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ABSTRACT

We introduce ELECTRAFI, a fast, end-to-end differentiable model for predict-
ing periodic charge densities in crystalline materials. ELECTRAFI constructs
anisotropic Gaussians in real space and exploits their closed-form Fourier trans-
forms to analytically evaluate plane-wave coefficients via the Poisson summation
formula. This formulation delegates non-local and periodic behavior to analytic
transforms, enabling reconstruction of the full periodic charge density with a single
inverse FFT. By avoiding explicit real-space grid probing, periodic image sum-
mation, and spherical harmonic expansions, ELECTRAFI matches or exceeds
state-of-the-art accuracy across periodic benchmarks while being up to 633 x faster
than the strongest competing method, reconstructing crystal charge densities in
a fraction of a second. When used to initialize DFT calculations, ELECTRAFI
reduces total DFT compute cost by up to ~20 %, whereas slower charge density
models negate savings due to high inference times. Our results show that accuracy
and inference cost jointly determine end-to-end DFT speedups, and motivate our
focus on efficiency.

1 INTRODUCTION

Kohn—Sham density-functional theory (DFT) is the most widely used tool for electronic structure
calculations across physics, chemistry, and materials science (Hohenberg & Kohnl [1964; Kohn &
Sham, |1965). By reformulating the many-electron problem in terms of the electron density, DFT
achieves a favorable balance between accuracy and computational cost and underpins a mature
ecosystem of widely used simulation codes (Kresse & Furthmiiller, |1996; |Giannozzi et al., [2009; Jain
et al.,|2013)). Even so, the cubic scaling of canonical DFT remains prohibitive for large systems, long
molecular-dynamics runs, and high-throughput screening. As a result, machine-learning methods are
increasingly developed to accelerate DFT calculations, following two complementary strategies. The
most common approach is to train ML models, typically interatomic potentials, to directly predict
DFT observables such as energies, forces, or band gaps, and thus bypass the costly self-consistent
field (SCF) cycle, resulting in large speedups, but losing any guarantee of reproducing a chosen
DFT functional (Deringer et al.,[2021}; |Batzner et al.,|2022). An alternative approach is to learn the
electron density (or a high-quality initial guess) with ML, which can be used to initialize the SCF
procedure and reduce the number of iterations required for convergence to the true self-consistent
DFT result (Brockherde et al., [2017). Direct ML guesses for the charge density are especially natural
for plane-wave basis DFT implementations, since these accept a real-space charge density on a grid
as the SCF starting point (Kresse & Furthmiiller, |1996; (Giannozzi et al,2009). These methods are
predominantly used for periodic materials. Recent density prediction models demonstrate strong
accuracy for crystalline systems (Jgrgensen & Bhowmik, 2022} [Koker et al., 2024)), but they rely on
computationally expensive dense real-space grid evaluation, which can negate the benefits of SCF
acceleration when accounting for model inference time. A gap, therefore, remains for a model that
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naturally captures the long-range dependencies of periodic structures while still providing fast and
accurate inference.

2 RELATED WORK & MOTIVATION

In contrast to MLIPs, density-based approaches or slight variations of their architectures can predict
spatially resolved quantities, which are of great practical interest to understand the chemistry of
a system and make targeted interventions. For example, Fukui functions (Parr & Yang, [1984))

flr)= (%}p) are fundamental to predicting the most likely regions of a molecular system to be

involved in a reaction. Density can also be used directly in density-based generative models for drug
design (Ragoza et al.,|2022; Wang et al., [2022b), as descriptors of electrochemical systems (Laubach
et al. 2009; de Blasio et al., 2023}, [Shang et al.| [2022)) and electrocatalysts (Zheng et al., [2014;
Koch et al., 2021} or to build cheap surrogate systems for observables like diffusion (Kahle et al.
2018). However, the most obvious benefit is the potential for a significant reduction in wall time
requirements associated with routine DFT calculations, since DFT is one of the largest global
consumers of supercomputing time in chemistry and materials science (Gavini et al., 2023; Heinen
et al.||2020). This demand is unlikely to diminish, particularly for complex interfaces and nanoscale
systems (Hormann et all [2025). Both task-specific machine learning potentials and emerging
foundation models for materials discovery are data-hungry and rely on DFT (or beyond-DFT)
calculations for pretraining and continual improvement (Kulichenko et al., [2024; |Pyzer-Knapp et al.,
2025)). Using ML-predicted charge densities as high-quality initial guesses for self-consistent DFT
calculations offers a direct mechanism to reduce the number of electronic iterations required for
convergence, thereby lowering the aggregate CPU/GPU hours consumed by large-scale electronic
structure campaigns. Machine learning models for charge density prediction mirror two paradigms
from electronic structure theory, which in the literature have been referred to as orbital models and
probe models.

Orbital models. These approaches expand the density in atom-centered basis functions,

N Ny li,j
p(T) = Z Z Z Ci,j,m (bai,j;li,j>m>ri(r)’ ey
i=1 j:l m=—li,j

where ¢ indexes atoms, j enumerates basis functions on atom ¢, and m runs over magnetic sublevels.
The coefficients {c¢; ; ,,, } weigh the basis functions ®; ,,(r) = R;(r)Yi, (6, ¢), which are products
of radial basis functions R;(r) and a spherical harmonic Y, (6, ¢). Learning to predict the density
can thus be framed as the prediction of the coefficients {c; ; ., } and, in some cases, refining parts
of the radial function (Fabrizio et al., 2019} |Qiao et al., [2022; [Rackers et al., 2023 |Cheng & Peng,
2024} |del Rio et al.l [2023; [Febrer et al., 2025}, [Fu et al., [2024). However, a fixed atom-centered
basis generally limits expressivity, often forcing large expansions to capture inter-atomic features.
Bond-centered augmentations increase accuracy (Fu et al.,2024), but learned, per-atom displacements
provide a more general solution (Elsborg et al. [2025): simple 3D Gaussians placed at predicted
offsets deliver high accuracy while eliminating high-order spherical harmonics. This leads to much
faster inference and avoids introducing a strong model dependence on the choice of basis sets and
their associated coefficient representation. Current orbital-based models perform well on small
molecules and organic chemistries, but in solids, the non-local features of the charge density require
large orbital expansions with many diffuse and high-angular-momentum functions, which undermines
the efficiency of the LCAO ansatz for materials (Lejaeghere et al.,[2016). As a result, high accuracy
has not been demonstrated in general for inorganic crystals and metals (Cheng & Pengl 2024} |[Kim &
Ahn, 2024; [Fu et al., [2024).

Probe models. Another class of models treat points of the numerical grid (Cerjan, |2013) as nodes of
a big graph neural network and lets each point receive messages from an atomic graph encoder (Gong
et al.,[2019; Jgrgensen & Bhowmikl, 2022} [Koker et al., 2024; Pope & Jacobs)2024; Li et al.| 2024).
This yields high functional flexibility and results in significant reductions in the number of SCF
steps when utilized as initial guesses in regular DFT calculations (Koker et al., 2024). However,
sending messages to all grid points requires many GNN queries and, therefore, higher inference time
compared to orbital approaches (Fu et al., [2024)).
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Common to most modern density prediction models is that they build on graph neural network models
and/or interatomic potentials, which we describe briefly below.

Molecular modeling with graph neural networks Graph Neural Networks (GNNs) provide a
powerful framework for processing data that can be structured as graphs. Formally, a graph is
defined as a pair G = (V, £), where {V'} denotes a set of vertices (nodes) and € C V x V the edges
connecting them. Information is represented as a set of feature vectors {h; } attached to each vertex
i € V. GNNs process this data through a series of message-passing and pooling layers that update
node features by aggregating information from neighboring nodes while maintaining permutation
equivariance, concluding with a per-node or global readout that yields the final output. When applied
to molecular systems, molecules are modeled as graphs embedded in three-dimensional space. In
this representation, each node ¢ is associated with a Cartesian atomic position r; = (x;,y;, 2;). To
capture the geometric structure of the molecule, message-passing functions are designed to depend
explicitly on interatomic distance vectors r;; = r; — r;. This allows the network to incorporate the
local environment of atoms, which determine chemical behavior.

The development of atomistic GNN architectures has been largely driven by Machine Learning
Interatomic Potentials (MLIPs) that predict energies and forces based on the molecular geometry.
MLIPs can be broadly classified into two categories based on their treatment of physical symmetries.
Symmetry constrained architectures either utilize features that are invariant (distances, angles, etc.) or
transform predictably (equivariantly) under rotations and reflections of the molecule. For example,
SchNet uses only distances (Schiitt et al., |2017), DimeNet, and ANI (Smith et al.,|2017) also include
angles (Gasteiger et al., [2020), and Tensor Field Networks (Thomas et al., |2018) is equivariant.
Unconstrained models like ESCAIP (Qu & Krishnapriyan, [2024)) do not explicitly enforce geomet-
ric symmetries within the architecture’s internal layers, prioritizing flexibility and computational
efficiency instead.

1. Symmetry-constrained: These architectures either utilize features that are invariant (dis-
tances, angles, etc.) or transform predictably (equivariantly) under rotations and reflections
of the molecule. For example, SchNet uses only distances |Schiitt et al.|(2017), DimeNet,
and ANI|Smith et al.|(2017) also include angles |Gasteiger et al.| (2020)), and Tensor Field
Networks Thomas et al.| (2018)) is equivariant. QuiNet|Wang et al.| (2023) derives a way for
efficient construction of higher-order invariant features. The first equivariant model was
Tensor Field Networks Thomas et al.|(2018), which was further improved, for example, by
MACE Batatia et al.| (2022), Equiformer |Liao et al.|(2023)) and NequlP Batzner et al.| (2022).

2. Unconstrained Models: Models like EScCAIP|Qu & Krishnapriyan|(2024) do not explicitly
enforce geometric symmetries within the architecture’s internal layers, prioritizing flexibility
and computational efficiency instead.

There is a fundamental trade-off between these approaches: equivariant and invariant models are
typically more data-efficient, since they need not learn rotational invariance from scratch, but their
added architectural complexity increases computational cost. Unconstrained models, by contrast, are
usually faster and better suited for large-scale simulations when sufficient training data is available.

Modified GNN architectures have also recently been used to predict the Hamiltonian and density
matrices [Li et al.| (2022)); [Febrer et al.| (2025)), virial tensor [Wang et al.|(2018)), Hessian matrix Burger
et al.| (20235), or dipole moments |Unke & Meuwly|(2019).

Frequency-domain models. Some recent models have successfully used spectral operators in
Fourier/reciprocal space to encode periodicity and long-range physics directly in k-space, e.g., neural
operators parameterized in the Fourier domain and reciprocal-space augmentations for long-range
interactions (Li et al., [2020; Tran et al., 2021} |Kosmala et al.| 2023} Wang et al., [2024). Such
approaches have been effective across periodic systems and lattices such as metasurfaces, composites,
and sonic crystals, where FFT-based layers provide global, low-k coupling (Rashid et al., 2022
Kang et al.l [2025; Wagner et al [2024). A related line of work augments short-range geometric
GNNs with a mesh-based, FFT-accelerated long-range channel that learns a Fourier-domain influence
kernel and exchanges information bidirectionally between atoms and mesh at each layer (Wang et al.}
2024)). Fixed Ewald terms can also be replaced with a learned Fourier domain convolution, where
per-atom latent variables feed a sum-of-Gaussians spectral multiplier evaluated with FFTs to capture
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diverse long-range decays at near-linear cost (Ji et al.,[2025)). For electron density specifically, plane-
wave operator heads have been used as global, lattice-aligned corrections on top of atom-centered
orbitals, though in practice they offer only minimal incremental benefit over strong real-space/orbital
backbones (Kim & Ahnl [2024)). Thus, while reciprocal space is the natural domain for periodic
systems, prior frequency-domain add-ons for ML charge density modeling have demonstrated little
benefit.

Contributions. We introduce the Electronic Tensor Reconstruction Algorithm with Fourier Inver-
sion (ELECTRAF]I), a fast and accurate model for charge density prediction in periodic inorganic
materials. Our main contributions are:

* We propose a density representation based on floating Gaussians that admits a closed-form
analytic Fourier transformation, enabling us to construct an efficient periodization using the
Poisson summation formula, without periodic image summation

* We demonstrate state-of-the-art accuracy on periodic benchmarks while achieving sub-
second inference and up to 633 x speedup compared to the strongest prior grid-based density
model.

* We demonstrate that ELECTRAFI is the first model to achieve a consistent reduction in
end-to-end DFT computation time when using machine-learned charge densities as SCF
initial guesses in materials.

3 METHODS

ELECTRAFI. A mixture-of-Gaussians ansatz has been established as an efficient representation
for molecular charge densities (Elsborg et al., [2025)):

Ny
pr) = 3w Nr; p@),20)), )
j=1
where
exp| = 3r = p) = (r )]
(27)3/2y/det ¥ ’

with centers /) € R3, positive-definite covariances £U) € R3*3, and signed weights w) € R
(see Figure[I). However, in periodic electronic structure theory, charge densities are most often
represented via plane-wave expansion coefficients in reciprocal space, which ensures periodicity
by construction (See Appendix [A] for details on plane-wave representations) (Payne et al.l [1992).
From Bloch’s theorem (Bloch, [1929), we know that the electron density of a periodic system with
periodicity defined by the lattice A = {R € R?® | R = nja; + noas + nzas, n; € Z} has to
be periodic and smooth. We could simply form the periodic continuation ppe:(r) = p(r — R(r)),
where R(r) is the unique lattice vector that shifts r back into the unit cell. This can be thought of
as replicating the unit cell across space. However, for general p, this leads to discontinuities on the
boundaries of the unit cells. To enforce smoothness, we periodize Equation [2]by summing Gaussian
contributions for a finite number of neighbor images to avoid an infinite sum:

ppi(r) = Y p(r+R) “

ReAN

where Ay = {R € R® | R = nja; + nsas + nzaz, n; € {—N,...,N}}. For a model
using floating Gaussian orbitals, this would mean each grid point ”sees” Gaussians from up to N
periods/primitive cells away. However, with this approach, the resulting function is not actually
periodic, and a periodic continuation still has discontinuities that only decay if we sum over enough
images. This is very expensive, though; even for N = 1 the evaluation already becomes 27x as
expensive as the evaluation of a single unit cell. An alternative approach that can periodize any
Schwartz function p (a function is a Schwartz function if its value and all its derivatives decay to zero
at infinity) is using Poisson’s summation formula, given by

SR =5 Y a(@)eC )

ReA GeAx

N(r;p,X) = (3)
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with the reciprocal lattice A*, the cell volume €2 , and the Fourier transformation p. In practice, we
also have to truncate the reciprocal lattice A*, however the RHS of Equation [5|remains a periodic
function even with a truncated A*. Instead, truncation only acts as a low-pass filter, which is much
more acceptable compared to discontinuities, as we know that the DFT charge densities are, in
practice, also low-passed functions.

Therefore, our model, ELECTRAFI, represents the valence charge density using a finite set of
anisotropic Gaussians that are periodized using Poisson’s summation formula. Conceptually, the
Gaussian parameters are predicted in real space, but the density itself is constructed entirely in
reciprocal space. For clarity, we introduce the auxiliary non-periodic function

Nar
p(r) = Zwm/\/(r; p), 50, ©)

j=1

where all parameters w(/), ;1) and () are predicted by ELECTRAFI.

Unlike prior density models based on floating Gaussians (Elsborg et al., 2025), the function p(r) is
not interpreted as the physical real-space charge density, nor is it ever evaluated or discretized in real
space. Instead, we exploit the self-reciprocity of Gaussians under Fourier transformation, whereby a
Gaussian maps to a Gaussian in reciprocal space and admits a closed-form analytic expression,

FIN(r; 1, D) (G) = g N(r; 1, ) e G dr = exp [ -3 GTEG} eiCGH, @)

The Fourier transformation p of [f]is therefore:
. ©)
p(G) = Zwm exp[— % GTE(J)G} em iG 1Y ®)
j=1

Applying an inverse fast Fourier transformation (IFFT) to p essentially evaluates the Poisson summa-
tion formula and recovers the periodic, smooth real-space density p(r):

p(r) = IFFT(5(G)) € R, ©)

Note that the closed-form Fourier transformation was crucial in our construction, as it avoids expensive
and noisy numerical Fourier transformations that would be necessary for a general functional form.
Consequently, unlike other density models (Jorgensen & Bhowmik, 2022} Koker et al., [2024),
ELECTRAFI eliminates the computational overhead associated with explicitly handling periodic
images in real-space density evaluation. To ensure that the output density sums to the correct number
of valence electrons, we rescale all weights {w(j )} by a single positive factor so that

/Qp(r) dr = Zp(r) Av = N, (10)

where € CR? is the simulation cell, and Awv is the voxel volume.

Finally, it is natural to ask whether the plane-wave coefficients p(G) could be predicted directly. This
corresponds to predicting expansion coefficients in a plane wave representation. Previous literature
has explored this direction (Kim & Ahnl 2024)), but with limited success. We hypothesize that direct
prediction is difficult, as these expansion coefficients are global properties. In contrast, our predicted
quantities are local, and the global dependency is only introduced through the (closed-form) Fourier
transformation.

ELECTRAFI leverages the Poisson summation formula and closed-form Fourier transform
of Gaussians to efficiently represent periodic charge densities without explicit periodic image
summation.

Gaussian indexing and per-atom allocation. Given a periodic molecular graph, ELECTRAFI
outputs per-atom channels

NxC NxCx3 NxCx3x3
SeRY*Y VeRYXCX2 T g RYXEX9xs,
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Figure 1: The electron density is parametrized by a set of Gaussians, where each component j has a
signed weight w7, displacement from anchor d), and covariance X,

which parameterize Gaussian amplitudes, directions, and shapes. Here, IV is the number of atoms
and C the channel width. We assign a fixed number M of Gaussians per valence electron: for atom
a with valence v,, this yields n, = Mwv, Gaussians. The total number of Gaussian components in
system sis Ny = MY, o vq.

For each atom, the first n, of its C' channels are used to construct Gaussians (with C > max, n,),
while the remaining channels are unused. We index Gaussians globally by concatenating per-atom
slots, j = (a,c) with ¢ € {1,...,n,}, and write u(j), ) and w) for the parameters of Gaussian
NG, To ensure consistency with the reference data, we use the same element-specific valence
conventions used in dataset generation. See Appendix [B.3]for more details.

Gaussian parametrization. Each Gaussian N'U) is parametrized by the set (w®), u), £0)),
specifying its weight, location and covariance matrix.

Weights. We produce w®) from SU) via a multi-layer perceptron (MLP) and a signed, magnitude-
stable factorization: ) _
w?) = tanh(s\),

W) = fw(S(j))7 (in
where f, is a MLP.

Centers. We place each Gaussian as a displacement from its host atom a(j):
p) = R, + dv), dY) e R?, (12)

with dU) drawn from the vector channel V(7).
Covariances. SPD covariances are parametrized through a Gram factorization,

»0) = /WA AT (13)

where AU) e R3*3 comes from the tensor channel 70) and (%) is a scaling factor predicted using a
MLP on the scalar features S).

Attention-based backbone. We use a modified EScAIP backbone to update scalar node/edge
streams via multi-head attention over PBC-aware neighborhoods, followed by position-wise feed-
forward transformations (Qu & Krishnapriyan||2024)). This concentrates capacity in attention/FFNs
and constructs geometry-aware vectors/tensors via dyadic reductions. It avoids expensive SO(3) tensor
products and high-order irreps whose cost grows steeply with L, and Gaunt contractions (Thomas
et al.| 2018 |[Batzner et al., [2022 [Batatia et al., 2022} [Liao et al.l 2023} |[Passaro & Zitnickl, [2023)).
Compared to angle/dihedral-basis models (Gasteiger et al., [2020; 20215 |2022), we avoid explicit
triplet enumeration. Our vector/tensor heads are masked, attention-weighted reductions over unit
edge directions and their traceless dyads, keeping complexity linear in the number of edges. We
construct dyadic neighbor aggregation layers which produce the per-atom channels S, V, T', which in
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turn are used to construct (u7), £() () (details in Appendix @) which parametrize our Gaussians
through Equations equation[T1] equation[12} and equation

4 EXPERIMENTS

We evaluate ELECTRAFI on a suite of periodic charge density benchmarks. As in prior work, we
use a loss function £ based on the normalized mean absolute error (NMAE):

Pref\T') — Ppred\T dv
L = NMAE (ppred,pref) _ f]RS | ( ) p ( )| , (]4)

fRS Pref(r)dV

and report performance in NMAE[%] = 100 x NMAE. We note that ChargE3Net is substantially
more accurate on periodic materials than other published models (see also Table [I]), and [Koker et al.
(2024)) is the only work to report comprehensive evaluations on generalized DFT cost reduction
experiments for such systems. A central motivation of this work is therefore to assess whether ELEC-
TRAFI can reach comparable accuracy, while avoiding ChargE3Net’s computational bottlenecks.
The main ELECTRAFI model is trained on the full Materials Project (MP) distribution (MP-Full),
which we split into 117,876 training structures, 512 validation structures and 2,000 test structures.
The split is similar but not identical to Koker et al.| (2024). Achieving speed and scalability on this
dataset is challenging: the largest charge density grid files exceed 4 GB, and inference must produce
up to 157 million floats per material. In addition, we evaluate the main model on 2,000 structures

Table 1: Charge density prediction on test sets of periodic benchmarks. A dash (—) indicates not
reported. Results reproduced from other work are indicated by superscript:  (Koker et al., [2024),
b (Kim & Ahn, 2024), ¢ (Fu et al.,[2024), ¢ (Chen et al., 2025).

Dataset Metric ELECTRAFI ChargE3Net DeepDFT SCDP GPWNO InfGCN
NMAE [%] 0.58 0.54 0.80* — — —
MP-Full ting [S] 0.24 78.73 — — — —
Speedup
vs ChargE3Net 328x T T T o _
NMAE [%] 0.93 0.69 — — — —
GNoME tint [S] 0.15 33.28 — — — —
Speedup
vs ChargE3Net 222x o o T o o
NMAE [%] 1.35 1.534 — — — —
ECD-HSE06  ¢ins [s] 0.05 31.65 — — — —
Speedup
vs ChargE3Net 633x _ _ o o _

. NMAE [%] 1.24 — 11.50° — 4.83° 5.11°
MP-Mixed tine [5] 024 B o . T o
Cubic NMAE [%] 1.37 — 10.37° 259 7.69° 8.98"

tinf [S] 0.08 _ —_ J— J— N

from the GNoME dataset (Merchant et al., [2023)) with recomputed VASP charge densities, probing
generalization beyond the MP dataset. For these two datasets, we also run our own experiments with
the released ChargE3Net model. Both ELECTRAFI and ChargE3Net were evaluated on a single
NVIDIA A100-40GB GPU, while parallelized VASP DFT calculations were performed on 24 CPU
cores, specifically Intel Xeon E5-2650 2.20GHz CPUs of the Broadwell generation, using 256 GB of
RAM memory.

Benchmark results. In Table El, we report the NMAE [%] and average inference time ;,, ¢ for
ELECTRAFI and other recent models. On the MP-Full test set, ELECTRAFI achieves an NMAE
[%] of 0.58%, which is slightly higher ChargE3Net’s error of 0.54%, but at a roughly 328 x faster
average inference time of 0.24s, whereas ChargE3Net takes ~ 1.3 minutes on average. On GNoME
structures, ELECTRAFI has a modestly higher error (0.93 % NMAE) compared to ChargE3Net
(0.69% NMAE), but is again much faster, with average inference times that are roughly 220x lower
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Figure 2: Logarithmic scaling plots showing wall-clock time versus system size for ELECTRAFI,
DFT, and ChargE3Net. Top: Materials Project (MP) test set. Bottom: GNoME test set.

(0.15s versus 33.28s). To demonstrate the scaling behavior of both models as well as DFT on the test
sets, Figure [2 shows how inference times scale with system size. Although canonical Kohn—Sham
DFT exhibits cubic asymptotic scaling, the system sizes considered here lie below the regime where
diagonalization dominates, resulting in an approximately linear scaling with system size for DFT
computation times in VASP. However, the slope and intercept of ELECTRAFI still demonstrate supe-
rior scaling in both datasets. To understand the failure modes of each model, Appendix [E|contains a
detailed element-wise error analysis that compares the average prediction error for ELECTRAFI and
ChargE3Net across structures containing each element. It highlights a systematic element-dependent
performance split between ELECTRAFI and ChargE3Net. Specifically, ELECTRAFI performs best
for alkali/alkaline-earth elements, halogens, and heavy elements (in particular Ac), which typically
appear in more ionic or delocalized bonding environments, while ChargE3Net is better for light
covalent elements and open-shell transition metals. The two models thus exhibit complementary
inductive biases aligned with our expectations, since ELECTRAFI favors smoother, more globally
distributed charge densities while ChargE3Net better captures localized, directional bonding features.
Furthermore, in Appendix[F| we show charge density visualizations for the best- and worst-performing
test structures of ELECTRAFI on both the MP-Full and GNoME benchmarks, alongside the corre-
sponding ChargE3Net predictions for the same materials. To enable direct comparison with prior
work, we also train and evaluate ELECTRAFI on the MP-Mixed Kim & Ahn|(2024) and Cubic (Wang
et al.| 2022a) benchmarks, achieving 1.24 % and 1.37 % NMAE, respectively. These results outper-
form all published models (Table [I) while maintaining extremely favorable inference times. The
datasets described so far all use the PBE (Perdew et al.,|1996) exchange—correlation functional. To
assess performance on densities originating from higher-order functionals, we also train and test
an ELECTRAFI model on the HSEO6 (a hybrid functional) subset of the ECD dataset (Chen et al.}
2025)). When trained from scratch, ELECTRAFI attains state-of-the-art accuracy at 1.35 % NMAE,
improving upon ChargE3Net (1.53%) while delivering an average 633 x speedup (0.04 s vs. 31.65 s).
We provide details on the size of the individual datasets as well as training settings for each dataset in

Appendix

4.1 DFT ACCELERATION EXPERIMENTS

We perform extensive evaluations of the ability of both ChargE3Net and ELECTRAFI to accelerate
routine DFT calculations on the MP-Full and GNoME test sets. We initialize DFT calculations with
predicted charge densities from both models and record the reduction in self-consistent field (SCF)
steps and overall calculation time needed to converge the density and energies. We provide full details
on these experiments in Appendix [C] Neither ChargE3Net nor ELECTRAFI predicts augmentation
occupancies, which were taken from the Materials Project dataset or computed self-consistently for
the GNoME structures. Since ELECTRAFI enforces electron-count normalization by construction,
we apply the same normalization to ChargE3Net to ensure a fair comparison. We display the results
of our experiments in Table[2] In the table, we also include results using the converged self-consistent
(SC) density as an initial guess, which can be interpreted as an upper bound on the achievable
acceleration from improved density initialization. The results show that only ~ 75-80% of SCF step
reductions are realized as DFT wall time savings. Furthermore, when inference cost is accounted
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Table 2: Results from DFT calculations using various initialization methods for the filtered and
recomputed non-magnetic subset of the test files from MP and GNoME. All numbers for time and
steps saved are reported relative to the default SAD guess.

Dataset Metric SAD (Default) SC (Converged) ELECTRAFI ChargE3Net
NMAE | 0.55 % 0.50 %
ML Init Time | 0.24 s 72.11s
SCF Steps | 16.80 8.73 13.33 12.09
MP DFT Time | 266.34 s 161.98 s 219.57 s 208.26 s
Total Time | 266.34 s 161.98 s 219.81 s 280.37 s
DFT Steps Saved 1 48.04 % 20.65 % 28.03 %
DFT Time Saved 1 39.18 % 17.56 % 21.81 %
Total Time Saved 1 39.18 % 17.47 % -5.27 %
NMAE | 0.88 % 0.59 %
ML Init Time | 0.15s 28.29 s
SCF Steps | 13.49 6.88 10.11 9.50
GNoME DFT Time | 119.98 s 7791 s 95.06 s 92.67 s
Total Time | 119.98 s 7791s 95.21s 120.96 s
DFT Steps Saved 1 51.73 % 25.05 % 29.58 %
DFT Time Saved 1 39.75 % 20.77 % 22.76 %
Total Time Saved 1 39.75 % 20.64 % -0.82 %
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Figure 3: End-to-end (TOTAL, i.e., including model inference time) vs DFT-only wall-time reduction
as a function of system size. Top: Materials Project (MP) test set. Bottom: GNoME test set.

for, ChargE3Net leads to a negative percentage time saved, i.e., an overall slowdown. In contrast,
ELECTRAFTI achieves a significant net reduction in mean total compute time on both data sets due
to nearly instantaneous inference, despite achieving a slightly smaller reduction in SCF steps, and
Figure [3| shows that for both MP and GNoME, ELECTRAFI has the total wall-time advantage at any
system size. While hardware choices will affect wall times, the A100 GPU used for ML inference is
more modern than the Broadwell generation of CPUs used for the VASP calculations. Faster CPUs
would reduce the DFT computation time and thus the relative savings for both models in Table
In particular, for ChargE3Net, the high inference time would make the percentage slowdown even
worse. In fact, Figure [3]shows that ChargE3Net does not reduce the net computation time on MP
in any domain, while for GNoME, there is a slight average saving for system sizes above 30 atoms.
When considering only the DFT wall time, ChargE3Net has a slight advantage over ELECTRAFI,
but this diminishes as the system size grows, and on the GNoME dataset it completely disappears for
systems with >50 atoms. One possible explanation is that SCF convergence is governed by how the
initialization error projects onto slowly converging long-wavelength charge modes, rather than by
global density error metrics such as NMAE.

ELECTRAFI achieves up to 633 x speedup while matching or exceeding state-of-the-art
accuracy compared to existing models, positioning it as the first model that achieves end-to-
end time savings for DFT calculations of materials.
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5 DISCUSSION

ELECTRAFI’s accuracy-cost balance exceeds all prior models and enables higher iteration rates while
broadening the range of applications for ML-predicted densities. However, practical considerations
remain before large-scale deployment within conventional DFT workflows. Future work is needed to
identify which training protocols best correlate with SCF savings, including the choice of loss func-
tion and grid sampling strategy. We observe that periodic charge densities exhibit higher error floors
than molecular benchmarks such as QM9 (Koker et al.,|2024} [Fu et al.,|2024; Elsborg et al.,|2025).
As a consequence, larger DFT speedups are achievable in molecular settings, where up to ~ 50% of
SCF iterations can be eliminated (Elsborg et al.| 2025)). We attribute this difference mainly to the
increased complexity of periodic electronic structures and the much larger chemical/elemental space
encompassed. However, the analysis in Appendix [ suggests that ELECTRAFI and ChargE3Net
dominate complementary regimes, which encourages future hybrid architectures that combine global
Fourier-space representations with localized corrections based on spherical harmonics. More impor-
tantly, end-to-end reductions in computational cost are more relevant than grid-level accuracy alone,
and charge density models should be evaluated in direct integration with DFT codes to understand
their impact and ensure consistent treatment of pseudopotentials and valence electron definitions.
This is currently limited by dataset shortcomings. Even newer datasets (Chen et al., [2025) lack
sufficient metadata for reproducible end-to-end DFT experiments, and the absence of standardized
benchmarks remains a bottleneck. Future datasets should therefore provide full input files consistent
with their target DFT codes to enable modeling of all components (see Appendix [C|for details). This
would enable models to be evaluated in realistic and directly comparable end-to-end ML-accelerated
DFT workflows. Further, our results demonstrate the importance of model efficiency and inference
speed for computational and energy savings. We have addressed this by aligning ELECTRAFI with
the canonical plane-wave basis set definition for periodic DFT. Rather than learning global reciprocal
space structure with additional neural networks, ELECTRAFI uses closed-form Fourier structure to
delegate global behavior to analytic transforms. The scalability of this approach has clear analogues
in other domains, such as magnetic resonance imaging (MRI), where images are reconstructed from
k-space measurements via large-scale inverse FFTs [Fessler| (2010); (Griswold et al.|(2002); [Lustig
et al.| (2007); Knopp et al.|(2007). Accordingly, even as end-to-end DFT acceleration benchmarks
mature, ELECTRAFT’s efficiency is immediately useful for downstream settings using charge density
as a descriptor, such as molecular dynamics (de Blasio et al.,|2023)) where densities are constructed
repeatedly, or in analyses of reactions and chemical bonding based on electronic structure (Koch
et al.| 2021)). Generally, acceleration of electronic structure workflows is an extremely valuable use
case, and ELECTRAFI advances the Pareto front of accuracy versus efficiency for scalable charge
density prediction in periodic materials. But our results also point to a broader lesson for the field:
grid-level accuracy or SCF step counts alone are insufficient predictors of real computational savings,
and density models should be co-designed and integrated with their target DFT codes from the outset,
explicitly accounting for inference cost and SCF behavior if acceleration is to be realized in practice.
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SOFTWARE AND DATA

The full codebase for ELECTRAFI and its associated experiments is available upon request. Upon ac-
ceptance of the full paper at a major conference or journal, it will be released publicly for unrestricted
research and commercial use.
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A PLANE-WAVE REPRESENTATIONS IN ELECTRONIC STRUCTURE THEORY

In electronic structure calculations for periodic systems, plane waves are functions of the form
¢c(r) =exp(iG 1), (15)

where G is a reciprocal-lattice vector. Plane waves form a complete, orthonormal basis for square-
integrable functions defined over a periodic unit cell, making them a natural representation for
periodic quantities such as the electronic charge density p(r).

The theoretical justification for the plane-wave representation in crystalline systems follows from
Bloch’s theorem, which states that eigenstates of a periodic Hamiltonian can be written as a plane
wave multiplied by a lattice-periodic function (Bloch, [1929). As a consequence, any lattice-periodic
scalar field, including the valence charge density, admits a Fourier-series expansion

p(r) =" pgexp(iG 1), (16)
G

where the coefficients pg are commonly referred to as plane-wave coefficients or structure factors.

Plane waves are the dominant basis choice in periodic density functional theory (DFT) due to several
favorable properties (Payne et al.,|1992; Martin|, 2020):

» Systematic convergence: Accuracy is controlled by a single kinetic-energy cutoff E,:,
yielding a variationally improvable basis.

* Position independence: The basis does not depend on atomic positions, eliminating basis-
set superposition errors.

* Efficient transforms: Real- and reciprocal-space representations are connected via fast
Fourier transforms (FFTs) with O(N log N) scaling.

In plane-wave DFT implementations, the valence electron density is represented internally by
its plane-wave coefficients, even when written to disk as a real-space grid (e.g. CHGCAR files).
Core operations in the self-consistent field (SCF) cycle, such as evaluation of the kinetic energy,
solution of Poisson’s equation, and density mixing, are performed in reciprocal space. In projector-
augmented-wave (PAW) methods, the smooth valence density is treated on the plane-wave grid, while
atom-centered augmentation contributions are handled separately.

In SCF calculations, both the input and output charge densities are fundamentally reciprocal-space
objects. Although densities are often visualized or stored on real-space grids, each SCF iteration
repeatedly transforms between p(r) and pg. Consequently, the effectiveness of an initial density
guess is determined by how accurately it reproduces the correct global Fourier content, rather than
only local real-space features.

This observation underlies recent machine-learning approaches that aim to accelerate SCF conver-
gence by predicting charge densities directly (Jorgensen & Bhowmik| [2022} [ Koker et al.,[2024)). Most
existing models, however, operate primarily in real space without explicit control over the structure
of pc.

Plane waves are also used in condensed-matter and materials physics to represent Kohn-Sham orbitals,
electrostatic potentials, phonon modes, and linear-response quantities. Their ubiquity stems from the
fact that plane waves form the mathematically natural basis for translationally invariant systems.
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B MODEL DETAILS

B.1 DYADIC NEIGHBOR AGGREGATION LAYERS.

To form our Gaussian output parameters, we design a dyadic neighbor aggregation layer. This
layer constructs scalar, vector and tensor output which we aggregate and use as the basis for
(w(j)’ p) @),

Let NV (2) be the neighbors of atom 7, and let n;. € R? denote the (PBC-aware) unit edge direction
for e € N(i). Each node i carries scalar features h; € R¥ and each incident edge e carries scalar
features g; . € R¥. A single dyadic layer produces, for each node i and channel ¢ € {1,...,C},

Sic €R, Vi € R T; . € R**® (symmetric).

Scalar branch. We read out scalars channel-wise from node features:

Si,c = gc(hz)7 (17)
where g. is a MLP.

Vector branch. To enrich directional support before attention, we add learned directions to the
geometric edge directions. For each edge (i, €), we predict a free vector df”e) €R3 and a scalar gate

ague) €R from g; ., and blend additively with the unit edge directions n, .

n) = (1-a))ni. + o) ). (18)
We then form edge-wise unit carrier vectors by normalizing n§ve)

(v)

n:
A = e (19)
" Il

For each channel ¢, we then compute neighbor weights «; . . from g; . with a softmax over e € N ()
(so Ze ;e = 1), and we aggregate

Vie = Z Qic.e ﬁg,vp)
eeN (i) (20)

Vie

Viec <
Ivicll

* My e,y

where m; . = ¢ (hi) € R is a scalar controlling the magnitude of the vector output of atom ¢ and
channel ¢, produced by an MLP, ¢,,,.

The additive term in [I8]expands the directional span from the unit-edge cone to the two-dimensional

subspace span{n; ., dEj}e)}, enabling off-axis and lower-symmetry orientations that better capture
charge density patterns not aligned with edges. This design is inspired by |(Qu & Krishnapriyan
(2024), where force output is formed using learned edgewise vectors d; . predicted from edge
features g; .. These are gated multiplicatively by the geometric direction through the Hadamard
product d; . ©® n; . before aggregation. Their gating preserves componentwise alignment with n; .,
and our additive carriers complement this by providing a richer, data-driven directional basis while
retaining the geometric limit when al(;ue) = 0 (pure n; ). In practice, the attention in 20| then learns to
combine these carriers into stable, geometry-consistent channel-wise directions.

Tensor branch. To construct the tensor output, we use a carrier vector construction that is analogous

to Equation but with separate gate at?

i,e
vectors Ai'"), which we use to construct dyads

i,e°

and free vector &52 This defines unit direction carrier

— 5Oa®T _ 1
Qie = m.n;, — 3L 2D

i,e"1,e

where tracelessness, i.e. trQ; . = 0, has been enforced by subtracting the unit-normalized 3 X
3 identity matrix I. For each channel ¢, we compute neighbor weights 3; . . (softmax over e,
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> Bi.c,e = 1) and combine the anisotropic attention-weighted tensor aggregations with an isotropic

contribution:
Tic = Y. BiceQic + Ficl, (22)
e€N(3)

where the isotropic contribution «; . I controls the trace of T'; . through a scalar predicted via an
MLP g on the node features, i.e. ;. = §(h;.) € R.

B.2 BACKBONE UPDATES AND CROSS-LAYER AGGREGATION.

Between dyadic layers, we update node and edge features (h;, g; ) by attention over the neighborhood
N (7) and position-wise feed-forward transformations (FFN), mixing information across neighbors.
Each dyadic layer ¢ = 0,1, ..., L (including the input layer £ = 0) produces its own triplet

s, v i

We aggregate along the layer axis using channel-wise, per-node softmax weights obtained from the

layer readouts:
exp (AV]C)

) - Zan:()eXp (AETZ]) .

are logits obtained from a linear layer applied to the node readout r

agﬂ = softmax (AEZ]C (23)

[l

%

Where AL

i,C

at layer ¢ and node i,

ie. Ay]c = (WT ry] + b) ,  The final scalar, vector, and tensor channels are convex combinations
’ c
over layers:

L
Sie =D a8l
£=0
L
Vie= D avie, (24)
£=0

L
Tic=Y al)Tl.
=0

With the global mapping j = (i, ¢), we then set
d9 = vie, AV =T 59 £ (Sie). (25)

These are used to construct (1), £0) w(?)) for all Gaussians indexed by j = 1,..., Nx, which
we then use in Eq. [8|and the subsequent IFFT to realize p(r).

B.3 MULTI-VALENCE ATOMIC REPRESENTATIONS.

For faithful comparison to ab initio reference densities, we adopt the same per-element valence
conventions as those used to generate the datasets (e.g., PAW/USPP pseudopotentials in VASP that
provide alternative ZVAL options such as W:6 or 1W:14). For each element Z we therefore use a
small admissible set {v(?)(Z),v()(Z),...} and use the element-specific selection prescribed by
the underlying pseudopotential setup. The chosen per-atom valence v, is therefore directly derived
from default VASP input files, and directly sets the Gaussian allotment n, = M v,, so that the
total component count ) 7, is consistent with the reference valence specification. To reflect these
physical conventions in the learned representation, element-valence pairs are endowed with distinct
embeddings. This enables ELECTRAFI to capture density patterns appropriate to each valence
configuration (e.g., semicore-including vs. semicore-excluding) through the embedding as well as
through the valence-sensitive allocation.
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C EXPERIMENTS, DFT SETUP AND CHGCAR HANDLING

Data. The main ELECTRAFI model is trained on the full Materials Project (MP) distribution
(MP-Full), which we split into 117,876 training structures, 512 validation structures and 2,000 test
structures. This is similar to the main periodic model published by [Koker et al.|(2024)). This version
of ELECTRAFI is also evaluated on 2000 structures from GNoME, which probes generalization to
a broader distribution. We note that for both the MP-Full and GNoME datasets, we use different
structures than those used in |Koker et al.| (2024). Instead, the GNoME files are identical to those
used in |Chen et al.| (2025)), while we use a different split of the Materials Project database due to
reproducibility issues with the Materials Project IDs. To ensure fair comparison, we thus perform
our own evaluations and use the ChargE3Net model trained on the full Materials Project database,
as published in |Koker et al.| (2024). However, we note that the results are essentially identical to
the published ChargE3Net performance in both Koker et al.|(2024) and |Chen et al.[(2025)), and the
NMAE[%] differs only on the second decimal in both.

Non-magnetic filter. For the SCF reduction experiments in section we follow |[Koker et al.
(2024) and restrict reinitialized DFT experiments to non-magnetic structures. Specifically, we retain
only test set entries with an overall absolute magnetic moment below 0.1 up and absolute site-
resolved magnetic moments below 0.1 ;1 p on every atom. Applying this filter yields 980 structures
from the MP-Full test set and 1314 structures from the GNoME benchmark.

Reconstructing MP-Full inputs from task documents. For MP-Full we start from the same
Materials Project charge density entries used in |[Koker et al.[(2024). For each material, we call the
Materials Project API to retrieve the charge density document together with the underlying VASP
TaskDoc that originally generated the CHGCAR. From this TaskDoc we reconstruct:

* POSCAR: we write the structure stored in the task input directly to VASP POSCAR.
* INCAR: we take the recorded input parameters and write them verbatim to INCAR.

* KPOINTS: if explicit k-point data are present, we reconstruct the original KPOINTS;
otherwise we let VASP infer k-points from the INCAR settings (e.g. KSPACING).

* POTCAR: we use the potcar_spec field to recover the original PAW symbols and build
the POTCAR files specifying the pseudopotentials, using a local directory containing the
legacy PBE PAW potentials used in the original Materials Project workflow.

All MP-Full recomputations are run with VASP 5.4.4. For the SCF experiments we minimally edit
the regenerated INCAR: we remove parallelization hints such as NPAR, NCORE, KPAR, and NSIM,
enforce ISTART = 0 to always start from scratch, set LCHARG = .TRUE. to write CHGCAR,
and vary only ICHARG to distinguish SAD (ICHARG = 2), true-density-init, and ML-init runs
(ICHARG = 1). We do not override the FFT grid parameters (NGXF/NGYF/NGZF) in INCAR;
instead, we parse these directly from the reference CHGCAR files.

GNoOME setup via MPStaticSet. For the GNoME benchmark, the public dataset from |Chen
et al.| (2025) provides CHGCAR files. However, these were computed using newer pseudopotentials
than the ones used for the legacy MP dataset. Thus, for more straightforward comparison and
interpretable results, we calculate new charge density files that are consistent with those used in
MP. To do this, we parse the atomic structure from each CHGCAR using ASE (Larsen et al.|
2017), and then use pymatgen’s MPStaticSet to generate MP-style static calculations from this
structure. This automatically produces INCAR, KPOINTS, and POTCAR (provided a local copy of
the proper legacy pseudopotentials is available) consistent with the Materials Project defaults: PBE
exchange—correlation, a 520 eV plane-wave cutoff, Monkhorst—Pack meshes at approximately the
same k-point density used by the Materials Project (of order 102 points A~3), and the same PAW
pseudopotential library as above.

To match the DFT+U treatment of Koker et al.|(2024), we post-process the generated INCAR files
and, whenever LDAU = .TRUE., set

6, if any LDAUL channel uses [ = 3 (f-orbitals),

LMAXMIX =
{4, else if any LDAUL channel uses [ = 2 (d-orbitals) ,
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leaving LMAXMIX unchanged otherwise. As noted in [Koker et al.| (2024), this is theoretically
incorrect but necessary for better comparison, since it reproduces the MP convention of using
LMAXMIX= 4 for d-elements and LMAXMIX= 6 for f-elements only when DFT+U is active.
All other DFT+U parameters (Hubbard U values, projectors) are those supplied by MPStaticSet,
which follow the Materials Project configuration.

CHGCAR initialization and PAW augmentation. For both MP-Full and GNoME, we distinguish
three types of SCF runs:

* Default/SAD runs (ICHARG = 2), which produce a converged reference CHGCAR
starting from the standard superposition-of-atomic-densities (SAD) initialization.

* True-density-init runs (ICHARG = 1), which are initialized from the converged ”ground-
truth” CHGCAR of the corresponding default run.

¢ ML-init runs (ICHARG = 1), which are initialized from a CHGCAR whose valence
density grid is replaced by a machine-learning prediction from either ChargE3Net or ELEC-
TRAFL

In VASP/PAW, CHGCAR includes both the smooth grid density and one-center PAW augmentation
occupancies. Consistent with prior work (Jergensen & Bhowmikl 2022} [ Koker et al.| 2024} Elsborg
et al.,[20235)), we replace only the smooth grid component with the ML prediction and keep augmen-
tation occupancies from the corresponding reference workflow, thereby isolating the impact of the
ML-predicted smooth density on SCF convergence. Since all three types of density initialization use
the same reference augmentation occupancies for the MP, the comparison between SCF reductions
due to better valence density guesses is straightforward. However, in a scenario where access to these
augmentation occupancies cannot be assumed, it would be necessary to also model the augmentation
occupancies directly. This issue exists for all real-space ML density models aimed at plane-wave
codes (Kim & Ahnl 2024;|Cheng & Pengl 2024} |[Koker et al.,|2024; [Fu et al., [2024; [Elsborg et al.,
2025)). While CHGCAR stores the smooth real-space density on a grid, the augmentation occupancies
correspond to atom-centered projector expansions whose dimensionality, angular-momentum resolu-
tion, and symmetry constraints are defined implicitly by the PAW datasets rather than by the charge
file itself. As a consequence, the number of coefficients per atom, their association with specific
(I,m) channels, and the rotational transformation rules they must obey are not directly inferable
from CHGCAR files. This further complicates any attempt to learn augmentation occupancies in a
transferable manner. Recent work has explored modeling the augmentation occupancies for specific
systems(Focassio et al.,|2024), but no method currently exists that is fully general and that uses, e.g.,
a graph neural network backbone that can be trained to work across many different materials and
structures. We aim to address this aspect shortly after the present work.

Electron-count normalization. ELECTRAFI enforces electron-count normalization by construc-
tion. To ensure a fair comparison, we apply the same post-processing to ChargE3Net by rescaling its
predicted total charge density to match the integrated electron number implied by the pseudopotentials
for the corresponding structure. This normalization yields slightly lower NMAE and slightly faster
SCF convergence for ChargE3Net and ensures that both methods are evaluated under consistent
electron-number constraints.
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D DATASETS AND TRAINING SETTINGS

Table 3] shows the dataset size for each dataset evaluated in this work. Aside from the GNoME
results, all results reported in Table[T]of the main text were obtained by training exclusively on the
corresponding dataset and evaluating on its test set. For GNoME, results were obtained by evaluating
an ELECTRAFI model trained on MP-Full. In Tables[dand [5 we report the common settings used
across all models trained, as well as the settings that were tuned for specific datasets, respectively.
Most notably, the ECD-HSEO06 model uses a larger hidden size and more Gaussians per electron,
which we found to yield higher accuracies, presumably because the HSE06 densities are more
complicated than PBE densities. Furthermore, MP-Mixed and MP-Full contain larger structures than
the other datasets (Max nodes per batch is equivalent to the maximum number of atoms in a single
structure per dataset). Thus, these also use a larger cutoff radius and larger maximum neighbors. The
MP-Full dataset is significantly larger than any other dataset which is why the model for this data
corpus was trained for longer.

Table 3: Dataset splits used in this work. *The GNoME test set was evaluated as an out-of-distribution
dataset for the full ELECTRAFI model trained on MP-Full, and thus has no training or validation
structures.

MP-Full GNoME ECD-HSE06 MP-Mixed Cubic
# Training structures 117,876 — 5,647 14,000 14,421
# Validation structures 512 — 500 1,050 1,000
# Test structures 2,000 2,000" 1,000 1,050 1,000

Table 4: Model architecture, physical assumptions, and optimization settings shared across all data
splits.

Category Setting
EScAIP Backbone and Architecture
Number of attention layers 2

Attention heads 32
Distance cutoff function Gaussian
Angle embeddings True

Irrep aggregation Softmax
Normalization LayerNorm
Activation function GELU

Graph Construction and Symmetry
Periodic boundary conditions  Enabled
On-the-fly graph construction  Enabled

Maximum radius Set by cutoff (split-specific, see Table )

Max neighbors Split-specific (see Table

Strict neighbor enforcement Enabled

Optimization

Optimizer Muon (Jordan et al.,2024) (2D weight matrices) & Adam (Kingma, 2014)
Initial learning rate 3x107*

Learning rate schedule Exponential decay

Gradient clipping Disabled

Precision FP32
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Table 5: Split-specific settings that differ across datasets. Only parameters that change between splits
are shown.

Setting ECD-HSE06 Cubic MP-Mixed MP-Full
Backbone hidden size (C) 2160 2200 2160 2160
Atom embedding size (C) 2160 2200 2160 2160
Gaussians per electron (M) 120 100 120 120
Cutoff radius (A) 20 20 30 30
Max neighbors 200 128 300 300
Max nodes per batch 20 64 154 154
Learning rate decay v 0.99 0.95 0.95 0.70
Training epochs 140 40 20 10

E ERROR TRENDS ACROSS ELEMENTS AND DATASETS

To better understand where different modeling approaches succeed or fail, we analyze element-
resolved errors in the predicted valence charge densities. This analysis aims to identify systematic
performance trends across chemical species, rather than focusing solely on aggregate dataset-level
metrics.

Figure[d](next page) shows element-resolved valence-density errors for ChargE3Net and ELECTRAFI
on the MP-Full and GNoME test sets. For each model and dataset, the average NMAE is computed
over all structures containing a given element, without controlling for stoichiometric fraction. The
bottom row reports the per-element error difference between the two models, highlighting systematic
regimes where one model consistently outperforms the other across datasets.

For the GNoME data (Figure [4f), the error trends are roughly the same for ELECTRAFI and
ChargE3Net, although ELECTRAFI generally has higher error on most elements. However, on
MP-Full (Figure [de), where both models perform significantly better, the element-wise performance
trends are consistent with qualitative differences in the electronic structure regimes emphasized by
the two models. ELECTRAFI outperforms ChargE3Net on alkali and alkaline-earth metals (Rb, Sr,
Ba), halogens (Br, I), and several heavy elements (Au, Pt, Tl, Pa, Ac), which typically appear in
ionic, closed-shell, or weakly directional bonding environments, where the valence charge density is
comparatively smooth and dominated by low- to mid-spatial-frequency components. In these cases,
accurately placing charge at the correct global length scales appears more important than resolving
highly localized or anisotropic bonding features, favoring ELECTRAFT’s inductive bias. In contrast,
ChargE3Net performs better on light covalent elements (B, C) and open-shell transition metals (Fe,
Co, Mn, Ru, Re, Ir, U), where valence densities exhibit stronger localization, directional bonding, and
higher spatial-frequency structure associated with covalent bonds, crystal-field effects, and partially
filled d or f shells. The particularly strong performance split for Ac suggests sensitivity to the degree
of active valence-shell participation and dataset sparsity in heavy-element regimes. While these
trends are reported without controlling for stoichiometry or chemical environment, they indicate that
the two models emphasize complementary aspects of valence-density reconstruction, rather than one
being uniformly superior across all electronic-structure regimes.
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Figure 4: Error trends across elements for ELECTRAFI and ChargE3Net on the MP-Full and
GNoOME test sets. The error for each element has been calculated as the average error for all structures

including the element.
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F DENSITY PREDICTION EXAMPLES

F.1 BEST FROM MP-FULL TEST SET - ALMG;,NAO3,

(a) ELECTRAFI ppreq (b) ChargE3Net ppred
NMAE[%] = 0.15 NMAE[%] = 0.06

(c) ELECTRAFI (d) ChargE3Net
Ap @ 0.001 e/A° Ap @0.001 ¢/A°
. (h) Crystal structure
(e) ELECTRAFI (f) ChargE3Net
Ap @ 0.005 e/A° Ap @ 0.005 e/A°

Figure 5: Lowest error structure from the MP-Full test set. (a,b) Predicted densities for ELEC-
TRAFI and ChargE3Net. (c—f) Ap = ppred — pret at two iso-levels. (g) Reference density from SCF
calculations. (h) Crystal structure AIMg;,NaOs,.
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F.2  WORST FROM MP-FULL TEST SET - NH,

(a) ELECTRAFI ppyrea (b) ChargE3Net pprea
NMAE[%] = 7.25 NMAE[%] = 4.95

(c) ELECTRAFI (d) ChargE3Net
Ap @ 0.005 ¢/A° Ap @ 0.005 e/A°

g

(h) Crystal structure

g
— 7
() ELECTRAFI () ChargE3Net
Ap @ 0.015 e/A° Ap @ 0.015¢/A°

Figure 6: Highest error structure from the MP-Full test set. (a,b) Predicted densities for ELEC-
TRAFI and ChargE3Net. (c—f) Ap = ppred — pret at two iso-levels. (g) Reference density from SCF
calculations. (h) Crystal structure for NH,.
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F.3 BEST FROM GNOME TEST SET - F,gHF, TM3Y

(a) ELECTRAFI ppreq (b) ChargE3Net ppred
NMAE[%] = 0.23 NMAE[%] = 0.14

(c) ELECTRAFI (d) ChargE3Net
Ap @ 0.0015 ¢/A° Ap @ 0.0015 e/A°

(h) Crystal structure

(¢) ELECTRAFI (f) ChargE3Net
Ap @ 0.003 e/A° Ap @0.003 e/A°

Figure 7: Lowest error structure from the GNoME test set. (a,b) Predicted densities for ELEC-

TRAFI and ChargE3Net. (c—f) Ap = ppred — pret at two iso-levels. (g) Reference density from SCF
calculations. (h) Crystal structure for FogHf, Tm;Y.
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F.4 WORST FROM GNOME TEST SET - CEERS,

(a) ELECTRAFI ppyreq (b) ChargE3Net pprea
NMAE|[%] = 11.42 NMAE[%] = 13.07

(g) Reference density

(c) ELECTRAFI (d) ChargE3Net
Ap @ 0.003 ¢/A° Ap @ 0.003 e/A°

(h) Crystal structure

(¢) ELECTRAFI (f) ChargE3Net
Ap @ 0.009 ¢/A° Ap @ 0.009 e/A°

Figure 8: Highest error structure from the GNoME test set. (a,b) Predicted densities for ELEC-
TRAFI and ChargE3Net. (c—f) Ap = ppred — pret at two iso-levels. (g) Reference density from SCF
calculations. (h) Crystal structure for CeErS,.
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