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ABSTRACT

Conditional diffusion models appear capable of compositional generalization, i.e.,
generating convincing samples for out-of-distribution combinations of condition-
ers, but the mechanisms underlying this ability remain unclear. To make this con-
crete, we study length generalization, the ability to generate images with more
objects than seen during training. In a controlled CLEVR setting (Johnson et al.,
2017), we find that length generalization is achievable in some cases but not oth-
ers, suggesting that models only sometimes learn the underlying compositional
structure. We then investigate locality as a structural mechanism for composi-
tional generalization. Prior works proposed score locality as a mechanism for
creativity in unconditional diffusion models (Kamb & Ganguli, 2024; Niedoba
et al., 2024), but did not address flexible conditioning or compositional general-
ization. In this paper, we prove an exact equivalence between a specific compo-
sitional structure (conditional projective composition) (Bradley et al., 2025) and
scores with sparse dependencies on both pixels and conditioners (local condi-
tional scores). This theory also extends to feature-space compositionality. We
validate our theory empirically: CLEVR models that succeed at length general-
ization exhibit local conditional scores, while those that fail do not. Furthermore,
we show that a causal intervention explicitly enforcing local conditional scores re-
stores length generalization in a previously failing model. Finally, we investigate
feature-space compositionality in color-conditioned CLEVR, and find preliminary
evidence of compositional structure in SDXL.

1 INTRODUCTION

Conditional diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song & Ermon, 2019;
Song et al., 2020) appear to possess remarkable compositional generalization capabilities. For ex-
ample, text-to-image models (Dhariwal & Nichol, 2021; Rombach et al., 2022; Ramesh et al., 2022)
generate convincing images for prompts like “a photograph of a cat eating sushi with chopsticks”
that were (probably) not seen during training. These models may generalize by composing known
concepts (e.g. cat+sushi) in novel ways. However, the extent of generalization in large-scale models
is unclear as their train sets are not publicly known (perhaps they have seen cats eating sushi). Fur-
ther, despite recent progress (Okawa et al., 2024; Park et al., 2024; Sclocchi et al., 2025; Kadkhodaie
et al., 2023; Favero et al., 2025; Chen et al., 2024; Wang et al., 2024; Lukoianov et al., 2025), the
mechanisms underlying compositional generalization remain unclear.

We first propose a concrete and controlled setting in which to study compositional generalization:
length generalization in location-conditioned models trained on CLEVR Johnson et al. (2017), a
synthetic dataset of objects with various locations, shapes, and colors. Length generalization refers
to the ability to generate more objects than seen in training – e.g., can a location-conditioned model
trained on 1-3 objects and tested on K > 3 locations actually generate images with K objects at the
correct locations? Prior work demonstrated length generalization of explicit composition of multi-
ple diffusion models via linear score combination Du et al. (2023); Liu et al. (2022); Bradley et al.
(2025). In contrast, we study length generalization of a single conditional model. By training on
multi-object samples, we hope that this model can learn the underlying compositional structure of
the data, hence length-generalize. We find empirically that, depending on conditioning and archi-
tecture specifics, these models sometimes length-generalize and sometimes do not.
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Figure 1: Length generalization in location-conditioned CLEVR models. We study length gen-
eralization in location-conditioned models trained on images with 1-3 objects, and tested on 1, 3, 6,
9 locations (6, 9 are OOD), with red dots indicating the conditioned locations at test-time. For each
experiment, the rows correspond to different conditioners (1, 3, 6, or 9 locations) and the columns
show 4 different samples. All models have the same architectures and training data and differ only
in the design of their conditioners (see Figure 7). In Experiment 1, a grid-style conditioner labels
the locations of all objects in the scene; the model successfully length-generalizes up to 9 locations.
In Experiment 2, a grid-style conditioner labels the location of only a single object (randomly se-
lected); the model fails to length-generalize (in this case, even 3 locations is OOD). In Experiment
3, a list-style conditioner labels the locations of all objects; this model fails to length-generalize
beyond 3 objects. Additional samples shown in Figure 8.

Next, we study local mechanisms for compositional generalization. We build primarily on two
lines of prior work: one on local mechanisms for creativity, and another on compositionality in
diffusion. First, Kamb & Ganguli (2024); Niedoba et al. (2024) recently proposed that models
learn local score functions, enabling creativity via mosaicing of local patches from different images.
These works only study unconditional and class-conditional diffusion, however, and do not consider
flexible conditioners such as those used in text-to-image diffusion, which are central to questions of
compositional generalization. It therefore remains unclear whether local mechanisms are relevant to
compositional generalization in conditional diffusion models. Second, Bradley et al. (2025) propose
a formal definition, called projective composition, of “correct” composition of multiple distributions
Du et al. (2023); Liu et al. (2022). In this paper, we specialize projective composition to a single
conditional distribution to provide a precise definition of composition structure.

We develop a theoretical framework connecting compositional generalization with local mecha-
nisms. Specifically, we generalize the concept of local scores to define local conditional scores
(LCS): scores with sparse dependencies on both pixels and conditioners. That is, the score at a
given pixel depends only on a subset of other pixels (such as a local neighborhood) and on only
one or a few relevant conditioners (e.g. in the case of location-conditioning, only conditioners near
the current pixel). We specialize projective composition (Bradley et al., 2025) to define a condi-
tional projective composition (CPC) – a conditional distribution that is a projective composition of
its own individual conditionals. We then prove an equivalence between conditional projective com-
position and local conditional scores at all noise levels. We extend this theoretical framework to
relate compositional structure and sparse score dependencies in feature-space (intuitively, concepts
like style+content will compose in feature-space if the score of each ‘style feature’ depends only on
a sparse set of style-related conditioners and other features).

We validate this theory through experiments. Returning to our location-conditioned CLEVR set-
ting and comparing a model that we found to length-generalize with others that did not, we find
that the length-generalizing model maintains pixel- and conditional-locality, while the non-length-
generalizing models exhibit non-locality. We find that the correlation between length-generalization
and conditional-locality also holds over a wider range of models with varying length-generalization.
Further, we perform a direct causal intervention to test local conditional scores as a possible mecha-
nism for composition generalization: we show that explicitly enforcing a local architecture enables
length generalization in a model that previously failed. Finally, we investigate feature-space com-
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Figure 2: Locality in location-conditioned CLEVR models (Left) For Experiments 1, 2 and 3 of
Figure 1 each conditioned on four locations, we visualize pixel-locality via heatmaps, and condi-
tional locality via the intensity of the × marker, centered at a pixel in the lower left, over a range of
timesteps. (Appendix F describes the locality measurements; Figure 13 plots locality metrics; Fig-
ure 10 shows more pixel locations.) The length-generalizing Exp. 1 model exhibits strong pixel- and
conditional-locality, while the non-length-generalizing Exp. 2 and 3 models both lack conditional-
locality (the scores depend on non-local conditioners); Exp. 3 also lacks pixel-locality. These ex-
periments support the theoretical equivalence between CPC and LCS. (Right) Length generalization
vs. conditioner locality for several models (different colors), each checkpointed early, mid, and late
in training (different shapes). Details are in Appendix E.2.1. Length generalization and conditional
locality are strongly correlated, and can emerge together over the course of training (e.g. orange,
green, red models). Here, length-generalization (x-axis) is the number of locations to which the
model can generalize beyond the number on which it was trained (e.g. +6 for a model trained on 1-3
locations that generalizes to 9). The conditional locality (y-axis) metric is described in Appendix F.

positionality in color-conditioned CLEVR, and show preliminary SDXL experiments to explore
compositional structure in real-world text-to-image models.

2 LENGTH GENERALIZATION IN CLEVR

Train data Exp.1 Exp.2 Exp.3 Exp.2L Col.
1 object 1 1 1 6 1
1-3 objects 9 1 3 9 4
1-5 objects 10 1 5 10 7

Table 1: Upper limits of length generalization in location-
and color-conditioned CLEVR. The table lists the maximum
value, Kmax, such that the model “sometimes succeeds” for
every 1 ≤ K ≤ Kmax, as described in Appendix E.2. Re-
sults are shown for Exp. 1, 2, 3 of Figure 1, Exp. 2L of
Figure 3, and the Color experiment of Figure 4.

In this section we study length gen-
eralization in conditional diffusion
models trained on CLEVR datasets
Johnson et al. (2017), using a stan-
dard EDM2 U-net architecture Kar-
ras et al. (2022) (details in Ap-
pendix E.1). Figure 1 shows length
generalization or lack thereof in three
location-conditioned models trained
on CLEVR images with 1-3 ob-
jects. In Experiment 1, the location-
conditioning labels all objects in the
scene, using a 2d integer array repre-
senting a 2d grid over the image via the count of objects whose center falls within the grid cell
(typically zero or one), as shown in Figure 7. We find that this model length-generalizes up to 9
objects. In Experiment 2, the setup is identical to that of Experiment 1 except that the conditioning
only labels the location of a single randomly-selected object. Unsurprisingly, this model fails to
length-generalize beyond one location. Experiment 3 conditions on the 2D locations of all objects
using a list-style conditioner which places the (embedded) xy-locations of each object in an array
padded with enough slots for up to 10 objects, with each location placed in a randomly chosen slot.
This model fails to length-generalize beyond the 3 locations it was trained on. A priori, we should
not “expect” length-generalization. Although the data is naturally compositional, there is no guaran-
tee that a model will learn a compositional structure from examples with only 1-3 objects (which it
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Figure 3: (Left) Conditional projective composition (CPC) and local conditional scores (LCS). A
CPC is a conditional distribution over a set of conditions cJ that factorizes independently into the
marginals over xMj conditioned on cj , where Mj are disjoint subsets. An LCS is a conditional
score over a set of conditions cJ such that the score at each pixel i depends only on a subset Ni of
other pixels (often a local neighborhood) as well as a subset Li ⊂ J of conditions (for location-
conditioning, often nearby conditioners). For certain choices of subsets, CPC and LCS are equiv-
alent. (Right) Experiment 2L applies a causal intervention to the failing Exp. 2: we modify the
model architecture to explicitly enforce local conditional scores, use the same training data and con-
ditioning as Exp. 2, and find that Exp. 2L length-generalizes while Exp. 2 failed. Locality metrics
and plots for Exp. 2L are shown in Figure 13 and 10.

could fit in many different ways). Evidently, the Experiment 1 model learns the underlying compo-
sitional structure of the data while the two other models do not. Table 1 gives a quantitative analysis
of the limits of length generalization of the various location- and color-conditioned models, trained
on 1 to M objects for M = 1, . . . , 6, with samples shown in Figure 11. The table reports an approx-
imate measure, Kmax, of the maximum number of objects to which each model can consistently
length-generalize (details in Appendix E.2).

3 THEORY: COMPOSITIONALITY AND LOCALITY

In this section we present theory connecting compositional generalization to generalized local mech-
anisms. We first define local conditional scores (LCS), an extension of local scores Kamb & Ganguli
(2024); Niedoba et al. (2024) to account for flexible conditioners. An LCS evaluated at a given pixel
has sparse dependencies on other pixels (generalizing local neighborhoods) and sparse dependencies
on conditioners. Next, we define conditional projective composition (CPC), a special case of projec-
tive composition (PC) proposed in Bradley et al. (2025) applied to a single conditional distribution.
A conditional distribution that satisfies CPC factorizes into independent distributions over disjoint
subsets of pixels that depend on a single condition. LCS and CPC are illustrated in Figure 3. We
then prove that the score of a CPC is exactly an LCS: intuitively, compositional distributions have
local scores. We verify this relationship empirically in Figure 2, discussed further in Section 4. This
result can be partially relaxed in an approximation that improves at higher noise, which could allow
approximately-compositional structure to be resolved early in denoising. The theory can also be
extended to feature space, to connect compositional structure (e.g. style+content) with sparse score
dependencies (e.g. scores of ‘style features’ only depend on select conditioners and features relevant
to style). The remainder of this section makes these claims precise.

Background Our theory builds upon two lines of prior work: local scores and projective com-
position. Kamb & Ganguli (2024); Niedoba et al. (2024) propose that diffusion models learn local
score functions, enabling creativity (generating samples not in the training set) through mosaicing
of local patches. Both works define local scores essentially as follows: let xN denote the restriction
of x to a subset of indices N ⊆ [n], and p(xN |c) denote the marginal distribution of p(·|c) on xN .
Intuitively, a local score at pixel i depends only on a neighborhood of pixels centered at pixel i.
That is, st is a local score at time t with neighborhood subsets N t

i (which may depend on the time
t), if st[x](i) := ∇ log pt[xNt

i
](i), for all pixels i. However, these works study unconditional and
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class-conditional diffusion, not flexible conditioners central to compositional generalization. In this
work, will will extend this concept to incorporate flexible conditioners and study compositionality.

Bradley et al. (2025) introduce projective composition (PC) as a formal definition for “correctly
composing” multiple distributions {pb, p1, p2, . . . }, where pb is a “background” distribution and
the pi are “concept distributions”. One possible construction of a projective composition is given by
pJ (x) := pb(xb)

∏
j∈J pj(xMj ), where the Mj are disjoint subsets corresponding to the pj , respec-

tively. In this paper, we will specialize PC to define a specific compositional structure for conditional
distributions. However, in contrast to Bradley et al. (2025)’s focus on explicit compositions, our goal
is to connect compositional structure with score locality.

Next, we present new definitions and theory that build on local scores and projective composition.

Local Conditional Scores We generalize the idea of local scores (Kamb & Ganguli, 2024;
Niedoba et al., 2024) to account for flexible compositional conditioners,1 which are central to com-
positional generalization. Let p(x|c) be the true distribution over data x ∈ Rn conditioned on c.
Let xN denote the restriction of x to a subset of indices N ⊆ [n], and p(xN |c) denote the marginal
distribution of p(·|c) on xN . Conditioners are represented as cJ = {cj , j ∈ J }, where J ⊆ Jall is a
subset of all possible conditioners. We assume that p is defined for any combination of conditioners,
even those not seen during training. A local conditional score at pixel i, st[x|cJ ](i), depends on two
subsets (Figure 3): Ni, a subset of pixels relevant to pixel i, and Li(J ), a subset of conditions in J
relevant to pixel i. In general, the subsets Ni and Li need not be disjoint (although this will later be
necessary to achieve CPC equivalence), and may contain multiple objects or conditioners.
Definition 1 (Local Conditional Score (LCS)). We say that st is a local conditional score at time t
with pixel subsets Ni and conditional subsets Lt

i (which may both depend on the time t), if
st[x|cJ ](i) := ∇ log pt[xNt

i
|cLt

i(J )](i), for all pixels i. (1)

Importantly, Definition 1 does not strictly require “locality” but rather captures a “sparse dependency
structure” where the score at index i depends only on specific subsets Ni and Li. While Ni is often
a local neighborhood in image settings (and Li can be local e.g. for location-conditioners), these
subsets can be arbitrary in general. We use “local” as an intuitive term for these sparse dependencies.

Conditional Projective Composition To define a compositional structure for conditional distri-
butions, we introduce conditional projective composition (CPC). We do not claim all distributions
have this structure, but we will show that those that do also have a local score structure (LCS),
suggesting a mechanism for compositional generalization. We specialize Bradley et al. (2025)’s
pixel-space projective composition to the case where the concept distributions pj represent the a
single conditional distribution p(x|cj) conditioned on different cj , and the background distribution
pb(x) is p(x|∅) (i.e., with no conditioners active).
Definition 2 ((Pixel-space) Conditional Projective Composition (CPC)). We say that p(x|c) is a
conditional projective composition if there exist disjoint sets Mj for all conditions j ∈ Jall such
that, for any set of conditions J ∈ Jall, p(x|cJ ) decomposes as

p(x|cJ ) := p(xM∁
J
|∅)
∏
j∈J

p(xMj
|cj), (2)

where M∁
J := Rn \ ∪j∈JMj denotes the set of pixels not controlled by any active condition.

This definition means that the conditional distribution p decomposes into independent marginal
distributions p(xMj |cj), each depending only on subset Mj and condition cj , as shown in Figure 3.
That is, p modifies Mj according to cj independently of other pixel sets and conditioners. This
condition is quite strong, but we will partially relax it in our theory.

3.1 EQUIVALENCE BETWEEN COMPOSITIONAL STRUCTURE AND LOCAL SCORES

In this section we present theory showing that the score of an (approximately) conditional projective
composition is (approximately) a particular local conditional score. We begin by showing that a
specific local conditional score is exact for a conditional projective composition.

1Our definition breaks slightly from the originals in defining local scores in terms of a distribution rather
than a finite training set, and also omits equivariance, which is unnecessary for our theory.
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Lemma 1 (Local conditional score is exact for conditional projective composition). Let p be a pixel-
space CPC (Definition 2) with disjoint sets {Mj}. Let st be an LCS (Definition 1) with subsets:

Lt
i(J ) =

{
{j} ∩ J , if i ∈ Mj

∅, else,
and N t

i =

{
Mj , if i ∈ Mj

Mb, else,
where Mb := M∁

Jall
.

Then st is exactly the score of pt:

st(x|cJ ) = ∇ log pt(x|cJ ), ∀J .

The proof is in Appendix B. The lemma says that when the locality structure of st is precisely
connected to the compositional structure of pt – that is, if pixel i belongs to the subset Mj controlled
by condition j in the CPC, then Li = {j} (pixel i only depends on condition j), and Ni = Mj (pixel
i only depends on pixels in Mj) – then st is exactly the score of pt. Thus, there is an equivalence
between CPCs and LCSs. This is illustrated in Figure 3.

A relaxation What about imperfect compositionality? We can relax Lemma 1 to show that the
score of an approximately CPC distribution is approximately an LCS. Further, we show that the
CPC approximation becomes more accurate – intuitively, distributions are “more compositional” –
at higher noise. The precise statements and proofs are given in Appendix C. Why might this be
helpful? If conditional dependencies are strongest at high noise and pixel dependencies take over at
low noise (as we observe in Figure 2), then local conditional mechanisms might be able to establish
large-scale compositional structure (like object count and location) early in denoising, leaving less-
compositional details to be resolved at low noise via local unconditional denoising.

3.2 FEATURE-SPACE CONDITIONAL PROJECTIVE COMPOSITION

What if CPC does not hold in pixel-space – as is typically the case for non-location conditioners,
like the color-conditioning of Figure 4, or text-to-image prompts such as “a watercolor of a cat
eating sushi with chopsticks”? Pixel-space CPC is unlikely since each condition potentially affects
many pixels (e.g., “watercolor” style would apply to all pixels). In these cases, we hypothesize that
the local unconditional denoising mechanism still applies at low noise (Kamb & Ganguli, 2024;
Niedoba et al., 2024). But is there any hope of compositional generalization at high noise?

It follows directly from Lemma 1 that if a distribution has a CPC structure in feature-space then its
score is an LCS in feature-space (we name these F-CPC/F-LCS, respectively):
Corollary 1 (F-LCS is exact for F-CPC; informal). Suppose that p(x|c) is an F-CPC (a CPC in
feature-space): that is, A♯p(z|c) is a CPC, where A is an invertible transform, and z := A(x) is
the feature-space representation. Then the feature-space score ∇z log(A♯p)t(z|c) is an F-LCS (an
LCS in feature-space) with neighborhoods Ni, Li related to the CPC subsets {Mj} of A♯p as in
Lemma 1.

For example, in an appropriate feature-space, the concepts “watercolor”, “cat”, and “sushi” might
have F-CPC structure – despite interacting in pixel space. (Note that an F-LCS will usually have
sparse-dependencies rather than literal “locality”, as allowed by Definition 1, since interacting fea-
tures need not be contiguous). However, challenges remain: if the scores are F-LCS in some feature-
space, in order to exploit the sparse structure the model must learn this feature-space mapping and its
inverse, in addition to the local subsets, making the learning process significantly more challenging.2
This argument is made precisely in Appendix D.

As a practical heuristic for identifying F-LCS structure, we propose an empirically-testable
necessary-but-not-sufficient condition for F-LCS, based on orthogonality between score differences
(similar to Bradley et al. (2025) Lemma 8.1). The proof is in Appendix D.1.
Lemma 2 (F-LCS necessary-but-not-sufficient heuristic). Let stA(z|c) := ∇z log(A♯p)t(z|c) be an
F-LCS score in a feature-space given by transform A, and let tmax denote the highest noise level.
Then:

dTi dj = 0, ∀i ̸= j, where di := E[stmax

A (·|ci)]− E[stmax

A (·|∅)]
2In fact, even learning the feature-space transform and its inverse for the noiseless distribution is not enough

– the model technically needs to learn a feature-map for every noise level. In practice it may be approximately
sufficient to learn a single mapping and its inverse, though this is not entirely clear.
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Figure 4: Length generalization in color-conditioned CLEVR. (Left) We test length generaliza-
tion in a CLEVR model conditioned on colors (rather than locations), trained on 1-5 objects. We
test up to 8 colors (blue, brown, cyan, gray, green, purple, red, yellow), and find generalization up
to 7 colors, suggesting that compositional structure may exist in a learned feature-space. (Right)
We visualize F-LCS disentanglement between colors in the network’s internal representation via the
Lemma 2 heuristic (low cosine similarity off-diagonal indicates F-LCS). F-LCS structure seems to
appear within early encoder layer activations, suggesting that these layers might be learning a com-
positional “feature-space” potentially contributing to length-generalization.

where the expectation is over the feature-space transformed noise distribution A♯N (0, σtmax
).

Practically, to study a feature-space represented within layer ℓ of a denoising network, we compute
stmax

A (·|c) by drawing a noise sample, running the first denoising step (at time tmax) to compute the
conditional score, and hooking the activation of layer ℓ. To obtain d we average over multiple noise
samples and compute the conditional-unconditional difference. Finally, we can construct a cosine
similarity matrix {didj/∥di∥∥dj∥}i,j : low similarity off-diagonal is evidence of F-LCS.
Remark 1. F-CPC/F-LCS structure should be viewed as a type of disentanglement, on which there
is a rich literature: for example, (Bengio et al., 2013; Higgins et al., 2017; Chen et al., 2018;
Kim & Mnih, 2018; Locatello et al., 2019; Kotovenko et al., 2019; Locatello et al., 2019; Watters
et al., 2019; Yang et al., 2023; Zhang et al., 2023) . To quote Karras et al. (2019): “There are
various definitions for disentanglement, but a common goal is a latent space that consists of linear
subspaces, each of which controls one factor of variation.” F-CPC/F-LCS satisfies this definition
with the additional requirement that the subspaces be orthogonal. Intuitively, disentanglement is
often thought to promote compositionality; our specific definitions and theory of F-CPC/F-LCS
makes this connection precise and provable.
Remark 2. Identifying feature-space disentanglement is fundamentally difficult since independence
between high-dimensional random variables cannot be tested in polynomial time. However, a variety
of practical metrics have been proposed (Higgins et al., 2017; Kim & Mnih, 2018; Chen et al., 2018);
Locatello et al. (2019) shows that many common metrics are fairly correlated with each other. The
heuristic of Lemma 2 is part of the broader family of closely-related disentanglement metrics, but is
specifically designed to test F-CPC/F-LCS.

4 ADDITIONAL EXPERIMENTS

Our theory shows an equivalence between LCS and CPC (which implies length generalization). We
test this directly in location-conditioned CLEVR models, where the compositional structure holds
in pixel-space, and location-conditioners possess a direct notion of locality. Further, we test whether
LCS could be a causal mechanism via a direct intervention: enforcing an explicitly LCS architecture
to “fix” length generalization that previously failed. Turning to feature-space compositionality, we
show partial length generalization in color-conditioned CLEVR and connect it with feature-space
LCS structure. Finally, we make preliminary investigations of local/compositional structure in both
pixel- and feature-space in SDXL.

Pixel-space locality in location-conditioned CLEVR Figure 2 (Left) shows pixel- and
conditional-locality in Experiments 1, 2, and 3. We first observe that Exp. 1 and 2 maintain pixel-
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locality at both low and high noise levels, contrasting with prior empirical findings on datasets like
CIFAR-10 (Kamb & Ganguli, 2024; Niedoba et al., 2024) – reproduced in Figure 12 – showing
delocalization at high noise. The difference likely stems from CLEVR images containing multi-
ple, nearly-independent objects; unlike the datasets with a single centered subject studied in prior
work. The non-length-generalizing Exp. 3 model lacks pixel-locality. Second, we note significant
differences in conditional-locality between Exp. 1 vs. 2 and 3. The length-generalizing Exp. 1
model exhibits strong conditional-locality at high noise, while the non-length-generalizing Exp. 2
and 3 models lack conditional-locality at high noise (scores near conditioned locations either fail
to respond to any conditions or depend on several non-local conditions). At low noise, all mod-
els transition to pixel-local unconditional denoising, as in Kamb & Ganguli (2024); Niedoba et al.
(2024). These experiments support our prediction that length generalization depends on pixel- and
conditional-locality, and suggest that conditional-locality at high noise plays a particularly impor-
tant role. Locality metrics are plotted in Figure 10, Figure 10 shows additional pixel locations, and
Appendix F details the locality measurements. Figure 2 (Right) plots length generalization vs.
conditioner locality for several models (different colors), each checkpointed early, mid, and late in
training (different shapes). Details are in Appendix E.2.1. Length generalization and conditional
locality are strongly correlated and can emerge together over the course of training.

A Causal Intervention in location-conditioned CLEVR Experiment 2L (Figure 3) tests our the-
ory via a direct causal intervention, wherein we design a local model architecture that explicitly
enforces local conditional scores (as confirmed in Figure 10). This design is conceptually related to
local model architectures proposed in prior works like Watters et al. (2019); Li et al. (2023); Zheng
et al. (2023); Cheng et al. (2023). We train the local model using the same conditioning as the fail-
ing Exp. 2 (labeling only a single object location), and find that the local architectural intervention
causes it to length-generalize (Table 1), “fixing” the failure. In fact, the local model trained on only
one object can length-generalize up to 6 locations (Figure 9, Table 1). This supports the hypothesis
that local conditional scores could be a causal mechanism for compositional generalization. Details
in Appendix E.3.

Length generalization in color-conditioned CLEVR To better understand feature-space compo-
sitionality, we explore length generalization in color-conditioned CLEVR in Figure 4 and Table 1.
For color-conditioning, we might expect compositional structure to exist in an appropriate feature
space. We observe that length generalization is possible to some extent – e.g. a model trained on 1-5
objects can generalize to 7 colors. Next, we investigate whether the model actually learns a L-FCS
disentangled feature-space by analyzing layer activations using the heuristic Lemma 2 heuristic, and
find evidence of L-FCS within several layers. Details in Appendix E.5.

A preliminary SDXL investigation Can local mechanisms help to explain compositional gen-
eralization in real-world diffusion text-to-image models? While length generalization served as a
controlled and verifiable special-case of compositional generalization in our CLEVR experiments,
we now return to the broader question of compositions of novel combinations of concepts. We begin
to explore this question by studying compositional/local structure in both pixel- and feature-space in
a pretrained (‘out-of-the-box’) SDXL model (Podell et al., 2023) model. In Figure 5, we investigate
pixel-space locality, by choosing a prompt that contains implicit location information (“middle”,
“right”, “left”). We find some degree of locality even at high noise, and somewhat sparse dependen-
cies on the text conditioner (measured by splitting the prompt into individual words and computing
the score delta as we ablate each word). For example, the region where the horse ends up being
drawn has the strongest dependency on the word “horse” at most noise levels, similar to observa-
tions in Chefer et al. (2023); Hertz et al. (2022). The local structure is far from perfect, but notably
so is the compositional generalization: it fails to draw a cat as requested in the prompt. Details in
Appendix G and F.

Next, we move beyond pixel-space to study F-LCS structure within the learned feature-spaces of
SDXL. Certain concepts, such as animals vs. art styles, almost certainly interact in pixel-space but
might be disentangled in the network’s internal representation. In fact, there is significant evidence
suggesting concept disentanglement (according to various metrics) within the learned feature-spaces
of large-scale diffusion models (Karras et al., 2019; Kotovenko et al., 2019; Gatys et al., 2016; Zhu
et al., 2017), which may help to explain their compositional abilities. To connect directly with our
theory, we measure our F-LCS disentanglement heuristic given by Lemma 2, and connect this with
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Figure 5: Preliminary SDXL pixel-space locality study. An SDXL generated image with the
prompt “a beautiful photograph with a horse in the middle, a dog on the left, and a cat on the right.”
Heatmaps show pixel gradient magnitude at locations marked with +. The conditional gradient
magnitude w.r.t. individual words is also evaluated at the indicated pixel, with dominant words (if
any) shown in red. SDXL shows some degree of pixel-locality (particularly at low noise) and some
degree of conditional-locality (more so at higher noise); consistent with apparently only some degree
of compositional generalization (note the failure to draw a cat).

Figure 6: Preliminary evidence for feature-space compositionality in SDXL. (Left) F-LCS disen-
tanglement between concepts (dog, horse, cat, van Gogh, Monet, Hokusai, sushi, croissant) via the
Lemma 2 heuristic (low cosine similarity off-diagonal indicates L-FCS). Pixel-space lacks mean-
ingful structure, VAE-space exhibits some structure, and a clearer structure emerges within a pro-
posed compositional Feature-space comprised of U-net mid block activations (see Figure 16), show-
ing higher intra-group similarity (e.g. dog, horse, cat) and lower inter-group similarity (e.g. cat,
van Gogh). (Right) SDXL example generations. F-LCS-disentangled concepts in the proposed
feature-space (e.g. cat+sushi+van Gogh) compose more successfully than highly-entangled con-
cepts (e.g. horse+dog+cat).

compositional generalization. Specifically, we analyze U-net cross-attention layer activations via
the Lemma 2 heuristic, and find evidence of F-LCS structure within several layers of the midblock:
related concepts like dog, cat, and horse have higher similarity, while concepts like cat and van-
Gogh have lower similarity. We also show examples connecting this feature-space structure with
successful and unsuccessful compositions. Details in Appendix G.

5 DISCUSSION AND FUTURE WORK

Whether local mechanisms can explain compositional generalization in real-world diffusion mod-
els remains an open question. The preliminary SDXL experiments in Section 4 are meant only to
be suggestive, and much more work is needed to fully understand compositional generalization in
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modern text-to-image models. This setting presents several challenges. First, since we often don’t
know what was in the training set, it is unclear which prompts are actually OOD (however, see
Appendix H for a small exploratory study of a model trained on a known dataset). Second, some
kinds of compositional structure, such as style+content, exist only in feature-space, requiring more
complex studies of the model’s learned representation as in Figures 4 and 6, potentially relying on
heuristics such as Lemma 2. Despite significant evidence for the existence of disentangled feature
spaces (Chen et al., 2018; Kim & Mnih, 2018; Yang et al., 2023; Locatello et al., 2019; Zhang et al.,
2023; Ilharco et al., 2022) and diffusion models’ ability to learn them in some cases Karras et al.
(2019); Kotovenko et al. (2019); Gatys et al. (2016); Zhu et al. (2017), disentanglement in diffusion
representations is still not fully understood. Future work could also exploit our finding of local con-
ditional scores as a mechanism to improve compositional generalization. Our causal intervention in
Experiment 2L shows that in a simple setting, enforcing an explicitly local architecture can improve
generalization, suggesting that similar architectural, training, or inference-based interventions might
be able to improve real-world models. Several existing methods can be viewed as implicit “local
interventions”: for instance, layout-to-image methods that use explicit local constraints or biases
(see Appendix A), or more generally, sparse attention architectures Child et al. (2019); Sun et al.
(2022). Our theory helps to explain why these approaches are beneficial, and suggests more precise
ways to target compositional generalization by specifically enforcing local conditional scores. When
compositional structure exists only in feature-space, such interventions become more complex. The
challenge becomes two-fold: we must first identify – or attempt to induce – feature-space transfor-
mations that reveal the compositional structure, and then apply local interventions within the learned
feature space: perhaps via sparsity-inducing regularization (such as L1) or explicitly-sparse archi-
tectures. Larger-scale studies on complex, real-world datasets are essential to clarify the challenges
and explore opportunities to improve compositional generalization via local interventions.

6 CONCLUSION

We proposed local conditional scores as a possible mechanism for compositional generalization.
Theoretically, we proved an equivalence between conditional projective composition (a specific
compositional structure) and local conditional scores (which capture both pixel- and conditional-
locality); this theory extends to feature-space compositionality. Empirically, we verified that length
generalization in location-conditioned CLEVR models corresponds with local conditional depen-
dencies at high noise combined with pixel-locality at low noise. Then, we demonstrated through a
causal intervention that enforcing a local architecture restores length generalization in a model that
previously failed. We also offered evidence for feature-space compositionality in color-conditioned
CLEVR, and preliminary evidence of compositional structure in both pixel- and feature-space in
SDXL. Our results support local conditional scores as a potential mechanism of compositional gen-
eralization in conditional diffusion models, offering a lens to understand when and how generaliza-
tion is achieved, and potential avenues to improve it.
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A ADDITIONAL RELATED WORK

Locality and generalization in diffusion models Kamb & Ganguli (2024); Niedoba et al. (2024)
argue that “creativity” in unconditional and class-conditional models arises from a bias toward learn-
ing local denoisers, while Lukoianov et al. (2025) challenge some of the conclusions of Kamb &
Ganguli (2024) by arguing that locality arises from statistical properties of the data rather than
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network inductive bias. Our work builds on the idea of locality by showing that it can also be
a mechanism for compositional generalization in conditional models, which none of the previous
works addressed. We are agnostic about whether locality arises from data statistics or inductive bias
in practice (likely both are at play); our main insight is that compositional generalization can be
achieved when the network learns a local – or equivalently, compositional – structure by any means.
(Our Experiment 2L suggests that local architectural interventions can promote learning the under-
lying the compositional structure of the data, but this structure can also be learned “naturally” as in
Experiment 1.) Note also that Kamb & Ganguli (2024) propose equivariance while Niedoba et al.
(2024); Lukoianov et al. (2025) omit or argue against it; in our theory and experiments equivariance
is not necessary.

Generalization of diffusion models Kadkhodaie et al. (2023) propose shrinkage in a geometry-
adaptive harmonic bias as a mechanism for generalization; in the framework of our theory, this
can be thought of as a bias toward sparse dependencies in a particular feature-space. Gu et al.
(2023b) make a experimentally study of potential causes generalization in unconditional and class-
conditional settings based on the characteristics of the dataset and choices for training and model.
Bertrand et al. (2025) give empirical evidence that for flow models in high-dimensions, generaliza-
tion arises primarily from network inductive biases rather than noise in the flow-matching loss.

Learning Dynamics of Composition An interesting line of work focuses on the learning dynam-
ics of models trained on compositional data. Okawa et al. (2024); Park et al. (2024) demonstrate
sudden emergence of compositional generalization in controlled synthetic settings where they test
novel combinations of attributes of a single object (e.g. blue square, red triangle → blue triangle?).
Sclocchi et al. (2025); Favero et al. (2025) study learning dynamics in hierarchical models, showing
that higher-level features take longer to learn.

Explicit composition of multiple diffusion models Du & Kaelbling (2024); Liu et al. (2022);
Bradley et al. (2025) study explicit compositions of multiple diffusion models via linear score com-
bination, demonstrating length-generalization in CLEVR in some cases. Bradley et al. (2025) pro-
posed Projective Composition as a definition of “correct” compositions of multiple models; here we
use it to precisely characterize compositionality in a single conditional model.

Layout-to-Image Diffusion Models Our theory may help to explain the success of layout-to-
image methods that use architectural locality priors (Li et al., 2023; Zheng et al., 2023; Cheng et al.,
2023; 2024) or inference-time locality constraints (Dahary et al., 2024; Xue et al., 2023; Xie et al.,
2023) to improve multi-object generation. Although these works primarily report improved ground-
ing and controllability rather than explicit OOD composition, their interventions can be viewed as
approximate causal tests, where increased locality leads to improved multi-object behavior, consis-
tent with our theory and similar to the causal intervention Exp. 2L.

Feature-space disentanglement There is a large body of work towards designing
disentanglement-metrics appropriate for “real-world” distributions (e.g. disentanglement met-
rics introduced by BetaVAE Higgins et al. (2017), FactorVAE Kim & Mnih (2018); MIG in Chen
et al. (2018), etc.). Many works have shown evidence of disentanglement over a variety of datasets
such as CelebA Karras et al. (2019); Chen et al. (2018); Kim & Mnih (2018), Shapes3D Locatello
et al. (2019), and dSprites Watters et al. (2019); Chen et al. (2018); also Kotovenko et al. (2019)
explores disentanglement between style and content for style transfer. Other works have shown
that diffusion models have some ability to learn disentangled feature spaces Karras et al. (2019);
Kotovenko et al. (2019); Gatys et al. (2016); Zhu et al. (2017). Nevertheless disentanglement in
diffusion representations is still not fully understood.

B PROOF OF LEMMA 1

Proof. (Lemma 1) Let p be the CPC given by

p(x|cJ ) := p(xM∁
J
|∅)
∏
j∈J

p(xMj
|cj), ∀J ∈ Jall
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and let s be the LCS given by

st[x|cJ ](i) := ∇ log pt[xNt
i
|cLt

i(J )](i), ∀i,∀t

Lt
i(J ) =

{
{j} ∩ J , if i ∈ Mj

∅, else

N t
i =

{
Mj , if i ∈ Mj

Mb, else,
where Mb := M∁

Jall
.

We want to show that s is exactly the score of p:

st(x|cJ ) = ∇ log pt(x|cJ ), ∀J .

To see this, we first analyze pt at each pixel i. We begin by noting that if p has a pixel-space PC
structure at time 0 then it has an identical PC structure at all times t (Bradley et al., 2025) (because
adding isotropic Gaussian noise preserves the independence between subsets).

∇ log pt(x|cJ ) := ∇ log pt(xM∁
J
|∅) +

∑
j∈J

∇ log pt(xMj
|cj), ∀J

∇ log pt(xMj
|cj)(i) = 0, ∀i /∈ Mj , since pt(xMj

) does not depend on xi

=⇒ j ∈ J , i ∈ Mj =⇒ ∇ log pt(x|cJ )(i) = ∇ log pt(xMj
|cj)(i)

j /∈ J , i ∈ Mj =⇒ ∇ log pt(x|cJ )(i) = ∇ log pt(xMj |∅)(i)
i ∈ Mb =⇒ ∇ log pt(x|cJ )(i) = ∇ log ptb(xMb

|∅)(i).

Next we analyze s at each pixel i:

st[x|cJ ](i) := ∇ log pt[xNt
i
|cLt

i(J )](i)

j ∈ J , i ∈ Mj =⇒ Lt
i(J ) = {j}, N t

i = Mj =⇒ st[x|cJ ](i) = ∇ log pt(xMj |cj)(i)
j /∈ J , i ∈ Mj =⇒ Lt

i(J ) = ∅, N t
i = Mj =⇒ st[x|cJ ](i) = ∇ log pt(xMj

|∅)(i)
i ∈ Mb =⇒ Lt

i = ∅, Mb ⊆ N t
i =⇒ st(x|cJ )(i) = ∇ log ptb[xMb

|∅](i).

Comparing st(x|cJ )(i) and ∇ log pt(x|cJ )(i) in each of the three cases, we see that st[x|c](i) =
∇ log pt(x|c)(i) for all pixels i, hence

st(x|cJ ) = ∇ log pt(x|cJ ), ∀J .

C RELAXATION OF LEMMA 1

In this section we provide a collection of lemmas showing that the score of an approximately CPC
distribution is approximately an LCS, and that this approximation becomes more accurate as noise
increases. We state all lemmas first and then provide the proofs at the end.

We begin by defining a notion of approximate conditional projective composition.
Definition 3 (Approximate CPC). We say that a conditional distribution pt(x|c) is approximately-
CPC with errors {εj , ε̃j , εb} if

sup
x
M∁

j

DKL[p(xMj |cJ , xM∁
j
)||p(xMj |cj)] ≤ εj , ∀J , ∀j ∈ J (3)

sup
x
M∁

j

DKL[p(xMj
|cJ , xM∁

j
)||p(xMj

|∅)] ≤ ε̃j , ∀J , ∀j /∈ J (4)

sup
x
M∁

b

DKL[p(xMb
|cJ , xM∁

b
)||p(xMb

)] ≤ εb, ∀J . (5)
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The following lemma is relaxation of Lemma 1. It shows that the score of an approximately-CPC
distribution is approximately an LCS.

Lemma 3 (LCS approximates score of approximate-CPC). Let pt(x|c) be approximately-CPC with
errors {εj , ε̃j , εb} per Definition 3. Define a local conditional score s as in Lemma 1, and let p̂ be
the induced distribution s.t. st(x|cJ ) = ∇ log p̂t(x|cJ ). Then

DKL(p(·|cJ )||p̂(·|cJ )) ≤
∑
j∈J

εj +
∑
j /∈J

ε̃j + εb.

Further, we can show that the approximation errors in Definition 3 decrease as noise is added:
intuitively, an approximately-compositional distribution gets more compositional as noise is added.

Lemma 4. Suppose that the supremum of supy[KL(Nt[p](x)||Nt[p](x|y))] is attained for all t.
Then

sup
y
[KL(Nt[p](x)||Nt[p](x|y))]

is decreasing in t.

The proof of Lemma 4 essentially follows from the fact that adding Gaussian noise decreases the
KL divergence between distributions:

Claim 1 (Standard; KL divergence decreases with noise).

∂

∂t
DKL(Nt[q]||Nt[r]) = −t

[(
∇ log

Nt[q]

Nt[r]

)2
]
< 0, if q ̸= r.

This is a standard fact but a proof is offered for the reader’s convenience at the end of this sec-
tion. Note that the Data Processing Inequality immediately implies that the KL divergence is non-
increasing, but the claim is that it is actually decreasing.

Combining Lemma 3 and Lemma 4, we see that at high noise levels, distributions become more com-
positional, and thus better-approximated by local-conditional-scores. We now provide the proofs.

Proof. (Lemma 3)

Define the “ideal” projective composition for any J by:

C⋆
J [p](x) := p(xM∁

J
|∅)
∏
j∈J

p(xMj
|cj).

By Lemma 1, we have that s is exact for ∇ log C⋆[p], and so p̂(·|cJ ) = cC⋆
J [p].

Thus we need to show that

DKL(p(·|cJ )||C⋆
J [p]) ≤

∑
j∈J

εj +
∑
j /∈J

ε̃j + εb.

This is essentially a bound on a mean field approximation. First, note that for any c, we can rewrite
p(x|c) using the chain rule as

p(x|c) = p(xMb
|cJ )

∏
j∈Jall

p(xMj
|c, xMb

, xM1
, . . . , xMj−1

)
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Then calculate

DKL(p(·|cJ )||C⋆
J [p]) ≡ Ep(x|cJ )

[
log

p(x|cJ )

C⋆[p⃗](x)

]
= Ep(x|cJ )

[
log

p(xMb
|cJ )

∏
j p(xMj

|cJ , xMb
, xM1

, . . . , xMj−1
)

p(xMb
)
∏

j /∈J p(xMj
|∅)
∏

j∈J p(xMj
|cj)

]

=
∑
j∈J

Ep(x|cJ )

[
log

p(xMj
|cJ , xMb

, xM1
, . . . , xMj−1

)

p(xMj
|cj)

]

+
∑
j /∈J

Ep(x|cJ )

[
log

p(xMj
|cJ , xMb

, xM1
, . . . , xMj−1

)

p(xMj |∅)

]

+ Ep

[
log

p(xMb
|cJ )

p(xMb
)

]
=
∑
j∈J

Ep(xMb
,xM1

,...,xMj−1
|cJ )

[
DKL[p(xMj

|cJ , xMb
, xM1

, . . . , xMj−1
)||p(xMj

|cj))
]

+
∑
j /∈J

Ep(xMb
,xM1

,...,xMj−1
|cJ )

[
DKL[p(xMj |cJ , xMb

, xM1 , . . . , xMj−1)||p(xMj |∅))
]

+ Ep(x
M∁

b
|cJ ) [DKL[p(xMb

|cJ )||p(xMb
))]

≤
∑
j∈J

sup
x
M∁

j

DKL[p(xMj
|cJ , xM∁

j
)||p(xMj

|cj)]

+
∑
j /∈J

sup
x
M∁

j

DKL[p(xMj
|cJ , xM∁

j
)||p(xMj

|∅)]

+ sup
x
M∁

b

DKL[p(xMb
|cJ , xM∁

b
)||p(xMb

)]

≤
∑
j∈J

εj +
∑
j /∈J

ε̃j + εb

Proof. (Lemma 4)

We want to show that

t2 ≥ t1 =⇒ sup
y
[KL(Nt2 [p](x)||Nt2 [p](x|y))] < sup

y
[KL(Nt1 [p](x)||Nt1 [p](x|y))]

Let t2 ≥ t1. By assumption, the supremum of supy[KL(Nt2 [p](x)||Nt2 [p](x|y))] is attained, so let
y∗2 be a value of y that achieves the supremum for t2. Then

y⋆2 := argmax
y

[KL(Nt2 [p](x)||Nt2 [p](x|y))]

sup
y
[KL(Nt1 [p](x)||Nt1 [p](x|y))] := KL(Nt2 [p](x)||Nt2 [p](x|y⋆2))

≤ KL(Nt1 [p](x)||Nt1 [p](x|y⋆2)), by Claim 1
≤ sup

y
[KL(Nt1 [p](x)||Nt1 [p](x|y))]

Proof. (Claim 1) We want to show that

∂

∂t
DKL(Nt[q]||Nt[r]) = −t

[(
∇ log

Nt[q]

Nt[r]

)2
]
< 0, if q ̸= r.
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This is a standard result but we provide a proof for the reader’s convenience.

DKL(q||r) := Eq[log
q

r
] =

∫
q(x) log

q(x)

r(x)
dx

Nt[p](x) :=

∫
p(y)N (x; y, t2)dy

ENt[q][log
Nt[q]

Nt[r]
] =

∫
Nt[q](x) log

Nt[q](x)

Nt[r](x)
dx

∂

∂t
ENt[q][log

Nt[q]

Nt[r]
] =

∂

∂t

∫
Nt[q](x) log

Nt[q](x)

Nt[r](x)
dx

=

∫
∂

∂t
Nt[q](x) · log

Nt[q](x)

Nt[r](x)
dx+

∫
Nt[q](x) ·

∂

∂t
log

Nt[q](x)

Nt[r](x)
dx

≡ I1 + I2

To work on integrals I1, I2, we use the following fact: ∂
∂t
Nt[p](x) = t∇2Nt[p](x) (Equation (6)).

I1 ≡
∫

∂

∂t
Nt[q](x) · log

Nt[q](x)

Nt[r](x)
dx

=

∫
t∇2Nt[q](x) · log

Nt[q](x)

Nt[r](x)
dx, using

∂

∂t
Nt[p] = t∇2Nt[p] as shown below

= −t

∫
∇Nt[q](x) · ∇ log

Nt[q](x)

Nt[r](x)
dx, integration by parts

= −t

∫
∇Nt[q](x) · (∇ logNt[q](x)−∇ logNt[r](x)) dx,

= −t

∫
∇Nt[q] ·

(
∇Nt[q]

Nt[q]
− ∇Nt[r]

Nt[r]

)
dx

= t

∫
−∇Nt[q]

2

Nt[q]
+

∇Nt[r]∇Nt[q]

Nt[r]
dx

I2 ≡
∫

Nt[q](x) ·
∂

∂t
log

Nt[q](x)

Nt[r](x)
dx

∂

∂t
log

Nt[q](x)

Nt[r](x)
=

∂

∂t
logNt[q](x)−

∂

∂t
logNt[r](x)

=
1

Nt[q](x)

∂

∂t
Nt[q](x)−

1

Nt[r](x)

∂

∂t
Nt[r](x)

=
t

Nt[q](x)
∇2Nt[q](x)−

t

Nt[r](x)
∇2Nt[r](x)

=⇒ I2 = t

∫
Nt[q](x) ·

(
∇2Nt[q](x)

Nt[q](x)
− ∇2Nt[r](x)

Nt[r](x)

)
dx

= −t

∫
Nt[q](x)

Nt[r](x)
∇2Nt[r]dx, since

∫
∇2Nt[q]dx = ∇Nt[q]|∞−∞ = 0

= t

∫
∇

(
Nt[q](x)

Nt[r](x)

)
∇Nt[r]dx, integration by parts

= t

∫
∇Nt[r]∇Nt[q]

Nt[r]
− ∇Nt[r]

2Nt[q]

Nt[r]2
dx
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Therefore

I1 + I2 = t

∫
−∇Nt[q]

2

Nt[q]
+

∇Nt[r]∇Nt[q]

Nt[r]
dx+ t

∫
∇Nt[r]∇Nt[q]

Nt[r]
− ∇Nt[r]

2Nt[q]

Nt[r]2
dx

= −t

∫
∇Nt[q]

2

Nt[q]
− 2

∇Nt[r]∇Nt[q]

Nt[r]
+

∇Nt[r]
2Nt[q]

Nt[r]2
dx

= −t

∫
Nt[q]

(
∇Nt[q]

Nt[q]
− ∇Nt[r]

Nt[r]

)2

dx

= −t

[(
∇ log

Nt[q]

Nt[r]

)2
]

This concludes the proof. Note that the fact used earlier can be shown as follows:

Claim:
∂

∂t
Nt[p](x) = t∇2Nt[p](x) (6)

To see this:

Nt[p](x) :=

∫
p(y)ϕ(y)dy, ϕ(y;x, t) :=

1√
2πt2

e
− (x−y)2

2t2

∂

∂t
ϕ(y;x, t) =

1√
2π

[
− 1

t2
+

(x− y)2

t4

]
e
− (x−y)2

2t2 =

[
(x− y)2

t3
− 1

t

]
ϕ(y;x, t)

∂2

∂x2
ϕ(y;x, t) =

1√
2πt2

[
(x− y)2 − t2

t4

]
e
− (x−y)2

2t2 =
1

t

[
(x− y)2

t3
− 1

t

]
ϕ(y;x, t)

=⇒ ∂

∂t
Nt[p](x) =

∫
p(y)

∂

∂t
ϕ(y;x, t)dy =

∫
p(y)

[
(x− y)2

t3
− 1

t

]
ϕ(y;x, t)dy

∇2Nt[p](x) =

∫
p(y)

∂2

∂x2
ϕ(y;x, t)dy =

∫
p(y)

1

t

[
(x− y)2

t3
− 1

t

]
ϕ(y;x, t)dy

=⇒ t∇2Nt[p](x) =
∂

∂t
Nt[p](x)

D FEATURE-SPACE THEORY

In this section we discuss the relationship between CPC and LCS in feature space. Inspired by
the feature-space adaptation of PC in Bradley et al. (2025), we define feature-space conditional
projective composition as follows:
Definition 4 (Feature-space Conditional Projective Composition (F-CPC)). We say that p(x|c) is a
F-CPC under an invertible transform A : Rn → Rn (mapping pixel-space to feature-space), if A♯p
(where ♯ denotes the pushforward) is a CPC according to Definition 2, that is: there exist disjoint
sets Mj for all conditions j ∈ Jall such that, for any set of conditions J ∈ Jall,

(A♯p)(z|cJ ) := (A♯p)(zM∁
J
|∅)
∏
j∈J

(A♯p)(zMj
|cj), where z := A(x). (7)

That is, p is an F-CPC if it has CPC compositional structure under an appropriate feature-space
mapping. In order to exploit this sparse dependency structure, the model now needs to learn the
associated feature-space transform and its inverse, in addition to the local subsets Ni, Li. For F-
CPC distributions, Corollary 1 follows directly from Lemma 1. We formally restate and prove
Corollary 1:
Corollary 1 (LCS is exact for CPC in feature-space; formal). Suppose that p(x|c) is an F-CPC
(Definition 4) under an invertible transform A : Rn → Rn, with subsets {Mj : j ∈ Jall}. Letting
z := A(x) consider the specific local-conditional score s given by

stA[z|cJ ](i) := ∇z log(A♯p)t[zNt
i
|cLt

i(J )](i),

where Ni, Li are defined as in Lemma 1 w.r.t. the subsets {Mj}. Then stA[z|cJ ] is exact for the
score of A♯p(z|cJ ) w.r.t. z:

stA(z|cJ ) = ∇z log(A♯p)t(z|cJ ), ∀J .
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Proof. Apply Lemma 1 to A♯p(z|c).

Sampling with this local score is more complex than it looks, however! As discussed in Bradley et al.
(2025), since the noising operator does not commute with A, that is, (A♯p)t ̸= A♯(pt), sampling
from p using stA would actually requires the process

Nt[p]
At

−−→ Nt[A♯pi]
stA−−→ Nt−1[A♯p]

(At−1)−1

−−−−−−→ Nt−1[p] → . . . → p,

where Nt denotes the noising operator, i.e. Nt[p] := pt, and At corrects for the non-commutativity:

At♯Nt[p] := Nt[A♯p].

Therefore, it is not enough to learn a single transform A and its inverse A−1 – the network actu-
ally needs to learn a time-dependent transform/inverse pair At, A−1 accounting for the interaction
between A and the noising process at each time t, which actually depends on the (unknown) distri-
bution p. How feasible this is is currently unclear.

However, there are a few special-case worth noting. First, if A is an orthogonal transform then we
have At = A for all t. Second, we can show that as the noise level increases, the non-commutativity
becomes less severe:

Claim 2.
∂

∂t
DKL(Nt[A♯p]||A♯Nt[p]) < 0.

Thus, if the composition structure is most important for resolving global structure at high noise
levels, it may be enough to learn the single transform A in order to approximately exploit the com-
positional structure.

Proof. (Claim 2) We want to show that

∂

∂t
DKL(Nt[A♯p]||A♯Nt[p]) < 0.

∂

∂t
DKL(Nt[A♯p]||A♯Nt[p]) =

∂

∂t

∫
Nt[A♯p] log

Nt[A♯p]

A♯Nt[p])

=

∫
∂

∂t
Nt[A♯p] · log Nt[A♯p]

A♯Nt[p])
+

∫
Nt[A♯p] · ∂

∂t
log

Nt[A♯p]

A♯Nt[p])

:= I1 + I2

I1 :=

∫
∂

∂t
Nt[A♯p] · log Nt[A♯p]

A♯Nt[p])

= t

∫
∇2Nt[A♯p] · log Nt[A♯p]

A♯Nt[p])

= −t

∫
∇Nt[A♯p] · ∇ log

Nt[A♯p]

A♯Nt[p])

= t

∫
−∇Nt[A♯p]2

Nt[A♯p]
+

∇Nt[A♯p]∇A♯Nt[p]

A♯Nt[p]
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I2 =

∫
Nt[A♯p] · ∂

∂t
log

Nt[A♯p]

A♯Nt[p])

=

∫
Nt[A♯p] ·

(
∂
∂tNt[A♯p]

Nt[A♯p]
−

∂
∂tA♯Nt[p]

A♯Nt[p]

)

= t

∫
Nt[A♯p] ·

(
∇2Nt[A♯p]

Nt[A♯p]
− ∇2A♯Nt[p]

A♯Nt[p]

)
= t

∫
∇2Nt[A♯p]− Nt[A♯p]

A♯Nt[p]
∇2A♯Nt[p]

= −t

∫
Nt[A♯p]

A♯Nt[p]
∇2A♯Nt[p], since

∫
∇2Nt[A♯p] = ∇Nt[A♯p]|∞−∞ = 0

= t

∫
∇
(
Nt[A♯p]

A♯Nt[p]

)
∇A♯Nt[p]

= t

∫
∇Nt[A♯p]∇A♯Nt[p]

A♯Nt[p]
− Nt[A♯p]∇A♯Nt[p]

2

A♯Nt[p]2

∂

∂t
DKL(Nt[A♯p]||A♯Nt[p]) = I1 + I2

= −t

∫
∇Nt[A♯p]2

Nt[A♯p]
− 2

∇Nt[A♯p]∇A♯Nt[p]

A♯Nt[p]
+

Nt[A♯p]∇A♯Nt[p]
2

A♯Nt[p]2

= −t

∫
Nt[A♯p]

(
∇Nt[A♯p]

Nt[A♯p]
− ∇A♯Nt[p]

A♯Nt[p]

)2

dx

= −tENt[A♯p]

[(
∇ log

Nt[A♯p]

A♯Nt[p]

)2
]
< 0

D.1 F-LCS HEURISTIC

Finally, we prove Lemma 2, which provides a necessary-but-not-sufficient condition for F-LCS.

Proof. (Lemma 2) First, note that for scores of any distribution p, and any fixed choice of x,

st(x|ci)[k] =
{
∇ log pt(xMi |ci)[k], ∀k ∈ Mi

∇ log pt(xMℓ
|∅)[k], ∀k ∈ Mℓ, ℓ ̸= i (including ℓ = b)

dti(x)[k] := st(x|ci)− st(x|∅)

=

{
∇ log

pt(xMi
|ci)[k]

pt(xMi
|∅)[k] , ∀k ∈ Mi

0, ∀k /∈ Mi

=⇒ dti(x)
T dtj(x) = 0, ∀i ̸= j, since Mi ∩Mj = ∅,

where in the second-to-last line we used the fact that the gradient of a function depending only on
a subset of variables has zero entries in the coordinates outside that subset. The same orthogonality
result also holds for x0-parametrized networks since the score is related to the conditional mean by
∇ log pt(xt) :=

1
σ2
t
E[x0 − xt|xt], therefore vti(x) ∝ Ep(x0|xt,ci)[x0|xt]− Ep(x0|xt,∅)[x0|xt].

Similarly, we can take an expectation over an arbitrary distribution x ∼ q and obtain the following
orthogonality result:

Ex∼q[s
t(x|ci)][k] =

{
Ex∼q[∇ log pt(xMi

|ci)][k], ∀k ∈ Mi

Ex∼q[∇ log pt(xMℓ
|∅)][k], ∀k ∈ Mℓ, ℓ ̸= i (including ℓ = b)

dti(q)[k] := Ex∼q[s
t(x|ci)][k]− Ex∼q[s

t(x|∅)][k] = 0, ∀k /∈ Mi

=⇒ dti(q)
T dtj(q) = 0, ∀i ̸= j, since Mi ∩Mj = ∅.
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Figure 7: Examples of location conditioning used in Experiments 1, 2, 3 in Figure 1.

Figure 8: Length-generalization in Experiment 1, 2, 3 on 1 − M objects. We tested length-
generalization from K = 0 to 10 conditioned locations in each model (each row shows 8 samples
for a particular K). (Note Exp. 3 does not support K = 0.)

Applying the result to F-LCS scores stA(z|c) := ∇z log(A♯p)t(z|c), with q ∼ A♯N (0, σtmax
), at

time t = tmax, which corresponds to evaluating the score in feature-space at the first denoising step
(when the input is Gaussian noise) – gives

di := EηA [s
tmax

A (ηA|ci)]− EηA [s
tmax

A (ηA|∅)], ηA ∼ A♯N (0, σtmax)

=⇒ dTi dj = 0, ∀i ̸= j.

E CLEVR: DETAILS AND ADDITIONAL EXPERIMENTS

E.1 CLEVR DATASET, ARCHITECTURE, AND TRAINING DETAILS

We used the CLEVR Johnson et al. (2017) dataset generation procedure3 to generate custom datasets
with the default objects, shapes, sizes, colors, but different counts. We generated various datasets
with 1 to K objects, with 500,000 samples for each object count, for K = 1, . . . , 6 – for example,
models trained on 1-3 objects saw a total of 1,500,000 samples. The image resolution is 128 ×
128. Note that objects can interact with each other in this dataset: potentially occluding or casting
shadows on each other.

Our experiments cover a few different conditioning setups. Grid-style location-conditioning
conditions on 2D object locations, implemented as an 2D integer array representing a
grid_size × grid_size grid over the image recording the count of objects whose center
falls within the grid cell, as shown in Figure 7. The count is usually 0 or 1 but can be greater than
1 if object centers happen to land within the same grid cell. We take grid_size=16 in all exper-
iments. We either record the locations of all objects, or just one of the objects (randomly selected),
in the conditioning grid, depending on the experiment.

3https://github.com/facebookresearch/clevr-dataset-gen
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Figure 9: Local causal intervention enables length generalization. (Left) Additional samples
from Exp. 2L of Figure 3 (see also Appendix E.3). (Center and Right) Length-generalization in
two different location-conditioned models, both trained on images with only a single object (and
conditioned on its single location). (Center) A model with the standard EDM2 architecture does not
length-generalize: it always generates exactly one object (even when conditioned on zero locations).
(Right) A model with an explicitly-enforced local architecture as in Exp. 2L length-generalizes up
to 6 objects, albeit with some artifacts (objects “merging” into each other). Although it does not
perform as well as the Exp. 2L local model trained on 1-3 objects, any length-generalization after
training on only one object is remarkable. (In Appendix E.2, we hypothesize that training on more
objects, e.g. 1-3, may improve length-generalization by allowing the model to learn clusters of
objects).

Table 2: Additional location-conditioning experiments. In the top table we give the maximum
value, Kmax, such that the model “sometimes succeeds” for every 1 ≤ K ≤ Kmax, as described in
Appendix E.2. Here, Kmax is evaluated over 8 samples (vs. 64 in Table 1). In the bottom table, we
test K = 0 (which is also OOD) and give the range of the number of objects typically produced.
Configurations not tested are left blank. Parentheses indicate extra objects at non-conditioned loca-
tions, e.g. +(0-2) means there were 0 to 2 extra objects in addition to the K at specified locations.
All models are location-conditioned but with different variants: All labels means every object was
labeled (Experiment 1), Single label means only one object (randomly selected) was labeled (Ex-
periment 2), Rand num labels means a random number of objects were labeled, and Drop one label
means all but one object (randomly selected) were labeled.

Train data All labels Single label Rand num labels Drop one label
1 object 1 1
1-2 objects 5 1 +(0-1) 3
1-3 objects 9 1 +(0-2) 5 3 +(0-1)
1-4 objects 10 1 +(0-3) 6 8 +(0-1)
1-5 objects 10 1 +(0-4) 8 9 +(0-1)
1-6 objects 11 1 +(0-5) 9 10 +(0-1)
Train data All labels Single label Rand num labels Drop one label
1 objects 0-1
1-2 objects 0 0-2 0-1
1-3 objects 0 0-3 0-3 0-1
1-4 objects 0 1-4 0-4 0-1
1-5 objects 0 0-5 0-4 0-1
1-6 objects 0 1-6 0-4 0-1
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Figure 10: Additional detail for Figure 2. Locality structures in location-conditioned CLEVR mod-
els (Exps. 1, 2, 3 of Figure 1 and Exp. 2L of Figure 3). All models are conditioned on 4 locations
(OOD). Each column represents a timestep t. Top row shows the predicted denoised images via
learned scores. Lower rows (evaluated at two conditioned and one unconditioned location) show
heatmaps of the pixel gradient magnitude (average absolute of Jacobian from one pixel to all other
pixels), and the conditional gradient magnitude marked with × (with the “gradient” estimated via a
finite difference of the score computed with and without each conditioner).
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Figure 11: Length-generalization in Experiment 1 model trained on 1 −M objects. We tested
length-generalization from K = 0 to K = 12 conditioned locations in each model (each row shows
8 samples for a particular K).
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Figure 12: Pixel locality structure across time for CIFAR-10, using the same EDM2 architecture
from the CLEVR experiments. (Right) Each column represents a timestep t, and the top row shows
the predicted denoised images via learned scores. Lower rows show heatmaps of the pixel gradient
magnitude (average absolute Jacobian from an selected pixel to all other pixels). Evaluation at three
pixel locations confirms prior empirical observations of Kamb & Ganguli (2024); Niedoba et al.
(2024) that the effective local neighborhood size is large at high noise levels. (Left) Locality metrics
as in Figure 13; details in Appendix F.

List-style location conditioning also conditions on 2D object locations, but lists the (embedded) xy-
locations of each object in an array padded with enough slots for up to 10 objects (with each location
placed in a randomly chosen slot).

Color conditioning is implemented as a 8-dimensional integer array (there are 8 possible colors)
indicating the count of objects with the corresponding color. In all experiments we condition only
a single attribute (either location or color) at a time, with all other attributes sampled randomly and
not conditioned on.

The 12 locations used for the location-conditioned CLEVR experiments are

locations = ([[0.65, 0.65], [0.65, 0.25], [0.25, 0.65], [0.35, 0.35],
[0.45, 0.65], [0.45, 0.25], [0.65, 0.45], [0.25, 0.45],
[0.45, 0.45], [0.55, 0.55], [0.35, 0.55], [0.55, 0.35]]),

and the colors are

colors = ([blue, brown, cyan, gray, green, purple, red, yellow]).

We used our own functionally equivalent re-implementation of the EDM2 Karras et al. (2024) U-
net architecture. We used the smallest model architecture, e.g. edm2-img64-xs from https:
//github.com/NVlabs/edm2. This model has a base channel width of 128, resulting in a total
of 124M trainable weights.

In all experiments, the model is trained with a batch size of 2048 over 128× 220 samples, repeating
samples if needed. Our training procedure is identical to EDM2 Karras et al. (2024) except that
we do weight renormalization after the weights are updated. At inference, we use raw conditional
diffusion scores, without applying any guidance/CFG (Ho & Salimans, 2022).

E.2 LENGTH GENERALIZATION EVALUATION

In Table 1, we define Kmax as the maximum value such that the model “sometimes succeeds”
for every 1 ≤ K ≤ Kmax, with “success” defined as generating K objects at least 25% of the
time, and at least K − 2 objects at least 90% of the time, with objects appearing in approximately
correct locations and with acceptable image quality. This metric is intentionally generous as it is
intended to capture the largest K for which the model “sometimes succeeds”, rather than requiring
perfect performance. To assess these criteria in Table 1, we manually count over 64 samples of each
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Experiment C 0 1 2 3 4 5 6 7 8 9 10
Exp.1, trained 1 1 0 64 0 0 0 0 0 0 0 0 0
Exp.1, trained 1-3 9 0 0 0 0 0 0 1 15 31 17 0
Exp.1, trained 1-5 10 0 0 0 0 0 0 0 0 0 20 44
Exp.2, trained 1 1 0 64 0 0 0 0 0 0 0 0 0
Exp.2, trained 1-3 1 0 64 0 0 0 0 0 0 0 0 0
Exp.2, trained 1-5 1 0 64 0 0 0 0 0 0 0 0 0
Exp.3, trained 1 1 0 64 0 0 0 0 0 0 0 0 0
Exp.3, trained 1-3 3 0 5 13 44 0 0 0 0 0 0 0
Exp.3, trained 1-5 5 0 0 0 5 32 27 0 0 0 0 0
Exp.2L, trained 1 6 0 0 0 0 4 37 23 0 0 0 0
Exp.2L, trained 1-3 9 0 0 0 0 0 0 1 8 21 34 0
Exp.2L, trained 1-5 10 0 0 0 0 0 0 0 0 4 31 29
Color, trained 1 1 0 64 0 0 0 0 0 0 0 0 0
Color, trained 1-3 4 0 0 2 29 33 0 0 0 0 0 0
Color, trained 1-5 7 0 0 0 0 0 6 42 16 0 0 0

Table 3: Kmax counts for Table 1 experiments. ‘C’ indicates the number of locations conditioned on;
columns represent number of objects generated at conditioned locations, and rows contain counts of
images that contain the number of objects listed in the column.

composition. We test on up to K = 12 locations and up to K = 8 colors. In Table 3 we provide
the complete counts for all experiments shown in Table 1. Table 2 provides a similar analysis for
additional experiments with other conditioning configurations such as labeling a random number of
objects.

In Table 1 and Figure 11 we observe improvements in length-generalization as we increase the
maximum number M of objects the model was trained on, for models that length-generalize at
all (i.e. Experiments 1 and 2L). We note that for larger numbers of locations K at inference-time,
the objects become crowded (less independent). We hypothesize that in general, models trained
on 1 − M objects could learn to represent clusters of 1 − M objects, as well as how to compose
multiple clusters. (This is still consistent with our theory: it is a conditional projective composition
where the conditioners are subsets. If the underlying data has this type of compositional structure, a
trained model could learn to group individual conditioners into subsets in order to exploit it.) If this
is the case, a model trained on 1-3 objects could generate, for instance, 12 objects, by composing 4
clusters of 3 objects each. This would mean that models trained on more objects (larger M ) could
more easily length-generalize to higher K where objects become crowded.

E.2.1 FIGURE 2(RIGHT) DETAILS

In Figure 2 (Right) are a subset of models evaluated in Table 2, each model is shown in a different
color (with different shapes indicating different epochs during training). The early, mid, and late
epochs are epochs 16777216, 33554432, 134217728, respectively. All experiments used the grid-
style conditioner. “All labeled” means every object was labeled (as in Exp. 2), “single object labeled”
means only one (randomly selected) object was labeled, and “random number labeled” means that a
random number of objects were labeled. After each experiment we include the length-generalization
amount at the early, mid, and late epochs.

• brown: trained on 1 object, all labeled (LG 0, 0, 0)

• orange: trained on 1-2 objects, all labeled (LG 0, 1, 3)

• red: trained on 1-3 object, all labeled (LG 3, 3, 6)

• cyan: trained 1-3 objects, single object labeled (LG 0, 0, 0)

• purple: trained on 1-2 objects, random number labeled (LG 0, 1, 1)

• green: trained on 1-3 objects, random number labeled (LG 0, 2, 2)

• blue: trained on 1-5 objects, all labeled (LG 5, 5, 5)
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Experiment C 0 1 2 3 4 5 6 7 8 9 10
trained 1 all label (brown) 1 0 64 0 0 0 0 0 0 0 0 0
trained 1-2 all label (orange) 5 0 0 0 5 21 38 0 0 0 0 0
trained 1-3 all label (red) 9 0 0 0 0 0 0 1 15 31 17 0
trained 1-3 single label (cyan) 1 0 64 0 0 0 0 0 0 0 0 0
trained 1-2 rand label (purple) 3 0 0 2 62 0 0 0 0 0 0 0
trained 1-3 rand label (green) 5 0 0 0 0 3 61 0 0 0 0 0
trained 1-5 all label (blue) 10 0 0 0 0 0 0 0 0 0 20 44

Table 4: Kmax counts for Figure 2 (Right) experiments. ‘C’ indicates the number of locations
conditioned on; columns represent number of objects generated at conditioned locations, and rows
contain counts of images that contain that number of objects listed in the column.

In Figure 2 (Right), the x-axis shows length-generalization, defined as the number of locations to
which the model can generalize beyond the number on which it was trained (e.g. +6 for a model
trained on 1-3 locations that generalizes to 9). The number of locations to which the model can
generalize is evaluated via Kmax as described in Appendix E.2, with the complete counts given in
Table 4. The conditional locality (y-axis) metric is described in Appendix F.

E.3 DETAILS OF EXPERIMENT 2L: LOCAL PATCH-BASED ARCHITECTURE INTERVENTION.

For Experiment 2L (Figure 3 and 9), we developed a local variant of the EDM2 model that processes
images as a grid of overlapping patches. The image is divided into a grid_size × grid_size
grid of cells, where each cell has size m = resolution / grid_size. We set
grid_size = 16 to match the location-conditioning grid. For each grid cell at position (i, j),
we extract a patch of size M = (2k + 1)×m, where k is the neighborhood radius. We used k = 2
for the experiments in this paper. Each patch is conditioned only on the location-conditioners that
fall within the patch – that is, a (2k + 1) × (2k + 1) subgrid of the full conditioning grid. Each
patch is also conditioned on its absolute location (that is, the model is not equivariant). This is im-
plemented by appending the patch center coordinates i, j to the flattened location-conditioner grid
to form the complete conditioner. The training procedure uses a patch sampling approach balancing
positive and negative examples for efficiency. For each training image, we randomly sample two
patches: one “positive” patch with at least one active conditioner, and one “negative” patch with no
active conditioners. Standard EDM2 loss is applied to each patch and losses are averaged.

At inference, we reconstruct the full image by processing each grid cell as follows: extract the
corresponding noisy patch and local conditioner; denoise the patch using the trained local model;
copy the center region (the single cell) of the denoised patch back to the full image.

In Experiment 2L, we trained the local model on the same dataset and location-conditioning (label-
ing only a single object) as in Exp. 2, showing that Exp. 2L length-generalizes while Exp. 2 fails.
As a test, we also verified that setting k = 8 (which for grid size 16 makes the patches the size of the
image) reproduces the behavior of Exp. 2 (i.e. length-generalization fails). We also trained the local
model on a dataset with only a single object per image and show that it length-generalizes up to 6
objects in this case, whereas a standard model trained on only one object per image only generates
one object per image at test time, regardless of conditioning (Figure 9).

E.4 EXPERIMENT 3L - PRELIMINARY

Analogous to Experiment 2L, we study a local version of the non-length-generalizing Experiment
3 and show preliminary evidence of length-generalization for the local model, as shown in Fig-
ure 14. In Experiment 3L, the model denoises individual patches conditioned only on the location-
conditioners that fall within the patch, with conditioners represented as a list as in Experiment 3.
The setup is as described in Appendix E.3, with the only difference being the list-style conditioner.
Specifically, the original conditioner lists the locations of each object in an array padded with enough
slots for up to 10 objects (with each object placed in a randomly-chosen slot); the patch conditioner
includes only the conditioned locations that fall within the current patch, re-centered relative to the
patch center, and placed within the padded array in their original random slots. Each patch is also
conditioned on its absolute location as described in Appendix E.3. The current results are shown at
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Figure 13: Locality metrics for CLEVR length generalization for Experiments 1, 2, 3, and 2L,
conditioned OOD on 4 locations, as in Figure 2. (Left) Conditioner gradient magnitudes at selected
pixels (loc 0–3 and center), with colors indicating individual conditioners. Experiment 1 shows
strong conditional-locality at high noise (each pixel responds only to its corresponding conditioner),
whereas Experiment 2 and 3 exhibit non-local responses. Experiment 2L has conditional-locality
explicitly enforced by the architecture. (Middle) Pixel gradient area required to cover 90% of score
gradient “energy” (sum of squared magnitudes). Insets illustrate the selected square regions at loc 2
at a few timesteps. We observe similar pixel-locality between Experiments 1 and 2; the pixel gra-
dients are highly localized at both high and low noise, but delocalize during intermediate timesteps.
Experiment 3 exhibits pixel non-locality even at high noise. Experiment 2L has pixel-locality ex-
plicitly enforced by the architecture. (Right) Total pixel gradient energy (over entire image), which
is higher at low noise levels, consistent with conditioners dominating the score field at high noise
and pixel interactions emerging later in denoising.
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Figure 14: Experiment 3L - Preliminary.

an early checkpoint during training – we did not have enough time for the training to finish and we
expect the location-accuracy to improve with more training – but the initial results are promising,
showing significant length-generalization (Figure 14). We will complete the experiment and provide
a more thorough discussion and metrics for camera-ready should the paper be accepted.

E.5 DETAIL OF COLOR-CONDITIONED CLEVR FEATURE-SPACE STUDY.

In Figure 4, the similarity matrices show cosine similarities (heuristic Lemma 2) between network
layer activations, when the model is conditioned on different colors (that is, the i, j entry is the co-
sine similarity between the mean difference vectors for colors i and j). We perform the study on
MCScale layers, which play a similar role to cross-attention in EDM2. Figure 4 shows the encoder
MCScale layers only; Figure 15 provides the complete length-generalization plots and cosine simi-
larities between colors for all EDM2 MCScale layers. We identify a possible F-LCS feature-space
within the early encoder layers: specifically the layers with resolution 128 and 64 (in the figure, the
average of these layers is labeled the “feature-space”). Note that this is an empirical and subjective
identification, based on our observation that the cosine-similarity heuristic suggests F-LCS within
these particular layers; we currently have no theoretical basis for predicting whether and where such
structure might occur within the network. Nevertheless, the fact that F-LCS structure does seem to
appear anywhere within the network’s internal representation helps to explain the observed partial
length generalization according to our theory.

F PIXEL- AND CONDITIONAL-LOCALITY GRADIENT ANALYSES

In this section we describe the pixel- and conditional-locality analyses used in Figures 2, 5, 12, 13.

Pixel-locality is measured as pixel gradient magnitude (average absolute of Jacobian from one pixel
to all other pixels), and conditional locality is measured as conditional gradient magnitude (with
the “gradient” estimated via a finite difference of the score computed with and without each condi-
tioner). Further detail follows.
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Figure 15: Additional detail for Figure 4 color-conditioned CLEVR study. Complete length-
generalization plots (1 to 8 colors; > 5 colors is OOD) and cosine similarities between colors for all
EDM2 MCScale layers (both encoder and decoder).

Pixel Gradient Magnitude We follow Niedoba et al. (2024) in measuring the average absolute of
Jacobian from one pixel to all other pixels. The gradient computation uses automatic differentiation
to compute the derivative of each output channel at the target pixel with respect to all input pixels.
Specifically, for a model output x̂0 = fθ(xt, t, c) with shape [B,C,H,W ], we compute:

Gi,j(x, y, t) =
1

B

B∑
b=1

3∑
c=1

∣∣∣∣∂x̂0[b, c, y, x]

∂xt[b, c, i, j]

∣∣∣∣ (8)

where (x, y) is the target pixel and (i, j) ranges over all input pixels. The spatial gradient map
G ∈ RH×W indicates how strongly each input location influences the prediction at the target pixel.

Conditional Gradient Magnitude To measure the influence of each conditioning label on the pre-
diction at a target pixel location, we approximate the “conditional gradient” via a finite difference
by computing output differences when individual labels are ablated from the conditioning set.

Given a conditioning set C = {c1, c2, . . . , cK}, we compute the influence of condition ck at target
pixel (x, y) as:

Ik(x, y, t) = ∥fθ(xt, t, C)[x, y]− fθ(xt, t, C−k)[x, y]∥2 (9)
where C−k represents the conditioning set with label k removed, and the norm is taken across color
channels. The method is implemented using forward passes only (no actual gradients are required).

Locality Metrics In Figure 13 we directly plot the gradient influence Ik(x, y) for each conditioner
k across all times t. We quantify spatial locality by finding the smallest square centered at each target
location that contains a specified fraction (90%) of the total gradient energy, i.e. the smallest square
s s.t.

∑
(i,j)∈squares

G2
i,j ≥ 0.9×

∑
i,j G

2
i,j .

In Figure 2 (Right), Conditional Locality is an aggregated locality metric obtained by calculating
the conditional gradient magnitude at each conditioned location, and computing

Conditional locality =

∑
k Ik(xk, yk, t)∑

k

∑
k′ Ik(x′

k, y
′
k, t)

.

G SDXL EXPERIMENT DETAILS.

For Figure 5 we use a pretrained SDXL model (out-of-the-box, no finetuning), specifically
stabilityai/stable-diffusion-xl-base-1.0, with the prompt “a beautiful photo-

31



1674
1675
1676
1677
1678
1679
1680
1681
1682
1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1707
1708
1709
1710
1711
1712
1713
1714
1715
1716
1717
1718
1719
1720
1721
1722
1723
1724
1725
1726
1727

Under review as a conference paper at ICLR 2026

graph with a horse in the middle, a dog on the left, and a cat on the right” – which contains implicit
location conditioning. We perform a locality analysis similar to the one we used for CLEVR as
described in Appendix F, but with a few adaptations. The gradient computation is performed in the
VAE latent space. Since SDXL uses more complex conditioning, the conditioning influence analysis
takes C = {text embeds, pooled embeds, time ids} and C−k represents the conditioning with word
k removed from the text prompt. Specifically, we first first tokenize the input prompt into individual
words, remove common words like “a”, “the”, etc., and for each remaining word creating a modified
prompt by removing that word. We then compute the score difference w.r.t. the modified prompt.
We rank the words by their influence magnitude to study how specific words affect the score at par-
ticular pixel locations. We consider a set of words “dominant” if their minimum influence magnitude
is at least 2x the influence of the next-ranked word. We ran the model with 50 inference steps using
the standard EulerDiscreteScheduler stopped at steps t = 1, 25, 50.

For Figure 6 we used the SDXL model (stabilityai/stable-diffusion-xl-base-1.0)
as above. We used the following prompts for the feature-space analysis (listed with the shorthand
used in the figure):

• dog: “A dog, full body, highly detailed photograph.”
• horse: “A horse, full body, highly detailed photograph.”
• cat: “A cat, full body, highly detailed photograph.”
• vangogh: “An oil-painting in the style of Van Gogh.”
• monet: “A watercolor-painting in the style of Monet.”
• hokusai: “A woodblock print in the style of Hokusai.”
• sushi: “Eating sushi with chopsticks, highly detailed photograph.”
• croissant: “Eating a croissant, highly detailed photograph.”
• vangogh+cat+sushi: “A cat eating sushi with chopsticks, oil-painting in the style of Van

Gogh.”
• vangogh+cat: “A cat, full body, oil-painting in the style of Van Gogh.”
• sushi+cat: “A cat eating sushi with chopsticks.”
• unconditional: “”,

We used the attention map diffusers library wooyeolbaek (2025) to hook into SDXL’s
cross-attention layers within the Down, Mid, and Up blocks. We ran with 15 inference steps to-
tal with the standard EulerDiscreteScheduler but extracted attention maps at intermediate
times (step 1, 7, and 15 for low, mid, and high noise). To approximate the score difference vectors
for heuristic 2 we generated 10 samples per prompt and averaged the cross-attention maps, subtract-
ing the unconditional average from each prompt average. Importantly, for each prompt, we actually
selected only the specific cross-attention map corresponding to the single token most relevant to
the concept (namely: dog, horse, cat, gogh, monet, sai, sushi, croissant), and for the unconditional
prompt we selected the end-of-sequence token (which we found received most of the attention).
We then computed cosine similarities between the mean difference vectors for each pair of prompts.
Figure 16 shows a larger version of the cosine similarity heuristic for all cross-attention layers shown
in Figure 6, as well as the mid block activations at low and mid noise levels. We identify a possible
structured feature-space within the first 5 cross-attention layers of the Mid block; note that this an
empirical and subjective identification, but may help explain the model’s observed compositional
success (see discussion in Appendix E.5).

For the Compositional attention analysis, we use the composite prompts listed above and compute
the cosine similarity between the mean difference vector for the compositional prompt (e.g. van-
gogh+cat+sushi) evaluated at a specific token (e.g. cat) and the mean difference vector for the single
“cat” prompt, evaluated at the cat token.

H TESTING OOD PROMPTS WITH A MODEL TRAINED ON FLIKR

Since the train sets of many large-scale text-to-image models like SDXL are not publicly known,
the extent to which they are truly capable of OOD generalization is unclear. We therefore study a
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Figure 16: Additional detail for Figure 6. (Left) Cosine similarities between selected concepts for all
SDXL cross-attention layers. The mid block activations at low and mid noise levels are also shown;
note that the disentanglement is weaker at low noise. Disentanglement is evident in the early mid
blocks at high noise (and also appears in some later down blocks and earlier up block), suggesting
these layers could serve as a compositional feature-space. (Right) Compositions show that within
multi-concept prompts (e.g. cat+sushi+van Gogh), individual token (e.g. cat) activations have high
similarity with corresponding single-concept (cat) activations, consistent with compositional struc-
ture.

model for which the training set is known: Gu et al. (2023a)’s Matroyshka Diffusion Model (MDM)
trained on subset of 50M Flikr images. In order to study OOD generalization, we designed candidate
prompts and searched through the training set captions for keyword matches. We found some evi-
dence of OOD composition on prompts with no conceptually-similar counterpart in the training set.
Notably, we found that “a cat eating sushi” actually does actually appear in the train set;4 however,
other similar prompts such as “a dog eating a croissant” or “a horse eating sushi” do not appear.
One OOD example was “a cow jumping over a candlestick”: no conceptually similar prompts were
found in the train set5, and yet the model is able to produce some plausible samples.

In Figure 17 we show several OOD example generations from MDM, as well as a feature-space
analysis; we compare this to SDXL (although it is not known if the prompts are OOD for SDXL).
We used the following prompts: “a cow jumping over a candlestick,” “a watercolor painting of a
cow jumping over a candlestick,” “a dog eating a croissant,” “a watercolor painting of a dog eating
a croissant,” “an oil-painting of an octopus flying through outer space,”, “an oil-painting of cat
eating sushi with chopsticks.” (Only the last prompt is in-distribution for the Flikr training set; for
all other compositional prompt a keyword search of the train set found no conceptual matches).
MDM is evidently capable of some degree of compositional generalization, generating at least some
plausible samples for the OOD prompts. The quality and prompt-fidelity of SDXL is higher, though
we do not know whether the prompts are OOD for SDXL.

Figure 17 also shows feature-space cosine similarity experiments, as described in Appendix G. We
added the following single-topic prompts: “A(n) cow/octopus/candlestick, highly detailed photo-
graph”; also, since Van Gogh and Monet do not appear in the MDM Flikr train set, for this study
we instead use “An oil-painting/watercolor of a landscape”. For SDXL we select the cross-attention
maps for the tokens (dog, cat, cow, octopus, oil, watercolor, jump, air, space, stick, croissant), while
for MDM we always select the final token since empirically it receives by far the most weight. The
experiments show some degree of concept disentanglement within the mid block learned feature
spaces, though less clearly in MDM than in SDXL (however, MDM only has a single mid block,
and there also appears to be some disentanglement within its other layers). These experiments of-
fer preliminary – though far from conclusive – evidence that OOD compositional generalization is
actually possible, and that compositional structure in feature-space may support it.

4A train-set caption conceptually matching cat+sushi is: “A room with a wall painted with a mural of a cat
eating sushi. The wall has a banner at the top with the words “DIADEMANG” written on it. The room has two
low tables with cushions on the floor, and plates of sushi are placed on the tables. The lighting in the room is
dim.”

5Two train-set captions matching the keywords “cow” and “candlestick” were found, for example: “A page
from an old book with various crests, including one with scissors and a scissor-like symbol, one with a cow,
one with a candlestick, one with a statue of a man holding a heart, and one with a shield with a cross and the
words ‘La Comte Des Marechaux.’...” but neither conceptually represented a cow jumping over a candlestick.
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Figure 17: MDM generalization on OOD prompts
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