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Abstract

Eigenvalue problems are among the most important topics in many scientific dis-1

ciplines. With the recent surge and development of machine learning, neural2

eigenvalue methods have attracted significant attention as a forward pass of infer-3

ence requires only a tiny fraction of the computation time compared to traditional4

solvers. However, a key limitation is the requirement for large amounts of labeled5

data in training, including operators and their eigenvalues. To tackle this limitation,6

we propose a novel method, named Sorting Chebyshev Subspace Filter (SCSF),7

which significantly accelerates eigenvalue data generation by leveraging similarities8

between operators—a factor overlooked by existing methods. Specifically, SCSF9

employs truncated fast Fourier transform (FFT) sorting to group operators with10

similar eigenvalue distributions and constructs a Chebyshev subspace filter that11

leverages eigenpairs from previously solved problems to assist in solving subse-12

quent ones, reducing redundant computations. To the best of our knowledge, SCSF13

is the first method to accelerate eigenvalue data generation. Experimental results14

show that SCSF achieves up to a 3.5× speedup compared to various numerical15

solvers.16

1 Introduction17

Solving eigenvalue problems is an important challenge in fields such as quantum physics [37], fluid18

dynamics [44], and structural mechanics [53]. Traditional numerical solvers, such as the Krylov-Schur19

algorithm [49], often suffer from prohibitively high computational costs when tackling complex20

problems. To overcome these computational challenges, recent advancements in deep learning21

[45, 28, 32] have demonstrated remarkable success as one forward pass only necessitates a tiny22

fraction of the computation time compared to numerical solvers, often in milliseconds.23

Despite their success, data-driven approaches face a fundamental limitation: the reliance on labeled24

datasets. Training neural networks requires large-scale labeled data, which is often generated using25

computationally expensive traditional methods. It usually takes dozens of hours or even days. For26

example, the QM9 dataset [40] contains 1.34× 105 molecular data points, each produced by solving27

Hamiltonian operator eigenvalue problems. These calculations typically employ traditional algo-28

rithms, whose computational costs can escalate dramatically with increasing problem complexity, like29

finer grid resolutions or higher accuracy requirements. This scalability issue represents a significant30

bottleneck for generating the labeled data needed to train deep learning models. Furthermore, the31

diversity of scientific problems leads to the need for a unique dataset for each scenario, which further32

intensifies this challenge of computational intractability. As a result, the high computational expense33

of generating eigenvalue data severely limits the application of data-driven approaches [57].34

In particular, the dataset generation process typically involves six key steps, as illustrated in Figure 135

(left). Among these steps, solving the eigenvalue problem is the most computationally demanding36
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Figure 1: Left. Generation process of the eigenvalue dataset: 1. Generate a set of random problem
parameters. 2. Derive the corresponding operators based on these parameters. 3. Convert the operators
into matrices using discretization methods. 4. Independently solve for the matrix eigenvalues using
numerical solvers. 5. Obtain the matrix eigenpairs, converting them into the operator eigenpairs. 6.
Assemble the dataset. Right. Results of average computation times across various algorithms based
on the number of eigenvalues solved on the Helmholtz operator dataset.

(step 4), accounting for 95% of the total processing cost [18]. Existing data generation methods37

typically compute the eigenvalues of each matrix in the dataset independently. However, operators in38

the dataset often share similarities, as they describe related physical phenomena, which can largely39

simplify and accelerate the eigenvalue-solving process. Existing approaches, however, fail to leverage40

these similarities, leading to significant computational redundancy. Previous works [52, 11] have41

demonstrated the potential of leveraging similarity to significantly reduce generation time of linear42

system datasets. However, how to effectively exploit matrix similarity to accelerate eigenvalue43

datasets generating remains an unknown problem.44

To address this problem, we introduce a novel data generation approach, named Sorting Chebyshev45

Subspace Filter (SCSF). SCSF is designed to use the eigenpairs of similar problems to reduce46

redundant computations in the eigenvalue solving process, thereby accelerating eigenvalue dataset47

generation. Specifically, at the beginning, SCSF employs a sorting algorithm based on truncated Fast48

Fourier transform (FFT), which arranges these problems efficiently, enhancing the adjacent correlation49

between problems in the queue and laying the groundwork for sequential solving. Then, SCSF50

accelerates the convergence of iterations and significantly reduces computation times by constructing51

a Chebyshev subspace filter, which solves the problem aided by the eigenpairs from previous problem52

solving. The core design of SCSF is to identify and exploit the close spectral distributions and53

invariant subspaces within these eigenvalue problems. SCSF coordinates the sequential resolution54

of these systems rather than treating them as discrete entities. This improved approach not only55

alleviates the computational demands of the eigenvalue algorithm but also significantly speeds up the56

generation of training data for data-driven algorithms. We summarize our contributions as follows:57

• To the best of our knowledge, SCSF is the first method to accelerate the operator eigenvalue58

data generation.59

• By using truncated FFT sorting and the Chebyshev filtered subspace iteration, we introduce60

a novel approach that transforms dataset generation into sequence eigenvalue problems.61

• Comprehensive experiments demonstrate that SCSF substantially reduces the computational62

cost of eigenvalue dataset generation. As demonstrated in Figure 1 (right), our method63

achieves up to a 3.5× speedup compared to state-of-the-art solvers.64

2 Preliminaries65

2.1 Discretization of Eigenvalue Problem66

Our main focus is on solving the matrix eigenvalue problem, the most time-consuming part of67

eigenvalue data generation. As shown in Figure 1 (left), these problems are typically solved by68

numerical discretization methods such as FDM [50, 27]. These discretization techniques embed the69

infinite-dimensional Hilbert space of operators into an appropriate finite-dimensional space, thereby70

transforming operator eigenvalue problems into matrix eigenvalue problems. We provide a simple71
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example to clarify the discussed processes. A detailed process can be found in Appendix B. Specifi-72

cally, we discuss the case that uses FDM to solve the eigenvalue problem of the two-dimensional73

Poisson operator, transforming it into a matrix eigenvalue problem:74

k(x, y)∇2u(x, y) = λu(x, y). (1)
We map the problem onto a 2× 2 grid (i.e., Nx = Ny = 2 and ∆x = ∆y), where both the variable75

ui,j and the coefficients ki,j follow a row-major order. This setup facilitates the derivation of the76

matrix eigenvalue equation:77 k1,1 0 0 0
0 k1,2 0 0
0 0 k2,1 0
0 0 0 k2,2


−4 1 1 0

1 −4 0 1
1 0 −4 1
0 1 1 −4


u1,1

u1,2

u2,1

u2,2

 = λ

u1,1

u1,2

u2,1

u2,2

 . (2)

By employing various methods to generate the parameter matrices P =

[
k11 k12
k21 k22

]
. Such as78

utilizing Gaussian random fields (GRF) or truncated polynomials, we can derive Poisson operators79

characterized by distinct parameters.80

Typically, training a neural network requires a number of data from 103 to 105 [30]. Such a multitude81

of eigenvalue systems, derived from the same distribution of operators, naturally exhibit a highly82

similarity [48]. It is precisely this similarity that is key to the effective acceleration of SCSF. We can83

conceptualize this as the task of solving a sequential series of matrix eigenvalue problems:84

A(i)v
(i)
j = λ

(i)
j v

(i)
j , j = 1, · · · , L; i = 1, 2, · · · , N (3)

where L is the number of eigenvalues to be solved, N is the number of eigenvalue problems, the matrix85

A(i) ∈ Cn×n, the eigenvector v(i)j ∈ Cn,and the eigenvalue λ(i)
j ∈ C vary depending on the operator.86

We define the eigenpairs as (Λ(i), V (i)), with Λ(i) = diag(λ(i)
1 , . . . , λ

(i)
L ), V (i) = [v

(i)
1 | · · · |v(i)L ], and87

|λ(i)
1 | ⩽ |λ(i)

2 | · · · ⩽ |λ(i)
L |.88

2.2 The Chebyshev Polynomials and Chebyshev Filter89

Chebyshev filtered subspace iteration is closely related to Chebyshev orthogonal polynomials [34,90

41]. Chebyshev polynomials are widely used due to their strong approximation capabilities. The91

Chebyshev polynomials Cm(t) of degree m are defined on the interval [−1, 1] and are expressed as92

Cm(t) = cos(m cos−1(t)), |t| ≤ 1. (4)
Cm(t) commonly referred to as the Chebyshev polynomial of the first kind, satisfies the following93

recurrence relation:94

Cm+1(t) = 2tCm(t)− Cm−1(t). (5)

For a Hermitian matrix A ∈ Cn×n and vectors Y0 ∈ Cn×k, we use the three-term recurrence relation95

that defines Chebyshev polynomials in vector form:96

Cm+1(Y0) = 2ACm(Y0)− Cm−1(Y0), Cm(Y0) ≡ Cm(A)Y0. (6)
The computation of Cm(Y0) and the Chebyshev filter is described in Algorithm 1. Let A′ denote97

the previously solved related matrix, with (λ′
i, v

′
i) in ascending order, and {λ′

2, . . . , λ
′
L} ∈ [α, β]. In98

Algorithm 1, the parameter λ is typically approximated by λ′
1, while c = α+β

2 and e = β−α
2 represent99

the center and half-width of the interval [α, β], providing estimates for the spectral distribution of A.100

Algorithm 1: Chebyshev Filter [5]

Input: Matrix A ∈ Cn×n, vectors Y0 ∈ Cn×k, degree m ∈ N, and parameters λ, c, e ∈ R.
Output: Filtered vectors Ym = Cm(Y0), where each vector Ym,j is filtered with a Chebyshev

polynomial of degree m.
1 A = (A− cIn)/e, σ1 = e/(λ− c);
2 Y1 = σ1AY0;
3 for i = 1, . . . ,m− 1 do
4 σi+1 = 1/(2/σ1 − σi);
5 Yi+1,1:m−1 = Yi,1:m−1, Yi+1,m:k = 2σi+1AYi,m:k − σi+1σiYi,m:k;
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Figure 2: Algorithm Flow Diagram: a. Generation of operators to be solved. b. Discretization
of operators into matrices. c. Apply SCSF algorithm to sort matrices, obtaining a sequence with
strong correlations. d. Other algorithms independently solve eigenvalue problems. d1, d2, d3. SCSF
algorithm utilizes Chebyshev subspace iterations to sequentially solve the eigenvalue problems. e.
Assembly of eigenvalue pairs into a dataset. f. Amplification of the interval of interest through spectral
transformation. g. Replacement of initial subspaces with previously solved invariant subspaces.

3 Method101

In this section, we introduce our novel method, named the sorting Chebyshev subspace filter (SCSF),102

a fast data generation approach that efficiently solves eigenvalue problems by leveraging intrinsic103

spectral correlations among operators. SCSF incorporates two key components: (1) a truncated fast104

Fourier transform (FFT)-based approach for efficiently sorting operator eigenvalue problems and (2)105

the Chebyshev filtered subspace iteration (ChFSI) employed for sequential solving. By integrating106

these components, SCSF can use spectral information from the previous eigenvalue problem solving107

to aid the next eigenvalue problem solving, thus accelerating the eigenvalue data generation.108

We first introduce the sorting algorithm that leverages the spectral similarities and provides the time109

complexity analysis in Section 3.1 . Then we give an introduction to the Chebyshev filtered subspace110

iteration in Section 3.2. Figure 2 shows the overview of our SCSF. Generally, the truncated FFT111

sorting algorithm ensures that successive matrices in the sequence exhibit close relations. Then112

ordered sequence enables ChFSI to effectively utilize prior information, thereby accelerating the113

solution process [5].114

3.1 The Sorting Algorithm115

To benefit the successive solving sequence of the eigenvalue problem, we need a sorting algorithm116

that pulls matrices with similar spectral properties, like invariant subspaces, close enough in the117

solving sequence, so that solving the current matrix in sequence can be easily boosted by the previous118

solving. Recalling Section 2.1, eigenvalue problem, the matrix A(i), is generated from the parameter119

matrix P (i) [31, 28]. A naive strategy is to use the Frobenius distance of the parameter matrices P (i)120

to perform a greedy sort [52]. And by repeatedly fetching without reservation from the remaining121

matrix in the dataset, we can reorganize the solving sequence so that the successive solving can122

benefit from the re-ordered sequence.123

However, the main computational cost of such a naive sorting algorithm arises from repeatedly124

calculating the distances between different matrices P , which is directly related to the matrix125

dimension—that is, the resolution of operators. Existing works [17, 28] have shown that the key126

variables that affect operators stem from the low-frequency components of the parameter matrices P ,127

while high-frequency components often represent noise or irrelevant data. Based on this insight, to128

reduce computational overhead during sorting, we first perform a truncated FFT on the parameter129

matrices to extract the low-frequency information before sorting. We then sort by comparing the130

Frobenius distances between these low-frequency components.131
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Algorithm 2: The Truncated FFT Sorting Algorithm

Input: Sequence of eigenvalue problems to be solved A(i) ∈ Cn×n, corresponding parameter
matrix P (i) ∈ Cp×p, i = 1, 2, · · · , N , p0 is the truncation threshold for low frequencies,
and P

(i)
low ∈ Cp0×p0 .

Output: Sequence for eigenvalue problems seqmat.
1 Initialize the list with sequence seq0 = {1, 2, · · · , N}, seqmat is an empty list;
2 Set i0 = 1 as the starting point. Remove 1 from seq0 and append 1 to seqmat;
3 for i = 1, · · · , N do
4 Let P (i)

low = Truncp0

(
FFT(P (i))

)
. Perform truncated FFT on matrix P (i) to extract

low-frequency information;
5 for i = 1, · · · , N − 1 and dis = 1000 do
6 for each j in seq0 do
7 disj = the Frobenius norm of the difference between P

(i0)
low and P

(j)
low;

8 if disj < dis then
9 dis = disj and jmin = j;

10 Remove jmin from seq0, append jmin to seqmat and set i0 = jmin;
11 Get the sequence for eigenvalue problems seqmat;

As shown in Algorithm 2, suppose we have N eigenvalue problems, the parameter matrices P (i) ∈132

Cp×p, and the low-frequency truncated matrices P
(i)
low ∈ Cp0×p0 . The computational complexity133

of directly using a greedy algorithm is O(N2p2). Our sorting algorithm’s complexity consists of134

two main parts: 1. FFT Computation: The complexity of FFT is O(p2 log p) per matrix. For N135

matrices, this totals O(Np2 log p). 2. Greedy Sorting: The subsequent greedy sorting algorithm has136

a complexity of O(N2p20). Overall, the total complexity is O(N2p20 + Np2 log p). Since p0 ≪ p137

and p ≪ N , our sorting algorithm effectively reduces computational cost.138

3.2 Chebyshev Filtered Subspace Iteration139

After the sorting algorithm, we obtain a sequence of eigenvalue problems that exhibit strong140

correlations between consecutive problems. We employ the Chebyshev filtered subspace itera-141

tion [33, 43, 54, 5] that leverages the eigenpairs (Λ(i−1), V (i−1)) of the previous problem A(i−1) to142

accelerate the iterative convergence of the subsequent problem A(i), thereby significantly enhancing143

computational performance. We focus on the most common scenario in eigenvalue problems where144

the operator is self-adjoint; in this case, the corresponding matrix A is Hermitian.145

Algorithm 3 outlines the process of ChFSI for solving the i-th eigenvalue problem A(i) (1 < i ⩽ N )146

where L eigenvalues need to be solved. The initial approximate invariant subspace V (i−1) and spectral147

distribution Λ(i−1) are derived from the eigenvectors and eigenvalues of the previous problem A(i−1)148

in the sequence. The parameter m denotes the polynomial degree in the filter function, e.g., m = 20.149

For the first eigenvalue problem A(1) in the sequence, the initial iterative subspace Ṽ0 and initial150

spectrum Λ̃0 are randomly generated.151

In line 3, the Chebyshev filter is applied using the vector form of Chebyshev polynomials; details152

can be found in the preliminaries Section 2.2. After the Chebyshev filtering step, the vector block Ṽ0153

spanning the invariant subspace may become linearly dependent. To prevent this, orthonormalization154

is performed (line 4) using QR decomposition based on Householder reflectors. Line 5 computes155

the Rayleigh quotient of matrix A(i) using the orthonormalized Ṽ0, projecting the eigenvalue problem156

onto a subspace that approximates the desired eigenspace. In line 6, the reduced eigenvalue problem157

is diagonalized, and the computed eigenvectors are projected back to the original problem. At the end158

of the Rayleigh-Ritz step, relative residuals of the computed eigenvectors are calculated; converged159

eigenpairs are locked, and non-converged vectors are set to be filtered again (line 7).160

Assuming m is the degree of the polynomial, n is the dimension of the matrix A, and L is the number161

of eigenvalues to be solved, the computational complexity per iteration comprises: 1. Chebyshev162

filter: O(mn2L) 2. QR factorization: O(nL2) 3. Rayleigh-Ritz procedure: O(n2L + nL2 + L3)163
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Algorithm 3: Chebyshev Filtered Subspace Iteration

Input: Eigenvalue problem A(i), eigenpairs (Λ(i−1), V (i−1)) of the previous eigenvalue
problem A(i−1) where Λ(i−1) = diag(λ(i−1)

1 , . . . , λ
(i−1)
L ),

V (i−1) = [v
(i−1)
1 | · · · |v(i−1)

L ], and filter degree m.
Output: Wanted eigenpairs (Λ(i), V (i)).

1 Initialize empty arrays/matrices (Λ̃, Ṽ ), and set Λ̃0 = Λ(i−1), Ṽ0 = V (i−1);
2 repeat
3 Apply Chebyshev filter: Ṽ0 = Cm(Ṽ0);
4 Perform QR orthonormalization on QR = [Ṽ |Ṽ0];
5 Compute Rayleigh quotient G = Q⊤

0 A
(i)Q;

6 Solve the reduced problem GW = W Λ̃0, and update Ṽ0 = Ṽ0W ;
7 Lock converged eigenpairs into (Λ̃, Ṽ );
8 until the number of converged eigenpairs ≥ L;
9 Return eigenpairs (Λ(i), V (i)) = (Λ̃, Ṽ ) ;

4. Residuals check: O(n2L) . Since m ≫ 1 and n ≫ L, the Chebyshev filtering step is the most164

computationally intensive.165

The acceleration of the Chebyshev filtered subspace iteration heavily depends on selecting approxi-166

mate invariant subspaces and eigenvalues that promote rapid convergence in subsequent iterations.167

Proper sorting amplifies their impact, reducing the number of iterations required. This underscores168

the critical importance of the sorting algorithm in our method.169

4 Experiment170

4.1 Experimental Settings171

To comprehensively assess the performance of our approach SCSF against other algorithms, we172

conducted extensive experiments, each simulating the generation of an operator eigenvalue dataset.173

We primarily compared the average computation times across different numbers of eigenvalues174

solved and various matrix sizes. These tests encompassed four distinct datasets and five mainstream175

eigenvalue solving algorithms, with SCSF consistently delivering commendable results. The detailed176

data is provided in Appendix D.1, and the related work is discussed in Appendix A.177

Baseline. Our focus solves the eigenvalue problem of matrices derived from self-adjoint differential178

operators, typically consisting of large Hermitian matrices. We benchmarked against the following179

mainstream algorithms implemented in libraries widely used: 1. Eigsh from SciPy (implicitly180

restarted Lanczos method) [51, 26], 2. Locally optimal block preconditioned conjugate gradient181

(LOBPCG) algorithm from SLEPc [24, 16], 3. Krylov-Schur (KS) algorithm from SLEPc [49],182

4. Jacobi-Davidson (JD) algorithm from SLEPc [46], 5. Chebyshev filtered subspace iteration183

(ChFSI) [5, 54] with random initialization. For detailed information, please refer to Appendix C.1.184

Datasets. To explore the adaptability of the algorithm across different matrix types, we investigate185

four distinct operator eigenvalue problems: 1. Generalized Poisson operator; 2. Second-order elliptic186

partial differential operator; 3. Helmholtz operator; 4. Fourth-order vibration equation. For a187

thorough description of the datasets and their generation, please refer to Appendix C.2.188

All experiments focus on computing the smallest L eigenvalues in absolute value and their correspond-189

ing eigenvectors. For the runtime environment and experimental parameters, refer to Appendix C.3190

and C.4. The hyperparameter analysis experiments and the running time of each part of SCSF can be191

found in Appendix D.4 and D.3.192

We note that all experiments use relative residual as the metric for solution precision, with its definition193

provided in Appendix C.5. SCSF is a numerical algebra algorithm that allows for adjustable solution194

precision as needed. It is purely an acceleration technique and does not alter the solution results at195

the specified precision. The solution precision for all experiments is set to at least 1e-8, which is196

significantly higher than the typical relative error range of neural networks (1e-1 to 1e-5), making it197
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Dataset L Eigsh LOBPCG KS JD ChFSI SCSF (ours)

Poisson 200 14.20 73.03 23.76 270.2 24.00 12.85
2500 300 26.27 151.5 45.95 920.8 38.03 25.61
1e-12 400 36.86 265.3 72.32 2691 57.41 33.91

Ellipse 200 41.82 139.2 61.77 414.3 43.90 24.08
4900 300 62.47 264.1 110.5 1446 60.69 29.88
1e-10 400 87.19 459.7 188.7 3386 67.13 34.60

Helmholtz 200 151.7 129.9 98.34 489.6 107.1 31.31
6400 400 253.5 460.4 283.0 3829 121.5 40.52
1e-8 600 398.8 1031 329.6 - 146.2 51.32

Vibration 200 397.9 333.7 272.0 1230 300.8 85.70
10000 400 635.6 1170 768.8 - 310.5 107.2
1e-8 600 1037 2716 857.8 - 382.3 131.4

Table 1: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms. The first row lists different algorithms, the first column details the datasets,
including matrix dimensions and solution precisions (relative residual), and the second column shows
the number of eigenvalues L computed for each matrix. The best algorithm is in bold. The symbol ’-’
denotes the result of a method that fails to converge under the given setting.

effectively a ground truth. Therefore, the datasets generated by different numerical algorithms will198

not affect the training performance of neural networks.199

4.2 Main Experiment200

Table 1 showcases selected experimental data. From this table, we can infer several conclusions:201

First, across all settings, our SCSF consistently has the lowest computation cost. The most significant202

improvements appeared in the Helmholtz dataset, where SCSF demonstrated speedups of 8×, 20×,203

6×, 95×, and 3.5× compared to Eigsh, LOBPCG, KS, JD, and ChFSI algorithms, respectively.204

These results confirm that SCSF effectively reduces inherent redundancies in sequential eigenvalue205

problems, substantially accelerating operator eigenvalue dataset generation.206

Moreover, as the number of eigenvalues L solved per matrix increases, the speed advantage of SCSF207

over other algorithms becomes more pronounced. For instance, on the second-order elliptic operator208

dataset, when solving for 200 eigenvalues, SCSF is 2.5 times faster than the Krylov-Schur method209

and 5.5 times faster at 400 eigenvalues. This efficiency stems from SCSF inheriting approximate210

invariant subspaces from previous solutions, effectively leveraging available information to expand211

the initial search space. Consequently, SCSF requires minimal additional iterations as L increases,212

resulting in modest computation time growth.213
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Figure 3: Plot of average computation time ver-
sus matrix dimension for solving 400 eigenval-
ues with a precision of 1e-12 on the generalized
Poisson operator dataset.

Besides, the performance disparity across different214

datasets is significant. For example, on the general-215

ized Poisson operator dataset, SCSF is only about216

10% faster than Eigsh, yet it leads by 4-7 times217

on the Helmholtz dataset. This difference can be218

attributed to the numerical properties of different219

operators and the matrix assembly formats, which220

directly influence algorithmic performance.221

We also conducted additional experiments to show222

that the impact of the matrix dimension is also223

significant. Results are shown in Figure 3, SCSF224

performs noticeably better as matrix dimensions225

increase. Below the matrix dimension of 3600,226

SCSF and Eigsh show comparable efficiency. How-227

ever, beyond 5000, SCSF significantly outperforms228

Eigsh and other algorithms. For more details about229

matrix dimension influence, we refer to the results230

in Appendix D.2.231
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This phenomenon can be analyzed from the matrix approximation of operators. For a fixed operator,232

its eigenvalues and eigenfunctions are fixed. Different matrix dimensions represent embedding the233

operator in different finite-dimensional linear spaces. For a fixed number of eigenvalues L, larger234

matrices more accurately approximate the true eigenvalues (the smallest L eigenvalues by absolute235

value) of the operator. In other words, larger matrix dimensions result in fewer errors and noise in the236

computed eigenvalues, allowing for a clearer demonstration of the similarities between operators.237

Consequently, larger matrix dimensions allow SCSF to better exploit the similarities, yielding superior238

performance.239

4.3 Efficacy of Chebyshev Subspace Filter240

L Eigsh Eigsh* LOBPCG LOBPCG* KS KS* JD JD* SCSF (ours)

200 151.7 150.2 129.9 95.9 98.34 100.6 489.6 760.1 31.31
300 208.8 206.3 270.1 199.8 179.9 185.2 1803 3101 38.67
400 253.5 249.1 460.4 362.1 283.0 292.2 3829 6374 40.52
500 324.6 315.3 717.3 573.7 314.2 317.4 - - 46.70
600 398.8 394.7 1031 866.0 329.6 335.7 - - 51.32

Table 2: Impact of initial subspace modifications on average computation time (in seconds) for
different algorithms. ’*’ denotes the modified version. The first row lists algorithms, and the first
column shows the number of eigenvalues L computed. The best algorithm is in bold, and ’-’ indicates
the result of a method that fails to converge under the given setting.

To analyze the efficacy of the Chebyshev subspace filter, we conducted the following experiments.241

After sorting, the initial vector or subspace for the existing algorithms was set to the eigenvectors242

from the previous problem (the modified version ’*’). We compared the computational time across243

different methods. All experiments were conducted on the Helmholtz operator dataset, with a matrix244

dimension of 6400 and a tolerance of 1e-8. The results are shown in Table 2.245

First, the computation time for SCSF in all experiments was minimal, clearly demonstrating the246

efficacy of the Chebyshev subspace filter. This also highlights that the Chebyshev subspace filter is247

the optimal choice for leveraging problem similarity to reduce redundancy.248

Second, modifying the initial setup had varying impacts on different algorithms. 1. LOBPCG: showed249

significant acceleration. Its underlying logic is similar to SCSF, both relying on iterative optimization250

of the subspace to solve the problem. The initial subspace has a considerable impact on the solution.251

2. Eigsh and KS were almost unaffected. These methods start with an initial vector (rather than a252

subspace) and solve the problem through Krylov iteration. In other words, problem similarity only253

impacts a vector, with little effect on the overall time. 3. JD showed a performance decline. This is254

because its performance is sensitive to the size of the initial subspace. Our modification altered the255

default dimension of the initial subspace.256

L
Time (s) Iteration Flops Filter Flops

w/o sort sort w/o sort sort w/o sort sort w/o sort sort

20 8.248 2.971 19.70 9.880 519.7 298.4 485.8 280.8

100 14.18 9.891 18.77 15.38 1984 1332 1798 970.1

200 18.45 12.85 36.30 33.67 4459 3944 3654 3192

300 34.59 25.61 47.50 39.18 8967 7544 6985 5702

400 42.60 33.91 47.43 45.18 12022 11182 9087 8338

Table 3: Performance comparison of SCSF with and without sorting. The first column lists the
number of eigenvalues L computed, while subsequent columns display average computation times,
average iteration counts, total Flop counts, and filter Flop counts. Experiments used the matrix
dimension of 2500 and precision 1e-12 on the generalized Poisson operator dataset.
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4.4 Efficacy of Sorting Algorithms257

Size Greedy Truncated FFT Sort (ours)
Total FFT Greedy Total

102 0.114 0.0016 0.0147 0.0163
103 7.328 0.0164 1.421 1.438
104 592.7 0.1658 150.9 151.1

Table 4: Comparison of average computation times
(in seconds) for different sorting algorithms, with
the first column indicating dataset size. Experi-
ments used the matrix dimension of 6400 on the
Helmholtz dataset.

We analyze the performance of the sorting algo-258

rithm module from two perspectives: 1. Com-259

paring the performance of SCSF algorithm with260

and without ’sorting’ as shown in Table 3. 2.261

Evaluating the effectiveness of different sorting262

algorithms as detailed in Tables 4 and 5.263

We note that if the setting is ’w/o sort’, SCSF is264

approximately equivalent to directly using the265

Chebyshev subspace filter. Unlike the ChFSI266

used in the main experiments, the initializa-267

tion of each solve in the ’w/o sort’ SCSF is268

set based on the information obtained from solv-269

ing the previous problem (following the default270

unsorted sequence).271

Firstly, Table 3 indicates that incorporating sorting can improve SCSF speed to 1.3 to 2.8 times,272

reduce the number of iterations by 5% to 50%, and decrease total Flops by 7% to 43%. The273

effect of sorting is more pronounced with smaller numbers of solutions L. This is because when274

L is large, the inherited subspace already contains most of the necessary correlation information,275

diminishing the impact of sorting. Moreover, the Flops in the Filter component constitute over 70%276

of SCSF’s computational load. A detailed time analysis of different aspects of SCSF can be found277

in Appendix D.3. Additionally, the ’w/o sort’ SCSF achieves a computational speedup of 1.2 to 1.5278

times compared to the ChFSI used in the main experiments. The primary difference lies in their279

initialization strategies: ChFSI uses random initialization for each solve, whereas the ’w/o sort’ SCSF280

leverages information from the previous problem for initialization. This indicates that, even without281

sorting, there is a certain level of similarity between problems in the dataset. Such similarity can282

effectively accelerate the solving process.283

w/o sort Greedy Ours

Time (s) 66.66 40.52 40.52
Iteration 10.4 5.5 5.5

Table 5: Comparison of average com-
putation times and iteration counts for
different sorting algorithms using SCSF.
Experiments used the matrix dimension
of 6400 on the Helmholtz dataset, preci-
sion 1e-8, and targeting 400 eigenvalues.

Secondly, as shown in Table 4, our designed truncated FFT284

sorting algorithm incurs significantly lower time cost com-285

pared to the complete greedy sorting in SKR [52], with286

its benefits becoming more pronounced as the dataset size287

increases. In the truncated FFT sorting algorithm, the FFT288

contributes minimally to computational overhead but sig-289

nificantly reduces the time required for subsequent greedy290

sorting. Table 5 shows SCSF solution times for matrices291

sorted using either greedy or truncated FFT sorting are292

nearly identical, highlighting its effectiveness.293

Furthermore, our experiments show that as long as the294

truncated FFT is configured with reasonable parameters295

(e.g., truncating at p0 = 20, where p0 is much smaller296

than the dimension p of the parameter matrix P ), it achieves excellent performance without the need297

for a large p0. For related experiments, please refer to Appendix D.4.3.298

5 Limitations and Conclusions299

In this paper, we introduced SCSF algorithm. To the best of our knowledge, this is the first method300

to accelerate eigenvalue dataset generation by reducing computational redundancy in the associated301

matrix eigenvalue problems. The proposed SCSF algorithm significantly reduces the computational302

overhead of eigenvalue dataset generation, thereby addressing a major obstacle to the application of303

neural networks in scientific computing.304

However, several areas warrant further exploration: 1. While this paper primarily focuses on general305

eigenvalue problems, extending the method to nonlinear eigenvalue problems requires tailored306

designs to achieve optimal computational efficiency. 2. Within the sorting algorithm of SCSF, there is307

potential to identify more effective distance metrics tailored to specific operators, aiming to enhance308

the correlation and efficiency of the sorted eigenvalue problems.309
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A Related work478

A.1 Eigenvalue Datasets and Neural Eigenvalue Methods479

Eigenvalue datasets are widely utilized in neural eigenvalue methods. In molecular chemistry research,480

eigenvalue algorithms are commonly employed to determine critical molecular properties, such as481

orbital energy levels [23]. These properties form the foundation of datasets and are obtained by482

solving the eigenvalue problem of the Schrödinger equation and the Hamiltonian operator [15].483

Prominent datasets in this domain include QM7 [7], QM9 [40], ANI-1 [47], and MD17 [10]. In484

materials science, eigenvalue algorithms are often applied to solve for electronic band structures and485

density of states in materials. Representative datasets in this field include the materials project [20]486

and OQMD [22]. These datasets have been extensively used to train and validate neural eigenvalue487

methods [45, 4, 42], driving advancements in molecular property prediction and materials design.488

In fluid dynamics and structural mechanics, eigenvalue algorithms are frequently utilized for modal489

analysis. Recently, many data-driven modal analysis algorithms have emerged, requiring eigenvalue490

datasets corresponding to differential operators for training [36, 19, 2, 9, 1]. Additionally, some491

studies leverage operator eigenvalue datasets to optimize algorithms. For instance, [32] accelerates492

the solution of linear systems by predicting the eigenfunctions of operators.493

A.2 Eigenvalue Data Generation Algorithms494

Training data-driven algorithms require a large amount of labeled eigenvalue data. Typically, the gen-495

eration of these high-precision data is obtained by traditional algorithms. In the field of computational496

mathematics, solving operator eigenvalue problems often involves utilizing various discretization497

methods such as finite difference methods (FDM) [50], finite element methods (FEM) [18, 21]. These498

discretization methods transform operator eigenvalue problems into matrix eigenvalue problems,499

which are then solved using the corresponding matrix algorithms. For larger matrices, the Krylov-500

Schur algorithm [49], Jacobi-Davidson [46], and locally optimal block preconditioned conjugate501

gradient (LOBPCG) [24] are among the most frequently employed algorithms [13].502

Nonetheless, traditional methods were not designed for dataset generation, resulting in high com-503

putational costs, which have become a significant barrier to the advancement of data-driven ap-504

proaches [57, 14]. Recent data augmentation research [8, 29] has led to the development of methods505

that preserve symmetries and conservation laws, enhancing model generalization and data efficiency.506

[52, 11] report acceleration in the process of solving linear equations, thereby speeding up the507

generation of PDE datasets.508

However, these improvements largely focus on neural networks or the rapid solution of linear509

system-based PDEs, without discussing optimizations in the generation of eigenvalue datasets.510

A.3 Chebyshev Filter Technique511

The Chebyshev filter technique originates from polynomial approximation theory, where the core512

concept involves using Chebyshev polynomials to accelerate the convergence of eigenvalues [59].513

This technique constructs a polynomial filter that selectively amplifies spectral components in a514

specified interval, thereby speeding up the solution of specific eigenvalues. This technique is515

particularly effective in dealing with sequence eigenvalue problems [43, 60] and has been applied516

in various contexts, such as stability analysis in electronic structure [38, 3] and quantum chemical517

computations [35, 58, 61].518

Due to the chaotic and disordered nature of eigenvalue problems in the dataset, directly applying the519

Chebyshev filter technique fails to accelerate dataset generation. To further adapt this technique to520

the generation of operator eigenvalue datasets, we have developed a specialized sorting algorithm that521

transforms dataset generation into sequence eigenvalue problems. Throughout the solving process,522

eigenpairs obtained from previous solutions are used to construct Chebyshev filters, accelerating523

subsequent solutions.524
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B From Differential Operator to Matrix Eigenvalue Problem: An Example525

B.1 Overview526

The general methodology for solving the eigenvalue problems of differential operators numerically,527

employing techniques such as Finite Difference Method (FDM), Finite Element Method (FEM), and528

Spectral Method, can be delineated through the following pivotal steps [50, 18, 21, 27]:529

1. Mesh Generation: This step involves dividing the domain, over which the differential operator530

is defined, into a discrete grid. The grid could be composed of various shapes, including squares,531

triangles, or more complex forms, depending on the problem’s geometry.532

2. Operator Discretization: The differential operator is transformed into its discrete counterpart.533

Essentially, this maps the operator from an infinite-dimensional Hilbert space to a finite-dimensional534

representation.535

3. Matrix Assembly: In this phase, the discretized operator is represented in a matrix form. For linear536

differential operators, this involves creating a system of matrix eigenvalue problems. For nonlinear537

operators, iterative methods akin to Newton’s iteration are employed, transforming the problem into a538

sequence of matrix eigenvalue problems.539

4. Applying Boundary Conditions: This involves discretizing and applying boundary conditions540

specific to the differential operator in question, which are then incorporated into the matrix system.541

5. Solving the Matrix Eigenvalue Problem: This stage, often the most computationally intensive,542

entails solving the matrix for its eigenvalues and eigenvectors, which correspond to the eigenvalues543

and eigenfunctions of the original differential operator.544

6. Obtaining the Numerical Solution: The final step involves mapping the obtained numerical545

solutions back onto the original domain, analyzing them for accuracy and stability, and interpreting546

them in the context of the initial problem.547

B.2 Example548

To illustrate how the FDM can transform the wave equation into a system of matrix eigenvalue549

problems, let’s consider a concrete and straightforward example. Assume we aim to solve a one-550

dimensional wave equation’s operator eigenvalue problem, expressed as551

−d2u

dx2
= λu,

over the interval [0, L]. The boundary conditions are u(0) = u(L) = 0, signifying fixed-end552

conditions. In this context, u(x) denotes the eigenfunction, and λ represents the eigenvalue.553

1. Mesh Generation: Using the central difference quotient, we divide the interval [0, L] into N + 1554

evenly spaced points, including the endpoints. The distance between adjacent points is denoted as555

∆x = L
N .556

2. Operator Discretization: This step involves formulating the difference equation. At each inte-557

rior node, which excludes the endpoints and totals N − 1 points, we apply a central difference558

approximation for the second derivative, represented as559

d2u

dx2
≈ u(xi+1)− 2u(xi) + u(xi−1)

(∆x)2

3. Matrix Assembly: In this phase, the discretized operator is represented in a matrix form. Following560

the approximation, we construct the matrix A, an N − 1×N − 1 tridiagonal matrix, crucial for the561

computations. The matrix A is constructed as:562

A =
1

(∆x)2


−2 1 0 · · · 0
1 −2 1 · · · 0
0 1 −2 · · · 0
...

...
...

. . .
...

0 0 0 · · · −2


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4. Applying Boundary Conditions: For the wave equation with boundary conditions u(0) = u(L) =563

0, these fixed-end conditions are integrated into the matrix equation. In the FDM framework, the564

values at the endpoints (u0 and uN ) are zero, directly reflecting the boundary conditions. The impact565

of these conditions is encapsulated in the matrix A, affecting the entries related to u1 and uN−1566

(the grid points adjacent to the boundaries). The tridiagonal matrix A incorporates these boundary567

conditions, ensuring that the computed eigenfunctions satisfy u(0) = u(L) = 0.568

5. Solving the Matrix Eigenvalue Problem: The final computational step involves solving the matrix569

eigenvalue problem, expressed as Au = λu. This includes determining the eigenvalues λ and570

corresponding eigenvectors u, which are discrete approximations of the eigenfunctions of the original571

differential equation.572

6. Obtaining the Numerical Solution: By solving the eigenvalue problem, we obtain numerical573

solutions that approximate the behavior of the original differential equation. These solutions reveal574

the eigenvalues and eigenvectors and provide insights into the physical phenomena modeled by the575

equation.576

C Details of Experimental Setup577

C.1 Baseline578

The baseline algorithms were implemented using the following numerical computing libraries:579

• Eigsh: A SciPy (v1.14.1) implementation wrapping ARPACK’s SSEUPD and DSEUPD580

functions, which compute eigenvalues and eigenvectors using the Implicitly Restarted581

Lanczos Method. The default parameters were used.582

• Locally Optimal Block Preconditioned Conjugate Gradient (LOBPCG): Implemented in583

SLEPc (v3.21.1) with default parameters.584

• Krylov-Schur (KS): Implemented in SLEPc (v3.21.1) with default parameters.585

• Jacobi-Davidson (JD): Implemented in SLEPc (v3.21.1). The implementation uses ’bcgsl’586

as the linear equation solver, ’bjacobi’ as the preconditioner, and sets the linear equation587

solving precision to 1e-5.588

• ChFSI: Implemented in ChASE (v1.6) with default parameters.589

C.2 Dataset590

1. Generalized Poisson Operator591

We consider two-dimensional generalized Poisson operators, which can be described by the following592

equation [28, 39, 25, 31]:593

−∇ · (K(x, y)∇h(x, y)) = λh(x, y),

In our experiment, K(x, y) is derived using the Gaussian Random Field (GRF) method. We convert594

these operators into matrices using the central difference scheme of FDM. The parameters inherent to595

the GRF serve as the foundation for our sort scheme.596

2. Second-Order Elliptic Partial Differential Operator597

We consider general two-dimensional second-order elliptic partial differential operators, which are598

frequently described by the following generic form [12, 6]:599

Lu ≡ a11uxx + a12uxy + a22uyy + a1ux + a2uy + a0u = λu,

where a0, a1, a2, a11, a12, a22 are constants, and f represents the source term, depending on x, y.600

The variables u, ux, uy are the dependent variables and their partial derivatives. The equation is601

classified as elliptic if 4a11a22 > a212.602

In our experiments, a11, a22, a1, a2, a0 are uniformly sampled within the range (−1, 1), while the603

coupling term a12 is sampled within (−0.01, 0.01). We then select equations that satisfy the elliptic604

condition to form our dataset. We convert these operators into matrices using the central difference605

scheme of FDM. The coefficients a0, a1, a2, a11, a12, a22 serve as the foundation for our sort scheme.606
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3. Helmholtz Operator607

We consider two-dimensional Helmholtz operators, which can be described by the following equa-608

tion [56]:609

∇ · (p(x, y)∇u(x, y)) + k2(x, y) = λu(x, y),

Physical Contexts in which the Helmholtz operator appears: 1. Acoustics; 2. Electromagnetism; 3.610

Quantum Mechanics.611

In Helmholtz operators, k is the wavenumber, related to the frequency of the wave and the properties612

of the medium in which the wave is propagating. In our experiment, p(x, y) and k(x, y) are derived613

using the GRF method. The parameters inherent to the GRF serve as the foundation for our sort614

scheme.615

4. Vibration Equation616

We consider the vibration equation for thin plates, which can be described by the following eigenvalue617

problem [55]:618

∇2
(
D(x, y)∇2u(x, y)

)
= λρ(x, y)u(x, y),

Physical contexts in which the vibration equation appears: 1. Structural dynamics of thin plates; 2.619

Modal analysis in mechanical engineering; 3. Vibrational behavior of elastic materials.620

In this equation, D(x, y) represents the flexural rigidity of the plate, ρ(x, y) is the density distribution,621

and λ corresponds to the eigenvalue, which is related to the natural frequencies of the system. The622

eigenfunction u(x, y) describes the mode shapes of vibration.623

In our experiment, D(x, y) and ρ(x, y) are derived using the GRF method. The parameters inherent624

to the GRF serve as the foundation for our sorting scheme.625

C.3 Environment626

To ensure consistency in our evaluations, all comparative experiments were conducted under uniform627

computing environments. Specifically, the environments used are detailed as follows:628

• Platform: Docker version 4.33.1 (windows 11)629

• Operating System: Ubuntu 22.04.3 LTS630

• Processor: CPU AMD Ryzen 9 8945HS w, clocked at 4.00 GHz631

C.4 Experimental Parameter Configuration632

All baseline methods were implemented using their default parameters from respective libraries.633

For SCSF, the following configurations were adopted:634

• The size of the inherited subspace varies according to the number of eigenvalues to be635

computed. Specifically, when calculating 20, 100, 200, 300, and 400 eigenvalues, the636

corresponding subspace sizes are set to 4, 20, 40, 60, and 80, respectively.637

• The filter degree parameter m is consistently set to 20 across all experiments.638

• Truncation threshold for low frequencies p0 is consistently set to 20 across all experiments.639

• Each experiment generates a dataset consisting of 1,000 samples. In this paper, the Experi-640

mental tables report the average solving time for each eigenvalue problem.641

C.5 Error Metrics642

• Relative Residual Error:643

To estimate the bias of the eigenpair (ṽ, λ̃) predictions, we employ relative residual error as644

follows:645

Relative Residual Error =
||Lṽ − λ̃ṽ||2

||Lṽ||2
.
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Here, ṽ represents the eigenfunction predicted by the model, and λ̃ denotes the eigenvalue646

predicted by the model. When λ̃ is the true eigenvalue and ṽ is the true eigenfunction, the647

Relative Residual Error equals 0.648

D Experimental Data and Supplementary Experiments649

D.1 Main Experimental Data650

As shown in Tables 7, 6, 9, SCSF showed the best performance among all tested configurations651

L Eigsh LOBPCG KS JD ChFSI SCSF (ours)
150 9.15 46.8 14.9 138 17.3 7.95
200 14.2 73.0 23.8 270 24.0 12.9
250 19.8 109 34.3 553 30.2 19.0
300 26.3 152 45.6 921 38.0 25.7
350 31.5 203 58.4 1732 45.8 29.8
400 36.9 265 72.3 2691 57.4 33.9
450 42.8 342 87.3 3708 74.2 38.3

Table 6: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms on the generalized Poisson operator dataset. The first row lists different algorithms,
and the first column shows the number of eigenvalues L computed for each matrix. Matrix dimension
= 2500, precision = 1e-12.

L Eigsh LOBPCG KS JD ChFSI SCSF (ours)
150 31.35 91.80 40.65 214.80 38.37 19.62
200 41.82 139.20 61.77 414.30 43.90 24.08
250 52.17 197.04 84.65 861.44 53.42 28.00
300 62.47 264.10 110.50 1446.00 60.69 29.88
350 74.59 355.18 147.01 2324.88 64.94 31.52
400 87.19 459.70 188.70 3386.00 67.13 34.60
450 100.28 577.67 235.56 4629.38 76.32 40.05

Table 7: Comparison of average computation times (in seconds) for eigenvalue problems using various
algorithms on the second-order elliptic operator dataset. The first row lists different algorithms, and
the first column shows the number of eigenvalues L computed for each matrix. Matrix dimension =
4900, precision = 1e-10.

L Eigsh LOBPCG KS JD ChFSI SCSF (ours)
200 151.70 129.90 98.34 489.60 107.12 31.31
300 190.84 273.08 192.88 1601.08 113.73 37.78
400 253.50 460.40 283.00 3829.00 121.53 40.52
500 344.60 720.33 310.21 - 135.73 47.41
600 398.80 1031.00 329.60 - 146.24 51.32

Table 8: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms on the Helmholtz operator dataset. The first row lists different algorithms, and the
first column shows the number of eigenvalues L computed for each matrix. Matrix dimension = 6400,
precision = 1e-8. The symbol ’-’ denotes data not recorded due to excessive computation times.
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L Eigsh LOBPCG KS JD ChFSI SCSF (ours)
200 397.9 333.7 272.0 1230 300.8 85.70
300 516.8 750.0 520.0 3600 305.0 96.50
400 635.6 1170 768.8 - 310.5 107.2
500 820.0 1950 810.0 - 350.0 120.0
600 1037 2716 857.8 - 382.3 131.4

Table 9: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms on the Vibration operator dataset. The first row lists different algorithms, and
the first column shows the number of eigenvalues L computed for each matrix. Matrix dimension
= 10000, precision = 1e-8. The symbol ’-’ denotes data not recorded due to excessive computation
times.

D.2 Analysis of the Influence of Matrix Dimension652

Matrix Dimension Eigsh LOBPCG KS JD ChFSI SCSF (ours)
2500 36.86 265.30 72.32 2691.00 57.41 33.91
3600 66.41 387.20 116.50 2990.00 102.4 65.41
4225 89.13 467.74 151.36 3548.13 126.2 70.79
4900 121.90 546.20 187.80 3886.00 153.5 74.23
5625 186.21 691.83 251.19 - 216.8 85.11
6400 282.80 860.00 337.70 - 282.2 93.86
8100 707.95 1412.54 707.95 - 435.1 114.82
10000 3162.28 2511.89 1995.26 - 590.3 158.49

Table 10: Comparison of different algorithms’ computation time (in seconds) for varying matrix
dimensions using the generalized Poisson operator dataset. Results show average computation times
for solving 400 eigenvalues with a precision of 1e-12.

As demonstrated in Table 10, the impact of matrix dimension on algorithm performance reveals several653

key insights. For matrices below dimension 3600, SCSF and Eigsh show comparable efficiency.654

However, SCSF’s advantages become increasingly pronounced as matrix dimensions grow larger.655

At dimension 10000, SCSF achieves remarkable speedups: 20× faster than Eigsh, 16× faster than656

LOBPCG, 13× faster than KS, and 3.7× faster than ChFSI. This phenomenon can be attributed to657

how larger matrix dimensions result in fewer errors and noise in the computed eigenvalues, allowing658

SCSF to better exploit similarities between problems. Additionally, the JD algorithm becomes659

computationally intractable at and above dimension 5625, while SCSF maintains stable performance660

even at high dimensions.661

D.3 Analysis of Computational Times for SCSF Components662

All Filter (line 3) QR (line 4) RR (line 5) Resid (line 6) Sort
9.89e+0 7.41e+0 3.12e-1 9.76e-1 7.95e-1 1.51e-2

Table 11: Analysis of Computational Times (in seconds) for SCSF Components.

We conducted a statistical analysis of the average time consumption for each component of the SCSF663

algorithm on the generalized Poisson operator dataset, with a matrix dimension of 2500 and the664

number of eigenvalues to be solved set to 100. The results are presented in Table 11. The notation665

"line x" within parentheses corresponds to line x in Algorithm 3, "ALL" denotes the total time666

consumption, and "sort" represents the average time required by the sorting algorithm. It is evident667
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that the filtering process accounts for over 70% of the total time consumption, which aligns with our668

theoretical analysis in Section 3.2.669

D.4 Analysis of Hyperparameters670

D.4.1 Degree Parameter671

Deg 12 16 20 24 28 32 36 40
Time (s) 43.92 39.79 40.52 40.64 40.85 41.13 41.19 43.50

Table 12: Average Computational Times (in seconds) of SCSF under Different Degree Parameters m.

We investigated the impact of different degree parameters m on the performance of SCSF. As shown in672

Table 12, the experiments were conducted on the Helmholtz operator dataset with a matrix dimension673

of 6400, a solution accuracy of 1e-8, 400 eigenvalues to be solved, and an inherited subspace size674

of 80. The degree parameter m, as described in Algorithm 3, primarily controls the order of the675

Chebyshev polynomial. The results indicate that varying m within the range of 12 to 40 has a minimal676

effect on the computation time of SCSF. Therefore, as long as m is chosen within a reasonable range,677

its specific value does not significantly influence the performance. In the main experiments of this678

paper, m is fixed at 20.679

D.4.2 Subspace Dimension680

Dim 50 60 70 80 90 100 110 120
Time (s) 43.28 44.35 42.43 40.52 39.65 37.43 38.28 38.58

Table 13: Average Computational Times (in seconds) of SCSF under Different Subspace Dimension.

We examine the influence of different inherited subspace sizes on the performance of SCSF. As681

presented in Table 13, the experiments are conducted on the Helmholtz operator dataset with a matrix682

dimension of 6400, a solution accuracy of 1e-8, 400 eigenvalues to be computed, and a degree683

parameter m set to 20.684

The results demonstrate that as the inherited subspace size increases, the computation time of SCSF685

initially decreases and then rises, reaching its minimum around a size of 100. The reduction in686

computation time at the front end is attributed to the enriched initial subspace with more available687

information as the inherited subspace grows. Conversely, the increase in computation time at the688

back end is due to the significantly higher overhead of performing Chebyshev filtering with a larger689

inherited subspace.690

Overall, as long as the inherited subspace size is set within a reasonable range, its impact on SCSF691

remains minimal. In our experiments, we consistently set the inherited subspace size to 20% of the692

number of eigenvalues to be computed.693
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D.4.3 Truncation Threshold for Low Frequencies694

No sort p0 = 10 p0 = 20 p0 = 30 p0 = 40 Greedy
One-sided distance 0.95 0.89 0.85 0.85 0.85 0.85
Sort time (s) 0 110 151 193 246 593
Average solve time (s) 66.7 52.2 40.5 40.5 40.5 40.5

Table 14: Average Computational Times (in seconds) of SCSF under Different Truncation Thresholds.

We measure the similarity between matrices by computing the cosine of the principal angles between695

their 10-dimensional invariant subspaces (spanned by the smallest 10 eigenvectors in modulus) (one-696

sided distance). Smaller values indicate higher similarity. As presented in Table 14, the experiments697

are conducted on the Helmholtz operator dataset with a matrix, a solution accuracy of 1e-8, 400698

eigenvalues to be computed, and a degree parameter m set to 20, 10k data problems, parameter matrix699

P with dimension p = 80, and varying truncation frequencies p0700

The results demonstrate that sorting significantly increases inter-problem correlation in the dataset701

(explaining the performance gain). The truncation parameter p0 affects sorting time, sorting quality,702

and solver time. For p0 ≥ 20, solver time becomes stable, showing diminishing returns. This reflects703

the interplay between sorting and Chebyshev iteration. In the main experiments of this paper, p0 is704

fixed at 20.705
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NeurIPS Paper Checklist706

The checklist is designed to encourage best practices for responsible machine learning research,707

addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove708

the checklist: The papers not including the checklist will be desk rejected. The checklist should709

follow the references and follow the (optional) supplemental material. The checklist does NOT count710

towards the page limit.711

Please read the checklist guidelines carefully for information on how to answer these questions. For712

each question in the checklist:713

• You should answer [Yes] , [No] , or [NA] .714

• [NA] means either that the question is Not Applicable for that particular paper or the715

relevant information is Not Available.716

• Please provide a short (1–2 sentence) justification right after your answer (even for NA).717

The checklist answers are an integral part of your paper submission. They are visible to the718

reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it719

(after eventual revisions) with the final version of your paper, and its final version will be published720

with the paper.721

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.722

While "[Yes] " is generally preferable to "[No] ", it is perfectly acceptable to answer "[No] " provided a723

proper justification is given (e.g., "error bars are not reported because it would be too computationally724

expensive" or "we were unable to find the license for the dataset we used"). In general, answering725

"[No] " or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we726

acknowledge that the true answer is often more nuanced, so please just use your best judgment and727

write a justification to elaborate. All supporting evidence can appear either in the main paper or the728

supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification729

please point to the section(s) where related material for the question can be found.730

IMPORTANT, please:731

• Delete this instruction block, but keep the section heading “NeurIPS Paper Checklist",732

• Keep the checklist subsection headings, questions/answers and guidelines below.733

• Do not modify the questions and only use the provided macros for your answers.734

1. Claims735

Question: Do the main claims made in the abstract and introduction accurately reflect the736

paper’s contributions and scope?737

Answer: [Yes]738

Justification: The claims are put in the abstract and Section 1.739

Guidelines:740

• The answer NA means that the abstract and introduction do not include the claims741

made in the paper.742

• The abstract and/or introduction should clearly state the claims made, including the743

contributions made in the paper and important assumptions and limitations. A No or744

NA answer to this question will not be perceived well by the reviewers.745

• The claims made should match theoretical and experimental results, and reflect how746

much the results can be expected to generalize to other settings.747

• It is fine to include aspirational goals as motivation as long as it is clear that these goals748

are not attained by the paper.749

2. Limitations750

Question: Does the paper discuss the limitations of the work performed by the authors?751

Answer: [Yes]752

Justification: For further details, please refer to the "Limitations and Conclusions" section,753

found in Section 5.754
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Guidelines:755

• The answer NA means that the paper has no limitation while the answer No means that756

the paper has limitations, but those are not discussed in the paper.757

• The authors are encouraged to create a separate "Limitations" section in their paper.758

• The paper should point out any strong assumptions and how robust the results are to759

violations of these assumptions (e.g., independence assumptions, noiseless settings,760

model well-specification, asymptotic approximations only holding locally). The authors761

should reflect on how these assumptions might be violated in practice and what the762

implications would be.763

• The authors should reflect on the scope of the claims made, e.g., if the approach was764

only tested on a few datasets or with a few runs. In general, empirical results often765

depend on implicit assumptions, which should be articulated.766

• The authors should reflect on the factors that influence the performance of the approach.767

For example, a facial recognition algorithm may perform poorly when image resolution768

is low or images are taken in low lighting. Or a speech-to-text system might not be769

used reliably to provide closed captions for online lectures because it fails to handle770

technical jargon.771

• The authors should discuss the computational efficiency of the proposed algorithms772

and how they scale with dataset size.773

• If applicable, the authors should discuss possible limitations of their approach to774

address problems of privacy and fairness.775

• While the authors might fear that complete honesty about limitations might be used by776

reviewers as grounds for rejection, a worse outcome might be that reviewers discover777

limitations that aren’t acknowledged in the paper. The authors should use their best778

judgment and recognize that individual actions in favor of transparency play an impor-779

tant role in developing norms that preserve the integrity of the community. Reviewers780

will be specifically instructed to not penalize honesty concerning limitations.781

3. Theory assumptions and proofs782

Question: For each theoretical result, does the paper provide the full set of assumptions and783

a complete (and correct) proof?784

Answer: [Yes]785

Justification: For more information, please see Section 3.1 and Section 3.2.786

Guidelines:787

• The answer NA means that the paper does not include theoretical results.788

• All the theorems, formulas, and proofs in the paper should be numbered and cross-789

referenced.790

• All assumptions should be clearly stated or referenced in the statement of any theorems.791

• The proofs can either appear in the main paper or the supplemental material, but if792

they appear in the supplemental material, the authors are encouraged to provide a short793

proof sketch to provide intuition.794

• Inversely, any informal proof provided in the core of the paper should be complemented795

by formal proofs provided in appendix or supplemental material.796

• Theorems and Lemmas that the proof relies upon should be properly referenced.797

4. Experimental result reproducibility798

Question: Does the paper fully disclose all the information needed to reproduce the main ex-799

perimental results of the paper to the extent that it affects the main claims and/or conclusions800

of the paper (regardless of whether the code and data are provided or not)?801

Answer: [Yes]802

Justification: For detailed information, please refer to the "Method" section in Section 3.803

Complete pseudocode can be found in Algorithm 2 and Algorithm 3. Specific experimental804

parameters are discussed in Appendix C.4.805

Guidelines:806

• The answer NA means that the paper does not include experiments.807
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• If the paper includes experiments, a No answer to this question will not be perceived808

well by the reviewers: Making the paper reproducible is important, regardless of809

whether the code and data are provided or not.810

• If the contribution is a dataset and/or model, the authors should describe the steps taken811

to make their results reproducible or verifiable.812

• Depending on the contribution, reproducibility can be accomplished in various ways.813

For example, if the contribution is a novel architecture, describing the architecture fully814

might suffice, or if the contribution is a specific model and empirical evaluation, it may815

be necessary to either make it possible for others to replicate the model with the same816

dataset, or provide access to the model. In general. releasing code and data is often817

one good way to accomplish this, but reproducibility can also be provided via detailed818

instructions for how to replicate the results, access to a hosted model (e.g., in the case819

of a large language model), releasing of a model checkpoint, or other means that are820

appropriate to the research performed.821

• While NeurIPS does not require releasing code, the conference does require all submis-822

sions to provide some reasonable avenue for reproducibility, which may depend on the823

nature of the contribution. For example824

(a) If the contribution is primarily a new algorithm, the paper should make it clear how825

to reproduce that algorithm.826

(b) If the contribution is primarily a new model architecture, the paper should describe827

the architecture clearly and fully.828

(c) If the contribution is a new model (e.g., a large language model), then there should829

either be a way to access this model for reproducing the results or a way to reproduce830

the model (e.g., with an open-source dataset or instructions for how to construct831

the dataset).832

(d) We recognize that reproducibility may be tricky in some cases, in which case833

authors are welcome to describe the particular way they provide for reproducibility.834

In the case of closed-source models, it may be that access to the model is limited in835

some way (e.g., to registered users), but it should be possible for other researchers836

to have some path to reproducing or verifying the results.837

5. Open access to data and code838

Question: Does the paper provide open access to the data and code, with sufficient instruc-839

tions to faithfully reproduce the main experimental results, as described in supplemental840

material?841

Answer: [Yes]842

Justification: All algorithms and dataset generation code will be made publicly available in843

the final published version of this paper.844

Guidelines:845

• The answer NA means that paper does not include experiments requiring code.846

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/847

public/guides/CodeSubmissionPolicy) for more details.848

• While we encourage the release of code and data, we understand that this might not be849

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not850

including code, unless this is central to the contribution (e.g., for a new open-source851

benchmark).852

• The instructions should contain the exact command and environment needed to run to853

reproduce the results. See the NeurIPS code and data submission guidelines (https:854

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.855

• The authors should provide instructions on data access and preparation, including how856

to access the raw data, preprocessed data, intermediate data, and generated data, etc.857

• The authors should provide scripts to reproduce all experimental results for the new858

proposed method and baselines. If only a subset of experiments are reproducible, they859

should state which ones are omitted from the script and why.860

• At submission time, to preserve anonymity, the authors should release anonymized861

versions (if applicable).862
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• Providing as much information as possible in supplemental material (appended to the863

paper) is recommended, but including URLs to data and code is permitted.864

6. Experimental setting/details865

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-866

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the867

results?868

Answer: [Yes]869

Justification: Specific experimental parameters are discussed in Section 4.1 and Ap-870

pendix C.4.871

Guidelines:872

• The answer NA means that the paper does not include experiments.873

• The experimental setting should be presented in the core of the paper to a level of detail874

that is necessary to appreciate the results and make sense of them.875

• The full details can be provided either with the code, in appendix, or as supplemental876

material.877

7. Experiment statistical significance878

Question: Does the paper report error bars suitably and correctly defined or other appropriate879

information about the statistical significance of the experiments?880

Answer: [Yes]881

Justification: For a detailed comparison, please refer to the experimental sections in Sec-882

tion 4.883

Guidelines:884

• The answer NA means that the paper does not include experiments.885

• The authors should answer "Yes" if the results are accompanied by error bars, confi-886

dence intervals, or statistical significance tests, at least for the experiments that support887

the main claims of the paper.888

• The factors of variability that the error bars are capturing should be clearly stated (for889

example, train/test split, initialization, random drawing of some parameter, or overall890

run with given experimental conditions).891

• The method for calculating the error bars should be explained (closed form formula,892

call to a library function, bootstrap, etc.)893

• The assumptions made should be given (e.g., Normally distributed errors).894

• It should be clear whether the error bar is the standard deviation or the standard error895

of the mean.896

• It is OK to report 1-sigma error bars, but one should state it. The authors should897

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis898

of Normality of errors is not verified.899

• For asymmetric distributions, the authors should be careful not to show in tables or900

figures symmetric error bars that would yield results that are out of range (e.g. negative901

error rates).902

• If error bars are reported in tables or plots, The authors should explain in the text how903

they were calculated and reference the corresponding figures or tables in the text.904

8. Experiments compute resources905

Question: For each experiment, does the paper provide sufficient information on the com-906

puter resources (type of compute workers, memory, time of execution) needed to reproduce907

the experiments?908

Answer: [Yes]909

Justification: Specific experimental environments can be found in Section C.3.910

Guidelines:911

• The answer NA means that the paper does not include experiments.912
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• The paper should indicate the type of compute workers CPU or GPU, internal cluster,913

or cloud provider, including relevant memory and storage.914

• The paper should provide the amount of compute required for each of the individual915

experimental runs as well as estimate the total compute.916

• The paper should disclose whether the full research project required more compute917

than the experiments reported in the paper (e.g., preliminary or failed experiments that918

didn’t make it into the paper).919

9. Code of ethics920

Question: Does the research conducted in the paper conform, in every respect, with the921

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?922

Answer: [Yes]923

Justification: We have checked the NeurIPS code of ethics.924

Guidelines:925

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.926

• If the authors answer No, they should explain the special circumstances that require a927

deviation from the Code of Ethics.928

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-929

eration due to laws or regulations in their jurisdiction).930

10. Broader impacts931

Question: Does the paper discuss both potential positive societal impacts and negative932

societal impacts of the work performed?933

Answer: [Yes]934

Justification: The work presented in this paper aims to develop an algorithm to accelerate935

eigenvalue dataset generation. It does not have any direct positive or negative social impacts.936

Guidelines:937

• The answer NA means that there is no societal impact of the work performed.938

• If the authors answer NA or No, they should explain why their work has no societal939

impact or why the paper does not address societal impact.940

• Examples of negative societal impacts include potential malicious or unintended uses941

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations942

(e.g., deployment of technologies that could make decisions that unfairly impact specific943

groups), privacy considerations, and security considerations.944

• The conference expects that many papers will be foundational research and not tied945

to particular applications, let alone deployments. However, if there is a direct path to946

any negative applications, the authors should point it out. For example, it is legitimate947

to point out that an improvement in the quality of generative models could be used to948

generate deepfakes for disinformation. On the other hand, it is not needed to point out949

that a generic algorithm for optimizing neural networks could enable people to train950

models that generate Deepfakes faster.951

• The authors should consider possible harms that could arise when the technology is952

being used as intended and functioning correctly, harms that could arise when the953

technology is being used as intended but gives incorrect results, and harms following954

from (intentional or unintentional) misuse of the technology.955

• If there are negative societal impacts, the authors could also discuss possible mitigation956

strategies (e.g., gated release of models, providing defenses in addition to attacks,957

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from958

feedback over time, improving the efficiency and accessibility of ML).959

11. Safeguards960

Question: Does the paper describe safeguards that have been put in place for responsible961

release of data or models that have a high risk for misuse (e.g., pretrained language models,962

image generators, or scraped datasets)?963

Answer: [NA]964
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Justification: We have checked this and confirmed the paper poses no such risks.965

Guidelines:966

• The answer NA means that the paper poses no such risks.967

• Released models that have a high risk for misuse or dual-use should be released with968

necessary safeguards to allow for controlled use of the model, for example by requiring969

that users adhere to usage guidelines or restrictions to access the model or implementing970

safety filters.971

• Datasets that have been scraped from the Internet could pose safety risks. The authors972

should describe how they avoided releasing unsafe images.973

• We recognize that providing effective safeguards is challenging, and many papers do974

not require this, but we encourage authors to take this into account and make a best975

faith effort.976

12. Licenses for existing assets977

Question: Are the creators or original owners of assets (e.g., code, data, models), used in978

the paper, properly credited and are the license and terms of use explicitly mentioned and979

properly respected?980

Answer: [Yes]981

Justification: The original papers or URLs of the codes, models, and data sets used in this982

article have been cited in the paper.983

Guidelines:984

• The answer NA means that the paper does not use existing assets.985

• The authors should cite the original paper that produced the code package or dataset.986

• The authors should state which version of the asset is used and, if possible, include a987

URL.988

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.989

• For scraped data from a particular source (e.g., website), the copyright and terms of990

service of that source should be provided.991

• If assets are released, the license, copyright information, and terms of use in the992

package should be provided. For popular datasets, paperswithcode.com/datasets993

has curated licenses for some datasets. Their licensing guide can help determine the994

license of a dataset.995

• For existing datasets that are re-packaged, both the original license and the license of996

the derived asset (if it has changed) should be provided.997

• If this information is not available online, the authors are encouraged to reach out to998

the asset’s creators.999

13. New assets1000

Question: Are new assets introduced in the paper well documented and is the documentation1001

provided alongside the assets?1002

Answer: [NA]1003

Justification: All algorithms and assets will be made publicly available in the final published1004

version of this paper.1005

Guidelines:1006

• The answer NA means that the paper does not release new assets.1007

• Researchers should communicate the details of the dataset/code/model as part of their1008

submissions via structured templates. This includes details about training, license,1009

limitations, etc.1010

• The paper should discuss whether and how consent was obtained from people whose1011

asset is used.1012

• At submission time, remember to anonymize your assets (if applicable). You can either1013

create an anonymized URL or include an anonymized zip file.1014

14. Crowdsourcing and research with human subjects1015
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Question: For crowdsourcing experiments and research with human subjects, does the paper1016

include the full text of instructions given to participants and screenshots, if applicable, as1017

well as details about compensation (if any)?1018

Answer: [NA]1019

Justification: The paper does not involve crowdsourcing nor research with human subjects.1020

Guidelines:1021

• The answer NA means that the paper does not involve crowdsourcing nor research with1022

human subjects.1023

• Including this information in the supplemental material is fine, but if the main contribu-1024

tion of the paper involves human subjects, then as much detail as possible should be1025

included in the main paper.1026

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1027

or other labor should be paid at least the minimum wage in the country of the data1028

collector.1029

15. Institutional review board (IRB) approvals or equivalent for research with human1030

subjects1031

Question: Does the paper describe potential risks incurred by study participants, whether1032

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1033

approvals (or an equivalent approval/review based on the requirements of your country or1034

institution) were obtained?1035

Answer: [NA]1036

Justification: The paper does not involve crowdsourcing nor research with human subjects.1037

Guidelines:1038

• The answer NA means that the paper does not involve crowdsourcing nor research with1039

human subjects.1040

• Depending on the country in which research is conducted, IRB approval (or equivalent)1041

may be required for any human subjects research. If you obtained IRB approval, you1042

should clearly state this in the paper.1043

• We recognize that the procedures for this may vary significantly between institutions1044

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1045

guidelines for their institution.1046

• For initial submissions, do not include any information that would break anonymity (if1047

applicable), such as the institution conducting the review.1048

16. Declaration of LLM usage1049

Question: Does the paper describe the usage of LLMs if it is an important, original, or1050

non-standard component of the core methods in this research? Note that if the LLM is used1051

only for writing, editing, or formatting purposes and does not impact the core methodology,1052

scientific rigorousness, or originality of the research, declaration is not required.1053

Answer: [NA]1054

Justification: This paper only utilizes LLMs for writing and editing.1055

Guidelines:1056

• The answer NA means that the core method development in this research does not1057

involve LLMs as any important, original, or non-standard components.1058

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1059

for what should or should not be described.1060
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