes the Euclidean distance between U and the boundary of U. Partition U
into a regular grid of closed cubes {Q; j=1 of side length 8, so that m < 6% ; denote by q; the
center of (); and set the representative point

r; € argmin ||u — gj||2.
ueU

Let n € C°(R%) be a nonnegative and radially symmetric mollifier with Jn=1andsuppn C
B(0,1). Put n,(x) := r~%tty(x/r) and define

¢j(x) == (1g, *nr)(x).

Then suppg; C Q;“ = {q : dist(g,Q;) < r}. Since the pairwise intersections of the grid
cells have Lebesgue measure zero, we have ) y 1g, = 1y almost everywhere, and because
B(x,r) C U for all © € U, convolution with the unit-mass mollifier ignores these measure-
zero discrepancies, yielding >, ¢;(z) = (32, 1q,) * n-(z) = 1y * n.(x) = 1 pointwise on
U. Also, by Young’s inequality, [|V¢;|loc < 10, [locl|Vnrll = [Vl e~ Since r = §/4, we
get |[Vo,lloo < (4]|Vnll1) 6~1 =: C5~1, uniformly in j. For uy.;, € U*, define the soft histogram

Sj =

k
Z¢j(ui)7 S:(Slan-,Sm) EAm_l,
i=1

=

Step 2 (decoder construction). For each fixed ¢, define the ground cost on indices by
@G0 =y ey, 0<a<l

and let W™ be the discrete 1-Wasserstein distance on the simplex A™~! = {se0,1m:> s =
1} with cost ¢(®):

Wéu)(s,t) = 179211012; o (4,0)mje st %:ng =sj, ijg = 1y.
Js j

where s, € A™~!. Note that c(*) is a metric since 0 < o < 1. Let Ay := {z :nc€
{0,...,k}™, > " nj =k}. Forv =n/k € Ay, define

Pe (V) := Mpayes((T1,€),...,(r1,€), ..., (P, €), ..., (T, C)).

ni Nm

This is well-defined by permutation invariance of Mpayes.

Let s = n/k and t = n’/k be points of Ay. Construct an integer matrix A = (A;,) with row
sums 7 and column sums n’ (e.g., by the Northwest corner rule (Peyré & Cuturil 2019)), and set
7 := A/k. Then7 € II(s, t) is a feasible transport plan. Enumerating the  pairs so that (r;(;), 7¢(;))
appears exactly A, times, the Holder condition yields

k
|pe(8) = pe(t)] < % S vy = replls =LY (5, 0) % =LY (0w,
i=1 j.£ 3,0
where (¥ (4, £) := ||7; — 7¢||$. Since this bound holds for 7* € II(s, t),
|pe(s) = pe(t)] < LW (s, 1), ©)
which proves the L-Lipschitz property on Ay.
Extend to all s € A™~! by the McShane-type formula

pa(s) := inf {pc(v) + LWO(é“)(s, v)} , (10)

VEA
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which satisfies pj(v) = pe(v) for v € Ay and, by the inequality (9), the Lipschitz property
e(s) = pe(t)] < LW{V(s,8)  (Vs,t).
By this construction, p%(v) = pc(v) holds. Indeed, for v € Ay, taking ¢ = v in Eq. (I0) gives
pi(v) < pe(v). Conversely, the inequality () implies pe(v) < pe(t) + Lw (t,v) for every
t € Ay, hence p.(v) < infi{pe(t) + Lw® (v,t)} = pi(v). Therefore pi(v) = pe(v).
We next show its L-Lipschitzness. For any s,t and any v € Ay, the triangle inequality yields
W (s,v) < W (s, t) + WS (¢, v). Taking infima over v, p%(s) < pX(t) + LWS" (s, t) and
pa(t) < pi(s) + LWE (s.8). 50 |i(s) = pi(t)] < LWS" (s, ).
We also note its piecewise linearity. By the Kantorovich—Rubinstein dual (Peyré & Cuturi, 2019) on
a finite space,
W (s, v) = sup (p,s —v),
PER™: | —pe| <c¥) (5,€)
s0 8 — p%(s) is the lower envelope of finitely many support functions and thus piecewise linear on
AL

Step 3 (error decomposition and bounds). Adopt a half-open tie-breaking so that each u; belongs
to a unique cell Q;(;). Let the hard histogram be h := & (nb, ... nhard) with n?ard = #{i :

u; € Q;}. Then, with z; = (u;, ¢) and using the Holder condition while keeping c fixed,

|MBayes<u1:k7 C) - p9(37 C>| S ‘MBayes(ul:kz C) - MBayes ((Tj(1)7 C), ceey (rj(k)7 C)) ’

quantization in w
+ |pe(h) — pe(s)| + |pe(s) — po(s; )|

hard-to-soft transport network approximation

Quantization: ||u; — 7;(;|l2 < V/desd, the Holder condition gives
k

L [e3 [

|MBayes(u1:k7c) — MBayes ((7”,7'(1)70)7 ) (T'j(lc)vc))} < % Z [lw; — Tj(i)||2 < O(defr) L™
i=1

Moreover, Mpayes ((Tj(1),€), - - - (T, €)) = pe(h) = pi(h).
Transport: Define a coupling 7 between h and s by moving, for each i, the mass 1/k placed at r;;)

to the mixture 370, ¢;(u;)dr;:

k m
@ .1, = @
g = g iw),  me= ZZ”J'(Z')—U"

T
i=1 j=1

Because Zj ¢; = 1, m has marginals h and s, hence is feasible for Wo(éu). If ¢; (u;) > 0 then
u; € Qj, and by the triangle inequality together with Step 1,

70 — rillz < [lrje) — willz + [[wi — rjll2 < C(derr)d.

Therefore, with Wc(yu),
k. m
W (h,s) <33 70l —mills < Clder)o?,
i=1 j=1

and since p; is L-Lipschitz w.r.t. wiv,
p5(h) = pi(s)| < LW W (R, 8) < C(deir) L6™

Combining the three bounds and using diam(l{) < 1 (so that (4, f) < 1and Wé“) < TV =
2111, we obtain

[ Mayes(w1:k, €) — po(s, €)| < Cldest) LO™ + |pe(s) — po(s, c)] -
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Finally choose py so that sup , . [pz(s) — po(s, c)| < C L5 (Step 4(iii)). Then
sup sup ‘MBayes(ul:ka C) - p@(sa C)‘ S C(deH)L6a~

c wuyeUk
Choosing § < '/ and m =< 69 yields the claimed bound C(d.g)Ln.

Step 4 (Neural implementation). We first consider the joint regularity of (s,c) — p%(s) on the
compact domain A1 x C.

(i) Joint Lipschitz in (s, c). By Step 2, for each fixed c and all s, s’ € A™~1,
pa(s) = pia(s')] < LW (s, 8').

On the simplex, we have W (s, s') < %Hs — 3§ < M\/mﬂs — §'||2: it fol-
lows from the trivial plan that transports the total variation mass across at most diam (/). Since

diam(U) < 1,
p%(s) = pa(s')| < CLV/ml|s — &2

Next, fix s and vary ¢, ¢’. From the Holder assumption on Mpayes applied to z; = (7;(;), ¢) and
zi = (rj(;), ¢') we obtain |p.(v) — per (v)| < Lljc—c'[|§ forall v € Ay. By the McShane envelope
(@0, (s, ¢) — pi(s)is a-Holder in ¢:|p%(s)—pL (s)| < L|le—c'||§. To meet the size of networks in
Definition[2] we first apply a McShane-type a-Holder extension to the whole space R%et, and then
convolve only in the c-direction with a standard mollifier (Appendix C.5 in [Evans, 2010) 7;,. This
yields, for any (s, c), [p(s) — pi(s)| < | [ (p5(s) — p_na(s)) n(z) dz| < [ Lz n(z)dz <
C, L he, and Lip.(p*) < h®~! uniformly in (s, ¢). In what follows we approximate p* by a ReLU
network and keep the same notation py.

(i) ReLU approximation of the feature map. As in the current proof, each u — ¢;(u) is C*
on [0, 1]% with ||[V¢,;|lc < 671, hence by ReLU approximation (Yarotsky, 2017) there exists
a ReLU network of depth O(log(1/n4)) and size O(mlog(1/n,)) that uniformly approximates
¢ = (¢1,...,Pm)onU with error i, € (0,e~!). Additionally, we set spectral product

S(dg) = 674 = m/de,

matching size of the Transformer in Definition [2] After applying the fixed renormalization layer
Renorm, : R™ — A™~1 the features are simplex-valued

(iii) ReLU approximation of the decoder. On the compact set A™ 1 x C, the map (s, ¢) + pk(s) is

jointly Lipschitz with moduli (L, L..) from (i), and for each fixed ¢ it is piecewise-linear in s %lower

envelope of affine forms by the KR dual). Therefore, by standard approximation results for Lipschitz
targets on a compact domain (Yarotsky, 2017), there exists a ReLU network pp : A"t x C — R
such that

s |pE(s) = po(s, c)| < CLS™.

s,c)
Moreover, by spectral normalization of the linear layers, we can enforce

Lips(pb‘) <cLs= CCL\/E, Lipc(pe) <cL,= CL(Safl’
so the decoder’s spectral product can be taken as
S(pe) = O(Ly/m + L&*™1)

under the fo-metric used. Note that %=1 = O(m(1=®)/deir) = O(\/m) as deg > 2. Note that
the number of parameters of the decoder does not affect the upper bound of the predictive risk in
Theorem [2] Instead, we evaluate the complexity regarding the decoder by counting the number of
d-cubes to cover the space of length-k sequences (see proof of Lemma] Step 3).

Finally, combining (ii)—(iii) with Step 4 and taking 14 = 1/m, we obtain

k
sup sup |Mpayes(U1:k,€) — po (% Zd)(ui), c)‘ < C(degr) LO™.
i=1

¢ wuppeUr

Choosing § =< n'/® and m =< 6% yields the lemma. 0O
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Proof of Lemmal6] Recall that we work on standard Borel spaces (the Borel spaces associated with
Polish spaces) so that regular conditional distributions (Durrett, 2019) exist. Accordingly, Pr(f €
- | D¥) and the quantities E[f(zx11) | D¥], Var(f(zx11) | D¥) are well-defined.

A technical point concerns the measurability of suprema over the parameter space ©, which is
required for expectations to be well-defined. Note that under our assumptions, the parameter space
O is separable and, for any fixed sample,  — (y — My (P))? is continuous, so the relevant random
suprema are measurable.

Step 1 (Reduction via a centered, Bayes-offset objective). For each block 7, write

&@:;Z@m«wmﬁﬁz&@+&@+@
k=1

with
1< k By 2
A;j(0) = 52 (Mayes (P) — Mo (PF))"
k=1
2 < .
Bi0):=4 D (Wike1 — Miayes(Pf)) (Mpayes(Pf) = My(PY))
k=1

and C; := % Shet (Y1 — MBayes(Pf))Q, which does not depend on 6. Define the centered
(Bayes-offset) empirical objective

R(O):= 5 2_85(0),  As(6) = A,(0) = C; = 45(0) + B;(0).

Then arg ming + >_;A;(0) = argming R(0), i.e., the ERM @ is unchanged by the offset. Define
the population counterpart R(6) := E[K] (0)); using E[y — Mgayes(P) | P] =0,
R(0) = E[(Mpayes(P) — My(P))?] = Rpc(My).
Let 6* € arg ming R(#). Then
Rpc(My) — Rpa(Mg:) = R(0) — R(6%)
R(0) — R(6%) + R(6%) — R(6%)
R(6*) — R(67) (11)

and hence

Step 2 (Localization at worst—path sequential radius). Let hg := My — Mpayes. Fix a Z—valued
predictable tree Z = (Z;,)%_, of depth p that is decoupled tangent to the prompt process, in the sense

that for each depth k and each past 1.1 € {:I:llkil, the conditional distribution of Zy (&1.5—1)
equals the conditional distribution of Pk given D*~! (Pefia & Ginél 1999} Rakhlin et al., 2015);

d . L
namely Z;(&1.6—1) | D*~1 = P*¥ | D*~1. Conditioning on a realization Z = z, we refer to such
z as a data-containing tangent tree. For any realization z of Z, define the worst—path sequential /o
radius on z by

L 1/2
Ihllseq,2: 7= sup =Y R (zk(1:x-1))° -
e 5e{i1}pp;

For r > 0, we localize by the uniform worst—path radius

H(T> = {hH = M9 - MBayes - sup ||hc9||seq,2;z < ’I"} .

39



Under review as a conference paper at ICLR 2026

Then, for any 6 such that hg € H(r), since hy is a bounded measurable function,
p 12 )
Rpc(Ms) = ZEPk [ha } =Ez¢ lp Zhe(zk(&:k—ﬁ) ] < sup [|hg|Zoq 0. < 77
L k=1 z

Hence, hy € H(r) implies Rpg (M) < 12
Step 3 (High—probability envelope for the squared loss). Let 6 := (pN)~2 and define the event
2pN
&= a €j <tse¢, ts = 21lo, (—)
{je[%fe[pH k1] < 6} § = 0¢ g 5

By the sub-Gaussian tail bound and a union bound, Pr(£¢) < §. On &, for every (j, k) and every
6 € © we have

|yins1 — Mp(PE)| < | f(2jpr1)| + lejpr| + | Mo(PF)| < By + ts + B =: B,

hence, using 6 = (pN)~2,

~ 2pN
B = Bf+ By + 0. 210g(pT) < By + By + 0:-1/610g(2pN).

We first carry out the analysis on £ (where the above envelope holds) and add a negligible O(J)
contribution to expectations in Step 7.

Step 4 (Block symmetrization for the centered objective). We work directly with the centered
blocks A;(0) = A;(8) + B;(6) and their mean:

N
R 1 - _
sup [(R —R)(0)| = su —g A;(0) —EA;(0)].
968 ( )( )‘ Oeg Nj:1 ]( ) .7( )

Since 7\1,...,7&]\; are i.i.d.,, standard symmetrization with Rademacher variables (ej)j-v:l,
Cauchy-Schwarz inequality and Jensen inequality give
_ 1/2
(Esup A1(9)2> .
0

N
~ 2 ~ C
Esup‘R—R Q’S—Esup e N:(0)] < —
w|R-R)0) < TR 3 6K0) < 75
We decompose A; (6) = Ay (0)+ By (6). From the definition of H(r), E[supgey(ry A7 (0)]'/2 < 7.
We then analyze B (6) = {% S (W1 k1 — Mpayes(PF)) (Mpayes(PF) — Mo(Pf))}2. Note that
| MBayes(PF) — Mg(PF)| < By + By and By is constructed by a martingale difference sequence

with filtration G Since E[X?] = 2 [FtPr(|X| > t)dt < 2 [~ ¢Pr(|X| > t)dt + 2f tdt,
evaluation of the tail probability from Lemma 8 in Rakhlin et al. (2015) yields

21/2
E [sgp BA(9) } < Blog® pos ((r))

where R°Y(F) = sup,E¢ [supfef % > ftf(zt(glzt,l))} is the depth-p sequential
Rademacher complexity. Therefore

E sup
0EH(r)

R=R)0)| 5 — {log” pI(R(r)) + 12

Step 5 (Sequential Dudley bound). The sequential Dudley integral bound (Block et al.l 2021}
Corollary 10) gives, for an absolute constant C' > 0,

a>0

diam(H(r))
Ry (H(r) < C inf {oz+ —/ sup Vg N’ (8, H(r); z)dé} ,
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where N’ denotes the fractional covering number (Block et al., [2021)). Note that since every h €
H(r) satisfies || ||seq,2;= < 7, the diameter under the path ¢, metric is at most 2r, so the upper limit
can be replaced by 2r, from Lemma 7 in|Block et al.|(2021)),

2r
Ry (H(r)) < C(ingo {a + 7/ sup \/log N34 (8 );z)dd} . (12)
From Lemma for universal constants Cy, C; > 0 and all 6 € (0, 2r],
sup log N5 (8, H(r); 2) < Comlog (\ﬁ> + Ciplog (3) - (13)

Plugging (13) into (I2) and optimizing over « absorbs polylogarithmic factors to give the succinct
bound

S m-+p m
seq < o
RYV(H(r)) Sr 7 log ( . )
Step 6 (Self-bounding fixed point).
Let Ag(P") := My(P*)—Mpayes(P*), o (P 7yk+1) 1= {Yk+1—Mo(PF)}2, P (P, ypin) i=
{yk+1 — MBayes(Pk)}2. Then RBG(MQ) = E[Ag(Pk)z] and
Ly — 1B = Ag — 2Ap{y — Mpayes(P*)}.

Hence E[¢p — (B | PK] = A2 and using |Ag| < By + By and E{y — Mpayes(P*)}? <
C(Bf,BM,O'E),

E[(ty — £%%*)?] < CoE[Af] = Co Rpa(Mp),
that is, a Bernstein condition with exponent 1 for the excess loss holds.

For r > 0, set
@(7") = {9 €0: RBG(MQ) — $I€1£) RBG(Mﬂ) < T’} .

By the standard symmetrization, we have Esuppcg( |(7€ - R)®) — (R — R)(6%)| <

\/—IN{ERZEQ (H(r)) + /r+ Rec(Mpy+) }. Then, from Lemma 4 and Corollary 10 in [Block et al.
(2021), there exists a constant ¢ > 0 (range rescaling absorbed into ¢) such that E supycg ;) |(7€ —

R)(0) = (R = R)(0%)] < /e (14 flog ooy +4/ % /o8 izl )

By the basic inequality in (L), if Esupyeg(y | (R — R)(0) — (R—R)(6*)| < § T cRpa(Me-)
with ¢ = o(1), then the ERM satisfies RBc;( ) ( ¢)Rpc(Mp+) < r/2. Let the critical radius
74 be the smallest > 0 solving g =< % 4+ 1). Hence r, =< %(% + 1). Then, the ERM

obeys ERpg (M) < infoeo RBG(MG) + ¥ %

Step 7 (Control on £°). Recall £ := {max;; |¢;r+1] < ts5} with t5 := 0.4/21log(2pN/é). B
sub-Gaussian tails and a union bound,

Pr(&°) =Pr (H(j, k) :lejrnt1] > t5) < 2pN exp ( — t62) <.

20
Let R
T := sup ‘(R - R)(@)‘
0ecO
and note that, by the identity (y — My)? — (y — MBayCS)2 = (MBayes — Mo){2y — — MBayes }

Assumptions [T]and 2]imply a quadratic envelope of the form
- ~ 1
T = sup ‘(R - R)(G)‘ < c{(Bf+BM)2 Dt EsQ}.
0cO pN .
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for some constant C' > 0 (where C, C’, . .. below are universal constants). Thus,
~ 1
T< c{(Bf+3M)2 +oN > e+ aﬁ}. (14)
3k

To bound the expectation of T on £¢, we bound the tail of the second moment of each ¢. For any
t > 0, from the sub-Gaussian (1)) tail probability,
[e’e} 2 t2

oo
E [e® 1> = /t 2z Pr(le| > x)dx < Q/t 2x exp ( - ;fg)dx < 402 exp ( - ﬁ)

€

Substituting ¢ = ¢5 yields E[e®1{|.|>¢,3] < 2026/(pN). Furthermore, by the decomposition
e kp1lee < €5 ki1l >t} +tilee,
it follows that

1 1
WZE [E5kLec] < WZE (€3 k1 1{le, pin >t5)) + 13 PL(E). (15)
g,k 3.k

<2026/(pN)
Combining and (T3)), we get
E {Tlsc} < C{(Bs+Bum)* + 02} Pr(E%) + C' {026 + 3 Pr(£°)} .
Substituting tg = 20? log @ and Pr(&¢) <9,
~ 20N
E {Tlgc] < C(Bf—l—BM)2(5+ C'afélong + CNO'S(S.

Finally, by using § = (pN)~2, the right-hand side becomes O (c2(log pN)/(pN)?), which is neg-
ligible compared to the main term from Step 5. O
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