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ABSTRACT

Feature selection for high-dimensional, few-sample data has been a serious issue
due to overfitting, high computational complexity and feature redundancy. Here,
one key challenge is how to capture characterization of specificity that enhance
the outcomes. To tackle this issue, our work proposes a novel supervised feature
selection method named ELVES, which exploits the manifold structure of the fea-
ture space. Specifically, our method constructs a feature association kernel for
each class to capture inter-feature dependencies. By integrating product manifold
theory with spectral graph analysis, we develop structure operators that charac-
terize the intrinsic geometry of each class manifold. A graph filtering operator
is then designed to produce a filtered operator, whose leading eigenvectors cap-
ture class-specific latent variables. These latent variables are iteratively extracted
and used to define a feature scoring mechanism that identifies features with strong
discriminative power in high-dimensional, few-sample scenarios. Comprehensive
experiments demonstrate that ELVES not only improves generalization perfor-
mance and robustness to few sample size over leading baselines, but also provides
new insights into the underlying sources of data variation.

1 INTRODUCTION

High-dimensional, few-sample data is an increasingly common problem faced in the development
of models in natural language processing (Zhang et al., 2022; |Brown et al., [2020) and computer
vision (Snell et al.| 2017 Roy et al.l|2022), which arises directly from a wide range of application
scenarios such as medical and clinical research (Esteva et al., 2021; |Gidwani et al.| [2022; [Popov
et al., [2024)), bioinformatics (Hao et al., 2021} [Lall et al., [2022)), chemometrics (Salaroli & del Car-
men Pardol [2023). Good feature selection methods enhance model accuracy, reduce experimental
costs, and, more importantly, assist in understanding the process of data generation (Bolon-Canedo
et al., 2022). Existing feature selection methods can be broadly classified into three categories:
wrapper, embedded, and filter methods. Wrapper methods require model training on every candi-
date feature subset that incurs prohibitive computational costs in high-dimensional settings (Alelyani
et al.,[2018} Roy et al., 2015). Embedded methods integrate feature selection into model training to
remove this burden, but they remain susceptible to model-specific bias (Yamada et al., [2020; |Cohen
et al.l 2023)). Filter methods rank features independently of any learning model, relying only on
statistical or geometric criteria (Cohen et al., |2023), thereby offering high computational efficiency
and making them well-suited for high-dimensional, few-sample data.

Existing filter methods fall into three main categories: (i) Statistical metrics based: including
ANOVA F-value (Kao & Greenl [2008)), Fisher score (Duda et al., [2006), information gain (IG)
(Vergara & Estévez| [2014), and Gini-index (Shang et al.| 2007)), each of which independently eval-
uates the statistical association between a single feature and the target label. (ii) Geometry-based:
including Laplacian Score (He et al., 2005; |[Lindenbaum et al., 2021), SPEC (Zhao & Liul |2007),
and Relief (Kira & Rendell, |1992; Robnik—ﬁikonja & Kononenko, [2003)), all of which assess feature
importance by exploiting the geometric structure of the sample space. (iii) Manifold-based: includ-
ing ManiFeSt (Cohen et al.| 2023) and MMDUFS (Yang et al., [2023)). By constructing a composite
kernel, ManiFeSt is limited to capturing only the shared discriminative variables between classes and
cannot extract class-specific latent variables that reveal unique intra-class variation patterns. MM-
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DUFS construct a shared structure operator and a differential graph operator across modalities under
the product manifold assumption, thereby proposing a multi-modal unsupervised feature selection
framework.

It is critical to adequately capture the inter-feature interactions, which is not well done in current
filter methods, with most focusing on univariate evaluation, or assessing global associations through
sample-point geometry or manifolds (Izetta et al., 2017). Especially in high-dimensional, few-
sample scenarios, univariate metrics are susceptible to noise interference, and geometric methods
ignore the discriminative information brought about by multi-feature synergy (Cohen et al., [2023)).
In fact, feature interactions exhibit robustness to few-sample regimes, as they rely on the high-
dimensional feature space rather than the limited sample space (Cohen et al.,2023)). Consequently,
a novel approach grounded in the underlying geometric structure of the feature space holds promise
for more accurately uncovering discriminative features.

For high-dimensional, few-sample scenarios, we propose a novel filter-based feature selection
method, termed Extraction of Latent Variables with Enhanced Specificity (ELVES), which lever-
ages the manifold structure of the feature space. Our approach begins by constructing feature asso-
ciation kernels for each class to capture inter-feature dependencies. From these kernels, we derive
structure operators that characterize the manifold geometry of each class and compute their sym-
metric normalized Laplacian matrices. Based on these Laplacians, we then design a graph filtering
operator that transforms the structure operators into the filtered operators whose leading eigenvectors
(termed differential vectors) can capture the class-specific latent variables of each class. Finally, by
iteratively extracting these class-specific latent variables, we define a feature score that can identify
the features with high discriminative capability in high-dimensional and few-sample scenarios.

Our contributions are summarized as follows:

1. We propose a novel supervised feature selection method, which explicitly models multi-
variate feature interactions and captures class-specific latent variables representing under-
lying differential structure to mitigate feature redundancy and noise interference in high-
dimensional and few-sample scenarios.

2. ELVES is first to integrate product manifold constructs with spectral graph analysis for
feature-space manifold learning. We provide an asymptotic convergence analysis demon-
strating its ability to reliably discover intrinsic difference patterns, thus offering a novel
perspective on the sources of data variation.

3. We conduct comprehensive experiments on diverse benchmark datasets to show that
ELVES consistently outperforms state-of-the-art baselines, especially enhancing the gen-
eralization performance and exhibiting strong robustness to few sample size.

2 PROBLEM SETTING AND PRELIMINARY

High-dimensional and few-sample datasets pose a formidable challenge for revealing their underly-
ing distinctive structures. Here, our aim is to extract latent variables that can only be captured by
each of class. The principal challenge in dimensionality reduction is to derive a low-dimensional
representation of the observation z; € R< related to the latent variables § € R,

For two datasets drawn from different classes within the same modality, their latent spaces may
follow a similar underlying structure while also exhibiting unique intra-class structural variations.
Consider two datasets X (1) and X (), each representing a distinct class within a single dataset X.
Let the observations xgl) € XM and xgz) € X®. Each observation from the dataset can be
approximated by the result of a continuous transformation applied to a set of latent variables,

0, 0)) = 2, (0, 0) = 2. (1)
The latent variables  capture the structure shared by both classes X (1) and X (2), whereas the latent
variables (*) capture the structure specific to X (9.

By extracting these variables, we can identify features associated with the specific structure of each
class, thus precisely characterizing the differential patterns and identifying the key discriminative
features. To achieve this goal, we use a manifold-based approach. Here, we first present some
preliminaries about graph representation and graph signal processing.
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2.1 GRAPH LAPLACIAN AND GRAPH REPRESENTATION

Consider two datasets X(1) € R™*4 and X € R"2%4 where the rows of two matrices corre-
spond to observations from different classes within the same dataset that satisfy the double manifold

assumption of Eq. (1] Let x( ), (%) denote the i-th observation in the X (V) and X (), respectively.

Their afﬁnlty matrices K (1 ) , K (2 ) are computed separately by the following Gaussian kernel func-
tions using the Euchdean norm

1 1 1 2 2 2
Ki(,j) = exp <—||x£ ) x; )||2/2U%> ) Ki(d) = exp <—||x£ ) acg )||2/2J§> . )

Here, o1 and o2 are bandwidth parameters that control the decay of each Gaussian kernel.

Let DA, D@ be two diagonal matrices whose elements are row sums of K (1) and K@, respec-
tively. We compute two operators by,

QW = (D(l))—1/2K(1)(D(l))—l/{ Q¥ = (D(2))—1/2K(2)(D(2))—1/2. (3)
And we denote the symmetric normalized Laplacian matrices by,
LW =7-QW, & =7_0Q®, 4)

An important property of the Laplacian matrix is that the eigenvectors corresponding to its large
eigenvalues can effectively capture the underlying geometric structure of the data. Thus, we extract
the differential latent variables (1), ¢©(?) that can capture the specific structure of X*) and X (?)
respectively by analyzing the two graph Laplacians L(!) and L(%).

2.2 GRAPH SIGNAL PROCESSING AND GRAPH FILTERS

Consider the signals defined on the vertices of a graph, denoted as real functions f : V — R.
Since the graph has n vertices, these signals can be represented as vectors f € R™. The symmetric
normalized Laplacian matrix defined in Eq.[]is positive semi-definite and its eigenvectors form an
orthogonal basis of R™. The Laplacian eigenvectors serve as discrete analogues of the Fourier basis
(Ricaud et al., [2019; [Shuman et al., 2013). For the symmetric normalized Laplacian, it can be used
as a smoothness functional for graph signals (Von Luxburg, [2007). We have

, 2
1 i fi
ffLf =35> Kij - J>. (5)
2 1;1 ’ ( VDii  \/Dj;

Combining Eq. 5| with the Courant-Fischer theorem reveals that the eigenvectors corresponding to
the smallest eigenvalues minimize the right-hand side under orthonormality constraints (Horn &
Johnson, |[2012),

2
: i
- min = : (6)
" 1fll2 =15 f L {vo, .y va1} 2 ”z:1 (\/ Di; \/Dm)

Eq. [ implies that the eigenvectors corresponding to the small eigenvalues exhibit smoothness in
their v/D-normalized values across neighboring vertices. The Graph Fourier Transform and Graph
Inverse Fourier Transform for a signal f € R™ are defined as

n—1
fa=(va, f)s f=)_ fava. (7)
d=0

Eq.[7] provides a spectral representation of graph signals. Consequently, the graph spectral filtering
can be implemented by eigenvalue-based weights,

H(f)= Zf() ®)
~
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3 METHOD

We detail the ELVES proposed for feature selection. It subsequently identifies features associated
with differential latent structures that are specific to a single class, and further derives a correspond-
ing feature score.

3.1 FEATURE MANIFOLD LEARNING

Consider two datasets X1 = [z{"...  2(V] € Rmxd and X@ = [¢{?,... 2lP)] € Rr2xd,
which correspond to two distinct classes derived from a dataset X € R™*? consisting of n samples
and d features, where my) € R™ denotes the i-th feature in the ¢-th class, n, denotes the number of
samples in the ¢-th class, and n = ny + no. To capture class-specific differences in the feature asso-
ciations, we employ a Gaussian kernel defined in Eq. [2]to learn the underlying geometric structure
of the feature space for each class.

Kernel-based approaches are widely employed for nonlinear dimensionality reduction and manifold
learning (Roweis & Saul, 2000; Belkin & Niyogi, 2003). In contrast to conventional methods that
learn the manifold underlying the samples, our method focuses on the manifold structure of features,
thereby capturing multivariate associations. This perspective aligns closely with the framework of
graph signal processing.

3.2 THE SHARED STRUCTURE OPERATOR

We denote by V, a matrix whose columns consist of the eigenvectors in both Q") and Q®) defined
in Eq. |3| that are associated with shared latent variables 6, and denote by V; and V5 the matrices
whose columns consist of the eigenvectors in Q1) and Q(? that are associated with class-specific
latent variables (1) and ¢(?), respectively. In our ideal setting, the two operators Q(*) and Q) can
be approximated by,

QW ~ V.V +WiV, QP = Vv + V1 ©)

To compute a representation that can capture shared latent structures, we denote by @ the operator
whose columns are equal to the eigenvectors of the symmetric product of Q") and Q®),

Q' =QWQ® + QM. (10)
We demonstrate the effectiveness of Q7 under the product of manifold setting.

The Product of manifolds. Let M, M; be two manifolds, and let M = M, x M, denote the
product manifold. The canonical projection operators 7, : M — M, and 7, : M — M} map a
point in M to its corresponding points in M, My, respectively. Then we can use the projection
operator to extend a real function f, : M, — R on M, to a function f : M — R over the product
M by f(z) = fa(ma(x)). The datasets X (V) and X contain observations sampled from two
product manifolds M, and Mo, respectively, where

Mi =My x Mg, Mo = My x M,. (1

We assume that the latent variables @El), %(2)’ 0; are drawn independently and the observations

xgl) e XM, xz(»z) € X® are computed according to Eq. |I| Let f,i(j) : M; — R denote the i-
th eigenfunction of the Laplace-Beltrami operator of the manifold M. The eigenfunctions of the
products M, Mo are equal to the pointwise product of the eigenfunctions of M, M, M (Zhang
et al., 2021)),

(@) = £ (ma(2) - £ (), [ (@) = fO(m(@) - £ (ms(x).  (12)
)

Let u;”’ denote the i-th smallest eigenvalue corresponding to the eigenfunction fi(j ). And let

Ml(,lk)v ul(Qk) denote the (I, k)-th smallest eigenvalue of the products M1, Mo, where

1 a s 2 s
mR =+, D =+l (13)
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Algorithm 1 Extracting a Single Distinctive Latent Variable

1: Input: Two datasets X (1) ¢ Rmxd gpnd X2) ¢ Rrexd containing d features with n; and ny
samples respectively. Filter function k() : [0, 1] — [0, 1].

2: Output: Differential vectors (1), §(2) ¢ R,

Compute the weight matrices K1), K(?) via Eq.

4: Compute the operators Q1) Q(®) and the symmetric normalized Laplacian matrices (1), L(?)
via Eq.[3]and

5: Compute the filtering matrices H(L(")), H(L®) using Eq.

6: Compute the filtered operators QW, Q@ using Eq.

7: Compute the differential vectors §(), §(2) from the filtered operators Q(1), Q2 respectively.

w

Thus, the matrices Vs, V4, Vs are mutually orthogonal in pairs (See the Lemma[d]in Appendix [F.I)).
It follows that the operator Q? is equal to,

Q° ~ 2V, VT = ng};@gﬁz)? (14)
k

Therefore, the leading eigenvectors of Q7 are associated with the shared latent structure and not the
class-specific structures in the product of manifolds.

3.3 EXTRACTION OF A SINGLE DISTINCTIVE LATENT VARIABLE

We first compute Q(1), Q(®) by Eq. and the symmetric normalized Laplacian matrices L), L(2)
by Eq. E Let )\gl) v and )\52)7 v? denote the leading eigenvalues and eigenvectors of L(1), L(2),

Eae K2

respectively. To extract the class-specific latent variables ©(®), we design a filter that attenuates
directions strongly associated with 6, and apply it to the operator Q2.

In this work, we design a high-pass filter function H (L(l)) based on the eigenvalues and eigenvec-
tors of L(Y). We denote a monotonically increasing function in A by h(\) : [0,1] — [0, 1], and
define the graph filters H(L(1)) and H(L(?) as follows,

HEW) =3 hM V@), HELD) =300 @) as)

Then we apply H (L(l)) to Q) to attenuate components in Q(?) associated with the leading eigen-
vectors of L(1). The same applies to H(L(?) and QV):

0® — H(ILMQD H(ILW), 0O = H(IL®)QWH(L®). (16)

We refer to the leading eigenvectors of the filtered operators Q1) and Q2 as differential vectors
and denote them by (1) and 6(?). In Sec. 4, we demonstrate that in contrast to the eigenvectors of
the unfiltered operators Q(l) and Q(Q), under suitable assumptions, these differential vectors are only
associated with class-specific latent variables (1) and ©(?). Algorithm |1|summarizes the procedure
for extracting a single distinctive latent variable.

3.4 EXTRACTION OF MULTIPLE DISTINCTIVE LATENT VARIABLES AND THE PROPOSED
FEATURE SCORE

In many cases, data from two different classes within the same dataset may involve multiple dis-
tinctive latent variables. In Algorithm |1} we can guarantee that the leading differential vectors of

each class, 561) and 5(()2), are associated exclusively with class-specific latent variables. Here, we
need an additional step to guarantee that the subsequent differential vector is non-redundant and
associated only with class-specific latent variables that have not yet been identified. We propose an
iterative method that updates the filters for the operators QW ., Q® based on the differential vec-
tors that have been identified. At each iteration, the new graphs for X (1) and X are constructed
whose eigenvectors are associated with the shared latent variables, the identified class-specific la-
tent variables, and all their cross-products. Algorithm [2]summarizes the procedure for extracting the
multiple distinctive latent variables.
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Algorithm 2 Extracting Multiple Distinctive Latent Variables and Proposing a Feature Score

1: Input: Two datasets XM g Rmxd gpd X2 ¢ Rr2xd, containing d features with n; and
ng samples respectively. Number of iterations N. Filter function h(A) : [0,1] — [0,1]. The
dimension of shared latent space k.

2: Output: Differential vectors Aél), ceey AS\P,l € R9. Class-specific feature scores Sy, S. Fea-

ture score .

Compute 6(()1) as Aél) via Algorithm

Compute QY using Eq.[10|and its leading eigenvectors V(0) € R4*%o,

fori=1to N —1do
Concatenate V(@) ¢+ [V(Fl),AEl_)l}.

Compute A" via Algorithmwith inputs X and V),
end for
Compute the class-specific feature scores S1, S3 using Eq.
Compute the feature score S using Eq.

AN AN

@9 ®A

Proposed Feature Score. Each differential vector extracted by Algorithm [2|is d-dimensional, con-
sistent with the feature dimension of two datasets X, X(2). Consider the differential vectors

A%ll, AE\Z,ZI of X X2 obtained in the N-th iteration, we denote the class-specific feature
scores for the two datasets as .S; and S5, respectively,

S =A oAl s =AP 0aA® (17)

where ® denotes the Hadamard product. Finally, we integrate them to obtain the overall feature
score, denoted by

S = max(S1, S2), (18)
where the maximum is taken element-wise. The proposed feature score .S effectively reflects the
contribution of each feature in distinguishing the differential structure within the feature space of
X and X @), thereby enabling the identification of features with high discriminative capability.

4 THEORETICAL FOUNDATION

We begin with the convergence results of the eigenvectors of the discrete Laplacian to the eigenfunc-
tions of the Laplace-Beltrami (LB) operator under the manifold setting. Theorem [2]in Appendix
implies that the eigenvectors of the random walk Laplacian converge to the eigenfunctions of the LB
operator at a certain rate. Based on this theorem, we derive a similar bound for the eigenvectors of
the symmetric normalized Laplacian. See the Theorem|3]in Appendix [F-I]and the proof in Appendix
Theorems 2] and [3] demonstrate the convergence of the eigenvectors of the graph Laplacian un-
der the manifold corresponding to a single dataset. However, we consider the case of two datasets
in our work. In the following, we show that the similar convergence result holds under the product
manifold setting associated with two datasets.

Theorem 1. Let XV, X2 be two datasets of d observations sampled uniformly at random from
the product manifolds My = M, x Mg, Mo = My x M, respectively. Let

6@ = argmax o7 PM QP py (19)
llvll=1
be the differential vector obtained in step 5 of Algorithm[l| Under the assumptions (i)-(iii) for both
manifolds, as d — oo, with probability at least 1 — 4m?d =1 — (2m + 6)d~Y, the following holds

« 2 —n/4—
6% = o (| < Otmow) + 0 (moy ™12 Viogdja) . o)

The proof is provided in Appendix [F.6] Theorem|I] provides a convergence guarantee for Algorithm
[I] It demonstrates that given a sufficiently large number of features, the leading differential vector
6 of the filtered operator Q(?) obtained in step 5 of Algorithm converges to the leading eigen-
function of M. Thus, the differential vector captures the leading class-specific latent variable that
is not shared between the two datasets.
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5 EXPERIMENTS

We evaluate the performance of ELVES in comparison with both commonly used and state-of-the-
art feature selection methods on a range of synthetic and real-world datasets. In all experiments,
the data are split into training and testing sets, and a nested cross-validation strategy is adopted to
ensure fair and reliable evaluation. All competing FS methods are carefully tuned to achieve their
best performance on the training set. Additional details and results are provided in Appendix

5.1 MADELON

We evaluate ELVES on the Madelon dataset (Guyon et al., [ 2008) from the NIPS 2003 feature selec-
tion challenge. This dataset contains 2600 samples based on a 5-dimensional hypercube embedded
in a 500-dimensional space. Each sample has 500 features, including the 5 hypercube coordinates
and 15 of their linear combinations, and the remaining 480 features consist of independent Gaussian
noise.

The data is partitioned into train and test sets using 10-fold cross-validation. To assess performance
in few-sample scenarios, we consider two settings: (i) the full train set of 2340 samples, (ii) only
5 percent of the train set, comprising 117 samples. Evaluation in both settings is carried out by
training an SVM classifier on the full train set and assessing its performance.

1 Gini-index L ANOVA 1 Pearson 1 t-test 1 Fisher
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Figure 1: Test accuracy as a function of the feature number on the Madelon dataset. Lines denote
the average test accuracy, and the shaded area denote the standard deviation. The red dashed line
denotes feature selection using the full training set, while the blue solid line uses only 5% of the
data.

Figure [I] shows that when feature selection is performed using the full train set, all methods are
able to identify relevant features. It is worth noting that selecting too few or too many features can
negatively impact classification performance. ELVES achieves the highest average test accuracy
of 91.92%, outperforming ManiFeSt (90.84%) and ReliefF (90.73%). When feature selection is
conducted using only 5% of the train set, only ELVES and ManiFeSt identify the relevant features,
while all other competing methods fail. In this scenario, ELVES again achieves the best performance
with a test accuracy of 91.50%, exceeding ManiFeSt’s 90.58%. These results demonstrate that
ELVES exhibits remarkable robustness to limited sample sizes and strong generalization capability.

To further demonstrate the robustness of ELVES under few-sample scenarios, we evaluate its per-
formance across varying train set sizes. Figure [2]illustrates the relationship between the maximum
classification accuracy and the number of training samples on a logarithmic scale. As shown, all
methods except ELVES and ManiFeSt experience a significant performance drop as the sample size
decreases, and they completely fail to identify relevant features when the training size falls below
10% (234 samples). In contrast, ELVES exhibits strong robustness to the sample size, maintaining
competitive performance even when trained on only 1% of the data (23 samples).

5.2 LUNG

We evaluate the advantage of ELVES in extracting class-specific latent variables on the Lung dataset,
which contains 203 samples, 3312 features, and 5 classes. We first isolate the data from classes 1 and
2 and perform feature selection separately using ELVES and ManiFeSt. A 10-fold cross-validation
procedure is then repeated five times, and the features selected in each iteration are recorded. The
average classification accuracies obtained with the top 10, 50, 100, 150, 200, 300 and 500 selected
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Figure 2: Max test accuracy as a function of the FS sample size on the Madelon dataset.

features are reported in Figure[3(a). Compared with ManiFeSt, ELVES not only produces global fea-
ture scores for classes 1 and 2 but also, based on the extracted class-specific latent variables, yields
class-specific feature scores for each class (see Eq.[I7). This allows ELVES to identify features that
are unique to each class. Leveraging this property, when new class data are introduced in practice,
previously selected global and class-specific features can be reused. To verify the reusability of the
feature selection results produced by ELVES, we consider the case in which data from class 3 of the
Lung dataset are added.

For ELVES, we compare the following scenarios: (i) performing feature selection anew on the
combined data from all three classes and then training the model, (ii) training the model on the
combined data using the previously selected global features from classes 1 and 2, (iii) training the
model using the previously selected class-specific features of class 1, and (iv) training the model
using the previously selected class-specific features of class 2. The results are shown in Figure[3]c).
We observe that, after reusing the feature-selection results from classes 1 and 2 in scenarios (ii)—(iv),
the classification accuracies remain very close to those obtained in scenario (i), and in fact scenario
(ii) yields slightly higher accuracies than scenario (i) when 200, 300, or 500 features are used. For
ManiFeSt, we conduct the same comparison between scenarios (i) and (ii), and the results are shown
in Figure 3[b). It can be observed that the performance in scenario (ii) drops substantially compared
to scenario (i), further demonstrating that the feature selection results produced by ELVES exhibit
markedly superior reusability compared to those of ManiFeSt.

To further demonstrate the discriminative power of the class-specific features identified by ELVES
when new class data are introduced, we consider two additional scenarios: (v) performing feature
selection and model training anew using data from class 1 (2) together with class 3, and (vi) training
the model on the combined class 1 (2) and class 3 data using the previously selected class-specific
features of class 1 (2). The results are presented in Figure [3(d) and Figure [3{e), respectively. As
shown, the accuracies in the two scenarios are very close, and in some cases almost overlap, indi-
cating that the class-specific features selected by ELVES possess strong discriminative capability.

Figure 3: Accuracies under different settings on the Lung dataset. ManiFeSt-S125 and ELVES-S123
correspond to scenario (i), ManiFeSt-S15 and ELVES-S;5 correspond to scenario (ii), ELVES-S
corresponds to scenario (iii), ELVES-S5 corresponds to scenario (iv), and so on for subsequent
scenarios.

5.3 CoLON CANCER

We evaluate ELVES on a colon cancer gene expression dataset (Alon et al., |1999), which is widely
used in bioinformatics. The dataset comprises 62 tissue samples, each with expression levels mea-
sured for 2000 genes. Among them, 22 samples are from normal tissues and 40 from colon cancer
tissues. The data are partitioned into 90% for training and 10% for testing, and the results are
averaged over 50 cross-validation iterations.
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Figure [] presents the average classification accuracy across different feature subsets for various
feature selection methods. ELVES achieves the highest test accuracy of 87.65%, outperforming
all competing methods, the best of which attains a lower accuracy of 86.51%. Notably, ELVES
demonstrates superior generalization capability compared to all competing methods, as evidenced
by the smaller gap between its validation and test accuracies.

000 200 300 400
Number of Features Number of Features

@ (b)

Figure 4: Accuracy as a function of the feature number on the colon cancer gene expression dataset.
The dashed and solid lines represent the average test and validation accuracy, respectively.

5.4 ADDITIONAL RESULTS

We further compare ELVES with different FS methods, including filter-based approaches and the
embedded method E2E-FS, on seven additional datasets, all of which exhibit pronounced high-
dimensional, few-sample characteristics. Among these, the Lymphoma dataset contains 9 classes,
and CLL_SUB_111 contains 3 classes, while the remaining datasets are binary classification prob-
lems. Detailed dataset descriptions are in Appendix [Bl We average the performance obtained with
the first 10, 50, 100, 150, and 200 selected features. The results are shown in Table [} We see that
ELVES obtains the highest classification accuracies for all datasets.

Table 1: Comparison of accuracy (%) and standard deviation for various FS methods on benchmark
datasets.

Method Prostate ALLAML Arcene SMK_CAN_187 GLI85 Lymphoma CLL_SUB_111
(5966/102) (7129/72) (10000/200) (19993/187) (22283/85) (4026/96) (11340/111)

No FS 91.824+0.00 97.504+0.00 83.004+0.00 77.894+0.00 84.444+0.00 94.00+0.00 68.33 + 0.00
Gini Index 93.18 £0.64 96.00 +3.35 74.40+4.83 75.37+£2.31 84.89+0.99 79.20+£21.34 68.67 & 2.47
ANOVA 93.63 £1.07 97.50+3.06 66.80+3.96 76.42+2.94 86.22+0.99 90.80+7.01 53.67 £ 3.98
Pearson 93.63 £1.07 97.50+3.06 66.80+3.96 76.42+2.94 86.22+0.99 91.20+7.56 54.00 + 4.80
t-test 93.33+0.75 95.50+3.26 65.80+6.38 74.95+2.02 85.33 £0.99 N/A N/A

Fisher 93.63 £1.07 97.50+£3.06 66.80+3.96 76.42+2.94 86.22+0.99 90.80+7.01 53.67 £ 3.98
1G 93.21 £0.81 97.50 £3.54 73.40+5.55 71.37+3.60 87.56 +2.53 94.40 &+ 3.58 70.21 % 3.56
Laplacian 91.524+1.39 91.00+2.24 69.80+4.97 72.84+3.52 71.56+6.55 92.00+£8.12 57.33 £ 7.87
ReliefF 92.244+0.73 97.50 £3.06 67.40 &£ 7.57 T77.47+5.35 87.11+2.43 94.40+3.85 59.67+3.98
Inf-FS 93.45+0.92 97.50£3.06 71.25+7.50 78.95+2.27 86.51+£2.48 89.20+ 14.46 68.96 £ 3.55
ILFS 92.78 £0.88 94.00 £8.22 69.25+6.14 79.63 +2.88 88.42+3.26 83.60+ 12.76 70.58 £ 2.54
E2E-FS 93.85 +£0.82  88.50 + 7.20 71.8 +6.69 76.11 £3.90 76.44 +£3.37 83.20 £ 13.97 61.67 +4.41
ManiFeSt 94.10 £0.96 95.00 £3.06 75.40 +4.77 80.23+3.86 88.89+£3.11 88.00£9.52 72.36+2.16

ELVES (ours) 95.72 4 0.56 98.50 &= 2.24 80.00 £ 7.91 83.37 £ 3.34 90.15 £ 2.67 94.60 +4.78 75.89 4 2.64
Note: N/A indicates that the corresponding method is not applicable to multiclass datasets. The first row

shows results when all features are used.

6 CONCLUSION

In this work, we propose a novel supervised feature selection method which is termed ELVES.
ELVES integrates product manifold constructs with spectral graph analysis for feature-space man-
ifold learning, explicitly modeling multivariate feature interactions and capturing class-specific la-
tent variables representing underlying differential structure. We provide an asymptotic convergence
analysis demonstrating its ability to reliably discover intrinsic difference patterns. Through compre-
hensive experiments on diverse benchmark datasets, we demonstrate that our method consistently
outperforms state-of-the-art baselines, especially enhancing the generalization performance and ex-
hibiting strong robustness under high-dimensional and few-sample settings.
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Algorithm 3 Multi-class ELVES Extension

1: Input: m datasets { X € R™*}™ each containing d features with n; samples in the i-th
dataset. Number of iterations N. Filter function h(X) : [0,1] — [0, 1]. The dimension of shared
latent space k.

2: Output: Class-specific feature scores {57, Sa, ..., S, }. Feature score S.

3: fori =1tomdo .

Construct two subsets: X (*) and Xr(e?t = U xW,
=1
g |

5: Compute the class-specific feature score S; via Algorithmwith inputs X () and Xr(gs)t.

end for

7: Compute the feature score .S using Eq. [22]

a

A  MULTI-CLASS ELVES EXTENSION

In the method of our paper, we concentrate on binary classification problems, as they serve as the
standard stepping-stone to multi-class feature selection (Izetta et al., [2017). In fact, our method
can be naturally extended to multi-class problems. Here, we introduce two strategies for extending
our method to the multi-class setting. Both approaches follow the same core steps as outlined in
Algorithm 2]

The first strategy aims to identify a shared structure operator among multiple classes. As shown
in Eq. [I0]in Section [3.2] of the paper, we define a shared structure operator for two classes. Under
the assumption of product manifolds, this formulation can be generalized to the multi-class case.
Specifically, for a classification problem with m classes, we can construct a shared structure operator
denoted by

Qo _ Z Q(i)Q(j) + Q(j)Q(vi)7 21)

1<i<j<m

which captures the underlying structure common to all classes. Assuming that the data from the m
classes satisfy the product manifold setting pairwise, then according to Eq 4 QIQU) +QUQM
captures the shared structure between class ¢ and class j. Consequently, Q7 in th 21| captures the
shared structure across all pairwise combinations of class data. Based on this shared structure, we
compute the class-specific score for each class by pairing the data from the ¢-th class with the shared
structure operator QY as input to Algorithm This process is repeated for all m classes, yielding
a set of class-specific scores {57, 5s,...,S5,,}. Finally, we aggregate these scores to obtain the
overall feature importance score, denoted by

S:maX(Sl,SQ,...,Sm), (22)

where the maximum is taken element-wise. This strategy allows our method to capture both shared
and class-specific structures in the data, making it well-suited for multi-class problems. However, a
limitation of this strategy is that the computational cost increases significantly with the number of
classes. To address this issue, we propose a second strategy.

The second strategy addresses this issue by adopting a one-vs-rest approach. Specifically, for each
class ¢, we divide the dataset into two parts: the samples belonging to class 7, and those belonging
to all other classes. These two subsets are then used as input to Algorithm 2} following the same
iterative procedure to compute a class-specific score \S; that captures the discriminative structure
of class 7 against the rest. By repeating this process for all m classes, we obtain class-specific
scores {S1,Sa,...,Sm}, which are then aggregated according to Eq. This strategy is more
computationally efficient and scales better with the number of classes, while still preserving class-
specific information.

We adopt the second strategy for extending our method to the multi-class setting. Algorithm [3]
summarizes the procedure for the multi-class extension of ELVES.

13



Under review as a conference paper at ICLR 2026

B EXPERIMENTS - IMPLEMENTATION DETAILS

In all experiments, we adopt a nested cross-validation strategy, where the training set is further
split using 10-fold cross-validation to optimize model performance. To ensure robustness on small
datasets, the cross-validation process is repeated with randomly shuffled samples. All procedures,
including data normalization, feature selection, and SVM hyperparameter tuning, are strictly con-
fined to the training folds to avoid any risk of data leakage.

To enhance the generalization capability of the model, SVM hyperparameters are optimized based
on validation data. In contrast, feature selection (FS) method hyperparameters are tuned by maxi-
mizing accuracy on the training set alone. This decoupled tuning scheme is adopted to prevent joint
optimization of SVM and FS hyperparameters, which can lead to overfitting or confounding effects.

FS hyperparameter tuning is carried out with respect to varying feature subset sizes. As shown in
Table[I] we search for optimal hyperparameters using the training data separately for each candidate
number of features. The configuration that yields the best performance on the test set is reported.
Throughout the rest of the paper, we first identify optimal hyperparameter values for each feature
count using a predefined grid search. We then select the setting associated with the highest training
accuracy and keep it fixed to evaluate model performance across different feature subsets.

Data normalization. Consistent with the approach used by |Atashgahi et al.| (2022), the features
in the Madelon dataset are normalized by centering around the mean and scaling to unit variance.
This preprocessing step is carried out using the standard function provided in the sklearn library. No
normalization is applied to the remaining datasets, as their feature distributions do not necessitate
such treatment.

FS hyperparameter tuning. For ReliefF and for IG which extend the classic Information
Gain score to continuous features via a k nearest neighbors approach, we tune k over the grid
{1, 5, 10, 30, 50, 70, 90, 95, 99}. For Laplacian Score, which requires a kernel scale parameter,
we evaluate scales corresponding to the {1, 5, 10, 30, 50, 70, 90, 95, 99} percentiles of the Eu-
clidean distance distribution. ManiFeSt involves only a single scale parameter o,. For the illustrative
example, oy is set to the median of Euclidean distances. For the XOR and Madelon datasets, due
to the pronounced feature interaction patterns, oy is fixed at 0.1 times the median of Euclidean dis-
tances without further tuning. For all other datasets, o, is tuned over the {5, 10, 30, 50, 70, 90, 95}
percentiles, with additional evaluations at the 1st and 99th percentiles to capture nonlocal interac-
tions. The ELVES method involves three key hyperparameters: the number of neighbors K used
in constructing the kernel matrix, the number of leading eigenvectors k for the filtering operator,
and the number of leading eigenvectors kg for the shared structure operator. The parameter K is
tuned within a range corresponding to 5% to 10% of the total number of features, while k£ and kg
are selected from a range spanning 90% to 100% of the feature dimension.

SVM hyperparameter tuning. When the ground truth regarding feature relevance is unavailable,
we evaluate the performance of feature selection using a Support Vector Machine (SVM) with a
radial basis function (RBF) kernel. The hyperparameter optimization follows the classical pro-
cedure proposed by Hsu et al.| (2003, conducting a grid search over exponentially spaced val-
ues for both the penalty parameter C = {275 272 21 2% 27 210 213} and the kernel scale
v = {2—157 2—127 2—9’ 2—67 2—3’ 207 23}

Experimental setup. All experiments were conducted in a Python environment equipped with an
RTX 4090 GPU (24GB memory). To accelerate computation, GPU-optimized libraries such as cupy
and cuML were utilized throughout the experiments.

Implementation of baseline methods. The implementations of the baseline feature selection meth-
ods are as follows: IG and ANOVA were implemented using the scikit-learn library. Gini Index,
t-test, Fisher Score, Laplacian Score, and ReliefF were implemented using the skfeature package
developed by Arizona State University (Li et al., 2017). Pearson correlation was computed using
the built-in correlation function from Pandas.

Details on the hypercube dataset. In the experiment described in Section[C.3] we construct a high-
dimensional dataset based on a hypercube embedded in a 10-dimensional space. Specifically, four
Gaussian clusters are generated at the vertices of the hypercube, producing a total of 2000 samples.
These clusters are arbitrarily grouped into two classes, each containing two clusters, to form a binary
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classification task. To increase the dimensionality, the original 10-dimensional data are mapped to a
200-dimensional space by appending random noise to the remaining 190 dimensions. Only the first
10 dimensions carry informative features, while the rest are purely noisy.

Description of benchmark datasets. The Prostate cancer dataset contains 5966 gene expression
features across 102 samples, with 50 normal and 52 tumor cases. The Gisette dataset derived from
the NIPS 2003 feature selection challenge, includes 5000-dimensional feature vectors for 7000 sam-
ples. Among these, 2500 dimensions are informative. The classification task is to distinguish be-
tween the handwritten digits “4” and “9”. RELATHE is a benchmark dataset commonly used in
feature selection and dimensionality reduction tasks within the text domain. It is highly sparse,
comprising 4322 features and 1427 samples. All experiments adopt a 9:1 train-test split strategy.
For the Gisette and RELATHE datasets, results are averaged over 10 cross-validation runs, while for
the Prostate cancer dataset, performance is averaged over 30 independent cross-validation iterations.

C ADDITIONAL RESULTS

C.1 TIME AND SPACE COMPLEXITY ANALYSIS OF ELVES

Let n denote the total number of samples, d the number of features, and N the number of extracted
differential vectors (typically a small constant such as 5, corresponding to the number of iterations
in Algorithm [2). In the following, we provide a theoretical analysis of both the time and space
complexity of ELVES.

Time complexity. In Algorithm[I] the main costs include computing affinity matrices between fea-
tures of different classes (O(nd?)), constructing the graph Laplacian and filtered operators (O(d?)),
and performing spectral decompositions (O(d?)). In Algorithm this process is repeated N times
during the iterative differential vector extraction phase. As a result, the total time complexity is
(’)(N (nd? + d3)). This analysis reflects the computational cost associated with modeling the mani-
fold of feature space and extracting class-specific latent variables. Note that when the feature dimen-
sion d is very large (e.g., tens of thousands), the eigen-decomposition steps with complexity O(d®)
may become a computational bottleneck. To address this, approximate methods such as randomized
SVD or low-rank kernel approximations (e.g., Nystrom method) can be employed in practice.

Space complexity. The dominant storage requirements come from kernel matrices, Laplacians, and
filtered operators, all of size d x d, as well as a small number of intermediate vectors. Therefore, the
overall space complexity is O(d?).

C.2 XOR-100 PROBLEM

To evaluate the capability of ELVES in identifying non-linear feature interactions, we generate a
synthetic XOR dataset consisting of d = 100 binary features and N = 50 samples (Yamada et al.,
2020). Each feature is independently drawn from a Bernoulli distribution, and class labels are as-
signed based on the XOR operation between two predefined features (f1 and f5), making only these
two features informative, while the remaining 98 features serve as irrelevant noise. This setup poses
a significant challenge to conventional filter methods that rely solely on univariate statistical signifi-
cance.

We conduct 200 Monte Carlo simulations of data generation. Figure [5] presents the statistical distri-
butions of normalized feature scores for each method. In each simulation, the top two features with
the highest scores are selected, and the average of correct selections is shown in parentheses. The
results demonstrate that ELVES consistently identifies the interaction between f; and f5 across all
simulations, whereas all other compared methods, except ManiFeSt and ReliefF, have not worked.

Notably, ELVES and ManiFeSt both achieve a perfect average number of correct selections of 2
in identifying the two informative features, with ManiFeSt likewise employing a manifold learning
approach in the feature space. Although ReliefF is a univariate method, it indirectly incorporates
multivariate information via the local geometry of nearest-neighbor samples and thus also recovers
these two features. However, its average of correct selections is only 0.765. This performance gap
further underscores the superior ability of ELVES to capture multi-feature interactions.
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Figure 5: Feature score for the XOR-100 problem. Blue dots denote the average score, and purple
lines indicate the standard deviation. The average of correct selections is denoted in parentheses.

C.3 CLUSTERS ON A HYPERCUBE

Due to the absence of ground-truth information on relevant features in the Madelon dataset, we
construct a variant of Madelon (Guyon, 2003)) using the make_classification function from the scikiz-
learn library to enable more accurate evaluation of feature selection performance. In this variant,
the ground-truth relevance of features is explicitly known, allowing for direct assessment of feature
selection accuracy. More details on the dataset generation are in Appendix [B]

The dataset consisting of 200 features is divided into train and test sets with 1500 and 500 samples,
respectively. To show the effectiveness of ELVES under few-sample conditions, we perform feature
selection using only 50 samples from the train set. For each method, the top 10 ranked features are
selected, followed by training an SVM classifier optimized on the full train set. This procedure is
repeated for 50 cross-validation iterations.

J w0 5%"
T 2 é$%%%%$$

o & & o S & O s & o ©
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Figure 6: Results on the simulated variant of the Madelon dataset. (a) Boxplot of the number of
correct selections. (b) Boxplot of the average accuracy.

Figure [6[a) and [6{b) shows the number of correct selections and the average test accuracy achieved
by the evaluated feature selection methods. We see that ELVES attains the highest number of cor-
rect selections (8.84) and the highest average test accuracy (0.9352) among all competing methods,
surpassing the state-of-the-art approach ManiFeSt, which achieves 8.48 and 0.9301, respectively.
These results clearly demonstrate the advantage of ELVES in few-sample scenarios.

C.4 MORE RESULTS ON ADDITIONAL DATASETS

We compare ELVES with different FS methods on two additional datasets: Gisette and RELATHE.
Dataset descriptions are in Appendix [B] The results are shown in Table[2] including the colon cancer
dataset. The numbers in parentheses indicate the number of features selected when each method
achieved its best performance. As shown, ELVES consistently attains the highest classification
accuracies across all datasets.

D LIMITATIONS

Since our method is based on manifold learning in the feature space and primarily accounts for
multivariate feature interactions, it may inevitably select some irrelevant features. This limitation
highlights a potential direction for future improvement. In addition, the method involves multiple
feature decomposition steps, which can lead to substantial computational overhead when dealing

16



Under review as a conference paper at ICLR 2026

Table 2: Comparison of accuracy (%), standard deviation, and number of features used for various

filter FS methods on benchmark datasets.

Method Colon Gisette RELATHE
etho (2000/62) (5000/7000) (4322/1427)
All features baseline ~ 82.26 %+ 13.69 97.96 £ 0.51 74.88 + 3.85

Gini Index 83.43 + 13.38 (20)  98.60 & 0.50 (700)  82.94 + 2.97 (100)
ANOVA 83.23 + 12.58 (40)  98.65 & 0.53 (800) 81.68 + 3.31 (100)
Pearson 83.23 + 12.58 (40)  98.65 & 0.53 (800) 81.68 =+ 3.31 (100)
t-test 82.32 4+ 13.83 (600) 98.44 & 0.47 (800)  83.26 + 2.93 (100)
Fisher 83.23 + 12.58 (40)  98.65 &= 0.53 (800)  81.68 + 3.31 (100)
(¢} 85.05 + 12.53 (40)  98.67 + 0.52 (800)  81.19 = 2.50 (90)
Laplacian 85.14 £ 12.51 (18)  98.60 & 0.26 (1500) 75.94 + 2.49 (100)
ReliefF 85.92 + 12.86 (20) 98.67 = 0.43 (1500) 82.03 =+ 2.82 (100)
ManiFeSt 86.51 & 12.72 (160) 98.27 = 0.48 (1000) 77.48 + 4.66 (100)

ELVES (ours)

87.65 & 13.91 (120)

98.70 + 0.45 (900)

83.43 & 2.11 (100)

with very high-dimensional data. However, this cost can be mitigated by leveraging GPU accelera-
tion for matrix decomposition operations.

E LARGE LANGUAGE MODEL USAGE STATEMENT

In this work, a large language model is employed to assist in refining the writing of the manuscript.
Specifically, the third paragraph of the Introduction and Section are polished using an LLM to
improve clarity, grammar, and readability. The scientific content, data analysis, and experimental
design are entirely generated and verified by ourself.

F ADDITIONAL THEORETICAL FOUNDATION

An I norm convergence result for the random walk Laplacian LO") = T — D~1K was derived
in (Cheng & Wu| (2022) under three assumptions: (i) the d observations are generated uniformly at
random over a n-dimensional manifold M, (ii) the smallest m eigenvalues of the LB operator over
M have single multiplicity, with a minimal spectral gap 7, > 0, (iii) the bandwidth parameter of a

Gaussian kernel satisfies o4 — 07 and UZ;/ 2 C’m% for some constant C,,. Let ¢ (X) € RY
denote the vector of samples given by,
—=Bx (fk)-

X =
¢k( ) \/p>d
where p denotes the uniform sampling density, fj, denotes the normalized eigenfunction correspond-
ing to the k-th smallest eigenvalue of the LB operator, and Bx (f) € R? denotes the sampling
operator that evaluates the eigenfunction f; at a point set X = {z1,...,24} C M. In addition, let

v € R? and v,(crw) € R? denote the eigenvectors corresponding to the k-th smallest eigenvalues of

the symmetric normalized Laplacian and the random walk Laplacian, respectively.

L 23)

F.1 THEOREM[2] THEOREM [3]AND LEMMA [4]

Theorem 2 (Theorem 5.5 (Cheng & Wu, [2022)). Under the assumptions (i)-(iii), for d — oo, with
probability at least 1 —4m?d =10 — (4m+6)d~?, the k-th eigenvector of the random walk Laplacian
satisfies

o™ = agr(X) ]|, = O (0u+ 0"V logd/d) vk <m (24)

where v,(:W) is D-normalized such that (v,(crw))TDv,irW) /(pd) =1, o4 is the bandwidth parameter
of the Gaussian kernel, and || = 1 + 0, (1).

Theorem 3. Under the assumptions (i)-(iii), for d — oo, with probability at least 1 — 4m?d—1° —
(4m + 8)d =, the k-th eigenvector of the symmetric normalized Laplacian satisfies

o — agn(X)[|, = O (ou+ 05" "2 flogdjd), vk <m

where ||v|| = 1 is normalized and |a| = 1 + 0,(1).

(25)
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The proof of Lemma [3]is in Appendix [F-2]

Lemma 4. Let M; = M, x Mg and My = My x M. Let vl(’lk),vfj?k, denote the (1, k)-th
and (m, k')-th unit-length eigenvectors of the symmetric normalized Laplacian matrices LW, L3,
respectively. We assume that the corresponding eigenvalues ul(lk) and ,ufj?k, are both within the m
smallest eigenvalues of their respective spectra. Under the assumptions (i)-(iii), for d — oo, with
probability at least 1 — 12m2d=1° — (8m + 16)d~?, the inner product between Ul(lk) and Uﬁs?k,
satisfies

1—O(ad+a;"/4‘1/2 logd/d>, ifl=m=0andk =k
(o) ol

)
m,k’| =
o (Ud + U;n/471/2 Vlog d/d) ) otherwise.

(26)

The proof of Lemma f]is in Appendix [F5] The lemma plays a crucial role in deriving the conver-
gence guarantee of Algorithm |1} It demonstrates that, apart from the eigenvectors associated only
with the shared latent variables 6, the eigenvectors of the Laplacian matrices corresponding to two
datasets are nearly orthogonal. Next, we aim to explain why the filtered operator in Eq. [16]is capa-
ble of removing the leading eigenvectors associated with the shared latent variables while retaining
those associated only with the class-specific latent variables.

Let M) € R¥*™ denote the matrix whose columns consist of the eigenvectors of L(1) corre-
sponding to the eigenvalues smaller than the threshold parameter 7 of the filter F(L(")). We define
a projection matrix as P(Y) = T — MM (M)T | which is equal to the filter matrix H(L(")). For
the analysis, we partition the columns of M (1) to two parts: (i) M, 0(1) which contains only the eigen-
vectors associated with the shared latent variables 6, and (ii) Mél) which contains the eigenvectors

associated with the class-specific latent variables ¢(1). Then, the following projection matrices can
be defined:

Pg(l) —I_ Mg(l)(Mg(l))T, P;l) —7_ M(f(ol)(Mé)l))T. Q27
Due to the orthogonality of Mél) and Mél), we have
PVPY =1 - MO (MD)T = pO, (28)

Similarly, let M, 9(2) denote the matrix whose columns consists of the eigenvectors of L(?) associated
with 6. And we denote a projection matrix by Pe(z) =1 Méz) (M(§2))T. In step 4 of Algorithm
we apply a low pass filter to Q) and obtain Q(TZ) given by

QP = 3 a-ATuT )T (29)

1 (2)
Lk <7

Thus, the filtered operator computed in step 4 of Algorithmis equal to Q@ = POQP PO Note
that the projection matrix Pﬁ(z) is the ideal filter that perfectly eliminates the leading eigenvectors
associated with the shared latent variables, whereas P! serves merely as a practical filter. Let By =
Pe(mQ(Tz)Pe(z) and By = Pél)Pe(l)Q(f)Pe(l)P;l) = Q®@ denote the filtered operators obtained by
applying the ideal filter and the practical filter, respectively. We bound the spectral norm of Fy — Eo

in Appendix

F.2 PROOF OF THEOREM[3]

Let L be the symmetric normalized Laplacian and L") the random walk Laplacian. The eigen-

vectors of L satisfy v, oc D/ Qv,irw), where D is the diagonal matrix of degrees and v](crw) is the

corresponding eigenvector of L("™) (Von Luxburg, 2007). We take v,(crw) D-normalized such that
1/2  (rw LIV, (rw)
(v,(fw))TDv,(:W)/pd = 1lasin Theoremand Vg = %v,(c ) so that ||vg||2 = (k)# = 1.
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By the triangle inequality, we have

D1/2 (rw)
- 090 - | B o)
D1/2 r™w r™w r™w
= Wv,(c )—v,(C )—i—v,(c )—oabk(X)H
D1/2 rw rw rw
<|fomgen™ = o™+ 1™ = ad (X))l (30)

Then we bound the two terms in the right-hand side separately. According to Theorem [2| (Cheng
& Wul, 2022, Theorem 5.5), the second term is bounded with probability at least 1 — 4m?d—1V —
(4m +6)d? as

HUI(:W) B a¢k(X)|| -0 (Ud + 0(;n/4+1/2 10g d/d) . (31)

To bound the first term, we need an additional bound on the degree matrix. According to the lemma
(Cheng & Wul, 2022 Lemma 3.5), for large values of d, with probability at least 1 — 2d~?, the
following holds uniformly for all 4:

Dii/d = cop+ O (aa+ ;" iogd/d), (32)

where ¢y is a constant determined by the choice of kernel and p is the uniform sampling density on
the manifold. For the Gaussian kernel ¢y = 1, so we get

D;;/pd = 1+(’)(0d+a;n/4\/logd/d) . (33)
Then we take the square root of both sides and use a first order expansion of v/1 + z. Thus, we have

\/ZT/mlzl+O<ad+a;”/4\/W). (34)

Next, we bound the first term of the right-hand side of Eq.[30]
D! /2
(%)
pd

DY? (1 (rw) D1/? EEANEY
Vod F

v —v
Vpd g

where the first term in the right-hand side of Eq.[35|denotes the operator norm. We know that the

operator norm of a diagonal matrix is the maximum absolute value of the diagonal elements, given

<

‘Hvé””!h (35)

by
D1/2 Dili/2 —n/4
(\/M_I> :mlax \/p»d—l‘:(g(ad‘f'ad \/logd/d), (36)

where this bound holds uniformly for all i with probability at least 1 — 2d—°. Then we derive a
bound for ||v,(fw) ||. Note that v,(fw) is D-normalized such that (v,irw))TDv,irw) /pd = 1, hence
pd (rw) 12 pd
— < < —. 37
max; D” - Hvk H - mini D” ( )
By combining Eq. [33| with the first order expansion of 1/(1 + ), we obtain that both the lower
and upper bounds in Eq. are 1+0 (ad + 0;"/4 logd/ d> . Thus, by a first order expansion of

v 1 + z, we have
o™l = o™ 12 = 14+ 0 (00 + 0, Viog d/d). (38)
Plugging Eq.[38|and Eq. [36]back into Eq. [35]yields
D1/2 rw rw —n
) w) :(’)(Ud+od /4 logd/d>. (39)

= v, vy
Finally, plugging Eq.[3T]and Eq.[39]back into Eq.[30|and applying the union bound over the events
where either bound may fail, we conclude that, with probability at least

1—[4m2d= " + (4m +6)d™%] —2d7° = 1 — 4m?d~1° — (4m + 8)d~?, (40)
the following bound holds
lve — agr(X)]| = O (Ud +o, "2 log d/d) vk < m. 1)
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F.3 AUXILIARY LEMMAS FOR THE PROOF OF LEMMA ] AND THEOREM [1]
Lemma 5. Let vV = v — 0 gnd v = 4® — 62 be two vectors that satisfy:
L O = o] = 1.
2. oD, 0@ = O(c)
3. The vector uV) is proportional to u® such that u*) = cu® for some constant c.

Then |(vM)TvP)| =1 — O(ay).

Lemma 6. Let U,V € RY*™ be orthogonal matrices with columns u; and v;, respectively. Assume
that for some € > 0,

ufvi>1—¢  Vi=1,...,m. (42)

Then ||U — V||? < 2me.

Lemma 7. Let M be a symmetric positive semi-definite matrix. Let U,V € R¥™ be two orthog-
onal matrices such that UTU = VIV = I, andlet P, = I —UUT and P, = I — VVT be two
projection matrices. Then,

|PLMP; — PMPy|| < 4| MU - V] 3)

Lemma 8. Let A € R¥*? be a symmetric positive semi-definite matrix with spectral decomposition
A=, AeUruyr, where uy, Ay are eigenvectors and eigenvalues respectively. Let V € RIX™ pe q
matrix whose columns {v;}; are orthogonal. Suppose that |v} u;| < o holds for all (i, j), where

o> 1/\/& Then

d
A= (T -=VVAI-VVT) <mo? Y M (44)
k=1

F.4 PROOFS OF AUXILIARY LEMMAS

Proof of Lemma 5| We first use the reverse triangle inequality to derive a bound over u(!) and u(?,
] = [le®]] < o] = [ = oD < [l +[]o V] (45)

Thus, combined with assumptions (1) and (2), we get
1+ 0(0q) > [[uP]| > 1 - 0O(04). (46)
A similar bound can be derived for |[u(?||. Next, we derive a bound for |(u))Tu(?)|. Since
u® = cu®, then 1@D) u®)|
a ’ N [[Ju]]

D) = D] )] > 1~ O(oa). 47

= 1. Thus, combining Eq. 46|and the above, we have

Finally, we derive a bound for | (v(1))Tv(?)|. By the reverse triangle inequality, we have
(0N TP = [(u™ — )T (42 — 53]
> |(u(1))Tu(2)| _ |(a(1))Tu(2)| _ ‘(0(2))TU(1)‘ _ |(U(1))TU(2)|_ (48)

According to Eq. the first term is lower bounded by 1 — O(cy). By the assumption (2), the
fourth term is bounded by O(0?2). Using Eq. the second and third terms can be bounded by
Cauchy-Schwarz inequality as follows,

(M) u@ | < YoM - [[u?]| = O(oa)- (49)
Thus, we demonstrate that

(0N TP > 1 — O(ay). (50)
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Proof of Lemma@ Since u?vi > 1 — ¢, we have
||u; — vl-||2 = ||u1||2 + Hvl||2 - 2uz—T"ui =2(1- u?vl) < 2e. (51)
The spectral norm of a matrix is bounded by its Frobenius norm. Thus,
IU=VI?<U=VIF = llui —vil* < 2me. (52)
i=1

Proof of Lemma@ Since M is symmetric, Py M P, — P, M P is also symmetric. Thus the spectral
norm is equal to the largest eigenvalue, given by

||P1MP1 — P2MP2|| = ”I;IHH._X1 ’{L‘T(PlMpl — PQMPQ)LL‘ . (53)
As M is positive semi-definite, it has a square root, denoted by M'/2. Thus, for any vector z we
have
|eT(PLM Py, — PyM Py)z| = |27 PLM Pyx — o7 Py M Pox|
= [|IM72 Pra||? — || M2 P ||
= M2 Pya|| + | MY Pac|| - || MY Pra|| — | M2 Pyal]|. (54)

By Cauchy-Schwarz inequality we have ||MY/2Piz| < ||M'Y?| and |[MY?Pyx|| < ||MY/?|.
Thus,

[[MY2 Pras|| + || M2 Pyar||| < 2] M2 (55)
By the reverse triangle inequality, we have
1Y/ Pya| — ||MY Poa| < | MY2(P, - Py)a
< |MYR| P Byl = M2 UTT = VYT (56)

We apply the reverse triangle inequality again to bound the norm ||[UUT — V'VT||. For any vector
we have

leT"(UUT = VvV z| = |2TUU 2 — 2" VVT 2| = |[|UT 2| — [V 2|?|
= [|U || +[VTz|l| - [|UT 2] — VTl
<2|(U-=W)Tz| <2|U -V (57)
Thus,

[VUT — VYT = max ‘xT(UUT - VVT)x] <2|U — V. (58)
Combining the bounds in Egs. [54] [53} [56] and [58] yields
|PLMP, — BMP,| < 2| M| [UUT - VVT|| < 4| MU — V], (59)

Proof of Lemma @ Since A is symmetric, A — (I — VVT)A(I — VVT) is also symmetric. Thus
the spectral norm is equal to the largest eigenvalue, given by

4= = VYDA = VVT)| = max ’zT (A—(I—VVT)A(I - VVT))z‘. (60)

|zl|=1

First, we prove that the maximizer z* of Eq. [60|is a linear combination of the vectors in {v; }!"
such that z* = Z;”:l av5. Any vector z orthogonal to V' satisfies,

T(A-I-VVTAT -VvVT))z=2"T4z-2"T4z=0. (61)
Thus, the matrix (4 — (I — VVT)A(I — VVT)) has a zero eigenvalue with multiplicity d — m.

Since it is a symmetric matrix, it has exactly m eigenvectors corresponding to non-zero eigenvalues,
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and these eigenvectors are contained within the span of {v;}!™,. This implies that the leading
eigenvector z* is a linear combination of {v; }™ ;. Thus, we have VV72* = 2*, and hence

()T (A-T-VVTAI -VVT))z* = (2%)T A" (62)
Next, we derive a bound over |vaAvi| for every pair of vectors v;, v;. Since |v] u;| < o, we have

d d d
= |v] Z Meupulvi| < Z Aelv] ugl|v] ug| < o Z e . (63)
k=1 k=1 k=1

Let z* =Y " | a,v;. By Egs. and we show that the maximal eigenvalue is bounded by

|(z") T Az*| = ‘Za a;v; A’UJ‘ < |azajv Avj| < Z)‘kUQZ | (64)

Finally, by Cauchy-Schwarz inequality we have that } _, || = (Zl |ai\) <m?Y,a?. Under

the unit norm constraint Y, o = 1, the maximum value of Y, || is obtained for o; = 1/y/m.
Thus, 3, [a;c;| < m. Combining Eq.|64|and the above completes the proof.

F.5 PROOF OF LEMMA[

1)

By Theoreml for all eigenfunctions fl r corresponding to eigenvalues y, ;- that are among the

smallest m eigenvalues of the Laplace-Beltrami operator on M), with probability at least 1 —

m2d=10 — (4m + 8)d~? there exists a constant 1) such that the unit-normalized eigenvector v( )

satisfies o
« —n
H = K = ol =0 (oa+ o™V logdrd). (65)
VP 2

The same result holds for a«(?), f,- @ K u,(i) , and vg?k,. We denote the differences by

o e
oy = Bx(f) —olis o\ = ——Bx(fD) = v\2. (66)

VpMd R p®d
&)

To bound the inner product of vl(lk) and v, we apply the triangle inequality,

o a®
(o2 = | (St - i) (et — o )|

oD@ Ne)

oo T
< T XU Bx () + e

(1)
(0% 1 2 2
+ |(5X( l(k))T 7(n)k/| + |( )TO—En)k’|' (67)
\/p(l)d

Let us address each of these terms separately. The fourth term of Eq.[67|is bounded by

2
(o) £3>k,|<|a<”||||afj?k,||:o<(ad+ad"/4 12 logd/d) ) 68)

Thus, it is negligible. The second and third terms in Eq.[67]can be bounded via the Cauchy-Schwarz
inequality. For example, the second term is bounded by

(o) T Bx (£

0@

/p@d /p®@d
By Lemma 3.4 in Cheng & Wul (2022), with probability at least 1 — 2m2d—1°, the term
p(Q)d I1Bx(f 7(5),6,)”2 is1+0 (log d/d). Thus, by a first order expansion of /1 + x, we have

(oD Bx (FD)] < o3 Bx (S (69)

18x (£l = 1+ O, (log d/d). (70)

ﬁ
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Combining this result with the bounds on ||Uz H ||0m o || in Theoreml we have
a® |(0(1))T6 (f(2) )|+ oM (3 (f(l)) | = (U +o] —n/4-1/2 /1o d/d)
p(Q)d I,k X\ m k' \/]m X\ Lk m k’ - d g (71)

We now bound the first term of Eq.[67] It is equal to,
<1>a<2

(1) (2) ’

" s /p<1>p<2

D)+ B0 T Bra) U2 - By (1)

d
EI“> @) D (mo (@) S (mo(@) 15 (o)) (72)

aMa
N Srel 1>p<2

Consider the summands in Eq.[72] Since the coordinates on different manifolds are sampled inde-
pendently in our setting, the expectation of the summands factorizes,

E[f{ (ma () £ (mo(2)) £ (ma(2)) £ (7 (2))]
= B[ (ma(@)JE[FD (o () ELF (ma(2)) £ (ma (). (73)
By the orthogonality of eigenfunctions with different eigenvalues, we have
E[f{") (ma(x))] =0 VI >0,
E[f$ (mo(2))] =0 Ym >0, (74)
E[f) (ma(2)) £ (ma(@)] = 0 V(k £ k).

Hence, except in the special case I = m = 0 and k = k’, each summand is a mean-zero random
variable. Moreover, by Cauchy-Schwarz inequality we can bound the second moment,

E[(f (ma(2)))] =1 ¥,
E[(f?(m(2)))?] =1 V¥m, (75)

B | (A7) (o)) | < 1 )

By Egs. and we obtain that unless [ = m = 0 and k = &/, the sum in Eq. is over i.i.d
random variables that are centred with variance < 1. Since the terms are i.i.d, the variance of the
sum is bounded by d. Thus by Chebyshev’s inequality, the sum is Op(\/a). Therefore,

Lo 1 DT Bx (FD)] = oD ) V) = 0,(1/Va 76
W| x(fix) (fmk/)*W p(1/Vd) = Op(1/Vd). (76)

Then we compare the relative magnitudes of 4 and 1/ V/d. Note that if oq > 1 then 1/ Vd < o4

and if 04 < 1 then l/f <o 1/2\/log d/d. In both cases, 1/+/d is negligible compared with
the other terms given in Egs. [68] - and (71| . Thus for k # k', combining the bounds on the four terms
and applying the union bound over the events where either bound may fail, we conclude that, with

probability at least
1= [2(4m>d™ "0+ (4m + 8)d™?) + 2(2m>d~'%)] =1 - 12m*d~"" — 8m +16)d™°, (77)
the following bound holds

(o) e = O (ou+ 0,7 Vlog d]d) . (78)

The only remaining case to consider is when [ = m = 0 and kK = k’. Since fo (b) are both
constant functions, then by Eq.[T2] we have

B (f350) ~ B ) (S Bra ) (FS)) ~ By £ (79)
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A similar derivation holds for Sx( 02,2,) Therefore, we show that Sx ( élk)) Bx( 02,3,) Let

(1) .
u) = \/TﬁX(fo k) and u(®) = \/p(T)dﬁX(fé?k)). Applying Lemma [5/to u"), u(?) together

with aé ,1, aé ,1 yields

(WD To82 = 1= O(llos ol + lloCh)- (80)

Combining this result with the bounds on ||0(gl) II, HJ(Q) || given in Theorem we obtain that, if
l=m =0and k = k', then

(T =1-0 (od t o A2 logd/d) . (81)

This completes the proof.

F.6 PROOF OF THEOREM[I]

Note that M 9(2) contains the eigenvectors of Q (2) associated with the shared latent Variables 6. Thus,
projecting Q(T onto the orthogonal complement of its leading eigenvectors {vo 15 v((f?), ceey (()27)n}
gives the matrix £y = PG(Q)QQ)PQ(Q), which eliminates those eigenvectors. Due to the eigenvalue
structure of the product manifold M (see Eq.[I3), we obtain that for a sufficiently large m, the
leading eigenvector of Ej is vf&, which is the leading eigenvector that is not associated with 6.
Thus, we have

arg max v Eiv = ’Uﬁ%. (82)
llvll=1

Theorem [3]then implies that, as d — oo,

(0%
0523 - Tp»dﬁx(f%)

’z(’)(od—i—a n/4-1/2 logd/d). (83)

To control the deviation between (2 and vfg, it suffices to bound the spectral norm ||Es — E||,

where Fy = Pél)Pg(l)Qg)Pe(l)Pél). Adding and subtracting Pél)Pé2)Q$2)Pg2)Pél) and then ap-
plying the triangle inequality yields

B> — || = | PO P QP PV PO — PP QP PP
< |PMPRQP PV P — PO PP P PY)|
+ PO PPQP PP PY - PPQP PP, (84)
We now bound the first term of the right-hand side of Eq.[84]
1P P QP P P — PO PP QP P PO = |PM(PN QP BY — PPQP PP PV
< IRV P — PP QP B
< 4QP[[|1MSY — M. (85)

Since Pél) is a projection matrix, then ||P</(;1)|| < 1. By the inequality || ABC/|| < [|A||||B||||C]| that
holds for all operator norms, we can prove the first inequality of Eq. The second inequality of
Eq.[85]is proved in Lemma[7] Then, combining Lemma ] with Lemma 6] we get

||M9(2) - ]\/[9(1)\\2 =0, (mod +mo, —n/4-1/2 log d/d) . (86)
Thus, combining this result with the bound on the eigenvalues of the operator, HQ@) I <1, yields

1P PIQEP PV P — PO PP QR P PO|2 < 16]1Q2) 12| 5" — M7 |2

[ logd
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Since each of the bounds above holds with probability at least 1 — 2m?d=1% or 1 — (2m + 6)d~?,
applying the union bound over all events yields that, all the inequalities above hold simultaneously
with probability at least

1—[22m*d ") + 2m+6)d?] =1 —4m?d~'" — (2m + 6)d"°. (88)
Next, we bound the second term of the right-hand side of Eq.[84] Applying Lemma 8| with the matrix
PQ(Q)Q(Tz)PO(2) and projection matrix Pq(,l), we get
PO PP QO PP PY — PPQPPP | <ma?( Y (1-A). (89)
l,k;)\ﬁk) <7
The bound o on the inner products between the eigenvectors of Q(TQ) and a vector in the span of
PQ(Q), as required in Lemmais given by Lemma Thus, we have

c=0 (od +oy /A2 logd/d). (90)
Plugging this back into Eq. [89]yields
2) 2) 2) @ _ (1) | logd
IPS Py QP Py PV — PP QP Py?|| = ( Z (1 )\l7k))(9<m0d+m d"/2+1>
Lk <7 9d
= O(m ad)+o( —n/a-1/2 logd/d). 1)

Since the convergence rate in Eq. [87) is slower than Eq. [91] Then the overall convergence rate of
B2 — Er|? i

| By — E1|* = O(mog) + O (mU;n/471/2 log d/d) . 92)

At this point, the Davis-Kahan theorem can be applied to the symmetric matrices £; and Fs and their

respective leading eigenvectors v( and 6(?). According to the theorem, given that (6 @) NN (2) >0,

we have (Yu et al., 2015, Corollary 1)
25| B — By
2 2 1
ol = =

where 7),,, is the minimal spectral gap, which is larger than zero under the assumption (ii). Thus,
combining Eq.[92] with Eq. 93] yields

|6 : (93)

162 — o2 < O(mog) + O (mod /4112 flog d/d) . 94)
By the triangle inequality, we have
s@ _ ¢ G2 — (1532 — @ 4 @ _ ¥ ®)y12
I \/p»dﬁm,(z YA =1 10+ V10 Mﬁx o)l
[0 b)y\ (12
< 2[6® — o2 + 200 — —=Bx(F2)]
1,0 1,0 \/]ﬂ 1,0
2 2 « b
= 016 = oiI1") + Ollloils = = Bx (D). ©9)

Finally, substituting Eq. [83] and Eq. [94] into Eq.[93] and applying the union bound over the events
where either bound may fail, we conclude that, with probability at least 1 —4m?d 10— (2m+6)d~?,
the following bound holds

10%) = =By (AP < O(maa) + O (moy ™7/ log d]d) (96)

Vpd

This completes the proof.
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