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Abstract

Eigenvalue problems are among the most important topics in many scientific dis-
ciplines. With the recent surge and development of machine learning, neural
eigenvalue methods have attracted significant attention as a forward pass of infer-
ence requires only a tiny fraction of the computation time compared to traditional
solvers. However, a key limitation is the requirement for large amounts of labeled
data in training, including operators and their eigenvalues. To tackle this limitation,
we propose a novel method, named Sorting Chebyshev Subspace Filter (SCSF),
which significantly accelerates eigenvalue data generation by leveraging similarities
between operators—a factor overlooked by existing methods. Specifically, SCSF
employs truncated fast Fourier transform (FFT) sorting to group operators with
similar eigenvalue distributions and constructs a Chebyshev subspace filter that
leverages eigenpairs from previously solved problems to assist in solving subse-
quent ones, reducing redundant computations. To the best of our knowledge, SCSF
is the first method to accelerate eigenvalue data generation. Experimental results
show that SCSF achieves up to a 3.5x speedup compared to various numerical
solvers.

1 Introduction

Solving eigenvalue problems is an important challenge in fields such as quantum physics [37]], fluid
dynamics [44], and structural mechanics [S3]]. Traditional numerical solvers, such as the Krylov-Schur
algorithm [49], often suffer from prohibitively high computational costs when tackling complex
problems. To overcome these computational challenges, recent advancements in deep learning
[45. 128 [32]] have demonstrated remarkable success as one forward pass only necessitates a tiny
fraction of the computation time compared to numerical solvers, often in milliseconds.

Despite their success, data-driven approaches face a fundamental limitation: the reliance on labeled
datasets. Training neural networks requires large-scale labeled data, which is often generated using
computationally expensive traditional methods. It usually takes dozens of hours or even days. For
example, the QM9 dataset [40] contains 1.34 x 10° molecular data points, each produced by solving
Hamiltonian operator eigenvalue problems. These calculations typically employ traditional algo-
rithms, whose computational costs can escalate dramatically with increasing problem complexity, like
finer grid resolutions or higher accuracy requirements. This scalability issue represents a significant
bottleneck for generating the labeled data needed to train deep learning models. Furthermore, the
diversity of scientific problems leads to the need for a unique dataset for each scenario, which further
intensifies this challenge of computational intractability. As a result, the high computational expense
of generating eigenvalue data severely limits the application of data-driven approaches [57].

In particular, the dataset generation process typically involves six key steps, as illustrated in Figure
(left). Among these steps, solving the eigenvalue problem is the most computationally demanding
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Figure 1: Left. Generation process of the eigenvalue dataset: 1. Generate a set of random problem
parameters. 2. Derive the corresponding operators based on these parameters. 3. Convert the operators
into matrices using discretization methods. 4. Independently solve for the matrix eigenvalues using
numerical solvers. 5. Obtain the matrix eigenpairs, converting them into the operator eigenpairs. 6.
Assemble the dataset. Right. Results of average computation times across various algorithms based
on the number of eigenvalues solved on the Helmholtz operator dataset.

(step 4), accounting for 95% of the total processing cost [18]. Existing data generation methods
typically compute the eigenvalues of each matrix in the dataset independently. However, operators in
the dataset often share similarities, as they describe related physical phenomena, which can largely
simplify and accelerate the eigenvalue-solving process. Existing approaches, however, fail to leverage
these similarities, leading to significant computational redundancy. Previous works [52, [11]] have
demonstrated the potential of leveraging similarity to significantly reduce generation time of linear
system datasets. However, how to effectively exploit matrix similarity to accelerate eigenvalue
datasets generating remains an unknown problem.

To address this problem, we introduce a novel data generation approach, named Sorting Chebyshev
Subspace Filter (SCSF). SCSF is designed to use the eigenpairs of similar problems to reduce
redundant computations in the eigenvalue solving process, thereby accelerating eigenvalue dataset
generation. Specifically, at the beginning, SCSF employs a sorting algorithm based on truncated Fast
Fourier transform (FFT), which arranges these problems efficiently, enhancing the adjacent correlation
between problems in the queue and laying the groundwork for sequential solving. Then, SCSF
accelerates the convergence of iterations and significantly reduces computation times by constructing
a Chebyshev subspace filter, which solves the problem aided by the eigenpairs from previous problem
solving. The core design of SCSF is to identify and exploit the close spectral distributions and
invariant subspaces within these eigenvalue problems. SCSF coordinates the sequential resolution
of these systems rather than treating them as discrete entities. This improved approach not only
alleviates the computational demands of the eigenvalue algorithm but also significantly speeds up the
generation of training data for data-driven algorithms. We summarize our contributions as follows:

* To the best of our knowledge, SCSF is the first method to accelerate the operator eigenvalue
data generation.

* By using truncated FFT sorting and the Chebyshev filtered subspace iteration, we introduce
a novel approach that transforms dataset generation into sequence eigenvalue problems.

» Comprehensive experiments demonstrate that SCSF substantially reduces the computational
cost of eigenvalue dataset generation. As demonstrated in Figure |1| (right), our method
achieves up to a 3.5x speedup compared to state-of-the-art solvers.

2 Preliminaries

2.1 Discretization of Eigenvalue Problem

Our main focus is on solving the matrix eigenvalue problem, the most time-consuming part of
eigenvalue data generation. As shown in Figure [T] (left), these problems are typically solved by
numerical discretization methods such as FDM [50} 27]]. These discretization techniques embed the
infinite-dimensional Hilbert space of operators into an appropriate finite-dimensional space, thereby
transforming operator eigenvalue problems into matrix eigenvalue problems. We provide a simple
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example to clarify the discussed processes. A detailed process can be found in Appendix [B] Specifi-
cally, we discuss the case that uses FDM to solve the eigenvalue problem of the two-dimensional
Poisson operator, transforming it into a matrix eigenvalue problem:

k(z,y)Viu(z,y) = Au(z, y). ey
We map the problem onto a 2 x 2 grid (i.e., N, = N, = 2 and Az = Ay), where both the variable

u; ; and the coefficients k; ; follow a row-major order. This setup facilitates the derivation of the
matrix eigenvalue equation:

k171 O 0 0 —4 1 1 0 uLl Ul,l
0 /{172 0 0 1 —4 0 1 uir2| _ A U1,2 (2)
0 0 k2’1 0 1 0 —4 1 U2,1 B U211 ’
0 0 0 k272 0 1 1 74 u272 u272
By employing various methods to generate the parameter matrices P = [Z; Z;;] . Such as

utilizing Gaussian random fields (GRF) or truncated polynomials, we can derive Poisson operators
characterized by distinct parameters.

Typically, training a neural network requires a number of data from 102 to 10° [30]. Such a multitude
of eigenvalue systems, derived from the same distribution of operators, naturally exhibit a highly
similarity [48]. It is precisely this similarity that is key to the effective acceleration of SCSF. We can
conceptualize this as the task of solving a sequential series of matrix eigenvalue problems:

A = ADO =1 L i= 1,20 N )
where L is the number of eigenvalues to be solved, IV is the number of eigenvalue problems, the matrix
A ¢ €™, the eigenvector vj(»l) € C",and the eigenvalue %\g»l) eC vary depending_ on the operator.
We define the eigenpairs as (A, V(®)), with A = diag()\gl)7 NN )\(Ll)), V) = [’UEZ)| . |v(Ll)], and
AT < AL

2.2 The Chebyshev Polynomials and Chebyshev Filter

Chebysheyv filtered subspace iteration is closely related to Chebyshev orthogonal polynomials [34]
41]]. Chebyshev polynomials are widely used due to their strong approximation capabilities. The
Chebyshev polynomials C,,, (t) of degree m are defined on the interval [—1, 1] and are expressed as

Cpn(t) = cos(mcos (1)), |t| < 1. 4
C),(t) commonly referred to as the Chebyshev polynomial of the first kind, satisfies the following

recurrence relation:
Crg1(t) = 2tC () — Cr—1 (t). 5)

For a Hermitian matrix A € C™*™ and vectors Y, € C"**, we use the three-term recurrence relation
that defines Chebyshev polynomials in vector form:

Cm+1(YO) = 2Ac’m (1/0) - C’m—l(Y0)7 Om(YO) = Cm(A)YO- (6)
The computation of Cy,(Yy) and the Chebyshev filter is described in Algorithm 1} Let A" denote
the previously solved related matrix, with (A}, v}) in ascending order, and {\;,..., A} } € [o, 8]. In

Algorithm the parameter \ is typically approximated by A}, while ¢ = O‘Tw and e = ﬁ%o‘ represent
the center and half-width of the interval [«, 5], providing estimates for the spectral distribution of A.

Algorithm 1: Chebyshev Filter [5]

Input: Matrix A € C"*", vectors Y, € C"**, degree m € N, and parameters ), c, e € R.
Output: Filtered vectors Y,,, = Cp,,(Y0), where each vector Y, ; is filtered with a Chebyshev
polynomial of degree m.

A=(A—-cl,)/e, o1=¢e/(A—c);
Yl = O’lAYO;
fori=1,...,m—1do
Oiy1 =1/(2/01 — 04);
Yitc1,1:m—1 = Yitm—1, Yit1,mk = 20i41AY i m:k — 0i410:Yi m:ks
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Figure 2: Algorithm Flow Diagram: a. Generation of operators to be solved. b. Discretization
of operators into matrices. ¢. Apply SCSF algorithm to sort matrices, obtaining a sequence with
strong correlations. d. Other algorithms independently solve eigenvalue problems. d1, d2, d3. SCSF
algorithm utilizes Chebyshev subspace iterations to sequentially solve the eigenvalue problems. e.
Assembly of eigenvalue pairs into a dataset. f. Amplification of the interval of interest through spectral
transformation. g. Replacement of initial subspaces with previously solved invariant subspaces.

3 Method

In this section, we introduce our novel method, named the sorting Chebyshev subspace filter (SCSF),
a fast data generation approach that efficiently solves eigenvalue problems by leveraging intrinsic
spectral correlations among operators. SCSF incorporates two key components: (1) a truncated fast
Fourier transform (FFT)-based approach for efficiently sorting operator eigenvalue problems and (2)
the Chebyshev filtered subspace iteration (ChFSI) employed for sequential solving. By integrating
these components, SCSF can use spectral information from the previous eigenvalue problem solving
to aid the next eigenvalue problem solving, thus accelerating the eigenvalue data generation.

We first introduce the sorting algorithm that leverages the spectral similarities and provides the time
complexity analysis in Section . Then we give an introduction to the Chebysheyv filtered subspace
iteration in Section [3:2] Figure [2] shows the overview of our SCSF. Generally, the truncated FFT
sorting algorithm ensures that successive matrices in the sequence exhibit close relations. Then
ordered sequence enables ChFSI to effectively utilize prior information, thereby accelerating the
solution process [5].

3.1 The Sorting Algorithm

To benefit the successive solving sequence of the eigenvalue problem, we need a sorting algorithm
that pulls matrices with similar spectral properties, like invariant subspaces, close enough in the
solving sequence, so that solving the current matrix in sequence can be easily boosted by the previous
solving. Recalling Section eigenvalue problem, the matrix A(*), is generated from the parameter
matrix P(*) [31,28]. A naive strategy is to use the Frobenius distance of the parameter matrices P(?)
to perform a greedy sort [52]]. And by repeatedly fetching without reservation from the remaining
matrix in the dataset, we can reorganize the solving sequence so that the successive solving can
benefit from the re-ordered sequence.

However, the main computational cost of such a naive sorting algorithm arises from repeatedly
calculating the distances between different matrices P, which is directly related to the matrix
dimension—that is, the resolution of operators. Existing works [[17, 28] have shown that the key
variables that affect operators stem from the low-frequency components of the parameter matrices P,
while high-frequency components often represent noise or irrelevant data. Based on this insight, to
reduce computational overhead during sorting, we first perform a truncated FFT on the parameter
matrices to extract the low-frequency information before sorting. We then sort by comparing the
Frobenius distances between these low-frequency components.
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Algorithm 2: The Truncated FFT Sorting Algorithm

Input: Sequence of eigenvalue problems to be solved A(*) € C™*™, corresponding parameter
matrix P() € CP*P j =1,2,---, N, pg is the truncation threshold for low frequencies,
and PI(OZ)U € CPoxPpo,

Output: Sequence for eigenvalue problems seq,,, ;-

Initialize the list with sequence seqo = {1,2,--- , N}, seq,,,; is an empty list;

Set 79 = 1 as the starting point. Remove 1 from seqy and append 1 to seq,,,,+;

fori=1,.--- ,Ndo

Let P;;BU = Truncy, (FFT(P(i))). Perform truncated FFT on matrix P(9) to extract

low-frequency information;

fori=1,--- N —1and dis = 1000 do

for each j in seqy do

dis; = the Frobenius norm of the difference between Pl(;;) and Pl(chl’
if dis; < dis then
| dis = disj and jpin = J;
Remove j,,., from seqg, append jimin t0 s€q,,,,+ and set ig = Jimin;
Get the sequence for eigenvalue problems seq,,, +;

As shown in Algorithm suppose we have N eigenvalue problems, the parameter matrices P(*) €
CP*P, and the low-frequency truncated matrices Pl(;)u € CPo*Po, The computational complexity
of directly using a greedy algorithm is O(N?p?). Our sorting algorithm’s complexity consists of
two main parts: 1. FFT Computation: The complexity of FFT is O(p? logp) per matrix. For N
matrices, this totals O(Np? log p). 2. Greedy Sorting: The subsequent greedy sorting algorithm has
a complexity of O(N?p3). Overall, the total complexity is O(N2p3 + Np*logp). Since py < p
and p < N, our sorting algorithm effectively reduces computational cost.

3.2 Chebyshev Filtered Subspace Iteration

After the sorting algorithm, we obtain a sequence of eigenvalue problems that exhibit strong
correlations between consecutive problems. We employ the Chebyshev filtered subspace itera-
tion [33} 43, 54, [5]] that leverages the eigenpairs (A~ V(i=1)) of the previous problem A(~Y to
accelerate the iterative convergence of the subsequent problem A (), thereby significantly enhancing
computational performance. We focus on the most common scenario in eigenvalue problems where
the operator is self-adjoint; in this case, the corresponding matrix A is Hermitian.

Algorithmoutlines the process of ChFSI for solving the i-th eigenvalue problem A® (1 < i < N)
where L eigenvalues need to be solved. The initial approximate invariant subspace V' *~1) and spectral
distribution A~ are derived from the eigenvectors and eigenvalues of the previous problem A~
in the sequence. The parameter m denotes the polynomial degree in the filter function, e.g., m = 20.
For the first eigenvalue problem A in the sequence, the initial iterative subspace V;, and initial
spectrum Ay are randomly generated.

In 1line 3, the Chebyshev filter is applied using the vector form of Chebyshev polynomials; details
can be found in the preliminaries Section After the Chebyshev filtering step, the vector block Vj
spanning the invariant subspace may become linearly dependent. To prevent this, orthonormalization
is performed (1ine 4) using QR decomposition based on Householder reflectors. Line 5 computes
the Rayleigh quotient of matrix A(*) using the orthonormalized Vos projecting the eigenvalue problem
onto a subspace that approximates the desired eigenspace. In 1ine 6, the reduced eigenvalue problem
is diagonalized, and the computed eigenvectors are projected back to the original problem. At the end
of the Rayleigh-Ritz step, relative residuals of the computed eigenvectors are calculated; converged
eigenpairs are locked, and non-converged vectors are set to be filtered again (1ine 7).

Assuming m is the degree of the polynomial, n is the dimension of the matrix A, and L is the number
of eigenvalues to be solved, the computational complexity per iteration comprises: 1. Chebyshev
filter: O(mn?L) 2. QR factorization: O(nL?) 3. Rayleigh-Ritz procedure: O(n’L + nL? + L3)
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Algorithm 3: Chebyshev Filtered Subspace Iteration

Input: Eigenvalue problem A(), eigenpairs (A=), V(=) of the previous eigenvalue
problem A=) where AG=1 = diag(AS"™", ... (=1,
174G [v§i_1)| e |U(Li_1)], and filter degree m.

Output: Wanted eigenpairs (A, V().

Initialize empty arrays/matrices (A, V), and set Ag = AG—D 1, = V-1,

repeat

Apply Chebyshev filter: Vo = C,,, (Vp):
Perform QR orthonormalization on QR = [V |[V,];
Compute Rayleigh quotient G = QOTA(i)Q;
Solve the reduced problem GW = W]Xo, and update f/o = VOW;
Lock converged eigenpairs into (A, V);
until the number of converged eigenpairs > L;
Return eigenpairs (A, V() = (A, V) ;

4. Residuals check: O(n2L) . Since m > 1 and n > L, the Chebyshev filtering step is the most
computationally intensive.

The acceleration of the Chebyshev filtered subspace iteration heavily depends on selecting approxi-
mate invariant subspaces and eigenvalues that promote rapid convergence in subsequent iterations.
Proper sorting amplifies their impact, reducing the number of iterations required. This underscores
the critical importance of the sorting algorithm in our method.

4 Experiment

4.1 Experimental Settings

To comprehensively assess the performance of our approach SCSF against other algorithms, we
conducted extensive experiments, each simulating the generation of an operator eigenvalue dataset.
We primarily compared the average computation times across different numbers of eigenvalues
solved and various matrix sizes. These tests encompassed four distinct datasets and five mainstream
eigenvalue solving algorithms, with SCSF consistently delivering commendable results. The detailed
data is provided in Appendix [D.I] and the related work is discussed in Appendix [A]

Baseline. Our focus solves the eigenvalue problem of matrices derived from self-adjoint differential
operators, typically consisting of large Hermitian matrices. We benchmarked against the following
mainstream algorithms implemented in libraries widely used: 1. Eigsh from SciPy (implicitly
restarted Lanczos method) [S1} 26]], 2. Locally optimal block preconditioned conjugate gradient
(LOBPCG) algorithm from SLEPc [24, [16], 3. Krylov-Schur (KS) algorithm from SLEPc [49],
4. Jacobi-Davidson (JD) algorithm from SLEPc [46], 5. Chebyshev filtered subspace iteration
(ChFSI) [5}54] with random initialization. For detailed information, please refer to Appendix [C.1]

Datasets. To explore the adaptability of the algorithm across different matrix types, we investigate
four distinct operator eigenvalue problems: 1. Generalized Poisson operator; 2. Second-order elliptic
partial differential operator; 3. Helmholtz operator; 4. Fourth-order vibration equation. For a
thorough description of the datasets and their generation, please refer to Appendix [C.2]

All experiments focus on computing the smallest L eigenvalues in absolute value and their correspond-
ing eigenvectors. For the runtime environment and experimental parameters, refer to Appendix [C.3]
and [C.4] The hyperparameter analysis experiments and the running time of each part of SCSF can be

found in Appendix and

We note that all experiments use relative residual as the metric for solution precision, with its definition
provided in Appendix [C.5] SCSF is a numerical algebra algorithm that allows for adjustable solution
precision as needed. It is purely an acceleration technique and does not alter the solution results at
the specified precision. The solution precision for all experiments is set to at least 1e-8, which is
significantly higher than the typical relative error range of neural networks (le-1 to le-5), making it
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Dataset L | Eigsh LOBPCG KS D ChFSI SCSF (ours)

Poisson 200 14.20 73.03 23.76 270.2 24.00 12.85
2500 300 26.27 151.5 45.95 920.8 38.03 25.61
le-12 400 36.86 265.3 72.32 2691 57.41 33.91

Ellipse 200 41.82 139.2 61.77 414.3 43.90 24.08
4900 300 62.47 264.1 110.5 1446 60.69 29.88
le-10 400 87.19 459.7 188.7 3386 67.13 34.60

Helmbholtz 200 151.7 129.9 98.34 489.6 107.1 31.31
6400 400 253.5 460.4 283.0 3829 121.5 40.52
le-8 600 398.8 1031 329.6 - 146.2 51.32
Vibration 200 397.9 333.7 272.0 1230 300.8 85.70
10000 400 635.6 1170 768.8 - 310.5 107.2
le-8 600 1037 2716 857.8 - 382.3 131.4

Table 1: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms. The first row lists different algorithms, the first column details the datasets,
including matrix dimensions and solution precisions (relative residual), and the second column shows
the number of eigenvalues L computed for each matrix. The best algorithm is in bold. The symbol -’
denotes the result of a method that fails to converge under the given setting.

effectively a ground truth. Therefore, the datasets generated by different numerical algorithms will
not affect the training performance of neural networks.

4.2 Main Experiment

Table E] showcases selected experimental data. From this table, we can infer several conclusions:
First, across all settings, our SCSF consistently has the lowest computation cost. The most significant
improvements appeared in the Helmholtz dataset, where SCSF demonstrated speedups of 8, 20,
6x, 95x%, and 3.5x compared to Eigsh, LOBPCG, KS, JD, and ChFSI algorithms, respectively.
These results confirm that SCSF effectively reduces inherent redundancies in sequential eigenvalue
problems, substantially accelerating operator eigenvalue dataset generation.

Moreover, as the number of eigenvalues L solved per matrix increases, the speed advantage of SCSF
over other algorithms becomes more pronounced. For instance, on the second-order elliptic operator
dataset, when solving for 200 eigenvalues, SCSF is 2.5 times faster than the Krylov-Schur method
and 5.5 times faster at 400 eigenvalues. This efficiency stems from SCSF inheriting approximate
invariant subspaces from previous solutions, effectively leveraging available information to expand
the initial search space. Consequently, SCSF requires minimal additional iterations as L increases,
resulting in modest computation time growth.

Besides, the performance disparity across different
datasets is significant. For example, on the general- [ —
ized Poisson operator dataset, SCSF is only about i
10% faster than Eigsh, yet it leads by 4-7 times 5
on the Helmholtz dataset. This difference can be e
attributed to the numerical properties of different
operators and the matrix assembly formats, which
directly influence algorithmic performance.

Time (s)

10?

- Slepc JD

-4 Scipy Eigsh
Slepc LOBPCG
Slepc KS

We also conducted additional experiments to show

that the impact of the matrix dimension is also X o
significant. Results are shown in Figure [3] SCSF T S0 a0 5000 600 7000 8000 9000 10000
performs noticeably better as matrix dimensions

increase. Below the matrix dimension of 3600, Figure 3: Plot of average computation time ver-
SCSF and Eigsh show comparable efficiency. How- sus matrix dimension for solving 400 eigenval-
ever, beyond 5000, SCSF significantly outperforms ues with a precision of 1e-12 on the generalized
Eigsh and other algorithms. For more details about Poisson operator dataset.

matrix dimension influence, we refer to the results

in Appendix
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This phenomenon can be analyzed from the matrix approximation of operators. For a fixed operator,
its eigenvalues and eigenfunctions are fixed. Different matrix dimensions represent embedding the
operator in different finite-dimensional linear spaces. For a fixed number of eigenvalues L, larger
matrices more accurately approximate the true eigenvalues (the smallest L eigenvalues by absolute
value) of the operator. In other words, larger matrix dimensions result in fewer errors and noise in the
computed eigenvalues, allowing for a clearer demonstration of the similarities between operators.
Consequently, larger matrix dimensions allow SCSF to better exploit the similarities, yielding superior
performance.

4.3 Efficacy of Chebyshev Subspace Filter

L Eigsh Eigsh* LOBPCG LOBPCG* KS KS* D JD*  SCSF (ours)

200 | 151.7 1502 129.9 95.9 98.34 100.6 489.6 760.1 31.31
300 | 208.8  206.3 270.1 199.8 179.9 1852 1803 3101 38.67
400 | 253.5 249.1 460.4 362.1 283.0 2922 3829 6374 40.52
500 | 324.6 3153 717.3 573.7 3142 3174 - - 46.70
600 | 398.8 3947 1031 866.0 329.6  335.7 - - 51.32

Table 2: Impact of initial subspace modifications on average computation time (in seconds) for
different algorithms. **’ denotes the modified version. The first row lists algorithms, and the first
column shows the number of eigenvalues L computed. The best algorithm is in bold, and -’ indicates
the result of a method that fails to converge under the given setting.

To analyze the efficacy of the Chebyshev subspace filter, we conducted the following experiments.
After sorting, the initial vector or subspace for the existing algorithms was set to the eigenvectors
from the previous problem (the modified version ***). We compared the computational time across
different methods. All experiments were conducted on the Helmholtz operator dataset, with a matrix
dimension of 6400 and a tolerance of 1e-8. The results are shown in Table 2l

First, the computation time for SCSF in all experiments was minimal, clearly demonstrating the
efficacy of the Chebyshev subspace filter. This also highlights that the Chebyshev subspace filter is
the optimal choice for leveraging problem similarity to reduce redundancy.

Second, modifying the initial setup had varying impacts on different algorithms. 1. LOBPCG: showed
significant acceleration. Its underlying logic is similar to SCSF, both relying on iterative optimization
of the subspace to solve the problem. The initial subspace has a considerable impact on the solution.
2. Eigsh and KS were almost unaffected. These methods start with an initial vector (rather than a
subspace) and solve the problem through Krylov iteration. In other words, problem similarity only
impacts a vector, with little effect on the overall time. 3. JD showed a performance decline. This is
because its performance is sensitive to the size of the initial subspace. Our modification altered the
default dimension of the initial subspace.

I Time (s) Iteration Flops Filter Flops

w/o sort sort w/o sort sort w/o sort sort w/o sort sort
20 8.248 2.971 19.70 9.880 519.7 298.4 485.8 280.8
100 14.18 9.891 18.77 15.38 1984 1332 1798 970.1
200 18.45 12.85 36.30 33.67 4459 3944 3654 3192
300 34.59 25.61 47.50 39.18 8967 7544 6985 5702
400 42.60 3391 47.43 45.18 12022 11182 9087 8338

Table 3: Performance comparison of SCSF with and without sorting. The first column lists the
number of eigenvalues L computed, while subsequent columns display average computation times,
average iteration counts, total Flop counts, and filter Flop counts. Experiments used the matrix
dimension of 2500 and precision le-12 on the generalized Poisson operator dataset.
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4.4 Efficacy of Sorting Algorithms

We analyze the performance of the sorting algo-
rithm module from two perspectives: 1. Com-
paring the performance of SCSF algorithm with ~ Size
and without ’sorting’ as shown in Table 3| 2.
Evaluating the effectiveness of different sorting ~ 10° 0.114 0.0016  0.0147  0.0163

algorithms as detailed in Tables ] and [5] 10° 7.328 0.0164  1.421 1.438
10* 592.7 0.1658 150.9 151.1

Greedy Truncated FFT Sort (ours)
Total FFT  Greedy Total

We note that if the setting is *w/o sort’, SCSF is
approximately equivalent to directly using the
Chebyshev subspace filter. Unlike the ChFSI
used in the main experiments, the initializa-
tion of each solve in the *w/o sort’ SCSF is
set based on the information obtained from solv-
ing the previous problem (following the default
unsorted sequence).

Table 4: Comparison of average computation times
(in seconds) for different sorting algorithms, with
the first column indicating dataset size. Experi-
ments used the matrix dimension of 6400 on the
Helmholtz dataset.

Firstly, Table 3] indicates that incorporating sorting can improve SCSF speed to 1.3 to 2.8 times,
reduce the number of iterations by 5% to 50%, and decrease total Flops by 7% to 43%. The
effect of sorting is more pronounced with smaller numbers of solutions L. This is because when
L is large, the inherited subspace already contains most of the necessary correlation information,
diminishing the impact of sorting. Moreover, the Flops in the Filter component constitute over 70%
of SCSF’s computational load. A detailed time analysis of different aspects of SCSF can be found
in Appendix [D.3] Additionally, the *w/o sort” SCSF achieves a computational speedup of 1.2 to 1.5
times compared to the ChFSI used in the main experiments. The primary difference lies in their
initialization strategies: ChFSI uses random initialization for each solve, whereas the *w/o sort” SCSF
leverages information from the previous problem for initialization. This indicates that, even without
sorting, there is a certain level of similarity between problems in the dataset. Such similarity can
effectively accelerate the solving process.

Secondly, as shown in Table[d] our designed truncated FFT
sorting algorithm incurs significantly lower time cost com- | wiosort  Greedy — Ours
pared to the complete greedy sorting in SKR [52f], with Time (s) | 66.66 4052 4052
its benefits becoming more pronounced as the dataset size Tteration 10.4 55 55
increases. In the truncated FFT sorting algorithm, the FFT
contributes minimally to computational overhead but sig-
nificantly reduces the time required for subsequent greedy
sorting. Table [5|shows SCSF solution times for matrices
sorted using either greedy or truncated FFT sorting are
nearly identical, highlighting its effectiveness.

Table 5: Comparison of average com-
putation times and iteration counts for
different sorting algorithms using SCSF.
Experiments used the matrix dimension
of 6400 on the Helmholtz dataset, preci-
Furthermore, our experiments show that as long as the sjon le-8, and targeting 400 eigenvalues.
truncated FFT is configured with reasonable parameters

(e.g., truncating at pg = 20, where pg is much smaller

than the dimension p of the parameter matrix P), it achieves excellent performance without the need
for a large po. For related experiments, please refer to Appendix [D.4.3]

5 Limitations and Conclusions

In this paper, we introduced SCSF algorithm. To the best of our knowledge, this is the first method
to accelerate eigenvalue dataset generation by reducing computational redundancy in the associated
matrix eigenvalue problems. The proposed SCSF algorithm significantly reduces the computational
overhead of eigenvalue dataset generation, thereby addressing a major obstacle to the application of
neural networks in scientific computing.

However, several areas warrant further exploration: 1. While this paper primarily focuses on general
eigenvalue problems, extending the method to nonlinear eigenvalue problems requires tailored
designs to achieve optimal computational efficiency. 2. Within the sorting algorithm of SCSF, there is
potential to identify more effective distance metrics tailored to specific operators, aiming to enhance
the correlation and efficiency of the sorted eigenvalue problems.



3

0

311

324

325

327
328

329
330

332

333
334
335

336
337
338

339
340

341

342
343
344

345
346

347
348
349

354
355

References

[1] Khaled Akkad and David He. A dynamic mode decomposition based deep learning technique
for prognostics. Journal of Intelligent Manufacturing, 34(5):2207-2224, 2023.

[2] Daniel J Alford-Lago, Christopher W Curtis, Alexander T Ihler, and Opal Issan. Deep learning
enhanced dynamic mode decomposition. Chaos: An Interdisciplinary Journal of Nonlinear
Science, 32(3), 2022.

[3] Amartya S Banerjee, Lin Lin, Wei Hu, Chao Yang, and John E Pask. Chebyshev polynomial
filtered subspace iteration in the discontinuous galerkin method for large-scale electronic
structure calculations. The Journal of chemical physics, 145(15), 2016.

[4] Albert P Bartdk, Sandip De, Carl Poelking, Noam Bernstein, James R Kermode, Gdbor Csényi,
and Michele Ceriotti. Machine learning unifies the modeling of materials and molecules.
Science advances, 3(12):e1701816, 2017.

[5] Mario Berljafa, Daniel Wortmann, and Edoardo Di Napoli. An optimized and scalable eigen-
solver for sequences of eigenvalue problems. Concurrency and Computation: Practice and
Experience, 27(4):905-922, 2015.

[6] Lipman Bers, Fritz John, and Martin Schechter. Partial differential equations. American
Mathematical Soc., 1964.

[7] L. C. Blum and J.-L. Reymond. 970 million druglike small molecules for virtual screening in
the chemical universe database GDB-13. J. Am. Chem. Soc., 131:8732, 2009.

[8] Johannes Brandstetter, Rianne van den Berg, Max Welling, and Jayesh K Gupta. Clifford neural
layers for pde modeling. arXiv preprint arXiv:2209.04934, 2022.

[9] Steven L Brunton, Bernd R Noack, and Petros Koumoutsakos. Machine learning for fluid
mechanics. Annual review of fluid mechanics, 52(1):477-508, 2020.

[10] Stefan Chmiela, Ale)g_andre Tkatchenko, Huziel E Sauceda, Igor Poltavsky, Kristof T Sch'utt,
and Klaus-Robert M"uller. Machine learning of accurate energy-conserving molecular force
fields. Science advances, 3(5):e1603015, 2017.

[11] Huanshuo Dong, Hong Wang, Haoyang Liu, Jian Luo, and Jie Wang. Accelerating pde data
generation via differential operator action in solution space. arXiv preprint arXiv:2402.05957,
2024.

[12] Lawrence C Evans. Partial differential equations, volume 19. American Mathematical Society,
2022.

[13] Gene H Golub and Charles F Van Loan. Matrix computations. JHU press, 2013.

[14] Zhongkai Hao, Songming Liu, Yichi Zhang, Chengyang Ying, Yao Feng, Hang Su, and Jun
Zhu. Physics-informed machine learning: A survey on problems, methods and applications.
arXiv preprint arXiv:2211.08064, 2022.

[15] Trygve Helgaker, Poul Jorgensen, and Jeppe Olsen. Molecular electronic-structure theory. John
Wiley & Sons, 2013.

[16] V. Hernandez, J. E. Roman, A. Tomas, and V. Vidal. A survey of software for sparse eigenvalue
problems. Technical Report STR-6, Universitat Politecnica de Valencia, 2009. Available at
https://slepc.upv.es.

[17] Philip Holmes. Turbulence, coherent structures, dynamical systems and symmetry. Cambridge
university press, 2012.

[18] Thomas JR Hughes. The finite element method: linear static and dynamic finite element analysis.
Courier Corporation, 2012.

[19] Tomoharu Iwata and Yoshinobu Kawahara. Neural dynamic mode decomposition for end-to-end
modeling of nonlinear dynamics. Journal of Computational Dynamics, 10(2):268-280, 2023.

10



356
357
358
359

360
361

362
363
364

365

366
367
368

369
370
371

372
373

374
375

376
377
378

379
380
381

382
383
384

385
386
387
388

389
390
391

392
393

394
395

396
397
398
399

400
401

402
403

[20] Anubhav Jain, Joseph Montoya, Shyam Dwaraknath, Nils ER Zimmermann, John Dagdelen,
Matthew Horton, Patrick Huck, Donny Winston, Shreyas Cholia, Shyue Ping Ong, et al. The
materials project: Accelerating materials design through theory-driven data and tools. Handbook
of Materials Modeling: Methods: Theory and Modeling, pages 1751-1784, 2020.

[21] Claes Johnson. Numerical solution of partial differential equations by the finite element method.
Courier Corporation, 2012.

[22] Scott Kirklin, James E Saal, Bryce Meredig, Alex Thompson, Jeff W Doak, Muratahan Aykol,
Stephan Riihl, and Chris Wolverton. The open quantum materials database (ogmd): assessing
the accuracy of dft formation energies. npj Computational Materials, 1(1):1-15, 2015.

[23] Charles Kittel and Paul McEuen. Introduction to solid state physics. John Wiley & Sons, 2018.

[24] Andrew V Knyazev. Toward the optimal preconditioned eigensolver: Locally optimal block
preconditioned conjugate gradient method. SIAM journal on scientific computing, 23(2):517-
541, 2001.

[25] Nikola Kovachki, Zongyi Li, Burigede Liu, Kamyar Azizzadenesheli, Kaushik Bhattacharya,
Andrew Stuart, and Anima Anandkumar. Neural operator: Learning maps between function
spaces. arXiv preprint arXiv:2108.08481, 2021.

[26] Richard B Lehoucq, Danny C Sorensen, and Chao Yang. ARPACK users’ guide: solution of
large-scale eigenvalue problems with implicitly restarted Arnoldi methods. SIAM, 1998.

[27] Randall J LeVeque. Finite volume methods for hyperbolic problems, volume 31. Cambridge
university press, 2002.

[28] Zongyi Li, Nikola Kovachki, Kamyar Azizzadenesheli, Burigede Liu, Kaushik Bhattacharya,
Andrew Stuart, and Anima Anandkumar. Fourier neural operator for parametric partial differen-
tial equations. arXiv preprint arXiv:2010.08895, 2020.

[29] Ning Liu, Yue Yu, Huaigian You, and Neeraj Tatikola. Ino: Invariant neural operators for
learning complex physical systems with momentum conservation. In International Conference
on Artificial Intelligence and Statistics, pages 6822—-6838. PMLR, 2023.

[30] Lu Lu, Pengzhan Jin, and George Em Karniadakis. Deeponet: Learning nonlinear operators for
identifying differential equations based on the universal approximation theorem of operators.
arXiv preprint arXiv:1910.03193, 2019.

[31] Lu Lu, Xuhui Meng, Shengze Cai, Zhiping Mao, Somdatta Goswami, Zhongqgiang Zhang,
and George Em Karniadakis. A comprehensive and fair comparison of two neural operators
(with practical extensions) based on fair data. Computer Methods in Applied Mechanics and
Engineering, 393:114778, 2022.

[32] Jian Luo, Jie Wang, Hong Wang, Zijie Geng, Hanzhu Chen, Yufei Kuang, et al. Neural krylov
iteration for accelerating linear system solving. In The Thirty-eighth Annual Conference on
Neural Information Processing Systems.

[33] Thomas A Manteuffel. The tchebychev iteration for nonsymmetric linear systems. Numerische
Mathematik, 28:307-327, 1977.

[34] John C Mason and David C Handscomb. Chebyshev polynomials. Chapman and Hall/CRC,
2002.

[35] Stephan Mohr, William Dawson, Michael Wagner, Damien Caliste, Takahito Nakajima, and
Luigi Genovese. Efficient computation of sparse matrix functions for large-scale electronic

structure calculations: The chess library. Journal of Chemical Theory and Computation,
13(10):4684-4698, 2017.

[36] Takaaki Murata, Kai Fukami, and Koji Fukagata. Nonlinear mode decomposition with convolu-
tional neural networks for fluid dynamics. Journal of Fluid Mechanics, 882:A13, 2020.

[37] David Pfau, Simon Axelrod, Halvard Sutterud, Ingrid von Glehn, and James S Spencer. Natural
quantum monte carlo computation of excited states. arXiv preprint arXiv:2308.16848, 2023.

11



404
405
406
407

409

410
411

412

413
414
415

416

417
418

419
420
421

422
423

424
425
426

427
428

429
430

431

432
433
434
435

437
438
439

440
441
442

443
444
445

446
447
448

449
450
451

[38] Andreas Pieper, Moritz Kreutzer, Andreas Alvermann, Martin Galgon, Holger Fehske, Georg
Hager, Bruno Lang, and Gerhard Wellein. High-performance implementation of chebyshev
filter diagonalization for interior eigenvalue computations. Journal of Computational Physics,
325:226-243, 2016.

[39] Md Ashiqur Rahman, Zachary E Ross, and Kamyar Azizzadenesheli. U-no: U-shaped neural
operators. arXiv preprint arXiv:2204.11127, 2022.

[40] Raghunathan Ramakrishnan, Pavlo O Dral, Matthias Rupp, and O Anatole von Lilienfeld.
Quantum chemistry structures and properties of 134 kilo molecules. Scientific Data, 1, 2014.

[41] Theodore J Rivlin. Chebyshev polynomials. Courier Dover Publications, 2020.

[42] Matthias Rupp, Alexandre Tkatchenko, Klaus-Robert Miiller, and O Anatole Von Lilienfeld.
Fast and accurate modeling of molecular atomization energies with machine learning. Physical
review letters, 108(5):058301, 2012.

[43] Yousef Saad. Numerical methods for large eigenvalue problems: revised edition. STAM, 2011.

[44] Peter J Schmid. Dynamic mode decomposition of numerical and experimental data. Journal of
fluid mechanics, 656:5-28, 2010.

[45] Kiristof T Schiitt, Farhad Arbabzadah, Stefan Chmiela, Klaus R Miiller, and Alexandre
Tkatchenko. Quantum-chemical insights from deep tensor neural networks. Nature com-
munications, 8(1):13890, 2017.

[46] Gerard LG Sleijpen and Henk A Van der Vorst. A jacobi—davidson iteration method for linear
eigenvalue problems. SIAM review, 42(2):267-293, 2000.

[47] Justin S Smith, Olexandr Isayev, and Adrian E Roitberg. Ani-1: an extensible neural network
potential with dft accuracy at force field computational cost. Chemical science, 8(4):3192-3203,
2017.

[48] Kirk M Soodhalter, Eric de Sturler, and Misha E Kilmer. A survey of subspace recycling
iterative methods. GAMM-Mitteilungen, 43(4):e202000016, 2020.

[49] Gilbert W Stewart. A krylov—schur algorithm for large eigenproblems. SIAM Journal on Matrix
Analysis and Applications, 23(3):601-614, 2002.

[50] John C Strikwerda. Finite difference schemes and partial differential equations. SIAM, 2004.

[51] Pauli Virtanen, Ralf Gommers, Travis E. Oliphant, Matt Haberland, Tyler Reddy, David
Cournapeau, Evgeni Burovski, Pearu Peterson, Warren Weckesser, Jonathan Bright, Stéfan J.
van der Walt, Matthew Brett, Joshua Wilson, K. Jarrod Millman, Nikolay Mayorov, Andrew
R. J. Nelson, Eric Jones, Robert Kern, Eric Larson, C J Carey, lhan Polat, Yu Feng, Eric W.
Moore, Jake VanderPlas, Denis Laxalde, Josef Perktold, Robert Cimrman, Ian Henriksen, E. A.
Quintero, Charles R. Harris, Anne M. Archibald, Antonio H. Ribeiro, Fabian Pedregosa, Paul
van Mulbregt, and SciPy 1.0 Contributors. SciPy 1.0: Fundamental Algorithms for Scientific
Computing in Python. Nature Methods, 17:261-272, 2020.

[52] Hong Wang, Zhongkai Hao, Jie Wang, Zijie Geng, Zhen Wang, Bin Li, and Feng Wu. Ac-
celerating data generation for neural operators via krylov subspace recycling. arXiv preprint
arXiv:2401.09516, 2024.

[53] Gege Wen, Zongyi Li, Kamyar Azizzadenesheli, Anima Anandkumar, and Sally M Benson.
U-fno—an enhanced fourier neural operator-based deep-learning model for multiphase flow.
Advances in Water Resources, 163:104180, 2022.

[54] Jan Winkelmann, Paul Springer, and Edoardo Di Napoli. Chase: Chebyshev accelerated sub-
space iteration eigensolver for sequences of hermitian eigenvalue problems. ACM Transactions
on Mathematical Software (TOMS), 45(2):1-34, 2019.

[55] Yagiang Xue, Guoyong Jin, Hu Ding, and Mingfei Chen. Free vibration analysis of in-plane
functionally graded plates using a refined plate theory and isogeometric approach. Composite
Structures, 192:193-205, 2018.

12



452
453
454

455
456
457
458
459
460
461
462
463
464
465
466

467
468
469

470
471

472
473
474

475
476
477

[56]

[57]

[58]

[59]

[60]

[61]

Enrui Zhang, Adar Kahana, Eli Turkel, Rishikesh Ranade, Jay Pathak, and George Em Karni-
adakis. A hybrid iterative numerical transferable solver (hints) for pdes based on deep operator
network and relaxation methods. arXiv preprint arXiv:2208.13273, 2022.

Xuan Zhang, Limei Wang, Jacob Helwig, Youzhi Luo, Cong Fu, Yaochen Xie, Meng Liu,
Yuchao Lin, Zhao Xu, Keqiang Yan, Keir Adams, Maurice Weiler, Xiner Li, Tianfan Fu,
Yucheng Wang, Haiyang Yu, YuQing Xie, Xiang Fu, Alex Strasser, Shenglong Xu, Yi Liu,
Yuangi Du, Alexandra Saxton, Hongyi Ling, Hannah Lawrence, Hannes Stérk, Shurui Gui, Carl
Edwards, Nicholas Gao, Adriana Ladera, Tailin Wu, Elyssa F. Hofgard, Aria Mansouri Tehrani,
Rui Wang, Ameya Daigavane, Montgomery Bohde, Jerry Kurtin, Qian Huang, Tuong Phung,
Minkai Xu, Chaitanya K. Joshi, Simon V. Mathis, Kamyar Azizzadenesheli, Ada Fang, Alan
Aspuru-Guzik, Erik Bekkers, Michael Bronstein, Marinka Zitnik, Anima Anandkumar, Stefano
Ermon, Pietro Lio, Rose Yu, Stephan Giinnemann, Jure Leskovec, Heng Ji, Jimeng Sun, Regina
Barzilay, Tommi Jaakkola, Connor W. Coley, Xiaoning Qian, Xiaofeng Qian, Tess Smidt, and
Shuiwang Ji. Artificial intelligence for science in quantum, atomistic, and continuum systems.
arXiv preprint arXiv:2307.08423, 2023.

Yunkai Zhou, James R Chelikowsky, and Yousef Saad. Chebyshev-filtered subspace itera-
tion method free of sparse diagonalization for solving the kohn—sham equation. Journal of
Computational Physics, 274:770-782, 2014.

Yunkai Zhou and Yousef Saad. A chebyshev—davidson algorithm for large symmetric eigen-
problems. SIAM Journal on Matrix Analysis and Applications, 29(3):954-971, 2007.

Yunkai Zhou, Yousef Saad, Murilo L Tiago, and James R Chelikowsky. Parallel self-consistent-
field calculations via chebyshev-filtered subspace acceleration. Physical Review E—Statistical,
Nonlinear, and Soft Matter Physics, 74(6):066704, 2006.

Yunkai Zhou, Yousef Saad, Murilo L Tiago, and James R Chelikowsky. Self-consistent-field
calculations using chebyshev-filtered subspace iteration. Journal of Computational Physics,
219(1):172-184, 2006.

13



478

479

480
481
482
483
484
485
486
487
488
489

491
492
493

494

495
496
497
498

500
501
502

503
504
505
506
507
508

509
510

511

512

514
515
516
517
518

519
520
521
522
523
524

A Related work

A.1 Eigenvalue Datasets and Neural Eigenvalue Methods

Eigenvalue datasets are widely utilized in neural eigenvalue methods. In molecular chemistry research,
eigenvalue algorithms are commonly employed to determine critical molecular properties, such as
orbital energy levels [23]]. These properties form the foundation of datasets and are obtained by
solving the eigenvalue problem of the Schrodinger equation and the Hamiltonian operator [[15]].
Prominent datasets in this domain include QM7 [7], QM9 [40]], ANI-1 [47]], and MD17 [10]. In
materials science, eigenvalue algorithms are often applied to solve for electronic band structures and
density of states in materials. Representative datasets in this field include the materials project [20]
and OQMD [22]. These datasets have been extensively used to train and validate neural eigenvalue
methods [45] 4, 42], driving advancements in molecular property prediction and materials design.
In fluid dynamics and structural mechanics, eigenvalue algorithms are frequently utilized for modal
analysis. Recently, many data-driven modal analysis algorithms have emerged, requiring eigenvalue
datasets corresponding to differential operators for training [36} [19] 2, 9l [1]]. Additionally, some
studies leverage operator eigenvalue datasets to optimize algorithms. For instance, [32] accelerates
the solution of linear systems by predicting the eigenfunctions of operators.

A.2 Eigenvalue Data Generation Algorithms

Training data-driven algorithms require a large amount of labeled eigenvalue data. Typically, the gen-
eration of these high-precision data is obtained by traditional algorithms. In the field of computational
mathematics, solving operator eigenvalue problems often involves utilizing various discretization
methods such as finite difference methods (FDM) [50], finite element methods (FEM) [[18,[21]]. These
discretization methods transform operator eigenvalue problems into matrix eigenvalue problems,
which are then solved using the corresponding matrix algorithms. For larger matrices, the Krylov-
Schur algorithm [49], Jacobi-Davidson [46], and locally optimal block preconditioned conjugate
gradient (LOBPCG) [24]] are among the most frequently employed algorithms [[13].

Nonetheless, traditional methods were not designed for dataset generation, resulting in high com-
putational costs, which have become a significant barrier to the advancement of data-driven ap-
proaches [57,[14]. Recent data augmentation research [8,[29] has led to the development of methods
that preserve symmetries and conservation laws, enhancing model generalization and data efficiency.
[52, [11]] report acceleration in the process of solving linear equations, thereby speeding up the
generation of PDE datasets.

However, these improvements largely focus on neural networks or the rapid solution of linear
system-based PDEs, without discussing optimizations in the generation of eigenvalue datasets.

A.3 Chebyshev Filter Technique

The Chebyshev filter technique originates from polynomial approximation theory, where the core
concept involves using Chebyshev polynomials to accelerate the convergence of eigenvalues [59]].
This technique constructs a polynomial filter that selectively amplifies spectral components in a
specified interval, thereby speeding up the solution of specific eigenvalues. This technique is
particularly effective in dealing with sequence eigenvalue problems [43|60] and has been applied
in various contexts, such as stability analysis in electronic structure [38,13]] and quantum chemical
computations [35} 158, 61].

Due to the chaotic and disordered nature of eigenvalue problems in the dataset, directly applying the
Chebyshev filter technique fails to accelerate dataset generation. To further adapt this technique to
the generation of operator eigenvalue datasets, we have developed a specialized sorting algorithm that
transforms dataset generation into sequence eigenvalue problems. Throughout the solving process,
eigenpairs obtained from previous solutions are used to construct Chebysheyv filters, accelerating
subsequent solutions.

14



525

526

527
528
529

530
531
532

533
534
535

536
537
538
539

540
541

542
543
544

545
546
547

548

549
550
551

552
553

554
555
556

557
558
559

560
561
562

B From Differential Operator to Matrix Eigenvalue Problem: An Example

B.1 Overview

The general methodology for solving the eigenvalue problems of differential operators numerically,
employing techniques such as Finite Difference Method (FDM), Finite Element Method (FEM), and
Spectral Method, can be delineated through the following pivotal steps [150, [18} 21} 27]:

1. Mesh Generation: This step involves dividing the domain, over which the differential operator
is defined, into a discrete grid. The grid could be composed of various shapes, including squares,
triangles, or more complex forms, depending on the problem’s geometry.

2. Operator Discretization: The differential operator is transformed into its discrete counterpart.
Essentially, this maps the operator from an infinite-dimensional Hilbert space to a finite-dimensional
representation.

3. Matrix Assembly: In this phase, the discretized operator is represented in a matrix form. For linear
differential operators, this involves creating a system of matrix eigenvalue problems. For nonlinear
operators, iterative methods akin to Newton’s iteration are employed, transforming the problem into a
sequence of matrix eigenvalue problems.

4. Applying Boundary Conditions: This involves discretizing and applying boundary conditions
specific to the differential operator in question, which are then incorporated into the matrix system.

5. Solving the Matrix Eigenvalue Problem: This stage, often the most computationally intensive,
entails solving the matrix for its eigenvalues and eigenvectors, which correspond to the eigenvalues
and eigenfunctions of the original differential operator.

6. Obtaining the Numerical Solution: The final step involves mapping the obtained numerical
solutions back onto the original domain, analyzing them for accuracy and stability, and interpreting
them in the context of the initial problem.

B.2 Example

To illustrate how the FDM can transform the wave equation into a system of matrix eigenvalue
problems, let’s consider a concrete and straightforward example. Assume we aim to solve a one-
dimensional wave equation’s operator eigenvalue problem, expressed as
d?u
dz?

over the interval [0, L]. The boundary conditions are u(0) = w(L) = 0, signifying fixed-end
conditions. In this context, u(x) denotes the eigenfunction, and )\ represents the eigenvalue.

= \u,

1. Mesh Generation: Using the central difference quotient, we divide the interval [0, L] into N + 1
evenly spaced points, including the endpoints. The distance between adjacent points is denoted as

— L
AJ:—N.

2. Operator Discretization: This step involves formulating the difference equation. At each inte-
rior node, which excludes the endpoints and totals N — 1 points, we apply a central difference
approximation for the second derivative, represented as

Puu(wipr) = 2u(@i) +u(@io1)
da? (Az)?

3. Matrix Assembly: In this phase, the discretized operator is represented in a matrix form. Following
the approximation, we construct the matrix A, an N — 1 x N — 1 tridiagonal matrix, crucial for the
computations. The matrix A is constructed as:

-2 1 0

|

[\)

—
o OO

(Az)?
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4. Applying Boundary Conditions: For the wave equation with boundary conditions «(0) = u(L) =
0, these fixed-end conditions are integrated into the matrix equation. In the FDM framework, the
values at the endpoints (ug and u ) are zero, directly reflecting the boundary conditions. The impact
of these conditions is encapsulated in the matrix A, affecting the entries related to u; and uy_1
(the grid points adjacent to the boundaries). The tridiagonal matrix A incorporates these boundary
conditions, ensuring that the computed eigenfunctions satisfy «(0) = u(L) = 0.

5. Solving the Matrix Eigenvalue Problem: The final computational step involves solving the matrix
eigenvalue problem, expressed as Au = Awu. This includes determining the eigenvalues A and
corresponding eigenvectors u, which are discrete approximations of the eigenfunctions of the original
differential equation.

6. Obtaining the Numerical Solution: By solving the eigenvalue problem, we obtain numerical
solutions that approximate the behavior of the original differential equation. These solutions reveal
the eigenvalues and eigenvectors and provide insights into the physical phenomena modeled by the
equation.

C Details of Experimental Setup

C.1 Baseline
The baseline algorithms were implemented using the following numerical computing libraries:

* Eigsh: A SciPy (v1.14.1) implementation wrapping ARPACK’s SSEUPD and DSEUPD
functions, which compute eigenvalues and eigenvectors using the Implicitly Restarted
Lanczos Method. The default parameters were used.

* Locally Optimal Block Preconditioned Conjugate Gradient (LOBPCG): Implemented in
SLEPc (v3.21.1) with default parameters.

* Krylov-Schur (KS): Implemented in SLEPc (v3.21.1) with default parameters.

* Jacobi-Davidson (JD): Implemented in SLEPc (v3.21.1). The implementation uses bcgsl’
as the linear equation solver, ’bjacobi’ as the preconditioner, and sets the linear equation
solving precision to le-5.

* ChFSI: Implemented in ChASE (v1.6) with default parameters.

C.2 Dataset

1. Generalized Poisson Operator

We consider two-dimensional generalized Poisson operators, which can be described by the following
equation [28 39} 25| [31]]:
In our experiment, K (z,y) is derived using the Gaussian Random Field (GRF) method. We convert

these operators into matrices using the central difference scheme of FDM. The parameters inherent to
the GRF serve as the foundation for our sort scheme.

2. Second-Order Elliptic Partial Differential Operator

We consider general two-dimensional second-order elliptic partial differential operators, which are
frequently described by the following generic form [12 6]:

Lu = aj1Ugy + A12Ugzy + A22Uyy + A1 UL + Q2Uy + AU = A\u,

where ag, a1, asz,a11,a12, aoo are constants, and f represents the source term, depending on z, y.
The variables u, u,, u, are the dependent variables and their partial derivatives. The equation is
classified as elliptic if 4a11a90 > a,.

In our experiments, a11, as2, a1, as, ag are uniformly sampled within the range (—1, 1), while the
coupling term a2 is sampled within (—0.01,0.01). We then select equations that satisfy the elliptic
condition to form our dataset. We convert these operators into matrices using the central difference
scheme of FDM. The coefficients ag, a1, as, a11, a12, ass serve as the foundation for our sort scheme.
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3. Helmbholtz Operator

We consider two-dimensional Helmholtz operators, which can be described by the following equa-
tion [56]:

V- (p(z,y)Vu(z,y)) + k(2 y) = Mz, y),
Physical Contexts in which the Helmholtz operator appears: 1. Acoustics; 2. Electromagnetism; 3.
Quantum Mechanics.

In Helmbholtz operators, k is the wavenumber, related to the frequency of the wave and the properties
of the medium in which the wave is propagating. In our experiment, p(x, y) and k(x, y) are derived
using the GRF method. The parameters inherent to the GRF serve as the foundation for our sort
scheme.

4. Vibration Equation

We consider the vibration equation for thin plates, which can be described by the following eigenvalue
problem [35]]:

V2(D(z,y)Vu(z,y)) = Mp(z, y)u(z,y),
Physical contexts in which the vibration equation appears: 1. Structural dynamics of thin plates; 2.
Modal analysis in mechanical engineering; 3. Vibrational behavior of elastic materials.

In this equation, D(z, y) represents the flexural rigidity of the plate, p(x, y) is the density distribution,
and A corresponds to the eigenvalue, which is related to the natural frequencies of the system. The
eigenfunction u(x, y) describes the mode shapes of vibration.

In our experiment, D(x,y) and p(z, y) are derived using the GRF method. The parameters inherent
to the GRF serve as the foundation for our sorting scheme.

C.3 Environment

To ensure consistency in our evaluations, all comparative experiments were conducted under uniform
computing environments. Specifically, the environments used are detailed as follows:

¢ Platform: Docker version 4.33.1 (windows 11)

* Operating System: Ubuntu 22.04.3 LTS

* Processor: CPU AMD Ryzen 9 8945HS w, clocked at 4.00 GHz

C.4 Experimental Parameter Configuration

All baseline methods were implemented using their default parameters from respective libraries.
For SCSF, the following configurations were adopted:
* The size of the inherited subspace varies according to the number of eigenvalues to be

computed. Specifically, when calculating 20, 100, 200, 300, and 400 eigenvalues, the
corresponding subspace sizes are set to 4, 20, 40, 60, and 80, respectively.

* The filter degree parameter m is consistently set to 20 across all experiments.
* Truncation threshold for low frequencies py is consistently set to 20 across all experiments.

» Each experiment generates a dataset consisting of 1,000 samples. In this paper, the Experi-
mental tables report the average solving time for each eigenvalue problem.

C.5 Error Metrics

* Relative Residual Error: ~
To estimate the bias of the eigenpair (7, ) predictions, we employ relative residual error as
follows: -

[|£0 — Adl]s

Relative Residual Error = po
|[£9]]2
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Here, v represents the eigenfunction predicted by the model, and A denotes the eigenvalue
predicted by the model. When A is the true eigenvalue and v is the true eigenfunction, the
Relative Residual Error equals 0.

D Experimental Data and Supplementary Experiments

D.1 Main Experimental Data
As shown in Tables[7] [6] Ol SCSF showed the best performance among all tested configurations

L | Eigsh LOBPCG KS JD  ChFSI SCSF (ours)
150 | 9.15 46.8 149 138 17.3 7.95
200 | 14.2 73.0 23.8 270 24.0 12.9
250 | 19.8 109 343 553 30.2 19.0
300 | 26.3 152 45.6 921 38.0 25.7
350 | 315 203 584 1732 458 29.8
400 | 36.9 265 72.3 2691 574 339
450 | 42.8 342 87.3 3708 742 383

Table 6: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms on the generalized Poisson operator dataset. The first row lists different algorithms,
and the first column shows the number of eigenvalues L computed for each matrix. Matrix dimension
= 2500, precision = le-12.

L Eigsh LOBPCG KS D ChFSI  SCSF (ours)
150 | 31.35 91.80 40.65 21480 38.37 19.62
200 | 41.82 139.20 61.77 41430 43.90 24.08
250 | 52.17 197.04 84.65 861.44 5342 28.00
300 | 62.47 264.10 110.50 1446.00 60.69 29.88
350 | 74.59 355.18 147.01 232488 64.94 31.52
400 | 87.19 459.70 188.70  3386.00 67.13 34.60
450 | 100.28 577.67 235.56 4629.38 76.32 40.05

Table 7: Comparison of average computation times (in seconds) for eigenvalue problems using various
algorithms on the second-order elliptic operator dataset. The first row lists different algorithms, and
the first column shows the number of eigenvalues L computed for each matrix. Matrix dimension =
4900, precision = le-10.

L Eigsh LOBPCG KS D ChFSI  SCSF (ours)
200 | 151.70 129.90 98.34  489.60 107.12 31.31
300 | 190.84 273.08 192.88 1601.08 113.73 37.78
400 | 253.50  460.40  283.00 3829.00 121.53 40.52
500 | 344.60  720.33 310.21 - 135.73 47.41
600 | 398.80 1031.00  329.60 - 146.24 51.32

Table 8: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms on the Helmholtz operator dataset. The first row lists different algorithms, and the
first column shows the number of eigenvalues L computed for each matrix. Matrix dimension = 6400,
precision = le-8. The symbol ’-’ denotes data not recorded due to excessive computation times.
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L | Eigsh LOBPCG KS JD  ChFSI SCSF (ours)
200 | 3979 333.7 272.0 1230 300.8 85.70
300 | 516.8 750.0 520.0 3600 305.0 96.50
400 | 635.6 1170 768.8 - 310.5 107.2
500 | 820.0 1950 810.0 - 350.0 120.0
600 | 1037 2716 857.8 - 382.3 1314

Table 9: Comparison of average computation times (in seconds) for eigenvalue problems using
various algorithms on the Vibration operator dataset. The first row lists different algorithms, and
the first column shows the number of eigenvalues L computed for each matrix. Matrix dimension
= 10000, precision = le-8. The symbol ’-’ denotes data not recorded due to excessive computation
times.

D.2 Analysis of the Influence of Matrix Dimension

Matrix Dimension Eigsh LOBPCG KS JD ChFSI  SCSF (ours)
2500 36.86 265.30 72.32 2691.00 57.41 33.91
3600 66.41 387.20 116.50 2990.00 1024 65.41
4225 89.13 467.74 151.36  3548.13  126.2 70.79
4900 121.90 546.20 187.80  3886.00 153.5 74.23
5625 186.21 691.83 251.19 - 216.8 85.11
6400 282.80 860.00 337.70 - 282.2 93.86
8100 707.95 1412.54 707.95 - 435.1 114.82
10000 3162.28  2511.89  1995.26 - 590.3 158.49

Table 10: Comparison of different algorithms’ computation time (in seconds) for varying matrix
dimensions using the generalized Poisson operator dataset. Results show average computation times
for solving 400 eigenvalues with a precision of le-12.

As demonstrated in Table[T0] the impact of matrix dimension on algorithm performance reveals several
key insights. For matrices below dimension 3600, SCSF and Eigsh show comparable efficiency.
However, SCSF’s advantages become increasingly pronounced as matrix dimensions grow larger.
At dimension 10000, SCSF achieves remarkable speedups: 20x faster than Eigsh, 16 x faster than
LOBPCG, 13 x faster than KS, and 3.7 x faster than ChFSI. This phenomenon can be attributed to
how larger matrix dimensions result in fewer errors and noise in the computed eigenvalues, allowing
SCSF to better exploit similarities between problems. Additionally, the JD algorithm becomes
computationally intractable at and above dimension 5625, while SCSF maintains stable performance
even at high dimensions.

D.3 Analysis of Computational Times for SCSF Components

All Filter (line 3) QR (line4) RR (line5) Resid (line 6) Sort
9.89¢+0 7.41e+0 3.12e-1 9.76e-1 7.95e-1 1.51e-2

Table 11: Analysis of Computational Times (in seconds) for SCSF Components.

We conducted a statistical analysis of the average time consumption for each component of the SCSF
algorithm on the generalized Poisson operator dataset, with a matrix dimension of 2500 and the
number of eigenvalues to be solved set to 100. The results are presented in Table The notation
"line x" within parentheses corresponds to line x in Algorithm [3] "ALL" denotes the total time
consumption, and "sort" represents the average time required by the sorting algorithm. It is evident
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that the filtering process accounts for over 70% of the total time consumption, which aligns with our
theoretical analysis in Section [3.2]

D.4 Analysis of Hyperparameters

D.4.1 Degree Parameter

Deg 12 16 20 24 28 32 36 40
Time (s) 43.92 39.79 40.52 40.64 40.85 41.13 41.19 43.50

Table 12: Average Computational Times (in seconds) of SCSF under Different Degree Parameters m.

We investigated the impact of different degree parameters m on the performance of SCSF. As shown in
Table[T2] the experiments were conducted on the Helmholtz operator dataset with a matrix dimension
of 6400, a solution accuracy of le-8, 400 eigenvalues to be solved, and an inherited subspace size
of 80. The degree parameter m, as described in Algorithm [3] primarily controls the order of the
Chebyshev polynomial. The results indicate that varying m within the range of 12 to 40 has a minimal
effect on the computation time of SCSF. Therefore, as long as m is chosen within a reasonable range,
its specific value does not significantly influence the performance. In the main experiments of this
paper, m is fixed at 20.

D.4.2 Subspace Dimension

Dim 50 60 70 80 90 100 110 120
Time (s) 43.28 4435 4243 4052 39.65 37.43 38.28 38.58

Table 13: Average Computational Times (in seconds) of SCSF under Different Subspace Dimension.

We examine the influence of different inherited subspace sizes on the performance of SCSF. As
presented in Table[I3] the experiments are conducted on the Helmholtz operator dataset with a matrix
dimension of 6400, a solution accuracy of le-8, 400 eigenvalues to be computed, and a degree
parameter m set to 20.

The results demonstrate that as the inherited subspace size increases, the computation time of SCSF
initially decreases and then rises, reaching its minimum around a size of 100. The reduction in
computation time at the front end is attributed to the enriched initial subspace with more available
information as the inherited subspace grows. Conversely, the increase in computation time at the
back end is due to the significantly higher overhead of performing Chebysheyv filtering with a larger
inherited subspace.

Overall, as long as the inherited subspace size is set within a reasonable range, its impact on SCSF
remains minimal. In our experiments, we consistently set the inherited subspace size to 20% of the
number of eigenvalues to be computed.
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D.4.3 Truncation Threshold for Low Frequencies

Nosort po =10 p9g=20 po=30 pyo=40 Greedy

One-sided distance 0.95 0.89 0.85 0.85 0.85 0.85
Sort time (s) 0 110 151 193 246 593
Average solve time (s) 66.7 52.2 40.5 40.5 40.5 40.5

Table 14: Average Computational Times (in seconds) of SCSF under Different Truncation Thresholds.

We measure the similarity between matrices by computing the cosine of the principal angles between
their 10-dimensional invariant subspaces (spanned by the smallest 10 eigenvectors in modulus) (one-
sided distance). Smaller values indicate higher similarity. As presented in Table[T4] the experiments
are conducted on the Helmholtz operator dataset with a matrix, a solution accuracy of le-8, 400
eigenvalues to be computed, and a degree parameter m set to 20, 10k data problems, parameter matrix
P with dimension p = 80, and varying truncation frequencies pg

The results demonstrate that sorting significantly increases inter-problem correlation in the dataset
(explaining the performance gain). The truncation parameter pg affects sorting time, sorting quality,
and solver time. For py > 20, solver time becomes stable, showing diminishing returns. This reflects
the interplay between sorting and Chebyshev iteration. In the main experiments of this paper, pg is
fixed at 20.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [ Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
¢ Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The claims are put in the abstract and Section [I]
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: For further details, please refer to the "Limitations and Conclusions" section,
found in Section
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Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

e The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: For more information, please see Section[3.1]and Section [3.2]
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: For detailed information, please refer to the "Method" section in Section E}
Complete pseudocode can be found in Algorithm [2]and Algorithm 3] Specific experimental
parameters are discussed in Appendix [C.4]

Guidelines:

* The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All algorithms and dataset generation code will be made publicly available in
the final published version of this paper.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Specific experimental parameters are discussed in Section [4.1] and Ap-
pendix[C.4]

Guidelines:

» The answer NA means that the paper does not include experiments.
* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: For a detailed comparison, please refer to the experimental sections in Sec-
tion[d]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Specific experimental environments can be found in Section[C.3]
Guidelines:

* The answer NA means that the paper does not include experiments.
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9.

10.

11.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have checked the NeurIPS code of ethics.
Guidelines:

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The work presented in this paper aims to develop an algorithm to accelerate
eigenvalue dataset generation. It does not have any direct positive or negative social impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
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Justification: We have checked this and confirmed the paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The original papers or URLs of the codes, models, and data sets used in this
article have been cited in the paper.

Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: All algorithms and assets will be made publicly available in the final published
version of this paper.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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15.

16.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: This paper only utilizes LLMs for writing and editing.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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