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Abstract

We consider the problem of K-armed dueling bandits in the stochastic setting,
under the sole assumption of the existence of a Condorcet winner. We study the
objective of weak regret minimization, where the learner doesn’t incur any loss if
one of the selected arms is a Condorcet winner—unlike strong regret minimization,
where the learner has to select the Condorcet winner twice to incur no loss. This
study is particularly motivated by practical scenarios such as content recommen-
dation and online advertising, where frequently only one optimal choice out of
the two presented options is necessary to achieve user satisfaction or engagement.
This necessitates the development of strategies with more exploration. While
existing literature introduces strategies for weak regret with constant bounds (that
do not depend on the time horizon), the optimality of these strategies remains
an unresolved question. This problem turns out to be really challenging as the
optimal regret should heavily depend on the full structure of the dueling problem
at hand, and in particular on whether the Condorcet winner has a large minimal
optimality gap with the other arms. Our contribution is threefold: first, when said
optimality gap is not negligible compared to other properties of the gap matrix, we
characterize the optimal budget as a function of K and the optimality gap. Second,
we propose a new strategy called WR-TINF that achieves this optimal regret and
improves over the state-of-the-art both in K and the optimality gap. When the
optimality gap is negligible, we propose another algorithm that outperforms our
first algorithm, highlighting the subtlety of this dueling bandit problem. Finally,
we provide numerical simulations to assess our theoretical findings.

1 Introduction

We consider an instance of the problem of sequential and active learning from comparisons - namely
dueling bandits. It can be modeled as a sequential game where, at each time, a learner presents to a
user a pair of two items and collects feedback, which is a noisy indication of the user’s preference
between the two items. If neither of the presented items aligns with the user’s top choice, the learner
incurs a loss. Preference-based learning has gained importance recently as it reflects human decision-
making processes, which often rely on relative rather than absolute evaluations. This approach
is notably effective in systems that involve human interaction, where feedback is provided in a
qualitative form [[7]. In the dueling bandit setting, initially presented by [19]], the compared items
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are called “arms” and there are K of them. This setting is structured as an ongoing sequential game
with time horizon 7', where in each round ¢ < T, the learner selects two arms (items) indexed by
i,j € [K], and receives the result of a duel between these arms as feedback. The result of each duel
is encoded by 1 if the first arm - in our case arm ¢ - beats the second one - in our case arm j - and 0
otherwise. This result follows a Bernoulli distribution with unknown parameter ¢; ;. Specifically,
this paper focuses on the stochastic scenario where the parameters governing the duels are assumed
to be constant throughout the game, albeit unknown to the learner. The literature on the stochastic
dueling bandits is very rich and contains various settings that differ from our paper either in optimal
arm characterization or the definition of rewards.

In contrast to the classic multi-armed bandit problem, defining the optimal arm in dueling bandits is
not straightforward. This led to the introduction of various definitions of winners within the literature
as detailed in the surveys [2 [16} [17]]. Our study focuses on situations where there is an arm k* € [K]|
that, on average, defeats all other arms: formally, gz ; > 1/2 for any j € [K] \ {k*}. This arm is
termed the Condorcet winner while we refer to it as optimal in the rest of the paper. In the context of
dueling bandits, particularly the cumulative regret minimization problem, most of prior works either
made the assumption of the existence of a Condorcet winner [24, 23] 110, 8 14, [14} [15] or the stronger
assumption of the exitence of a total order between arms [[18 20 |4].

Once the concept of the optimal arm is established, the next step is to define the objective. Rather
than identifying the best arm, our goal is to minimize the cumulative loss. To this end, we must
determine the loss incurred each round based on the two arms selected by the learner. The dueling
bandit literature distinguishes between two primary types of losses: strong loss and weak loss, as
described by [18]]. With strong loss, the learner must select the Condorcet winner twice to avoid
any loss (noting that the feedback in this case is equivalent to a fair coin flip). In contrast, weak
loss requires only one of the selected arms to be the Condorcet winner. Formal definitions of weak
and strong regrets are provided in Section [2| In many practical scenarios, such as recommendation
systems and online advertising [6, 3], minimizing weak regret aligns more closely with the learner’s
objectives than strong regret minimization. For example, consider a situation where the learner
operates as a service provider, presenting two options to a client who then chooses their preferred
option. In this framework, the learner should incur a loss only if neither option matches the client’s
preference, encouraging exploration and maximizing information gain. While previous research in
dueling bandits has primarily focused on minimizing strong regret, developing optimal strategies
for minimizing weak regret remains an unresolved issue despite prior works [4} [12], as highlighted
in the survey [2]]. Further details on the technical distinctions between these two objectives will be
discussed in the next sections.

In this paper, we focus on minimising the weak regret. We provide a lower bound for this problem in
a specific regime where the Condorcet winner beats largely the other arms. We provide an algorithm
that matches it. Nevertheless, it is not optimal in all regimes, and we highlight this by providing
another algorithm that performs better in some interesting regimes.

2 Problem setting

We consider K arms. Let Q = (¢; j)1<i,j<x € [0, 1]5*X be the matrix of preference probabilities
where the probability of arm ¢ beating arm j in a duel corresponds to g; ;. We assume that q; ; =
1—g¢;;andg;; =1/2forall4,j € [K]. Define A; j :=¢q; ; — % Notably, the sign of A; ; indicates
the relative preference between arms 7 and j (specifically, 7 is preferred over j if A; ; > 0). The
quantity A; ; characterizes the hardness of distinguishing which of the arms (z, j) is preferred to the
other. We denote A := (A, ;) the gap matrix. The only assumption made in this paper is regarding
the existence of a Condorcet winner, which we denote £* for the remainder of this paper:

Assumption 2.1. Existence of a Condorcet winner: There exists an arm k* € [K| such that:
We consider that at each time ¢t = 1,2, ..., the learner chooses two arms (I, J;) based on past
information and receives the output of a duel between the chosen arms. More formally, the output is

a sample from a Bernoulli distribution with parameter ¢, j,, independent of everything else after
conditioning on (I, J;). We consider that after each round ¢ the learner incurs a loss given by:

Ziw) = min{Ag~ 1,, A1, 1,



which we term the weak instantaneous loss, following [18]]. Another concept of instantaneous loss
that is often considered in the literature is the strong instantaneous loss [18 [1, [24], where at round

t the learner incurs the loss £§S) = (Ag~1, + Ag= 4,)/2. Note that when it comes to the weak
instantaneous loss, in contrast to the strong instantaneous loss, the learner does not incur any loss
if at least one of the two chosen arms is the Condorcet winner, I; = k* or J; = k*, while for the
strong instantaneous loss, both arms need to be the Condorcet winner in order for the learner to not
incur a loss. We finally define the weak expected cumulative regret up to time 71" by for the weak

instantaneous loss by R;") = Zthl E[ﬁgw)], which we term weak regret. Similarly, we define the
strong regret as Réf) = Zthl E[Egs)].

3 Literature review and our contributions
3.1 Related work

When it comes to the stochastic dueling bandit literature, much of the prior work has been devoted
to the goal of minimizing the strong regret, under the assumption of a total order between the arms
[19,[18] or only under the assumption of the existence of a Condorcet winner [24, 23] 10} |8, [12]]. We
detail nevertheless those results here as, since the strong regret upper bounds the weak regret, all
algorithms and upper bounds that are available for the strong regret also hold for the weak regret.
In [8]], an instance-dependent lower bound for strong regret was established:

E {Rgf)} Ape o+ Ape s
liminf ———3 > min % (1
T—oo log(T) 27 €0k 247,

where O, = {i € [K] | ¢;,x > 1/2}. This work also introduces an algorithm that asymptotically
matches this lower bound as 7' — +oo. However, in finite-horizon, their regret bound has a
quadratic dependence on the number of arms K. Deriving bounds that scale linearly with K has
been the subject of several works [23,[10], In particular, [[14] devised a reduction to a standard (but
adversarial) multi-armed bandits problem. They obtained guarantees on the strong regret which are
of the order ) . £k log(7T")/ Ak~ k- This regret bound turns out to match (I)) in scenarios where the
Condorcet winner is also the arm that is best for eliminating all other sub-optimal arms, namely
where Ay~ = max; A; ;. In more general cases, the last upper bound of [14] does not match the
lower bound given in (I).

Weak regret itself was introduced in [18]] to model in a more refined way some recommender systems
applications. As mentioned, it is upper bounded by the strong regret so that all described algorithms
and associated regret upper bounds would also hold for the weak regret. However, a distinction was
made in [4] regarding the fundamental nature of these two problems. While the problem-dependent
optimal order of the strong regret scales as log T" (see above) - which is aligned with classical results
in stochastic bandits - there exist some algorithms whose problem-dependent weak regret is upper
bounded by a quantity that does not depend on 7" - which is in sharp contrast with classical results
on stochastic bandits. Specifically, [4] introduced an algorithm called WS-W, which, under the
sole assumption of the existence of a Condorcet winner, achieves an upper bound on weak regret
of the order K2 / min;; Ai i More recently, in [12]], the Beat The Winner (BTW) algorithm was
introduced. BTW adopts a round-based approach where the best arm so far keeps being challenged
through batches of duels by candidate arms. Assuming only the presence of a Condorcet winner, this
algorithm achieves an upper bound on weak regret of the order K2 + K/ min; s+ A%*7 ;- Finally,
under the additional and arguably the strong assumption of the existence of a total order between
arms, the upper bound can be proven to be of order (K log K)/ min;«;|A; ;|°. In summary, the
dependency on the optimal regret on both K and on the matrix A still remains largely unknown.

From a technical standpoint, developing optimal strategies in the weak regret framework underlies
different challenges than the ones for the strong regret. This complexity arises because losses in the
strong regret framework are linear in the problem parameters (the gaps matrix entries (A; j)1<; j<K):

égs) = (Ag+ 1, + Ag+ 5,)/2, whereas in weak regret, the loss is determined as the minimum gap with

the client’s preference: ng) = min{Ag~ 1,, Ag~_y, }, Which breaks linearity. As a result, classical
reduction methods as the one used in [[1} [14} [15] are not directly applicable for weak losses.



3.2 Main contributions
In this paper, we address the following fundamental question:

(i) What is the best possible weak regret one can achieve in terms of K and the gaps (A- 71-)# P
to the Condorcet winner?

(i) Beyond that, is it possible to improve the regret by leveraging over the unknown entries of
the matrix A? As a simple toy example, assume that the gaps Ay« ; are small and that,
some gaps (A; ;) for 4, j # k* are much higher. In that regime, it is perhaps more beneficial
to explore the O(K?2) duels between all arms to better discard sub-optimal arms than simply
to directly look for the Condorcet winner. This informal argument suggests the optimal
guarantees depend in an intricate way on the number of arms K and the gaps (A; ;) and that
there is a complex trade-off between directly aiming for the Condorcet winner and further
exploration for better elimination.

To address the first question, we provide a lower bound on the weak regret, which, to the best of our
knowledge, is the first of its kind for this problem. We demonstrate that in certain cases, where in
particular the gaps between the Condorcet winner and the sub-optimal arms are larger than the gaps
between sub-optimal arms, the bound K/ min;zp+ Ag« ; is not improvable (see Section .

We introduce and analyze two new procedures. First, we provide in Section [4.1] an algorithm
WR-TINF (Weak Regret-Tsallis INF) whose weak regret is bounded by

K 1
\ | : (2)
mln#k* Ak*ﬂ' zgk:* Ak*,z

This can be upper-bounded by K /(min; .« Ay« ;). This improves over the state-of-the art [4} [12]
(where bounds are respectively of the order of K2/ min;; A?’ jand KK 2+ K/ min; - Ai*’i) both
in the dependency with respect to K and the gaps. Also, we do not require the strong stochastic
transitivity assumption, required in [ ZH Conversely, the bound K/ min;zp+ Ap« ; turns out to be
impossible to improve in general —see Section 3]

Second, we introduce in Section4.2]the algorithm WR-EXP3-IX (Weak Regret EXP3-IX), which,
from an heuristic viewpoint aims at eliminating sub-optimal arms by looking at duels between
sub-optimal arms. For any A, its weak regret is at most of the order of

2
ik* Aj*(i)n‘

. €)

where j*(i) € arg max; Ajiand A, = mingyg+ Ag- . In the case, where the gaps Aj. ;) ; are
larger (up to log-terms) than Ay« Z\/I? , the regret guarantee (3)) for WR-EXP3-IX becomes smaller
than () for WR-TINF. Up to our knowledge, WR-EXP3-IX is the first algorithm in weak regret
minimization that builds upon the complete structure of the gaps matrix A to lower the regret.

To further discuss the difference between the performances of both procedures, let us consider a toy
model where, for some positive constants, A, and Ay, we have, for any ¢ # k*, Ap«; = Acw,
that is the gap between the Condorcet winner and the sub-optimal arms. Besides, for any i # k*,
there exists j*(¢) such that A« ;) ; = Agp. We distinguish two main regimes: (a) If Ay /Agup >
1/V/K, then the weak regret of WR-TINF is the better one and is of the order of K/A.,. (b) If
Acy/Agp < 1/ V'K, then a transition occurs. To show that an arm k is not the Condorcet winner,
then it now becomes beneficial to identify arms that provide the most evidence for the suboptimality
of k. Here, WR-EXP3-IX achieves the better guarantee which is (up to log terms) of the order of
K2(Acw [A%)-

The presented algorithms use different techniques: we develop WR-TINF using an adaptation of the
standard reduction technique (discussed in Section[4.1). We extend the idea of using a best-of-both
worlds procedure as a base algorithm to sample each of the two arms I; and J;. However, since only
one of the sampled arms should be optimal, we modify the sampling distribution prescribed by the

’The strong stochastic transitivity assumption implies that there is a total order between the item, namely if ¢
is preferred to j (¢;,; > 1/2) and j is preferred to k (g;,x > 1/2), then ¢; 1, > max(g; j;, ¢;,x), see [2].



base algorithm to induce more exploration. The second procedure, WR-EXP3-IX, uses a different
approach. Given the value of the left arm I; (selected in a round-robin manner), we use the EXP3-IX
algorithm [L1]] to select the right arm J;. Then after a fixed number of rounds, the choice of J; (given
the value of I;) concentrates around the arm with highest probability of defeating it. We leverage
the fact that when I, is the Condorcet winner, the gaps are positive, while for sub-optimal arms the
minimal gap is negative.

4 Upper Bounds

This section presents two algorithms with guarantees on weak regret. Recall that we present two
strategies since we identified two regimes as discussed in Section [3.2] Each of the algorithms we
present is optimal in one of the regimes and none of them require prior knowledge on the problem
parameters.

The first algorithm, WR-TINF, is built upon an adaptation of the reduction technique to a standard
multi-armed bandit problem. Its upper bounds depend on the gaps between sub-optimal arms and
the Condorcet winner (Ag~ 1 )re[x]- As demonstrated in the results of Section this algorithm is
optimal for some regimes.The second procedure, WR-EXP3-IX, aims for the task of identifying, for
each arm, the arm that can eliminate it most rapidly (i.e., the arm with the largest gap). While this
strategy results in a quadratic dependence on K, we argue that it outperforms WR-TINF for some
instances.

4.1 Algorithm 1: Weak Regret Tsallis-INF

We adopt a previously explored approach [[1} 115} [14], where the dueling bandit problem is converted
into two separate multi-armed bandit problems - one for each arm pulled. This reduction was
originally applied in the context of strong regret. However, adapting this approach to weak regret
requires a more nuanced approach.

The idea of reducing a dueling bandit problem to a standard one was first introduced in [1]] where it
was termed Sparring in the context of minimizing strong regret. The high-level idea of this technique
is to view the problem of selecting the the arm pair (I, J;) as two individual multi-armed bandit
(MAB) problems. The choice of I; (resp. J;) can be performed by the first (resp. second) player,
following which they incur a loss denoted (_1 ¢ (1) := X, (I, J;) (xesp. £41,(Je) = 1= Xy (I3, i),
where X (I, J;) ~ Ber(qr,,,) . Here the subscript —1 (resp. +1) refers to the first (resp. second)
player. It is easy to show that the regret of each player R 7 satisfies the following identity, where

R(TS ) is the strong regret of the dueling bandits problem:

o 1
E[RY)] = SER_17 + Ryl (4)

The last identity reveals that the dueling bandits problem can be addressed using a ‘black-box’
strategy, where each player is allowed to use a standard Multi-Armed Bandit (MAB) algorithm. In
[L], the authors selected the EXP3 algorithm, which provides guarantees suitable for worst-case
scenarios. It’s important to note that achieving problem-dependent bounds is not possible when the
players use stochastic MAB procedures such as Upper Confidence Bounds algorithms, as the losses
experienced by the first player, for example, are not stationary. In a later work, [14] implemented
a best-of-both-worlds MAB algorithm, specifically the online mirror descent with the Tsallis-INF
regularizer [22]. This approach is effective because, from the perspective of the first player, the loss
distribution, although variable, is not entirely arbitrary. This is due to the second player’s strategy of
minimizing their own regret, which involves concentrating on sampling distributions that approximate
those associated with the optimal choice, corresponding to the Condorcet winner.

Adopting the reduction above to solve the weak regret dueling bandit problem seems however
insufficient due to several reasons. First, Equation @) shows that minimizing the strong regret, and
minimizing the regrets of individual players is equivalent. Second, the weak regret can be significantly
smaller than the strong regret. This is because selecting the Condorcet winner just once is sufficient
to suffer zero instantaneous weak regret while leaving the second arm free to explore and gain
information about the problem. This is not the case in the strong regret minimization where both
selected arms have to be Condorcet winners to incur zero instantaneous strong regret. This suggests
that the algorithms that are optimal for strong regret cannot be expected to be optimal for weak regret.



For the task of minimizing weak regret, we follow the intuition presented in [14], which involves using
a best-of-both-worlds procedure consisting of online mirror descent with the Tsallis-INF regularizer.
However, as previously argued, minimizing weak regret necessitates increased exploration, requiring
an adjustment to the sampling scheme, denoted as p; = (pr.;)1<i< K, suggested by these strategies.
Our algorithm first performs an internal step where two arms, I; and .J/, are sampled independently
from the distribution p; over [K], without playing them. We consider two cases: If I} = J/, we
infer that p; lacks sufficient exploration. In this case, we use the left arm I; for exploitation by
sampling it from p;, and the right arm J; for exploration. This approach reduces to a decoupled
exploration-exploitation problem in standard multi-armed bandits, as studied in [13]]. The authors
in [13]] developed a strategy where exploitation is carried out using p;, while exploration follows a

distribution r; with ry ; o pf’/i?’. They further demonstrated that this strategy, using Tsallis entropy

regularizers with a power of 2/3, provides instance-specific bounds independent of the time horizon 7'.
In the second case, if the internal step results in I # J/, we consider that p; adequately encourages
exploration, and both I; and J; are sampled from p;. In summary, given that I] and .J/ are sampled
from p;, we employ the following strategy:

Ifr;£J: Iy ~p and J; ~ py 5)
Ifr;=J: Ii~p; and J; ~ 74,
where 7, = (7 1) is a distribution over the set [K] defined as follows: for each k € [K]:
2/3
Py g
Tek = Ktiz/s 6)

Zi:l Py

Observe that arms with small probability p; , have a higher chance of being sampled under r,.
Hence, the distribution r; encourages more exploration, which will be beneficial for the weak regret.
Finally the losses fed to the online mirror descent procedure are estimated using the importance
weight estimators:

. 1(J; =k) Xy (k, I

() o= WL =BT @

qt,k

where, i, = py if I} # J{ and q; 1, = 1y 1 if I} = J;. We dedicate SectionllE]in the appendix to
develop guarantees on the resulting modified online mirror descent with Tsallis regularizer using the
sampling scheme described above.

Algorithm 1 WR-TINF

Input: «, Learning rates (1)
init: ﬁo =0.
fort=1,... do

compute:

1 K P — ap;
py = argmin { (p, Ly—1) — — E e
peSK-1 n = ol —a)

(®)
where SE—1 is the K-dimensional simplex
Sample I] and J; independently following p;
if I; = J| then
Sample I; following p; and J; following r; in (6).
else
Sample [; and J; independently following p;
end if . . . .
Play (I, J;), for each k € [K] compute ¢;(k) using (7) and update: L;(k) = Li—1(k) + £+(k)
end for

Remark 4.1. The sampling method used in WR-TINF may occasionally result in selecting the same
arm twice (I, = Ji), which is not ideal for weak regret minimization. However, WR-TINF’s design
ensures that the probability of this event is small enough to maintain the presented guarantees, which
are optimal in scenarios that we describe. While we could modify the algorithm to prevent entirely
that I, = J;, such a modification would not enhance our theoretical guarantees significantly.



Theorem 4.2. Consider Algorithmwith a=2/3andn, = 2K~Y/%/\/t. For any T > 1, the weak

regret satisfies:
K 1
E[ (w)i| < ,
B = ‘Va. 2 AVE®
k#k* ’

where c is a numerical constant and A, = mingp« Apx .

We obtain an upper-bound on weak regret of the order of O(y/K/A, /D gk 1/ Ak 1). In the

setting where all the gaps for the Condorcet winner are constant, the upper bound above translates to
O(K/Acw). The last optimality result is shown in Theorem /5.1

4.2 Algorithm 2: Weak Regret-EXP3-I1X

This algorithm uses the Implicit Exploration strategy (EXP3-IX) [[L1]], which is adapted specifically
for the dueling bandits problem. At its core, the algorithm selects one arm (left arm ;) for exploitation
and another (right arm J;) for exploration. Given Iy, .J; is selected following the EXP3-IX procedure.
We chose the EXP3-IX algorithm (restated in Section[D.2]of the Appendix), particularly the version
without a fixed horizon for technical reasons, namely its bounds on cumulative loss that hold with
high probability. To clarify the notation used: in each round, we observe the result of the duel between
I; and J;, denoted by X (I, J;). The variable X;(4, j) represents the duel outcome between arm ¢
and arm 7 in round .

The algorithm operates across multiple stages, where each stage n > 1 is defined by a threshold
value B = 2"~!, updated through a doubling technique. At every stage, given B, we consistently
select the left arm as I; = 14, and consider a standard Multi-Armed Bandit problem where the
choices are the duels between arm ¢ and the other arms in [K]] \ i. Specifically, these choices relate
to the variables X, (i, j) — 3 : j € [K] \ i. Recall that E [X,(7,j) — 1] = A, ;, and the optimal
arm, which minimizes cumulative loss, is j*(i) = argmin;¢(g\; A; ;. The cumulative loss after
executing EXP3-IX for this specified problem over u rounds is denoted by S(, n, ).

u+T

Stinu)i= 3 (Xsu,Js)—;),

s=T174+1

where 7 represents the round at which the procedure starts. We continue the procedure until the value
of S(i,n,u) reaches the threshold — B+/u. When this threshold is met, we transition to the next arm,
i + 1, and address the duels involving this new arm. A stage is completed once all arms have met this
stopping criterion, allowing the algorithm to advance to the next stage, n + 1.

The underlying rationale of the algorithm is as follows: consider stage n, by design of the algorithm,
if ¢ is a sub-optimal arm, then after a constant number of rounds, the process S(i,n,u) mimics
a random walk characterized by a negative drift of A; ;«(;) < 0. We demonstrate that S(i,n, u)
typically reaches the threshold —B+/u when w is approximately of the order max{ K, B}/ A?* (i).i

In contrast, the process S(k*, n, u), which is linked to the Condorcet winner, has a positive drift. We
show that the probability of the last process never meeting the threshold —B+/u for some u > 1
is less than min{1, exp(—B?)log(1/A,)}, where A, = minjj- Ay ;. Consequently, there is a
high probability that, at some stage, the algorithm will be trapped in a loop where the left arm is the
Condorcet winner leading to zero regret when considering weak regret.

Theorem 4.3. Under the assumption of the existence of a Condorcet winner, the weak regret of

Algorithm 2] satisfies:
KApe s

A? ’

E [R(Tw)} < clog(K/A.)
ktk= 3% (k)k

where for each k # k*: j*(k) € arg max; Aj g, Ax = Milggps Apsp and ¢ =
¢’ max{1,logloglog(K V 16)} with ¢ being an absolute constant.
The complete proof is presented in Section [D]of the supplementary material.

Comparison with WR-TINF: Intuitively, WR-EXP3-IX is designed to outperform WR-TINF when
the gaps between sub-optimal arms are more important than the gaps with the Condorcet winner. In



Algorithm 2 WR-EXP3-IX

Initialization: B < 1 and for all i: n; < 0, S(i) < 0.
fort=1,... do
fori=1,...,Kdo
while S(i) > —B./n; do
Run EXP3-IX algorithm on the problem with variables {X (i, k) — % : k € [K]\ {i}},
after each round, update the cumulative loss S(¢) and the number of rounds n;.
end while
Re-initialize: S(i) « 0, n; < 0.
end for
B+ 2B.
end for

this case, as argued in Section the algorithm should explore the K2 duels to detect sub-optimal
arms. More rigorously, consider an example where the gaps satisfy: For all i # k*: Ag- ; = Agy
and max;-p+ Aj; = Agp, Where Ag, and Ay, are positive constants. Then the upper bound in
Theorem|4.3|is of order K?A.,/A2,. The last bound is sharper than the bound for WR-TINF (which

sub*

is of order K /A.y), when we have Agp/Acw > 1/\/?

5 Lower Bound

In this section, we provide a lower bound on the largest weak regret of any algorithm, when confronted
with a given set of dueling bandit problems, which we will discuss below.

Let Ay € (0,1/4) denote a positive number. For a dueling bandits problem, define the class of
problems D(A.,) by the set of matrices M representing the gaps (A, ;);; such that M is skew-
symmetric and there exists some k* € [K] (representing the Condorcet winner) such that:

Vi 75 k* Mk*z = Acw and V’L,j 7& k* ‘Mi,j‘ < Acw-

The introduced class of matrices D(A,y, ) includes many natural instances, such as when the gaps
satisfy the general identifiability assumption. This assumption states that for each sub-optimal arm j,
the arm with the highest probability to beat j is the Condorcet winner £™: i.e., k* € arg min;¢(x; Ay
It has been considered in prior works such as [21]] and more specifically it is implied by strong
stochastic transitivity assumption (Section 3.1 of [2]).

Theorem 5.1. Fix K > 6, A, € (0,1/4). The weak regret of an algorithm A satisfies:

E Rr| >
. Baralfr] = ez,

when T > ¢/ K/A2 . Here c and ¢’ are numerical constants.

The result in Theorem [5.1] proves that Algorithm|T]is optimal for the considered instance, particularly
highlighting that linear scaling with K is optimal in this case. In the lower bound, we assumed
uniform gaps between the Condorcet winner and the sub-optimal arms (equal to A.y). A potential
improvement would be to develop a lower bound that depends on all the gaps with the Condorcet win-
ner (Ag- ;)ic[k]- Additionally, a more general lower bound should discard the general identifiability
assumption. As previously argued, if the gaps between sub-optimal arms are large compared to the
gaps with the Condorcet winner, it becomes easier to explore the K2 duels to detect the sub-optimality
of the arms and focus decision-making on the Condorcet winner.

6 Experiments

In this section, we perform a numerical evaluation of WR-EXP3-IX and WR-TINF algorithms in
three different scenarios that favor different algorithms according to the prior theoretical results. As
a benchmark for our experiments, we utilize the state-of-the-art algorithm for weak regret, WS-W
[4]. Additionally, we include one of the best-performing algorithms for strong regret, Versatile-DB
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Figure 1: Performance of algorithms in different scenarios

[14], to demonstrate that optimizing for strong regret does not necessarily translate into optimal weak
regret performance. For each of the experiments, we plot the mean regret over 20 iterations together
with 0.2 and 0.8 quantiles. All the experiments in this section use theoretical values of parameters
for the algorithms. The runtime of each algorithm and iteration is in terms of minutes on a personal
computer.

Scenario 1: weak regret under SST (Figure @ We consider here: K = 30, T = 10000,
¢ij =1—¢qjr =0.8fori,j € [K]suchthat ¢ < j. In this scenario, we have a small number of
arms and the SST holds - the arm with the lower index always wins with probability 0.8. This favors
WS-W and WR-EXP3-IX algorithms. On the other hand, WR-TINF is a explores less, this results in
larger regret for small K while the algorithm shines as K grows.

Scenario 2: Strong and weak regret comparison without SST (Figures[Ibjand[Ic). We consider
here: K = 150, T = 100000, g~ ; = 0.9 for every i € [K]\ {k*}, ¢;; = 0.9 (resp. ¢; ; = 0.1)
fori,j € [K]\ {k*} suchthati < jand (i + j) =0 mod 2 (resp. (i + j) =1 mod 2). In this
scenario, we have a moderately large number of arms and SST does not hold - each arm, except
for the Condorcet winner, wins against approximately K /2 (every other index) other arms with
probability 0.9 and loses to the other arms with probability 0.1. This should still favor WR-EXP3-I1X
algorithm but lack of ordering makes WS-W algorithm perform slightly worse. Algorithm WR-TINF
slightly closes the gap in weak regret thanks to the increased number of arms. This can be seen in
Figure[Tb] For completeness of comparison, we also plot strong regret of the algorithms, see Figure
Naturally, algorithms WS-W and WR-EXP3-IX suffer linear strong regret since they never play
the same arm twice. However, WR-TINF performs well even with extra exploration, needed for weak
regret, compared to Versatile-DB.

Scenario 3: large number of arms, no SST (Figure @ We consider: K = 400, T' = 50000,
qr=; = 0.9 for every i € [K|\ {k*}, ¢;; = 0.9 (resp. ¢;; = 0.1) for ¢,j € [K]\ {k*} such
that i < jand (i +j) =0 mod 2 (resp. (i +j) =1 mod 2). The same setup without SST as
in Scenario 2 but with a larger K. Better scaling with K gives algorithm WR-TINF an edge over
algorithms WS-W and WR-EXP3-IX while WS-W still suffers from the lack of SST.



Remark 6.1. On the variance of the WS-W algorithm: WS-W is a round-based procedure where
the selected arms, "winner and challenger," duel in batches of iterations. The length of each batch
increases with the number of duels won by the selected arms so far. When an arm loses, it is replaced
by a contender chosen from the remaining arms. Once the set of candidate arms is exhausted, the
process is repeated. In numerical experiments, particularly with a large number of arms (Scenario 3
in the simulations section), we observe that in some unfortunate cases, especially in the early stages,
the CW may lose its duels. This results in a large number of iterations before it is picked again as a
contender, leading to very high weak regret for the procedure. Although such outcomes are infrequent,
they significantly impact the empirical variance of the weak regret of WS-W.

7 Conclusion and limitations

In this work, we addressed the problem of weak regret analysis under the assumption of a Con-
dorcet winner. We showed that, it is impossible in general to achieve a weak regret smaller than
K /(min; £+ Ag+;) and we introduced the procedure WR-TINF which achieves this bound. The
second algorithm, WR-EXP3-IX, employs a more aggressive exploration strategy by querying the
K? duels. We show that in some cases, this approach, despite inducing a quadratic dependence on K
can outperform WR-TINF, because it better adapts to the gaps between suboptimal arms. This is
the first work in duelling bandit with weak regret that establishes how that the full matrix A can be
leveraged in the regret.

This work gives rise to several open questions. While WR-TINF is optimal in certain instances,
developing algorithms that fully adapt to the underlying problem parameters remains a significant
challenge.
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8 Appendix / supplemental material

A Preliminary results for Algorithm 1]

A.1 Preliminary Lemma:

Lemma below upper-bounds the weak regret of Algorithm 2]

Lemma A.1. Ler an algorithm A’ playing in each round the pair of arms (I}, J]) observing only
the feedback of the duel between arms (I, J;) sampled following the scheme in ). Let A be an

algorithm playing in each round the pair (I, J;) and observing the feedback X (I, J;). let Rgf)A,

w)

denote the strong regret of A’ and R% 4 the weak regret of A. We have:

E[RY) <E|REL]

Proof. For t € [T observe that following Algorithm 1} we have:
E [min{Ak*,It; Ak*,Jt}] = ]P (I{ 7é Jg) E [min{Ak*Jt; Ak*,Jt}‘ Ié 7é Jt/]
+ P (It/ = Jf/) E [min{Ak*Jt; Ak*7Jt}| I; = Jf/]
<P (Itl # Jé) E {min{Ak*’u; Ak*,J{}} +P (It/ = Jé) E {Ak*,Ig}

AN T FAVERS

<P(I, #J)E 5

+P (I = J)) E [Ap 1]

Ak*,[{ + Ak*ﬂ’t’
2

We used in the second line the fact that conditionally to the event {I; # J;}, (I, J;) are sampled
independently from p; (same distribution as (I}, J})), and conditionally to the event {I; = J/}, I} is
sampled from p;. The result follows by summing over ¢ € [T]. O

A.2 Additional Lemmas:

Lemma below states that the reduction proved in Theorem 2 of [[14] is still valid in our setting. Recall
the notation:

T
R/—l,T = Zél—l,t<jt/) - él—l,t(k*)
t=1

T
/+1,T = Z%—Lt(ﬂ) - g-l,t(k’*),
t=1

where ¢'_ | (k) = X;(J{, k) and £, ; ,(k) = X¢(I{, k).
Lemma A.2. Theorem 2 of [[I4] The expected strong regret of algorithm A’ satisfies:

. 1
E[R(T)A/] = iE [RI—I,T + Ri&-l,T:|
—E R,z

Moreover, we have:

E [R',LT} = iE Z IR TAVER®

t=1 | ktk*

12



Proof. We have

We used in the second line the fact that: ¢, , + ¢, , = Xy (I}, J;) + X¢(J{, I})

E [R/—l,T + Ri&-LT} =

E

B0 (1) = 0 ((K*) + 0 (J]) —
t=1
T -
SR |1 (#0067 + k)
t=1 -
T
ZE Ak*,[{+Ak*}J£:|
t=1
2[R, |

Furthermore, observe that for any ¢ € [T]:

E[¢0,(1) = €0 (k)| = E [Xu(2}, J)) = Xo(k", )]

—E [X,(J}, I}) — X, (k*, T))]
= [01,(J]) = €100k

(k)

C))

where we used the fact that I} and J] are sampled independently from the same distribution. Therefore
we have summing over ¢:

E [Rl—l,T} =E { i&-l,T}

Now let us prove the last identity of the lemma. We have

1

E[R., ]

EMQT

+ Ri&-l,T}

N = N

M=

t

1

E |:Ak*,I£ =+ Ak*7‘]t/:|

[M]=

We used in the last equality (9), and the fact that I, ~ J] in the fourth.

Epmd

~
I

1

I
[M]=

t

1 kstk~

Z E [pe,t Dk k] -

O

Recall the notation: ¢;(k) := X;(k, J}), which corresponds to the loss of the learner playing k& when
the environment chooses J;. Recall the expression of the importance weights estimator introduced in

() in the main body:

where,

_ L (1; # J;)
i,k = P(

ooy V(= k) X(k, 1)

Ve(K) -
t( ) qt,k

)

1 (1 = J))

Ji=k| I} # 7))

1
P@:Mﬂ:ﬂ»

We provide the following expressions of the probabilities used in the definition above. we have that
I{ and J{ are sampled independently following p; = (p¢,k)ke[k]:

P(J,=k| I, #J) =pis

P(J,=k|I=J)=

2/3

Py i
K

2/3°

i=1Pt,i

13



Lemma A.3. We have for any k € [K]:

Etfl[gt(k)] =Ei [éé(k)} )
where B;_1[.] corresponds to the expectation at round t given the past information.
Proof. We have

_— 1(Je = k)L (I # J) X (k, Iy) 1(J = k)1 (I = J)) Xi(k, I,)
Ei1[6 (k)] = Ei— [ P(Ji=k| I, £ 7)) ] E;y [ B (k|1 =J)) ]

Term 1 Term 2

Calculating Term 1: We have

Term 1 =E,_ 4 l]l (Ji=k)1 (It/ # Jt/) Xt(k,]t)‘|

P(J,=k|I]#J))

1(J, = k) Xy (k, I,)
=P (I} # J)E._ I+ J]
(157é t) t—1 P(Jt:k|ll{7éjt,)|t7ét
1(Jy = k) Xy (k, J))
=P (I} # J)) Ee_ 2N
(t?é t) t—1 P(Jt:k;‘],g;ét]t/)‘t#t

=P (I, # J)) Ee1[le(k) | I} # J{],

where we used in the third line the fact that conditionally to I; # J/, we have I; ~ J].

Calculating Term 2: We have

=E; 1 P(J;=k|I]=1J])

1(J; =k) Xe(k, L

P (= By | =R XL
P(Jy=k|I]=J)
]l (Jt = k) Xt(k J/)

=P (I, = J))E; U =]

(t t)tl]P’(JtZkU{:J{)‘t t
=P (It/ = Jt/) Et—l[ét(k) | I} = Jy).
The conclusion follows by summing the obtained expressions. O

B Analysis for the modified OMD with Tsallis regularizer

B.1 The Setting:

The online mirror descent with Tsallis regularizer in the standard coupled exploration and exploitation
case was analyzed in [22]] and in the decoupled exploration and exploitation setting in [[13]]. In this
section, we develop guarantees in the case where exploration and exploitation are partially coupled
via the sampling scheme that we employ, which is restated in Algorithm[d] Note that to be compatible
with our setting for dueling bandits, we need to make some modifications to the game protocol for the
problem of regret minimization. More precisely, we assume that in each round ¢ instead of choosing
a sequence of numbers, the environment chooses a sequence of distributions for losses. The incurred
and observed losses are sampled independently from the sequence chosen by the environment. Note
that this change doesn’t affect the definition of the pseudo-regret, which is the quantity of interest
here, since the definitions involve expectations. We present in Algorithm 3]the game protocol of this
game.

14



Algorithm 3 Game Protocol

fort=1,... do
The player chooses two distributions p; = (ps,x)ke[x] and q: = (gz,x)re[x] Over [K].
Concurrently, the environment chooses K random distributions with support in [0, 1] denoted
(Lt.k)ke(K)-
The player plays an arm A, sampled following p; and incurs an unseen loss /; 4, sampled from
L,
The player samples an arm B; following g; and observes an independent fresh sample /; g,
from the distribution £; g, .

end for

Remark B.1. The only difference between the game protocol above and the one used in [13] is that
in our setting we assume that the observed losses and the incurred losses are independently sampled
from some distribution, while in [\I3|] the losses that are observed and incurred are the same.

We define the pseudo-regret with respect to k as follows:

T

T
Rr = ZE [ﬂt,At] — mkinIE th,k
t=1

t=1
We denote by k* := argmin, E [ZtT:l Et,k} .

We consider the stochastically constrained adversarial setting where we have for some positive
numbers (Ag):
T
Z > E[pis] (10)
t=1 kth

B.2 The Algorithm:

Following [22]], we consider a follow-the-regularized leader (FTRL) approach using

1 w — awy
W) =~ 30 Lo

—~ a(l-aq)
as regularizers where (1)) is a sequence of positive numbers and @ € (0, 1).

More specifically, following the analysis of decoupled exploration and exploitation in [13]], we focus
on the case where o = 2/3. We introduce the following loss estimators:

1(Bi=k)

Vi e [T),k € [K], by =
qt,k

O ks Y

Recall that following Game Protocol Zt’ i and ¢, i, are independent and follow the same distribution
Ly .

We define our exploration distribution g; by:

1(B,=k) 1({B;=k}andE;) 1 ({B;=k}and Ef)

o (1) (2) ’
qt k qt,k

(12)
qt,k

where F; is some internal event specified by the learner based on past information and some internal
randomization. In Algorithm 4] below, E; corresponds to the event {A; = Bj;} where A; and B; are

independent and sampled from [K] following p;. Ef denotes the complementary to E}. (qt(lk) )ke[K]

and (qﬁ) )ke[k) are probability distributions defined by:

i) =P (B = k| E)
qizk)flP’(Bt:MEf).
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(€))

) := py,1.. Define the probability ¢

We define the probability (qt(lk) Jke[x] bY: @ i i as follows:

p2/3

2 . t,k

UWr = Sk /3 (13)
Zi:l pt,/i

Algorithm 4 Partially coupled Tsallis-INF

InputA: (T)i=1,2,...
init: Lo = 0.
fort=1,... do
choose p; = arg max, {(pa —Ly1) - \I/t(p)}
Sample A; from [K] using p;.
Play A; and suffer ¢; 4,.
Sample B; independently from [K] using p;.
if B, # A, then
Sample B, according to p;.
else
Sample B; according to (qt@k) ) defined in (T3).
endif
Observe ¢, p, (loss having the same distribution as ¢; p,)
Compute ¢ ;. using (TT) and update L.
end for

Theorem B.2. Suppose the regret satisfies the self-constraining condition (10). The pseudo-regret of

Algorithmwith a=2/3m = QK\;;/(S, U (w) = f% Do If(;_as;l, satisfies:

K 1

< _ _—

Rr < ey RV > AL
k#k*

where A, = mingp~ Ay, and c is a numerical constant.

Proof. Following previous works, we decompose the expected regret into the stability and penalty
terms using the potential ®; defined by:

1
q)f(—L) = wg}g%(x—l <’LU, —L> —|— E Z
k=1

wi — awy
a(l—a) [’

where S~ 1 is the set of probability weights on [K]. Let L; = Zle 0y, where /, is defined by (TT).
We have

T T
Rr=E Z&,At + (I)t(_f/t) - q’t(—f/tfl) +E Z ét(_ﬁtfl) — (I)t(_f/t) — L=t
t=1 t=1

stability penalty
Recall that we have:

T
Rr = Z Elpt k] A

&

Il
—
I
*
B
*



Therefore:

T
RT = QRT — Z Z E[pt7k]A

t=1 k#£k*
T 1 T
=2E | lia, + o(—Ls) — ©4(—Li) 52 Elpx]A
t=1 t=1 k#k*
Term 1
T 1 T
+2E | D> @o(—Li1) = Pe(—Le) — g | =5 D D ElpeslA
t=1 t=1 k#£k*

Term 2

Let us bound each term separately.

Bounding the term corresponding to the penalty: Term 2 Let 7, > 1. We have using Lemma

WE 9 B[]’ 1
Term2 < —— SKYSZERL R [p] A 14
erm 2 < B +tzzlz;; 1 NG D) [Pt,] (14)
2/3 12/3
< 9{ S o S [ae BT L,
t=1 i£k* t=To+1 i#k* \/i
<R \/KT0+ Z > KI/GLf?E [pe.i] A
t=To+1i£k* Vi
1/6,2/3 )
< 9VKT, + Z Zmax{gK —Azzz}, (15)
t=To+1i£k* AVt

where we used in the third line Jensen’s inequality on the concave function x — /3, giving:
> izk- Elp 2/3] < K'/3 and the fact that 5°,°, 7 <2VT.

Bounding the term corresponding to the stability: Term 1 We have using Lemma [B.3)

T
Term 1 <2 nE (1_pt,k*)zpz}/i3+[(1/az 2/3 _,ZZ (i) A

t=1 i#k* i#k* t=1 itk*

T 1/6
ZZ lﬂ( (1= pew )y — pm i +ZZE
itk

273 1
Pt/z *pt,iAi

P Vit o 1
T
4K —1/6 2 - 1
3 S E [t - |+ 2 S [

=1k t=1 £k

Term 1.1 Term 1.2

1
+ Z ZEl 2/3_4pt,iAi‘|a
t=To+1 i#£k*
Term 1.3

where we used the definition of 7; from line 1 to line 2.

17



The Terms 1.2 and 1.3 can be upper bounded using the same derivation as in the previous calculations
for Term 1, where we obtained (T3) from (T4):

Ie I2+Ie 5< \/K} + E E - .
t=Tyo+1 Z#k

Let us bound Term 1.1. Let T := [256K 1. We have

4K~1/6

13 1 1
NG (1 —Puk*)pt,i - Zpt,i

SVLURIAY
4pt,

AK—1/6 3
(1 —pt,k*)Pi,/i -

Ail+ > Y E 7

t=T+11#k*

Term]l—ZZIE

t=1 i#k*

Lett > T, recall that Zfil pt,; = 1, therefore using Jensen’s inequality for the concave function
1/3
x — z'/3, we have: D itk pt/l < K303 e pri) 3 = K?3(1 = py g )/3

4K —1/6 s 1 K1/ 1
Z E (1= pewe)pys” — 7peali| <4——(1 = pei=) K>3 (1 = prpe) "/ = 2AL(1 = pyye)
LT i 7 i
A, 1
< 1 (1 —pep)*® - EA*(l — Ptk*)

IN

0,

where the the second line follows from the fact that ¢ > 7, and the last line from the fact that
pri+ € [0, 1]. We conclude that

T
4K_1/6 1
Term 1.1 < Z Z E l ﬁ (1 —pt,k*)pz,/is - 4pt,iAi]

4K7Y6 15 1
\/f Py Zpt,iAi

where we used Lemmato obtain the last line. Using Zil t=3/4 < 4T1/4 we have

7 1/4
T 1.1<1 —
erm <100 (K)

Next we use the definition of 7', then Jensen’s inequality for the concave function 2 — 1/ to have:

> 7w

i#£k*

Term 1.1 < 400
FZW

ik

< 400,/ Z A (17)
i#£k*

We conclude combining (T6) and (I7) that:

1/6 ,
Term 1 < 400,/ > K + 8/ KTy + Z > max 4K 2 B (18)

2>0 4
i£k* t=To+1 i#£k*
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Conclusion: Combining the bounds in (I8) and (]E) we have:

1/6 :
+17\/KT0+ Z Z {I\(f z2/3—3f1z}. (19)

z;ék* t=Tot+1ith*

Ry <400

Using Lemma[F4] we have:

T T 3 —
TK/6 3A; TK/6 3A;
o /3_ T < o 1
I?Zaé{{\/{z 42}—Z<\/z (4)

t=To+1 t=To+1

< 610 Z t3/2A2.

t=To+1

‘We conclude that

1/6 |
Z S max { TR s 3?%} <610VE 3 Si(T), 20)

t=To+1 i£k* ik*

where S;(T') := Zt:TOH <z1573- Let us bound the quantities S;(T"). We have for any i # k*:

=< 1
Sz‘(T)S Z W

t=To+1 ¢

1 [t 1
< —dt

T AN

Next, we re—inject the bound above on inequality (20) and obtain

Z S { TKYS s 3?12} < 610VE Y 54(7)

220

t=To+1i£k* — i£k*
< 1220VK
Y s
We take 1 1
Ty := —. 21
i£k*
Therefore:

TK1/6 3A;
Z Zmax{ 223 1 }<1220\FZA2\/jT)

t=To+1i#k* i£k*

VB

< 1220—T0

< 1220,/ Z (22)
i£k* A

Finally, we use the bounds (1)) and (22) in (T9) and conclude that for some numerical constant ¢ we
have:
K 1
Ry < — -—.
TN AL 2%
i#£k*
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B.3 Some Lemmas:

The following lemma is an adaptation of part 2 of Lemma 6 in|13|that bounds the stability term.

Lemma B.3. We have

B [ta, + @=L = @(~Li)] < 20 | (1= pua) 3 90+ KO3 470
i#£k* i#k*

Proof. We adapt the arguments presented in the proof of Lemma 6 in [13]. We use Lemma@
where we choose x = ]l{Bt = k*}ly k~. When B, # k*, we have = 0 and the expresswn is
maximized for p; = p, ;, since the losses are non-negative, and V¥; is monotonically increasing.

When B; = k*, we have ét,k* — 2 =0 — 2 > —1 and we can apply Lemmaand bound 15,-4/3 by
3/ 2)pf’/l-3. We conclude that

K

N 2
E max Ui (Et,i — x) (p},i)‘l/g
= bi€lpe i VU (VU ()~ talx) ] 2
Uz 4/3] | Mt 5 2 4/3
= ;k B|ipll] + 3B [(KW ), <3/2>4/3pt,{} (23)

Let us bound each term in the expression above. For the first term we have:

t,iPt,i 2 t,i t i
i£k* i#k* pt % rt,i

Znt {A 4/3} Znt ( Bt—zandAt;éB) ]I(Bt—zandAt )>l72 4/3
We have:
]Et—l []].(Bt =g and At 7é B;)] = ]Pt—l (At 7& B;) P (Bt =1 | At # B;)
= (1 —lpell*) pe.s-
Similarly, we show that

E,_q {11 (By =iand A; = B;)} =pe))® 74

Therefore:

4/3 Ui 2y 1/3 ||pt||2 4/3
PR A DS [(1—||pt|| il + 5l (24)

i£k* i£k* "t

For the second term in (23)we have:

2
A 2 (1(A#B) 1(A =B
i3 (ét,k*—x) (3/2)*2pi?| < mE |1(B, = k) A#B) L(A=B) Bt
2 Dt k> T, k*

) )

2 2
2 1 2 1 4/3
=nkE (1 =[lpell")pt ( 1) +lpell™reps | — -1 Z?,k*pt,/k*
Dt k* Tt k*

2 1/3 o (L—rpp)? 43
< | (1=l (1 = pese PPyl +lpel
] (25)

Finally, we inject the bounds (24) and (23) into (23)), rearranging the terms we obtain
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K
N (5 2, \4/3
E m —(é - ) ;
p " )—litalx) ] 2 L= ) (Bu)

1 Pi€lpe,i, VI (VT4 (pr)—

< |1 lpel®) | (1= per ot + > pif?

i#£k*
Term 1
4/3
2 [ (11— 4/3 Py
+ B {[[pel T t/lc* + Z 7‘1
ik )
Term 2
Upper bounding Term 1: We have:
2 1/3
0B | (= lpell®) | (1= per ) + S o2 || < [ =lpel®) [ (1= pess) + D 7
i#£k* i#£k*
1/3
=B | (L =lpel) | Y pea+ D vy
i#k* i#£k*
1/3
<2, | (1 —|pe]®) > vl :
i#£k*
<2nE | (1= peg-) Zpl/S
i#£k*
Upper bounding Term 2: We have:
4/3 [ 4/3
o [ (L =rep)? 43 Dyl (1 —rep)? 43 Dy
mE lpel | ———p pe+ 3T T | < B |l ST
t,k* iR Tt,i I Ttk iR Tt,i
4/3 [ K
(1 — Tt k) 4/3 Dy 2/3
< nlE r + Z 2/3 Zpt,j
tk* i£k* Py j=1
Zi;ék:* Ttyi u 2/3 | 4/3 2/3 X 2/3
=B | =T Dowy | poe | Dow | | Dopil
Py j=1 ik j=1
< UtE Z p2/3 2/13* + Z p2/3 Zp2/3

i#£k* i#Ek*

<omKVPE |3 pitt
iEk*

where we used in the last line Jensen’s inequality for the concave function & — 2%/3.
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The following lemma is a direct consequence of the second part of Lemma 7 in 13| where we take
o =2/3and 3 = K~/ It provides a bound on the penalty term:

Lemma B.4 (Part 2 of Lemma 7 in[13). Forn; = \[ , the penalty term satisfies:

2/3

Kl/ﬁzz p““ + VR

T
Z (ﬁt(_ﬁtfl) - (I)t(_-i/t) - gt,k*
= ktk* t=1

OO\@

Proof. Our algorithm uses the Tsallis-inf framework introduced by [22] and [[13]]. We use a learning
rate 7y = \27[35, with 3 = K~1/6, Moreover, the loss estimator we use defined by is unbiased.

Therefore the statement of Lemma 7 from [13]] applies. The expression in the lemma follows by
taking o = 2/3 and 3 = K~ 1/6, O

Lemma B.5. Lemma 10in [13)] Let p; = V&, (—it,l) for f/t = f/t,l +Zt, where Zt is an unbiased
estimate of {y. For any x > 0, the instantaneous stability of the pseudo-regret of AlgorithmH]satisfies:

K
. . 2
E |:€t,At + (*Lt) - (I)t(Lt—l)] <E g max n (ft i 93) (ﬁt,i)4/3
= i€l VU (VO (p) ~Litalx) ] 2

Proof. Recall that our loss estimators (IT]) are unbiased and the played arm A; is selected following

the same rule as in [[13]]. Therefore the statement of Lemma 10 in [13]] applies. O
Lemma B.6. Lemma 11 in [I3] Letp € ¥~ and p = VU7 (V‘Ilt(p) - é). If n, < 1/4 then for
all ¢; > —1 it holds that p4/3 dpf/s

C Proof of Theorem

Proving Theorem .2]amounts to combining the previous results. We have using Lemma[A.T}
E[RY)| <E[RE,]

Furthermore, using Lemma[A.2] we have:
E [R<T>A] <E [RLLT} .

Now let us show how the problem of upper-bounding the regret above related to the analysis of the
modified OMD with Tsallis-INF regularizer in Algorithm [ developed in Section [B]

The regret R’ 1,7 1s with respect to a learner playing with the following strategy: In each round
t € [T)]
* The learner samples I] from p;.
* The learner plays I; and incurs ¢; ;; = X;(I}, J;) where J] is independently sampled from
Dz
* The learner samples J; using:
— from p; if an event with probability 1 —||p¢||* holds.
— from 7, if an event with probability||p; ||* holds.
* The learner observes the feedback Xy (J, I;) where I; is independently sampled using p;.
Comparing the strategy above with the game protocol 3]and Algorithm []of Section[B] we conclude
that: A, plays the same role as I, and J; plays the same role as B;. Moreover, the losses observed

X (k, 1) corresponding to ¢, j are independent but follow the same distribution as the actual losses
X (k, J}) corresponding to ¢y .

Finally in order to apply Theorem we need to check whether the regret R’ ; 1,7 satisfies the
necessary self-bounding condition condltlon considered in Section [B). The last requirement is a
direct consequence of Lemmal[A.2]

Therefore, the bound in Theorem [B.2]applies and gives the result.
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D Proof of Theorem

We restate here the theorem:

Theorem D.1. Under the assumption of the existence of a Condorcet winner, the weak regret of
Algorithm 2] satisfies:
E [Rgﬂw)] < clog(K/A.) Z KQAk*’k,
Ktk 3% (k)k
where for each k # k*: j*(k) € argmax;Ajx, A, = mingzg- App and ¢ =
¢’ max{1,logloglog(K V 16)} with ¢’ an absolute constant.

Proof. Notation: Let 7, = o ((Il, J), Xa (I, )y e ooy (Tey J2), Xe (I, Jt)). Following Algo-
rithm 2] we run EXP3-IX Algorithm for each arm k in each phase (a phase corresponds to a
fixed value of the parameter B), during the n'* increment of the value B (phase number n) we have
B = —27~1, When we fix arm k as a left arm and run EXP3-IX to choose the right arm for ¢ rounds,
we denote by S(k, n, t) the obtained cumulative loss:

t

S(k,n,t) = (Xs(k, Js) = ;) 7

s=1
More rigorously, the sum above is over rounds between 7 + 1 and 7 + ¢, where 7 is a variable
independent of the considered cumulative loss. We consider the notation above to simplify the proof.

We define, for each k € [K] and n > 1, by T,En) as the stopping time, with respect to (F3),
corresponding to the round where (S(k, n,t)); hits the level —2"~1/% for the first time:
7™ = min {t >1:8(k,nt) < —2”‘%/%}

We call phase, the time interval in Algorithm 2] between two increments of the variable B. More

formally, phase number n corresponds to the number of rounds ¢ such that T(n) <t< TI((" ),

For k < K and a positive n, let E,(C") denote the following event

B = {1} < +oo}.

We use the following 7= 0, 7, (n) TI(? Y foreach n > 1. The expected regret incurred at phase

n satisfies:
K Tlin)
E[RY B <SP (BB E | Y min { Ak g, Ape s, | BV
k=1 t=1

(n)
p

P (Ez(gn) | Egn)) E Z Ape i | El(cn)
P

IN

M= T

A P (B | EM)E 7V | B

El
Il
ol

Therefore the weak regret of Algonthm@] satisfies:

B(Rr] < 3 B(E)E R | B

n=1

oo K
<SS RE A B [ 5],

n=1k=1

Define by Uy, the quantity:
~ Klog(K)

2
Afe (k)b

Ukl
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Using Lemma[D.2] We have for some numerical constant ¢ > 0

4o K qn
n=1k=1 J*(k),k
‘We have
400 K 4n
E[RT] S CZ ZP(EI(CH))AK’*,IC (Uk + A2>
n=1k=1 i* (k) k
+oo K +oo K 4n
=S S PEM) A wUk + 3 S PET) A i AT (26)
n=1k=1 n=1k=1 J*(k),k

Let N = log, (1 Vlog(1V logy(1/A.))), therefore we have exp(22V) > log,(1/A.). Therefore,
using Lemma@ we have:

Z]P’( ) < 1+me{ ,GXZ(IOEZ;Q) (1—810g (min{1,2”2A*})>}
<1+Zm1n{ ,eXpZ(Q;L)Q)Qlog(l/A*)}

<1+ Z min {1, 5exp(22V — 22"—2)}
n=2

<S1+N+ Y sexp(—22MTH) <N 44, 27)
n=(N-+2)V2
Moreover, we have:

Z 4nP ( ”)) <44 Z 4 eXiloz% ) (1 — 8log (min{L 2”‘2A*})>

9log 1/A Z4”exp _gn-2)

- 4log(2

< 44150 log(l/A*). (28)
Finally we plug and (28) into (26) and use the fact that K log(K)N + log(1/A,) <
2K log(K/A.) max{1,logloglog(K V 16)}, to conclude. O

D.1 Auxiliary Lemmas

We recall the notation: for each k € [K], let j*(k) € argmin;c g\ (k) Ak,;- Therefore, j*(k)

represents the arm with the largest chance to beat arm k. Moreover, let S(k,n,t) denote the
cumulative loss obtained when running EXP3-1X algorithm in phase n for arm k. For n > 1, let

( ) denote the stopping time corresponding to the round where the process S(k, n, t) hits the level
_2n 1\[
T,En) ‘= min {t >1:S(k,n,t) < —2”_1\@}.
Lemma D.2. Let k € [K]\ {k*}, then we have for any n > 0:
n n Klog(K 4n
E{Tlg)\7'1571<+oo}§c 2g< )+cA2 ,
3> (k) k 3*(k),k

where c is an absolute constant.

Proof. Fix k € [K]\ {k*} and n > 1. Suppose that {Tk | < 400} holds. Recall the definition of
S(k,n,t):

t

S(k,n,t) =) (Xs(k, Jg) — ;) .

s=1
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To ease notation we will focus only on the rounds where the fixed arm k was chosen as a left arm
in phase n. Recall that at each phase when we consider a new arm, we run EXP3-IX from scratch,
therefore the obtained cumulative loss process is independent from the past. Denote by Y; ; the
sample received when choosing j as a right arm at round s, Y 5 has the same distribution as the
variable X (k,j) — 1/2, hence E[Y],] = Ay ;. In each round u, the chosen arm is denoted A,,.
Therefore we have:

t
S(k,nt) = Ya,..
s=1

Let j* € argmin,; {Ag ;} (j* = j*(k), we just dropped the dependence on k). Let
A=Ay - <0, (29)

A is negative because k is not the Condorcet winner (remember we fixed k € [K] \ {k*}). Define
the (random) regret for this problem after ¢ rounds as follows:

t t
Rt = E YA375 - : :}/j*,S'
s=1 s=1

Our objective is to upper-bound the expectation of the stopping time T]E"). To develop such a bound

we use the identity:

+oo
E |:7']£n) | 7',571)1 < —|—oo} = Z P (T,gn) > N | Tk(i)l < —|—oo) .
N=0

In the remainder of this proof all events are assumed to hold conditionally to {T,gﬁ)l < 4o00}. Letus
bound the probabilities in the rhs: Fix m > n and let

2m

K
N =l52 ¥ el

(30)

where A is defined by (29). Recall that conditional to {T,Eﬁl < +o00} the event {T,En) > N,,} implies
in particular that {}°,"} Y4, + > —2""*\/N,, }. Therefore:

Nle
P(ri" > Nu) <P Y Yo >-2"""V/Na,
t=1

Let us upper bound the probability of the last event. We have

N’NL N’"L an N’NL
P> Yau>=2"""No | =P (D Yau =D Yieu+ Y Vieu— NpA>-2""1/N, - N, A
t=1 t=1 t=1 t=1
N,
=P[Ry, +>_ Yjei— NpA>-2"""\/N,, — N,,A
t=1

<P (RNm > Te /KNy, log(K))

N,
+P ZYN — NpA > =24 /N, — N,\yA — T2/ KN, log(K)
t=1
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where x is any constant larger than 1. Using the definition of N, (recall that A < 0), we have
—N,,A > —2™ /A Therefore

Ny,
P> Vau>-2""VN, | <P (RNm > 72 /KN,, 1og(K))
t=1

m

N.
u 2
+P (> Vs — NyA > —2""1 /N, — K~ TeVEN,, log(K)
t=1

<P (RNm > 72/K Ny, log(K))
N.
m 2m
+P (> Vs — NpA > —2""1/N,, — K~ T2V KNy log(K)
t=1

€1y

Now let us take:
_2m

= :
28|A|y/ K Ny, log(K)

Define 7 as the smallest integer in [2n + 3, +00) such that

2" > 28A+/KN;, log(K). (32)

Hence 2" > K. Moreover, for m > 7, we have: > 1. Furthermore:

n— n— K 2m
2n=1\/N,, <2 1\/4max{A2,A2}

2m 2% tn
< 2n71 42 — _
- A2 A
2m—3/2
< — 33
< N (33)
where we used m > n > 2n + 3.
Using (31):
N7n Nm 2177,72
PS> Vi, >-2""YN, | <P (R > Ta/K N, log(K )+IP> Yot — NpA > —
tzzl Ag it = N g( ) ; g* ot A

Using Theorem@] to bound the first term (recall that by definition of 7, for m > n: > 1), and
Hoeffding’s inequality to bound the second term we obtain:

N, 2m—4
P> Ya.>-2"'No | <2exp (—a:dlog(K)) +exp <—22N> . (34

t=1

Let us upper-bound the r.h.s of the inequality above. We have for m > n:

exp (~/l08(R)) = eXp< 2"/ Iog(K) )

 28|A| /KN,y log(K)

Using (30) we have that N,,, < %, therefore \/JifT > ;A—)Q we get

o log(K) |4
exp (—zdlog(K)) < exp < B SR oa . 2m/2>

2m/2 1
< exp (— 78 K) ) (35)
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where we used the definition of IN,,. The second term in (34) can be bounded for m > 7 following:

22m—4 B
exp <_A2]V> S exp (_2m 4) . (36)

Combining (34), (33) and (36) we conclude that:

om2 [
(B> 2ot VW) 2o (B0 1) e (2)
’ 28 VK
2m/2 1
We conclude that for m > n

n n 2m/2 1
(()>Nm|7']£1<+oo)§3exp< o8 K>'
‘We have:

E | | 7" < +oo0| = ZIP’( > N | ) < +00)

<N, + Z ((n)>N|T(n)1<+OO>

N=Ngzn
Npy1—1
ot 35S B (o5 W ) < o)
m=n N=N,,
< N, +Z bl — P(T,ﬁ”)>Nm|T,£’i)1<+OO)

2m om/2 [
SN”+3Z(A2+1>QXP<_ 28 VK)
= N; +6—Z2 exp( 78 ”K>'

Recall that by definition of 7 in (32)), we have: 2" > K. Therefore:
n n on o 2(m n)/2
E [T]i ) | T]g_)l < +oo} < Nj + 6P Z 2 exp <_28
m=n

— +DO

on op/2
p=0

Next we use the bound

op/2
ZQpexp =) <8s8.

We conclude using the definition of Nm and n that

(n) L
E [ | 7" < +oo] < A2 + S + 6000
K 22" K log(K)
S AT MY RT T A
Klog(K) 4
S (C —+ 1) T -+ CE,
where c is an absolute constant. O
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Lemma D.3. We have for anyn > 2, k € [K]:

P (E,S,")) < W (1 — 8log(min{1, 2”‘2A*})) ,

where A, = mingp« Ape k.

Proof. Letn > 2 and k € [K]. We have that E,(c”) implies the event: E(Tﬁ). Therefore:
p(EM) <P (ELY)
=P (T,E?fl) < —I—oo)

exp(_22nf2)
41og(2)

where we used in the last line Lemmal[E3] O

(1 — 8log(min{1, 2”72A*})) )

D.2 Deviation guarantees for the regret of EXP3-IX

We recall below the algorithm EXP3-IX from [[11]

Algorithm 5 EXP3-IX

Input: (1;)¢, (7¢)t-
Initialization: w; ; = 1 for all <.
fort=1,... dow
_ i,t
Let Pti = 5(=1 wye .
Draw A; ~ py = (P1,t,- -+, PK,t)-
Observe the loss £ 4, .

Uiy pi‘fij_vl(lt = i) foralli € [K].
Wit1,i < Wy exp(—mly,;) forall ¢ € [K].
end for

Define the random regret Ry by: Rp = Zthl (1, + — Minge(g) Zthl ¢; +. We restate below the
main result from [[11].

Theorem D.4. Theorem 1 in [[1l]. Fix an arbitrary § € (0,1), set n, = 2y = % for all t,
then EXP3-IX guarantees with probability at least 1 — §:

KT

We have the following corollary

Corollary D.5. Fix x > 1, and consider EXP3-IX algorithm with n; = 2y, = logl’g(), then:

P (RT < 7:5\/Wg(K)) < 2exp (fx\/M) .

Proof. Letx > 1, take:

§ = min {1, 2 exp (—x\/@)} ‘

Therefore:
_ log(2/6)

" Vog(®)
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We have with probability at least 1 — § > 1 — 2 exp(—z+/log(K)):

Ry < 4\/KTlog(K) + 2,/% +1 | log(2/9)
< 7\/ﬁmax{\/log(K),log(2/5)}
= 7+/ KT log(K) max {1, 10g(2/5)}
log(K)
< Tx\/KTlog(K).

E Proof of Theorem 5.1

We restate the theorem for the lower bound, then we proceed with the proof. Let A, denote a
positive number. For a dueling bandits problem, we denote by M = (M; ;)1>: j<x the matrix such
that M, ; = A, ;. Define the class of problems D(A.,) by the set of matrices M representing the
gaps (A; j)i; such as M is skew-symmetric and there exists some k* € [K] such that

Vi# k* : My ; = Acy
and
VZ7J # k* : |Mi,j| S Acw
where k* € [K] denotes the Condorcet winner.
Theorem E.1. Fix K > 6, A,,, € (0,1/4). The weak regret of an algorithm A satisfies:

K
max Ep 4 [Rr] >c ,
MeD(A,y) cw

when T > ¢ K/A2,. Here c and ¢’ are numerical constants.

Proof. Let M(©) denote a matrix such that Ml((? = Ay, forany i > 1 and Mi(’(;-) = 0fori,j # 1.
Let Py denote the probability distribution associated with the dueling bandits’ problem with matrix
M (©) (where arm 1 is the Condorcet winner).

Let k # 1, let M*) denote the matrix defined by: for all u # k M 1512 =Acy = —Mgflz, for all
i £k Ml(kl) = Ay = fMi(ﬁ), otherwise for ¢ # k,1 and j # k, 1: Mi(f;) = 0. Let P, denote the

probability distribution associated with the dueling bandits’ problem with matrix M ) (where arm k
is the Condorcet winner).

For any u € [K], let N,, denote the total number of rounds where arm v was queried. For u,v € [K],
let NV, denote the total number of rounds where arms « and v were dueled.

Information theoretic tool: Without loss of generality, we assume that the player follows a
deterministic strategy A. Let us introduce the following notation: let Z, = ((It, Ji) , X (I, Jt))
denote the information disclosed to the player at time ¢. Let Z; = (Z4,..., Z;) denote the entire
information available to the player after ¢ rounds.

Lemma E.2. Assume that A, < 1/4. Let F(Zr) denote a fixed function of the player observations,
taking values in [0, B). Then for any k € [K| \ {1} and any player strategy A,

Ex [F(21)] < Bo [F(Z7)] +4B)| 222, EolNi]

K
where N,, = szl Nu,» and N, ,, denotes the number of rounds where arms u and v were duelled.
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Proof. Recall that for any function G bounded by R, we have: |[Exp[G(X)] — Exo[G(X)]] <
2R TV(P, Q), where TV(.,.) denotes the total variation distance. Therefore, by shifting F' by —B/2,
we have:

1
ExF(Zr) ~ BoF(Zr) < BTV(Py, Po) < By/ SKL (Po, Py),

by Pinsker’s inequality, where KL(.) denotes the Kullback-Leibler divergence and KL(x,y) for
z,y € (0,1) denotes the Kullback-Leibler divergence between two Bernoulli distributions with
means z and .

Next we use the chain rule for relative entropy (Theorem 2.5.3 in |5)):

T
KL (P, Py) = ZE [KL (Po (Z11Z1—1) , Pr (Zt|Zt—1)>:|

t=1

Observe that we have for each ¢t € [T1:

E [KL (]P’o (Z1|Z1—1) , Pr (Zt|Zt—1))]

< S Po (ku e {I, Ji}) KL(MYO) +1/2; M{") +1/2)
u#k
64

—Py (k S {It, Jt}) A2

3 cw

IN

where in the last line we used that K L(x,y) < (z — y)?/[y(1 — y)]. Summing over ¢ € [T leads to
the desired result. O

Recall that the weak regret for the problem Py, is given by:

K
Ey [Rr] = Z min{ Ay, Ao JEL[Ny,o]

u,v=1
= Acw(T — Ex[Ni]).
Applying Lemma[E.2|with F(Zr) = Ay Ny, we have:
8
AcEo [T — Ni| < A B [T — Ni| 4+ 2A0,T gﬁfwﬂfo [Vk]

Averaging over k € [K]\ {1} and using Jensen’s inequality:

1 1 8
AuEo [T— —— SN, | < E N WT. A2 —> E SN,
0 F'—lzk: k| < F,_lgk: K [Rr] + \/ SR =) o[zk: ]

Observe that Zle N, < 2T, therefore the inequality above gives:

2T 1 16T
Aey (T - < Ex 27Ty | A2 —— .
( K—l)_K—lzk: e [Br] + w3(K —1)

Let P, denote the problem where we choose k uniformly at random from [K7] \ {1}, then we proceed
to the game where gaps are given by M (*). Hence we have:

2T 16TA2
Eu[Rr] > Ay (T — | = 200, T/ 2.
[Fr] 2 cw( Kl) 3K -3

30
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Therefore,
E* [RT] Z sup E* [RT/]

T'<T
27" 1677 A2

> Ao [T = AT B 38

2 ”( K—J 3K~ 1) %

Recall that we assume that K > 6. In the above inequality, the supremum is achieved for T’ of the
order of K/AZ2,, which is achievable as long as T is at least of this order. This leads to the desired
result when K /A?  is higher than some numerical constant ¢”. In the extreme situation, where
K /A2, is smaller or equal to ¢”, the lower bound (38) could be negative for any 77 > 1. In that
case, we can use the trivial bound E.[Rr] > E.[R;] > /A, as, with probability bounded away

from zero, the first duel does not contain the Condorcet winner.

O
F Technical Results:
Lemma F.1. Let q € (0,1), we have:
“+oo —+oo
St <23
n=0 n=1
Proof. We have:
+o00 4+oo 271
Z 2n—1q2" < q2"*1+z
n=1 n=1 =0
<y
n=1
O

Lemma F.2 (Doob’s maximal inequality: Section 5.6 from Lawler). Let (X;) be a sequence of
independent Bernoulli variables such that for any i > 1: E[X;] = p;. Let Sy = 2221()(1‘ —pi). We

have foranyt > 1, a > 0:
2a?
P < - .
(lréltaé{n{St} > a) < exp ( - )

Proof. We have S; is a martingale with respect to the filtration associated to the process (X;).
Therefore using Doob’s maximal inequality: Section 5.6 [9], for any b > 0:

) < E [exp(bS,,)]
—  exp(ba)
_E[exp(b X0, (X - )]
exp(ba)
< exp(—ba) exp(nb?/8),

where we used the fact that for each i € [n] : Elexp(b(X; — E[X;]))] < exp(b?/8). The conclusion
follows by minimizing the upper bound for b > 0.

P (1@?<Xn{st} >a

O

Lemma F.3. Let (X;) be a sequence of independent Bernoulli variables such that for some A €
(0,1/2), for each t we have: E[Xy] > 5 + A. Let B > 1 and define the stopping time:

t
1
7= inf t21:Z(XS—2)<—B\/£
s=1
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Then we have: )
-B
P(1 < 400) < exp )

< iog@] (1 —8log(min{1, BA/2})).

Proof. Let S; = S°!_, (E[X;] — X;). We have

P(r < 4o00) =P |3t eN: Z( >< —BVt

=P|3teN: Z( +A— X)>At+3ﬂ

<P|3teN: Z s) > At+ BVt

:P(HteN:St>At+B\/£>
Since we have foreacht > 1: S; <t,and A > 0. We have:
]P’(T<—|—00)=]P’<E|t21: St>At+Bﬁ)

—P(3t>B2 St>At+B\f>

Let Ny = |log,(B?)]. We have
“+o0

P(r<+o00)< > P (Eit e 27,27t 8, > At+B\/i)
n=Ny
+00
Yo (at €27, 271 5, > A2" + 32“/2)
n=Np
“+o0
Sop (at <omtl: G, > A9" 4 32”/2) .
n=~Ny

IN

IN

Using Lemma[F2] we have:

1<t<2n+1

P (Ht <ontl. G > A2" 4 232”/2) —p ( max S, > A2" + B2”/2)

(a2 + p2n2) i

<exp| — on

< exp (—A22” — BQ) .
Pluging the last bound in the previous display gives:
—+oo

P (1 < +00) < Z exp (—A22” - BQ)
n=~Ny

2 = A2 n+ N
< exp(—B )Zexp 772 0

n=1

< exp(—B?) io exp (-i(BA)%”)

n=1

< exp(—B?) ( 1 210g(min{17BA/2})> .

4log(2) log(2)
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To get the last bound, we bounded the sum by an integral and use the change of variable u =
(BA)?2t/4.

= 1 +oo 1
Zexp (—(BA)22") < / exp (—(BA)22t> dt
—~ 4 0 4
_ /+°° exp (—u)
(BA)? /4 log(Q)
1 exp(-w) +29 oxp (—u)
= du+/ ———~du
/BA)2/4 log(2)u 1 log(2)u

1 “+o0
1 —
< / B / exp(~u) .
min{1,(BA)2/4} log(2)u 1 log(2)u

_ 2log(min{1, BA/2}) 1
- log(2) 41og(2)’

Lemma F4. Lemma 8 in [I3)] Let o € (0,1), ¢ > 0 and d € (0, 1], we have

1 o _a 1
max {cz® —dz} = cT-od=—T (al—ﬂ - a1—0> .
x>0
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: In the abstract and introduction, we introduce in a non-technical way the main
setting of the paper (duelling bandits and minimisation of weak regret), and expose our main
contributions also in a non-technical way. We detail this after we introduce the setting.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: This work primarily concentrates on theoretical aspects. We explored the
optimality and limitations of the guarantees in Section [3.2] Additionally, discussions on the
guarantees for WR-TINF and WR-EXP3-IX are provided in Sections and respec-
tively. Limitations and directions for potential improvements are presented in Section

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors

should reflect on how these assumptions might be violated in practice and what the

implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The assumption made is the existence of a Condorcet winner Assumption [2.1]
All the proofs are provided in the appendix: The proof of the upper bound for WR-TINF
(Theorems [.2)) is provided in Section[C] the proof of the upper bound for WR-EXP3-IX
(Theorem [4.3) is provided in Section [D| The proof of the lower bound (Theorem [5.1)) is
provided in Section

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Algorithms introduced in this paper, together with the theoretical values of
parameters, are fully described in sections .TJand[4.2] Section [6| provides all the details
needed to reproduce the simulations presented in our paper. The code is provided as well.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: In our experiments, we used data generated synthetically. The description of
the distributions of the duels considered is provided in Section[6] The code is provided as
well.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

¢ The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Section [6]describes all the necessary details to understand the experimental
results and their connection to the theoretical guarantees of the presented algorithms.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The experimental results in Figure [I| compare algorithms and their average
performance over multiple iterations together with 0.2 and 0.8 quantiles.
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8.

10.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The algorithms for dueling bandits use a small amount of resources and can be
run on personal computers.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The NeurIPS Code of Ethics was respected.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [NA]

Justification: This paper presents work whose goal is to advance the field of theoretical
Machine Learning. There are no potential relevant societal consequences of our work, we
feel must be specifically highlighted here.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: The original owners of assets are authors.
Guidelines:

* The answer NA means that the paper does not use existing assets.
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15.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
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Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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