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ABSTRACT

In this paper, we study the theoretical properties of the projected Bellman equation
(PBE) and two algorithms to solve this equation: linear Q-learning and approxi-
mate value iteration (AVI). We consider two sufficient conditions for the existence
of a solution to PBE : strictly negatively row dominating diagonal (SNRDD) as-
sumption and a condition motivated by the convergence of AVI. The SNRDD
assumption also ensures the convergence of linear Q-learning, and its relationship
with the convergence of AVI is examined. Lastly, several interesting observations
on the solution of PBE are provided when using e-greedy policy.

1 INTRODUCTION

Reinforcement learning (RL) has achieved significant success, exemplified by the deep Q-network
(DQN) (Mnih et al.| 2015). This success can be largely attributed to two algorithms: Q-
learning (Watkins and Dayan| |1992)) and the approximate value iteration (AVI) (Bertsekas, | 2011)).
Understanding the behavior of these algorithms has been a central focus of extensive research.

Q-learning, initially developed by [Watkins and Dayan|(1992)) in a tabular setup where ()-values are
stored for every state-action pair, has since been the subject of considerable investigation. Both
asymptotic and non-asymptotic analysis of the algorithm have been thoroughly explored in works
such as (Szepesvari, [1997; |Borkar and Meyn, 2000; |[Even-Dar and Mansour, 2003; Lee and He}|
2020b; |Chen et al., 2022 L1 et al., [2024; |Leel, |2024), to list a few.

Moving beyond the tabular setup, function approximation is commonly used to address the prob-
lem of large state-action spaces in practical scenarios. Specifically, we focus on the simplest form
of approximation: the linear function approximation scheme. However, introducing function ap-
proximation brings several challenges. In the case of Q-learning with linear function approxima-
tion—referred to as linear Q-learning—two major issues arise: 1) the existence of a solution to the
projected Bellman equation (PBE) that the algorithm aims to solve, and 2) the stability of the algo-
rithm. While recent works have explored these challenges (Melo et al.l [2008; Meynl, 2024)), there
remains significant opportunity for further advancing our understanding in this area.

Meanwhile, value iteration is one of the simplest algorithms in RL when the model is known. By
incorporating linear function approximation into the value iteration framework, the approximate
value iteration (AVI) scheme has been widely used Munos| (2007); Mann and Mannor| (2014). AVI
also seeks to solve the PBE as linear Q-learning does. Nonetheless, it is not well understood, when
the AVI algorithm converges while linear Q-learning does not, and vice versa.

Overall, the theoretical understanding of PBE and its related algorithms, specifically linear Q-
learning and AVI, are not well-understood. This motivates our study, and the purpose of this paper
is to extend our knowledge on these subjects. The main contributions are outlined in the following:

1. A sufficient condition for existence and uniqueness of a solution to PBE:

* We provide a thorough investigation of the existence and uniqueness of a solution to PBE un-
der the assumption of a matrix having strictly negatively row dominating diagonals (SNRDD
assumption), which is new in the literature. This assumption includes a wide class of settings:
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tabular and linear function approximation (with regularization). Moreover, our analysis con-
siders various behavior and target policy scenarios including continuous or Lispchitz policies.

* A sufficient condition, derived from the AVI framework, is provided. We then explore its rela-
tionship to the SNRDD assumption, demonstrating that while the two are generally different,
they can coincide under specific additional conditions.

2. We provide a new convergence proofs for a family of Q-learning algorithms and AVI algorithm,
respectively. Furthermore, we provide examples where AVI converges while linear Q-learning does
not, and vice-versa. This provides novel insights on the relationship of convergence behavior of
linear Q-learning and AVI.

* The proof of Q-learning relies on ODE arguments based on contraction theory
[1998) and the SNRDD assumption. This covers asynchronous tabular Q-learning, lin-
ear Q-learning with SNRDD assumption, and regularized Q-learning (Lim and Lee}, 2024). It
provides a novel unified understanding in proving convergence of both linear and tabular Q-
learning using a fixed behavior policy. Regarding regularized Q-learning, the existing assump-
tions on positiveness and orthogonality of feature matrix are relaxed. Furthermore, we identify
the one-sided Lipschitz condition of linear Q-learning and show a condition on regularization
coefficient n that does not depend on the knowledge of model parameters.

* We provide an example showing that, even though the SNRDD assumption ensures the conver-
gence of Q-learning and the existence of a solution to the PBE, the resulting solution may still
lead to a sub-optimal policy.

» The convergence of AVI follows from the condition that guarantees existence and uniqueness
of a solution to PBE.

3. Lastly, we provide two examples explaining the theoretical properties of solutions to PBE when
e-greedy policy is used, which is not covered by previous analysis due to its discontinuity. The first
example shows that depending on the value of ¢, there is a chance of non-existence or multiplicity
of the solution even though SNRDD condition is met. The second example shows a pathological
phenomenon using e-greedy policy that increasing the parameter e can ensure a solution to PBE that
yields an optimal policy, to which Q-learning cannot converge. These examples show the hardness
of analysis when using the e-greedy behavior policy.

Related Works:

Linear function approximation has been a useful tool to provide insight on the behavior of RL al-
gorithms. studies learning a feature matrix in a model-based manner, i.e., requires
a RISIXIS| space memory. The main focus of is on the analysis under the policy
evaluation scheme rather than considering policy improvement setting. In contrast, we focus on
model-free learning setting and policy improvement scheme. Baird et al.| (1995) analyzed residual
algorithms that rely on two independent samples per iteration, in contrast to our algorithms, which
do not require such a sampling structure. Tsitsiklis and Van Roy|(1996)) considered function approx-
imation under policy evaluation scheme and highlighted its divergence issue whereas we consider
policy control scheme where the target policy is iteratively updated.

[Melo et al.|(2008); Chen et al.| (2022)) studied the convergence of linear Q-learning with additional
assumptions that might not be satisfied in the tabular setting. Meyn| (2024); [Liu et al| (2025)) con-
sidered using a version of e-softmax behavior policy, the so-called tamed-Gibbs policy, and estab-
lished results that there exists a solution of PBE, and the learning parameters of Q-learning remain
bounded. Nonetheless, the tamed-Gibbs policy requires several specific design choices. In contrast,
we consider a different scenario and proof approach: existence of the solution is explored for contin-
uous or lipschitz policy under the assumption of SNRDD. In proving the convergence of Q-learning,
we consider an arbitrary fixed behavior policy, which is idealistic but different scenario, and this
naturally extends the proof idea of Q-learning in the tabular setup. The proof relies on contraction
theory (Lohmiller and Slotine} [1998)), and its connection offers new insights.

Lim and Lee (2024) studied Q-learning with an additional term that serves a similar role to lo-
regularization, referred to as regularized Q-learning. Under additional assumptions on the feature
matrix, this ensures convergence to a unique point.|Zhang et al.[(2021) studied Q-learning using tar-
get network, projection and regularization. We show that target network, projection or any additional
assumptions on feature matrix are not required to prove the convergence of regularized Q-learning.
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Several studies have proposed variations of linear Q-learning (Chen et al., [2023; Maei et al., |2010;
Devraj and Meyn, [2017} (Carvalho et al., 2020) which are summarized in the Appendix Section
Although these methods ensure boundedness or convergence, the exact points to which the algorithm
converges remain not well understood.

The AVI scheme has been widely studied to tackle the challenges posed by large state-action
spaces (Bertsekas| [2016). Recent research has provided insights into the convergence properties of
AVI, highlighting its close connection to algorithms that employ target network updates—a method-
ology inspired by the success of DQN.|Lee and He|(2020a) explored Q-learning in a tabular setting,
while |Asadi et al.| (2023); [Fellows et al.| (2023)); |Che et al.| (2024) investigated temporal difference
(TD) learning with target network updates, demonstrating the crucial connection with AVI.

A few works tried to understand AVI scheme and TD-learning in a unified perspective. Guo and Hu
(2022) proposed a convex program test approach for value iteration and TD-learning but requires
different test for each algorithm.|Wu et al.|(2025)) provided an understanding of TD-learning and AVI
from the matrix splitting technique (Berman and Plemmons, [1994). In contrast, our work focuses
on Q-learning, which presents unique challenge due to switching of the policies and non-linearity
of the max-operator, making the standard TD-learning analysis techniques insufficient.

Pathological behaviors regarding the solution of PBE, e.g, the non-existence or multiplicity of so-
lutions, which can lead to suboptimal policies has been well-known in the literature (De Farias and
Van Roy, [2000; Bertsekas, 2011; |Young and Sutton, 2020). This becomes more complex when we
use e-greedy policy Lu et al. (2018) provided an example that for a certain regime of €, Q-learning
can yield a sub-optimal policy compared to possible ones that can be represented by the linear fea-
ture while the optimal policy is not realizable. Covering a different scenario, we provide an example
that the number of solutions depends on the choice of ¢, and depending on e, there is a solution of
PBE induces optimal policy but to which Q-learning cannot converge.

2 PRELIMINARIES

2.1 MARKOV DECISION PROCESS (MDP)

MDP consists of five tuples (S, A, v, P,r). S := [|S]] and A := [|A]], where [n] := {1,2,...,n}
for n € N, are finite state and action spaces, respectively. v € (0,1) is the discount factor. P :
S x A — AS is the Markov kernel where A denotes a probability distribution over the set S.
r:SxAxS — Ris the reward function, which we assume to be bounded. An agent at state
s € S selects an action a ~ 7(- | s) following a policy 7 : S — A“. Then, transition occurs
to next state s’ ~ P(- | s,a) and the agent receives reward (s, a,s’). The Q-function induced
by policy  is defined as Q" (s,a) = E [>°7° o v*r(Sk, Ak, Sk+1) | (S0, Ao) = (s, a), 7|, where
{(Sk, Ar) € S x A}2 , are a sequence of random variables following the policy 7. The goal is to
find an optimal policy * such that 7* = argmax ¢ E [3°3" o v*7(Sk, Ak, Sk+1) | 7| where Qs
the set of all deterministic policies. We denote QQ* as the optimal @Q)-function, which is the Q-function
induced by the optimal policy 7*. The optimal Q-function satisfies the Bellman optimality equation
: R+vPQ* = Q* where R € RISl is a vector such that [R](s—1)|A|+a = E[r(s,a,5") | (s,a)],
P ¢ RISIAIXIS i transition matrix such that [P](s—1)|Al+a,sr = P(s' | 5,a), and Q* € RISIIA]
is a vector such that [Q*](s_1)|.4]+a = @*(s,a), where for v € R™ and i € [n], [v]; denotes i-th
element of v, and [A]; ; for A € R™*"™ denotes the element in the i-th row and j-th column of A.

2.2  LINEAR FUNCTION APPROXIMATION OF (Q-FUNCTION

Consider a set of features {p(s,a) € RP}(; qyesx.4, Where p € N is the feature dimension. We
approximate the Q-function , Q™ (s,a) ~ ¢(s,a)' @ where & € RP? is the learnable parameter.
The @Q-function may not be exactly represented by the feature, therefore we consider the following
projected version of Bellman optimality equation (Sutton et al.l 2008), which is motivated from

'See Appendix [15|for more detail.
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solving mingers 3 ||y — <I>0||3% where y = ®(®' D,,®)"'® ' D,, (R + yPIL,, ®6):

F(0,79,v9) :=® "' D,,R+T(0,79,19)0 = 0, (1)
T(0,79,v6) :=y®'D,,PI1,,® - ®'D,, &. 2)

where the sampling distribution vp € A“ and the target policy g : S — A“ are parameterized
by 6 € R”, the matrix ® € RISIMIXP has its (s — 1)|.A| + a-th row corresponding to the vector
¢(s,a)", and the matrix IT, € RISI*ISIAI has the s-th row vector given by (e ® m(s)) ", where
m(s) € R satisfies [w(s)], = 7(a | s) and e, is the unit vector with a value of one at the s-th
position and zeros elsewhere . The diagonal matrix D,, € RISIMIXISIAl has (s — 1)|.A| 4 a-th
diagonal entry as vg(s,a). Ve can be set as the stationary distribution induced by Markov chain
using a behavior policy Bg : S — A, which we denote as 118, We assume it to be unique and
existent throughout the paper, which is standard in the literature (Meynl, 2024; |Liu et al.| 2025):

Assumption 2.1. Every element in the closure of {PIlg, : @ € RP} induces an irreducible and
aperiodic Markov chain.

Note that vy in (ﬁb can be also set as some arbitrary fixed probability distribution d € AS*4 such
that d(s,a) > Oforall (s,a) € S x.A when we can sample state action pair from a fixed distribution,
for example using a experience replay buffer (Lin, [1992).

Meanwhile, the solution to (I)) may not exist. To ensure the existence of a solution, we can add
an additional term 76 (for some positive real number 1) to (I), which can be interpreted as the
regularized PBE @ (Zhang et al., [2021; [Lim and Lee, [2024).

F,(0,7¢,v9) :=®"D,,R+T(0,79,16)0 — 16 = 0. 3)

3 PROJECTED BELLMAN EQUATION

In this section, we discuss the existence and uniqueness of solution of PBE in (). It is known that
the solution of (1) might not exist or there might be multiple depending on the choice of behavior
policy and target policy (De Farias and Van Roy| [2000; Bertsekas| 2011). Section [3.1] considers a
condition using SNRDD and Section provides a condition motivated from the AVI algorithm.
The relationship between these two conditions is thoroughly examined in Section

3.1 SNRDD GUARANTEES EXISTENCE AND UNIQUENESS OF SOLUTION TO @

Let us introduce a condition that guarantees the existence and uniqueness of the solution of (I)). The
key concept we leverage is the strictly negatively row dominating diagonal (SNRDD) condition:

Definition 3.1 (Molchanov and Pyatnitskiy| (1989)). A matrix A € R"*"™ is said to have strictly
negatively row dominating diagonal if S;(A) := [Al; i + > i iy [Ali;| < 0foralli € [n].

For simplicity, we will call a matrix A is SNRDD if it satisfies Definition [3.1] The above condition
has been widely used in determining the stability of a dynamical system (Molchanov and Pyatnit-
skiyl |1989) or analysis of fixed point problem (Davydov et al., 2024a), which is summarized in
Appendix Section 8] We explore the solution of PBE with this assumption and consider various
behavior and target policy scenarios. Now, let us consider a parameterized form of SNRDD, for
My € RP*P a matrix dependent on 8, and for some set D C RP:

sup max S;(Myg) < 0. 4)
0eD ic[p]

where S; is defined in Definition[3.1} and we call the above inequality as condition () with (D, M).

Depending on the choice of behavior and target policy, the existence of solution to PBE differs.
A policy g is said to be continuous if it is continuous with respect to 6, and Lipschitz if |7g(a |
s) —mg(a | s)| < L||@ — ]| for some norm ||-|| and a positive real number L. Typical examples of
Lipschitz policies are the greedy policy and the e-softmax policy, as discussed in Appendix [10.3]

Theorem 3.2. 1. Assume that both the behavior policy, B¢, and the target policy, g, are continu-
ous. Suppose the parameterized SNRDD condition in (E]) holds with (RP,T(0, 7, 8, )). Then, a
solution of F(0, mg, 118,) = 0 defined in (|I)) exists.
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2. Suppose H<I>T(DMQ = Dy, )Rllc < 1|0 — 0o for 6,0" € RP and | <
| supgep max;epy) Si(T'(0, 7o, s,)|, and the condition in (4) holds with (D, T(0, e, 5, )) where

D is the set of all differentiable points of F(0, g, pg,). Then, a solution of F(0,7g,ps,) = 0
exists and is unique.

The proof, given in Appendix [12.1] uses standard methods of fixed point theory (Brouwer, [1911}
Banach, [1922)). The first condition in the second item naturally holds when fg is a fixed policy.

Remark 3.3. |De Farias and Van Roy|(2000) proved the existence of the solution when the behavior
and target policy are identical (the on-policy case), and they are continuous. In contrast, we allow
scenarios under different behavior and target policy, i.e., the off-policy case. | Meyn| (2024) proved
that using a particular type of e-softmax policy, so-called (e, kg)-tamed Gibbs policy (detailed in
Appendix[I0.3), ensures the existence of a solution of PBE. This covers different scenario from ours
as using a (€, ko)-tamed Gibbs policy, does not necessarily imply SNRDD condition. Moreover, it
requires knowledge of the model parameters of MDP, i.e., )\min(@TDwe D).

Remark 3.4. For a Lipschitz target policy mg and behavior policy Bo, F(0,ma, pig,) is a locally
Lipschitz function (defined in Definition[I0.1|in the Appendix), which is differentiable almost every-
where by Rademacher’s theorem (Evans, |2018).

Remark 3.5. The condition in holds with (RP,T(0,mg,ug,)) when ® = I where
I is a |S||Al x |S||A| identity matrix, and behavior policy satisfies the condition
infgerr Min s o)esx A 1ge (5, @) > 0. This corresponds to the tabular setup of PBE,

Considering the solution of PBE, as the feature dimension p increases, it becomes more challenging
to satisfy condition (@) due to the growing column size. One simple way to address this issue is to
consider a matrix with additional scaled identity matrix, i.e., T'(6, mg, g, ) — nI for n > 0. This
yields the regularized version of PBE given in (3), and the same arguments in Theorem 3.2]hold for
the solution to (3). The SNRDD assumption can be satisfied with the following choice of 7:

Lemma 3.6. Ifn > supgcry, max;c(y) Si(T(0, o, ti5,))s (EI) holds with (RP, T'(0, g, pig,) —n1).

Remark 3.7. When feature scaling is used, ||¢(s,a)| ., < 1//p for all (s,a) € S x A, then
n > 3 is sufficient to meet the above condition. The proof is given in Lemma[I2.1)in Appendix[I2]
We note that this condition does not depend on any model parameters of the MDP, for example

)\min(q)TD;me (I))

Remark 3.8. The SNRDD condition was also considered in|Lim and Lee| (2024) but only in terms
of convergence of regularized Q-learning but not existence of solution, and it requires additional
assumptions including positiveness and orthogonality on the feature matrix. In Section 4} we show
that only SNRDD condition is required for proving the convergence of regularized Q-learning.

Remark 3.9. For (3), when ® = I, then n) > 0 implies using a smaller discount factor, ~y (Chen
et al.| 2023). Nonetheless, the interpretation is more complex when ® # I, and algorithms to
sovle (3) has been widely used in practice (Farebrother et al| 2018 [Cobbe et al)}[2019).

3.2 AVI AND EXISTENCE AND UNIQUENESS OF SOLUTION OF ()

Meanwhile, let us investigate another sufficient condition to guarantee the existence of solution of
PBE in (ID which is motivated from the AVI algorithm. We can re-write @) as

6=(®'D,, ®) '(v®'D,, P, ®0+®'D,, R) 5)

assuming invertibility of @TDH s, L Therefore, a closely related condition to guarantee the exis-
tence and uniqueness of the solution to (m) is that for D C RP, a set to be defined further, one of the
following two conditions hold:

Sggy”@({)Twa<I>)‘1<I>TD#%9 PIL.,, | < 1, (6)
;ggvll(i’TDuﬂe@)’l@TDwe PTL;, @ < 1. (7

Note that the policies in (6) are dependent on ®6. As in Section [3] the following results can be
derived using standard fixed point theory arguments, and the proof is deferred to Appendix [12.2}
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Theorem 3.10. 1. Suppose ¢ and mg are continuous. Moreover, assume that either (6)) or (7)
holds with D = RP, and 0 < infgecp )‘min(‘I’TDuag ®). Then, a solution of exists.

2. Suppose a fixed behavior policy [ is used and mwg is Lipschitz. Moreover, assume that
either (@) or holds with D being all the differentiable points of F(0,mg,3), and 0 <
infgep Amin (P D,, ®). Then, a solution of exists and is unique.

Remark 3.11. One can replace the infinity norm with joint spectral radius, which is
defined as, given a set of square matrices {A; € R} p(Ay,---AL) =
limy s o MaXgeq 2, myr [[Aoy - Aoy Ag, ||1/k. Ifp(A1,..., Apn) < 1, there exists a norm ||-||
such that ||A;|| < 1 forall i € [m] (Rota and Strang||1960). Therefore, we can replace the infinity
norm with this common norm in ([6) or (7).

It is important to note that each matrix A; having a spectral radius smaller than one — the maxi-
mum absolute value of its eigenvalues — does not imply Theorem[3.10\ This is because it does not
guarantee the existence of a common norm ||-|| such that || A;|| < 1 (Jungers, 2009).

Remark 3.12. It is challenging to ensure when (6) or (7) hold in practice. Alternatively, one
may consider a form motivated from the regularized PBE in (3| by replacing (<I>TD# oo ®)~ 1 with

(@TDHBQ ® +nI)~', and ensure the solution of.

Zhang et al (2021) showed the existence of a solution to (3, regularized PBE, whereas extension of
Theorem[3.10\with regularization can guarantee uniqueness.|Lim and Lee|(2024) showed the unique-
ness of the solution but we sharpen the bound from || ®(® D,,,,®+ nI)ﬂ(I'Du%e loo < 1to0
7||‘I’(<I>TDHB¢9 ®+nl)"'®D,, Pll.,,| <1from @ This follows from the application of
a version of mean value theorem in LemmalI0.3]in the Appendix[I0.1]

3.3 DISCUSSION ON THE CONDITION (@) AND (7))

Letting My = T(, g, 113,) in (@), we now examine when the conditions [#) and (7) imply each
other. While either condition guarantees the existence of a solution of PBE, they are closely tied to
the convergence of Q-learning and the AVI, respectively, which we defer the discussion to Section[3]
Below, we present a result on the relationship between conditions (@) and (7).

Proposition 3.13. Ifinfgcp Ain (@' D, ®) > 0 for some D C RP, the following holds:

Mg

1) Suppose (Iﬂ) holds with (D, T (0,7, 1s,)), and @TDM% PI1,,® has non-negative diagonal
elements for all x € D. Then, (|Z|) holds with D.

2) Suppose (7) holds with D. Then, ([{#) holds with (D,T(6, e, 115,))-

The proof is given in Appendix m If <I>TDM s, L 18 a diagonal matrix, and diagonal elements of
<I>TD# s P11z, ® are non-negative, then the conditions (EI) and are equivalent. The diagonal
elements of ®" D, s, P11z, ® can be non-negative if each entry of ® has non-negative values.

We note that condition (6)) also guarantees solution existence, though its relationship with condition
(@) is difficult to characterize. As these conditions are linked to convergence of AVI and Q-learning
respectively, in Section[5} we present an example where only one of the conditions—either @) or (6)—
is met, leading to the convergence of its corresponding algorithm, while the other fails. Moreover, it
is not clear whether we can construct such example with condition (7), requiring further research.

4 CONVERGENCE OF Q-LEARNING

In this section, we briefly review the Q-learning algorithm, and prove its convergence by ordinary
differential equation (ODE) analysis using the parameterized SNRDD condition in (@). We consider
an ii.d. sampling model from an arbitrary fixed distribution d € AS*, The analysis can be easily
extended to the Markovian observation model observing a single trajectory, using the arguments
in|Liu et al(2024). Upon observing (si,ar) ~ d(-), sy, ~ P(- | sk,a) and ry := r(sg, ag, s},)
independently for every k-th iteration, the parameter of (regularized) Q-learning using step-size
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(a) Linear Q-learning con-  (b)If ¢is small, thereisnoso-  (c) (Example|14.2)) Increasing
verges to a point which in-  lution, and if € is large, multi- € adds an unstable solution.
duces a sub-optimal policy. ple solutions exist. ri = —0.1and ro = —0.78.

Figure 1: The first and second figure show Example and in Appendix [13] respectively. In
the last figure, stable and unstable refers to whether T'(0, 7g, 113, ) is a Hurwitz matrix at each point.

o, € (0,1) satisfying >, o @ = 00, >y 07 < 00, and 1) € R, is updated as follows:

Or+1 = O + o (si, ar)(ry + Vgleajidﬁ(sﬁﬁ )8y, — P(s,ax) 0, —nby), By €RF (8)

4.1 STOCHASTIC APPROXIMATION AND ODE APPROACH

Q-learning can be understood as a stochastic approximation scheme (Robbins and Monro, [1951)):
Tpr1 = T + p(Agz)Tr + b+ €pr1), x € RP ©)

where o : RP — M is a switching signal, M := {1,2,...,|M]|} is the set of modes, b is a constant
vector and {A,, : m € M} are square matrices. € is Martingale-difference sequence defined in
Definition The almost sure convergence of (9) is closely related to its ODE counterpart:

Ii:t = Aa(mt)wt + b, T € Rp,t 2 0 (10)

where %mt = x;. Loosely speaking, the asymptotic behavior of x; in @) is governed by its
corresponding ODE if it admits a globally asymptotically stable equilibrium point. An equilibrium
pointis a vector * € R? that satisfies Az« " +b = 0 and global asymptotic stability means that
the solutions x; converge to * regardless of the initial condition x(. A detailed argument is given
by Borkar and Meyn Theorem (Borkar and Meyn| [2000) provided in Appendix[IT} A key concept in
verifying a globally asymptotically stable equilibrium point is the so-called one-sided Lipschitznes:

Definition 4.1 (One-sided Lipschitz, Definition 3.2 in|Bullo| (2024)). For D C RP, if f : D — RP
satisfies the following, it is called one-sided Lipschitz with constant b: [f(x) — f(y)]i[x — y]; <
blle -yl wherei € To(@ —y) := {j € [p] : |[z — yl;| = |& — y|l.} and x.y € R¥.

In fact, for a locally Lipschitz function f : R? — RP, Definition holding for V f(x)-the
gradient at differentiable point of f—at all such points is equivalent to the one-sided Lipschitz con-
dition (Davydov et al.,[2024a) (see Lemma|[I0.8]in Appendix [I0.I).

If f is one-sided Lipschitz with a negative constant, then every pair of trajectories of are
contracting, i.e., for solutions x; and y; with different initial conditions xy and y,, we have
e+ — y¢lloo — 0. This is known as contraction theory (Lohmiller and Slotine} [1998)), and if a
unique equilibrium exists, all trajectories converge to it, and it is globally asymptotically stable.

Lemma 4.2 (Theorem 3.9 in Bullo| (2024)). Suppose the condition in Definition holds for
f(x) := Ags@yx + b for RP with some ¢ < 0 and f is a Lipschitz function. Then, there exists
a unique x* € RP such that A, (4+)yx* + b = 0 which is globally asymptotically stable.

4.2  ANALYSIS OF Q-LEARNING ALGORITHMS

Now, using the ODE arguments introduced in the previous section, we prove that ODE counterparts
of a family of Q-learning algorithms admit a globally asymptotically stable equilibrium point. Let
us consider the following ODE counterpart of the Q-learning algorithm in (8

0, =® DyR+~y®" D Pl 26, — (&' Dy® + 1), 6, €R?, ¢ >0,
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where 7§ denotes the greedy policy over @0, i.e., m5(s) = argmax,c 4 ¢(s,a)'0, and a fixed
tie-breaking rule is applied when it is not a singleton set. When 1 = 0, it coincides with the update
rule of linear Q-learning, and if additionally ® = I, the algorithm reduces to asynchronous tabular
Q-learning. If > 0, the algorithm becomes regularized Q-learning. For each case, we can verify
that the one-sided Lipschitz condition in Definition [4.1] holds under the SNRDD condition in (@)
(which is necessary and sufficient condition for a locally Lipschitz map (Davydov et al.||[2024a)):

Lemma 4.3. The following holds depending on the choice of ® and n:

1) Letn=0and ® = I. For Q € RISMI, et Fyqq(Q) = F(Q, 7%, d). Then, Fasyncq(Q) is
one-sided Lipschitz with constant (v — 1)dmin Where din 1= ming g)esx.4 d(s, a).

2) Let n = 0 and suppose (4)) holds with (Dg,,...,T(0,75,d)) where Dg,,_.. is the set of differ-
entiable points of Fiinear(0) := F (0,75, d). Then, Fiinear(0) is one-sided Lipschitz with constant
(min i= SUPgep,,  MaXie(y] Si(T(0, 7§, d)) which is defined in Deﬁnition

3) Letn > Supgep,, — MaXiey) Si(T(0,75,d)), and denote Freg(0) := F,(0,75,d). Then,
FRrey(0) is one-sided Lipschitz with constant —1 + pin.

The proof is given in Appendix Section[I2.4] From Theorem [3.2] the SNRDD condition ensures
the uniqueness and existence of a solution, which corresponds to the globally asymptotically stable
equilibrium point of the ODE counterpart of each Q-learning algorithms by Lemma.2] This yields
the following result of which the proof is given in Appendix Section [I2.5}

Proposition 4.4. 1) (Asynchronous tabular Q-learning) Let ® = I and 1 = 0 in (8). Then, 6,
in (8) converges to a solution of F (0, 7y, d) = 0 which is unique, with probability one.

2) (Linear Q-learning) Let 1 = 0 in (8). Suppose the parameterized SNRDD condition (@) holds
with (Dg,,...., T(0,7g,d)) where Dg,, .. is the set of differentiable points of F(0,wg,d). Then,
0y in (8) converges to the unique solution of F (0, g, d) = 0 with probability one.

3) (Regularized Q-learning) Let 1) satisfy the condition in (4) with (Dg,,...,T(0,75,d) — nI).
Then, 0y, in (8) converges to the unique solution of F, (6, mg, d) = 0 with probability one.

Remark 4.5. SNRDD condition can be both applied to prove convergence of linear and tabular Q-
learning, providing a unified understanding of Q-learning algorithms. For regularized Q-learning,
we relax the assumptions on positiveness and orthogonality of feature matrix (Lim and Lee| |2024).
Our approach is based on contraction theory, whereas |Lim and Lee| (2024)) adopts a switched-

system framework. Moreover, we do not require target network update or projection as in | Zhang
et al.|(2021)).

Remark 4.6. |Melo and Ribeiro|(2007)) investigates convergence of Q-learning and imposes a con-
dition on the feature function, requiring ||¢p(s,a)|| < 1; however, as noted in its errata, the
proof under this condition is incomplete. In a follow-up work, |Melo et al.|(|2008) adopts a stronger
assumption, ||d(s,a)|leoc = 1, which is stronger than the condition used in our analysis, i.e., if
ld(s,a)|lco =1, then SNRDD condition is satisfied.

Remark 4.7 (Convergence to sub-optimal policy). Even though Q-learning can converge to a
unique point, there is no guarantee that this point induces the optimal policy. Moreover, suppose
there exist multiple solutions of PBE. T(0,7y,d) at the solution of PBE can be SNRDD which
yields a sub-optimal policy compared to the others. Then, the Q-learning algorithm may converge
to this solution. A simple example is given in Example [I33]in the Appendix[I3] and its trajectories
are shown in Figure[ld| This complements the observation by Gopalan and Thoppe| (2024), which
empirically showed that linear Q-learning can converge to the worst policy.

5 APPROXIMATE VALUE ITERATION AND Q-LEARNING

In this section, we analyze the convergence of the AVI algorithm and present examples where Q-
learning converges while AVI does not, and vice versa. The convergence of AVI is known to play a
key role in algorithm with target network updates (Lee and He| 2020a}; |Chen et al.;[2023)). Nonethe-
less, its relation with Q-learning has not been well understood.

An iterative method to solve @), the so-called AVI algorithm (De Farias and Van Roy, [2000), is
Ori1 = (@' Dy®) '@ "Dy(R+ YPTLy ®6;), 6) cRP, keN. (11)
k
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(a) Oscillation of AVI. (b) Convergence of lin- (¢) Convergence of  (d) Oscillation of linear
ear Q-learning. AVL Q-learning.

Figure 2: The first two and last two figures show experimental results on Example and|13.2}
respectively. For reproducibility, the experiments are done with an expected update version of Q-
learning provided in Algorithm@ in Appendix Section

One can easily check that the condition in () or (7) ensures the convergence of (T1)), which is given
in Lemma[I2:2]in the Appendix. Now, our focus is on the relation between the convergence of AVI
and Q-learning. Proposition[3.13]states a condition when both algorithms converge. Our interest is in
the case when one algorithm converges while the other does not. In particular, we consider the case
when the condition (@) is met but the spectral radius of the matrix 7(® " Dy®)~'(®" Dy PI1 s ®)

at the solution is larger than one, i.e., Q-learning converges but AVI does not. ELikewise, we provide
an example for the opposite direction, AVI converges but Q-learning does not. In this case, condi-
tion @ is met but T'(0, 75, d) at the solution is not a Hurwitz matrix. The examples are provided in
Example [13.1]and [T3.2]in the Appendix [I3] and the experimental results are plotted in Figure[2]

Remark 5.1. For TD-learning (|A| = 1), the spectral radius of v(®" Dy®)~1(®" D,PIL,®)
being smaller than one is sufficient to guarantee the convergence of AVI. Moreover, the convergence
of linear Q-learning can be checked whether the matrix T'(0,,d) is Hurwitz, i.e., the real part
of the eigenvalues are all negative. Using these conditions, |Wu et al.| (2025) provided an example
that TD-learning converges but AVI does not, and vice-versa. In contrast, we provide examples
for the case when |A| > 2. The spectral radius condition and Hurwitz conditions do not imply
convergence of AVI and Q-learning, respectively. Moreover, SNRDD matrix is a Hurwitz matrix but
the reverse does not necessarily hold, which is provided in Lemma[I0.13|in the Appendix. Therefore,
our examples cover different scenarios from the example in|\Wu et al.|(2025)).

6 PATHOLOGICAL BEHAVIOR USING ¢€-GREEDY BEHAVIOR POLICY

In this section, we examine the case when e-greedy policy is used, which was not addressed in
the previous analysis. The first example illustrates a problem arising from this discontinuity. In
particular, even though SNRDD condition is met, is shows that previous results do not extends to
the e-greedy behavior policiy, showing its hardness in the analysis. The second example highlights
a specific phenomenon resulting from the use of the e-greedy policy.

Change of number of solutions: In this example, there is a critical value for €, at which the number
of solutions to equation (I)) changes. e-greedy policy is used for both behavior and target policy.
Consider an MDP with |S| = 1,|A| = 2,p = 1,7 = 0.99, and r(1,1,1) = 0.5 and r(1,2,1) =
0.48, illustrated in Example [I4.1]in Appendix [T4] Depending on e, there are three distinct regions:
no solution, unique solution, and multiple solutions (Figure [Tb). A critical value separates these
regimes, with the number of solutions changing when this threshold is crossed. In particular, as the
SNRDD condition is met, the non-existence of the solution is due to using a discontinuous policy.

Bertsekas|(2011));| Young and Sutton|(2020) provided examples that the number of solutions changes
depending on the value of transition probability or reward. Our example differs as the change is
determined by the value of €, which reflects the degree of exploration.

2To be precise, the expected version of Q-learning does not converge to a solution at which F' (0,75, 1se)
in (1)) is differentiable and T'(0, g, f18, ) is not a Hurwitz matrix. The stochastic counterpart closely follows
the behavior of expected update version provided in AlgorithmEl in Appendix E



Under review as a conference paper at ICLR 2026

Emergence of solution that yields optimal policy but to which Q-learning cannot converge: We
provide an example showing that increasing ¢ introduces a solution that induces the optimal policy
but to which Q-learning cannot converge, which is illustrated in Figure Consider an MDP with
|S| =1,]A| = 2,and ¢(1,1) = z, ¢(1,2) = y, and the behavior and target policy are e-greedy and
greedy policy, respectively. The reward r(1,1,1) = r; and r(1,2,1) = r, are negative constants,
as illustrated in Example [T4.2]in Appendix [T4] There are two possible deterministic policies, say
w1 and mo. Depending on the choice of r; and 2 (1 < 79 or 79 < r32), the optimal policy can be
either 1 or mo. When r; = —0.1 < rg = —0.78, for ¢ < €* = 0.1, there exists a unique solution to
PBE. This induces a sub-optimal policy, and Q-learning converges to this solution. For ¢ > €*, there
exist two solutions: one leading to a sub-optimal policy and the other to the optimal one. However,
Q-learning cannot converge to the optimal solution because F'(0, g, (i3, ) in is differentiable
and T'(0, 7g, 118, ) is not Hurwitz at the corresponding point.

[Young and Sutton| (2020) provided an example that Q-learning can converge to a point that induces
sub-optimal policy depending on the ordering of the reward (but not dependent on ).
showed that for a certain regime of €, Q-learning can yield a sub-optimal policy compared to
possible policies that can be represented by the linear feature while the optimal one is not realizable
(detailed in Appendix [I5). Our example shows a different scenario that we can tune € to ensure a
solution of PBE that induces optimal policy, but Q-learning cannot converge to this solution.

7 CONCLUSION

In this paper, we have studied PBE through the lens of SNRDD assumption and condition motivated
from the AVI scheme. In this context, we also studied the relationship between the convergence of
Q-learning and AVI. Moreover, to extend the understanding of solution to PBE, we provided exam-
ples showing pathological phenomena when using e-greedy policy. Future studies would include
extending the analysis to non-linear function approximation case. We believe that our analysis can
be naturally extended to this setting, following the approach in [Xu and Gu| (2020), which investi-
gates the convergence of Q-learning with neural networks. Specifically,|Xu and Gul considers
a projection onto a linear subspace of the form Q(6y) + VQ(8y) " (8 — 8y) where Q(-) is the func-
tion approximator and 8, denotes the initialization point. Then, the analysis in [ Xu and Gu|(2020)
relies on Melo’s condition from[Melo et al| (2008), originally used to prove convergence under linear
function approximation. By replacing Melo’s condition with our SNRDD assumption, we believe
that our theoretical results can similarly be extended to the non-linear setting.

Moreover, our theoretical findings also indicate where practical improvements may be pursued.
Since AVI can be viewed as a primitive form of deep Q-networks (DQN), the fact that we identify
regimes in which Q-learning converges while AVI fails highlights meaningful structural differences
between the two. This observation encourages further investigation into Q-learning—type updates,
consistent with recent efforts to revisit DQN without target networks—essentially reverting to a form

of Q-learning (Gallici et al.| 2025} [Vasan et al.} [2024).

In Section[6] we have provided examples using e-greedy policy showing difficulty on the extension
of our analysis. Nonetheless, we believe that the boundedness of the iterate can be established under
the SNRDD condition, following the approach in|Gopalan and Thoppe|(2023)).

Lastly, upon assuming the existence of the fixed point, we believe that our convergence analysis
can be relaxed to local points by replacing the set of differentiable points D with a neighbourhood
around the fixed point.
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8 NOTATIONS AND ORGANIZATION

Notations: R : set of real numbers; R : set of non-negative real numbers; R : set of real-valued
d-dimensional vectors, R™*" : set of real-valued m x n-dimensional matrices; C : set of complex
numbers ; [n] forn € N: {1,2,...,n}; [v]; forv € R” and i € [n] : i-th element of v; [A]; ;
for A € R™™™: the element in the i-th row and j-th column of the matrix A; ||Al|__ for A €
R™*™: infinity norm of matrix A, i.e., maxi<;<m > ;—; |[Ali 3 AP for some set D : a probability
distribution over the set D; Apin(A) for A € R™*™ : minimum eigenvalue of A; ||| , for z € R?
and a positive semi-definite matrix A € RP*P : Vo ! Ax;

Organization: In Section[3] conditions for existence of a solution to PBE is discussed. Section ]
and [5| provides convergence result for Q-learning and AVI, respectively. Lastly in Section [6] we
discuss the properties of the solution to PBE when an e-greedy policy is adopted.

The Appendix Section[]reviews the fixed point theory and provides foundational result for studying
the solution of PBE. In Appendix Section [I0} additional technical details are provided. A brief
review on stochastic approximation is given in Appendix Section The proofs omitted from the
main manuscript are given in Appendix Section[I2] The MDP examples used in the main manuscript
are provided in Appendix Section[I3]and[14} The omitted related works and the pseudo-codes in the
main manuscript are provided in Appendix Section [I5]and [7} respectively.

9 FIXED POINT PROBLEM

In this section, we present an analysis of existence and uniqueness of the solution to a specific
equation. The results will be applied to the study of the solution to the projected Bellman equation
(PBE) in Section[3] Our goal is to solve the following equation:

h(z):= Agx + by =0, (12)

where A, € RP*P and b, € RP are a matrix and a vector that depend on € RP, respectively.
When there are only finitely many possible choices of A, and by, it is called a switched affine
system or a piecewise affine system.

Finding a solution of can be re-casted into a fixed point problem: & + ah(x) = x for some
a € R. The study of fixed-point problems has been extensively explored in the literature, with
foundational contributions from pioneering works such as|Brouwer| (1911)) and [Banach| (1922).
Lemma 9.1 (Brouwer’s fixed point theorem (Brouwer, [1911)). Let Br := {x € R" : ||z| < R}
be an open ball in R™ centered at the origin and of radius R with some norm ||-||. If f : Br — Br
is a continuous function, then, f has a fixed point, i.e., a solution of f(x) = .

Lemma 9.2 (Banach fixed point theorem (Banach, 1922))). Consider a mapping f : R" — R™.
Suppose there exists a norm ||-|| such that || f (x) — f(y)|| < C ||z — y|| where C' € (0,1). Then,
there exists a unique point x* € R"™ such that f(x*) = x*.

A common method for verifying the existence of a fixed point is to check if the matrix A, satisfies a
specific condition. We focus on a matrix with a strictly negatively row-dominant diagonal (SNRDD)
introduced in Definition

sup max S;(Az) <0, (13)
zeD 1€[p]

where S;(A,) is defined in Deﬁnition and D C RP will be formally defined later. This concept
has been widely used in the literature of fixed point problem as well as in various system analy-
ses (Molchanov and Pyatnitskiyl [1989; Davydov et al., 2024a).

Now, let us present a simple result that follows from standard argument of Brouwer’s fixed point
theorem given in Lemma9.T|in Appendix [T0}

Lemma 9.3. Suppose holds with D = RP, and sup,cpy [|bz|, < 00. Furthermore, if the
function h in (I2) is continuous, then a solution of (I2) exists.

Proof. For simplicity of the proof, denote ¢ := supgep» max;c[y Si(Ag), Which is a negative
constant. Consider the following map : h(xz) = x + ah(x) for small enough a such that 0 < o <

14
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L Th
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The second equality follows from the fact that 0

<
The last inequality follows from the definition of S;(A.
SUD g epe MaXe[p] Si(Ag).
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n Definition and denoting ¢ :=
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|c|

b . . bm 7
Therefore, h is a self-map, i.e, the set {:r: ]| < w}

E is mapped into itself by h.

Moreover, h is a continuous function from the assumption that h is a continuous function. Now, we
can apply Brouwer’s fixed point theorem in Lemma[9.1]in the Appendix and the existence of a fixed
point of the map h follows. O

Remark 9.4. Without continuity, characterizing the existence of a solution becomes challenging.
An example where the condition (I3) is satisfied, yet no solution exists or multiple solutions arise, is
provided in Section|[6]

If we assume a slightly more contingent assumption that f(x) = A,z in is a locally Lipschitz
map (where the definition is given in Definition in Appendix [I0), then we can guarantee a
stronger result, i.e., the uniqueness of the solution(which can be also viewed as a result from |Davy-
dov et al.| (2024b) satisfying one-sided Lipschitz condition), and can be derived using a version of
Lebourg’s mean value theorem as in Theorem 17 in|Davydov et al.|(2024b):

Lemma 9.5. Suppose ||by — bar||oc < U@ — @'|| o where | < [supgep, maxie(y) Si(Az)| and
f(x) = Agzx and Dy is the set of differentiable points of f. Moreover, suppose f is a locally

Lipschitz mapping, with condition holding with Dy. Then, there exists a unique point x* € RP
such that Agz-x* 4 by« = 0, where 0, is a zero vector in RP.

Proof. Leth(x) = z+a(Ag +b,,) and denote ¢ = SUPgep, Max;e[y) Si(Az) which is a negative
constant. Then, we have

Ir(z) -~ h¥)]

|z —y+ a(Azz — Ayy) + a(bs — by)Hoo
<(I+ac) [z —yllo + allbe — byl

<A+ ac) |z -yl +alllr -yl

<A +alc+i) [z -yl -

The second line follows from application of Lebourg’s mean value theorem in Lemma of the
Appendix. As [ < |c| from the assumption, choosing o < ﬁ, the proof is completed by the
Banach fixed point theorem in Lemma[9.2] O
Remark 9.6. The continuity of a function does not necessarily imply Lipschitzness. However, if a
function is Lipschitz, it is necessarily continuous.

Remark 9.7. A locally Lipschitz function is differentiable almost everywhere by Rademacher’s the-
orem in Lemma[l0.2]in Appendix[I0}
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Now, let us focus on a slightly different condition to study the solution of (12). For some C,, € RP*?
that is invertible, we can re-write the equation in (12) by

h(z) = C; (Ay + Cp)x + C; by — = 0. (14)

When A, b, and C,, are constant matrices and vectors, i.e., Ay = A, by = b,and C, = C
for some A,C € RP*P b € RP, the system simplifies to a linear form. In this scenario, the
reformulation in (T4) is widely recognized as matrix splitting (Berman and Plemmons| [1994), a
method extensively studied for analyzing the convergence of linear systems such as

CBk+1:Cil(A+C)213k, iliQGRp.
The convergence of these systems is determined by the spectral radius of C~! A. However, when

these matrices depend on x, the spectral radius of each C; ! A,, becomes insufficient to ensure the
existence of solutions or the stability of dynamical systems described by (T4), specifically

Tyl = C;;(Amk +Cx )k + C;klbmk, xo € RP.

Consequently, an alternative condition must be considered to address these challenges. In particular,
we consider the following condition for some real number c*:

[Cz' (A +Co)|| <" <1, VoeD (15)

for some set D C RP, which will be clarified further. Now, we have the result for the existence of a
solution to (I2):

Lemma 9.8. Suppose holds with D = RP, and sup cg» ||C;1bmHoo < o0. Ifﬁ in isa
continuous function, then there exists a solution of (I2).

Proof. For simplicity of the notation, let us denote ¢ = 1 — sup,cp» ||C; YAy + Cy) HOO, and let
h(z) = & + ah(z) where 0 < o < L
bound

T eupncar [[Co (Awt Cal]|° Now, we have the following

(1 =) +aC' (Az + Ca)||
:Héé[n]( (1—a)+ Q[C:Zl(Am + Cm)]1,1| + O‘ZHC:;I(A:B + Cm)]ii]i,j
= i
<l-—a+a«a HC;l(Am + Cm)Hoo
<1l-—ac (16)
where the last two inequalities follows from the choice of a.
Then, we have
Hﬁ(a:)”oo =[(1-a)I+aC;'(Az + Cy)) = + aC’;lbmHoo
<1 = )T +aCy (As + Co)| 2l + [ b .
<1 —ac)||z||,, + HC;lszOO .

The last inequality follows from (T6).

-1
SUDPg crP ch b, ||
c

= we have HiL(gj)HOO < Supmew”cc';lbmn

For x such that ||| < = Therefore,

h is a self-map, and a continuous function from the assumption that h is a continuous function.
Now, applying Brouwer’s fixed point theorem in Lemma[9.1]in the Appendix, there exists a solution

of (12). O

The uniqueness of the solution can be guaranteed with additional assumption of local Lipshictzness
of h:

Lemma 9.9. Suppose C, and b, are bounded constant matrix and vector, respectively. If hisa
locally Lipschitz function and sup,cp. ||C’w_1(Agc +Cy) HDO < 1 where Dj, is the set of differen-

tiable points of h, then a solution of exists and is unique.
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Proof. For simplicity, let us denote ¢ := supgep. [|Cy ' (Az + Ca)|| <1
By a version of Lebourg’s mean value theorem in Lemma[10.6]in Appendix Section[I0.1] we have

|Co ' (Az + Ca) ' — Cy ' (Ay + Cy) || <cllz -yl

The Banach fixed point theorem in Lemma[9.2]in the Appendix ensures the uniqueness and existence
of the solution. O

Remark 9.10. Suppose there exists a norm ||-|| such that sup,cgp HC;l(Am + Cq)|| < 1, which
can be guaranteed if the joint spectral radius is smaller than one (Rota and Strang| |1960) and
{C1(Ay + Cy) : & € RP} is a finite set. Then, we can replace the infinity norm in with this
common norm. We refer to Definition and Lemma in the Appendix[I0|for further details.

9.1 DISCUSSION ON THE CONDITION ((13]) AND (1]
From the above discussion, we can see that the conditions (I3)) and (I5) are important in guarantee-
ing the existence of a fixed point. Let us discuss the relationship between the two conditions:

Proposition 9.11. Suppose for all x € D, Cy is a diagonal matrix such that 0 < omin < Amin(Cg)
and Amax(Cq) < Omax < 00 for some positive constants o iy and o ax.

1. Suppose (I3) holds, and Ay + Cy has non-negative diagonal elements for all x € D, then, (I3))
holds.

2. If (I3) holds, then holds.
Proof. From (13)), for some x > 0, we have the following:
=k >[Aglii + Z [Azlijl
JEp\{i}

=—[Calii +[Aa+ Calii+ > |[Ac+Caliy
JEPI\{i}

=[Calii [ -1+ [C 1,, Z| Ag + Colij

Jj=1

The first equality follows since C, is a diagonal matrix. The last equality follows from the fact that
the diagonal elements for A, + C, are non-negative. As [Cy]; ; > 0, we have the following result:

0<

p
e 205 |17 IO 2 [+ Celusl | =1 = €2 (A +

This proves the first statement.

Now, let us prove the second statement. Note that from the condition (I5), for some w > 0,

P
; + Cyuliq
—w >max —I= 1|[ il ]jl
i€[p] m]m

ZI 2+ Calij| = [Calis

Jj=1

[

p

> 1Az + Calij| = [Cali

Jj=1

zmax
i€[p] Omin

The first inequality follows from the assumption in (I5), and the last inequality follows from the
condition max;c ) [Czlii > Omin-
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Now, we can check that

P
—OminW > Z [[Az + Cqlij|l — [Czlii > Z I[Azlij| + [Azlii-

J=1 jelp\{i}
where the last inequality follows from the fact that C, is a diagonal matrix.

Therefore, from the definition of S;(-) in Definition taking supremum and maximum over the
above inequality, we get

sup max S;(Az) < —ominw < 0,
zeD 1€[p]

which proves the second statement.

10 AUXILIARY DETAILS

10.1 FINE PROPERTIES OF FUNCTION

Definition 10.1 (Locally Lipschitz function (Clarkel |[1981)). A function f : R™ — R" is said to be
locally Lipschitz, if for x € R™, there exists a constant L an § such that

|z — @0l <0 = |f(x) — flzo)l < L& — ol
Lemma 10.2 (Rademacher’s theorem, page 810 in |[Evans| (2018)). Let f : R* — R™ If fisa
locally Lispcthiz function, then f is differentiable almost everywhere.

Definition 10.3 (Generalized directional derivative (Clarkel [1981)). The generalized directional
derivative of the locally Lipschitz function f : R™ — R at the point u € R"™ in the direction v € R"
is defined by

fo(u;v) = limsup flw +tv) - f(w)

w—u,t—0+ 4

Definition 10.4 (Clarke subdifferential, page 54 in |Clarke| (1981)). Ler f : R™ — R be a locally
Lipschitz function. The Clarke subdifferential Oc f(u) of f at a point u € R" is defined as the
following:

dcf(u)={veR":v'y < f(u;v), Yy e R"}.
When f is locally Lipschitz, then

Oc f(u) = conv { lim Vf(x;) : ; € Dy such that x; — v and lim V f(x;) exists }
1—> 00

71— 00

where conv(A) denotes convex hull of a set A, and Dy is the differentiable points of f and x; is a
converging sequence to v.

Lemma 10.5 (Lebourg’s mean value theorem, Theorem 2.4 in (Clarke et al.| (2008)). Consider a
locally Lipschitz function f : R" — R. For x,y € R", there existsv € {tx + (1 —t)y : t € [0,1]}
such that

f@) - f(@) =2" (& — y)
where

z € 0fc(v) =conv { lim Vf(x;) : ©; € Dy such that x; — v and lim V f(x;) exists } .

1—00 1—00

Dy is the differentiable points of f and {x; € Dy}, is a converging sequence to v.

Lemma 10.6. Suppose f : R" — R is a locally Lipscthiz function and ||V f(x)|| .. < fmax for
all the differentiable points x for some positive real number fi,.x. Then, the following holds:

1F(®) = F(W)lloo < frnax [l =yl -
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Proof. Consider e, f(z) for some i € [n]. By Lebourg’s mean value theorem in Lemma [10.5] we
have, for a basis vector in R™ whose ¢-th coordinate is one,

el (f(x)— f(y) =a] (x—y) (17)

for a; € conv{limy_,0o Vf(xy) " €; : @) — v, 2 € Dy} where v € {tz + (1 —t)y : t € [0,1]}.
We can find such a; for all i € [n], and we have

Taking the infinity norm on both sides, we get

1F(@) = (W)l <max la) || Iz =yl

q
<IDoNF| -yl (18)
j=1

(oo}

where >39_, A\; = 1. For j € [g¢], \; > 0, and fi = limy_,o €] VF(a]) for some sequence
{a:fC € Ds}72 . Note that we have

k—o0
o0 o0

q q
DoNf|| = lim Y el Vi)
j=1 j=1

i 3 el

é Z )\j fmax
j=1
:fmax-
Applying this result to yields the desired result. O

Lemma 10.7. A function f : R™ — R" is locally Lipschitz if and only if f is Lipschitz on every
compact subset K C R™.

Proof. The necessity part is an immediate consequence of the definition of local Lipschitz continu-
ity. We now establish the converse implication. Suppose the local Lipschitzness holds with some
norm ||-|| and f is not Lipschitz on some compact set K. Then, there exists some ¢,y € K such

that W > C for any C' > 0. Therefore, there exist a sequence {(z,,yn) € K x K}72,

T
such that W — 00. From the compactness of K, there exist a convergent subsequence
{(xk,, , Yk, ) 152, converging to (&, y). Moreover, as continuous function is bounded on compact
set, we should have ||z, —yx, || — 0. This contradicts the fact that f is locally Lipschitz at &, and

this proves the reverse direction. O

Lemma 10.8 (Lemma 7 in Davydov et al.[|(2024a))). Suppose the map f is locally Lipschitz. Then,
the following two conditions are equivalent

m:iu]( Si(Vf(x)) < —cforx € Dy <= [ is one-sided Lipschitz with constant —c in Dy
1€[p

where Dy is the set of differentiable points of f and S;(-) is defind in Deﬁnition

By Rademacher theorem, a Lipschitz continuous function is differentiable almost everywhere.
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10.2 MATRIX PROPERTIES

Now, let us briefly explain the concept of joint spectral radius (Rota and Strang, |1960), which is
defined as follows:

Definition 10.9 (Joint spectral radius (Rota and Strang}, [ 1960)).
Given a set of matrix {A; € R"*™}™ ,  the joint spectral radius is defined as

P(A1,"' aAm) = lim max HAUk"'AUzAalHl/k'

k—oco o€{1,2,...,m}*

Lemma 10.10 (Rota and Strang (1960)). Given a set of matrix {A; € R™ "}, if the joint
spectral radius is smaller than one, then there exists a norm ||-|| such that || A;|| < 1 for all i € [m].

Lemma 10.11 (Gerschgorin circle theorem (Horn and Johnson, [2012)). Let A € R™*™ and
Ri(A)= > [A]i . Consider the Gerschgorin circles
J€[n\{i}

{ze€C|:|z—[Alii| <Ri(A)}, i=1,...,n.
The eigenvalues of A are in the union of Gerschgorin discs
G(A) =UiLi{z € C|: |z — [Aii] < Ri(A)}.

Definition 10.12 (Hurwtiz matrix (Khalil and Grizzle, [2002)). A matrix A € R™*"™ is said to be a
Hurwitz matrix if all of its eigenvalues has negative real part.

Lemma 10.13. An SNRDD matrix is a Hurwitz matrix.
Proof. The proof directly follows from Gerschgorin circle theorem in Lemma[10.T1] O

10.3 TYPES OF POLICIES AND MARKOV CHAIN

e-greedy policy: Let A* = argmax,c4 ¢(s,a)’0.

1 e : *
r5(a] 5) = A A if ac A
6 —_— if a¢ A"
[A[—[A*]

e-softmax policy : Given a positive real number, 7, which is so-called a temperature parameter, the
e-softmax policy policy is defined as

me(a | s) = eXp(T¢(S,a)T0)
ZUGA eXp(’T(f)(s’ U)Tg) )

Y(s,a) € S x A

Tamed Gibbs Policy (Meyn, 2024) A (e, ko)-tamed Gibbs policy defined as mg(a | s) =

exp(—To(s,a) " 0)
> wenexp(—Tod(s,u) T 0)

where

o else

_Ko 0 >1
To(a|s) = { ret;  116lls = .
2

The following lemma is from Perkins and Precup)| (2002):

Lemma 10.14. If the behavior policy Bg satisfying Assumption is locally Lipschitz, then, its
corresponding stationary distribution [ig, is also locally Lipschitz.

Proof. For simplicity of the proof, let P, € RISIAIXISIAl and 45, € RISIIAI such that

[Psel(s—1)|Al+a,(e=1)|Al+u = P(x | 5,a)Bo(u | x),  [18e](s—1)|A|+a = Hpe(a] s).

From local lipschitszness of 3y, there exists § and L such that for 8’ satisfying |Bg(a | s) — Ber(a |
s)| then, || < L ||@ — @'|| for some norm ||-]|.
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Now, note that the following holds (Seneta, |1993):
’J’ge/ - ,Uzge = ugel (Pﬂo/ - PBB)(I - PﬁH + 1/"’;9)71'
Therefore, taking norm on each sides,

L S =Pog + 1p5,) 72|, || Pso — Py

T T
Hﬂﬁel ~ Hpe 1

| Psy — Ps,,
1

B

Z(Pﬁe - 1“gg)k
k=0

T \k

SCML?B, Z(Pﬂe - 1/1’/39) ||Pﬂ9 - Pﬂg/ 1

k=0 u

Hp
S 6 - HPBO - PBQ’ 1
Tl

C

< Lie—#|

C1- HPBS - 1“;9

u

where |-, is a norm such that HPBQ —1pg, H < 1 which exists as p(Pg,, — 1p5.,) < 1. C

Hg
is a scalar such that [|-|| < C,_ [|*[|,, which exists by equivalence of norm. The second inequality
follows from sum of geometric series. Therefore, local liopschitzness of 11, (a | s) follows. O

11 STOCHASTIC APPROXIMATION

Let us consider a stochastic approximation scheme (Robbins and Monro} |1951):

Tpr1 =T + oy () + €r)

where f : R™ — R™ is continuous function, €, is a Martingale difference sequence and oy, € [0, 1]
is the step-size.

Definition 11.1 (Martingale difference sequence). Consider a sequence of random variables

€0, €1,... and let o-fields Fy = o(xo, €1, ..., €). IfE[eps1]Fi] = 0 and E[||epr ||* | Fi] < o0
almost surely for the o-fields Fy, €y, is called a Martingale difference sequence.

The ODE counterpart can characterize the stability of stochastic approximation scheme:
:ict :f(a:t), ) GR",tz()

Assumption 11.2. [. The mapping f : R™ — R"™ is globally Lipschitz continuous, and there exists
a function fo, : R™ — R”™ such that

lim 7]"(03})

c—00 c

— fo(x), VmeR" (19)
2. The origin in R™ is a globally asymptotically stable equilibrium for the ODE &y = foo(2).

3. There exists a globally asymptotically stable equilibrium x* € R" for the ODE &, = f(x:),
ie,xy — x*ast — oo.

4. The sequence {€j,Gr}r>1 where Gy is sigma-algebra generated by {(x;,€;),k > i}, is
a Martingale difference sequence. In addition , there exists a constant Cy < oo such that for any
initial 0y € R™, we have E[||€x+1||%|Gk] < Co(1 + ||zk||?), Yk > 0.

5. The step-sizes satisfies the Robbins-Monro condition (Robbins and Monro| |1951) :

o0 o0
E Qp = 00, E a% < oo.
k=0 k=0

Lemma 11.3 (Borkar and Meyn Theorem, Borkar and Meyn| (2000)). Suppose Assumption [I1.2]
holds and there exists unique x* € R™ such that f(x*) = 0. Then, x, — x* with probability one.
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12  OMITTED PROOFS IN MAIN MANUSCRIPT

Lemma 12.1. Ifn > 3, and ||¢(s,a)| ., < %for all (s,a) € S x A, then 7<I>TDM9 PIL, @ —
(nI +®'"D,, ®)is SNRDD for all § € RP.

Proof. Fori € {1,2,...,p}, let us consider Sl-(’y{)TDMH PIL,,® — (nI + @TD#BG ®)) which
is defined in Definition 3.1}

—n—[®"D,,, ®},+7(®'D,, PI®|,+ > [-®'D,, ®++®'D
je{1.2,.p)\{i}

——n— 3 nsls.a) <[¢><s, A2 =7 3 P’ | 5,0)[p(s, )l [Z rou | s'>¢<s’,u>] )

(s,a)eSx.A s'eS ucA

P11, ®];,

HBg

+ Z Z Hge (s,a) Z 7)(5/ ‘ S?a’)[d)(sva')]i [d)(sva)]j - [Z 770(“ | S/)¢(S/’u)]

Fe{1,2,....p3\{i} (s,0)ESx A s'ES u€EA

+ Y Y nse(s.a) Y P(s' | s,a) (s, a)l| <||¢(8,a)lloo +7 ) me(uls) ¢(8’,U)|oo>

Fe{1,2,....p1\{i} (s,0)ESx A s'ES u€A

J

S molu | )e(s',u)

ueA

<=0+ Y ppelsa) <||¢(S,a)||§o +7 Y P | s,0) [d(s,a)ll

(s,a)eSxA s’eS

<-n+ Z Mﬂe(s’a) <;+VZIP(SI|S7G);>

(s,a)eSxA s'eS
2
fY Y mea X sa(2)
JEN2, PR} (5,0)E8 %A ses b
2
<—-n+-+2
p
<-n+3.
The first inequality follows from the fact that |[¢(s, a)];| < ||@(s,a)]|,, forall (s,a) € S x A and
1 €{1,2,...,p} and using triangle inequality. The second inequality follows from the assumption
that || (s, )|, < ﬁ for all (s,a) € S x A. Therefore, n > 3 is sufficient for our goal.

O

12.1 PROOF OF THEOREM[3.2]

Now, let us present the proof of Theorem [3.2}

Proof. The first statement follows from Lemma [9.3] in the Appendix, which generalizes Theo-
rem [3.2] The proof outline is as follows : We can check that for small enough choice of «,
x + aF (0,79, ug,) is a self-map, meaning it maps C onto itself, where C is a compact set. More-
over, using a continuous behavior and target policy, the function F' is continuous. Therefore, we can
apply the Brouwer’s fixed point theory in Lemma9.T]in the Appendix.

The second statement directly follows from Lemma[9.5] which applies the result of [Davydov et al.
(20244) that for a locally Lipschitz function with SNRDD condition, the uniqueness of the solution
is guaranteed. The only condition we need to check is the local Lipschitzness of F'(0, mg, 13, ). The
stationary distribution g, is locally Lipschitz from Lemma in the Appendix. As product of
locally Lipschitz functions are still locally Lipschitz, which can be verified using Lemma([10.7)in the
Appendix, F(0, g, ua,) is a locally Lipschitz function. Therefore, we can now apply Lemma
in the Appendix. ]
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12.2  PROOF OF PROPOSITION [3.10]

Proof. The first statement is a specific case of Lemma [9.8]in the Appendix, a generalized version
of the first statement. The idea of the proof of Lemma is the following : Consider the scenario
when (6) holds. Multiplying ® on both sides of (3)), we get

®6 = (@' D, ®) ' (18" D,, Pl &0+ D,, R).

Let B9 = fPao and 7 = Tae. Denote y = ®0 and f(y) :=
<I>(<I:TDMy ®)! (7:I>TDH% PIL; y + @TDM% R). Now, it is sufficient to investigate
the solution of the equation y = f(y). We can check that y + o f(y) is a self-map for some small
enough .. Moreover, as the policies 15, and ,, are continuous and f is also a continuous map, we

can apply Brouwer’s fixed point theorem in Lemma in the Appendix. Therefore, we can apply
Lemma[9.8]in Appendix Section[0] The same argument holds when we consider the condition (7).

The second statement is a specific case of Lemma in the Appendix Section[9} The proof relies
on a version of Lebourg’s mean value theorem (Lemma [T0.6]in the Appendix Section [J), which is
applicable as g is Lipschitz and f3g is a fixed policy. O

12.3 PROOF OF PROPOSITION

Proof. A generalized version of proof is provided in Proposition in Appendix Section[9} The
proof can be established using the definition of the infinity norm and SNRDD as given in Defini-
tion[3.11 O

12.4 PROOF OF LEMMA [4.3]

Proof. Let us provide the proof of the first statement, the case of asynchronous tabular Q-learning.
Fori € 7.(Q — Q),

[Q - Q}i[FAsyan(Q) - FAsyan(Q)}i
=[Q — QlilyD4P (115 Q — Hﬂ%Q) —Du(Q - Q)i

=[Q — QL v[Dali,i Z [P]z’,j <maX[Q}(j—1)|A+u - gleaji[é](j—l)mw) — [Dali :[@Q — Q]z

Jels| ued
L2 5 y
<—[Ddii |[Q - Qli| +11Q — Q| | ¥[Ddlii > _[Pli; max |[Q)j-1)ja+a — [QlG-1)41+al
jes
<(v-1)[Ddi|1@ - QL
S('V - ]-)dmin [Q - QL ’ .

The second last line follows from the non-expansiveness of the max-operator and |[Q —
Qlis—1)jAl+al < [[Q — Q]i] for all (s,a) € S x Assince i € To(Q — Q). This proves the
first statement.

Now, let us prove the second statement, the case for linear Q-learning. For 6, 0 c RPandi €
Z (0 — 0), from Lebourg’s mean value theorem in Lemma in the Appendix, we have

[-Flinear(a) - Einear(é>]i = aiT (9 - é)

where v € {t0 + (1 — t)H~ :t € [0,1]}, a; € conv{limy oo VEinear(z)'€; : ) —
v, zy € Dr,,...} and Dg,,,,, is the differentiable points of Fiipear. @; can be expressed as
a; = Z?:l >\j limk—mo v-Flinear(mi)Tei for some q € Nv Zg‘:l /\j = land fOI‘j = [Q}, )\j Z 0
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and {x] }7° , is a converging sequence to v. We have,

q
=—[®"D;®)%[60 - 0>+ (6 —0); Jim > Av® D, ®PILs (6 -6)
—00 )
J=1 k i
9 2
= lim | ~[@T DB +9 ) N[@ DaPTLs @ | |16 - 6]
=}

k—o0

Jj=1

q
+hm oy YT YA @TDPIL @], [0 - éL [0 - é}l
tefpl\ (i} =1 .

k—o00 4
Jj=1

@

g P
= lim S\ <—[<I’TDd<I>]? +4[®" DyPIL @]m) He - 0”
A oo

+ lim zq: Ny Y [@TDePIL @), [0 - éL [0 - éL

j=1 lelp\{i}
a _112
= k:ll)ngoz Ajamin 0- HHOO
j=1
~112
=0min 0— 0H

where the second equality follows from simple algebraic decomposition and the last inequality fol-

lows from the choice that [0 — 6];| = HO - é” and from the definition of @yiy:

min = max  max | —[®@7 Dy®]? +7[® " Dy P g ®); i + Z 12" Do Py @],
weDFlinear 76[}7] le[p]\{z}

The third statement (one-sided Lipschitzness of regularized Q-learning) follows from the same logic
as the second statement.

O

12.5 PROOF OF PROPOSITION [4.4]

Proof. The proof follows from applying the Borkar and Meyn Theorem in Lemma[I1.3]in Appendix
Section[I0} Let us verify the items in Assumption[T1.2]in Appendix Section [I0}

Let us first check item 2 and item 3 of Assumption We can see that the ODE counterparts of
the Q-learning admit a globally asymptotically stable equilibrium point by one-sided Liipschitzness
in Lemma[.3]and the existence of the solution to PBE in Theorem [3.2]

Now, let us verify the remaining items of Assumption Global Lipschitz condition of item 1
follows from the fact that max-operator is a Lipschitz operator. The fourth item can be verified
using triangle inequalities and fifth item follows from our assumption on the Robbins-Monro step-
size (Robbins and Monrol [1951)). L]

Lemma 12.2 (Convergence of AVI). Consider the update in (I1). If (6) or (7) holds, then a unique
solution of (1), say 0* exists, and ), — 0*

Proof. Let us consider the condition in (6). Multiply ® on both sides, and then subtracting $6*, we
get
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| @ (01 — 0%)|| . = H<I>(<I>TDd<I>)‘1{>TDd(7PHﬂ§>Sk 6, —yPILs  $0")
<c|®6, — 267,

oo

where ¢ := suppep Y H<I>(<I>TD“%6¢1>)*1<I>TDPH

lows the application of Lebourg’s mean value theorem from Lemma 10.6in the Appendix. There-
fore, We have ||® (611 — 6%)||, — 0. The same argument holds when (7) holds. O

< 1, and the second inequality fol-

Te0

oo

13 MDP EXAMPLES

We define the TD-fixed point for a policy 7 as 8™ := (@' D® — y®DPIL,®)"'® " DR. For
each greedy policy 7 € €, if the greedy policy 75 induced by the TD-fixed point ™ differs from
7, then O™ is not a solution to the PBE.

The step-size for linear Q-learning is set to 0.1 across all experiments.

Example 13.1 (Q-learning converges but AVI does not). Consider an MDP with |S| = |A| = 2 and

p=2:
0.34 0.5 0 1 0.3
0.25 —0.16 0.02 0.98 047

®=1 092 o037 | P=loge oo1|> B=|_ogr| > HOI1)=096 §(1]2)=019.
0.83  0.19 0.05 0.95 -1

Then, for any T € (), where Q) is the set of deterministic policies, we can check that —<I>TDM 5P+
7<I>TDM PIL,.® is SNRDD. Therefore, by Theorem there exists a unique solution to PBE,
0* ~ :(1)3(75] , and Q-learning will converge to this solution by Proposition 4.4} Moreover, we can

check that p(v(@TDHB‘I')_léTDM PII,,. ®) ~ 1.08 > 1, and AVI algorithm cannot converge
to this solution. Experimental results are given in Figure[2|and Figure|3]

Example 13.2 (AVI converges but Q-learning does not ).

0.37  0.99 0.99 0.01 —0.31
0.97 1 0.99 0.01 —0.46

®=1""1 095> P=loso o011 B=]| o35> PAOI1) =059 5(1]2)=098.
—-0.77 0.19 0.42 0.58 0.73

One can check that the solution to PBE is 8 =~ {_018%6} . The condition (H} is satisfied at this point,

and hence AVI converges. Nonetheless, f'I’TDWS P+ 7<I>TDM Pﬂﬂg* ® is not a Hurwitz matrix,

and therefore, Q-learning does not converge to 6*. The experimental results are shown in Figure 2]
and Figure

Example 13.3 (SNRDD can lead convergence to a point which induces sub-optimal policy).

013 0.09 0.99 0.01 048
1 084 0.7 063 0.48

=1 _050 064 =009 001> B=|o0a1 | HAI1)=098 5(1]2)=096
094 —0.28 0.99 0.01 0.18

_1.26 . [-045
—0.27} and 0; ~ { 0.98

—@TD#E‘I' + 'y<I>TD% PH,Tg* ® is SNRDD and if we initialize nearby by 07, then the iterate of
1

the Q-learning will converge to 0. Meanwhile, the optimal policy corresponds to the greedy policy
induced by 05 whereas 07 induces a sub-optimal policy, i.e, the expected sum of discounted return
is lower. The experimental results can be verified in Figure

There are two solutions to PBE, which are 67 ~ { ] One can check that
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) wno T T mereteeens T umbarr reranans

(a) AVI does not con- (b) Linear Q-learning (c) Policy change of (d) Policy change of
verges. It shows oscil- converges to a unique AVIL.  For simplic- linear Q-learning.
latory behavior solution ity, each y-index,

{1,2,3,4} corre-

sponds to a determin-

istic policy. The policy

corresponding to 1 is

the optimal policy.

Figure 3: Experimental results on Example

@ 0

(a) AVI converges to a (b) Linear Q-learning (c) Policy change of (d) Policy change of
unique solution does not converge AVI.  For simplic- linear Q-learning.

ity, each y-index,

{1,2,3,4} corre-

sponds to a determin-

istic policy. The policy

corresponding to 4 is

the optimal policy.

Figure 4: Experimental results on Example

14 €e-GREEDY SOLUTION EXAMPLE

Example 14.1. Consider a MDP with |S| = 1 and | A| = 2:

0.45 1 0.5
P = [0179} , P= {1], I, = [e 1—¢], I, = [l—€ ¢, R= {—0.78} ,

where { andn§ are two different e-greedy policies. The corresponding stationary distribution of

H,r; and Hﬂg is DMf = 8 1 2 . and D“W% = 1 6 € 2 . From Figure we can check that

once a critical value is crossed over, then the number of solution changes.

Bertsekas|(2011); [Young and Sutton| (2020) provided examples that the number of solution changes
depending on the value of transition probability or reward. Our example differs as the change is
determined by the value of €, which reflects the degree of exploration.

Example 14.2 (e-greedy adds stable unstable solution). Consider the following MDP with |S| =
1,]A] = 2 and v = 0.99:
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X x x x X X X X x X X X X X 1.0

0.8

0.6 1

0.4 4

6,

0.21

0.0 4

-0.2 4

-13 -12 -11 -10 -09 -08 -07 -06 -05
6

(a) Each color—red, green, purple, and (b) This example shows convergence of AVI to
blue—represents the greedy policy induced the black point when initialized nearby the black
within each corresponding region. The ‘o’ point.

and ‘x’ markers indicate whether the SNRDD
condition is satisfied. The black and yellow stars
denote the solution of the PBE. As illustrated in
Figure[Ta] when the initial point lies in the blue
region, the trajectory converges locally to the
star colored in black located within that region.
Moreover, the region where condition motivated
from (@) holds coincides with the region which
SNRDD condition holds.

Figure 5: The figures show local convergence of linear Q-learning and AVI where the SNRDD
condition and the condition motivated from (f) is met only locally in Example[T3.3]

1—¢ 0 € 0
Iy =[1 0], Hyg=[0 1], D#i_[ } D“"E_{ ]

where T and 7 represent greedy policies that choose the first and second action, respectively,
while 7§ and 7§ are the corresponding e-greedy policies, respectively.

Then, we can calculate the following quantities:

‘I)TD/LT@‘I’ =(1 - e)2” + ey?, ‘I’TDMS‘P =ex® + (1 — €)y?,

1—¢ 0] |z
QTDNW;Pwa'I):[x Y] [ € 0:| L/] = (1*€)$2++6$ya

0 € T
®'D, PILy®=[r 4 [o 1- e:| M = (1—e)y’ +exy,
QTDHWE R :(1 — 6)()37‘1 + E€YTa, @TDHWER = exr) + (1 — E)yrz.
Now, we can see that

A4 =2"D, @72 D, Pl ®=(1-ca’+ey’ —7((1 - e)a’ + exy)

=e(—(1—)a® —yzy + ) + (1 — y)a?
Ay :@TDuwgé — 7<I>TDM§ PIL® = ex’ + (1 — €)y”> — (1 — e)y” + exy)

=e(a® —yay — (1 =7)y*) + (1 = 7)y”

27



Under review as a conference paper at ICLR 2026

Therefore we can now calculate 0™ and 0™, which are the TD-fixed points for the policies 7 and
7y, respectively:

g _ (1 —e€)ary + eyre
e(—(1 = 7)2? —yay +y?) + (1 —7)a?’
o8 exry + (1 — e)yrs

e(x? —yzy — (1= 7)y?) + (1 =)y

Suppose y > x > 0 and r1,r2 < 0. For 01 to be a solution, we require 6™ < 0 which is satisfied
if Ay > 0. Likewise, for 0™ to be a solution, we would require Ay < 0.

Let x = 0.5 andy = 1. Then A; = 0.5¢ + 0.0025, and for e > —0.005, Ay > 0 holds. Therefore,
forall e € (0,1), 671 is a solution fo PBE. Meanwhile, Ay = —0.255¢ + 0.01 and Ay < 0 holds if
0.04 < e. Therefore, 0™ becomes a solution of PBE when 0.04 < e.

Let us discuss the stability of each point in terms of Q-learning. Note that as A; > 0, Q-learning
will converge to this solution. In contrast, as As < 0, Q-learning will not converge to this solution.

The optimality of each policy depends on the relative values of r1 and ro. When ro < 11, the policy
7y becomes optimal. Conversely, if r1 < 12, then the policy 73 is the optimal policy.

15 RELATED WORKS ON LINEAR Q-LEARNING

This section provides additional literature on linear Q-learning. Several studies have proposed vari-
ations of linear Q-learning. [Chen et al.| (2023) explored the use of target networks and truncation,
while Maei et al] (2010); Devraj and Meyn| (2017); [Carvalho et al| (2020) employed a two-time-
scale approach to design a convergent linaer Q-learning algorithm. Although these methods ensure
boundedness or convergence, the exact points to which the algorithm converges remain not well un-
derstood. In a slightly different setting, explored a linear programming formulation
of Q-learning under deterministic transitions. Furthermore, examined Q-learning
with a target network in an overparameterized regime, where the number of features exceeds the
size of state-action space.

provided an example that for a certain regime of e, Q-learning using e-greedy
behavior policy can yield a sub-optimal policy compared to possible ones that can be represented by

the linear feature while the optimal policy is not realizable. The set of realizable policy by the linear

feature set (Lu et al.| is defined as

{71' €N:m(s) = argmez%(ﬁ(s,a)TB,B € Rp} .

The optimal policy 7* may not be in above set, and therefore, the solution of PBE might induce only
sub-optimal policies.

16 EXTENSION TO NON-LINEAR FUNCTION APPROXIMATION

The contraction theory-based analysis explicitly highlights the challenges in extending these results
to the nonlinear function approximation setting. For simplicity let us fix the target policy 7. Let
Fope(z) = Vf(x)"D(R + vPI" f(x)) and f : R? — RISI approximates the value function,
2 € RP is the learnable parameter, and f(x;s) denotes the s-th element of f(xz). The contraction
theory [R4] states that, if the Jacobian 0};—‘;’ is Hurwitz, then every two trajectories of the ODE

&y = Fppe(2¢) are converging. If we calculate the Jacobian ‘)I;%h

Oxr

we get
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% (V#() DR +~Vf(z) DP™ f(z) — Vf(z) DV f(z))

= Zd(s)vzf(:c; s) (Z P7(s" | s)(r(s,s") +vf(z;s') — f(z; 9)))

Iy

+) d(s) <W > P | s)Vf(wis)V(ais)T = V(s S)Vf(x;S)T)

s'eS

Iz

The term /; appears due to using non-linear function approximation whereas /s is the term that also
appears in the linear function approximation setting.. Consequently, while the /> can be controlled
by the SNRDD approach but it is not clear how to control the I; term, which is the unique challenge
in the analysis. The work by |Gallici et al.| (2025) considers layer normalization and regularization to
ensure that 222t 0 be negative definite under the infinite width regime of neural network. It is not
clear how the analysis can be extended to the case of finite-width case and the case of Q-learning
which includes max-operator.

17 PSEUDO CODE

Algorithm 1 (regularized) Q-learning with linear function approximation

1: Initialize 8y € R?, n € R.

2: for iteration step k € {0,1,...} do

3: Observe sy, ap ~ d(-), s, ~ P(- | sk, ax), and 1, = 7(sk, ak, 5},).
4: Update parameters according to

Orr1 = 01 + ard(sy,ap)(ry + 7 max &' (sk, )0k — d(si, ar) O —16y).

5: end for

Algorithm 2 Deterministic (regularized) Q-learning with linear function approximation

1: Initialize Oy € RP, n € R,d € AS*A,
2: for iteration step k € {0,1,...} do
3:

Or 11 =0k + ap(®' D4R+ 7@  DyPIl g 6, — @' D;90) — 10y).
k

4: end for
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