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Abstract

We extend score-based generative diffusion processes (GDPs) to sparse graphs and
other inherently discrete data, with a focus on scalability. GDPs apply diffusion
to training samples, then learn a reverse process generating new samples out of
noise. Previous work applying GDPs to discrete data effectively relax discrete
variables to continuous ones. Our approach is different: we consider jump diffusion
(i.e., diffusion with punctual discontinuities) in Rd × G where G models discrete
components of the data. We focus our attention on sparse graphs: our DISSOLVE
process gradually breaks apart a graph (V,E) ∈ G in a certain number of distinct
jump events. This confers significant advantages compared to GDPs that use
less efficient representations and/or that destroy the graph information in a sudden
manner. Gaussian kernels allow for efficient training with denoising score matching;
standard GDP methods can be adapted with just an extra argument to the score
function. We consider improvement opportunities for DISSOLVE and discuss
necessary conditions to generalize to other kinds of inherently discrete data.

Generative diffusion processes (GDPs) [13] are a family of unsupervised methods that prescribe a
forward diffusion process destroying the information contained in training data samples, then learn
the reverse process (i.e., backward in time) generating new samples out of noise. Although such
techniques hinge heavily on the ability to continuously transform data instances, recent advances
[1, 6, 9, 11, 12] extended the use of GDPs to domains involving discreteness (e.g., text, graphs). In
essence, the common strategy behind these works is to relax categorical variables to continuous ones
so that a data sample may be represented as a point in real space. The present work challenges the
scalability of that strategy for some classes of data – including large sparse graphs – and proposes an
alternative where discrete information is explicitly part of a jump diffusion process’ internal state.

For simplicity, we focus our attention on large undirected sparse graphs whose nodes and edges do
not have any kind of inherent features. Given a training dataset composed of such graphs, our goal is
to generate new graphs from the same distribution. At this stage, our main concerns are the time and
space complexities for both training and inference: how scalable are GDPs for large sparse graphs?
Our main contributions concerns two hurdles to such scalability: the sheer dimension of the real
space in which diffusion takes place, hereafter called representation complexity; and the intricacies
of “scenarios” that must be simultaneously considered, hereafter called simultaneity. We are free
to prescribe both how graphs are represented as well as what are the forward stochastic dynamics
destroying training samples – the validity of this choice should be judged on how feasible it is to
learn the corresponding backward process building graphs, and how scalable the method is overall.

As part of a tutorial-ish exposition, we consider different incarnations of graph GDP, building up
toward more scalable ones. The first such GDP, BASE, captures the essential ideas behind Niu et al.
[12] and Jo et al. [9]. Because it represents a graph as a continuous relaxation of its adjacency
matrix, BASE’s representational complexity scales as the square of the number of nodes which,
for large sparse graphs, is highly inefficient. This motivates EXPLODE, which instead relaxes
a sparse representation of the graph (i.e., adjacency matrix in “COO” sparse format) and thus

Score-based Method Workshop at Conference on Neural Information Processing Systems (NeurIPS 2022).



achieves much better representational complexity. However, learning the backward process in this
sparse representation is subjected to simultaneity issues. DISSOLVE eschews these problems by
incrementally injecting small chunks of graph information into real space, instead of cramming it all
in the initial condition. Although there are issues with DISSOLVE’s time and space complexity as it
is, we discuss viable paths towards improving it for reasonable classes of sparse graphs.

Mathematically, DISSOLVE is a jump diffusion process whose state at any given time is the joint of a
point in real space and of a graph. During the time interval between two jumps, the graph component
of this state remains fixed and diffusion takes place in real space: standard denoising score matching
allows us to learn a score function, parameterized by the graph, that reverses this inter-jump diffusion.
When a jump occurs, a chunk of information is removed from the graph and injected in real space:
these jumps are prescribed so that they are simple to both detect and “undo” in the backward process.
Overall, backward diffusion and backward jumps can be iteratively chained to generate new graphs.
Appendices provide additional details and considers generalizing our core ideas beyond graphs.

Background on denoising score matching for score-based GDPs. We here consider GDPs from
the score-based stochastic differential equation (SDE) perspective presented in Song et al. [14].
Our notation here distinguishes stochastic variables (capital letters) from the value they may take
(lowercase letters); temporal dependency is indicated as a subscript t.

Let X be the stochastic variable associated with the data distribution: we have access to some training
dataset providing a finite number of samples x ∼ X , and our goal is to generate new samples x̂ ∼ X .
The first step is to prescribe a stochastic process {Ut} whose initial value U0 fully determine x but,
for a sufficiently high time τstop, the mutual information I(X;Uτstop

) drops to zero. In practical
terms, this means specifying both how the initial condition U0 may be obtained from x, as well as
the SDE governing the forward evolution of the process. We usually make those choices such that we
know a simple analytical expression for p(Ut = u|X = x), the probability density to observe u at
time t given that the input training sample was x (hereafter called kernel).

The next step is to learn how to reverse this stochastic process, i.e., running it backward in time.
It is known that forward SDE may be converted to a backward one provided that we can evaluate
∇u ln p(Ut = u) [14]. A priori, we may estimate p(Ut = u) = Ex�X p(Ut = u|X = x) by
marginalizing the kernel over the training dataset, but this is not tractable in practice. Instead, we use
the training dataset to learn the parameters � of the score function s�

t (u) which itself approximates
∇u ln p(Ut = u) by minimizing the denoising score matching loss

L� = Ex�X Et�T λt Eu�UtjX=x




s�
t (u)− �t(u|x)
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where the kernel score �t(u|x) = ∇up(Ut = u|X = x) is typically known analytically. Here λt is
a positive weighting function for the expectation over t ∼ T : as discussed in Song et al. [15], the
choice of λt and of the distribution of the stochastic variable T are complementary levers toward the
dual goal of managing the loss’ training variance while balancing the errors at different times.

Status quo: the BASE process. We now restrict our attention to the case where the training dataset
is composed of undirected graphs without any kind of node nor edge features. More precisely, a
sample x ∼ X takes the form x = (V,E), where V = {0, 1, · · · , N −1} (i.e., the first N contiguous
non-negative integers) and E ⊆ {{i, i0}|i, i0 ∈ V, i ̸= i0}. We define the BASE GDP so that it
represents such graphs as the continuous relaxation of their adjacency matrix, which is the main ideas
behind Niu et al. [12] and Jo et al. [9] in the context of our present discussion.

Concretely, for a graph (V,E) ∼ X with N nodes, we prescribe the stochastic process {Ut} in
R 1

2N(N�1) so that, for i < i0, the initial condition’s entry [U0] 1
2 i(i�1)+i0 is 1 if {i, i0} ∈ E and 0

otherwise, i.e., “unrolling” the upper-triangular part of the (symmetric) adjacency matrix. We should
then prescribe the SDE specifying BASE’s forward dynamics, decide on the architecture of the neural
network for the score function s�

t (u) (preferably taking advantage of the permutation invariance
inherent to graphs), then finally train this network by minimizing L� in Eq. (1).

However, for our present needs, it suffices to notice that BASE’s representation complexity, O(N2),
is highly inefficient for large sparse graphs (i.e., |E| ≪ N2). Indeed, the proportion of nonzero
entries in U0 would tend toward zero as larger sparse graphs are considered, and the space and time
complexity of the overall method would suffer accordingly. To be clear, the use of BASE-like GDPs
may be very appropriate in situations involving small and/or dense graphs. The problem is that there
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