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Abstract—We study lossy source coding under a distortion
measure defined by the negative log-likelihood induced by a
prescribed conditional distribution Px ;7. This log-likelihood dis-
tortion models compression settings in which the reconstruction
is a semantic representation from which the source can be proba-
bilistically generated, rather than a pointwise approximation. We
formulate the corresponding rate—distortion problem and char-
acterize fundamental properties of the resulting rate—distortion
function, including its connections to lossy compression under
log-loss, classical rate—distortion problems with arbitrary distor-
tion measures, and rate-distortion with perfect perception.

Index Terms—log-likelihood, semantic compression, rate dis-
tortion, perception

I. INTRODUCTION
Given a source X ~ Px taking values in an alphabet X,
and a conditional distribution Px ¢y such that Py /(- | u) is a
valid probability distribution on X for every v € U, we study
the rate—distortion trade-off for lossy compression under the
distortion measure dy : X x U — [0, 0o] defined as

du(z,y) £ log (1)

Pxju(z|y)
We refer to dy(x,y) as the log-likelihood loss (see Fig. 1).*
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Fig. 1: Log-likelihood loss based lossy compression.

We propose this distortion measure to model modern com-
pression settings in which lossy compression serves a dual
purpose: producing a compact representation while preserv-
ing task-relevant features or semantic information about the
source. For instance, X may represent an image and U a latent
semantic representation describing its content, with Px ¢
modeling the probabilistic relationship between the semantics
and the image, for example as induced by a trained generative

This work is partially funded by the Swiss NSF grant number 211337.
For detailed proofs, please refer to the extended version [1].

*Our primary focus in this paper is the rate—distortion trade-off under the
proposed log-likelihood loss. While the rate—distortion function characterizes
the asymptotic trade-off for lossy compression of i.i.d. sources, it is also
relevant in the one-shot setting, as shown in [2]. We adopt scalar notation in
our figures for simplicity and because it is often more appropriate for semantic
compression settings.

or reconstruction model. Similarly, X may correspond to a text
document and U to its semantic summary. In such settings,
compression under the log-likelihood distortion in (1) seeks
a representation Y of limited rate for which the original
source realization X is maximally likely given Y through
the probabilistic mapping Px . Equivalently, the distortion
quantifies the negative log-likelihood of reconstructing the
source from its compressed representation, aligning com-
pression with probabilistic reconstruction fidelity rather than
traditional signal-level metrics, which quantify fidelity through
a pointwise discrepancy between X and its reconstruction Y.
As such, the log-likelihood loss naturally models scenarios
in which the reconstruction Y does not represent a pointwise
approximation of X, but rather an abstract description from
which X can be probabilistically generated.

Noisy Lossy compression
U— channel > X —— under distortion —>Y”
Pxu du(z,y)
a) Compression based denoisin,
(a) p g
Lossy encoder :
. R Generative Model ~
X — under distortion —>Yy — Py —X

(b) Compression with generative reconstruction
Fig. 2

Beyond semantic compression, the proposed distortion mea-
sure can be used to model several related but distinct ap-
plication settings. In Fig. 2-(a), U represents an underlying
source signal and X its noisy observation obtained through
a channel Px ;. The encoder observes X and compresses
it under the distortion measure in (1). In this setting, the
log-likelihood loss promotes denoising through compression.
This effect was observed in [3], where it was shown that
when compression is performed at the average distortion level
Eldu(X,Y)] = H(X|U), the resulting representation serves
as a universal denoising of X. A closely related idea appeared
earlier in [4], where the distortion measure (1) was used as a
cost function for entropic optimal transport in the context of
generative modeling from privatized data.

Finally, Fig. 2-(b) illustrates a complementary application in
which the decoder is fixed in advance to a given probabilistic



reconstruction model PX|U. In this setting, the source is
compressed with the knowledge that reconstruction will be
performed probabilistically according to Py |y, for example
via a generative or Al-based model. The distortion measure
(1) ensures that the compression strategy is matched to the
decoder in the sense of maximizing the likelihood of repro-
ducing the original source.

While these scenarios represent distinct applications of
the proposed log-likelihood distortion measure—ranging from
semantic compression to denoising and fixed-decoder recon-
struction—they collectively highlight its relevance as a natural
distortion measure for modern compression problems involv-
ing semantic representations.

Related works: Semantic compression has gained traction
in recent years, and several models have been proposed
for semantics-preserving lossy compression. In particular,
foundation-model based semantic compression techniques
have been studied in [5]-[7]. An approach to semantic com-
pression based on information lattice learning was proposed
in [8]. In [9] the authors studied an arithmetic coding based
method for semantic lossless compression. [10] studied a
rate-distortion framework for semantic compression via a
distortion measure inspired by the information bottleneck
constraint, along with an observation distortion measure. Other
frameworks for semantic compression based on rate-distortion
framework have been proposed under different metrics in [11]-
[13]. Our approach significantly deviates from these earlier
approaches as we capture semantics via a simple and intuitive
novel distortion measure inspired by log-loss, where the goal
is to compress X into Y such that X remains highly likely
under Py y(-|Y).

Our contributions and organization: In this paper, we focus on
studying the rate-distortion function under the proposed log-
likelihood loss. In section III, we present several properties
of the rate-distortion function and explore its relations with
log-loss distortion. Though, the log-likelihood loss in (1)
looks deceptively restricted, in section IV we show that it
generalizes several commonly studied classical rate-distortion
frameworks indicating its applicability across various rate-
distortion scenarios, followed by an illustrative example. In
section V, we show that our framework provides an achievable
scheme to attain rate-distortion with perfect perception for a
special class of rate-distortion problems.

II. NOTATIONS AND BACKGROUND

The PMF of a discrete random variable (PDF for continuous
random variables) X is denoted using a upper case letter, say
Px, while the probability of an event is denoted using the
bold-face letter P. Given a random variable X, its support
(and sets in general) is denoted by X', while a realization is
denoted by lower case letter, for example, x € X. We use
A(X) to denote the probability simplex on X'. The expectation
of the random variable X is E[X]. We use H(X) denote the
Shannon entropy (differential entropy for continuous random
variables) of a random variable X. All logarithms are to the
base e, unless stated otherwise.

Definition 1 (Rate-Distortion Function (RDF)). Given an
information source X ~ Px taking values in X. Let Y € )
be the lossy reconstruction of X under the distortion measure
d: X xY — [0,00]. Then, the rate-distortion function (RDF)
Sor (X,d) is given by

R(D) = min I(X;Y)
Wy x: Exyld(X,Y)]<D

2

for any D > 0.

Definition 2 (Rate-Distortion Function under Log-Likelihood
Loss). Consider the lossy compression of X into a reconstruc-
tion Y € U under the log-likelihood distortion measure dy :
X x U — [0,00] such that dg(x,y) := —log Pxu(z|y),
where Px\y(x|u) for x € X and u € U is a given conditional
distribution. The rate-distortion function under log-likelihood
loss for (X, Px|u) is defined as follows

R min I(X;Y). 3
Eé( ) Wy|X ]Exy[d@z(X Y)]<D ( ) ( )
Remark 1. Ry (D) can also be expressed as
Ry(D) = min I(X:Y) 4)
WY\X:
H(X|Y)+Ey [Dxr (Wx |y (V)| Px v (-[Y))]<D
I(X:Y). (5)

= min
Wy | x By [CE(Wx |y (IY)||Pxu (:[Y))]<D
where CE(-||-) denotes the cross-entropy function.

III. PROPERTIES OF Ry(D)

In the following, we state some properties of the RDF
under log-likelihood loss and its connections with other rate-
distortion problems studied in the literature.

Theorem 1. For given (X, Px ), Ru(D) is defined only for
the distortion values D € [Dyin, Dmax] where

Din := Ex |minlog } (6)

X|: u PX|U(X|U,)

1

Dax := min Ex |log } @)

u X[ Py v (X[u)

(1) At distortion D = D\, we have

Ry(Dnin) = in Ex|[—1 8
o ) oin Ex | —log > Quw)| ®

ueT(X)

where T'(x) := {u € U : u = argmax, Pxy(z|u’)}.
The optimal reconstruction is a randomized maximum-
likelihood (ML) decoder: for each x, the decoder outputs
a random y € T'(x), where the optimal tie-randomization
strategy over T(x) is given by the minimizer of (8).

(il) At distortion D = Dy, we have Ry(Dpax) = 0.

(iii) Assume there exists (U, X) ~ Py x which is consistent

with (X, Px|u). At distortion D* = H(X|U), Ru(D)
admits a closed-form expression i.e.,
Ry(D*)=1(U;X)=H(X)—- D*.



We refer to the distortion level D* as a special operating
point for (X, Px|u). At distortion D = D, the recon-
struction Y of the optimal compressor is a sample from
the posterior Py|x, which further implies Y ~ Py.

A. Connection to Log-loss Distortion

Rate distortion under log-loss has been studied widely in the
literature [14]-[16]. For a given source X ~ Px, the decoder
outputs a predictive distribution W € A(X’) under the log-loss

distortion d(z, W) := —log W (x). At a given distortion level
D, the log-loss RDF is given by

Ry (D) = i I(X;Y 9

«(D) Worx BB 12D (X;Y) 9

— H(X)-D (10)

where D € [0, H(X)].

The log-likelihood loss can also be interpreted as allowing
the decoder to output a predictive distribution, however in this
case the predictive distribution is restricted to a strict subset
of the simplex, namely the family {Px |y (-|u)}ueu C A(X).
Concretely, if the decoder outputs a symbol y € U, this induces
the predictive distribution W, := Pxy(:ly), and the log-
likelihood loss becomes

dy(z,y) = —log Pxy(z|y) = d(z, W,). (1)

Hence, the log-likelihood loss can be viewed as a restricted
version of the log-loss framework where the decoder is al-
lowed to output a certain class of predictive distributions. As
such, the trade-off under log-loss, serves as a lower bound for
the trade-off under log-likelihood loss as stated in Theorem 2.
From a practical perspective, this can model settings where the
decoder is indeed restricted to use a given predictive model as
illustrated in Fig. 2-(b).

The relationship between the log-likelihood loss and the
log-loss can be further understood by comparing the corre-
sponding distortion constraints in (4) and (9). Under the log-
loss distortion in (9), the distortion constraint bounds only
the conditional entropy H(X|Y'), thereby enforcing that the
representation Y is predictive of X. In contrast, with the
log-likelihood distortion, we bound H(X|Y') together with
an additional averaged KL divergence term that measures the
discrepancy between the predictive distribution induced by Y
and the prescribed probabilistic model Px .

In addition to modeling a constrained decoder, this addi-
tional term can be interpreted as guiding the compression
toward a desired notion of semantics. With log-loss alone,
there is no restriction on the form of the predictive distribution.
Therefore, the distortion does not distinguish, for example
in the case of images, between a coarse quantization of the
pixels and a semantic representation, provided both are equally
predictive of the source image. In contrast, when using the log-
likelihood distortion, a prescribed semantic structure encoded
through Px |y allows the compression to be steered toward
representations that align with that notion of semantics.

Rate Distortion Functions: Ry vs Ry
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Fig. 3: (X, Pxjv): X ~ Ber(0.25) and Px|y ~ BSC(0.1),
the figure plots R,(D) for D € [0, H(X) = 0.8113] and
Ry(D) for D € [Dpin = 0.152, Dyax = 0.945]. At D* =
0.469, both RDFs coincide. D* is the special operating point
for (X, Px|y) with U ~ Ber(0.1875).

Theorem 2. Let R;(D) be the RDF under log-loss for X,
and let Ry(D) be the RDF under log-likelihood loss for
(X, Px|v). Then, for all feasible D € [Dyin, Dmax),

Ru(D) =2 Ry(D) 12)

where the equality holds for all special operating points as
defined in Theorem 1-(iii), i.e. whenever there exists (U, X) ~
Py, x which is consistent with (X, Px|y) and D = H(X|U).

Corollary 1. Assume there exists (U1, X) ~ Py, x and
(Us, X) ~ Py, x s.t. both Py, x and Py, x are consistent
with ()(7 PX|U) Let Dy = H(X|U1) and Dy = H(X|U2),
then for all D1 < D < Do,

Ry(D) = H(X) - D.

The corollary follows as a consequence of the fact that
(X, Pxv) has multiple special operating points and R (D)
touches the linear log-loss trade-off at all these points. In Fig. 4
we provide an example where this is the case.

IV. CONNECTION TO GENERAL RATE-DISTORTION
PROBLEMS

In this section, we establish correspondence between lossy
compression of a source X ~ Py under a general distortion
measure d and log-likelihood loss. Given a source X ~ Px
and a distortion measure d : X x ) — [0, o], suppose there
exists a A > 0 and a nonnegative function p(z, A), independent
of y, such that for every y € ) the following defines a valid
conditional distribution

PRy (zly) = p(w, e M), (13)

Then, the rate-distortion problem for (X,d) at distortion
level D can be reformulated as a log-likelihood loss problem
(X, Px|v) at distortion D related to D via an affine mapping.
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Fig. 4 (X,Pxjy): X ~ Ber(0.35) and Pxjy =
[0.8,0.4,0.2;0.2,0.6,0.8], the figure plots Ry(D) for D €
[0,0.934] and Ry (D) for D € [0.322,1.022]. Both RDFs
coincide for D* € [0.718,0.816]. Every D* in this interval
is a special operating point with a corresponding (U;, X)
consistent with (X, Px/y).

Now, given such a (X, d), consider compressing the same
source X ~ Px under log likelihood loss Py chosen to
coincide with P)’}‘Y above. Therefore, we have

du(z,y) = —log Px|y(|y) (14)
= —log (ju(z, A)e ) (15)
= Ad(z,y) — log(u(z, \)). (16)

By taking expectation on both sides w.r.t (X,Y’), we have
Exy[de(X,Y)] = AExy [d(X,Y)] — Ex[log(p(X, A))]

(17)
Then we have
Ru(D) = min I(X;Y) (18)
Wy|X:]Exy[d@g(X,Y)]SD
= min_ I(X;Y) (19)
Wy x Exy [d(X,Y)] < 2HExlogr ()]
— R(D) (20)
where we chose
D = AD — Ex[log(u(X, A))]. 1)

In other words, if P)’\qy in (13) exists then (X,d) and
(X, Pxjy) with Px;y = P)’\(IY are equivalent in the sense
that the corresponding RDFs are related through an affine
transformation of the distortion value. This shows that the
log-likelihood distortion problem (X, Px i) is as general as
(X, d). Therefore, we cannot expect to characterize the RDF

for (X, Px|y) in full generality unless we can characterize
(X,d) for any X and d.

In the sequel, we focus on a class of rate-distortion problems
(X, d) for which the rate-distortion function can be computed

by solving a single parameter optimization problem.

Theorem 3. Given an information source X ~ Px with
entropy H(X) and a distortion measure d(-,-), let T denote
the set of all A > 0 such that there exists

(i) a real-valued function u(-,\) : X — [0, 00),
(ii) a coupling P?’X on (Y x X), such that ¥V (y, z) we have
Py (2ly) = pla, e ),

If T is non-empty, i.e., T # &, the RDF R(D) for (X,d) can
be expressed as a single-parameter optimization problem i.e.,

R(D) = max (H(X) + Ex[log(u(X,\)] - AD). (22)

The proof is based on solving the dual form for R(D)
through the Lagrangian form and applying KKT conditions
while invoking the feasibility conditions to restrict the op-
timization to A € Z. The dual form of R(D) also appears
in [17], [18].

Remark 2. Theorem 3 characterizes a class of rate—distortion
problems for which a ‘generalized Shannon-type lower bound’
is tight, yielding the single-parameter representation in (22).
In the special case of continuous sources with difference
distortions, this tight bound reduces to the classical Shannon
lower bound [19].

Note that the conditions of Theorem 3 are stronger than the
condition in (13) as they also require the existence of ¥ ~ Qy
(equivalently, a coupling Py with P{ = Px) such that a
single function ju(z, \) simultaneously normalizes P)/}|Y(~|y)
for all y. The set Z is a collection of those values of \ for
which such a coupling exists; accordingly, the maximization
in (22) is restricted to A € Z.

Since the conditions of Theorem 3 imply (13), the RDF for
the corresponding (X, Px|y) with Px |y = P)/\fIY can also be
expressed in the form (22) through the translation in (20). This
gives us a family of log-likelihood loss problems for which
we can characterize the corresponding RDF as we illustrate in
the following example.

Example 1 (Binary Source with Hamming Distortion). Let
X ~ Ber(p), where p € [0,1/2], and the distortion measure
is the Hamming distortion i.e.,

0; fe=y
L;ifa#y
Existence of couplings: Fix a A > 0. Then, due to condition

(#4) in Theorem 3, the conditional distribution P))Q'IY is given
by

dp(z,y) = { (23)

1 e
P)A(\Y(ﬂy) = |1 —g—e;/\ 1 +1ei/\ (24)
1+e > 14e?
where 11(0,A) = (1, A) = yo==. Let Y ~ Ber(q) for some

q. We will show that there exists a A > 0 which guarantees



the existence of a coupling. Using Bayes rule, we have that

P{}lX is
Y
<1+i—k)(1 —q) (1-6%@—%)‘1

1—p

Pix(yle)= |, _. : (25)
(1+€—A)(1_Q) (1+e—)\)q
p p
We see that the rows of PQ‘ x sum to 1iff ¢ = ”(1%‘_?_1.

For ¢ € [0, 1], we have that \ > log(%). Thus, given p €
[0,1/2] we observe that a valid coupling Pg,- exists for any
ANeT = [1og(1%p), 00). Therefore, from (22)

1

R(D) = max <H(p) +log 7 AD) (26)
1-D

= H(p) +log(1 — D) — Dlog (T> 27)

= H(p) — H(D), (28)

where D < P and the maximizer is A* = log(%).
Translation into log-likelihood loss (X, PX|U): Fix a \g € 7.

Now, choose Px |y in (X, Px|y) to be P));‘fy. Thus,
1 e o
Y Y
Pyy(efu) = | 1167 T 29)
14+e 20 14e o
From Eq. 21 we have
~ 1
D= XD —Ex |l _— 30
0 X[0g<1+€_,\0>} (30)
= XD +log(1 + e~ 7). (31)

Therefore, we obtain that

D —log(1 + e
Ry(D) = H(p) - H( 2t )> (32)
0
where D € [log(1 + =), Aop + log(1 + e~20)].
Examples with this translation include binary source with
asymmetric distortion, Gaussian source with squared-error

distortion, among others.

V. CONNECTION TO RATE-DISTORTION-PERCEPTION

Next, we show that our framework provides an achievable
scheme for attaining rate distortion with prefect perception.

Definition 3 (Rate Distortion-Perception [20], [21]). Given an
information source X ~ Px taking values in X. Let Y € X
be the lossy reconstruction of X under the distortion measure
d: X x)Y — [0,00] and perception measure v : A(X) x
A(X) — [0,00]. We assume v(P,Q) = 0 iff P = Q. Then,
the rate distortion perception function for (X,d,~) is given
by

min

Wy |x:
Exy[d(X,Y)]<D, v(Px;Qy)<T

R(D,T) = I(X;Y)  (33)

for any D, T" > 0.

From Theorem 1-(iii), given (X, Px|y) if there exists
(U, X) consistent with (X, Px|y) and D = H(X|U), then
the optimal reconstruction Y is such that Py = Ppy. This
observation can be translated to an achievable strategy for
the rate-distortion problem with perfect perception as follows.
Given X assume we choose any Py x(z|z) and process X
into Z according to Pz x. Then, we compress Z under the log-
likelihood distortion dg(z, ) = —log Pz x (z|r) at distortion
level H(Z|X) which ensures that the reconstruction Y has
the distribution Px. End to end, this yields an achievable
scheme for the rate-distortion-perception problem with perfect
perception. In other words, perfect perception can be achieved
by first taking X and passing it through an arbitrary noisy
channel Pz x(z|x) and then lossily compressing the noisy
observation under the log-likelihood distortion induced by the
noisy channel at the fixed distortion level H(Z|X).

In [20], a similar construction is used in the case of MSE
distortion to upper bound R(D,0). In the next theorem, we
will characterize for what class of rate-distortion problems
(X,d) is such a scheme based on log-likelihood distortion
(Z, Px|z) optimal in terms of achieving R(D,0).

Theorem 4. Ler (X,d,7v) describe a rate-distortion-
perception problem such that |X| < co and d(-,-) is such that
the element-wise exponential matrix V, defined by V (x,y) :=
e~ @Y) s completely positive (CP), for every X > 0. f
Then, there exists a Z such that the lossy compression of
(Z, Pzx) under log-likelihood loss at H(Z|X) induces a
coupling [Wx zy|xy which achieves rate-distortion with zero
perception error i.e.,

R(D,0) = min I(X;Y) (34)
Py x:

subject to Exy[d(X,Y)] < D, (35)

Wx zy = PxPzxPx|z (36)

Lemma 1. Let d(-,-) be a squared euclidean distance on a
finite subset of R™ or the Hamming distortion measure. Then,
the condition that V' is a CP matrix holds.

VI. CONCLUSION

We introduced the log-likelihood distortion measure and
motivated it for semantic compression. We characterized the
basic properties of the resulting rate-distortion function and
clarified its connection to classical log-loss as a constrained
predictive compression framework. We also showed that, un-
der suitable conditions, this framework recovers several stan-
dard rate-distortion settings, including Hamming and squared-
error distortion, demonstrating its broader generality. Finally,
we connected the framework to rate-distortion-perception the-
ory, suggesting promising directions for finite-blocklength
analysis, extensions to more general conditional models, and
practical semantic compression schemes.

fA matrix A is completely positive if there exists a matrix B with
nonnegative entries such that A = BBT [22].
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