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Abstract

This work studies and develops projection-free
algorithms for online learning with linear opti-
mization oracles (a.k.a. Frank—Wolfe) for han-
dling the constraint set, and for convex loss
functions. More precisely, this work (i) shows
how to exploit semidefinite programming to
jointly design and analyze online Frank—Wolfe-
type algorithms numerically in a variety of
settings, (ii) leverages those design techniques
to propose an improved (optimized) variant of
an online Frank—Wolfe algorithm along with
its conceptually simple potential-based proof,
and (iii) extends this proof to its anytime ver-
sion, which benefits from a similar O(7°/4)
regret rate without requiring knowledge of the
time horizon 7" in advance. We are not aware
of other direct regret guarantees for an any-
time version of online Frank—Wolfe without
using the classical doubling trick.

Based on the semidefinite technique, we con-
clude with strong numerical evidence suggest-
ing that no pure online Frank—Wolfe algorithm
within our model class can have a regret guar-
antee better than O(T/*) without additional
assumptions, that the current algorithms do
not have optimal constants, and that multiple
linear optimization rounds do not generally
help to obtain better regret bounds.
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1 INTRODUCTION

This work considers the online learning problem, where
we sequentially query points z1, o, ...,z in a domain
K. At each time step t, we play x4, incur a cost £y ()
which we aim to minimize by convention, and observe
a gradient g; = V4 (x¢). The quality of our guesses
is evaluated by comparison with a reference x, € K.
In this context, we aim to estimate (or bound) the
cumulative regret R incurred by our choices 1, . . .
as compared to a reference point x, € K:
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In many applications—such as online advertising,
sensor networks, or mobile user applications—data
is acquired and processed in real time, arriving as
a continuous, high-rate flow. This necessitates the
adoption of online learning methods, which aim
to rapidly integrate large volumes of data as they
arrive. Online learning algorithms and regret bounds
form essential frameworks for the theoretical study
and optimization of reinforcement learning algo-
rithms  [Kaelbling et al., 1996, [Wang et al., 2022,
recommender systems [Bobadilla et al., 2013],
or for forecasting time series using expert ad-
vice [Cesa-Bianchi and Lugosi, 2006]. These meth-
ods find applications in areas like load forecast-
ing [Devaine et al., 2013], finance and portfolio
selection [Li and Hoi, 2014], generative adversarial
networks [Kodali et al., 2017], and, more recently,
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large language models [Park et al., 2024]. Online
learning has been extensively studied, and we refer to
the classical work [Hazan, 2016] and its references for
a comprehensive overview of the topic.

Assumptions and problem setup. In this work,
we consider the standard situation where the loss func-
tions ¢; are convex with bounded gradients ||g:|| < L
for all £ > 1 for simplicity. Similarly, we assume that
the domain K is a closed convex bounded set of di-
ameter D. Variations around those assumptions are
discussed in Section [2] and in the appendix.

Related Work. As discussed in classical textbooks
(see, e.g., [Hazan, 2016, [Orabona, 2019]), a few meta
algorithms drive the basis and intuitions behind most
online learning schemes, which can often be seen as
appropriate approximations to the meta algorithms.
Prominent examples include the "follow the leader"
(FTL) and "follow the regularized leader" (FTRL)
methods, as well as online gradient descent (OGD)
|Zinkevich, 2003]. These algorithms offer favorable re-
gret guarantees of order O(v/T). However, classical
OGD-type methods rely on projections to manage the
constraint set K. In numerous applications, such as ma-
trix completion or recommender systems [Hazan, 2016],
these projections are computationally expensive and
constitute a significant efficiency bottleneck. This chal-
lenge has led to the development of projection-free
algorithms, which replace projections with potentially
cheaper oracles, allowing for faster computations. In
offline smooth convex optimization over polyhedral
sets, the pioneering projection-free algorithm was intro-
duced by Frank—Wolfe [Frank and Wolfe, 1956], that
resort to a linear optimization oracle. In the con-
text of online convex optimization, the first such al-
gorithm was proposed by [Kalai and Vempala, 2005,
but it was limited to linear losses. Subsequently,
[Hazan and Kale, 2012] introduced an online version
of the Frank—Wolfe algorithm—referred to as online
Frank-Wolfe (OFW)—which guarantees a regret upper
bound of order O(T3/*) for convex losses. This regret
rate is less favorable compared to standard online learn-
ing algorithms that permit projections. As a result,
considerable effort has been directed toward achieving
improved regret guarantees for online projection-free
algorithms. Some variants have attained the optimal re-
gret rate of O(v/T' ) by using membership oracles, which
differ from the linear optimization oracles initially used
in Frank—Wolfe and may be less efficient in certain
scenarios |Levy and Krause, 2019, [Mhammedi, 2022].
For linear optimization oracles, regret rates better
than O(T®/*) have been achieved under additional as-
sumptions. [Hazan and Minasyan, 2020] introduced a
stochastic algorithm with O(T2/3) expected regret for

smooth functions. [Xie et al., 2020] proposed a stochas-
tic algorithm with O(v/T) expected regret for smooth
functions but with O(T') linear optimization oracle calls
per round. [Wan and Zhang, 2021] proposed a variant
of OFW for strongly convex feasible sets with O(T?/3)
regret for convex losses and O(v/T)) regret for strongly
convex losses.

Despite these advancements, it remains an open ques-
tion whether online Frank—Wolfe variants, relying on
linear optimization oracles, are inherently limited to
worst-case regret rate of Q(7°/*) or if improved rates
are possible in our setting.

Algorithmic setup. This work focuses on the spe-
cific case of online learning using projection-free algo-
rithms with access to the domain K only through a
linear optimization oracle. At each round ¢, we play
x¢ € K, incur some loss ¢(x;), and observe a gradi-
ent g; = V{;(x;). We introduce an online procedure
that encompasses a family of online Frank—Wolfe-type
algorithms and unfolds as follows

t t—1
dirt = Z Nt,s Js + Z Bt,s (vs - IIJ1)
s=1 s=1

vy = arg min{diry, v) (1)

veK
t

Tpp1 =21 + E Vit1,s (Vs — 21),
s=1

where the algorithm is parameterized by
{ne.s hics<i<r (to combine previous gradient in-
formation), {8 s}1<s<i<r (to pick the linearization
point Z;), and {7;,s }1<s<t<r to combine the previous
atoms vy (extreme points of IC) of the linear optimiza-
tion procedure. In other words, to choose the next
query point z;11 € K, we form the intermediate objec-
tive function fi(z) = (32'_, 7.s 9o, ) + sl — =13,
approximate it by the linear function = + {(x, V f¢ (7))
in the point z; = 1 + 22;11 Bi,s (vs — 1) for some
sub-probability §;, and use the linear optimization
oracle to optimize that linear approximation over K.
The only constraints on algorithm parameters in
are that v, s > 0 for all s < ¢ < T and Zi;ll Yes < 1
for all t < T (we do not constrain 7, s and S; s for
wider algorithmic design possibilities). Note that
translations of the domain K and initial point z; leave
the search direction dir; invariant, while the oracle
responses v; and iterates x; translate along.

The case [Hazan and Kale, 2012, Algorithm 1 & The-

orem 4.4] corresponds to the choices 7, s = MLW“

6t,s = Vt,sy Vt,t—1 = ﬁ and Tt,s = ’thl,s(]- _'Yt,tfl) for
s <t—1. As for [Hazan, 2016, Algorithm 27 & Theo-
rem 7.3], they correspond to nearly the same choices
with ;-1 = min(I, %)
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Contributions. We show how to leverage semidefi-
nite programming to study (exact) worst-case regrets
for online learning algorithms. The method is based on
forming a program maximizing the algorithm’s regret
over the problem instance (loss functions and feasible
set), and then reformulating it losslessly as a convex
semidefinite program (SDP). Solving this SDP allows
us to obtain (exact) worst-case regret values along with
their associated worst-case instances. In the optimiza-
tion literature, those programs are commonly referred
to as a performance estimation problem (PEP, as coined
by [Drori and Teboulle, 2014]). Those PEP methods
have been extensively studied in classical (offline) opti-
mization settings, but they have not been explored so
far for regret minimization with adversarial functions
that may change at every time step.

Most works on online learning algorithms re-
port numerical experiments on synthetic stochas-
tic data or real datasets, even though their the-
oretical results are stated for worst-case settings
(see, e.g., [Kalhan et al., 2021 [Moondra et al., 2021]
Wan et al., 2022] [Zhang et al., 2022]). Numerical ex-
periments with this semidefinite programming method
can bridge this gap allowing to investigate tightness of
theoretical bounds. Numerical worst-case regret values
can also be used to assess performance of algorithms
and identify those worth studying theoretically. Proof
schemes can then be inferred from numerical values of

the SDP’s dual variables (see Remark [2.1)).

We exploit and exemplify the approach to study OFW
algorithms, whose analyses remain relatively technical
|Hazan and Kale, 2012, [Hazan, 2016] in the literature,
and whose known regret bounds of O(T3/4) currently
remain somewhat surprising. The numerical findings
in Section [] strongly suggest that this rate is non-
improvable. As a bonus, Appendix [C] shows how to
apply the same methodological tools to compute tight
worst-case regret bounds for OGD and FTRL.

Among the strong points of the approach, it conceptu-
ally allows one to optimize the algorithm parameters
for better worst-case regret values (through min-max
formulation—optimizing worst-case guarantees). How-
ever, such problems are naturally non-convex (bilin-
ear matrix inequalities [Toker and Ozbay, 1995]). This
work tackles the OFW design PEP problem by pro-
viding a numerically-justified tight relaxation for it,
which essentially follows from a few simplifications in
the original problem along with an appropriate change
of variables. This gives rise to a convex SDP that can
efficiently be solved numerically. Most importantly,
the feasible points of this new program can still be
re-interpreted as OFW tunings and proofs. Similar re-
laxation techniques were, to the best of our knowledge,
not used before beyond unconstrained offline gradient-

based optimization. However, it is well-known that
parametric closed-form solutions to SDPs are highly
non-trivial in general (see, Remark [2.1)), which is un-
fortunately the case for the design SDP we obtain for
OFW. As a result, the design PEP cannot be directly
used to obtain closed-forms for the optimal OFW tun-
ing and its proof, or for a worst-case instance.

To circumvent this issue, we show how to adapt the SDP
techniques to exploit/force structure (i.e., simplicity)
in the resulting proofs, which we demonstrate with a
certain potential-based proof strategy for OFW (see
Section . Combining this with numerical insights in
a constructive approach (see Section , we obtain an
optimized regret bound of 1.74L DT for a new variant of
OFW (improving on the previous best known bound of
8LDT from [Hazan, 2016]), along with its particularly
simple and tight tuning for OFW. We then adapt this
proof to an anytime variant tuning of OFW (where T
is replaced by t in parameters), which to the best of
our knowledge is the first direct regret guarantee for
an anytime variant of OFW .

Finally, we present numerical PEP evaluations of
the exact worst-case regret of OFW, up to moder-
ate horizon T' = 100, for Hazan’s tuning [Hazan, 2016},
Hazan and Kale, 2012], our new tuning, and the nu-
merical optimal tuning from the design SDP (Section.
Those numerics support the following claims: (a) The
design PEP allows to construct a likely minimax opti-
mal OFW algorithm, and observe that its regret rate
is ©(T3/*) (implying a regret rate of Q(T%/4) for all
OFW tunings). (b) Our (potential-based) bound for
our version of OFW is not tight among non-potential-
based bounds (best possible bound is about 2/3 of
ours). Note that our theoretical bound for our OFW
remains better than the best possible bound for Hazan’s
OFW (and Hazan’s bound is also suboptimal). (c) The
tight numerical bounds for our anytime tuning and our
horizon-dependent tuning of OFW are close to each
other. (d) Allowing for multiple rounds of linear opti-
mization per iteartion in only helps the constant in
the regret bounds. (e) We can obtain optimized varia-
tions around the same theme, e.g., using 5, s = 0 all the
way. This allows obtaining parameter-free algorithms,
at the cost of worsened regret rates.

2 CONSTRUCTIVE APPROACH TO
OPTIMIZED REGRET BOUNDS

In this section we present how to leverage semidefi-
nite programming [Vandenberghe and Boyd, 1996] to
jointly design and analyze OFW-type algorithms
numerically in a variety of settings. Section [2.1] is
dedicated to the computation of regret bounds, and
Section [2.2] focuses on joint parameter optimization.
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2.1 Worst-case regret bounds via semidefinite
programming

The core idea for obtaining worst-case regret bounds
(and corresponding examples) consists in casting the
problem of computing the worst regret for a sequence
generated by as an optimization problem, as follows
(we omit the (D, L) dependence of By for readability):

BT({(anz Bt757 71575)}1&,5) =

sup Rr(x1,...,x1;Ty)
’C7{£t}i€[[l,T]]

x*?{xt}tEHI,T]]
deN

s.t. ¢; is convex and L-Lipschitz for ¢ € [1,T], (2)
K is a non-empty closed convex set of RY,
Diam(K) < D,

{¢}1=1,... 1 is generated by .

This kind of problem seeks the worst-case dimension
d € N, convex domain K with bounded diameter, and
sequence of Lipschitz convex functions {{;};cq, 7y that
together produce the largest possible regret when those
losses are evaluated at points {z{}e[1,7) compatible
with . In the optimization literature, (2) is com-
monly referred to as a performance estimation prob-
lem (PEP, as coined by [Drori and Teboulle, 2014])
which can be reformulated losslessly into a convex
SDP [Taylor et al., 2017], as briefly outlined below and
further detailed in Appendix [B:1]

In a nutshell, is a priori an infinite-dimensional prob-
lem (e.g., it includes functional variables such as the
losses £;). A key idea to reformulate as a tractable
problem consists in sampling the losses ¢; at the query
points x; and x4, and to treat only the responses
(Ve (), Le(xy)) and (VL (z4), Le(z4)) as variables. By
appropriately constraining these responses, we can force
them to be compatible with some losses ¢; satisfying
the desired assumptions (convexity and Lipschitzness
of ;). With a bit more details, it suffices to require that
the samples are compatible through the subgradient in-
equalities ly(xy) — U (zy) < (g, —xy) fort =1,--- | T
and the Lipschitz bounds ||V¢;(z;)|| < L. In particu-
lar, the linearized loss fi(z) = li(xt) + (be(xt), x — 1)
satisfies the same subgradient inequality as ¢; and is
also L-Lipschitz, but it yields a larger regret because
b(xe) — () < fi(ze) — fi(zs). Moreover, since the
algorithm only observes its gradient at x;, the linearized
loss fi(z) is indistinguishable from ¢; for the algorithm
(since li(xt) = fi(xe) and Ve (xt) = V fe(xs)). Thus,
the worst-case regret is achieved by linear losses, and
we restrict our attention to those losses without loss of
generality. As for handling the domain K, one possi-
bility is to sample its indicator function at the query
points v; and impose similar compatibility constraints
(see, e.g., [Taylor et al., 2017, Theorem 3.6]). Finally,

the sampled version of can be lifted to an SDP via a
standard change of variables: all vectors and gradients
appearing in are replaced with their Gram matrix
(which, recall, encodes all pairwise inner products be-
tween these vectors / gradients). The objective, as
well as all constraints, then become linear functions
of the entries of this Gram matrix. A more complete
exposition is provided in Appendix

Remark 2.1 (Obtaining proofs from (2)). A key
feature of is that it enables the construction of
algorithm-dependent lower bounds on the worst-case
regret by solving semidefinite programs. That is, for
given numerical values of T, L, D and the algorithm
parameters, one can compute a worst-case example
by solving a tractable convex problem. In order to
obtain algorithm-dependent upper bounds on the worst-
case regret, a natural procedure consists in formulating
the Lagrange dual of (which is also a semidefi-
nite program; see, e.g., [Vandenberghe and Boyd, 1996
Boyd and Vandenberghe, 2004]), whose feasible points
naturally corresponds to upper bounds on the
regret. In this context, finding a proof con-
sists in finding a feasible point to the dual prob-
lem [Goujaud et al., 2023]. While algebraic techniques
exist for solving such parametric semidefinite pro-
grams in closed form, they typically suffer from
exponential complexity in the problem size, num-
ber of variables/constraints, and number of param-
eters [Basu et al., 2006, Naldi et al., 2025]. This moti-
vates the search for simpler/structured proofs—e.g.,
potential-based methods [Bansal and Gupta, 2019]—
as exemplified in the proof of Theorem [3.1} see Sec-
tion B.3] for further discussion.

2.2 Jointly optimising algorithm parameters
and regret bounds

A natural path forward is to use to obtain worst-
case optimal algorithms. That is, by solving
min BT({(nt,Saﬂt,sa'}/t,s)}t,s)

{(nt,syﬁt,s7’yt,s)}t,s i1

s.t. Z”Yt,s <1, v 2 0.
s=1

This problem can be formulated as a linear optimization
problem with a bilinear matrix inequality constraint
(see Appendix , which is unfortunately NP-hard in
general [Toker and Ozbay, 1995]. For this reason, we
propose a slight relaxation of By ({(ns, Bt,s:Vt,s) }t,s)
which corresponds to removing a few constraints
from (that we numerically observed to be inactive).
More precisely, this relaxation is obtained through:
(i) we observe that all z; for ¢t = 2,---,T are in
the convex hull of z1,v1,---,vr_1, and thus the do-
main constraints for K are imposed only on vectors

X1,V1, ,07—1,%; (ii) we only keep the boundary
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constraints corresponding to the optimality of v; com-
pared with vgqq1, -+, 071, Tx:

WT ({nt,sy ﬁt,sa ’Yt,s}t,s) =

T
sup E <gta Ty — $*>
{gt}eeqr, 7] T+,dEN =1
{(ze,ve,dirg) e,y

s.t. {(z,dirg) }eq1, ) compatible with (),
(—dirg,u —ve) <O forall t € [1,T — 1]
and u € {vep1, -, vr-1, T4},

Diam({xlax*7 V1, 7UT71}) < D7

lgll S Lfort=1,...,T,
where the line “{(zy, dir;) };eq1,77 compatible with (I
means that z; and dir; can be substituted by their
expressions in , leading to WT({nm, Bi.s, 'yt7s}t7s) >
BT({Ut,s, Bt s ’Yt,s}t,s)~ For this problem, an appropri-
ate change of variables allows us to cast

min W S CRl s s
{(Nt,5,Bt,5,7t,5) }t,s T({(nt’ 5t’ ’Yt’ )}t’ )
t—1 (3)

s.t. Z%’S < 1, Vt,s 2 0
s=1

as a convex semidefinite program again (details in Ap-
pendix . Numerical results illustrating the perfor-
mance of the numerically optimized methods are pro-
vided in Figure [1} examples of numerically optimized
parameters are further provided in Appendix

3 TUNING AND REGRET BOUND
FOR ONLINE FRANK-WOLFE

In this section, we analyze the simple OFW scheme (Al-
gorithm [1)) with fixed parameters using PEPs to search
for simpler potential-based proofs. In Section [3.1] we
prove a regret upper bound for our optimized tuning of
OFW. Section [3.2] presents the extension to the anytime
setting. Section [3.3|explains how the SDP formulations
were leveraged to obtain the proof of Section [3.1] and
the optimal tuning (4)).

Algorithm 1 Ounline Frank-Wolfe algo. (fixed 7, o)

Require: T > 1, 21 € K,n>0,0 € (0,1)
1: fort=1toT do

2 Play x, pay cost £:(xt), observe g = V().
3 diry + Y4, g5 + (2 — x1)

4: v <= argmin, ¢y (dirg, v)

5 xt+1<—(1—o)xt—|—avt

6: end for

3.1 Simple tuning and regret bound

Throughout this section, we fix

D (3\** . /3
n2L(T> and o =min |1, 7 | (4)

We assume the time horizon is at least T > 3. Note that
tuning and the proof of the following theorem were
obtained as the optimal solution of a design problem
using PEPs for potential-based proofs, as explained in

Section B3]

Theorem 3.1. Fix T > 3. Assume that the cost
functions £; are conver and L-Lipschitz for all t €
[1,T], and that the convex closed domain K of feasible
points has a diameter bounded by D. Then, for any
z. € K, the following upper bound on the regret of
the online Frank—Wolfe Algorithm[1], with parameters
defined in , holds:

2D & I T
Br < gy 29+ pgpars 2 e — vl
B LT3/4 -
D33/4
and in particular, Ry < 3;%LDT?’/4 < 1.76LDT?3/4,

+ ”m* _$1||2’

Inspired by [Bansal and Gupta, 2019],
see also [Taylor and Bach, 2019,
Karimi and Vavasis, 2017], we wuse a potential-
based proof to prove Theorem [3.1] which relies on the
next lemma. Motivated by the fact that Algorithm [1]is
seen as an approximation of FTRL (see [Hazan, 2016,
Chapter 7]), the next lemma will consider a potential
that relates the OFW iterates to the iterates of
FTRL, which we display in Algorithm [2] To make
the connection, it is necessary that OFW and FTRL
encounter the same gradients. To ensure that, we
formulate the below lemma for linear loss functions.

Algorithm 2 Follow The Regularized Leader (FTRL)
Require: T > 1, y1 € K,n >0

1: fort=1toT do

2: Play y, pay cost £;(y:), observe g; = V& (yy).

3y < argminge e n(Y oL 96 y) + 3y — 21|
4: end for

Lemma 3.2. Let T > 3. Denote by {; : x — (gt x)

the linear cost function at time t € [1,T]. Assume that

llgsll < L for allt € [1,T] and that the convez closed

domain KC of feasible points has a diameter bounded

by D. Define the sequence of potentials (¢r)ogi<r aS:
¢

1
Gt 2D (ger s — Yrga) — %Hyt+1 — a1
s=1

61 || + + ||2
+ x .
t+1 Yt+1

Then, Algom'thm and@ run with parameters in
and initialized in y1 = x1 € K, satisfy for all t € [1,T],

D

2 9 L 9
bt — P11 < WH%H + WH% —ue|”
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Let us remark that the potential used in Lemma is
inspired by the potential 1, used to obtain the optimal
upper bound on the regret of FTRL (which gives a
reformulation of classical FTRL regret proofs; see Ap-
pendix and, e.g., [Orabona, 2019 Chapters 6-7]),
where 1; is defined as:

t

Ve 2> (gerYs — Yer1) —

1 2
-— +1 — . 5

The proof of Lemma [3.2]is quite technical and we defer
it to Appendix [A71] In Section [3:3] we discuss how we
designed the proof of Lemma and jointly obtained
the optimal choice of the OFW parameters and of
the potential function ¢; used in Lemma

We now prove Theorem [3.1] which relies on Lemma [3.2]

Proof of Theorem[3.1] First, using convexity of the
cost functions ¢; (recall gz = Vl:(x:)), we get:

T
E gt7 Tt —
t=1

Then, summing the inequalities from Lemma ap-
plied to the linearized cost functions ¢; : x — (g¢, ),
and observing that ¢g = 0 as y; = x1, we get:

2D , L ,
ér < W; llg4l +W; [z —ve "

Throughout the proof, we will repeatedly use the fact
that the optimum of a constrained convex optimization
problem z, € argmin,ci f(z) satisfies (Vf(x,), zs —
x) < 0 for all x € K. Using the optimality from the
definition of yr1, we get:

T

Z<gt7xt - £L'*> -

1
Sl —
t=1 n

S

1
< ;(%% —Yry1) — %HQT-H —x1|? < ¢r.

33/4D

Combining those three inequalities (recall n = 57771),

we get:

2D & L d
2 2
RT<W;||%|| +W;||$t—vt”

LT3/4
D33/4
Hence, as ||g:|]] < L and ||z —vi|| < D for all t € [1,T]
and |z, — z1]| < D, we get that Ry < 537 LDT?/4.
This concludes the proof of Theorem [3.1] O

+ s — 21|,

3.2 Extension to an anytime OFW tuning

The proof of Theorem can also be adapted to an
anytime version of the online Frank—Wolfe algorithm
shown in Algorithm [3] where the parameters 7, and oy

for each time round ¢ are obtained by replacing the
horizon T by ¢ in the tuning , that is:

D [3\** , 3
m= 57 <t> and o, = min <1, t) . (6)

Note that parameters 7, and o; are anytime: they
depend on the time round ¢ but not on the horizon T'.

Algorithm 3 Anytime online Frank—Wolfe algorithm

Require: 1 € K, n, > 0 and oy € (0,1) fort > 2
1: for t =1to T (or oo) do
Play x;, pay cost ¢;(x;), observe g, =
diry < i1 > sy 9s + (T — 1)
v <= argmin, ¢ (dirg, v)
Tep1 < (1 — opq1)xs + 0p 10y
end for

Vét (.’ﬂt)

Adapting the proof of Theorem to the anytime
setting of Algorithm 3] we get the following theorem,
whose detailed proof can be found in Appendix [A-3]

Theorem 3.3. Assume that the cost functions {; are
convex and L-Lipschitz, and that the convex closed do-
main IC of feasible points has a diameter bounded by D.
Then, for any x, € K, the following upper bound on the
regret of the anytime online Frank-Wolfe Algorithm[3,
with parameters defined in @, holds (simultaneously
for allt):

5
< —— LDt*/* < 2.20L D3/,

Vi> 1, Re< gy

3.3 How we got the proof of Theorem

As explained in Remark can be used to ob-
tain rigorous regret upper bounds and their proofs for
Algorithm [I] However, the algebraic structure of the
problem to be solved proved itself quite challenging.
In particular, we did not manage to extract a simple
solution from . Therefore, we restricted ourselves
to search for optimized algorithms within the set of
algorithms with simple structured proofs. A classi-
cal template for such proofs is that of relying on the
construction of potential (or Lyapunov) functions (see,
e.g., [Bansal and Gupta, 2019] for a nice introduction).
We thereby adapted to help searching for appropri-
ate potential functions.

The idea of a potential-based proof is to define
a sequence of potentials (¢;)o<icr such that
(i) Ry < ¢ + A and (ii) we can prove inequalities
o1 — ¢i_1 < By for all ¢, where A and B; are constants
which can only depend on L, D, ¢t and T. Then, we im-
mediately obtain an upper bound on the regret Ry as
Rr<do+ A+ d— b1 <do+ A+, B

Under some good choice of potentials ¢;, each potential
difference ¢y — ¢;_1 depends only on a small number
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of vectors, gradients and sum of past gradients
(for instance, we will use ¢, T141, Yt, Ys+1, g¢ and
Gi1=3""1gs). In other words, (i) consists in
studying a single iteration of the procedure while
(i) ensures that we can combine those one-iteration
analyses to form the global bound.

In such proofs, the first step is therefore to under-
stand what information needs to be summarized in
¢¢. Here, motivated by the fact that Algorithm [I] is
seen as an approximation of FTRL (see [Hazan, 2016/,
Chapter 7)), and by the potential functions used for
upper bounding FTRL’s regret (see (), which is a
reformulation of classical FTRL regret proofs; see,
e.g., [Orabona, 2019, Chapters 6-7]), we tried the fam-
ily of potentials parametrised by a and b as
t

1
ol :Z@s,% — Y1) — %”ytJrl —z?
s=1

(7)

+allri — yt+1H2 +0n (G, Tep1 — Yir1)
b
+ §(th+1 — o1 = [lye1 — 1]?).

Note that ¢; — ¢y—1 is autonomous: it is a
function of ¢ only through its dependence in
g, Tea1, Yt, Yet1, §t, Ge—1, 1. Because of this fact, and
as Tyy1, Ye and yy41 are obtained as autonomous func-
tions of x¢, g+, Gi—1 and x; using Algorithm (1| and
FTRL, it is possible to use the same proof for upper
bounding ¢; — ¢;—1 for all iteration times ¢ (then, we
get that B; is also autonomous, which imposes that
B; = B is a constant that depends only on L, D and T).
Thus, we can use only 1 iteration of upper bounding
¢t — ¢1—1 < B for an abstract ¢ instead of doing an
upper bound for each ¢ individually. We also note that
¢o = 0 and Ry — %Hx* —z1]|? < ¢r for a > 0 and
b > 0 (using optimality of yry1).

To jointly design the proof of Algorithm [1| (with fixed

7 and o) and the potential , we use the following
1-iteration variant of :
inf — ¢
I bt — Pr—1

gt, Gr—1
L1, Tt, Vt, Tt41
Yt Yt41

s.t. ¢ — ¢;_1 is generated by from
{zt, D1, Yo, Yes1, ges G-, 21},
lgell <L,
K c R? is non-empty, closed, convex,
Diam({@1, x1, ve, Teq1, Ye, Yey1}) < D,
(2441, v:) are generated from
{1, x4, gt, Gi—1} by Algorithm
yr and y.41 are generated from
{z1,9:,Gi—1} by FTRL. ®)
Note that can be rewritten as a semidefinite pro-

gram whose size does not depend on T', which allows
efficient numerical solving even for large values of T'.

Then, numerically solving for fixed n and o gives
b=01in and the values of Lagrange multipliers of
the constraints gives the proof structure of Lemma [3.2]
(with literal values for 1, o, a, and for two Lagrange
multipliers) up to the final step of verifying that the
remaining terms form a sum of squares. Hence, we are
left with finding the optimal 77 and ¢ minimizing the
regret upper bound given by with the constraint
that the remaining terms form a sum of squares, which
is a non-convex problem. We then relax this non-convex
problem by keeping only the leading order terms in
the sum of squares constraint, which we can then solve
algebraically, resulting in the choices
D33/4 V3 1

= Srea Uzﬁ, and a:@,
thereby concluding the construction of the result of
Lemma The details for rewriting as a semidef-
inite program, numerically solving it, and then for
obtaining the optimal parameters above can be found

in Appendix [B:3]

n

4 NUMERICAL RESULTS: TIGHT
REGRET BOUNDS, DIRECT
STEPSIZE OPTIMIZATION

In this section, we leverage the techniques of Section [2]
to provide strong numerical evidence on the regret
behaviors of different variations of online Frank—Wolfe-
type algorithms.

The numerical experiments of this section rely on
the CVXPY [Diamond and Boyd, 2016] modeling lan-
guage used in combination with the MOSEK semidef-
inite solver [ApS, 2019| for solving . For comput-
ing we directly implemented the online algorithms
within the PEPit software [Goujaud et al., 2024]. In
all those numerical experiments, we used L = D = 1.
Those numerical experiments were performed on a Mac-
Book Pro 14" with M3 Pro SoC and 36GB of RAM in
a few tens of minutes for the largest time horizon and
in a few minutes for other values (see Appendix
for more details on the computational times), note
that RAM size was the main limiting factor. (Our
code used for those numerical experiments is available
at https://github.com/JulienWeibel/Optimize
d-projection-free-algorithms-for-online-lea
rning-construction-and-worst-case-analysis.)
Those numerical experiments strongly support the fol-
lowing claims, see Figure |1} In Figure |1} we also com-
pare the tight numerical bounds obtained from PEPs
to known upper bounds for OFW, referring to their
theorems in the caption of Figure [I]
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Figure 1: (Top left) Comparison of known upper bounds (respectively from Theorem 7.3] and
Theorem [3.1)) against tight numerical bounds (worst-case regrets) obtained from (2)), for Algorithm
27] and Algorithm [1] (parameters from The()r(}m. (Top right) Tight numerical regret bounds for [Hazan, 2016]
Algorithm 27] and Algorithm [1| (parameters from Theorem against their anytime versions. (Bottom left)
Tight numerical bounds for optimized online Frank—Wolfe with respectively r € {1,2, 3} linear optimization
steps per time round (where is a variant of with replaced by @D, which we detail in Appendix B.5).
(Bottom right) Tight numerical regret bounds for optimized online Frank—Wolfe with and without regularization

(i.e., with and without 8, s = 0).

Comparison of known upper bounds to tight
numerical bounds. (Top left of Figure [1}) Algo-
rithm |1} instantiated with parameters in Equation @),
enjoys a regret guarantee that improves upon the clas-
sical bound 8LDT from Theorem 7.3]
(corresponding to Algorithm 27 therein). This improve-
ment also holds when comparing the tight bounds of
both algorithms, with a gain of approximately 34% (i.e.,
a factor of about 0.66). Although the upper bound
provided in Theorem [3.1]is not tight, it remains within

a constant factor of approximately 1.5 of the numeri-
cally computed tight worst-case bound using . Note
that the difference between those two bounds is due
to Theorem being optimal among simple potential-
based proofs as described in Section [3.3] while the tight
numerical bound is optimal among all possible proofs
(including non-potential-based ones). Moreover, Algo-
rithm [1| (with the parameters from Theorem is
near-optimal among online Frank—Wolfe algorithms of
the form , up to a constant multiplicative factor of
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roughly 1.18. Note that the difference between those
two tight numerical bounds is due to them being op-
timal for different classes of algorithms: tuning is
optimal among the simpler variants of OFW defined by
Algorithm (1} while gives optimal tuning among the
wider class of algorithms defined by , which includes
Algorithm [T] as a special case.

Anytime variants. (Top right of Figure[1}) The
anytime algorithmic variants presented in Figure [1] cor-
respond to respectively [Hazan, 2016, Algorithm 27]
and Algorithm (1| (with parameter choices from The-
orem [3.1)) where the time-horizon T dependence of
algorithm parameters is replaced by the current time
t. We observe that the anytime variant of Algorithm
(that is, Algorithm [3) has a guarantee close to that
of the original Algorithm [I] within a constant multi-
plicative factor of about 1.17. The anytime variant
of [Hazan, 2016, Algorithm 27| has a better guarantee
than the original [Hazan, 2016, Algorithm 27], but still
worse than the anytime variant of Algorithm [I| (with a
constant multiplicative factor of about 1.24). Although
the upper bound provided in Theorem [3:3]is not tight,
it remains within a constant factor of approximately 1.6
of the numerically computed tight worst-case bound.

Multiple linear optimization rounds per itera-
tion. (Bottom left of Figure [I) A natural ex-
tension of consists in performing a fixed number
(r > 1) of linear optimization steps per iteration by
defining r search directions dir,1,...,dir;, (sequen-
tially) per time step, together with the corresponding
atoms vy 1,..., 0k

t t—1 r
dirg, = Zﬁt,k,s gs + Z Zﬁt,k,s,j (vs,j — 1)
s=1

s=1j=1
k—1

+ Z Bikt,j (Ve —x1) 9)

j=1
v, = arg min(dir, x, v)
velkl

for choosing the next query point z;41 = x1 +
Ei:l Y k1 Vit1,s.k (Vs — 21). We observe that mul-
tiple rounds (fixed in advance and not a function of
the time horizon) of linear optimization oracles do not
help improve the regret rates of online Frank—Wolfe
algorithms. In all cases, the regret scales as T°/4. (For
a clearer view of this rate, log-log plot variants of
Figure [1| are provided in Appendix ) Hence, this
gives a strong numerical conjecture that all variants
of OFW within our model class have a regret rate of
Q(T3/*). The numerical regret bounds for optimized
online Frank—Wolfe algorithms with fixed number r > 1
of linear optimization oracle calls per time round were
obtained in a similar way to the method outlined in

Section see Appendix for details.

Unregularized online Frank—Wolfe. (Bottom
right of Figure ) A desirable feature of setting
Bts =0in is that the remaining parameters 7, g
and 7 s are naturally dimension-independent, that is,
they cannot depend on L and D in a meaningful way
(as there is no other external quantities, there is no
way to have 7, s and 7 s being dimension-independent
while depending on L and D). Unfortunately, this
nice feature is counter-balanced by an apparent worse
regret rate. More precisely, the optimized Frank—Wolfe
algorithms with fixed 3., = 0 appear to have their
worst-case regrets scaling as O(T®) for oo = 7/8.

5 CONCLUSION

In this work, we have studied and developed projection-
free algorithms for online learning that rely on linear
optimization oracles (a.k.a. Frank—Wolfe) for handling
the constraint set, and for convex loss functions. More
precisely, the contributions of this work are (i) to for-
mulate the problem of analyzing and designing online
Frank—Wolfe-type algorithms as semidefinite problems
(SDPs) that can be solved numerically in a variety
of settings, (ii) how to use those design methods to
propose an improved (optimized) variant of an online
Frank—Wolfe algorithm (Algorithm , along with its
conceptually simple potential-based proof, and (iii) its
anytime version, which benefits from a similar O(73/4)
regret rate without requiring knowledge of the time
horizon T in advance. This SDP methodology pro-
vides a constructive and principled approach to regret
bounds and their corresponding worst-case instances.
Algorithms with optimal regret guarantees can then be
designed by jointly optimising the algorithm parame-
ters and the regret bound. We then leveraged those
techniques to perform rigorous numerical experiments
strongly supporting (a) near-optimality claims of the
proposed parameter choices, and (b) that all OFW-type
algorithms have a regret rate of Q(7%/4). Finally, we
explained how the presented SDP approach can be used
to obtain conceptually simple proofs with optimal re-
gret bounds, taking as an example our potential-based
proof from part (ii).

The findings of our numerical experiments motivate the
following future work opportunities: (1) Can we find
a tighter analysis of the OFW algorithm? (2) Can we
find a closed-form for the optimal OFW-type methods?
(3) Can we find a closed-form solution and the corre-
sponding regret bound for the optimal unregularized
OFW-type method?
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes| Mathematical settings and assumptions
are represented in the introduction section
and restated in theorems. Algorithms are
presented in dedicated display environments.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Not Applicable] We only consider algo-
rithms from an OFW class that all perform
one linear optimization step per time round
(same time complexity), and that all have
access to exactly one gradient per time step
(same sample size complexity). The class con-
tains algorithms with complete memory, but
the algorithms studied in the theorems all
work with constant space.
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(c) (Optional) Anonymized source code, with

specification of all dependencies, including
external libraries.
[No| Open-source and user-friendly code re-
lying on standard external software packages
will be released upon acceptance of this work
at the conference.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results.
[Yes| All the theoretical results of this work
can be found in Section Bl Those theoretical
results include their full set of assumptions.

(b) Complete proofs of all theoretical results.
[Yes| Complete and correct proofs of all the-
oretical results can be found in Section [3] ex-
cept for the more technical proofs which can
be found in Appendix (with comments in
Section |3| pointing to Appendix .

(¢) Clear explanations of any assumptions.
[Yes| The assumptions used—which are stan-
dard in the literature—are presented and ex-
plained in the introduction section.

3. For all figures and tables that present empirical

results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Yes| The techniques used for reproducing all
the numerical results presented in this work
are explained in Section [2}—and all omitted
details are provided in Appendix [B] Further-
more, the Python code will be released on an
open repository and will be easily executed
with standard software suites.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen).

[Yes] All " numerical  results  of
this work were obtained via clas-
sical convex optimization pack-

ages [ApS, 2019, [Diamond and Boyd, 2016],
but other ones could have been used instead
(deterministic convex optimization).

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times).

[Not Applicable] The numerical experi-
ments in this work are deterministic (they
do not involve any probability distributions
or dataset), thus the notions of statistical sig-
nificance and error bars are not relevant here.

(d) A description of the computing infrastructure

used. (e.g., type of GPUs, internal cluster, or
cloud provider).
[Yes] Numerical experiments are cheap and
can be run on any modern laptop. We in-
cluded a comment with the model of modern
laptop used to run those numerical experi-
ments, an upper bound on computation time,
and a remark about RAM size being a limiting
factor for running larger experiments.

4. If you are using existing assets (e.g., code, data,

models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Yes]

(b) The license information of the assets, if appli-
cable. [Not Applicable]

(¢) New assets either in the supplemental material
or as a URL, if applicable. [Not Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

The classical convex optimization pack-
ages [ApS, 2019, [Diamond and Boyd, 2016]
used to run the numerical experiments of this
work are properly cited in the paper. No other
asset is used in this work. Our paper does not
introduce any new asset.

. If you used crowdsourcing or conducted research

with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]

We did not use crowdsourcing nor conduct research
with human subjects.
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A Omitted proofs

A.1 Detailed proof of Lemma

We first discuss the main difference between our proof scheme for upper bounding the regret of OFW and
that of Hazan [Hazan, 2016, Theorem 7.3]. Hazan’s proof scheme is based on proving by induction that
Fiii(x) — Fip1(yer1) < 2Doy where for all ¢, the function F : = — 7]22;11<9m$> + iljz — 21| is the
intermediate objective function of the FTRL iterate y;. Using the strong convexity of the functions Fy, this
bound can be transformed into a bound on the norm distance between the OFW iterates x; and the anticipativeEI
FTRL iterates 341, which then gives a regret upper bound for OFW involving the regret upper bound of FTRL
and the norm distance errors |z; — y;41]|?>. On the other hand, our proof scheme for OFW is potential-based
and stores information on the closeness of the OFW iterates x;4; and the FTRL iterates y;41 through the
norm term éthH — y441]/? in the potential ¢; rather than through the FTRL intermediate functions with
Fii1(x) — Fip1(ya1) in Hazan’s proof scheme. A benefit of our more direct approach is that when upper
bounding the potential increase ¢; — ¢;_1, we get that either the regret or the norm term ||z; — y;,1||* can be
“large” but not both simultaneously, whereas with Hazan’s proof scheme both could be “large” simultaneously.
This allows our proof scheme to give tighter regret upper bounds for OFW than Hazan’s proof scheme. Another
improvement of our proof scheme is to work with linearized cost functions, which allows the OFW and FTRL
iterates to use the same gradients (in Hazan’s proof scheme, the mismatch between gradients for OFW and FTRL
creates an extra error term).

Proof of Lemma[3.3 Let t € [1,T] be fixed. We are going to prove the upper bound on ¢, — ¢;_1. Denote by
Gi_1 = Zi;ll gs the sum of past gradients, so that G; = Gy_1 + ¢;. Note that we have:

O — Or—1 = (gt: Tt — Y1) + (Gio1, Yt — Ye41)

1 1
+ gy Ul = Yerr|* = llze = mell*) + 3y lve = o1|® = llyers — 21]?).

Using the optimality in the definition of y;, we have that (Gi—1,y: — ye+1) < %(yt — X1, Yt+1 — Yt), which gives us:

1 1
Gt — Pr—1 < (Gt Tt — Yer1) + %(thﬂ =y l? = e — well?) — %llyt — Y |”- (10)

From the optimality in the definitions of v; and 341, we have:

1
(Gt,vt — Ypy1) + E@t — 21,0 — Y1) <O
1
and  (G¢,yp41 — vt) + 5<yt+1 — 21, Y1 — V) <0,

which imply that (x; — yri1, ve — yp41) < 0. Thus, since x411 = (1 — o)z + vy, we get:

241 = Yol = (1= 0)* [l = gy |? + 20 (1 = 0){xs = yos1, 00 = yer) + 02| — yosa |2
< (1= 0)?llee = yrgal® = 20 (@ — yer1, 00 — yerr) + 0o — yea|?
= (1=20) ||zt = yerr > + 2 [|lwe — v
Combining this inequality with Equation , we get:

2

ag 2 1 2 1
Oy — Pr—1 < — — + (g, xr — - — — + —
t t—1 GT}th Ut” <9t Tt yt+1> 27’||yt yt+1H

677((1 =20) |2 = yega ) = llwe = wel?). (A1)

!There is a typo in the proof of Hazan [Hazan, 2016}, Theorem 7.3]. The proof is written for bounding Fy1(x:) — Fey1(ye)
(indeed it seems more natural to compare z: to y: as OFW can be seen as an approximation of FTRL), but after correction
it indeed needs to be Fit1(zt) — Fea1(yes1).
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Let A > 0 whose value will be chosen later. From the optimality in the definitions of y; and 41, we have:

1
(Gi—1,Yt — Y1) + 5<yt — 21, — Yer1) <O

1
and (G, ye41 — yi) + 5<yt+1 =21, Y41 — Yi) <0,
which imply that (g, y¢41 — ye) < f%Hyt — y¢41]|?. From this inequality, we obtain:
(9606 — Yey1) = (96, Te — Ye1 + ANt — Yer1)) + MGt Yer1 — )

A
<At Tt — Ye1 + AYe — Yer1)) — EHZ/t — yepl?

A
S Nlgell? + g e = yerr + AMye — yern)|” — i yerall?,

1
4N9
for any A9 > 0 to be chosen latter. Combining this inequality with Equation , we get:
2 = yerr + Aye — ye1) |12

1 + 2

2 2
— b1 < - G
61— 611 < th wll? + Mgl + 455

1
e = yera? + a1 20)[|we = yesll” = lze = vell®)-

Hence, to complete the proof for the upper bound on ¢; — ¢;_1, it suffices to show that there exists A > 0 such
that the following expression is non-negative, which can be done by rewriting it as a sum of squares:

142X
Q(A) = P lly: — yt+1H2 4)\9 —— vt — yer1 + ANy — yt+1)||2
1
- %((1 —20)||z — yt+1H2 =l — ytHz)~
2+ 3\ g O 9 1
= 377 vt — yea [|” + *Hl"t — Y |7+ %@’Ct = Yit1s Yo+l — Yt)
4)\9 oo 2 = e + A — yern) |
Indeed, substituting our choices of n = 22?;;4, = min(1, \\/[T) and \9 = g IL)Q , whose derivations are detailed in
Section [3] and defining 7" = T/3 for conciseness, we obtain:
4+ 6A o71/4 273/4
*Q( )= 3 T3/4||il/t yt+1||2 + ||z — ?Jt+1||2 (T — Y1, Yer1 — Ye)
3T1/4
-3 20 = Yo + My — yer) |12
4+ 6X 7T/4
= (g0 I 1y el T = el
T3/4 3T1/4
+2x (T + 3 )\) (Tt = Y1, Y1 — Ye)-

Thus, using a Schur complement argument, Q(\) is a sum of squares if and only if:

(}T3/4 n §T1/4)\)2 < 1T1/4(4 +6A 7570 T1/4>\2),
3 8 24 3 8

which is equivalent to:
VT, T. (13?2 7f
Ve Ty (T2 Ty
4 3 * 9 18
Hence, there exists a non-negative A solving this second order equation if and only if A > 0, where:
LT VT T2 TN 1T
e T2 VIR Ty T
9 4 9 18 18
As a consequence, there exists a choice of A > 0 such that Q()) is a sum of squares, which concludes the proof of

the upper bound on ¢; — ¢;_1, and thus also concludes the proof of Lemma [3.2] O
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A.2 Potential-based proof for FTRL

We present here the potential-based proof of the optimal upper bound on the regret of FTRL (see Algorithm
using the potential ¢; defined in ((5). This potential-based proof is fundamentally a reformulation of classical
FTRL regret proofs (see , e.g., [Orabona, 2019, Chapters 6-7]). As the proof for the single (horizon-dependent)
parameter 7) version of FTRL immediately generalizes to the round-dependent parameters {1; };c[2,7 version of
FTRL, we prove the result for the latter version.

We first define the anytime version of FTRL with round-dependent parameters, where the values of 7; can be
different between the rounds.

Algorithm 4 Follow The Regularized Leader (FTRL)

Require: T > 1, y; € K, = 0for t € [2,T]
1: fort=1toT do
2: Play y:, pay cost £:(y:), and observe g; = VI (y).

. t
3: Yer1 < argming e Ne41(Q o1 95, Y) + %Hy —z|?
4: end for

We define the potential ¢, for the anytime version of FTRL (which is the anytime version of the definition in ):

t

1
e = (gss¥s — Y1) — 5— Y1 — 12
s;< s Ys = Yr1) ST | | (12)
We can now state and prove the regret upper bound for the anytime version of FTRL with non-increasing

parameters {1 }¢c[2,7]- This gives the optimal regret upper bound in the single-parameter case (i.e., n; = n for
all ¢).

Lemma A.1. Let T > 1. Assume that the cost functions ¢y are convex and L-Lipschitz for all t € [1,T], and that
the convex closed domain IC of feasible points has a diameter bounded by D. Assume that the FTRL parameters

{nt}iee,my are non-increasing in t, and set npy1 = nr. Then, for any y. € K, the following upper bound on the
regret of the FTRL Algorithm[] holds:

T T
1 1
Ry £ Zﬁt(yt) —l(y,) < 5 ZmllgtHZ + o—llye —n |l
t=1 2 201
In particular,
(i) forn = % we get that Ry < LDVT,

(ii) for my = we get that Ry < %LD\/T,

_D_
LVt

(i) for n, = L\[/)ﬂ we get that Ry < v2LDV/T.

Note that we can impose n7 = nri1 as npry1 is only used for computing yr1 which comes after the horizon
T and is thus not played and only used as a virtual point in the analysis. In particular, as nry; are yryq is a
virtual value only used in the analysis, this does not change the anytime property of the tunings and |(iii)|

This “trick” allows us to obtain a slightly tighter and nicer-looking regret upper bound: indeed, for n; = G(W)’

this allows us to save an extra factor of O(%) and does not change the leading order term in ©(v/T).

Proof. We present a potential-based proof based on the potential 1; defined in .

We start by upper bounding v; — ;1 for fixed ¢ € [1,T]. Using the optimality in the definition of y; gives:

1
77<yt — Y1, Yt — Yeg1) < O.
t

<Gt—17yt - yt+1> +
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Then, using this equation and the inequality (u,v) < 2 ||ul|® + 2—}h||v\|27 we get the upper bound:

1 1
Yy —Pp_1 = <Gtayt - yt+1> + 7||yt - y1||2 - 7”%4—1 - y1||2
2n: 2ns 11

1
< (g6, Yt — Y1) + po. (lye = v ll® + 2w — y1, yes1 — ve) — llyesr — l?)

1 1
—(Mm?n)mﬂ—mn

1 1
W1 2

1
— g = i) = gl = el = (5~ 5 ) s = P

< Dllgel®.

Now, combining those potential differences, the sum telescopes (remark that ¢y = 0) and we get:

T
> nellgell*.
t=1

wT—Zwt b1 <

t=1

l\.’)\»—\

Using the optimality in the definition of .11 gives:

Ry — lys — w1l < %r,

20741
which concludes the proof of the main upper bound of Ry (recall that n7 = n741). The second statement follows
directly by using the Lipschitz and diameter bounds. O

A.3 Detailed proof of Theorem

The proof of Theorem is an adaptation of that of Theorem Thus, to prove Theorem we start
by proving the following lemma upper bounding the potential increase ¢; — ¢s+_1, which is an adaptation of
Lemma [3.21

Lemma A.2. Denote by {; : © — (g¢,x) the linear cost function at time t > 1. Assume that ||g+|| < L for all
t > 1 and that the convex closed domain K of feasible points has a diameter bounded by D. Define the sequence
of potentials (¢1)i>0 as:

t

1 1
b = 9s:Ts — Y1) — =— yerr — 1]* + T — Y |-
2 3 ore =)~ gl =l g e

Then, Algom'thm@ cmd run with parameters in @ and initialized in y1 = x1 € K, satisfy,

2D i L

Gt — dr—1 < Wﬂgt e —well?, Yt > 2.

N D33/4(t + 1)V

The proof of Lemma [A:2]is an adaptation of that of Lemma [3.2] where the difference between 141 and 7, creates
extra error terms.

Proof of Lemma@ Let t > 2 be fixed. We are going to prove the upper bound on ¢; — ¢;_1. Denote by
Gi_1 = ES 1 9s the sum of past gradients, so that G; = G;—1 + g;. Note that we have:

Gr — Gr—1 = (G, Tt — Y1) + (Ge—1, Yt — Ye41)

1 1 1
2 2 2 9
Ltt1 = - Tt — — Iy — x| — 57— —z]%.
+ T Zt+1 — yesall 6 |ze — yell” + oI lye — 21| s i1 — o1 ||
Using the optimality in the definition of y;, we have that (G;_1,y; — yr41) < (yt — X1, Yt+1 — Yt), which gives us:

1 1 1 1
0= i1 < =it = gl =P = 5 (2= ) e = P

1 1
lzer1 — yt+1H2 - 67th - ytHQ- (13)
+1 Tt
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From the optimality in the definitions of v; and 41, we have:

1
(Ge,ve —ypy1) + —— (2t — 21,0 — Yeq1) <O
T+1

1
and (G, Ypgp1 — V) + —— (Vo1 — 1, Y1 — Vg) < O,
Tt+1

which imply that (z; — yr41,v¢ — ye1) < 0. Thus, since xy11 = (1 — opp1) Tt + Or11v¢, We get:
211 = v I = (1= ovs1)? |2t — yera 1P + 20000 (1 = o01) (@ = Yoy1, 00 — yes1) + o lloe — g |2
< (1= 0p1)? |z — yea |” - 20t2+1<96t = Yi+1,Vt — Y1) + 0152+1|\Ut — Y |?
= (1= 200 )ll@r = yep > + o2y o — ve?.
Combining this inequality with Equation , we get:

1 1 1 1
Ot — Pr—1 < G e — vell® + (96, 20 — Yeg1) — = lye — yesa[|* — = ( a ) loer =l
6711 2m 2

Tt+1 Mt
! (1 —20¢11)z [ . |z 2. (14)
— 20 — - — — .
6771 t+1 t — Yt+1 611e t — Yt

+

Let A > 0 whose value will be chosen later. From the optimality in the definitions of y; and y;y1, we have:

1
(Gi—1,yt — Y1) + ;(yt — 21,y — Yer1) <O
t

1
and  (Gy,y41 — Ut) + r(yt+1 — T1, Y1 — Yr) <0,
t+1

which imply that (g, ye41 — ye) < —%Hyt —ye1|? = ( — %)<yt+1 — &1,Yt4+1 — Y¢). From this inequality, we

obtain:

Nt+1

(96: 2t — Yey1) = (G Tt — Yey1 + MY — Yer1)) + Mt Yer1 — ye)

A
<9t 2t — Yey1 + MY — Yer1)) — E”yt — g1 )?

1 1

- A — — | WYt+1 — 21, Yt+1 — Y

(-5 = o) e = o —
1 A

< >\g||gt||2 + s ANS lze — yerr + Mye — yt+1)||2 - E”yt - Z/t+1||2

1 1
- )\ - - x ) - b
(77:5+1 m) <yt+1 1 Yer1 — Yt)

for any A9 > 0 to be chosen latter. Combining this inequality with Equation , we get:

1
t+1 2 2 2
— 1 < G s —
bt — b1 T lze = vell™ + A0l gell” + gllze = year + Aye = g1

1/ 1 1 , < 11 >

- = - — — x| = A -— — 11, -
2 (nt+1 nt) s ! Ne+1 Tt (G DYt = %)
1 + 2A 1 1
o0 lye = yegr I” + . (1=20041) |2 — yesa|I® — o e — il

Recombining terms around the scalar product term, this upper bound can be rewritten as:

o2, s s 111 ,
bt — Pr—1 < 2t —vel|* + A gell” — 5 | —— — — ) [lwes1 — 21+ AMyer1 — y1) |

6741 2\ M1 e
1 A1
)\ _ 2 N - 2
+ pillen v+ 30 = )P+ 5 (2 = 2 ) e = e
1+2)\

1
lye — yesa |I? + —— (1 = 20141) |lme — yesa | — 677tth — el

2, 6741

Using the definition of 7, = £23% and that (14 2)3/4 < 1+ 3z for x > 0, we get that

2Lt3/4
0< ( 1 1) <3
M+1 M 4tn,
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Combining those two inequalities, we get:
2

g
O — 1 < S = we? + N7 g
+1

1+2) 3N

1
4)\g e = yerr + Mye = g I* = ( ) lye = yera |l

1

1
5 (1= 2001w — yesr II* — — [z — wel|>.
Tt+1

+
GT]t

Hence, to complete the proof for the upper bound on ¢; — ¢;_1, it suffices to show that there exists A > 0 such
that the following expression is non-negative:

o (1421 332 , 1 ,
Q) & (2= Y el = il = v + Mo = )|
1
_ 1—2 _ 2 . _ 2
677t+1( o) lze — yegal|” + 6 ||$t |

2+ 3\ 3)\2 H ”2 + 1 < >

— _ 2 _ =l — _
30 8t1, Yt — Yt+1 31, t — Yt+1, Yt+1 — Yt
o1 1 /1 1 2 1 2
_ _ = _ N, —

* (377t+1 6 (ntJrl 77t>> th ytﬂ” 4>\9||xt Yre1 + Aye ytH)H

> Q(N),
where
~ 243\ 32 1
Q) = ( 3 8t ) lye — yesa||* + 377)5@31& — Yt 1> Yer1 — Ye)
(25 L) gy — g2 — e — e + A — )
3ni41 8t77 4N9
243X 3N A2 9 1 A
= — [ — 2 % - - _ _
( 3 & I5Y; lye — yera ™ + o, + ISV (T4 = Yer1: Yetr1 — Ye)

Ot+1 1 1 ,
+ LN S N |
(37lt+1 8tn, 4)\g) lz: — yegrl
Hence, to complete the proof for the upper bound on ¢; — ¢;_1, it suffices to show that there exists A > 0 such

that Q()\) is non-negative, which can be done by rewriting it as a sum of squares. Using a Schur complement
argument, we get that Q()\) is a sum of square if and only if:

Ot4+1 1 1
- >0 15
31 4N 8ty (15)
and )
1 1 1 2 2 2
7+i < 41 - t3A A 3V ) (16)
67]t 49 3nt+1 49 Stnt 37” 49 8t77t

. . 3/4 . 2D .
We now substitute our choices of 1, = 2DL?;73/47 oy = min(1, W) and M = 2 ETWRE whose derivations for the fixed

parameter setting (i.e., non-anytime setting) are detailed in Section [3 I note that those parameter choices are still

leading-term optimal in the anytime setting). In particular, note that, as ¢ > 2, we have that Z:ii > % (%)1/4.

Thus, defining ¢ = /3 for conciseness, we obtain for ¢ > 1 that Q(\) > 0 is a sum of square if:

TH/2 1
> — 17
24 12¢1/4 (17)
and
{3/4 /4 ) TEL/4 1 4§3/4 3i1/4)\2 A2
—+3 N e WA (18)
3 24 12f1/4 3 8 4t1/4

The first line is always satlsﬁed for ¢ > 1. The second line is equivalent to:

N 1 Vi B2 7 Vi
LI Mo [ — -2 <0. 1
(4*24 ASV7 + 3+6 Tl "wto sy (19)
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\[

Vi < 0 is equivalent to ¢t > 3/4, which is always true. Also note that Y % + " \/ > 0 is true

Note that —g + %
for any t > 1. Hence, there exists a non-negative \ that solves if and only if A(f) > 0 where:

At Vi’ Vi1 1 §3/2 7t
()

T2 F 0 1Wio 1

-_— — 4+ — 1/3) > 0. 21
27 108 216 ~+ 108 A/3) (21)
As a consequence, there exists a choice of A > 0 such that Q()) is a sum of squares, which concludes the proof of

the upper bound on ¢; — ¢;_1 for ¢ > 2, and thus also concludes the proof of Lemma [A72] O

Indeed, we have:

A() =

Proof of Theorem[3.3 Let t > 1 be fixed. We prove the regret bound on R; in the theorem for this value of .
Through this proof, we will denote by s some time index ranging from 1 to ¢. First, using convexity of the cost
functions #; (recall g5 = Vls(xs)), we get:

t
E gsaxs_ *

We upper bound ¢, — ¢,_1 by applying Lemma m for s € [2,t] to the linearized cost functions /, : z — (g5, ),
and then summing those inequalities, we get

2
ast—asl\LSMZ —illgal2 + D33/4Z +13/4||a:s oI

Throughout the proof, we will repeatedly use the fact that the optimum of a constrained convex optimization
problem z, € argmin,ci f(z) satisfies (Vf(z.),z. —x) < 0 for all x € K. Using the optimality from the
definition of y; 11, we get:

t

t
1 2 1 2
— — — < — - — < .
;:1<gsaxs $*> 27]t+1|\9€* $1|| S E: <gs,$s yt+1> Mt ||yt+1 301|| < ¢y

3%/4D
2L(t+1)3/4

t t
2D 1 ) L 1 o L(t41)3/4 5
Rt < L33/4 281/4“‘98” + D33/4z_; (S+1)1/4Hx5_vs|| + D33/4 Hx*_l‘ln +¢1

Combining those four inequalities (recall 741 = ), we get:

Using Cauchy-Schwarz inequality, and the bounds on the gradients and on the diameter, we get ¢; < (14 +=)LD <

1.12LD. Moreover, as ||gs|| < L and ||zs — vs|| D for all s € [1,t] and ||z, — z1|| < D, we get:

2LD 1 LD(t +1)3/4
33/4 1/4 33/4 Z S + 1 1/4 33/4

612

R, < + 1.12LD. (22)

Using series-integral comparison, we get for any mtegers 1<a<b:
"1 b 4
Y o< w Vi du = - (034 — (a — 1)3/4).
t1/4 1 3
t=a a

Combining those inequalities, and using that (14 2)3/* < 1 + x for z > 0, we get:

2LD4 4, LD 4 54 osjay , LD(t+1)%4
Ry < Sopp g (B = 1)t g o (04 1)%/1 = 294 4 =0 4+ 112LD
/4

5 34, 8 1 4/2\° LD 1

< g LDt 112 - o — 2 (5 LD+
5 sja LD 1

< —33 LDt LO3LD + ooy

<WLDt3/4

where in the last inequality we use that ¢t > 1. This being true for all values of ¢ > 1, this concludes the proof of
Theorem [3.3 O
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B Detailed semidefinite formulations

B.1 Tractable formulation of

As explained in Section is a priori an infinite-dimensional problem, as it includes functional variables
which are the losses ¢; and the indicator function of the feasible set K. However, can be reformulated as finite
dimensional linear semidefinite program. In this section, we detail how to obtain this reformulation.

The first step consists in reformulating as a finite-dimensional problem by sampling the losses ¢; at the
query points x; and z,, and to treat only the responses (V4 (z;), ¢ (z:)) and (V€ (x4), 0 (z,)) as variables. By
appropriately constraining these responses, we can force them to be compatible with some losses ¢; satisfying
the desired assumptions (convexity and Lipschitzness of ¢;). Using an interpolation / extension theorem
[Taylor et al., 2017, Theorem 3.3 and Equation (7)], it suffices to require that the samples are compatible through
the subgradient inequalities £;(z;) — €i(2y) < (Vli(xr), xp — 2x) and €y (x,) — e(xr) < (VU (xy), 24 — x) and the
Lipschitz bounds ||V{(z:)|| < L for t =1,--- ,T. Indeed, as the subgradients V¢, (z,) are never used in (2) their
values do not matter, and thus we can impose V¢ (z,) = V{;(x;) without changing the value of the problem (that
is, we get a tight reformulation of and not just an upper bound). This allows us to assume without loss of
generality that the cost functions ¢; are all linear. This corresponds to upper bound £;(xt) — £¢(x) by (g¢, Tt — T4)
(recall g, = V¥ (z)) in the objective of , and replace the cost functions variables ¢; by the gradient variables
g:. Note that we get a tight reformulation of and not just an upper bound as any point (with linear cost
functions) in this new reformulation is still feasible with the same objective value in the initial problem .

As for handling the convex domain K, one possible approach is to sample its indicator function at the query
points v; and x¢ for t = 1,...,7T and z, and impose similar compatibility constraints. Indeed, denoting by ¢
the indicator function of the feasible set K, and using [Taylor et al., 2017, Theorem 3.6], those compatibility
constraints are: for all u,v € {x1,...,z7,v1,...,v7_1,24}, and g € Vig(u) a subgradient of ¢ at u, we have
(g,v —u) < 0. As the points {(x, vy, diry) }4=1,. 1 are generated by , we get that —dir; is a subgradient of ¢
at vy fort =1,..., T — 1. However, we have no special choice for the subgradients of (i at x1,..., 27, xx, and
we will choose their subgradients to be 0 (which leads to trivial constraints that we remove from the problem).
Those two function sampling steps give us the following finite-dimensional reformulation of :
T
BT({(nt,th,saVt,s)}t,s) = sup Z<gt7xt - $*>

{9t}e=1,... 7y 51
{(z¢,v¢,dirg) }o=1,... 1

deN

subject to: ||g¢|| < Lfort=1,...,T,
(—ditt,u—vt> SOfort: 1,...,T—1

and u € {21,...,Z7,01,...,U7_1,Zx },

Diam({z1,...,xp,v1,...,0p-1,2+}) < D,
{(x¢, vy, diry) }y=1,. 7 is generated by .

As x9,--- ,x7 are convex combination of x1,v1, -+ ,vr_1, we can omit them in the boundary and diameter
constraints, leading to the following simpler finite-dimensional reformulation of :

T

Br({(ne,s: Bt,s, Ve.s) bys) = sup > Agrw — )

{gt}t,:l ..... T, Tx t=1
{(z¢,ve,dire) }e=1,...7
deN

subject to: {(z,dir)}¢=1,... 7 compatible with ,
(—dirj,u —v) <Oforallt=1,...,T—1

and u S {xlavla"' 7’UT—1ax*}a

(23)

Diam({z1,v1,--- ,vr_1,24}) < D,
lgell < Lfort=1,...,T.

Finally, this sampled version of can be lifted to a semidefinite program via a standard change of variables:
all vectors and gradients appearing in are replaced with their Gram matrix (which, recall, encodes all
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pairwise inner products between these vectors / gradients). As the problem is invariant by translation of the
vectors x;, v; and x, and of the feasible set K, without loss of generality, we can assume that z; = 0. Let G

be the Gram matrix of the gradients g1, -, gr and the vectors vy,--- ,vp_1 and z,, that is, G = PTP with
P=[g|-lgrlvi| - vr—1|z.].

Let ey, ..., ear be the standard basis vectors of R27. Define g, = e; fort = 1,...,T,0; = epysfort =1,..., T —1,
T, = egr and 7 = 0. Thus, we get that gXGg; = (gs,g:) for all s,¢ = 1,...,T; and similarly with the other
vectors ¥y for t = 1,...,T — 1, Z, and Z;. For two vectors u and v in R??, we define u ® v = (uv™ 4 vuT)/2 their

symmetric outer product. We denote by tr the trace operator for square matrices.

The objective, as well as all constraints, then become linear functions of the entries of the Gram matrix G. Indeed,
note that for all u,v € {x1,v1, -+ ,vr_1,2«} and t € [1,T], we have:

lg:ll” = g7 Gge = tr(ge © 3:) G),
lu—v|* = tr(((a—0) © (& —10))G),

(g, w¢) = <gt,Z%sUs> Zz_:tr((gt(D@s)G),

(91, 2) = tr((9: © 24) G) -
This gives us the following linear (in G) semidefinite program reformulation of :

T t—1

T
({(ntsyﬂtsv’)/ts)}t@ fSUP ZZ%JY th’Us Z thI* )

G704 =1 s—1

subject to: dir, = an Js + Zﬂt»’; vgfort=1,..., T —1,

tr((diry ® (0, —u))G) <Oforall t =1,...,T — 1 (24)
and u € {Z1,71, -+ ,V7—1, T+ },

tr(((u—v) © (u—v))G) < D?
for u, v € {Z1,01, - ,0r—1,%x},

tr((: 0 g)G) < L* fort =1,...,T.

Note that the variable d € N for the dimension of the feasible set IC (and of all the gradients and vectors) that
appears in and induces a constraint imposing that the rank of the matrix G is at most d. However, this
constraint disappears when taking the supremum over all values of d € N.

As explained in Remark for given numerical values of T, L, D and the algorithm parameters, solving the
tractable convex problem allows us to get worst-case examples giving algorithm-dependent lower bounds
on the worst-case regret. In order to obtain algorithm-dependent upper bounds on the worst-case regret, a
natural procedure consists in formulating the Lagrange dual of (which is also a semidefinite program; see,
e.g., [Vandenberghe and Boyd, 1996, Boyd and Vandenberghe, 2004]), whose feasible points naturally corresponds
to upper bounds on the regret. In this context, finding a proof consists in finding a feasible point to the dual
problem [Goujaud et al., 2023]. In particular, it is useful to reformulate (24]) as its Lagrange dual which is the
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following semidefinite problem:

Br({(ns: B o) his) = ik Z NP LY 2 At} D
)\Dxam>00 =1 u’UE{ilxﬁlv”'vﬁT*hi*}
APrd>0
subject to: S(n, 8,7; ) = 0,
1 Diam
where S(n, 3,7;\) = 5 ] _Z o Aty (u=v) © (u—v))
u, VE{T 1,01, , V7 —1,T+}
T T-1 (25)
+> NP @ o)+ . Ao (din® (o —w)
t=1 t=1 ue{il,ﬁh'--,flT 1,% }
T t-1
*ZZ%,; gt © Us JFZ Gt © T,
t=1s=1

and \ = (ALP, \Piam \Brdy and dir, = Z Ne.s Gs + Z Bisbs fort=1,..., T —1.

B.2 Joint stepsize optimization; semidefinite formulation of

As mentioned in Section a natural path forward is to use to obtain worst-case optimal algorithms. That
is, by solving

t—1
min {BT({(nt,saﬂt,sa%ﬁ,s)}t,s) s.t. Z’Yt,s <1 Vs > 0} .

{(Wt,sﬁt,s,"/t,s)}t,s —1

Using , this problem can be reformulated as a linear optimization problem with a bilinear matrix inequality
constraint, which is unfortunately NP-hard in general [Toker and Ozbay, 1995|. The bilinearity in the matrix
inequality S(n, 8,7; A) = 0 is due to terms AB"¢, (dir; ® (o —u)) appearing in the definition of S(n, 8,7; A) which are
bilinear in (1, 8) and AB*. A classical approach (see [Drori and Teboulle, 2014]) to circumvent bilinearity in the
matrix inequalities consists in using convex relaxation of the problem, which works well in our case as we explained
in Section and we detail in this section. Note that another possible approach (see [Das Gupta et al., 2024])
consists in adapting a branch-and-bound algorithm to compute the best possible regret guarantee by: (i) dividing
the search space into regions, (ii) computing upper and lower bounds on the best possible regret guarantee for
each region via convex relaxations of the problem, (iii) discarding regions whose lower bound is larger than
the best (across all regions) current upper bound as those regions cannot contain the optimal point / value,
and (iv) repeating steps (i)—(iii) with the remaining regions until convergence. However, this branch-and-bound
approach is numerically more costly and is not necessary when the direct convex relaxation method works.

For this reason, we propose a slight relaxation of Br({(n:,s, Bts,Vt,s) }t,s) Which corresponds to removing a
few constraints from (2) (numerically observed to be inactive). More precisely, this relaxation is obtained

through: (i) we observe that all z; for ¢ = 2,--- ,T are in the convex hull of z1,v, - ,v7r_1, and thus the
domain constraints for K are imposed only on vectors x1,v1,- - ,vr_1,24; (ii) we keep only the boundary
constraints corresponding to the optimality of v; compared with v441,--- ,vp_1,x,: this leads to the definition

of WT({m,S,ﬁt,s,%,s}t,s) in Section with WT({nt7s,ﬁt7s,’yt7s}t7s) > BT({nt,svﬁt,S77t,s}t.s) In terms of
the semidefinite program reformulation of , this relaxation corresponds to impose AB'd = 0 for all

Vg, u
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t=1,...,T—1and u € {V441, -+ ,0r_1, T4}, giving us:
T
. i 1 iam
W ({(Ne,s: Be,ss Ve,5) b,s) = Ag};g Z )\tL PL? + ) Z )\l{ju,u} D?
)\Diam/;o t=1 U, VE{T1,01, ;07 —1,T }
ABrd>(
subject to: S(n, B,v;A) =0,
1 lam
where 5(777/6777)\) = 5 Z A?u v} (( U) © (’U,*’U))
u, ve{ihﬁl,"' 0T — 1,50*}

(26)
+ Z AP (G O gr) + Z Z )\Ef‘i (dir; ® (05 — u))

t=1 uE{th © U 1,8k }

T t—1
_ZZ’WS thUs +th®$*
t=1 s=1
and \ = ()\Llp \Diam )\Brd and dir; = Zntsgs—i-Zﬁtsvs fort=1,. —1.

Using this problem, the joint minimization problem
t—1
min Wr ({5 Bros: Ye.s) Hes) St D s <1, yes =0 (8]}
{(nt,57ﬂt,577t,s)}t,s s—1

is still a priori a linear optimization problem with a bilinear matrix inequality constraint (which recall are
unfortunately NP-hard in general [Toker and Ozbay, 1995]) due to the presence in S(n, 3,7; A) of the bilinear (in
(n, B) and AP') term (where abusing notations, we write vy = Z,):
T-1
> AP (diry © (3 — u))

t=1 ue{tiq11, ,07-1,T+}

_ Brd — = ~ Brd = = =
- E E E >‘vt v Nt,s (gS © (Ut - vj)) + § : )\T)t,flj Bt,s (US © (vt - vj))‘
t=1 s=1 j=t+1 t=1 s=1j=t+1
However, we remark that:
T-1 ¢t T T i -1
E:E:E:Brd = ~ 2: E:Bi = = E:E:E:Bd = =
)\'Ut Tj Mt,s gs © (vt - Uj)) = )‘vtr,(vj Mt,s (gs O] Ut) - )\U;UJ Tt,s (gs © Uj)
t=1 s=1j=t+1 t=1 s=1 \j=t+1 j=1s=1 t=s
T—1 t T t—1
_ Brd Brd — —
- E : )‘vt,vj Mt,s — )‘vj,vt Nj,s (gs © Ut);
t=1 s=1 \j=t+1 j=s
and:
T-1t—1 T T—-1t—1 T j—1 j5-1
Brd B d B d
ZZ Z Aoy oy s (Us © (00 — 5)) ZZ Z Ao, Brs | (s © 0g) — Z Z Aorio,; Bros (s © U5)
t=1 s=1j=t+1 t=1 s=1 \j=t+1 j=1s=1t=s+1
T—-1t—1 T t—1
_ E § Brd E Brd —~ —~
- vt,v] ﬂt s v],vt 6] s (’US @ Ut)-
t=1 s=1 \j=t+1 j=s+1

This motivates the following change of variables in which allows us to recast as a linear convex semidefinite
program again: 7, # and AP™ are replaced by:

= s Z A = an AR, V1<s<t<T,
j=t+1 1
" (21)
Ot,s = ﬂt,s Z qlir’t;l}] Z 5] s E:%t Vi<s<t<T.

Jj=t+1 Jj=s+1
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Note that the other variables, that is, v, AMP and AP#™  are left unchanged. Also note that from the definition of
By s and Ct.s, we get that they must satisfy the constraints Z . Bes =0and ZS 141 Bts =0forallt=1,...,T.
Thus, can be reformulated as the following linear convex semldeﬁmte program:

T
. Li 1
inf inf § e > Apan D2
{(Bt,s,Ct,s:,7t,5) }t,s /\L’p>0 — 2 o _ _
)\Dlaxn>0 = u, VE{Z1,01, ;0T —1,T }
ABrd>(

subject to: S(B,C,~v;A) = 0,

T T
ZBt,SZOaDd ZC},S:Ofors:l,...,T
t=s

t=s+1
1
where S(B,C,v;\) = 3 Z A]{Dﬁaﬁ (u—2) @ (u—0)) (28)

u,ve{il,f;l,w,ﬁT 1,i,(}
T T ¢ T t—1

+Z)‘?lp(§t®gt +Zths (gs © vr) +chts (s © vy)
t=1 t=1 s=1 t=1 s=1
T t—1 T

SN ws @)+ Y (G @7,
t=1 s=1 t=1

and \ = ()\Lip7 )\Diam7 ABrd).

Note that there are 72 of the variables {By s, Ct s }+ s, while there was (T — 1)2 + T(T — 1)/2 of the variables 7,
B and AP this is because problem was overparametrized. Thus, when inverting the change of variables,
for given values of {By s, Cy s }ti,s, there exist several solutions for n, 8 and ABrd solving . We propose one
solution for inverting giving simple algorithms: (i) we choose n;, s =1 for all 1 < s <t < T, (ii) we solve for

ABrd ysing the first line of substituting in the value of 7, (iii) we solve for 3 using the second line of
substituting in the value of AP'd; that is:

Mt,s = 1 V1 g S < < Ta
)\E:qijt Bt,s+1 - Bt,s Vi<s<t<T,
1 (29
. i Brd
Bt,s = Bu Cis + j:zs_:,’_lﬁj ,8 /\Uw“r Vi<s<t<T.

B.3 Design and optimization of the proof of Theorem

As we explained in Section we used variants of to design the potential-based proof of Section 3| and
to jointly optimize the algorithm and potential parameters for this proof. We outlined our general method in
Section and here we present the details for rewriting as a semidefinite program, numerically solving it,
and then for obtaining the optimal parameters given at the end of Section [3.3}

We start by restating the l-iteration inner maximization problem from which upper bounds the potential
increase for an abstract ¢ and for given pontential parameters a and b:

Bt (777 o,a, b) é sup d)t - d)tfl
K,deN

gt, Ge—1
L1, Tty Uty Te41
Yty Yt+1

subject to: ¢y — ¢y—1 is generated from {@s, To41, Y, Ye41, 9, Ge—1, 21} by (7).
lgell < L, (30)
K is a non-empty closed convex set of RY,
Diam({w1,xt,vt,xtﬂ,yuytﬂ}) <D,
(@441, v¢) are generated from {z1,x¢, g1, Gi—1} by Algorithm [I]
y+ and yz11 are generated from {z1, g+, Gi—1} by FTRL.

In particular, we have that (8) is equal to the minimum of By(n, o, a,b) over a > 0 and b > 0.



Optimized Projection-Free Algorithms for Online Learning: Construction and Worst-Case Analysis

Note that z;41 can be removed from the boundary conditions as it is combination of v; and z;. Substituting in
the definition of ¢y — ¢¢—1 and the optimality condition of v, y; and y¢41, we can get rid of I, and we obtain the
following self-containing reformulation of :

(9ts 2t — Y1) + (Ge—1, Yt — Y1)
+a([lwrir — yesa|® = llze — wel?)
+0n((Gi=1 + g6, Te41 — Y1) — (Gi—1, 24 — Y1)

= b
Bilm 0,a,0) = Zlelg + §(H$t+1 - I1||2 — [lys41 — x1||2
g, Ge—1 ) )
R —llze = @1 ]|* + llye — 2:1]%)
1
+%(||yt_l‘1||2_ ||yt+l _.'L'1H2) (31)

subject to: ||g:|| < L,
Diam({z1, ¢, ve, Y, Ye11}) < D,
ZTip1 = ovp + (1 — o)y,
(MGi—1+ (y+ — 1),y —u) <0 for u € {z4,v¢,Yr41},
(N (Geo1 4+ gt) + (Wer1 — 1), Y1 — u) <O for u € {@g,ve, y1},
(M (Gi—1 4 9t) + (20 — 21),00 —u) <O for w € {4, ys, Y41 }-

Without loss of generality, we assume that x1 = 0. Then, using the same method as detailed in Appendix we
can reformulate this problem as a linear convex semidefinite program. To this end, we do a change of variables
in , replacing the gradients G;_; and g; and the vectors xy, vy, y; and ys+1 by their Gram matrix H. Let
e1,...,eg be the standard basis vectors of R6. Define G, = e1, Gy—1 = eq, Ty = €3, Uy = €4, Jz = e5 and
Ut+1 = e6. Thus, we have gf Hz; = (g;, x4), and similarly with the others gradients / vectors. Define the matrix
Aobi(n,0,a,b), which is linear in (a,b) but not in (1,0, a,b), as:

Aobj(n,0,a,b) £ 5,0 (@ — Uir1) + Gio1 © (Ut — Urt1)
+a((Ter1 — Ue41) © (Beg1 — Yer1) — (Tt — Ut) © (T4 — Ft))
+b01((Gi—1 4+ Gt) © (Tpa1 — Ge1) — Ge—1 © (T — §¢))

b (32)
+ 5(@4—1 OTpq1 — Y41 O Ye1 — Tt © Ty + U O Yi)

| _
+ %(yt Ot = Y1 © Yeg1)s

where Z; 11 = o0y + (1 — 0)Z;. Also define:

diry, = nGi_1+1Ge + T4,
dirg, =nGi—1 + i,
dirg, ., =nGi_1+ 0 Gt + Gt
With this change of variables, can be reformulated as the following linear convex semidefinite program:
Byi(n,0,a,b) = sup tr(Aop; H)
H=0
subject to: tr((g: © g;) H) < L?,
tr((u ® v) H) < D? for u,v € {Z1, Ty, Up, Tes1, Ut Yot }s (33)
tr((dir, © (u—v)) H) <0 for u € {Oy, Jr, Jr41}
and v € {Z1, T4, V¢, Y, Yeg1} \ {u}-
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We then reformulate as its Lagrange dual, giving us:

. . 1 :
By(n,0,a,0) = inf AMPLZ4 o > Aps D?
Abieyg 2 = ’
>\Diam/>0 u, VE{Z1,%¢,0¢,Ft,Jt+1}
>
)\B:‘d)o

subject to: S(n,o0,a,b;\) =0
1
where S(n,0,a,b;\) = 5

AP (=) © (u =) (34)

+ Z Z /\Brd (dir, ® (u —v))

>\Llp (gt O] gt) - Aobj (777 g,a, b)7
and \ = ()\Lip7 )\Diam7 )\Brd).

Now, jointly minimizing in (a,b) and A for fixed (1, 0), we get a reformulation of as the following linear
convex semidefinite program:

: 1
. . Lip 72 = D1am
a)lg}g)() Aggio AP LS4 3 ) Z B Ay D
ADiam > u, VE{Z1,T+,0t,P¢,Ft+1}
ABrd>(
subject to: S(n,o,a,b;\) = 0,
1 lam
where S(n,0,a,b;\) = 5 Z )\I{Du 0 (u—0) © (u—v)) (35)

+ Z Z )\Brd (dir, ® (u —v))

)\Llp (gt ® gt) - Aobj (777 o,a, b)v
and \ = ()\Lip7 )\Diam7 )\Brd).

Note that the size of does not depend on 7', which allows efficient numerical solving even for large values of
T. Numerically solving ([35)) gives us that for jointly optimal (a,b) and A we have b = 0, /\?fé’i = 0 except for

Diam _ 2 Brd Brd Brd Brd Brd Brd :
AGesy = a0, Ay = 0 except for Ajlg = AgTE 5, = 2a0, AgiE, 5 and Aglg =1+ 7" 5 . Following our

notations from the proof of Lemma (see Appendix , we write A9 = ALP and A = )\thrdl g.- Note that the
Cholesky decomposition of S = S(n, g, a,b; \) encodes for the sum of squares tr(S H) > 0 that must be added
during the proof, where some of those squares can be interpreted as inequalities. The Cholesky decomposition of

S has 2 eigenvectors: the first eigenvector VA9 g, + - \//\7 (Zt — Y41 + MGt — Fr41)) encodes for the inequality

(96,1 — Yot + AWt — ye+1)) < M gell” + = llwe — g1 + AW — yesr) 11,

4)\9

while the second eigenvector indicates that the upper bound we get from the proof will contain minus a sum of
squares, which is composed of the vectors x¢, y; and y; 1. The values of all those Lagrange multipliers in A and
the value of S gives us what inequalities and in which quantity to use in the proof of Lemma Thus, from all
of this we can deduce the proof up to showing that Q(E\) is a sum of squares, where:

N 1+2)\

Q) & Iyt — yes1ll® — == lme — yes1 + Aye — yes1) ||

49
- a((l = 20)[lwe = yerI* = lze = ell*)-

Hence, all that is left to do is finding optimal 7, o, a A9 such that there exists A > 0 for which Q(S\) is a sum of
squares and that minimizes the upper bound given by the proof on the regret of OFW Rp, which is:

1
—||m* — x| + g Bi(n,0,a,0) < 5 —D? 4+ NL2T + ac®D?T.
n
t=1
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Then, we rewrite Q(\) as:

- 142X
QM) = ( + a) lye — yes1ll® + 2a0 ||z — yesr I + 2a{2e — Yes1, Y1 — ye)

2n
1 5 2
- m”ft — Y1 + Ay — Y1) |l
1+ 2) A2 2 1 2
= ( o +a-— 4)\‘1> lye = yega 1" + <2aa - 4)\(]) [z = Yl

+12 +i (z¢ — — Yt)
a 3, Tt — Y1, Yt+1 — Yi)-

Thus, we get that Q()) is a sum of squares if and only if:

~ 2 ~ ~
PR NP U T 2
T ) S\ e o T ang )

where the second line is equivalent to:
ao \ <o 1 1 a \x ( 9 a 1 1 )
- — (= _— ) - — — - R < 0.
(2)\9>A (n(2aa 4Ag) 2/\9))\+ (1-20)a” + 2n(2aa 4/\9) <0 (36)

An elementary second order polynomial study indicates that this polynomial equation has no non-negative solution
A > 0 when the linear coefficient is positive, that is, we get the necessary condition:

1 1 a

When holds, we can upper bound the constant coefficient of by its leading order term a2, giving us the
(slightly) more conservative but easier no analyze condition:

ao \ <o 1 1 a \xz 9
(5557 —(;(2@0—@\9)—%))\—&-@ <0. (38)
Moreover, when holds, we have that has a non-negative solution A > 0 if and only if:

1 1 a \2 ao
LA S S LA R
(n( 0= ) T o 2x ) ”

Hence, combining all of the above, we get that Q(:\) is a sum of squares whenever:

1 1 a

1 1 a \2 ao
LY I S LT LA RS
<n< 0 ) T o o) )
Hence, to find the values of 1, o, a A9 giving the optimal upper bound, we must solve the problem:
1
inf —D?*+ N LT + aoc’D*T
n,0,a,29 >0 27}
subject to: (1, 0,a, A7) satisfy , and o < 1.

Solving this non-convex problem algebraically via Lagrange relaxation (note that only the last constraint in
is saturated at the optimum) we get that the optimal values are:

D33/4 V3 1 4 9 — 200 D?  D?
= — = — = — 11 = —_— = .
T=orpsm T YT MO TR T TR
Plugging those values into Q(;\) then allows us to conclude the proof of Lemma This concludes the design of
the optimal proof of Lemma [3.2]
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T 10 15 20 25 30 35 40 45 50 95
time (s) 0.27 0.74 1.62 3.35 6.69 14.17 22.97 40.76 | 62.63 | 94.35
n 60 65 70 75 80 85 90 95

time (s) 140.88 | 221.85 | 313.78 | 533.60 | 773.32 | 1202.68 | 1603.33 | 2126.25
time (min) 2.35 3.70 5.23 8.89 12.89 20.04 26.72 35.44

Table 1: Computation time for numerically solving for different values of T" with parameters fixed as in
(with the appropriate transformation of parameters to go from Algorithm (1| to the definition of used in )

T 10 15 20 25 30 35 40 45 50 95
time (s) | 0.15 | 0.28 | 0.51 0.88 1.65 | 2.97 4.23 6.28 11.30 | 15.82
T 60 65 70 75 80 85 90 95 100
time (s) | 20.94 | 31.53 | 42.12 | 55.64 | 63.04 | 98.36 | 109.48 | 146.80 | 194.84

Table 2: Computation time for numerically solving for different values of T'.

B.4 Examples of computation times for computing PEPs and

In this section, we provide some examples of computation times for numerically solving the PEPs and for
different values of horizon time T'. Table|l| presents the computation times for solving the PEP with parameters
fixed as in (with the appropriate transformation of parameters to go from Algorithm [I| to the definition
of used in ) Table [2[ presents the computation times for solving the design PEP which optimizes the
parameters of the algorithm, thus giving us the optimal worst-case regret guarantee for any OFW-type algorithm
of the form . Note that the computation times for solving are significantly smaller than those for solving
with fixed parameters, which appears to be due to the fact that, as the design PEP jointly optimizes the
algorithm parameters and its regret bound proof, it can find more structured proofs that allow for more efficient
numerical solving of the underlying semidefinite program.

B.5 Examples of numerically optimized stepsize patterns

The following list provides numerical examples of optimal parameter values for the online Frank—Wolfe-type
algorithm for T'=2,...,6, together with their optimal worst-case regret guarantees. (Note that for 7' =1 the
algorithm is necessarily trivial as we can only play the uninformed choice x1.) Those values were obtained by
numerically solving the relaxed linear convex semidefinite program with L = D = 1. Note that we chose the
parameters given by and thus we do not report the values of n; ; =1 for 1 < s <t < T — 1. We present the
values of the parameters {7V, s}1<s<i<r and {8 s igs<icr—1 as square T x T and (T'— 1) x (T' — 1) matrices,
respectively, where the values for out of range indices are left blank intentionally.

e For T'= 2, we have Ry < By < 1.7321 and:
[’Yt,s] = |:05 :l ; [ﬁt,s] = [ ] .

e For T'= 3, we have Rt < B3 < 2.3421 and:

s = | 05 , [ﬂt,s]:[_ ]
0.3118 0.3764 0.1099

e For T' =4, we have Rt < By < 2.9029 and:

0.5
Pl = 10,3133 0.3734 Bl =
0.1843 0.2197 0.4116

0.1961
—0.4249 0.1465
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e For T'=5, we have Ry < Bs < 3.4217 and:

0.5

[.s] = |0.3067 0.3866 ,
0.2124 0.2677 0.3075

01201 0.1514 0.1739  0.4345

0.5649
[Be.s] = —0.2595 0.212
|—0.6282 —0.253 0.3473

e For T'= 6, we have Ry < Bg < 3.917 and:

0.5

~ |0.3068 0.3863

sl = 102101 02646 0.3151 ’
0.1406  0.177 0.2108 0.3309

0.0784 0.0985 0.1174 0.1842 0.4432

0.5856

[Bi.s] = | —0.0481  0.4808

—0.5053 —0.0949  0.3922

| —0.7675 —0.4251 —0.001 0.3876

Note that the structure of the values of {7y s }1<s<t<r implies that we get the update rule xy11 = oo, + (1 — o) 2y
with Ot = Yt+1,t in .

B.6 Joint stepsize optimization with multiple linear optimization rounds per iteration

As explained in Section[d] the joint stepsize optimization method for online Frank—Wolfe-type algorithms explained
in Section[2:2]and in Appendix [B.2]can be easily adapted to the variant algorithm with multiple linear optimization
rounds per iteration defined in @ In this section, we explain the details on how to make this adaptation.

We first define the worst-case regret for @ with given parameters by simply replacing by @[) in :

Br({(Nek,s» Brokys,js Veos.j) Hoks.) = sup Ry(xy,...,x750,)

K{tt}t=1,...,7
m*y{xt}tZI ,,,,, T
deN

subject to: /¢; is convex and L-Lipschitz for t =1,...,T,
K is a non-empty closed convex set of RY,
Diam(K) < D,
{¢}1=1,... 7 is generated by @[)

To adapt the joint minimization problem to @[), we need to replace WT({nt,s, Bt.ss %,S}t,s) from Section 4| by
some relaxation of the problem above. More precisely, this relaxation is obtained through: (i) we observe that all
x¢ for t =2,---,T are in the convex hull of z1,v11,--- ,v1,0,- -+ ,v7-1,, and thus the domain constraints for
are imposed only on vectors z1,v1 1, - ,Vr—1,r, Z; (i) we only keep the boundary constraints corresponding to
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the optimality of v; j, compared with v ki1,..., Ve r, Vi1, UT—1,7) T
1 A
WT({(nt,k,Sv Bt,k,s,ja 'Vt,s,j)}’t,k,s,j) =
T
sup E (ge,m¢ —
{9t}t=1,...,7, =« t=1

{(z¢,v¢ k,dire k) be=1,... 7 k=1,...,
deN

subject to: {(x¢,diry1,...,dirs,)}i=1,... 7 compatible with @[),

(—dirg g, u —vp ) <Oforallt=1,...,T—land k=1,...,r (40)
and u € {Vg k155 5Vt Ve 1,157 > UT— 1,0, T},
Diam({z1,v1,1,- - , 01,0 V71, T4 }) < D,
lg:| < Lfort=1,...,T,
where the line “{(z¢,dir 1,...,diry ) }i=1,....7 compatible with @” means that x; and dir, ; can be substituted
by their expressions in @D, leading to W ({(nt7k7svBt,k,s7j7'Yt,s,j)}mk,s,j) > BT({(nt7k’s, ﬁt)k)w»,'yt7s)j)}t7k)s7j).
We can now formulate the adaptation of the joint minimization problem (3)) to @D, giving us:
t—1 r
min Wr({(Nee,ss Brers,js Veosj) Fokosj) S-te ZZ%,S,J' <1, 965 200, (41)
{5,058 k,5,578,5,5) Yo,k 05 s=1j=1

In the remaining of this section, we will need the following notations. For integers t,s € N and k, j € [1,7], we
write (t, k) <iex (8,7) if t < s, or t = s and k < j. We write (t,k) <iex (8,J) if (£, k) <iex (8,7) and (¢, k) # (s, 7).

Then, the method detailed in Appendix and can be immediately adapted to reformulate as a linear
convex semidefinite program and then form its Lagrange dual, giving us:

~ Lip 2 2 : Dlam
W ({(ntkmﬁtks,]y’yt s,])}tks,j Lllgf E A L )‘{uv}
AMP>0 I _
)\Dlam>0 = uwve{zlsvl,l,'“ﬂ)T—l,r’x*}
ABrd>0

subject to: S(n, 8,v; ) = 0,

1 1 1am
where S(n, 8,7; \) E )\L P (gt ® gt) 2 E )\?uav} (u—v)©® (u—w))
w, VE{Z1,01,1,* 0T —1,r:Tx }

T—1
+> 3 3 B (diry g © (B — u))

t=1 k=1 u€{¢ ky1, ,0T—1,r,Tx}

t—1 r T
ZZZ’%SI" gt®vsk +th®$*
t=1 s=1k=1 t=1

and \ = ()\Lip’ )\Diam’ )\Brd) and dirt,k = Znt,k,s gs + Z /Bt,k,s,j rDs,j for t = 1, v 7T -1
s=1 (37j)<1CX(txk)

Substituting in , we get a linear optimization problem with a bilinear matrix inequality constraint,
which we reformulate as a linear convex semidefinite program using a change of variables similar to that of :
(n, B, \Brd) are replaced by the variables (with the convention vr; = Z,):

Bi ks = 1tk.s > N oy > Mm.i.s Mot 50
(t,k) <tex(m,j) <iex(T,1) (5,1) <tex (M,1) <tex (t,k)
v(1 1) Rlex (3 .7) Rlex (t k) Rlex (T 1); (43)
Ciksg = Brk.s.i > Aoy o~ > Brmivs,i Mo e
(t,k) <tex (Mm,3) <iex (T,1) (8,0) Stex (M, 1) <iex (t,k)

V(1,1) Siox (5, 7) <tex (k) Siex (T, 1).
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Finally, this change of variables gives us the following linear convex semidefinite program which is the adaptation

of for @D:

T
. 1
inf inf AP L2 42 APiam 1)
{(Bt,5,6,C%,s,k,7t,5,k) } .5,k AMP>0 Zl K 2 o Z _ _ {u, U}
)\Dlam>o = w, VE{Z1,01,1, ", 0T —1,r,T }
ABrd>(
subject to: S(B,C,v;A) = 0,
Z Birs=0fors=1,...,T,
(syl)glex(tyk)glex(TJ)
Z Ct,k,s,j =0 for (L 1) Slex (S,j) <lex (Tv 1)5
(5,9) <tex (t,k) <1ex(T',1)
1 T
iam Li _ _
where §(B,C,7:)) = & > AR (0= ) © (= ) + 3 AP (5,0 30
w, VE{Z1,01,1, " 0T —1,r T } t=1
+ > By (9s © Vi) + > Cts (Usj © D g)
(1,1) <ex (2, )<lex(T71) (1,1)<1ex (t,5) 1ex (T',1)
1<s<t (1,1)<1ex(8,7) <tex(t,k)
T t—1 r T
33D sk (3 ©Tak) + Y (G © F),
t=1 s=1 k=1 t=1

and \ = ()\Lip’ )\Diam’ )\Brd).

Note that, as in Appendix [B:2] this change of variables is not one-to-one: for given values of B and C there exist
several possible values of (1, 3, A\B™¥) satisfying . Nevertheless, as in Appendix imposing 1 1, = 1 for all
t,k,s, we get a unique solution by solving the part of for ABrd, and then solving the second part of
for .

B.7 Extra PEP numerical plots: log-log plots for regret rate

In this section, we present the log-log plots version of the numerical experiments of Section [4] Recall that those
numerical experiments on worst-case regret of different variations of online Frank—Wolfe-type algorithms were
obtained by leveraging the semidefinite programming techniques of Section [2] which allow to compute exact
worst-case regret values. For convenience, we first present again Figure [I] with linear scales. In Figure [2] we
present the same numerical experiments as in Figure [1| (same computed values) but as log-log plots. Note that
the slopes of curves in those log-log plots correspond to the exponents of the rates from the regret upper bounds
in Figure [T}

In Figure |3] we present an interpolation of those regret rate exponent for the different computed exact worst-case
regret bounds from the numerical experiments of Figure [1} (The theoretical upper bounds are in closed forms
and their exponent of 3/4 can easily be read.) To interpolate those regret rate exponent we interpolate the
slopes from the log-log plots. That is, for a sequence of tight regret upper bounds Bt for different horizon values
T € {T1,--- ,T,}, we select some value Tief = T|,,/2), and then for all values of T' € {T1,--- , T} \ {Trer} we
compute:

(log(Br) — log(Br,..))/(log(T") — log(Trer))- (44)

We also include in the top right plot of Figure 3| (the plot dedicated to the anytime variants of OFW) the
bound . ) from the proof of Theorem |3 - to compare exponent convergence speed of the bound for anytime
tunings of OFW to the exponent convergence speed for the sum of terms in s~'/4 in the bound ( .

C The PEP methodology for OGD and FTRL

This section presents how to leverage the semidefinite programming method presented in Section [2| to compute
tight worst-case regret bounds for OGD and FTRL. We use the same assumptions as for OFW: the cost functions
l; are convex and L-Lipschitz and the domain of feasible points I is convex closed with diameter bounded by D
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Figure |1} (Top left) Comparison of known upper bounds (respectively from Theorem 7.3] and
Theorem [3.1)) against tight numerical bounds (worst-case regrets) obtained from (2), for Algorithm
27] and Algorithm [I] (parameters from Theorem [3.1). (Top right) Tight numerical regret bounds for [Hazan, 2010]
Algorithm 27] and Algorithm [1] (parameters from Theorem against their anytime versions. (Bottom left)
Tight numerical bounds for optimized online Frank—Wolfe with respectively r € {1,2,3} linear optimization
steps per time round (where is a variant of with replaced by @, which we detail in Appendix B.5).
(Bottom right) Tight numerical regret bounds for optimized online Frank—Wolfe with and without regularization
(ie., (B) with and without $; s = 0). (repeated from page|8)
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Figure 2: Variant of Figure [1| with log-log plots. (Top left) Comparison of known upper bounds (respectively
from Theorem 7.3] and Theorem against tight numerical bounds (worst-case regrets) obtained
from (2)), for Algorithm 27| and Algorithm [I] (parameters from Theorem [3.I). (Top right) Tight
numerical regret bounds for Algorithm 27] and Algorithm [[] (parameters from Theorem [3.1)) against
their anytime versions. (Bottom left) Tight numerical bounds for optimized online Frank—Wolfe with respectively
r € {1,2, 3} linear optimization steps per time round (where is a variant of with replaced by @D, which
we detail in Appendix B.5). (Bottom right) Tight numerical regret bounds for optimized online Frank—Wolfe
with and without regularization (i.e., with and without ;s = 0).



Julien Weibel, Pierre Gaillard, Wouter M. Koolen, Adrien Taylor

0.9 !

0.8

Estimated regret rate exponent

06 T T T T
20 40 60 80 100
Time horizon T'
- = - [Hazan, 2016} Algo. 27]: tight bound Br from ({2)
- x- Algo. tight bound Br from
- ©- Optimized algo. and bound from
—y=23/4
1
=
3}
=
a 0.9
»
3}
o
S
<
=
T 0.8
&
o0
g
ge YRS O~ 0" 00 0-0 0-0 - 0-0 O-0 -0
2 ,A—AA‘AE'SA'A'A_A_A'A
< o a-8HE
207 ﬁﬁ o
B7] i
€3]
0.6 T T T T
20 40 60 80 100

Time horizon T'

- ©- Optimized algo. (El), r =1, from
- A- Optimized algo. @, r = 2, from
- El- Optimized algo. @, r =3, from
—y=3/4

4
S i=F

0.9 [%

=]

0.6

T

- BT T

0.8 5 SRk A S
X 1 1 Il 1 1 Il 1 Il 1 1

20 40 60 80 100
Time horizon T'

- - Algo. 27]: tight bound Br from

- +- Anytime Algo. 27]: tight bound from
—— Anytime Algo. bound from proof of Thm.
- El- Anytime Algo. tight bound Br from

- x- Algo. tight bound Br from

—y=23/4

1

0.9

0.8 *M»k

m@-—o—@-&@—eﬂ—eﬂ-a—vﬂ—uﬁ-ei)

0.7

o e Kk e e e ek

0.6

20 40 60 80 100
Time horizon T’

-+« - Optimized algo. from with B¢« =0
- ©- Optimized algo. from
—y=3/4

Figure 3: Estimation of regret rate exponents for the tight worst-case regret bounds from Figure by interpolating
the slopes of the log-log plots of Figure [2| using @) (Top left) Tight numerical regret bounds (worst-case regrets)
obtained from (2], for Algorithm 27| and Algorithm [I] (parameters from Theorem [3.1]). (Top right)
Tight numerical regret bounds for Algorithm 27] and Algorithm [I] (parameters from Theorem [B.1))
against their anytime versions. The bound from the proof of Theorem is also included to compare to the
speed of convergence for the sum of terms in s~/ in . (Bottom left) Tight numerical bounds for optimized
online Frank—Wolfe with respectively » € {1,2, 3} linear optimization steps per time round (where is a variant
of with replaced by @D, which we detail in Appendix B.5). (Bottom right) Tight numerical regret bounds
for optimized online Frank—Wolfe with and without regularization (i.e., with and without 8, s = 0).
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C.1 Deriving proof for FTRL from the PEP methodology

We start by studying FTRL with the same regularization parameter for all time steps using the PEP methodology.
For convenience, we restate the definition of FTRL with single parameter (note that in this section we will use
notations with = for FTRL iterates, whereas we used notations with y for FTRL iterates in the previous sections
to distinguish them from OFW iterates).

Algorithm 5 Follow The Regularized Leader (FTRL)
Require: T > 1, z1€ K, n >0

1: fort=1to T do

2: Play x;, pay cost £;(x;), observe g, = V().

B i e argmingee 0y 0o @) + 3z — 2]
4: end for

Adapting the PEP formulation (2)) of OFW to the case of FTRL, we get:

Br(n)&  sup  Rp(xi,...,o7574)
K{le}ien,

m*7{mt}t€[[1,T]]
deN

subject to: ¢; is convex and L-Lipschitz for ¢ € [1,T7], (45)

K is a non-empty closed convex set of RY,
Diam(K) < D,
{x¢}1=1,. 7 is generated by Algorithm

We now show how to use to derive a proof that Br(n) is an upper bound of the regret for FTRL.

Lemma C.1. Let T > 1. Assume that the cost functions ¢y are convex and L-Lipschitz for allt € [1,T], and
that the convex closed domain IC of feasible points has a diameter bounded by D. Then, for any x, € IC, the
following upper bound on the regret of the FTRL Algorithm 3 holds:

T
1
Ry, orie) < 5 3l + gl ol

In particular, for n = D/(L\T), we get that the regret is upper bounded by DL/T.

Note that the tight regret upper bound from Lemma is not new, it can be found, e.g., in [Orabona, 2019|
Corollary 7.9]. Nevertheless, the proof of Lemma will allow us to see how to easily find simple clean proofs
for regret upper bounds using the PEP methodology.

Remark C.2. Also note that it is important to use the regularization in FTRL with respect to z; (or any point
in k), as if we were to regularize with respect to an arbitrary point we would have the trivial upper bound LDT
for the regret (as FTRL can be equivalently defined as online mirror descent with greedy/lazy updates, this can
be seen as having the feasible set I far from the reference regularization point, say the origin, and thus projection
of gradient descent iterates on K would always land on the same point opposite of the optimum).

We start by explaining how to use to infer the proof of Lemma and then we will do the proof itself.

We first rewrite as an SDP using a similar argument to that of Section We sample function values and
gradients for the convex loss functions ¢; and the indicator function ix of the closed convex set K of feasible points,
and then use the interpolation / extension theorems [Taylor et al., 2017, Theorem 3.3 and Equation (7)] and
[Taylor et al., 2017, Theorem 3.6], respectively. For all ¢t € [1,T], we denote (f;, g:) and (f7, g5) by the function
values and gradients for the loss function ¢; at points z; and z,, respectively. We denote by s; € dix(x;) (resp.
S« € Oix(xy)) a sub-gradient of the indicator function ix at point x; for t = 1,...,T (resp. at point x,). Hence,
the upper bound on the regret for FTRL given by can be reformulated as the following finite dimensional
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program:

sup Z fo= It

I*;{It}t 1,....T ¢=1

{(fe.f)e=1,...,1

{(Qt,gf)}t:1 ,,,,, T

5*7{31,}1,:1 ..... T

deN
subject to: fy = ff + (97, —xy) fort =1,...,T,
ffz2 i+ g2 —a) fort=1,....T,
looll < L and gl < Lfort=1,...,T, (46)
lot — 24]| < D, for t=1,...,T,
llz; — ;]| < D, fori,j :17...,T,
(st, 2% —x¢) <0 and (s,, 2y —a4) <O0fort=1,...,T,
(si,xj—my) <Ofori,j=1,...,T,
t—1

(xt—xl)—i—nZgi—i—st =0fort=1,...,T.
i=1
Note that the last constraint corresponds to the optimality condition of FTRL at each time ¢.

Moreover, as the values of the gradient g; are never used, we can impose g; = ¢; for all ¢, which gives a tight
relaxation of the problem. Indeed, this corresponds to consider only linear cost functions. In particular, we get
that among the worst-case instances, there is a worst-case instance involving only linear cost functions. Hence,
we get the following simpler reformulation of :

T

sup Y (ge @ — @)

I*;{It}t=1,.,.,T t=1

{Qt}tzl ,,,,, T
5*,{5t}t:1 ..... T
deN
subject to: ||g¢|| < Lfort=1,...,T,
|zt — au|| < D, fort=1,...,T, (47)
|z — ;]| < D, forz‘]fl LT,
(sty s —x¢) < 0 and <s*,xt—x*> <Ofort=1,...,T,
(siyxj —ax;) <O0fori,j=1,...,T,
t—1
(:ctf:cl)+nZgi+st =0fort=1,...,T.
i=1

We now reformulate this program as an SDP. Define the matrix:
P = [z [erlgi] - - lgrlsd,

and let G = PTP = 0 denote the Gram matrix containing all dots products of those vectors, which is of dimension
(2T 4+ 2) x (2T + 2). Let {Z:}+—1, .7 be the vector in R*’*2 such that ] Gz; = (z;, :rj>7 and similarly for the
other pair of variables. Remark that we do not include the variables {s;},=1,. 7 in P as they are redundant due
to the last constraint in . Instead, we just define vectors {5, };=1,.. 1 such that 5, = —(T; — Z1) — 7721 1 Gt
for all ¢. This allows us to redefine as the following equivalent SDP:

sup Z G; G(Zy — Ty)

G0
subject to: g, th < Lfort=1,...,T,
(% — @)TG(@ —Z,) <D, fort=1,...,T, (48)
(z; —2))'G(z; —2;) < D, fori,j =1,...,T,
51G(%, — %) <0and 5/G(z;, — Z,) <Ofort =1,...,T,
5/G(z; — ;) <0fori,j=1,...,T.
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Note that the variable d € N in imposes that the rank of G is upper bounded by d in , but this condition
disappear when taking the supremum other d € N.

The dual variables associated to each constraints in indicate which of those inequalities are used in deriving
a proof of the upper bound on the regret of FTRL. Choosing n = D/ (Lﬁ ), and running numerical simulations
for moderate values of T indicates that some dual variables have constantly small values (several orders smaller
than other dual variables). Hence, relaxing the constraints associated to those dual variables with small values
gives us a new upper bound on the regret (indeed, with same value) via the following SDP:

T

sup Y g G(Z — T.)
Gr0 =

subject to: gtTth <Lfort=1,...,T,
(Z1 — 7)Y G(71 — 7,) < D,
5, G(Z, —Z7) <0,
50 G(Tyy1 —T) <Ofort=1,..., T —1.
Then, running numerical simulations for with small values of T', we observe that most dual variables take

the same values, thus we group them accordingly and relax those constraints by summing them, which gives us a
new upper bound on the regret (indeed, with same value) via the following SDP:

sup th (Tt — 2)

G>Ot 1

subject to: GrGg, < LT,
J ;gt gt (50)

(71 — 2,) G (7 — i*) < D,
tTG + Z St iL’H_l — Q_Ct) < 0.

We now observe that the values of the dual variables for those three remaining constraints are respectively 7/2,
1/(2n) and 1/7n. Looking at the two constraints involving constants L and D, we can already infer that the upper
bound on the regret will be:

T
n 2 1 2
52 |g¢l +%Hx**$1ll ,

which is upper bounded by LDV/T for n = D/(L\/T) From 7 we now that to prove this upper bound, we
only need to use the third constraint inequality (times 1/n) and some scalar product / euclidean norm inequalities
(which do not include any information on the relation between vectors). In general, finding which scalar product
inequalities to use can be done by studying the Cholesky decomposition of the matrix dual variable for the SDP
constraint (see matrix S in (dual-SDP-generic), and see Appendix for an explanation on how we used the
Cholesky decomposition in the case of OFW). In this case, the scalar product inequalities to use are rather simple
to guess, and thus we will not need to look at this dual matrix variable.

Hence, we have all the ingredients and we are now ready to do the proof of Lemma

Proof of Lemma[C.d. For simplicity, we write 741 = z,. We start by summing the boundary inequalities
(s¢, 2441 —x¢) <O for t € [[1 T]]. As we have:

hE

tTG —Zr) + Z 5. G(Zyq1 — &) = (8¢, Tpy1 — x¢)

t=1
T T t—1
E < $17$t+1—xt —772 E gzazt+1_zt>
t=1 t=1 i=1
T—1

|
M%

(@ — w1, 0001 — 24) =0 Y _ {9 T 41 — Tig1),
i=1

~
Il
—
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this sum of inequalities gives the following inequality (which corresponds to the third inequality in ):
T—1 T—1
0> (g — 2) < Y (T — 21,041 — 34) + (B0 — 21,20 — 27).
t=1 t=1

Now, we use this inequality and the inequality (u,v) < #|lul|* + %”U‘P
functions ¢;, to upper bound the regret for FTRL:

T
Rp(1,..o52,) < (g6 @ — )

, as well as the convexity of the cost

~
Il
-

M=
[M]=

(9t 00 — Te41) + D) (G, D1 — Ty)

H_
Il
—
~
Il

1

T T
1
<D Agnwe —wep) + = Y (@ — w1, 0041 — 1)
t=1 N t=1
n T 1 T 1 T
S35 > llgel® + o Dollwe = e P+ =D (w — @1, @i — )
t=1 n t=1 N t=1
n T 1 T
= 23 lgel® + 5= > {lwers — 1l = flae — 212}
n
t=1 t=1
"\ L
— 2 7 _ 2
= 22”9:&” + 277\\33* 1[5
t=1
which concludes the proof. U

C.2 Deriving proof for OGD from the PEP methodology

Now, we turn to OGD, and again use to derive a proof that By (n) is an upper bound of the regret for OGD
when using the same step-size for all times (i.e. n; = n for all t) and with static regret.

We now turn to study OGD using the PEP methodology. We consider the following version of OGD with a single
horizon-dependent step-size (where Il denotes the euclidean projection on the convex closed set K).

Algorithm 6 Online Gradient Descent (OGD)
Require: T > 1, z1€ K, n >0

1: fort=1toT do

2: Play x;, pay cost £;(x;), observe g, = V& ().

30 a1 Hi(xe —nge) = argming g |z — (24 — ng:)
4: end for

I

Adapting the PEP formulation (2)) of OFW to the case of OGD, we get:

Br(n) = sup Rr(zy,...,27;s)
K{ls}ien,
x*v{mt}te[[l,T]]
deN
subject to: ¢; is convex and L-Lipschitz for t € [1,T7], (51)
K is a non-empty closed convex set of RY,
Diam(K) < D,

{xt}1=1,... 1 is generated by Algorithm [0}

We now show how to use to derive a proof that Br(n) is an upper bound of the regret for OGD.

Lemma C.3. Let T > 1. Assume that the cost functions {; are convex and L-Lipschitz for all t € [1,T], and
that the convex closed domain IC of feasible points has a diameter bounded by D. Then, for any x, € IC, the
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following upper bound on the regret of the OGD Algorithm [0 holds:
T
n 2 1 2
R e ; Ty < a a_ * -
s i) < 53 ol + gl ol

In particular, for n = D/(L\/T), we get that the regret is upper bounded by DL/T.

We start by explaining how to use to infer the proof of Lemma and then we will do the proof itself. As
the idea is similar to the case of FTRL, we just give the general idea.

Using a similar argument to that of Section for OFW and Appendix the PEP program for OGD can

be reformulated as the following finite dimensional program:
T

sup Y (g, m — 1)

I*,{It}tzl ,,,,, T ¢—=1
{gt}tzl ..... T

subject to: ||g¢]| < Lfort=1,...,T,

lot — z4]| < D, fort=1,...,T,

lzi — ;]| < D, fori,j=1,...,T,

(styrs —x¢) < 0 and (s, x; —ay) <O0fort=1,...,T,

(si,xj —xy) <Oford,j=1,...,T,

2y — (x4—1 —ngt—1) +se =0fort =2,...,T.
We then turn this PEP into an SDP using the Gram matrix G associated to the matrix P containing all vectors
(without redundancy) as before. We define the vectors Z,, 5, Z; and g; for t = 1,...,T as before. As the
optimality constraint is different between OGD and FTRL, here we have §; = —Z; 4+ (Z4—1 —ngi—1) fort =2,...,T.

(Note that the value of s; can be set freely to zero in the PEP above, so we can simply set §; = 0.) This allows
us to redefine as the following equivalent SDP:

T
sup ZQ;FG(@ — Ty)

Gr0 4
subject to: gL Ggy < Lfort=1,...,T,
(zy — 7,)7G(z — 7,) < D, fort =1,...,T, (52)

(i —2;)"G(z; —2;) < D, fori,j=1,...,T,
5/G(Zy —T¢) <0and 5,G(Z; —T,) <Ofort =1,...,T,
5/G(z; — ;) <O0fori,j=1,...,T.
Note that for OGD looks identical to for FTRL, the only (implicit) difference is the definition of the

vectors §; for t =1,...,T.

Choosing n = D/(L+/T), running numerical simulations of |52 for small values of T, relaxing constraints with
small dual variable values and further relaxing by grouping constraints with the same dual variables values, we
get a new upper bound on the regret of OGD (indeed, with same value) via the following SDP:

T
sup » g/ G(Ty — )
GF0 1=
T
subject to: ngth < LT,
t=1
(z1 —2)"G(z1 — 1) < D,
T

> 5[ G(z — ) 0.
t=2

We now observe that the values of the dual variables for those three remaining constraints are respectively 7/2,
1/(2n) and 1/7n. Looking at the two constraints involving constants L and D, we can already infer that the upper
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bound on the regret will be:

T

n 1

I3 Ml + o llae =,
t=1 n

which is upper bounded by LD+/T for n = D/(L\/T). From , we now that to prove this upper bound, we
only need to use the third constraint inequality (times 1/7) and some scalar product / euclidean norm inequalities
(which we will easily infer as for FTRL).

Hence, we have all the ingredients and we are now ready to do the proof of Lemma

Proof. We start by summing the boundary inequalities (s;, x, — 2:) < 0 where s; = —x; + (241 — ngt—1) for
t € [2,T]. This gives us the following inequality (which corresponds to the third constraint in (53))):
T T T
02 (s,xn — ) = Y (Te1 — T4, T — Te) =0 D _{(G1—1, 4 — T4),
t=2 t=2 t=2

which we more conveniently rewrite as:
T T

Z<9t—1,$t —Z.) < Z<xt—1 — Ty, Ty — L)

t=2 t=2

I =

Now, we use this inequality and the inequality (u,v) < Z|ul|* + %H’UHQ, as well as the convexity of the cost
functions ¢, to upper bound the regret for OGD:

T
Ry(x1,...,om52,) < (g @ — )

&~
Il
—

T-1

(9,26 — 2e41) + (9ts Tep1 — )
t

Il
~~
I M‘i
I
1
I

M=
M)~

(9t 00 — Tyq1) + Y (Gr—1,%¢ — Ty)

t=1 t=2
0 Lz Lz
< B Z llgell* + m Z e — zega ] + 52(%—1 — Ty, Ty — Ty)
t=1 t=1 t=2
nZ 1 X =
S35 > llgel® + o D llwe =zl + " D (@ = e, i — @)
t=1 t=1 t=1
nZ = 1
_ 2 . K12 K12 - e ¥|12
=3 2 Mol + 50 >l = "I = llees = "7} o+ 5o — 2
t=1 t=1
R 1
_ 2 . |12
=5 Sl + g e =71
which concludes the proof. O

C.3 Adapting the proof for FTRL to Bregman divergences

We now adapt the proof for FTRL of Lemma [C.I] to the case of general norm and Bregman divergences. This
illustrates the fact that the proof we derived from the PEP is simple and clean enough to easily be adapted
to a more general setting.

Let || - || denote a general norm, and denote by || - [|. its associated dual norm defined by ||g|[. = sup, . |.;<1(9, 7).
In particular, this definition implies the generalised Cauchy-Schwarz inequality (g,x) < ||g||«]|z]]. Let ¢ be a
1-strongly convex function w.r.t. the norm | - ||, that is:

9(w) > () + (V(y),7 — 9) + 5l — gl
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The Bregman divergence associated to 1 is then defined as:

By(z;y) = ¥(x) —¥(y) — (VY(y), x — y).

The Bregman divergence By (z;y) will be used as a regularization function to replace the term 1|z — y||? used
before.

Then, we define the iterates of FTRL (on linearized losses) with Bregman divergence regularization for all ¢ as:

t

Tiy1 = arg mlan(x x1 +772 (Vlr(2+), x). (54)
T=1

In particular, the sub-gradients s; € dix(z;) is defined by the optimality condition:

t—1

V(@) = V(o) + 0y gr + 50 =0. (55)

T=1

We can now state the following lemma upper bounding the regret of FTRL with Bregman divergence, and whose
proof is an adaptation of the proof of Lemma

Lemma C.4. Let T > 1. Assume that the cost functions ¢y are convex and L-Lipschitz for allt € [1,T], and
that the convex closed domain I of feasible points is such that sup, ,cx By (z;y) < 1D2 for some D. Then, for
any x, € IC, the following upper bound on the regret of the FTRL Algomthm defined by . ) holds:

RT(QC1,~",£CT;$* X ZHgtH2+ Bw(iﬂ*,fﬂl)
t 1

In particular, for n = D/(L\T), we get that the regret is upper bounded by DL/T.

Proof. For simplicity, we write £741 = o. As in the proof of Lemma we start by summing the boundary
inequalities (s;, 7441 — 2¢) < 0 for t € [1,T] where s, is defined in (55). This gives us:
T

0> (8¢, Tep1 — x4)
1

&~
Il

T T t—1

=Y V(@) = V(1) werr —2) =0 DD (gir g1 — 1)
t;l ;illzzl
Z<V¢(It) Vip(21), 2441 — @) — 1 Z (s 2141 — Tig1)-
t=1 =1

We then rewrite this inequality as:

T-1

Z<gt,$t+1 — ) <

t=1

T
D V(@) = V(1) @1 — ).
t=1

d\'—‘

We will need the following inequality, which comes directly from rewriting the definition of 1-strong convexity

of 1:
Sl —9l? < 0lw) — () — (V) 7~ )

Now, we use those inequalities and the inequality:

1
(g, 2) <lgll+ll=l < gllglli + %IIwIIQ,

as well as the convexity of the cost functions ¢;, to upper bound the regret for FTRL (writing Ry for
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Rr(zy,...,x7;24)):

R < (gt, x4 — x4)

[M]=

~
Il
-

(9ts Tt — Teg1) + ) (G, Tep1 — Tu)

I
M)~
[M]=

o~
Il
_
o~
Il

1

<

M=

3

T
(96, ¢ — x441) + — Z Vip(xt) — Vp(21), Tey1 — 4)
t=1

o~
Il

="

<2 laellZ + Z lze — zesa|? + Z<vw<xt> — Vi(1), T — @)
t=1 t 1
n T 1 T 1 T
S35 > el + 52{1/)(3?&1) — (@) — (Vp(ar), 241 — 2 } + p D (Vip(ae) = V(1) 241 — 1)
t=1 t=1 t=1
"\ 1
=- g Y(xy) —YP(x1) — (VY(21), 24 — @
3 2 ol o) — @) — (V)2 - o)}
"\ 1
=5 Z 9:l12 + =By (245 21),
23 N
which concludes the proof. O

C.4 Generic SDP for PEP

In this section, we present the following generic form of an SDP arising from a PEP.
sup tr(Aob;G) + (Gobj, F)
7 (SDP-generic)
subject to: tr(A4;G) + {(a;, F) < b;, fori=1,... N.

The semidefinite positive matrix variable G corresponds to the Gram matrix of the gradients and points, and
the vector variable F' corresponds to the sampled function values. Note that in our case, the variable F' can be
removed as we get a tight relaxation of the PEP by considering only linear cost functions /;.

We then form the (generic form) Lagrangian function associated to the SDP (SDP-generic) by dualizing all the
constraints except the semidefinite positive constraint G =

L(G,F;)\1;N) = tr(AobjG) aObJ, Z)\ [tI‘ A G <CLZ, > z}

N
:Zbi/\i+tr<< obj — Z)\A) ) <a0bj—Z)\iai,F>
i=1 i=1

By maximizing this Lagrangian function over the primal variables G and F, we can form the Lagrange dual
problem to the generic form SDP (SDP-generic|) which is also an SDP.

N
inf b\
subject to: aoh; = Z Aia;, (dual-SDP-generic)

N
S = Aobj — > Xidi 50
=1

Note that in this dual SDP, there is a semidefinite positive constraint involving a matrix S which corresponds
to the dual variable of the primal semidefinite positive constraint G > 0. By studying the numerical values of
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the Cholesky decomposition of this matrix S at optimum, we can get numerical insights on the scalar product /
euclidean norm inequalities that need to be used in proofs of regret upper bounds.



	Introduction
	Constructive approach to optimized regret bounds
	Worst-case regret bounds via semidefinite programming
	Jointly optimising algorithm parameters and regret bounds

	Tuning and regret bound for online Frank–Wolfe
	Simple tuning and regret bound
	Extension to an anytime OFW tuning
	How we got the proof of Theorem 3.1

	Numerical results: tight regret bounds, direct stepsize optimization
	Conclusion
	Omitted proofs
	Detailed proof of Lemma 3.2
	Potential-based proof for FTRL
	Detailed proof of Theorem 3.3

	Detailed semidefinite formulations
	Tractable formulation of (4)
	Joint stepsize optimization; semidefinite formulation of (3)
	Design and optimization of the proof of Theorem 3.1
	Examples of computation times for computing PEPs (2) and (3)
	Examples of numerically optimized stepsize patterns
	Joint stepsize optimization with multiple linear optimization rounds per iteration
	Extra PEP numerical plots: log-log plots for regret rate

	The PEP methodology for OGD and FTRL
	Deriving proof for FTRL from the PEP methodology
	Deriving proof for OGD from the PEP methodology
	Adapting the proof for FTRL to Bregman divergences
	Generic SDP for PEP


