Under review as a conference paper at ICLR 2025

LATENT-PREDICTIVE EMPOWERMENT: MEASURING
EMPOWERMENT WITHOUT A SIMULATOR

Anonymous authors
Paper under double-blind review

ABSTRACT

Empowerment has the potential to help agents learn large skillsets, but is not yet a
scalable solution for training general-purpose agents. Recent empowerment meth-
ods learn large skillsets by maximizing the mutual information between skills and
states, but these approaches require a model of the transition dynamics, which can
be challenging to learn in realistic settings with high-dimensional and stochastic
observations. We present an algorithm, Latent-Predictive Empowerment (LPE),
that can compute empowerment in a more scalable manner. LPE learns large
skillsets by maximizing an objective that under certain conditions has the same
optimal skillset as the mutual information between skills and states, but our objec-
tive is more tractable to optimize because it only requires learning a simpler latent-
predictive model rather than a full simulator of the environment. We show empir-
ically in a variety of settings, includes ones with high-dimensional observations
and highly stochastic transition dynamics, that our empowerment objective learns
similar-sized skillsets as the leading empowerment algorithm, which assumes ac-
cess to a model of the transition dynamics, and outperforms other model-based
approaches to empowerment.

1 INTRODUCTION

Empowerment offers an intuitive approach for training agents to have large skillsets. In an
empowerment-based approach, the empowerment for a variety of states is first computed, in which
the empowerment of a state measures the size of the largest skillset in that state (Klyubin et al.,
2005} Salge et al., 2013)). The state empowerment values are then used as a reward in a Reinforce-
ment Learning (Sutton & Barto, |1998)) setting, encouraging agents to take actions that grow the size
of their skillsets (Klyubin et al., 2008} |Jung et al., 2012; Mohamed & Rezendel 2015)).

The main roadblock to implementing the empowerment-based approach to training generalist agents
is that there is not yet a scalable way to compute the empowerment of a state. Recent empowerment
approaches seek to learn the most diverse skillset in a state by searching for the skillset (e.g., a skill-
conditioned policy) with the largest lower bound to the mutual information between skills and states
(Gregor et al., [2016; Eysenbach et al., 2018 |Achiam et al., 2018; [Lee et al., 2019; (Chot et al.| 2021}
Strouse et al., 2021 [Levy et al.| 2024])), which measures skillset diversity by capturing how distinct
the skills are from one another in terms of the states they target. The problem with this approach
is that it requires an infeasible amount of interaction with the environment prior to each update to
the skillset. To estimate the mutual information lower bound for a single skillset in a single state,
many skills need to be executed in the environment from the state under consideration to obtain
the resulting skill-terminating states. But because empowerment seeks to find the most diverse
skillset across a distribution of states, these tuples of skills and states need to be collected for many
skillsets (e.g., skill-conditioned policies with small differences from the policy) starting from many
states. Because this amount of interaction prior to each update to the skillset is intractable, recent
empowerment approaches assume the agent has access to a model of the transition dynamics (i.e., a
simulator of the environment) (Eysenbach et al.| 2018}, |Gu et al., 2021} Levy et al.|[2023;2024). But
this is not a scalable assumption because a model of the transition dynamics is typically not available
and can be intractable to learn in settings with high-dimensional and stochastic observations.

We present a more scalable approach for measuring empowerment, Latent-Predictive Empowerment
(LPE). LPE measures the diversity of a skillset using the difference of two terms: (i) the mutual in-
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Figure 1: (Left) [lustration of the latent-predictive model and state encoding distributions for both
diverse and redundant skillsets. The different colored circles represent different tuples of (skills,
open loop action sequences, skill-terminating states, and skill-terminating latent representations)
generated by a skillset. For a diverse skillset in which different skills target different states, the latent-
predictive model (teal arrows), which maps actions to latent states, can output unique latent states
that match the output of the state encoding distribution (purple arrows), which maps skill-terminating
states to latent vectors. This produces a high overall diversity score because the mutual information
between skills and latent states, I(Z; Z,), is high because different skills target different latent
states, and the KL divergence between the latent-predictive model and state encoding distribution is
low. On the other hand, for redundant skillsets in which different skills target the same states, the
latent-predictive model may map different actions to the same latent vector yielding a low overall
diversity score because I(Z; Z,,) is low. (Right) Comparison of the data required to optimize (i)
1(Z; S,,), the mutual information between skills and states, and (ii) our objective. For each candidate
skillset 7; (left column), I(Z; S,,) may require T tuples of (skill z, skill-ending state s,,), which
requires access to a simulator of the environment. On the other hand, most of the required data for
our objective consists of the (skill z, action sequence a, latent representation z,,) tuples needed to
estimate I(Z; Z,,) for all candidate skillsets, which only requires learning a latent-predictive model.

formation between skills and latent representations of states generated by a latent-predictive model
and (ii) an average KL divergence that measures the mismatch between the the latent-predictive
model and a state encoding distribution. The objective provides an intuitive way to measure skillset
diversity. The mutual information term measures the number of different actions that a skillset ex-
ecutes, and the KL divergence term penalizes redundant actions that achieve the same terminating
states as other actions in the skillset. Figure [T] (Left) describes the latent-predictive and state en-
coding distributions and visualizes what both distributions can look like for diverse and redundant
skillsets. Our objective for measuring skillset diversity offers a more scalable way to learn diverse
skillsets because most of the data that is needed to optimize the objective consists of tuples of (skills,
open loop action sequences, and skill-terminating latent representations), which are used to estimate
the mutual information between skills and latent states for different skillsets. To generate this data
only requires a latent-predictive model, which can be significantly more tractable to learn than a
full simulator because it operates in a lower dimensional latent space and can be implemented as
a simple distribution such as a diagonal gaussian. Figure [I] (Right) compares the data required for
maximizing (a) the mutual information between skills and states and (b) our objective for measuring
skillset diversity. In addition, although our objective is different than the mutual information be-
tween skills and states, we show that it is still a principled replacement for this mutual information
because it has the same optimal skillset under certain conditions.

Our experiments in a series of domains, including settings with stochastic and high-dimensional
observations, demonstrate that our approach can learn large skillsets, matching the skillset sizes
achieved by the leading empowerment algorithm that assumes access to a simulator of the environ-
ment. Our algorithm also significantly outperforms other model-based approaches to empowerment
that learn some type of model of the environment. To our knowledge, Latent-Predictive Empow-
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erment is the first unsupervised skill learning method to learn large skillsets in stochastic settings
without a simulator.

2 BACKGROUND

2.1 SKILLSET MODEL AND EMPOWERMENT

We model an agent’s skillset in a state using a probabilistic graphical model defined by the tu-
ple (S, A, Z, T, ¢, m). S is the space of states; A is the space of actions; Z is the space of
skills; T is the transition dynamics distribution 7'(s;t1|s¢, a;) that provides the probability of a
state given the prior state and action. The transition dynamics are assumed to be conditionally in-
dependent of the history of states and actions (i.e., T(s¢+1|8¢t,a:) = T(St+1/80,a0,-- -, St, at)).
The remaining distributions ¢ and 7 are the learnable distributions in a skillset. ¢ repre-
sents the distribution over skills ¢(z|sg) given a skill start state sg. = represents the skill-
conditioned policy 7(a¢|s¢, z) that provides the distribution over primitive actions given a state
s¢ and skill z. Assuming each skill consists of n primitive actions, the full joint distribution
of a skill and a trajectory of actions and states (z, ag, 1, ...,0n—1, Sn) conditioned on a partic-
ular start state so and skillset defined ¢ and 7 is given by p(z,aq, $1,. .., Gn,, Sn|So, d,T) =
o(z]s0)m(aols0, 2)p(s1]80,a0) - - - T(@n—1|$n—1,2)P(Sn|Sn—1,an—1). Note that this definition is
for closed loop skills. Skillsets can also use open loop skills, in which the skill-conditioned pol-
icy would be defined defined by the distribution 7(alsg, z). The output of the open loop skill-
conditioned policy a is a concatenation of n primitive actions (i.e., a = [ag,. .., an—1]). The joint
distribution for a skillset containing open loop skills is the same as for closed loop skills except there
is only one sample taken from the skill-conditioned policy, which includes all n primitive actions.

In this paper, we measure the diversity of a skillset defined by ¢ and 6 using the mutual infor-
mation between the skill random variable Z and the skill-terminating state random variable S,,,
I(Z; Sp|so, ¢, 7). This mutual information measures the number of distinct skills in a skillset,
in which a skill is distinct if it targets a set of states not targeted by other skills in the skillset.
1(Z; Sy|s0, ¢, ) is defined

I(Za Sn‘S(M ¢7 7'(') = H(Z|SO7 (bu 7T) - H(Z|S(), ¢7 T, Sn) (l)
= Ez~¢(z|30),sn~p(sn|so,7r,z) [Ing(Z|50a ¢a T, Sn) - Ing(Z‘SOa ¢)] (2)

Per line (1] the diversity of a skillset grows when there are more skills in a skillset (i.e., higher
skill distribution entropy H (Z|sg, ¢, 7)) and/or the skills become more distinct (i.e., the conditional
entropy H(Z|so, ¢, 7, S,,) shrinks).

The empowerment of a state is the maximum mutual information with respect to all possible (¢, )
skillsets:

E(s) zrgaXI(Z; Snls, @, 7). 3)

That is, the empowerment of a state measures the size of the largest possible skillset in that state.
Note that this use of empowerment, in which mutual information is maximized to find the most
largest possible skillset in a range of states, enables a different use of empowerment, which is as
a reward for decision-making. In this other use case of empowerment that is also common in the
literature, agents are rewarded for taking actions that grow the size of their skillsets (Klyubin et al.,
2008 |Jung et al., |2012; Mohamed & Rezendel 2015).

2.2  SKILLSET EMPOWERMENT

A leading algorithm for computing empowerment is Skillset Empowerment (Levy et al. [2024),
which measures a variational lower bound on empowerment, E/(s¢), defined as follows:

5(50) = rgaXi(Z;S'rn|807¢a7T)v “4)

j(Zv Sn|50; ¢7 7T) = Ez~¢(z|so),sn~p(sn\so,ﬂ,z) [lOg Qo+ (Z|507 (ba , Sn) - log ¢(Z|SO)]7
1/)* = argngnDKL(p(Z‘s(% ¢7 T, 8n)‘|q1/)(2‘307 ¢7 T, Sn)) (5)
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Skillset Empowerment measures a tighter lower bound on empowerment than prior work (Gregor
et al.,[2016; Eysenbach et al., 2018; |Achiam et al., 2018} |Lee et al., 2019; (Choi et al., 2021} Strouse
et al., 2021) because, for any candidate (¢, 7) skillset, it learns a tighter variational lower bound
I(Z; S, |0, ¢, m) on the true mutual information I(Z; S,|so, ¢, ) as a result of (i) conditioning
the variational posterior, gy (z|so, ¢, 7, s5,), on the (¢, ) skillset distributions and then (ii) training
the variational posterior gy (z|so, ¢, 7, s,,) for a candidate (¢, ) skillset to match the true posterior
p(z|s0, ¢, 7, sy,) of the candidate skillset. As a result of this tighter lower bound on empowerment,
Skillset Empowerment was the first unsupervised skill learning algorithm to learn large skillsets in
domains with stochastic and high-dimensional observations. Skillset Empowerment maximizes the
variational mutual information I(Z; S, |so, ¢, m) with respect to the skillset distributions ¢ and 7
using a particular actor-critic architecture. We will be using the same actor-critic architecture in our
approach, so we review this architecture in section [A]of the Appendix.

The problem with Skillset Empowerment is that it is not a scalable approach for measuring the
empowerment of a state because it assumes a model of the transition dynamics, p(s¢41]|st, at), is
either provided or learned. But this is not a practical assumption in real world settings where a
simulator of the environment is typically not available and is too difficult to learn because it is hard
to predict high-dimensional and stochastic future observations. Skillset Empowerment requires a
model of the transition dynamics because of the large number of (skill z, skill-terminating state
Sy) tuples needed to optimize the objective. In order to estimate the variational mutual information
I(Z; Sp|s0, ¢, m) for a single candidate skillset (¢, ), Skillset Empowerment requires many (z, sp,)
tuples to learn the parameters 1* for the variational posterior. This is because in practice the KL
divergence minimization objective provided in equation[5]is implemented as a maximum likelihood
objective: F.g(2(s0),50~p(sn|so,m2) 108 @y (2]50, @, T, 5,)], Which requires (z, s,,) samples to find
the best fitting variational posterior. But in order to learn the empowerment of a state, or the max-
imum mutual information with respect to (¢, 7), the variational mutual lower bound needs to be
estimated for a large number of combinations of skill distributions ¢(z|sg) and skill-conditioned
policies 7 (at|st, z). In Skillset Empowerment specifically, the variational lower bound on mutual
information needs to be computed for small changes to each of the potentially thousands of param-
eters that make up 7. Obtaining the required (z, s,,) tuples for a large number of (¢, ) skillsets in
an online fashion is not practical, which is why Skillset Empowerment requires access to a model of
the transition dynamics p(s;.y1|s¢, at).

3 LATENT-PREDICTIVE EMPOWERMENT

We introduce a new algorithm, Latent-Predictive Empowerment (LPE), that can measure the em-
powerment of a state in a more scalable manner. The key component of our algorithm is our objec-
tive for learning diverse skill-conditioned policies. Instead of maximizing the mutual information
between skills and states with respect to the skill-conditioned policy, we maximize an alternative
objective that has the same optimal skillset under certain conditions, but is also more tractable to
maximize because it only requires learning a latent-predictive model rather than a full simulator of
an environment. We maximize skillset diversity using the same actor-critic structures as used by
Skillset Empowerment, which is reviewed in Appendix section [A]

3.1 TRAINING OBJECTIVE FOR SKILL-CONDITIONED POLICY ACTOR

In Latent-Predictive Empowerment, the objective used to train the skill-conditioned policy actor so
that it outputs diverse skill-conditioned policies 7 given a skill start state sg and skill distribution ¢
is:

ELPE,TF(SO)¢) = mgx J(So,¢,ﬁ), (6)
J(S(), ¢7 7T) = f(Zv Zn‘s()v ¢7 7T) - E(a,sn)wp(a,sn\so,rr) [DKL(p§(Zn|S()7 ¢7 U a)”pn(zn‘SOv ¢7 , sn))]v
I(Za Zn|507 ¢a 7T) = Ez~¢>(z|so)7a~7r(a|so,z),zn~p5 (zn|s0,¢,m,a) [log q¢(2"807 ¢7 T, Zn) - log ¢(ZISO)}

That is, for a given skill start state sq and skill distribution size ¢, Latent-Predictive Empowerment
seeks to find the most diverse skill-conditioned policy 7, in which skillset diversity is measured by
J(s0, ¢, 7). J(s0, @, ) consists of the difference of two terms, which we describe next.
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3.1.1 INTUITIVE SKILLSET DIVERSITY OBJECTIVE

The first term, 1(Z; Z,,|s0, &, ), in LPE’s objective for measuring skillset diversity is the variational
lower bound on the mutual information between skills and latent state representations, in which the
latent state is generated by the latent-predictive model p¢(zy,|so, ¢, 7, a), which maps open loop
action sequences a to the latent vector z,, for the given skill start state s and skillset distributions
¢ and 7. This is a variational lower bound on mutual information because the variational posterior
qy (2|80, ¢, T, 2z, ) replaces the intractable true posterior p(z|so, ¢, T, z,) (Barber & Agakov,2003).
Given that [ (Z; Z,|s0, ¢, ) is a lower bound on the mutual information between skills and actions
I(Z; A|sg, ¢, ) via the data processing inequality (Cover & Thomas, [2006), the contribution that
the I(Z; Z,|s0, ¢, m) term makes to measuring skillset diversity is that it measures how many dif-
ferent actions the (¢, ) skillset executes in state so. The more unique open loop action sequences

executed by the (¢, 7), regardless of the states they target, the higher the I(Z; Z,|so, ¢, ) can be.

Note that when trained to maximize (Z; Z,,|so, ¢, ), the latent-predictive model pe (2, |50, ¢, 7, @)
is encouraged to output unique latent vectors z,, for each open loop action sequence a.

The second term in the skillset diversity objective is an average KL divergence between the latent-
predictive model p¢ (2, |50, ¢, 7, a) and the state encoding distribution py, (2, |0, ¢, 7, S5, ), which en-
codes skill-terminating states s,, to latent states z,, for a given skill start state s and (¢, 7) skillset.
The KL divergence is averaged over the different (open loop action sequence a, skill-terminating
state s,,) generated by the (¢, 7) skillset under consideration. The contribution of this term to mea-
suring skillset diversity is to penalize the skillset for any skills that the I(Z; Z,,|sg, ¢, 7) term had
counted as unique because they output different actions but actually target the same terminating
state. For instance, if there are two distant skills z that execute different actions a that target the
same state s,,, and the latent-predictive model p¢ assigns two distant latent states z,, for the different
actions, then the KL divergence will lower the diversity score because the state encoding distribu-
tion will need to take on a more entropic distribution to cover the different latent states output by the
latent-predictive model in order to minimize the KL divergence. Note that when the latent-predicted
model pe and the state encoding distribution p,, are jointly trained to minimize this KL divergence,
they are encouraged to output similar distributions.

The two terms together provide an intuitive way to measure skillset diversity, in which skillsets
that execute more distinct actions that target distinct grouping of states are assigned higher diversity
scores. In regards to the form the the latent-predictive pe, state encoding p,,, and variational posterior
gy distributions take when they are are jointly trained to maximize the diversity score for a particular
(¢, ) skillset, the latent-predictive model is encouraged to output latent states that both (a) match
the output of the state encoding distribution (decreasing the KL divergence) and (b) are unique so
that they can be decoded back to the original skill via the variational posterior gg4(z|so, ¢, 7, 25,)
(increasing I(Z; Z,,)). For diverse skillsets in which different actions target different states, the
distributions can take this form, as illustrated in Figure[5]of the Appendix.

3.1.2 TRACTABLE DATA REQUIREMENTS

Next we discuss the data required to maximize LPE skillset diversity objective with respect to the
skill-conditioned policy w. Because we will use the same actor-critic optimization architecture as
Skillset Empowerment in which a critic is trained for each parameter of the skill-conditioned policy
x, we will need to measure the diversity of a large number of skillsets that contain some changes to
each of the 7 parameters of the skill-conditioned policy. To measure the diversity of a single (¢, 7)
skillset (i.e., optimize the J(sg, ¢, ) objective with respect to the latent-predictive model, state
encoding distribution, and variational posterior), (i) tuples of (skills z, open loop action sequences
a, and skill-terminating latent states z,,) are needed to optimize the variational mutual information
I(Z; Z,,|s0, ¢, 7) and (ii) transition tuples of (skill start state sq, action sequence a, skill-terminating
state s,,) generated by the (¢, ) are needed to optimize the KL divergence between the latent-
predictive model and the state encoding distribution.

Obtaining this data for a large number of skillsets is significantly more tractable then acquiring the
data needed to optimize the variational lower bound on the mutual information between skills and
states I(Z; Sy |s0,®, ) as is done by Skillset Empowerment. I(Z;S,,|sq, ¢, 7) required a large
number of (z, s,,) tuples which needed a simulator of the environment to generate the states s,
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which can be high-dimensional and stochastic. On the other hand, the (z, a, z,,) tuples needed to
optimize the I(Z; Z,,|so, ¢, ™) term only requires a latent-predictive model, which is more feasi-
ble to train because it predicts lower dimensional latent states and the latent-predictive model can
take the form of simple distribution like a diagonal gaussian. In addition, the needed transition
data (sg, a, s,,) can be mostly sampled from a replay buffer of online transition data. In the LPE
algorithm, we will assume the agent, in between updates to its skillset, interacts with the environ-
ment by sampling skills z ~ ¢(z|so) from its skillset, greedily executing its skill-conditioned policy
m(also, z), and then storing the (so, a, S,,) transitions that occur. In section [C| of the Appendix we
discuss how LPE responds to skillsets that execute new actions that are not in the replay buffer and
why this helps LPE explore new skillsets.

3.1.3 PRINCIPLED REPLACEMENT FOR I(Z; Sy |s0, ¢, T)

The skillset diversity objective used in equation [f] is a principled replacement for the mutual in-
formation between skills and states I(Z; Sy, |so, ¢, 7) because under some relatively reasonable as-
sumptions they have the same maximum with respect to the skill-conditioned policy 7 (see section
for proof and additional commentary on the assumptions). The assumptions include (i) there ex-
ists some finite maximum posterior for the relevant true and variational posteriors and that (ii) there
exists a (¢, ) skillset such that m produces maximum variational posteriors g,;. In practice, the sec-
ond assumption is more realistic for small skill distributions ¢ because for large distributions there
may not be enough states that can be targeted to produce only tight posteriors. The proof makes
use of the following connection between the skillset diversity objective J(sg, ¢, ) and the mutual
information between skills and states, I(Z; Sy |so, ¢, 7). In the first step of this connection, we note
that the LPE skillset diversity objective J(sg, ¢, ) is a lower bound of the following objective (see
Appendix section D] for proof)

IJ(SOa ¢7 7T) = H(Z‘507 (rb) + log(Esanb(z\so),anpn(zn|so,¢>,7r,z) [p(Z|80, ¢7 T, Zn)]) (7)

Thus, by maximizing the skillset diversity objective J(so,¢,m) with respect to 7 (and
De, Py, and ,gy), LPE is learning (¢,m) skillsets with larger true posterior distributions
p(z|s0, ¢, 7, z,), meaning that agents are learning skillsets with more distinct skills “packed” in-
side them. Next, we note that the I;(sg, @, ) objective is an upper bound of the the mutual in-
formation between skills and latent representations I(Z; Z,|so, ¢, 7), in which the latent repre-
sentation z,, ~ pn(zn\so, ¢, , sp) is sampled from the state encoding distribution. The inequal-
ity is due to Jensen’s Inequality as I; has an log of an expectation over posteriors term while
I(Z; Z,|s0, ¢, ) has an expectation of the log of the posteriors. We complete the connection by
noting that I(Z; Z,|so, ¢, 7) is a lower bound to I(Z; S,|so, ¢, 7) using the data processing in-
equality. In the proof, we show that for certain (¢, ) skillsets, these inequalities become equalities
and the same 7 can optimize both J (s, ¢.7) and I(Z; Sy, |so, ¢, 7).

3.1.4 PRACTICAL IMPLEMENTATION OF m ACTOR-CRITIC

LPE learns diverse skill-conditioned policies 7 for a variety of skill start state sy and skill distribution
¢ combinations using a similar actor-critic architecture to the one used by Skillset Empowerment,
which we review in section [A] of the Appendix. The actor f will take as input a (so, ®) tuple
and output a skill-conditioned policy parameter vector 7. The parameter-specific critic @, for
i=0,...,|n| — 1 will measure the J(sg, ¢, 7) diversity of skillsets defined by (sg, ¢, 7;) tuples, in
which ; = f(so, @) except for the i-th parameter which can take on noisy values. We detail the
objectives using for training the actor and critics in section|[F|of the Appendix.

3.2 TRAINING OBJECTIVE FOR SKILL DISTRIBUTION ACTOR

We train the skill distribution actor f,, actor, which outputs a distribution over skills ¢ for a given
S0, to maximize the variational mutual information objective I(Z; Z,|so, ¢, m = fr(s0,¢)), in
which z,, ~ pe(2znlso, @, ™ = fr(s0, @), a) is sampled from a latent-predictive model, which has
been trained to match the state encoding distribution p, (2, |s0, ¢, ™ = fa(s0, @), sn). As discussed
previously, I(Z; Z,|s0,¢,m = fx(so,¢)) offers a principled substitute for the mutual informa-
tion between skills and states I(Z; S, |sg, ¢, 7), particularly for relatively small ¢. Note that we
do not use the same latent-predictive model that was trained during the skill-conditioned policy
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actor-critic update, but instead train a new latent-predictive model to minimize the KL divergence
between the state-encoding distribution and the new latent-predictive model. We train a new model
because for relatively larger values of ¢, there could be a scenario in which a 7 is learned that trades
off artificially high I(Z; Z,|so, ¢, ) (i.e., redundant skills are treated as unique skills) for lower
Dy 1(pe|lpy), which would mean the learned latent-predictive model is not accurate. Although
the latent-predictive models learned in the 7 actor-critic were diagonal gaussian, we implement the
latent-predictive model in the ¢ update using the more expressive Variational Autoencoder (VAE)
(Kingma & Welling, 2022). The objective for training the VAE is provided in section |G| of the
Appendix.

The objective functions used to train the ¢ actor and critic are provided in section[H|of the Appendix.
The full LPE procedure is provided in Algorithm 1]

Algorithm 1 Latent-Predictive Empowerment (LPE)
repeat
Greedily execute skillset in environment and store (sg, a, s,,) transitions in buffer
Update skill-conditioned policy 7 actor-critic (see equations |1 1|-
Update VAE-based latent-predictive model (see equation|15)
Update skill distribution ¢ actor-critic (see equations
until convergence

3.3 LIMITATIONS

The main limitation of Latent-Predictive Empowerment is that it can be limited to measuring only
short term empowerment because of the use of open loop skills. The inability to adjust a policy
makes it difficult to target specific states over longer time horizons, particularly in domains with
realistic levels of randomness. As a result, LPE can be a poor way to measure longer term empow-
erment. Future work can investigate how a longer term empowerment can be computed from the
short term empowerment measured by LPE.

4 EXPERIMENTS

4.1 ENVIRONMENTS

We test LPE and a group of baselines on the same five domains that were used in Skillset Em-
powerment. Along the dimensions of stochasticity and the dimensionality of observations, these
environments are complex because all but one have highly stochastic transition dynamics and some
include high-dimensional state observations. On the other hand, in terms of the dimensionality of
the underlying state space not visible by the agent, all domains have simple, low-dimensional un-
derlying state spaces. Stochastic domains are used because general purpose agents need to be able
to build large skillsets in environments with significant randomness, and there are already effec-
tive algorithms for learning skills in deterministic settings (e.g., unsupervised goal-conditioned RL
methods). Low-dimensional underlying state environments are used in order to limit the parallel
compute needed to implement both Skillset Empowerment and Latent-Predictive Empowerment be-
cause both approaches require a significant amount of compute to train the parameter-specific critics
in parallel even for simple settings. Section[l]in the Appendix provides information on the number
of GPUs used in the experiments.

The first two experiments are built in a stochastic four rooms setting. In the navigation version of
this setting, a two-dimensional point agent executes 2D (i.e., (Ax, Ay)) actions in a setting with
four separated rooms. After each action is complete, the agent is moved randomly to the corre-
sponding point in one of the four rooms. In the pick-and-place version of this setting, there is a
two-dimensional object the agent can move around if the agent is within a certain distance. The
abstract skills agents can learn in these domains are to target (z, y) offset positions from the center
of a room for the agent (and for the object in the pick-and-place version). The other two stochastic
environments are built in an RGB-colored QR code domain, in which a 2D agent moves within a
lightly-colored QR code where every pixel of the QR code changes after each action. The state ob-
servations are 432 dimensional (12x12x3 images). We also created a pick-and-place version of this
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Figure 2: Sample skill sequences in the pick-and-place versions of the Stochastic Four Rooms and
RGB QR Code domains. In top row, the blue circle agent executes a skill to move away from red
triangle object. In bottom row, the black square agent carries the yellow object to bottom of room.

task, in which the agent can move around an object provided the object is within reach. The abstract
skills to learn in these domains are again to target (x, y) locations for the agent (and the object in the
pick-and-place version). Image sequences showing executed skills in the pick-and-place versions
of the stochastic tasks are shown in Figure 2] We also applied the algorithms to the continuous
mountain car domain (Towers et al., [2024) to test whether agents can learn skills to target states
containing both positions and velocities. In addition, to test LPE in a setting with a larger underling
state space, we implemented an 8-dim room environment in which states and actions are 8-dim, and
the dynamics simply consist of the state dimensions changing by the amounts listed in the action.
Additional details for these domains are provided in section[J]jof the Appendix.

Given our goal of a more scalable way to measure the empowerment of a state, we evaluate the
performance of LPE and the baselines by the size of the skillsets they learn in each domain. We
measure the size of the skillsets using the variational mutual information I(Z; S,|so, ¢, 7) from a
single start state sg. In this paper, we are not assessing performance on downstream tasks, in which,
for instance, a hierarchical agent needs to learn a higher level policy that executes skills from the
learned skillsets to maximize some reward function. However, in section [K| of the Appendix we
describe how it is simple to implement such hierarchical agents that use the (¢, ) LPE skillsets as
a temporally extended action space.

4.2 BASELINES

We compare LPE to three versions of Skillset Empowerment. The first version is regular Skillset
Empowerment, in which the agent is given access to the model of transition dynamics. [Levy et al.
(2024) showed that Skillset Empowerment is able to learn large skillsets in all domains while both
Variational Intrinsic Control (Gregor et al., 2016)), an empowerment-based skill learning algorithm
similar to Diversity Is All You Need (Eysenbach et al.,2018), and Goal-Conditioned RL were unable
to learn meaningful skillsets. In the second version, the Skillset Empowerment agent learns a model
of the transition dynamics p(s¢, 1|s¢, a;) using a VAE (Kingma & Welling, 2022) generative model.
We expect this agent to struggle in the stochastic settings because it is challenging to learn simulators
in these domains, which in turn means the agent may struggle to accurately measure the diversity of
a skillset. Learning a simulator in stochastic four rooms is difficult because the agent’s next location
occurs in the same offset location in any of the four rooms and it is difficult for VAE’s to learn
disjoint distributions. Further, learning a perfect simulator in the RGB QR code domains in which
the agent needs to predict the next QR code is not feasible due to the number of RGB-colored QR
code combinations.

In the third version of Skillset Empowerment, the agent learns a latent-predictive model using a
BYOL-Explore objective (Guo et al.,2022)), which is a leading method for learning latent-predictive
models. Similar to other bootstrapping methods (Grill et al.l [2020; |Assran et al., [2023; |Bardes
et al., 2024), BYOL-Explore trains a latent-predictive model p¢ (2, |0, @) to match a state encoding
distribution py, (2, |sy), in which the parameters of the state encoding distribution are updated as an
exponential moving average of the latent-predictive model parameters: 1 < an—+ (1 —«)&. We also
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Table 1: Average (+Std) Learned Skillset Size over 5 random seeds (units: nats)
Algorithm S4R Nav S4RPP QR Code Nav QR Code PP Mtn. Car

LPE 6.5+04 86+05 42+0.1 6.5+04 6.4+0.4
SE 5.1+0.3 87+0.3 35+0.1 6.0+0.2 5.3£0.3
SE+BYOL 1.6+03 24+£03 08+04 1.6 £0.3 5.4+0.3
SE+VAE 2706 18+07 24£038 3.2+£0.7 5.0+0.1

expect this approach to struggle because it is susceptible to only maximizing a loose lower bound on
the mutual information between skills and states. By training the latent-predictive model to match
the state encoding distribution (i.e., minimize D g 1,(py(2n |50, @)||pe (2|50, @))), this approach will
be measuring the diversity of skillsets using the mutual information I(Z; Z,,|sg, ¢, 7), in which z,, is
generated by the state encoding distribution p,,(z|so, s, ). This mutual information is a lower bound
on the mutual information between skills and states I(Z; .Sy |so, ¢, m) due to the data processing
inequality, and the tightness of this bound depends on the state encoding distribution p,, (2|50, s»).
If p,, maps states different s,, to different latent states z,, then this bound can be tight, but otherwise
this bound can be loose. The problem with BYOL is that it does not directly train the state-encoding
distribution p,, to output unique z, for different s,,. Instead, as a result of the exponential moving
average update strategy, the output of the state-encoding distribution depends significantly on the
initial parameter settings of 7. If the initial setting of n does not map different s,, to different z,,
then I(Z; Z,|s0, ¢, ™) may be a loose bound on I(Z; S,|so, ¢, 7), meaning the agent is not able
to accurately measure the diversity of a skillset. In contrast, LPE does not have this issue because
the state-encoding distribution is trained to match the latent-predictive model, which is also trained
to maximize the mutual information I(Z; Z,,|so, ¢, ), encouraging the latent-predictive model and
the state encoding distribution to output unique z,, for different inputs.

4.3 RESULTS

Table [T| shows the size of the skillsets learned by all algorithms in all domains except for the 8-dim
underlying state domain where the agents learned an average skillset size of 15.9 & 0.6 nats. Skillset
size is measured with the variational mutual information I(Z; S,,). Note that mutual information in
measured on a logarithmic scale (in this case, nats) so the 8.6 nats of skills learned by LPE in the
pick-and-place version of the Stochastic Four Rooms domain means that LPE learned ¢ ~ 5, 400
skills. The results of our experiments show that Latent-Predictive Empowerment can match the size
of the skillsets learned by Skillset Empowerment despite (a) not having access to a simulator of
the environment and (b) maximizing a different objective than I(Z; S,,). In addition, neither of the
Skillset Empowerment variants with learned models were able to learning meaningful skillsets in the
stochastic domains, but were able to learn large skillsets in the deterministic continuous mountain
car domain.

For additional evidence that LPE is able to learn large skills in all domains, we provide visualizations
of the mutual information entropy terms (i.e., H(Sy,), H(S,|Z), H(Z), H(Z|S,)) both before and
after training in Figures in the Appendix. The H(S,,) visuals shows the skill-terminating states
sy, achieved by 1000 skills randomly sampled from the learned skill distribution. In all tasks, the
skill-terminating states nearly uniformly cover the reachable state space. To show that this was not
achieved by simply executing a policy that uniformly samples actions from the action space, in the
center image we visualize H (S,|Z), which shows 12 skill-terminating states s,, from four randomly
selected skills from the skill distribution. In the stochastic settings, for instance, the s,, generated
by each skill z target a specific (x, y) offset location for the agent and an (z, y) offset location for
the object in the pick-and-place tasks, which is the correct abstract skill to learn. These visuals also
visualize H(Z) by showing the distribution over skills ¢ that takes the shape of a d-dimensional
cube. Lastly, we visualize H(Z|S,,) by showing four randomly selected skills z and samples from
the learned posterior gy (z|s,). As expected for a diverse skillset in which different skills target
different states, these samples of the posterior distribution tightly surround the original skill.

We note that searching across the space of (¢, ) skillsets for a skillset that targets a diverse distri-
bution of skill-terminating states is not a trivial task in these domains. A skill-conditioned policy
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that randomly executes actions would produce a zero mutual information skillset. A skillset that
tried to maximize the mutual information I(Z; A) (i.e., have each skill execute a different action)
would also produce relatively low I(Z; S,,) because among the space of open loop action sequences
ap,ai, ..., a,—1, many of these sequences target the same skill-terminating state s,,. In addition, the
need to have the skillset fit a diagonal gaussian variational posterior ¢y (z|so, @, T, s,) also makes
the task challenging because a skillset in which distant skills z target the same state s,, can produce
alow I(Z;S,,) score because this would result in a high entropy variational posterior ¢,,. Instead,
each small region of the skill distribution needs to target a distinct grouping of states s,,.

Moreover, our results show that the stochastic domains exposed the flaws in the Skillset Empower-
ment variants. Figure|18|in the Appendix shows how the VAE generative model often struggled to
learn sufficiently accurate transition dynamics, which resulted in inaccurate skillset diversity mea-
surements. For the BYOL variant, stochastic domains make it more likely that Skillset Empower-
ment will only be maximizing a loose bound on mutual information and thus not accurately measure
skillset diversity. In stochastic settings where actions can produce a large number of different states,
BYOL would need the initial parameters 7 of the state encoding distribution to map most of these
states s,, to unique z,, but this is unlikely.

5 RELATED WORK

There have been many prior works that have used empowerment to try to learn large skillsets. Early
empowerment methods showed how mutual information between actions and states could be opti-
mized in small settings with discrete state and/or action spaces (Klyubin et al., 2008} Salge et al.,
2013 Jung et al., |2012). Several later works integrated variational inference techniques that en-
abled empowerment-based skill learning to be applied to larger continuous domains (Mohamed &
Rezendel 2015} [Karl et al.l 2017} |Gregor et al.| 2016} |[Eysenbach et al., [2018}; |Sharma et al., 2019;
L1 et al.l 2019; Hansen et al., 2020). However, these methods were limited in the size of skillsets
they were able to learn as they only maximize a loose lower bound on mutual information, making
it difficult to accurately measure the diversity of a skillset (Levy et al., 2024).

Related to empowerment-based skill learning is unsupervised goal-conditioned reinforcement learn-
ing (GCRL) that learn goal-conditioned skills using some automated curriculum that expands the
distribution over goal states over time (Ecoffet et al., | 2019; Mendonca et al., 2021} Nair et al., 2018;
Pong et al., 2019; |Campos et al., [2020; Pitis et al., [2020; [Held et al., [2017; [McClinton et al., [2021])).
The problem with GCRL is that in significantly stochastic settings where specific states cannot be
consistently achieved, the GCRL objective also becomes a loose lower bound on the mutual infor-
mation between skills and states, providing an agent with a weak signal for learning large skillsets.
In contrast, Skillset Empowerment and our approach learn tighter bounds on mutual information,
providing a dense signal for how to learn increasingly diverse skillsets.

Also, related to our work is the large body of research for building world models in order to learn
new representations (Hafner et al.} 2019 |[Ha & Schmidhuber, 2018}, |Gregor et al.,2019;|Grill et al.,
2020; |Guo et al.l 20225 |Ghugare et al., [2023; |Assran et al., 2023 Bardes et al., [2024} [Pathak et al.,
2017). Learning a world model is challenging because the full state space needs to be encoded into a
single compressed latent space in order to learn a new state representation. In contrast, LPE does not
learn models to learn a new state representation but rather to determine how many distinct actions
are available in a state. To do this, LPE groups together redundant actions that achieves the same
terminating states, which only requires encoding the more limited set of states s,, that are reachable
in a small number n actions.

6 CONCLUSION

Empowerment has the potential to help agents become general purpose agents with large skillsets,
but this potential may never be realized as long as measuring the empowerment of a state requires a
simulator of the environment. In this work, we takes a step toward a more scalable way to compute
empowerment by presenting a method that can measure empowerment using only a latent-predictive
model. We show empirically in a variety of settings that our approach can learn equally-sized
skillsets as the leading empowerment algorithm that requires access to a simulator of the environ-
ment.
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A SKILLSET EMPOWERMENT ACTOR-CRITIC ARCHITECTURE

This section reviews how Skillset Empowerment maximizes the variational mutual information ob-
jective with respect to the skillset distributions ¢ and 7 as we will use a similar optimization architec-
ture in our approach. In order to optimize the variational mutual information I(Z; Sy, |so, ¢, m) with
respect to ¢ and 7 using deep learning, Skillset Empowerment first vectorizes these distributions.
Skillset Empowerment represents the distribution over skills ¢ with a scalar representing the side
length of a uniform distribution in the shape of a d-dimensional cube. For instance, if the skill space
has two dimensions (i.e., d = 2), skills are uniformly sampled from a square centered at the origin
with side length ¢. Figure 3] provides an illustration of this distribution over skills. Skillset Empow-
erment represents the skill-conditioned policy 7 as a vector, which contains the weights and biases of
the neural network f : S x Z — A that when given a skill start state sq and skill z, outputs the mean
of a diagonal gaussian skill-conditioned policy m(a|so, z) with a fixed standard deviation. That is,
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2 ~ ¢(2]50)

Figure 3: Illustration of the uniform distribution over skills ¢ used by Skillset Empowerment and
our approach. The uniform distribution takes the shape of a d-dimensional cube centered at the
origin with side length ¢. For instance, if the dimensionality of the skill space is 2 (i.e., d = 2) as in
the figure, skills z ~ ¢(z|sg) are uniformly sampled from a square centered at the origin with side
length ¢.
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Figure 4: Illustration of how the parameter-specific critics, @, for ¢ = 0....,|r| — 1, attach to
the actor fy in order to determine the gradients of the actor. For each parameter ¢ in 7, a critic ),
approximates how the diversity of the skill-conditioned policy changes with small changes to the
i-th parameter of 7. To obtain gradients showing how the diversity of a skill-conditioned policy
changes with respect to A, gradients are thus passed through each of the parameter-specific critics.

the skill-conditioned policy distribution p(a|sg, z, 7) = 7(a|so, 2) = N(a; u = fr(s0,2),0 = 09),
in which the standard deviation oy is a hyperparameter set by the user.

Using these vectorized forms of ¢ and 7, Skillset Empowerment maximizes the variational mutual
information objective using two actor-critic structures that are nested. The purpose of the inner
actor-critic is to learn a policy (i.e., actor) fy : S X ¢ — m that takes as input the skill start state s
and a scalar value ¢ representing the shape of the distribution over skills and outputs the vector
representing a diverse skill-conditioned policy. To guide the actor to more diverse skill-conditioned
policy in a tractable manner, Skillset Empowerment trains a critic for each of the || parameters in
the 7 vector. The critic for the i-th parameter, @), : S x¢x7 — R will take as input a skill start state
S0, a skill distribution parameter ¢, and the i-th parameter of the skill-conditioned policy 7. This
scalar is used to represent a skill-conditioned policy equal to greedy output of the actor fx(so, @),
except for the i-th parameter which can take on noisy values. The critic @),,, is trained to output an
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approximation of the mutual information of skillsets defined by ¢ and m, which can contain noisy
values for the ¢-th parameter. See Figure E| for a visualization of how the || critics attach to the fy
actor to determine the gradients with respect to the parameters A of the actor. The purpose of the
outer actor-critic, is to train the policy f,, : S — ¢, which takes as input a skill start state so and
outputs a scalar value representing a distribution over skills. To guide this policy to outputting more
diverse skillsets, a critic is learned to approximate the variational mutual information for various
skillsets defined by (so, ¢, ™ = fa(s0,®)).

B VISUALIZATION OF DIVERSITY SCORE DISTRIBUTIONS
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Figure 5: Illustration of trained latent-predictive, state encoding, and variational posterior distribu-
tions for a diverse skillset. Per the image, the latent-predictive models (black arrows) output z,, that
(i) match the output of the state encoding distribution (pink arrows) and (ii) are unique and can be
decoded back to the original skill via the variational posterior (blue arrows).

C How LPE EXPLORES THE SPACE OF SKILL-CONDITIONED POLICIES

Even though LPE agents only interact with the environment by greedily following its nearly deter-
ministic skill-conditioned policy, equation [6] has built-in mechanisms that encourage agents to try
different skillsets that execute new actions. When LPE measures the skillset diversity of a large
number of candidate skillsets that contain small changes to one of the parameters of 7, there will be
skillset candidates (¢, ) that incorporate new actions into the skillset that are not in the replay buffer
as they have not been executed by previous skillsets. For these skillsets that execute new actions in
addition to the previously discovered unique actions, the I(Z; Z,|sg, ¢, 7) term, which measures
the number of actions in a skillset, may increase which then pushes up the overall diversity score for
these candidate skillsets. The higher diversity score will in turn encourage the agent to “explore”
by changing its skillset to include skills that execute these new actions. If the agent does update its
skillset, once the new actions are executed in the environment and the states s,, have been observed,
the agent can keep this action in its skillset (i.e., continue to have some skill z execute this action) if
it targets some new state s,, or remove the action from the skillset if s,, can already be achieved by
some other skill in the skillset.

D PROOF OF J(sg, ¢, ™) AS A LOWER BOUND TO [;(sg, ¢, )

Below we prove that the skillset diversity objective J(sg, ¢, 7) used in equation |§| is a lower bound
to the /; objective in equation For this proof, let the joint distributions pg(z, a, S, 2,) and
p1(z, a, s, zy,) be defined as follows:

pO(Za Ay Sp, Zn|50a ¢a 77) = ¢(z|50)7r(a|50, Z)p(5n|50> G)pn(zn\Sm ¢a T, Sn)
pl(za Ay Sp, Z’I’L|805 d)? ﬂ-) = (]5(Z|80)7T(CL|807 Z)p(sn‘807 a‘)pf(’znlsOa ¢a ™, a')
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The difference between the two joint distribution is that p, generates z,, using the state encoding
distribution p,,, while p; generates z,, using the latent-predictive model p¢. Then

IJ(507 ¢a 7T) = H(Z|50a ¢) + log(E(z,a,sn,zn)Npo [p(z|50, ¢7 , Zn)])

p 27 a’7 S'ﬂ7 Zn
= H(Z|SO7 Qb) + 1Og (E(z,a,sn,zn)wpl [MP(ZLSO’ ¢7 ™, Zn):|) (8)

p1(2, Qy Sny 21n)
> H(Z|so,¢) + ]E(z,a,zn)fv}n [log p(z[so, ¢, 7, 2,)] &)
- IE(a,sn)~p1 [DKL(pS(Zn|SOa o, m, a,)||p17(2n|80, o, , Sn))]

= 1(Z; Zn|s0, &, ™) = E(a,5,)~pi [DKL(Pe (2050, &, 7, a)| [Py (2050, &, 7, 50))]

Z j(Zv Z’n|50a ¢a 7T) - E(a,sn)NPI [DKL(pﬁ(ZnLSOa ¢a , a)|\p7,(zn|so, ¢7 , Sn))]
(10)

In line |8} importance sampling is used to integrate the latent-predictive model (found in the joint
distribution p1) into the objective. The inequality in line [0]is due to Jensen’s Inequality. The KL
divergence term results because all distributions in the po/p; ratio cancel out except for the state
encoding distribution p,(2,|s0, ¢, T, s,) and the latent-predictive model pe¢(z,|so, ¢, 7, a). The
last inequality (10| results from replacing the true mutual information I(Z; Z,|so, ¢, ) with the

variational mutual information [ (Z; Zy|s0, ¢, m) (Barber & Agakov,2003).

E PROOF THAT [(Z;S,|So, ®, ™) AND J(So, ¢, ) HAVE THE SAME OPTIMAL 7
UNDER CERTAIN ASSUMPTIONS

Assumption 1:  There exists a finite maximum posterior py.x for the following posteriors:
p(z|50a ¢a 777 Sn)7 p(z|50a ¢7 777 Z”)’ and Q¢(Z|507 ¢a 777 Zn)

Assumption 2: There exists one or more (skill start state sq, skill distribution ¢) tuples such that
there is also a skill-conditioned policy 7* in which the variational posterior ¢4(z|so, ¢, 7, 2,) =
Pmax for all (z, z,,) with nonzero probability and the KL divergence Dk r,(p¢||p,) = 0 for all (a, s,,)
tuples with non-zero probability.

Given the two assumptions above, note that for a certain skill distribution size ¢, the following quan-
tities: (a) I(Z; Sy, |s0, 0, ), (b) I(Z; Z,|50, &, 7), in which z,, is sampled from the state encoding
distribution py,, (c) 1;(so, ¢, ) in equation[7} and (d) our diversity objective J(so, ¢, ) in equation
@ cannot be larger than H(Z|so, ¢) + log pmax and the maximum occurs when the posterior in each
term equals pn,x because, as a result of assumption 1, the expectation of posteriors cannot be larger
than puax and H(Z|sg, ¢) is a constant for a given ¢.

For a (sp, ¢) tuple from Assumption 2, 7* is an optimal skillset for the J(sg, ¢, 7) objective be-
cause J(sg, ¢, 7*) = H(Z|s¢, p) + 10g pmax. 7* also maximizes the upper bound of J(sg, ¢, 7),
I5(s0,¢,7), as I;(so, ¢, ) must equal H(Z|sg, p) + log pmax because it is both at least as large
as H(Z|sp,d) + 10g pmax because it upper bounds J(sp, ¢, 7*) and also less than or equal to
H(Z|s0, ¢)+10g pmax because it cannot take on a higher value as noted in the prior paragraph. Given
that I is at its maximum, then for the skillset (sg, ¢, 7*), the posterior p(z|sg, @, T, 2n) = Pmax
for (z, z,) with non-zero probability. This in turn means that I(Z; Z,|so, ¢, ), in which z, is
sampled from the state encoding distribution, equals (S, ¢, 7) because the log expectation of a
constant equals the expected log of a constant. Finally, the mutual information between skills and
states 1(Z; Sy, |s0, ¢, 7*) also must equal H(Z|sg, ¢) + log pmax because it is at least as large as
I(Z; Z,|s0, ¢, ) due to the data processing inequality but is also at most H(Z|sq, ¢) + 10g Pmax
because that is its maximum value. Thus, for the one or more tuples (sg, ¢) from Assumption 2, 7*
maximizes both J(sg, ¢, 7) and I(Z; S, |so, ¢, ) objectives.

Commentary: The assumptions listed above are reasonable. The first assumption is realistic
because if the skill-conditioned policy 7(al|sg, z) has some stochasticity and only models continuous
functions, then there is a limit to how tightly the distinct skills can be “packed” into the skillset.
That is, for some small change in the skill z, there will realistically be some overlap in the states
sy that are targeted, which puts a limit on the tightness of the posterior distribution. Our results
also show that the second assumption is realistic as our agents are able to learn skillsets with tight
posterior distributions (i.e., high g, (z|so, ¢, 7, z,,)) and accurate latent-predictive models (i.e., low
D1 (pellpn))-

16



Under review as a conference paper at ICLR 2025

F SKILL-CONDITIONED POLICY ACTOR-CRITIC OBJECTIVE FUNCTIONS

The process of training the parameter-specific critics Quy, - - - Qu,,_, in parallel follows a three
step process. Note that to approximate the parameter-specific critics, we will use parameter-specific
latent-predictive models pg,, state encoding distributions p,,, and variational posterior distributions
qy, fori =0,..., || — 1

In the first step, the diversity scores for various noisy (¢, 7;) skillsets are maximized by maximizing
the following objective with respect to the latent-predictive model pg, , the state encoder distribution
Pn,» and the variational posterior gy, for all parameters ¢ = 0, ..., |7| — 1 in parallel:

Ti(&smis ) = By g gt momu L(Z3 Zal 50, 6, 70)] (11)
+ E(a,50150)~8 DK L(Pe; (2n50, @, T35 a)| [Py, (2050, @, iy 50) )]
= B pom fmim i [Ban(also,2), 20 ~pe, (2n]50,0,m.a) [108 @ (2]50, &, 75 2n )]
+ E(a,50150)~8 [Pk L(Pg; (2050, 8, T3, a)| [P, (2050, &, i, 51) )]

For the i-th critic, the outer expectation sampling (sg, ¢, 7) will sample so from the replay buffer
B, ¢ by adding noise to the greedy value of ¢ = f,,(s0), and the scalar m; by adding noise to the
i-th parameter of the skill-conditioned policy m = f)(so, ¢). Note that this is the same diversity-
measuring objective as J(sg, ¢, ) in equation E] except the (action a, skill-terminating state s,,)
tuples are sampled from a replay buffer 5 containing (s, a, $,,) transitions. In addition, because the
latent-predictive model pe, is implemented as a diagonal gaussian distribution, the reparameteriza-
tion trick (Kingma & Welling, 2022) can be used to simplify the gradient through the p¢, distribution

which appears both in the I(Z; Z,|so, ¢, m;) and the KL divergence terms.

In the second step, we approximate the KL divergence between the latent-predictive model p¢, and
the state encoder p,, for various (sg, ¢, 7, a, s,) combinations. This will be needed in order to
accurately compute the diversity score for a particular (¢, 7;) skillset without needing a simulator to
sample the skill-terminating state s,,. To approximate the KL divergence, we minimize the following
objective with respect to x; forall i = 0, ..., |7| — 1 in parallel, in which «, represent the parameters
of the neural network that approximates the KL divergence.

Ji(K’i) = E50~ﬂ7¢.~f;,ﬂ—imf/\’(a,s"‘So)wﬁ[(QIﬂ (SOa ¢a T, a) - Target(so, ¢7 Ty Q,y Sn))2}7 (12)
Target(807 ¢a iy Gy Sn) = Eanpgi (zn|s0,¢,mi,a) [lnggl (Zn|505 d)a T, a) - logpm (zn|50a (ba e Sn)]

In the third step, the parameter-specific critics Gy, - - -, Qw‘,rH are trained to approximate the

J(s0, ¢, ) diversity score using the updated parameter-specific latent-predictive model pg,, varia-
tional posterior gy, , and KL approximation parameters ;. This is done by minimizing the following
supervised learning objective with respect to the parameters w;.

Jilwi) =By g onfomim i (Qui (50, &, i) — Target(so, ¢, i))%, (13)
Target(SOv ¢7 7Ti) = anﬁi (als0,2),2n~pe,; (2nls0,6,mi,a) [lOg qy; (2|807 ¢a Ty Zn) - Qni (507 gba Ty a)]

The skill-conditioned policy actor fy is then trained to output more diverse skill-conditioned policies
by maximizing the following objective with respect to the parameters A:

7| -1

T =By g [ D2 Quils0, 0, fr(s0,0)l)], (14)
i=1

in which £ (so, ¢)[i] outputs the i-th parameter in 7. Figure [| provides a visualization of how the
parameter-specific critics ), are attached the actor f in order to determine the gradients of the
J(s0, ¢, ) diversity score with respect to the parameters \ of the actor.

G VAE OBIJECTIVE FOR TRAINING LATENT-PREDICTIVE MODEL

To train the latent-predictive model p¢ (2,50, ¢, ) to match the data distribution for various values
of ¢ we will use a VAE generative model. Given that p¢ is modeled using a VAE, p¢(zy,|so, ¢, a) is
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a marginal of the joint distribution p¢(c, z,|s0, ¢, a) = pe.(c|so, ¢, a)pe, (2n|s0, ¢, a, ¢), in which
pe. (c|so, ¢, a) is the prior distribution of the VAE that outputs a latent code c. pe,(z,|s0, @, a,c)
is the decoder of the VAE that outputs a z, given sg, ¢, a, and latent code ¢. The VAE will
also make use of a variational posterior distribution g, (c|so, ¢, a, z,) which outputs a distribu-
tion over the latent code c given a z,,. The data distribution that the latent-predictive model is trying
to match is pp(z,|so, ¢, a), which is the marginal of the joint distribution p, (s, zn|s0, ¢,a) =
P(sn|S0, a)py(2nls0, T = fr(S0,8), Sn). Pn(2nlso, &, = fr(s0, ), sn) is the state-encoding
distribution learned when optimizing the skill-conditioned policy objective in equation [6]

The following objective is minimized with respect to the VAE parameters (&, {4, &, ) to train the
latent-predictive model to match the data distribution:
Iae(€p: §as §0) =By a)mp o g, [PEL(PD (20l 50, 6, 0) P (2050, ¢, @) + Bz (s0,0a) [ (15)
Dk 1.(ge, (cls0, ¢, a, zn)||pe(cls0, ¢, a, zn))]]
=B s0.0) B0~ fu im0 (2 l50.6.0) e, (clso,a ) 108 . (150, &, 0 2n)
— logpe, (c|so, ¢, a) — log pe, (zns0, ¢, a, )]

H SKILL DISTRIBUTION ACTOR-CRITIC OBJECTIVE FUNCTIONS

The critic functions @), (so, ¢) are trained using a two step procedure. In the first step, for a variety
of noisy ¢ values, the variational posterior parameters 1) are updated so that a tighter bound between
the variational mutual information I(Z; Z,,|s¢, ¢) and the true mutual information I(Z; Z|sg, ¢) is
achieved. This is done by maximizing the following maximum likelihood objective with respect to

.
J(¢) = ESO~B,¢~fL7Z"’¢(z‘SO)sanP£(Zn|307¢:z) [10g Q¢(Z|So, o, Zn)}, (16)

in which the distribution p¢ (25|50, ¢, 2) is the marginal of the joint distribution p(7, a, z,|so, ¢, 2) =
m(also, 2)pe(2ns0, ¢, a) if T = fi(so, @) and O otherwise. pe (2, |so, ¢, a) is the latent-predictive
model learned by the VAE generative model. Note that set of variational posterior parameters 1)
used in the actor-critic update for ¢ is different than the set of variational parameters used in the
actor-critic update for the skill-conditioned policy.

In the second step, the critic Q,(so, @) is trained to approximate the diversity score of the (¢, 7 =
fa(so, @)) skillset using the updated variational posterior 1) parameters. This is done by minimizing
the following supervised learning objective with respect to p:

J(p) =E, g s, [(Qu(50, §) — Target(so, ¢))?], (17)
Target(s(h (b) = Ez~¢(z|so),zn~p§(zn|so,¢,z) [log Qo (Z‘S(), (;57 Zn)]

The actor is then updated my maximizing the following objective with respect to u:
J(1) = EsonplQp(s0, fu(50))] (18)
I GPU INFORMATION

All experiments were done with either 4 HI00 SXM (80GB VRAM/GPU) or 8§ RTX 4090 GPUs
(24GB VRAM/GPU) rented from RunPod. The continuous mountain car domain required 1-2 hours
of training. The stochastic four rooms and RGB QR code domains required 1-4 hours of training.

J  ENVIRONMENT DETAILS

1. Stochastic Four Rooms Navigation

* State dim: 2
* Action space: Continuous
* Action Dim: 2
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Action range per dimension: [—1, 1] reflecting (Az, Ay) for position of agent
p(sp) is a single (x, y) position
n = 5 primitive actions

2. Stochastic Four Rooms Pick-and-Place

State dim: 4
Action space: Continuous
Action Dim: 4

Action range per dimension: [—1, 1]. First two dimensions reflect (Az, Ay) change
in position for agent and the second two dimensions reflect the change in position for
the object. The object can only be moved by the amount specified in the final two
dimensions of the action if the object is within two units.

P(SO) isa Single (xagentv Yagents Lobject yobject) start state
n = 5 primitive actions

3. RGB QR Code Navigation

State dim: 2
Action Dim: 2
Action space: Discrete

Action Range: [—1,1]. First dimension reflects the horizontal movement. If first
dimension is in range € [—1, —%], agent moves left. If first dimension is in range

[1,1], agent moves right. Otherwise the agent does not make a horizontal movement.
The second dimension reflects the north-south movement following the same pattern.

The RGB color vector for the colored squares in the QR code background is a 3-dim
vector, in which each component is randomly sampled from the range [0.7, 1] (i.e., has
a light color). The agent is shown with a 2x2 set of black squares.

p(s0) is a single start state in the center of the room with a white background
n = 5 primitive actions

4. RGB QR Code Pick-and-Place

State dim: 4

Action Dim: 4

Action space: Discrete

Action Range: [—1, 1]. First two dimensions are same as navigation task. The second
two reflect how the object will be moved provided the object is within two units.

The RGB color vector for the colored squares in the QR code background is a 3-dim
vector, in which each component is randomly sampled from the range [0.7, 1] (i.e., has
a light color). The agent is shown with a 2x2 set of black squares. The object is shown
with a 2x2 set of yellow squares.

p(s0) is a single start state in which the agent and object are in same position in the
center of the room with a white background

n = 5 primitive actions

5. Continuous Mountain Car

State dim: 2

Action space: Continuous

Action Dim: 1

Action range per dimension: [—1, 1]
p(s0) is a single x position and velocity.
n = 10 primitive actions

K IMPLEMENTING HIERARCHICAL AGENTS WITH LPE

Coding hierarchical agents that use the (¢, 7) LPE skillsets as a temporally extended action space is
simple. For the higher level policy m : S — Z that outputs a skill z from the LPE skillset given some
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state, attach a tanh activation function to this policy, which bounds the output to [—1, 1], and then
multiply that output by ¢, which will bound the skill action space to [—¢, ¢] in every dimension,
which has the same shape as d-dimensional cubic distribution that ¢ represents. (Note that in our
implementation, ¢ is technically the log of the half length of each side of the d-dimensional cubic
uniform distribution so the output of the tanh activation function should be multiplied by e?. We
have ¢ represent the log of the half length of side so the ¢ actor f,, can output negative numbers.)
Then once a skill z has been sampled, the skill can be passed to the LPE skill-conditioned policy
m(a|so, z) which will then output an action sequence that can then be executed in the environment.

L MUTUAL INFORMATION ENTROPY VISUALIZATIONS

Please refer to Figures [6}j17]for visuals of the H(S,,), H(S,|Z), H(Z), H(Z|S,,) mutual informa-
tion entropy terms both before and after training.
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Stochastic Four Rooms Navigation — Post-Training
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Figure 6: Entropy visualizations for a trained LPE agent in the stochastic four rooms navigation
task. The H(S,,) visual (left image) shows the skill-terminating states s,, (i.e., the ending (z,y)
agent location) generated by 1000 skills randomly sampled from the learned (¢, 7) skillset. Per the
image, the skillset nearly uniformly targets the reachable state space. The H(S,,|Z) visual shows
the s,, targeted by four randomly selected skills z from the skillset, and each color shows the s,
belonging to a different skill. For instance, the gold-colored s,, shows a skill that targets the right
side of a room. In the H(Z), H(Z|S,,) visual (right image), the inner black outlined square is the
skill distribution ¢. The solid small colored squares are randomly sampled skills z, and the empty
squares of the same colors are samples from the learned posterior gy (2|so, @, 7, s, ), which tightly
surround the executed skill z. Per all the images, the agent has learned a diverse (¢, 7) skillset, in
which different skills z target different s,,.

Stochastic Four Rooms Navigation — Pre-Training
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Figure 7: Entropy visualizations for a non-trained LPE agent in the stochastic four rooms naviga-
tion task. Per the poor state coverage in the left image and the high entropy posterior distributions
in the right image, the agent does not start with a diverse skillset.
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Stochastic Four Rooms Pick-and-Place — Post-Training
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Figure 8: Entropy visualizations for a trained LPE agent in the stochastic four rooms pick-and-
place task. In the H(S,) and H(S,|Z) visualizations, the agent location component of the skill-
terminating state s,, is marked by a circle, and the object location component is marked by a triangle.
Per the center image, which shows the s,, for four different skills z, each skill does some different
behavior. The gold skill has the agent push the object towards the bottom left corner of any room.
On the other hand, the purple skill consists mostly of the agent moving towards the top right corner
of any room without carrying the object. Per the images, the agent has learned a large skillset, in
which different skills target different locations for the agent and object.

Stochastic Four Rooms Pick-and-Place — Pre-Training
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Figure 9: Entropy visualizations for a non-trained LPE agent in the stochastic four rooms pick-and-
place task. Again, per the poor state coverage in the H(S,,) visual and the high entropy posteriors
in the H(Z|S,,) visual, the agent does not start with a diverse skillset.
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RGB QR Code Navigation — Post-Training
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Figure 10: Entropy visualizations for a trained LPE agent in the RGB QR code navigation task.
Note that H(S,,) and H(S,|Z) plot the underlying state s,, (i.e., the (z,y) coordinate of the agent)
that is not visible to the agent. In the RGB QR Code domains, the agent receives a 12x12x3 image
(i.e., a 432-dim state). Per the images, the agent has learned a diverse skillset, in which different

skills target different (z, y) locations.

RGB QR Code Navigation — Pre-Training
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Figure 11: Entropy visualizations for a non-trained LPE agent in the RGB QR code navigation
task. Per the visuals, the agent does not start with a diverse (¢, 7) skillset.
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RGB QR Code Pick-and-Place — Post-Training
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Figure 12: Entropy visualizations for a trained LPE agent in the RGB QR code pick-and-place task.
Note that H(S,,) and H(S,|Z) plot the underlying state s,, (i.e., the (z,y) coordinate of the agent)
that is not visible to the agent. In the RGB QR Code domains, the agent receives a 12x12x3 image
(i.e., a 432-dim state). In the visuals of the underlying state, the circles represent the agent location
component of s,, and the triangle represent the object location component of s,,. Per the images, the
agent has learned a diverse skillset, in which different skills target different (x, y) locations for the

agent and object.

RGB QR Code Pick-and-Place — Pre-Training
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Figure 13: Entropy visualizations for a non-trained LPE agent in the RGB QR code pick-and-place
task. Per the visuals, the agent does not start with a diverse (¢, 7) skillset.
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Continuous Mountain car — Post-Training
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Figure 14: Entropy visualizations for a trained LPE agent in the continuous mountain car task. The
x-axis in the H(Sy,) and H(S,|Z) visuals show the agent position component of s,, and the y-axis
shows the velocity component of s,,. The black dot in the H(.S,,|Z) shows the starting state for the
mountain car agent. Per the images, the agent has learned a diverse skillset, in which skills target
different tuples of (cart position, cart velocity).

Continuous Mountain Car — Pre-Training
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Figure 15: Entropy visualizations for a non-trained LPE agent in the continuous mountain car task
task. Per the visuals, the agent does not start with a diverse (¢, 7) skillset.
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8-dim Room — Post-Training
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Figure 16: Entropy visualizations for a trained LPE agent in the eight dimension room task. Note
that H(S,,) and H(S,|Z) visuals have four plots in which each plots shows two dimensions of the
skill-terminating state s,,. Per the visuals, the agent has learned a diverse (¢, 7) skillset.

8-dim Room - Pre-Training
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Figure 17: Entropy visualizations for a non-trained LPE agent in the eight dimension room task.

Per the visuals, the agent does not start with a diverse (¢, 7) skillset.
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Stochastic Four Rooms Navigation Stochastic Four Rooms Pick-and-Place
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Figure 18: Examples of the challenges the VAE had in learning the transition dynamics in the
stochastic domains. The top left image shows a result in the stochastic four rooms navigation do-
main. The blue circles show the correct next states (i.e., the next agent (x,y) location) when currently
position at the green diamond. The red squares show 20 samples from the VAE model, in which
5 are significantly inaccurate. Note, that these are samples from a single step of the transition
function. Over n actions during an executed skill, there will be significantly more deviations from
correct skill-terminating state. The top right image shows a sample from the pick-and-place version
in which the VAE had even more difficulty. The blue triangle represents the correct next location
for the object and the red triangles show samples of the object position from the VAE. The bottom
image shows an example from the RGB QR Code pick-and-place task. The left image in the row
shows the correct next observation. In this image, the black square is the agent, the yellow square is
the object that can be manipulated, and the background is a pink QR code. The right three images
show samples from the VAE, which provide a very inaccurate representation of the next state.
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