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Abstract

Conditional mean independence (CMI) testing is
crucial for statistical tasks including model de-
termination and variable importance evaluation.
In this work, we introduce a novel population
CMI measure and a bootstrap-based testing proce-
dure that utilizes deep generative neural networks
to estimate the conditional mean functions in-
volved in the population measure. The test statis-
tic is thoughtfully constructed to ensure that even
slowly decaying nonparametric estimation errors
do not affect the asymptotic accuracy of the test.
Our approach demonstrates strong empirical per-
formance in scenarios with high-dimensional co-
variates and response variable, can handle multi-
variate responses, and maintains nontrivial power
against local alternatives outside an n~'/2 neigh-
borhood of the null hypothesis. We also use nu-
merical simulations and real-world imaging data
applications to highlight the efficacy and versatil-
ity of our testing procedure.

1. Introduction

Conditional mean independence (CMI) testing is a funda-
mental tool for model simplification and assessing variable
importance, and plays a crucial role in statistics and ma-
chine learning. In traditional statistical applications, such
as nonparametric regression, CMI testing identifies sub-
sets or functions of covariates that meaningfully predict the
response variable. This is essential for improving model effi-
ciency, accuracy, and interpretability by avoiding redundant
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variables. In machine learning, CMI testing has broad ap-
plications in areas like interpretable machine learning (Mur-
doch et al., 2019), representation learning (Bengio et al.,
2013; Huang et al., 2024) and transfer learning (Magsood
et al., 2019; Zhuang et al., 2020).

In this paper, we address the problem of CMI testing for
multivariate response variables and covariates. Specifically,
for random vectors X € R Y € R4 and Z € R4,
we test the null hypothesis Hy that Y is conditionally mean
independent of X given Z, ie, EY|X = 2,Z = 2] =
E[Y|Z = 2], ae. (z,z) € RxT42_For example, consider
predicting age Y from a facial image. To test whether Y
can be predicted using images with a specific facial region
(potentially containing sensitive information) covered in
black, X can represent the covered region and Z the re-
maining facial image. Similarly, to test whether Y can be
predicted using a low-resolution version or extracted fea-
tures of a facial image, X can represent the original image
and Z a low-dimensional feature vector derived from X
using standard extraction methods (e.g., Autoencoder, Av-
erage pooling, or PCA (Berahmand et al., 2024)). Under
Hy, removing X from the predictive model f (X, Z), where
f : Rix+dz _ R denotes the nonparametric regression
function, does not reduce prediction accuracy.

For machine learning tasks, identifying which (functions
of) covariates contribute to predicting the response is par-
ticularly important, as deep neural networks (DNNs) often
process high-dimensional data, such as images and text, that
may include irrelevant features (Li et al., 2017; Van Lan-
deghem et al., 2010). Performing dimensionality reduction
before DNN training provides several advantages: it en-
hances interpretability, improves prediction accuracy, and
reduces computational costs (Cai et al., 2018). In evaluating
DNN training, covariate significance is typically assessed
by comparing performance metrics, such as mean squared
error or classification accuracy, for DNNSs trained with and
without specific covariates (Dai et al., 2022; Williamson
et al., 2023). As discussed in Section 2.3 of Williamson
et al. (2023), many common performance metrics, such
as the coefficient of determination (R?) for regression and
empirical risk with cross-entropy or 0-1 loss for binary clas-
sification, are functionals of the conditional mean functions
of Y, which means H, will imply that the covariates are not
significant. Thus, CMI testing provides a valuable tool for
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assessing covariate importance across a variety of machine
learning applications.

1.1. Related literature

To the best of our knowledge, most existing CMI tests focus
on univariate Y and face one or more of the following three
major issues: (1) finite-sample performance deteriorates
when some or all of (X, Y, Z) are high-dimensional; (2) the
tests lack theoretical size guarantees in general nonparamet-
ric settings; and (3) they exhibit weak power in detecting
local alternatives. For a recent survey, see Lundborg (2022).
We discuss how these challenges arise and how existing
CMI tests have partially addressed them.

Performance deterioration in high dimensional setting.
This issue primarily arises from the estimation of the condi-
tional mean functions r(z) := E[Y|Z = z] and m(z, z) :=
E[Y|X = z,Z = z]. Early CMI tests, such as those in
Fan & Li (1996); Delgado & Manteiga (2001); Zhu & Zhu
(2018); Lavergne & Vuong (2000); Ait-Sahalia et al. (2001),
relied on kernel smoothing methods for these estimations.
Consequently, these CMI tests suffer from the curse of di-
mensionality: their performance declines significantly as
the dimensions dz, dx + dz, and/or dy increase (Zhou
et al., 2022, Section 1). For instance, Figure 1 in Zhu & Zhu
(2018) shows that the empirical power of tests proposed by
Fan & Li (1996) and Delgado & Manteiga (2001) decreases
sharply with increasing dz and d x, exhibiting trivial power
under a sample size of n = 200 with moderate dimension-
ality (dz = 4 and dx > 8). To address this, recent CMI
tests utilize machine learning tools, such as deep neural net-
works (DNN5s) and the kernel trick, to estimate conditional
mean functions. These tools are effective in approximating
complex, high-dimensional functions with underlying low-
dimensional structures. For example, tests in Williamson
et al. (2021); Dai et al. (2022); Lundborg et al. (2024); Cai
et al. (2022); Williamson et al. (2023); Cai et al. (2024)
leverage DNNs for conditional mean estimation, achieving
better performance in high-dimensional settings.

Theoretical size guarantee. The main challenge in es-
tablishing a theoretical size guarantee stems from two
key issues. First, most of the existing CMI tests (ex-
cept the one proposed by Delgado & Manteiga (2001))
rely on the sample estimation of the population CMI mea-
sure I' := E[(r(Z) — m(X, Z))?w(X, Z)] or its equiv-
alent forms, where w is a positive weight function. A
common plug-in estimator of I" is given by I'(7,m) =
n Y (F(Z) — m(Xy, Z;))*w(X;, Z;), where T and
m are estimators of the conditional mean functions. For
a population CMI measure to be valid, it must uniquely
characterize CMI, meaning that the measure equals zero if
and only if Hy holds. While I" satisfies this requirement,
its estimator I'(7, m) suffers from a degeneracy problem:

~

under Hy, I'(7, m) converges to zero at a rate faster than
the n~'/2 rate at which T'(r,m) — I" converges to a non-

degenerate limiting distribution under the alternative (Fan
& Li, 1996, Section 1).

Second, the nonparametric estimation errors for r(z) and
m(z, z) typically decay slower than the n—'/? parametric
rate, and the convergence rate of I'(7, /i) under Hy depends
heavily on how quickly these errors decay. For CMI tests
that use kernel smoothing to estimate the conditional mean
functions, the estimation error has an explicit form, allow-
ing it to be addressed directly, along with the degeneracy
issue, when deriving asymptotic results under Hy. As a
result, all the aforementioned kernel smoothing-based CMI
tests have theoretical size guarantees. In contrast, due to the
black-box nature of DNNG, the estimation errors for r(z)
and m(x, z) cannot be explicitly decomposed or handled
in the same way as kernel smoothing estimators. Conse-
quently, addressing the degeneracy issue requires additional
debiasing procedures to mitigate the impact of these errors
and achieve accurate size control. For example, Williamson
et al. (2021) and Lundborg et al. (2024) constructed statis-
tics based on alternative forms of I to reduce bias. However,
the degeneracy issue persists: as shown in Theorem 1 of
Williamson et al. (2021), their estimator is y/n-consistent
when I' > 0, but no asymptotic results are provided un-
der Hy (i.e., I' = 0). Similarly, the test in Lundborg et al.
(2024), which builds on the conditional independence test
from Shah & Peters (2020), relies on strong assumptions
to bypass the degeneracy issue, as outlined in Section 2.1
and Part (a) of Theorem 4 in Lundborg et al. (2024). To
address the degeneracy issue, Dai et al. (2022) introduced
additional noise of order O, (n~'/2) to the estimator of T,
while Williamson et al. (2023) utilized sample splitting to
estimate separate components of an equivalent form of I
on different subsamples. However, both approaches are ad
hoc (Section 6.2 of Verdinelli & Wasserman (2024)) and, as
discussed in Appendix S3 of Lundborg et al. (2024), suffer
from significant power loss under the alternative hypothesis.

Weak power against local alternatives. On one hand,
the CMI tests proposed in Fan & Li (1996); Zhu & Zhu
(2018); Lavergne & Vuong (2000); Ait-Sahalia et al. (2001);
Williamson et al. (2021); Dai et al. (2022); Williamson et al.
(2023) fail to detect local alternatives with signal strength
A, = /E[(r(Z) — m(X, Z))2] of order n~1/2, primarily
due to their reliance on the population measure I'. Specif-
ically, the tests in Fan & Li (1996); Zhu & Zhu (2018);
Lavergne & Vuong (2000); Ait-Sahalia et al. (2001) take
the form nh®/2T, where h — 0 is a bandwidth parame-
ter used in kernel smoothing, and s = dz or dx + dz.
Consequently, these tests cannot detect local alternatives
converging to the null faster than n~'/2h=%/4. The tests
in Williamson et al. (2021); Dai et al. (2022); Williamson
et al. (2023) use the population CMI measure I'y = I'y — ',
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Table 1. Summary of existing CMI tests. High-Dim: whether
the test has good empirical performance when some or all the
dimensions of X, Y and Z are large; Size Guarantee: whether
the test has theoretical results under Hy that guarantee accurate
asymptotic size control in general nonparametric setting; Local Alt:
whether the test can detect local alternatives with signal strength

A,, converging to zero at the parametric rate n~1/2,
Tests High-Dim  Size Guarantee Local Alt
Fan & Li (1996) No Yes No
Delgado & Manteiga (2001) No Yes Yes
Zhu & Zhu (2018) No Yes No
Lavergne & Vuong (2000) No Yes No
Ait-Sahalia et al. (2001) No Yes No
Williamson et al. (2021) Yes No No
Dai et al. (2022) Yes Yes No
Lundborg et al. (2024) Yes No Yes
Williamson et al. (2023) Yes Yes No
Cai et al. (2024) Yes Yes No
Our method Yes Yes Yes

where I'y = E[(Y —7(Z))?]and Ty = E[(Y —m(X, Z))?],
which is equivalent to I'.  Since the quadratic terms I'y
and T can only be estimated at the n /2 rate, these tests
are limited to detecting local alternatives with A,, of order
n~1/%. On the other hand, the test proposed in Cai et al.
(2024) employs sample splitting and requires the size of the
training subsample used to estimate the conditional mean
functions to be substantially larger than that of the testing
subsample. As a result, their test is limited to detecting local
alternatives with A,, converging to zero slower than n~1/2,
which can still result in significant power loss in practice.

1.2. Our contributions

Table 1 summarizes limitations of existing CMI tests. To
overcome these challenges, we propose a novel CMI testing
procedure with the following advantages:

1. The test demonstrates strong empirical performance
even when some or all dimensions of X, Y, and Z
are high. Notably, it is well-suited for scenarios where
imaging data serve as covariates, responses, or both.

2. The test achieves precise asymptotic size control under
Hy.

3. The test exhibits nontrivial power against local alterna-
tives outside an n~!/2-neighborhood of Hj.

To achieve these features, we propose a new population CMI
measure closely related to the conditional independence
measure introduced in Daudin (1980). Additionally, we
develop a sample version of this population measure in a
multiplicative form, which is key to mitigating the impact of
estimation errors in nonparametric nuisance parameters (i.e.,
the conditional mean functions). Our test not only requires
estimating r(z) but also the conditional mean embedding
(CME, Song et al., 2009, Definition 3) of X given Z into a
reproducing kernel Hilbert space (RKHS) on the space of
X. Instead of directly estimating the CME using DNNs, we

train a generative neural network (GNN) to sample from the
(approximated) conditional distribution of X given Z. The
CME is then estimated using the Monte Carlo method with
samples generated from the trained GNN.

1.3. Organization and notations

The paper is organized as follows: Section 2 introduces the
proposed population CMI measure, the test statistic, and the
bootstrap calibration procedure, along with its asymptotic
properties and consistency results. Section 3 evaluates the
test using finite sample simulations, comparing it with
other methods. Section 4 presents two real data examples.
Section 5 concludes with final remarks. All proofs and
additional details are deferred to the Appendix. A Python
implementation of our proposed test procedure is available
at https://github.com/LinjunHuang86749/
Testing-CMI-Using—Generative—NN.

The following notations will be used throughout the pa-
per. For any positive integer d and random vectors
(X1, X2 ..., X% Z) defined on the same probability space,
Px1x2..xa and Px1 y2... xa|z denote the joint distribution
of X1, X2 ... X% and its conditional distribution given
Z, respectively. Let Ez represent the expectation with re-
spect to Pz, and let PP,,, denote the Lebesgue measure on
R?. For a positive integer n, define [n] = {1,2,...,n}.
For a probability measure (-) on R? and p > 1, let
L,RLp) = {f : R - R : [|f(z)]Pdu(z) < oo}.
For any Hilbert spaces A and B, let A ® B denote their
tensor product, and use (-, )4 and || - |4 to denote the
inner product and induced norm on A, respectively. For
random vectors a, b € R?, the Gaussian kernel is defined as
K(a,b) = exp(—|la—0b||3/(20?)) and the Laplacian kernel
as K(a,b) = exp(—|la — b||1 /o), where o > 0 is the band-
width parameter, || - ||2 is the Euclidean ¢3-norm, and || - ||
is the /1 -norm.

2. Conditional Mean Independence Testing

In this section, we introduce a novel population measure for
evaluating CMI and propose a corresponding sample-based
statistic for conducting the CMI test. We then establish
theoretical guarantees for the proposed procedure, including
size control and power against local alternatives.

2.1. Population conditional mean independence measure
Recall that the goal is to test the null hypothesis of Hy :
E[Y|X, Z] = E[Y|Z] a.s.-Px 7 against the alternative hy-
pothesis of Hy : P(E[Y|X, Z] # E[Y|Z]) > 0. To moti-
vate our population measure for evaluating CMI, we begin
with the following result, which provides equivalent charac-
terizations of CMI (Daudin, 1980).

Proposition 1. IfE[||Y||3] < oo, then the following prop-
erties are equivalent to each other:

(a) E[Y|X, Z] = E[Y|Z] a.5.-Px 7.
(b) E[(f(X,Z) — E[f(X,Z)|Z]) Y] = 0forany f €


https://github.com/LinjunHuang86749/Testing-CMI-Using-Generative-NN
https://github.com/LinjunHuang86749/Testing-CMI-Using-Generative-NN

Testing Conditional Mean Independence using GNN

LQ(RdXerZ , sz).

(c) E[(f(X, Z)-E[f(X, Z)|Z]) (Y—E[Y|Z])] = 0 for
any f € Lo(RIx+dz Py ).

Remark 2. It is straightforward to see that (a) = (b) =
(c), and (c) implies (a) by taking f(X,Z) =E[Y T¢c| X, Z]
over all ¢ € R? . The only difference between (c) and (b)
in Proposition 1 is that Y is centered at E[Y |Z] in (c). This
additional centering is crucial for reducing biases from the
estimation of the conditional mean functions; our proposed
population CMI measure will be derived from (c) by consid-
ering all f within a dense subset of Lo(R**+42 Py 7).

Let Cx : R x R4 and K5 : R% x R?% denote two
symmetric positive-definite kernel functions that define two
reproducing kernel Hilbert spaces (RKHS) Hyx and Hy
over the spaces of X and Z, respectively. Additionally, let

Ko = Kx x Kz represent the product kernel, with H being
the corresponding RKHS induced by Ky over the product

space R?x x R%2. Motivated by part (c) of Proposition 1,
we define linear operator ¥ : R — Hp,

Se=E{[Ko((X,2), ) —E[Ko((X,2), ) |7]]

[v - IE[Y\Z]]TC}, for any ¢ € R

From the reproducing property, we see that for any f € Hj
and any ¢ € R,

(.3 om, =E{[£(X,2) ~Ef(X, 2)|2]] [y —ElY|Z]]"c}.

Under the assumption that the RKHS Hj is dense in
Ly(Réx+dz Py ), which holds if Kx and Kz are Lo-
or co-universal kernels (Szab6 & Sriperumbudur, 2018, The-
orem 5), such as the Gaussian and Laplacian kernels consid-
ered in this paper, the preceding display along with Propo-
sition 1 implies that the null hypothesis Hy holds if and
only if ¥ is the zero operator (i.e., >c = 0 € Hy for any
¢ € R%). The following proposition formalizes this intu-
ition and serves as the foundation for our proposed popula-
tion CMI measure,

I =E[U(X,X")V(Y,Y")K2(2,2")], )
where V(Y,Y') = [Y —gv(2)] ' [Y' - gv(Z")], and
U(X7 Xl) :KX(XaX,) - <gX(Z)7/CX(XI7 )>HX
—(9x(Z"), Kx (X, )y + (9x(2),9x(Z"))n -
Here, (X', Y’,Z’) is an independent copy of (X,Y, 7),
gy and gx are defined as gy (-)=E[Y|Z=-] € R% and
9x()=E[Kx(X,-)| Z="] € Hx, respectively.
Proposition 3. If Assumption 4(a) holds, then (see Defi-

nition 11 in Appendix C for the definitions of the Hilbert-
Schmidt operator and norm)

(a) X is a Hilbert-Schmidt operator, and its Hilbert-Schmidt
norm, denoted as | X || us, satisfies |X||%g = T'*.

(b) The null Hy holds if and only if T'* = 0.

Due to the multiplicative form inside the expectation in
equation (1), when constructing a sample version of I'* as
the test statistic, the estimation errors of the two nuisance
parameters (gx and gy) do not affect the asymptotic prop-
erties of the statistic, as long as the product of these errors
decays faster than n~'/2; see Lemma 17 in Appendix E.
This desirable property is commonly referred to as double
robustness (Bang & Robins, 2005; Zhang et al., 2024).
Our I'* bears similarity to the maximum mean discrepancy-
based conditional independence measure (MMDCI) pro-
posed in Zhang et al. (2024), which was designed for testing
the stronger null hypothesis of conditional independence
(CI). While CI assumes that the conditional distribution
of the response variable Y is independent of an additional
covariate X given an existing covariate Z, the CMI assump-
tion only requires that the conditional mean function of Y
does not depend on X given Z. This means that includ-
ing X in the regression function of Y does not improve its
predictive ability in the mean squared error sense. In con-
trast, rejecting CI does not provide a direct interpretation in
terms of predictive ability (Lundborg et al., 2024, Section
1). Furthermore, the MMDCT statistic compares the joint
distribution of (XY, Z) under the null with its true distri-
bution using maximum mean discrepancy (MMD) (Gretton
et al., 2012), requiring stronger assumptions to fully char-
acterize CI (see Assumption 1 in Zhang et al. (2024)). In
contrast, our population CMI measure avoids using MMD to
capture the full distributional properties of (X, Y, Z), mak-
ing it more suitable for CMI testing compared to existing
population CMI measures. Computationally, the test pro-
posed in Zhang et al. (2024) requires training two generative
neural networks (GNNs) to sample from the conditional dis-
tributions of X and Y given Z, respectively. In contrast,
our proposed test statistic only requires sampling from the
conditional distribution of X given Z, resulting in lower
computational cost and reduced memory usage.

2.2. Testing procedure

To construct a sample version of I'*, it is necessary to
estimate gy and gx. To address the curse of dimension-
ality, we use deep neural networks (DNNs) to estimate
gy. For gx, which is an RKHS-valued function, we esti-
mate gx(z) for a fixed z € R% by sampling M copies
{X...}M, from the conditional distribution of X given
Z = z. The estimate of gx (z) is then given by the sample
average M ! Zf\il Kx(X.,,-) € Hx. Specifically, using
the noise-outsourcing lemma (Theorem 6.10 of Kallenberg
(2002); see also Lemma 2.1 of Zhou et al. (2022)), for
any integer m > 1, there exists a measurable function G
such that, for any n ~ N(0,1,,) independent of Z, we
have G(1, Z) | Z ~ Px|z. Based on this result, we train a
generative moment matching network (GMMN, Dziugaite
et al., 2015; Li et al., 2015) to approximate G. For any
fixed z € R%%, we generate i.i.d. copies n; from N (0, I,,,),
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input them into the trained GMMN G along with z, and
treat the outputs G(m, z) as approximately sampled from
the conditional distribution of X given Z = z. We refer to
the trained GMMN as the (conditional) generator, and de-
tailed training procedures are provided in Appendix A. Note
that other generative models, such as generative adversarial
networks (GAN) (Goodfellow et al., 2014) and diffusion
models (Yang et al., 2023), can also be applied to approx-
imate G, as long as the approximation errors satisfy mild
decaying conditions. The field of generative modeling has
recently seen significant advances, with notable examples
including Athey et al. (2024); Baptista et al. (2020); Shi et al.
(2022); Nguyen et al. (2024). Incorporating these newly de-
veloped models into our testing procedure is straightforward
and may potentially improve both the computational cost

and the performance of the proposed test.

In order to eliminate dependence on conditional gener-
ator estimation and improve test size accuracy, we fol-
low Shi et al. (2021) and adopt a sample-splitting and
cross-fitting framework to train the GMMN and DNN.
For easy presentation, we consider two-fold splitting in
this paper, although the test can be readily generalized to
the multiple-fold splitting setting. Specifically, for posi-
tive integers n, M and m € [M], let {(X;,Y:, Z;)}1
and {n"}"_, be i.i.d. copies of (X,Y, Z) and 7 such that
{{ X’L7Y7:7Z)}z 17{771 }7, 1o {nt ?:1} are mutually
independent. Let X = G(n/", Z;) denote the data sam-
pled from Py, |7,. We divide [n] into two equal folds 7!
and 7 where 7 := 702 = {1,2,... [n/2]} and
J® =g = [n]/JM. For j € [2], we traina GMMN
generator G using data (X, Z;) fori € J(=7). Similarly,

we train a DNN g; using data (Y5, Z;) fori € J( 7) as an
estimator of gy (four neural networks are trained in total).

Let X™ =G, (n™, Z;) and Gy (Z;) = §;(Z:) it i € T,
then we define the test statistic as
1<
T=33 [z j 2 UGG XP 05, YK 2 2],
= 7, kGJ( )
M
where U(X;, Xx)=Kx (X Z Kx (X5, X™)

Z’C R0 %),

ml

1 m
Z/CX X, Xi™)+
m 1

and V(Y;,Yi)=[Y;—gv (2))] " [Ye—3v (Z0)].
Given the trained neural networks and assuming Gaussian

or Laplacian kernel functions are used, 7}, resembles the
average of two U-statistics of degree two, with its value
depending on pairwise distances between samples. As a
result, the computational complexity scales linearly with
the dimensions (dx + dy + dz) and quadratically with the
sample size n. In comparison, the computational complexity
of the statistics proposed in Cai et al. (2024) and Dai et al.
(2022), both designed for univariate Y, scales linearly with
n. As will be shown in Theorem 5 below, the limiting null

distribution of nfn depends on the unknown distribution

Pxyz. Consequently, we cannot directly determine the

rejection threshold of nfn without knowing Pxy . Instead,
we employ a wild bootstrap method to approximate the

distribution of nT,,. Following Section 2.4 of Zhang et al.
(2018), for a positive integer B and b € [B], we generate
{ep;}7; from a Rademacher distribution, and define the

bootstrap version of T, as

-Kz(Z;, Zk)ebjebk}- 2

Since {AMY, M2, ..., MB} can be viewed as samples from
the distribution of fn (c.f. Theorem 9), we reject Hy at level
ve(0,1)if L3S0, L, i70 2n,} <7- As a default choice,
we set B = 1,000 throughout our numerical experiments.

2.3. Theoretical properties

In this part, we evaluate the asymptotic performance of the
test as the sample size increases, focusing on its empiri-
cal size (Type-I error) control and power against (local)
alternatives. Specifically, we aim to determine whether the
proposed test satisfies two desirable theoretical properties:
1. the probability of incorrectly rejecting the null hypothesis
converges to the specified significance level v as the sample
size grows; 2. the test maintains the capability to detect
(local) alternative hypotheses with a deviation from null that
diminishes at the parametric rate of n~/2.

From our procedure, we define the event Rej, :=
{B*1 Zszl ]l{nJT/[\g>nf,L}<7} as rejecting Hy. To demon-
strate that our proposed test has an accurate asymptotic
size, it suffices to prove that the probability of rejecting
Hy, given that Hy is true, converges to the specified level
v, i.e., lim,,_, oo P(Rej,,|Ho) = . To achieve this, we first
derive the limiting null distribution of nfn in Theorem 5.
Subsequently, we show the consistency of our bootstrap
procedure in Theorem 9, that is, conditional on the sample,
the rescaled bootstrap statistic converges to the same limit-
ing null distribution. To study the asymptotic power of our
proposed test, we define a local alternative hypothesis in
equation (4) whose deviation from null scales as n™“ for
some « > 0. The asymptotic behavior of T}, and the boot-
strap counterpart under different values of « is analyzed in
Theorem 8 and Theorem 9, respectively. Based on these re-
sults, we derive the asymptotic power of the test in Theorem
9/; Let T}, denote the oracle test statistic, defined similarly to
T, except that the estimated nuisance parameters (gy, gx )
are replaced with their true values; see equation (14) in
Appendix D for the precise definition.

The following assumption is needed to derive the asymptotic
properties of our statistic.

Assumption 4. Assume M — oo as n — oo For

Cy > 0, ay,ag € (0,%) such that oy +ag > 2, D, €
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(X, XV XY, By € {Yiogv(Z),Gv(Z)} and i €
{i1,iz} where i, € J(®) for each s € [2], we have:

@ E{Kx(Di, D) Bill3K2(Zi, Z5) p<Co;

®) [E{IEKx(

1/2
+| B3z (i, 20)] }]

_O( _al)

(© [ {Hgy( Z)3[/Kz(Zi, Zi)+Kx (Ds, D;)
/cz<zi,zi)]}]1 —0(n™"2).

It it worth noting that the required technical assumptions
are relatively mild and are commonly used in the literature
of CMI testing. Part (a) of Assumption 4 ensures that the
(conditional) mean embeddings into the RKHSs, as well
as the operator 3, are well-defined and holds for bounded
kernels such as the Gaussian and Laplacian kernels. Part
(b) of Assumption 4 requires the estimation errors of the
neural networks to decay to zero at rates n~*! and n~*?
for a1, as € (0, 00) such that oy + g > 1/2. Similar rate
requirements appear in Cai et al. (2024) and Lundborg et al.
(2024).

When estimating gy with DNNs, Bauer & Kohler (2019)
demonstrated that the decay rate for E[||gy (Z) — gy (Z)3]
can be bounded from above by n=25/(25+4") where s is the
smoothness parameter of gy, and d* denotes its intrinsic
dimensionality. Regarding the estimation error of the con-
ditional mean embedding of Px|z, our requirement is less
restrictive than the assumptions based on the total varia-
tion distance between Py |z and its estimator, which are
commonly adopted in the literature.

Specifically, if Kx, Kz are bounded kernels and
Y% is bounded (without loss of generality, assume
they are bounded by 1), then Assumption 4 reduces

to E[|EKx(,X,)| Zi] — E[/cx(.,)?f”)|zi]||ﬂx} =
O(n=2*1) and E[llgy(Zi)—gv(Z:)|5] = O(n=2*2).
Note that

E[|[EKx(, Xi) | Zi] - E[Kx(, XM | 25,

x|z} ]
x)|z]}]

E[{ sw EED)-
FeHx: I flluyx <1

S

FRIX 2R || flloo <1

IN

E[f(X{") -

=2E[diy (Pgo . Px.iz,)]: 3)
where || - ||oc denotes the function supreme norm,
and drvy(-,-) denotes the total variation distance.
Here, the inequality in the second line is implied

by the fact that |f|loc = supyerax [f(z)] =

sup,erax [(f, Kx (2, ))ux| < s vEx (2, 2) <
I/ I3 - Therefore, we can also replace the error metrics in

X)|Zi)~E[Kx (- X 23 [VKz(Zi, Zi)

Assumption 4 by the total variation distance and the mean
squared error, i.e., E [dng(PA(le . Px,1z,)] = O(n=2)

X
and E[||gy (Z;)—gy (Z:)||3] = O(n=2“2), which are com-
mon assumptions made in existing works for characterizing
qualities of conditional generators and nonparametric regres-
sion functions. However, the total variation metric may not
be a suitable metric for characterizing the closeness between
nearly mutually singular distributions, which happens when
data are complex objects such as images or texts exhibiting
low-dimensional manifold structures (Tang & Yang, 2023).
Moreover, due to the double robustness property of our
test statistic, we do not impose separate constraints on the
respective estimation errors of gy and the mean embedding
of Pxz. Instead, we only require that their product decays
faster than n—1/2. Notably, when gy is sufficiently smooth,
ap can approach 1/2, allowing «; to remain very small to
accommodate complex and high-dimensional distributions
of Px |z (e.g., when both X and Z are images).

Theorem S. Suppose Assumption 4 holds, then under Ho,
we have that T, — T, = O, (n= [M Y2 4= 4 n=02]+
n*I/Q*(D‘l*O‘?)) as n — 0o, moreover, nfn g Tt = Tf +
T2T , where {T;r , T2Jr } are i.i.d. random variables following a
mixture of centered chi-squares distribution (see Appendix
D.1).

From this theorem, we observe that the “plugged-in” test
statistic 7}, becomes asymptotically equivalent to the oracle
statistic T, as long as a7 + ao > 1/2. This demonstrates
the property of double robustness: the slowly decaying non-
parametric estimation errors in (gy, gx ) do not compromise
the asymptotic accuracy of the test, provided the product of
these errors decays faster than n—1/2.

Now let us switch to the asymptotic power of the test under
local alternatives. We use the triple (X, Y?, Z%) to de-
note (X, Y, Z) under Hy and consider a sequence of triples
(X0, VA Z9) under the alternative hypothesis:

Hy, YA =E[Y°Z2°| +n2G(X°, Z2) + R.. 4

Here, the R%Y -valued function G and the random vector
R, satisfy E[G(X?, Z2°)|Z°] = 0 and E[R,|X°, Z°] =
0, respectively, so that the exponent a > 0 determines
the decay rate of the deviation from null under Hi,,; for
instance, setting a = 0 and R,, = R corresponds to a fixed
alternative. The following assumption is needed to derive
the asymptotic results under H;,, when o > 0.

Assumption 6. For D € {Kx(XY,-),gx(Z°)}, there ex-

ists a random variable ¢ € R such that E{ DI, 1R —

CI3Kz(2°, 2°) } 0.

Remark 7. Assumption 6 implies that when o« > 0, the
demeaned random vector R,, = Y,2 — E[Y,A|X° 29]
converges to some random vector (. Instead of fixing
R, = Y° —E[Y°Z° as in nonparametric regression mod-
els (see equation (1.1) in Zhu & Zhu (2018)), we allow R,
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to change with n and  can be different from Y° —E[Y°|Z°].

Theorem 8. Suppose Assumptions 4 holds, then under Hy,,
(see Appendix D.2 for precise definitions of relevant con-
stants and random variables),

~ D 2 0
1. If a = 0, then \/n(T,, — co) = %ijl gj(_ )
n — oo for some positive constant cqg and i.i.d. mean

zero normal random variables {g§°>, géo) 1

With Assumption 6 further satisfied, we have
2. If0<a<1/2, then n2*T,, 5 c for some ¢ > 0;

3. Ifa=1/2, thennT, et C"‘Tiﬁ'% 25:1 G;, where

Th = Z?:l Tju and {Th,,T\,} are i.i.d. random
variables following a mixture of centered chi-squares
distribution.

4. If o> 1/2, thennT), 3 T,

Theorem 5 establishes that rejecting Hy if nfn exceeds the
rejection threshold as the (1 — +)th quantile of the limiting
distribution of 7' constitutes a valid test procedure for H
with an asymptotic size of «y for any v € (0, 1). Addition-
ally, items 1 and 2 of Theorem 8 imply that nT, diverges to
infinity under H,,, if the deviation from the null hypothesis
decays slower than n~'/2, ensuring the power of this test
procedure to approach one as n — oco. Together, these prop-
erties imply the minimax-optimality of the test procedure
based on the test statistic 7;,, provided the rejection thresh-
old can be computed. On the other hand, items 3 and 4 of
Theorem 8 show that the test has trivial power in detecting
alternatives that are too close to the null. This is expected,
as even for a parametric linear model, a meaningful CMI
test cannot detect local alternatives with deviations from the
null decaying faster than the n~'/2 parametric rate (e.g., see
Section 1.1 of Lundborg et al. (2024)).

Finally, we demonstrate that our proposed test in Section 2.2
based on bootstrap eliminates the need to compute the rejec-
tion threshold, and the resulting test procedure is asymptoti-
cally indistinguishable from the optimal test based on n’T’,.
For a generic bootstrapped statistic JTI\ M defined according
to equatlon (2) with {ep; }_, replaced by independent sam-
ple {e;}, from standard normal distribution, we say that
M, MM converges in distribution in probability to a random
variable B* if, for any subsequence ]\7}%{’9, there exists a

M,
further subsequence Mn,fj such that the conditional dis-

tribution of M,Lk given the data {X;,Y;, Zi, n" }55,—1
converges in distribution to B* almost surely (e.g., see Deﬁ—

nition 2.1 of Zhang et al. (2018)). We use the notation —> to
denote convergence in distribution in probability.
Theorem 9. Suppose Assumptions 4 holds, then we have
(see Appendix D.3 for precise definitions of relevant con-
stants and random variables),

1. Under Hy, n]\/]fl” 5 Tt

2. Under Hy,, with o = 0, n]/\ifl‘/[ N T, = E§:1T

where {Ty, Ty} are i.i.d. random variables following
a mixture of centered chi-squares distribution.

With Assumption 6 further satisfied, we have
3. Under Hq,, with o > 0, nM\M by TJr

Furthermore, if we let M\, denote the (1 — ~y)th quantile

of nM,, MM conditioning on the data, then the power (probabil-
ity of detecting the alternative) of our testing procedure sat-
isfies: lfO[<]./2 then IP’(nT > Myys) = Lifa=1/2,
then P(nT,, > My ) — Plc+Th+-L 2552195 >
T‘fv)’ where TO"}7 denotes the (1 — v)th quantile of T};
ifa>1/2, then P(nT, > My ) = 7.

Since P(n T, > M) = P(Rej,), item 1 of Theorem 9
demonstrates that the proposed test achieves asymptotically
correct size; while items 2 and 3, along with the second part
of the theorem, establish that the proposed test is consistent
(the probability of rejecting Hy converges to 1) when the
alternative lies outside an n 1/ 2_neighborhood of H (ie.,
when « < 1/2). Similar to the optimal test based on nT;,
discussed after Theorem 8, the proposed test will also ex-
hibit trivial power in detecting alternatives that are too close
to the null (i.e., when o > 1/2).

3. Simulation Results

To evaluate the finite-sample performance of our test, we
adopt the two examples from Cai et al. (2024), where the
response variable Y is univariate. Each experiment is re-
peated 500 times with sample sizes n € {200, 400, 800}.
The nominal significance level is set at 5%.

Example A1: Consider the linear regression model Y; =
By Zi + BxXi + € fori € [n], where ¢; R N(0,0.5%)
are independent of {X;, Z;}"_,, dx = dz = 25 and
(z', x.") i N(0,X) with the (i, j)th element of . being
Y = 0373 for i, j € [50]. We set the first two compo-
nents of Bz as one and the rest as zero. For this example,
the null Hy corresponds to Bx = 0. Under the sparse alter-
native, the first two components of Sx are 0.2/ V2 and the
rest as zero. Under the dense alternative, every component
of Bx is fixed at 0.2//25 = 0.04.

Example A2: Consider the nonlinear regression model
Y, = B, 7Z; + (,BI(Xi)Q + € for i € [n], under the same
Bz and {X;, Z;, €;}"_, as in Example Al. The null Hy also
corresponds to Bx = 0. Under the sparse alternative, we
set the first five components of Bx to be 10~'/2 and the rest
as zero. Under the dense alternative, we set the first twelve
components of Bx as 24=1/2 and the rest as zero.

For T,,, we opt to use the Laplacian kernel and the band-
width parameter for each kernel is selected according to
the median heuristic (Gretton et al., 2012, Section 8). For
comparison, we also include the simulation results for the
CMI test proposed in (Williamson et al., 2023, Algorithm
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Table 2. Empirical size and size adjusted power for Examples Al and A2.

N PMIT pMIT, PMIT,, PMIT, [ PCM PCMy | VIM | DSP DSPay T, | T,
XGB DNN | XGB DNN | XGB DNN | XGB DNN Oracle
200| 5.6 6.4 | 5.8 7.0 | 6.2 84 | 80 96 | 20 00 | 3.2 ] 00 0.0 70 | 8.8
Ho 100 60 42 | 80 58 |[11.8 96 |142 132]| 34 00 |48 00 00 6.8 | 7.0
800 7.0 11.2| 98 128|142 172|202 21.0| 1.2 00 | 48 |00 0.0 72 | 54
200 38 9.4 | 5.6 04 | 32 56 | 48 7.6 |11.0 254 |12.6 158 15.8 | 88.4 |36.0
Example Al Hj sparse [ 400 | 18.6 34.6 | 30.4 35.8 | 11.8 55.2 | 24.8 56.8 | 27.0 81.8 |14.8|14.8 29.8 | 100 | 98.6
800 | 91.6 66.0 | 97.8 66.4 | 96.0 96.2 | 99.8 958 | 87.4 99.8 |31.6 |52.8 OI.8 | 100 | 100
200 6.0 11.6| 7.0 11.2| 3.0 158 | 4.6 20.0|15.6 30.0 |13.2|22.4 43.8 | 98.4 | 56.0
H; dense [400 | 17.6 63.6 | 32.2 65.8 | 11.0 83.6 | 20.6 86.3 | 20.2 87.8 |17.0 |47.2 76.8 | 100 | 100
800 | 86.6 94.8 [ 93.6 95.2 | 85.6 100 |99.0 100 |91.2 100 |38.6|80.2 98.8 | 100 | 100
200 5.6 64 | 58 7.0 | 62 84 | 80 96 | 20 00 |3.2 00 00 70 | 8.8
Ho 100 6.0 42 | 80 58 |[11.8 96 |142 132] 3.4 00 |48 00 00 68 | 7.0
800 | 7.0 11.2| 98 128|142 172|202 21.0] 1.2 00 |48 | 00 0.0 72 | 5.4
200 74 7.6 |13.0 122|176 10.2|27.0 21.0|10.6 172 |10.6|464 746 | 368 |19.2
Example A2 Hj sparse [ 400 | 27.2 24.8 | 47.0 29.8 | 28.4 50.6 | 57.4 60.4 | 23.2 82.0 | 26.0| 73.0 90.8 | 80.0 | 76.2
800 | 92.2 42.6 | 98.6 45.6 | 97.6 90.0 | 100 91.6 | 94.2 100 |71.8]99.6 99.8 | 100 | 100
200 7.6 8.2 |12.0 12.8|14.4 04 |25.0 248 | 6.6 11.2 |10.6|504 794 | 23.8 [17.6
H; dense [400 | 14.0 32.0 | 27.2 36.8 | 15.0 67.4 | 33.0 75.8 | 13.4 43.0 |12.6 |84.0 96.4 | 57.4 | 57.8
800 | 44.2 60.0 | 67.6 61.6|39.8 984|794 99.2|58.0 97.2 |31.2|99.6 100 | 99.8 |99.2

3) (denoted as VIM), the single and multiple split statistics
proposed in (Lundborg et al., 2024, Algorithm 1 and 177)
(denoted as PCM and PCM ), respectively), the single and
multiple split statistics proposed in (Dai et al., 2022, equa-
tions (3) and (7)) (denoted as DSP and DSP,; respectively),
the single/multiple split CMI tests proposed in Cai et al.
(2024) (denoted as pMIT and pMIT; respectively) as well
as their power enhanced versions (denoted as pMIT, and
pMITe,, respectively). For the four tests proposed in Cai
et al. (2024), we include the simulation results when the
conditional mean functions are learned using eXtreme Gra-
dient Boosting (XGB) and DNN. In addition, we also show
the simulation results for an oracle version of our statistic
T, where the true CME and conditional mean function of
Y are used instead of their estimators. R

For Example Al, as shown in Table 2, VIM and T, have
relatively accurate size under H(, while PCM and DSP (as
well as their multiple split versions) are severely undersized.
The empirical size for pMIT with XGB estimation method
is close to the nominal level, but it is oversized with DNN es-
timation method. The pMIT tests with multiple split and/or
power enhancement all have large size distortions and the
size distortion gets larger as n increases. For the size ad-
justed power, our test 73, outperforms all other tests for all
values of n under both sparse and dense alternatives, and
VIM has the largest power loss although it also utilizes sam-
ple splitting and cross fitting. Note that pMITj; with DNN
estimation method actually has larger power than pMIT,,
which is supposed to be the power enhanced version of
pMIT.

For Example A2, as shown in Table 2, the empirical size
results are the same as in Example A1l. For the size adjusted
power, DSP and DSP) have the best overall performances
(especially when the sample size is small) and our test 75,
have similar power performance as DSP and DSP,; when
n = 800. Note that the power performances of the tests

proposed in Cai et al. (2024) depends heavily on the sparsity
of the alternative and the estimation method used. The XGB
estimation method has better performance under sparse al-
ternative while the DNN estimation method outperforms
under the dense alternative.

4. Imaging Data Applications
We apply our proposed CMI method to identify important
facial regions for two computer vision tasks: recognizing
facial expressions and predicting age.

4.1. Facial expression recognition

We examine whether covering specific facial regions affects
facial expression prediction accuracy using the FER2013
dataset (Goodfellow et al., 2013), which contains 48 x 48
grayscale images labeled with one of seven expressions:
angry, disgust, fear, happy, sad, surprise, neutral. Following
Dai et al. (2022), we analyze seven hypothesized regions
(HRs): top left corner (TL), nose, right eye, mouth, left eye,
eyes, and face (see Figure 2). After preprocessing as in
Section 6.D of Dai et al. (2022), we use 11,700 image-label
pairs, denoted as {(X;, Y;)}117%, and generate images Z;
by masking HRs.

The test statistic 7}, is computed on ten subsamples (size
n = 2000), with the resulting p-values plotted in Figure 1,
alongside p-values for DSP),; statistics (Dai et al., 2022)
under 0-1 loss and CE loss. To assess testing results, we
compare test accuracies from a VGG network (Khaireddin
& Chen, 2021) trained on (Y;, Z;) for each HR against the
baseline accuracy using (X;,Y;). As shown in Figure 1, ﬁ,
correctly identifies the nose and TL as non-discriminative
regions (p-values above the 5% level), while rejecting Hy
for other HRs, consistent with their lower test accuracies.
DSP); p-values vary by loss function, with CE loss ex-
hibiting stronger detecting power but inflated type-I error
for TL and nose. Additionally, DSP, results do not align
with accuracy trends, highlighting inconsistencies in region
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Figure 1. Box plot of the p-values (left y-axis) and the test accura-
cies (red line, right y-axis) for different HRs. The blue dashed line
represents the baseline accuracy. The red dashed line represents
the 5% nominal level. The test accuracy for the face-covered case
(face acc: 37.60) is shown at the bottom right corner.
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Figure 2. Original facial images in FER2013 (first column) and the

covered images with HRs: TL, nose, right eye, mouth, left eye,
eyes, face (Columns 2-8).

importance detection. Further details and a more in-depth
discussion of the results are provided in Appendix B.1.

4.2. Facial age estimation

We investigate the impact of covering specific fa-
cial regions on age prediction accuracy using the
cropped and aligned UTKFace dataset (Zhang et al.,
2017), available at https://www.kaggle.com/
datasets/abhikjha/utk-face-cropped. Five
hypothesized regions (HRs) are analyzed: top left corner
(TL), nose, mouth, eyes, and face (see Figure 4 and Ap-
pendix A.3). After converting images to grayscale and
selecting age labels between 20-59 years, we obtain 16,425
image-label pairs, {(X;,Y;)};2 16425 "and the masked images
{Z;}1545. The statistic T is Computed on ten subsamples
(n = 2000 each), with p-values and mean absolute errors
(MAE) from an EfficientNet BO model (Tan & Le, 2019)
plotted in Figure 3. Baseline MAEs from (X, Y;) are also
included for comparison.

Figure 3 shows that 7, p-values are above the 5% level
when TL, nose, or mouth is covered, indicating these re-
gions are not critical for age estimation. However, Hj is

Face MAE: 8.42

100

75

w B3 pmT
< E3 pMITy
> A
Tn
® Test MAE

50

p-value

baselife MAE: 5.58
25

N S My P == == T

level 5%

TL Nose Mouth Eyes Face
region

Figure 3. Box plot of the p-values (left y-axis) and the test MAE
(red line, right y-axis) for different HRs. The blue dashed line
represents the baseline MAE. The red dashed line represents the
5% nominal level. The test MAE for the face-covered case (face

MAE: 8.42) is shown at the bottom right corner.
7 7
Car-

/

Figure 4. Original facial images in UTKFace (first column) and the
covered images with HRs: TL, nose, mouth, eyes, face (Columns
2-6).

rejected for eyes and face due to significantly higher test
MAEs. pMIT), consistently produces low p-values, even
when TL is covered (test MAE close to baseline), indicating
oversizing. Meanwhile, pMIT fails to reject Hy in some
cases (e.g., eyes, mouth) despite higher test MAEs than the
nose-covered case, highlighting inconsistencies. Further
details and more discussions of the results can be found in
Appendix B.2

5. Conclusion

In this paper, we propose a novel conditional mean inde-
pendence test that addresses limitations of existing methods.
Using RKHS embedding, sample splitting, cross-fitting, and
deep generative neural networks, our fully non-parametric
test handles multivariate responses, performs well in high-
dimensional settings, and maintains power against local
alternatives converging at the n~'/2 parametric rate. Simu-
lations and data applications demonstrate its effectiveness.
Some potential future directions include exploring condi-
tional quantile independence testing, developing variable
selection methods with false selection rate control, and per-
forming diagnostic checks for high-dimensional regression
models.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

References
Ait-Sahalia, Y., Bickel, P. J., and Stoker, T. M. Goodness-
of-fit tests for kernel regression with an application to

option implied volatilities. Journal of Econometrics, 105
(2):363-412, 2001.

Athey, S., Imbens, G. W., Metzger, J., and Munro, E. Using
wasserstein generative adversarial networks for the design
of monte carlo simulations. Journal of Econometrics, 240
(2):105076, 2024.

Aubin, J.-P. Applied functional analysis. John Wiley &
Sons, second edition, 2000.

Bang, H. and Robins, J. M. Doubly robust estimation in
missing data and causal inference models. Biometrics, 61
(4):962-973, 2005.

Baptista, R., Hosseini, B., Kovachki, N. B., and Marzouk, Y.
Conditional sampling with monotone gans: from genera-
tive models to likelihood-free inference. arXiv preprint
arXiv:2006.06755, 2020.

Bauer, B. and Kohler, M. On deep learning as a remedy for
the curse of dimensionality in nonparametric regression.
The Annals of Statistics, 47(4):2261 — 2285, 2019.

Bengio, Y., Courville, A., and Vincent, P. Representation
learning: A review and new perspectives. IEEE transac-
tions on pattern analysis and machine intelligence, 35(8):
1798-1828, 2013.

Berahmand, K., Daneshfar, F., Salehi, E. S., Li, Y., and
Xu, Y. Autoencoders and their applications in machine
learning: a survey. Artificial Intelligence Review, 57(2):
28, 2024.

Cai, J,, Luo, J., Wang, S., and Yang, S. Feature selection in
machine learning: A new perspective. Neurocomputing,
300:70-79, 2018.

Cai, L., Guo, X., and Zhong, W. Test and measure for partial
mean dependence based on machine learning methods.
Journal of the American Statistical Association, 0(ja):
1-32, 2024.

Cai, Z., Lei, J., and Roeder, K. Model-free prediction test
with application to genomics data. Proceedings of the
National Academy of Sciences, 119(34):€2205518119,
2022.

10

Dai, B., Shen, X., and Pan, W. Significance tests of feature
relevance for a black-box learner. IEEFE transactions on
neural networks and learning systems, 35(2):1898-1911,
2022.

Daudin, J. Partial association measures and an application to
qualitative regression. Biometrika, 67(3):581-590, 1980.

Dehling, H. and Mikosch, T. Random quadratic forms and
the bootstrap for u-statistics. Journal of Multivariate
Analysis, 51(2):392-413, 1994.

Delgado, M. A. and Manteiga, W. G. Significance testing
in nonparametric regression based on the bootstrap. The
Annals of Statistics, 29(5):1469-1507, 2001.

Dziugaite, G. K., Roy, D. M., and Ghahramani, Z. Training
generative neural networks via maximum mean discrep-
ancy optimization. arXiv preprint arXiv:1505.03906,
2015.

Fan, Y. and Li, Q. Consistent model specification tests:
omitted variables and semiparametric functional forms.

Econometrica: Journal of the econometric society, pp.
865-890, 1996.

Goodfellow, 1., Pouget-Abadie, J., Mirza, M., Xu, B.,
Warde-Farley, D., Ozair, S., Courville, A., and Bengio,
Y. Generative adversarial nets. In Advances in Neural
Information Processing Systems, volume 27, 2014.

Goodfellow, 1. J., Erhan, D., Carrier, P. L., Courville, A.,
Mirza, M., Hamner, B., Cukierski, W., Tang, Y., Thaler,
D., Lee, D.-H., et al. Challenges in representation learn-
ing: A report on three machine learning contests. In
Neural information processing: 20th international con-
ference, ICONIP 2013, daegu, korea, november 3-7, 201 3.
Proceedings, Part 111 20, pp. 117-124. Springer, 2013.

Gretton, A., Borgwardt, K. M., Rasch, M. J., Scholkopf,
B., and Smola, A. A kernel two-sample test. Journal of
Machine Learning Research, 13(25):723-773, 2012.

Hsing, T. and Eubank, R. Theoretical foundations of func-
tional data analysis, with an introduction to linear opera-
tors, volume 997. John Wiley & Sons, 2015.

Huang, J., Jiao, Y., Liao, X., Liu, J., and Yu, Z. Deep di-
mension reduction for supervised representation learning.
IEEE Transactions on Information Theory, 2024.

Kallenberg, O.  Foundations of Modern Probability.
Springer, second edition, 2002.

Khaireddin, Y. and Chen, Z. Facial emotion recognition:
State of the art performance on fer2013. arXiv preprint
arXiv:2105.03588, 2021.



Testing Conditional Mean Independence using GNN

Lavergne, P. and Vuong, Q. Nonparametric significance
testing. Econometric Theory, 16(4):576-601, 2000.

Lee, A.J. U-statistics: Theory and Practice. Routledge,
2019.

Lee, C. E., Zhang, X., and Shao, X. Testing conditional
mean independence for functional data. Biometrika, 107
(2):331-346, 2020.

Lehmann, E. L. and Romano, J. P. Testing Statistical Hy-
potheses. Springer Science & Business Media, 2006.

Li, B., Lai, Y.-K., and Rosin, P. L. Example-based image
colorization via automatic feature selection and fusion.
Neurocomputing, 266:687-698, 2017.

Li, Y., Swersky, K., and Zemel, R. Generative moment
matching networks. In International Conference on Ma-
chine Learning, pp. 1718-1727, 2015.

Lundborg, A. R. Modern methods for variable significance
testing. PhD thesis, Apollo - University of Cambridge
Repository, 2022.

Lundborg, A. R., Kim, I., Shah, R. D., and Samworth, R. J.
The projected covariance measure for assumption-lean

variable significance testing. The Annals of Statistics, 52
(6):2851-2878, 2024.

Magsood, M., Nazir, F., Khan, U., Aadil, F., Jamal, H.,
Mehmood, I., and Song, O.-y. Transfer learning assisted
classification and detection of alzheimer’s disease stages
using 3d mri scans. Sensors, 19(11):2645, 2019.

Murdoch, W.J., Singh, C., Kumbier, K., Abbasi-Asl, R., and
Yu, B. Interpretable machine learning: definitions, meth-
ods, and applications. arXiv preprint arXiv:1901.04592,
2019.

Nguyen, B., Nguyen, B., Nguyen, H. T., and Nguyen,
V. A. Generative conditional distributions by neural (en-
tropic) optimal transport. In Proceedings of the 41st In-
ternational Conference on Machine Learning, ICML 24.
JMLR.org, 2024.

Park, J. and Muandet, K. A measure-theoretic approach
to kernel conditional mean embeddings. In Larochelle,
H., Ranzato, M., Hadsell, R., Balcan, M., and Lin, H.
(eds.), Advances in Neural Information Processing Sys-
tems, volume 33, pp. 21247-21259. Curran Associates,
Inc., 2020.

Rudin, W. Functional analysis. McGraw-Hill, New York,
second edition. edition, 1991.

Shah, R. D. and Peters, J. The hardness of conditional inde-
pendence testing and the generalised covariance measure.
The Annals of Statistics, 48(3):1514-1538, 2020.

11

Shi, C., Xu, T., Bergsma, W., and Li, L. Double generative
adversarial networks for conditional independence testing.
The Journal of Machine Learning Research, 22(1):13029-
13060, 2021.

Shi, Y., De Bortoli, V., Deligiannidis, G., and Doucet,
A. Conditional simulation using diffusion schrodinger
bridges. In Uncertainty in Artificial Intelligence, pp.
1792-1802. PMLR, 2022.

Song, L., Huang, J., Smola, A., and Fukumizu, K. Hilbert
space embeddings of conditional distributions with appli-
cations to dynamical systems. In Proceedings of the 26th

Annual International Conference on Machine Learning,
pp- 961-968, 2009. ISBN 9781605585161.

Szabd, Z. and Sriperumbudur, B. K. Characteristic and
universal tensor product kernels. Journal of Machine
Learning Research, 18(233):1-29, 2018.

Tan, M. and Le, Q. Efficientnet: Rethinking model scal-
ing for convolutional neural networks. In International
conference on machine learning, pp. 6105-6114. PMLR,
2019.

Tang, R. and Yang, Y. Minimax rate of distribution estima-
tion on unknown submanifolds under adversarial losses.
The Annals of Statistics, 51(3):1282—1308, 2023.

Van Landeghem, S., Abeel, T., Saeys, Y., and Van de Peer, Y.
Discriminative and informative features for biomolecular
text mining with ensemble feature selection. Bioinformat-
ics, 26(18):1554-1560, 2010.

Verdinelli, I. and Wasserman, L. Feature importance: A
closer look at shapley values and loco. Statistical Science,
39(4):623-636, 2024.

Weidmann, J. Linear operators in Hilbert spaces. Springer
Science & Business Media, 1980.

Williamson, B. D., Gilbert, P. B., Carone, M., and Simon,
N. Nonparametric variable importance assessment using
machine learning techniques. Biometrics, 77(1):9-22,
2021.

Williamson, B. D., Gilbert, P. B., Simon, N. R., and Carone,
M. A general framework for inference on algorithm-
agnostic variable importance. Journal of the American
Statistical Association, 118(543):1645-1658, 2023.

Yang, L., Zhang, Z., Song, Y., Hong, S., Xu, R., Zhao, Y.,
Zhang, W., Cui, B., and Yang, M.-H. Diffusion models:
A comprehensive survey of methods and applications.
ACM Computing Surveys, 56(4):1-39, 2023.

Zhang, X., Yao, S., and Shao, X. Conditional mean and
quantile dependence testing in high dimension. The An-
nals of Statistics, 46(1):219-246, 2018.



Testing Conditional Mean Independence using GNN

Zhang, Y., Huang, L., Yang, Y., and Shao, X. Doubly robust
conditional independence testing with generative neural
networks. arXiv preprint arXiv:2407.17694, 2024.

Zhang, Z., Song, Y., and Qi, H. Age progression regression
by conditional adversarial autoencoder. In Proceedings
of the IEEE conference on computer vision and pattern
recognition, pp. 5810-5818, 2017.

Zhou, X., Jiao, Y., Liu, J., and Huang, J. A deep gener-
ative approach to conditional sampling. Journal of the
American Statistical Association, 118(543):1-12, 2022.

Zhu, X. and Zhu, L. Dimension reduction-based signif-
icance testing in nonparametric regression. Electronic
Journal of Statistics, 12(1):1468-1506, 2018.

Zhuang, F., Qi, Z., Duan, K., Xi, D., Zhu, Y., Zhu, H., Xiong,
H., and He, Q. A comprehensive survey on transfer
learning. Proceedings of the IEEE, 109(1):43-76, 2020.

12



Testing Conditional Mean Independence using GNN

Appendix to “Testing Conditional Mean Independence Using Generative Neural Networks”

The Appendix is organized as follows: Appendix A details the training procedure and hyperparameter selection for the
GMMN generator and DNN used in Sections 3 and 4. Appendix B provides an in-depth analysis and discussion of the
results from Sections 4.1 and 4.2. Appendix C contains the proof of Proposition 3. Appendix D formalizes and proves
Theorems 5-9. Finally, Appendix E includes an essential auxiliary lemma and its proof.

A. Implementation details
In this section, we offer additional details about the training procedure and network structure of the networks used in the paper.

In practical applications, the conditional distribution Px | is often unknown, and we use a generative neural network (GNN)
to train a conditional generator G : R™ x R%2 — R?x for approximate sampling from Px|z. By sampling a latent variable

71 from a simple distribution (e.g., standard normal) over R™, the conditional distribution of X = @(77, Z) given Z (denoted
as P??I ) serves as a good approximation of Py |z.

We adopt the GMMN framework for its strong performance and alignment with our test. The conditional generator Gis
trained by minimizing the sample-based squared MMD between Px 7 and Pg ,, using training data (X, Z;):", and Mnp
latent variables {n* : i =1,...,np, m=1,..., M}

G = argmin ——— fjij Kp(Z. Z2), S
(%eg nr(np—1) g;e (Xk, Xo) - Kz(Zk, Zo) (5)
k,lenr)
~ | M
with - U(Xy, X¢) = Kx(Xp, Xo) = 37 > Ko (Xe, Gx (0", Z0)
m=1
| M o
7 mZ::l Kx(Xe, Gx(nil*, Z1)) + i mZ:lICX (Gx (i, Zi), Gx (i, Z4)),

where G represents an approximation family, such as (deep) neural networks. In the original GMMN framework by
Dziugaite et al. (2015), the Monte Carlo sample size M is fixed at one. However, our results indicate that increasing M
significantly enhances the empirical performance and stability of the training process.

Let n;, denote the batch size, N is the total training epoch, yx is the learning rate of Adam optimizer, M, is the Monte
Carlo sample size mentioned above, d,,, is the dimension of the input noise 7, and p is the distribution of the input noise.
The table below shows how the above mentioned hyperparameters are selected in each section. Other hyperparameters of
the GMMN used only in some specific section is discussed in Appendix A.1-A.3. The training procedure is outlined in
Algorithm 1.

Section ny Nt vX M, dm P
3 128 1000 49-10° 10 50  N(0,1/3-Is)
41 64 300 1-107% 10 2304  A(0,1/10- Inz0s)
42 16 300 1-100% 10 50  ANY(0,1/10- Iso)

Table 3. Hyperparameter selection for G

A.1. Numerical simulation in Section 3

Model structures and hyperparameters

To train the DNN /g\y;\WC use the model structure and hyperparameters outlined in the following table with the MSE loss.
To train the GMMN G, we follow Algorithm 1 with loss Lx = LlX + Lg(, where LlX and Lg( are defined in equation (5)
using the Laplace Kernel and Gaussian Kernel, respectively. Let - be the learning rate of Adam optimizer, BN represents
whether batch normalization is used, and I'g. 7 is the activation coefficient of the leaky ReLU activation function. The
hyperparameter values used in Section 3 is summarized in the following table.
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Algorithm 1 Training Conditional Generator G

Input: batch size ny, data { (X, Y3, Z;) }ie[n). total training epoch N, learning rate of Adam optimizer +x , number of
synthetic samples M, distribution of the input noise p
Initialize the conditional generator G
Compute the batch number b, =[n/ny]
for:=1to Nt do
Randomly split the data { (X, Y, Z;) }icjy,) into by, batches
for b=1to b, do
Select (X;, Z;) from the b-th batch
Sample 1" ~ p for i € [np], m € [Mr]
Compute sz:@(%m’ Z;) and loss L x based on equation (5)
Update G based on loss L x using Adam optimizer with learning rate vx
end for
end for
Output: G

np Nr 0% # of hidden layer ~ # of nodes BN  T'geru drop out
G 128 1000 4.9-1073 1 128 No 0.8 0.05
Jy n 1000 2.2-1073 1 256 No 0.7 0.15

Table 4. Network structure and hyperparameter selection for section 3

Baseline algorithms
We implemented the pMIT, pMIT,, pMIT ;, pMIT, s, PCM, PCM,;, VIM, DSP, DSP;; methods using the code provided
by Cai et al. (Section 5.1, 2024) with the default settings.

A.2. Facial expression recognition application in Section 4.1

Sampling procedure

To compute the test accuracy, we adopt the following train-test split procedure: select half of the images from each emotion
label (recall that there are 7 emotions) as the testing set (with a sample size of 5850), and use the remaining images as the
training set (with a sample size of 5850). We train the VGG network following the settings in Khaireddin & Chen (2021).
The trained network is evaluated on the testing set to get the test accuracy.

To obtain a subsample with a size of 2000, we randomly sample 2000/11700 of the triples from each emotion. To compute
T, we then split this subsample equally into two folds, with each fold containing approximately 1000/11700 of the triples
from each emotion.

Model structures and hyperparameters

We use the VGG network from Khaireddin & Chen (2021) to estimate gy and follow their default hyperparameters to train
the network.

The GMMN generator is designed to process input images and noise vectors and it is trained by Algorithm 1 with loss
Lx = LlX, where LZX is defined in equation (5) using the Laplace Kernel. It starts with a fully connected layer that
transforms the noise vector into a 48 x 48 feature map, followed by a ReLLU activation. This feature map is then concatenated
with the input image, resulting in a tensor with dimensions 2 x 48 x 48. The concatenated tensor is passed through an
intermediate block consisting of four convolutional layers. Each convolutional layer has 128 output channels, a kernel size
of 3, and padding of 1, with ReLU activations applied after each layer. This output of the intermediate block is a feature
map of dimensions 128 x 48 x 48, which is passed through a final convolutional layer to reduce the number of channels
from 128 to 1 (the final convolutional layer has kernel size of 3 and padding of 1). A Sigmoid activation function is applied
to produce the final output, which has dimensions 1 x 48 x 48.

For each HR, the synthetic data X i(m) used to calculat the statistic fn is constructed by replacing the covered region in Z;
with the corresponding region from the output image of the trained GMMN.
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Figure 5. Original facial images in FER2013 (first column) and the covered images with HRs: TL, nose, right eye, mouth, left eye, eyes,
face (Columns 2-8). From row 1 to 7, the expressions are ‘angry’, ‘disgust’, ‘fear’, ‘happy’, ‘sad’, ‘surprise’, ‘neutral’. The pixel locations
(height range, width range) for each HR are: TL: (1:6, 1:6); nose: (25:33, 21:30); right eye:(11:27, 26:46); Case mouth: (35:46, 19:31);
Case left eye: (11:27, 6:26); Case eyes: (11:27, 6:46); Case face: (5:45, 5:45).

Baseline algorithms
We implemented the DSPj, (with 0-1 loss and Cross Entropy (CE) loss) using the code provided by Dai et al. (Section 6.D,
2022) with the default settings.

A.3. Facial age estimation application in Section 4.2

Sampling procedure

To compute the test MAE, we adopt the following train-test split procedure: select 50 images from each age label (recall
that age labels ranging from 20 to 59) as the testing set (with a sample size of 2000), and use the remaining images as the
training set (with a sample size of 14,425). We train the EfficientNet BO network (Tan & Le, 2019) (with the final layer
modified to output a single value) on the training set by minimizing the MAE loss. The trained network is evaluated on the
testing set to get the test MAE.

To obtain a subsample with a size of 2000, we randomly sample 50 triples from each age label. To compute fn, we then
split this subsample equally into two folds, with each fold containing approximately 25 triples from each age label.

Model structures and hyperparameters

We use the EfficientNet BO network from (Tan & Le, 2019) to estimate gy, with the following hyperparameters to train the
network: batch size n, = 128, total epochs N7 = 300, learning rate v = 1 x 103, and the loss metric is MAE loss. We
employ the ReduceLROnPlateau learning rate scheduler, which reduces the learning rate by a factor of 0.2 if the MAE
of the testing fold does not improve for 10 consecutive epochs. The minimum learning rate is set to 1 x 1075, To save
computation time and avoid overfitting, we adopt the early stopping technique based on the MAE of the testing fold, with an
early stopping patience of 25 epochs.

The GMMN generator is trained by Algorithm 1 with loss Lx = Lk, where L, is defined in equation (5) using the Laplace
Kernel and it adopts the same ReduceLROnPlateau learning rate scheduler and early stopping technique mentioned
above. It starts with a fully connected layer that transforms the noise vector into a 224 x 224 feature map, followed by
a ReLU activation. This feature map is then concatenated with the input image, resulting in a tensor with dimensions
2 x 224 x 224. The concatenated tensor is passed through an intermediate block consisting of four convolutional layers.
Each convolutional layer has 128 output channels, a kernel size of 3, and padding of 1, with ReLU activations applied after
each layer. This output of the intermediate block is a feature map of dimensions 128 x 224 x 224, which is passed through
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a final convolutional layer to reduce the number of channels from 128 to 1 (the final convolutional layer has kernel size of
3 and padding of 1). A Sigmoid activation function is applied to produce the final output, which has dimensions 1 x 224 x 224.
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Figure 6. Original facial images in UTKFace (first column) and the covered images with HRs: TL, nose, mouth, eyes, face (Columns 2-6).
The pixel locations (height range, width range) for each HR are: TL: (1:21, 1:21); nose: (101:141, 86:141); mouth: (131:211, 21:201);
eyes: (31:101, 21:201); face: (1:201,1:224).

For each HR, the synthetic data X Z(m) used to calculate the statistic fn is constructed by replacing the covered region in Z;
with the corresponding region from the output image of the trained GMMN.

Baseline algorithms

We implemented the pMIT, pMIT,., pMIT,;, and pMIT.; methods using the code provided by Cai et al. (Section 6.1,
2024). We modified their model to use the same EfficientNet BO architecture that we employed. Additionally, we changed
the loss function to MAE loss and did not scale the age label Y.

B. Detailed analysis of imaging data applications

B.1. Facial expression recognition

In this application, we examine whether covering some region of a facial image will influence the prediction accuracy of
facial expression. We use the Facial Expression Recognition 2013 Dataset (FER2013, Goodfellow et al., 2013) consisting
of 48 x 48 pixel grayscale facial images, each attached with a label from one of seven facial expressions: angry, disgust,
fear, happy, sad, surprise, neutral (denoted as Expression 1-7). As in (Dai et al., 2022), we consider seven cases where
different hypothesized regions (HR) are covered: top left corner (TL), nose, right eye, mouth, left eye, eyes, face; see
Appendix A.2 and Figure 2 for locations of these HRs.

After applying the same preprocessing procedure as outlined in Section 6.D of Dai et al. (2022), we obtain 11700
image-label pairs which will be the samples used in this application. Let {(X;, Y;)}}17°0 denote the 48 x 48 pixel facial
images and their corresponding labels. Note that for any i € [11700] and j € [7], Y; € R7 is an one-hot vector with the jth
component being one and the rest being zero if Expression j is associated with X;. For each HR, we use {Z;}117% to
denote the facial images with the HR covered in black.

The statistic fn is evaluated ten times on different subsamples, with sample size n = 2000, from the 11700 triples
{(X;,Y;, Z;)}117°0 and the box plot of the ten p-values are plotted in Figure 1. As comparison, we also include the
p-values of the DSP), statistics from (Dai et al., 2022) with different loss functions: 0-1 loss and Cross Entropy (CE)
loss. To evaluate the testing results, we calculated the test accuracy of a VGG network (Khaireddin & Chen, 2021)
trained/evaluated on the whole sample {(Y;, Z;) }117%, since lower accuracy indicates alternative hypothesis with stronger
signal. The resulting test accuracies for dlfferent HRs as well as the accuracy for the VGG network trained/evaluated
{(X;,Y;)} 1179 (denoted as baseline acc), are also plotted in Figure 1; see Appendix A.2 for the sampling procedure and
other implementation details.

As shown in Figure 1, the lower quantiles of the p-values from fn are above the 5% nominal level when nose or top left
corner of the facial image is covered, indicating that these regions are not discriminative to facial expressions. For all the
other HRs, the Hj, is rejected since all the p-values from 7, are smaller than the nominal level. The test results from 75, is
consistent with the test accuracies for different HRs, since the test accuracies when nose or TL is covered are very close to
the baseline acc, while for other HRs the test accuracies are noticeably lower than the baseline acc. The test results from
DSP, varies drastically when different loss functions are used. For DSPj; with 0-1 loss, the lower quantiles of the p-values
are above (close to) the nominal level for the cases when left eye or both eyes are covered, whereas the test accuracies
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for these cases are significantly lower than baseline acc, indicating these regions are indeed important in detecting facial
expressions. The DSP,, with CE loss has stronger detecting power than DSP,; with 0-1 loss since the p-values for the
former is in general smaller than the p-values for the later, which means stronger . However, when TL or nose are covered
(which correspond to the cases under Hy), the lower quantiles of the p-values from DSP,; with CE loss are smaller than the
nominal level, which may result in inflated type-I error. In addition, the median p-values for different HRs from DSP and
DSPj, do not decrease monotonously as the test accuracies decrease.

B.2. Facial age estimation

In this application, we investigate the impact of covering specific regions of facial images on the accuracy of age
prediction using a well-cropped and aligned version of the UTKFace dataset (Zhang et al., 2017), which is available at
https://www.kaggle.com/datasets/abhikjha/utk-face-cropped. We examine five scenarios where
different HRs are covered: the top left corner (TL), nose, mouth, eyes, face; see Appendix A.3 and Figure 4 for the locations
of these HRs.

After converting the images to grayscale and selecting the age labels ranging from 20 to 59 years old, we obtain 16425
image-label pairs, which will be the samples used in this application. Let {(X;, Y;)}1842° denote the 224 x 224 pixel facial
images and their corresponding age label Y; € R. For each HR, we use {Z;}1%4%° to denote the facial images with the HR
covered in black.

The statistic fn is evaluated ten times on different subsamples, each with a sample size of n = 2000, from the triples
{(X;,Y;, Z;)} 18425 The box plot of the ten p-values is shown in Figure 3. For comparison, we also include the p-values
of the pMIT and pMIT),, statistics from Cai et al. (2024). To evaluate the testing results, we calculated the MAE (mean
absolute error) of a EfficientNet BO network (Tan & Le, 2019) trained/evaluated on the whole sample {(Y;, Z;) }2%25.
The resulting MAE for different HRs, as well as the MAE for the EfficientNet BO network trained/evaluated using
{(X;,Y;)}154%° (denoted as baseline MAE), are also plotted in Figure 1; see Appendix A.3 for the sampling procedure and
other implementation details.

As shown in Figure 3, the median of the p-values from fn for different HRs decrease as the MAEs increase, and they are
above the 5% nominal level when TL, nose, or mouth (three HRs with the smallest MAESs) of the facial image is covered,
indicating that these regions are not discriminative for age estimation. For the eyes- and face-covered cases, the null
hypothesis Hj is rejected since the median of p-values from 7}, are smaller than the nominal level, which makes sense since
the test MAE in these two cases are significantly larger than the baseline MAE.

The p-values from pMIT ), are all lower than the nominal level, even for the TL-covered case where the test MAE is close to
the baseline MAE. This is consistent with the simulation result in Section 3 where pMIT); is severely oversized. The
p-values from pMIT does not change monotonously with the test MAE. Based on the median p-values, pMIT rejects Hy in
the nose-covered case but failed to reject Hy in the month- and eyes-covered cases, even though the later two have larger
test MAE than the nose-covered case.

C. Proof of Proposition 3

The following theorem comes from Theorem 2.2 in Park & Muandet (2020). Note that Hx, H; and H, are RKHSs defined
in Section 2.1. Denote Hx ® H as the tensor product space of Hx and Hz (Weidmann, 1980, page 47-48).

Theorem 10. Hyx ® Hy is generated by the functions f @ g : Rtz 5 R with f € Hx and g € Hy defined by
f®g(x,y) = f(x)g(y). Moreover, Hx ® Hz and Hy are identical.

The following definition of Hilbert-Schmidt operator and Hilbert-Schmidt norm is from Definition 12.1.1 and Theorem
12.1.1 in Aubin (2000).

Definition 11. Let A and B be two separable Hilbert spaces and {r; }3°; is an orthonormal base of A. A continuous linear
operator 7' : A — B is a Hilbert-Schmidt operator if the series

> /
Allrs = (S rwlz) ©
=1

converges, and || - || g is called the Hilbert-Schmidt norm.
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The following definition of the mean of a Hilbert space valued ranodm element is derived from Theorem 3.2.1 and Definition
7.2.1 in Hsing & Eubank (2015).

Definition 12. Let x be a random element taking values in a separable Hilbert space A. If E|x]la < 0, then x is
Bochner integrable (Hsing & Eubank, 2015, Definition 2.6.3) and its mean Ex is a unique element in A such that

(f,Ex)a = E(f,x)a forany f € A.

C.1. Proof of part (a) in Proposition 3
We prove ¥ is a Hilbert-Schmidt operator by showing that $¢ € Hj for any ¢ € R and ||[|%4 < 0.

To show Xc € Hy, denote h(z,y, z,¢c) = {ICO((x,z), ) = E[Ko((X, 2), )|2H ly — ]ET[Y|Z]]TC, then we have Y¢ =
Eh(X,Y, Z, c). By Definition 12, it suffice to show: (1), h(x,y, z, ¢) € Hy for any ¢ € R? and almost every (z,y, 2) €
RixFdy+dz. 2), E|h(X,Y,Z,c)|lu, < oo. For part (1), it is clear that Ko ((z,z2),-)[y — E[Y|2’HTC € My, and
E[Ko((X,z), -)|z] € Ho follows from Lemma 15. So part (1) is proved. For part (2), note that
2 2
(X,2), ) —E[Ko((X, 2), -)| 2] H ¥ - Ev12]) ¢ }

ﬁwmﬂwo ) )i, + B[ (X, 2), ) |2] [, ][IV 13 + lgv (2)113] }
§4||CH§E{[ 1Ko )HH +E[||Ko((X, 2), )||H0\ZH [HY\|§+ ||9Y(Z)H§” (M

ﬂwmﬂwu )M, + 1Ko 2), I, [V + o (2)13] ®

E|h(X,Y, Z,c)|2, :E{HICO
((x
((x

where equation (7) follows from a generalized Jensen’s inequality (Park & Muandet, 2020, Appendix A) and X is a random
vector such that (X, Z) 4 (X, Z) and X is conditionally independent of Y given Z. By Assumption 4(a), the right hand
side of equation (8) is finite and part (2) is proved since E||h(X,Y, Z, ¢)||lu, < {E|h(X,Y, Z,c)|3, }'/2.

To show ||X]|%,¢ < 0, let {r;}¥, be an orthonormal base of R%* where r; € R is a vector with ith element being 1 and
the rest being zero for any 7 € [dy]. Then we have

dy
15135 :Z [

E_Y: {[ 2),-) ~E[Ko((X, 2), )| 2] | [Y ~E¥12]) 'ri} ; ©)
<0B{ [[[Ko((X, 2), )3, + [E[Ko (X, 2), )|2) |, IV ~ EIVIZ] 3] }
<4 { |IKco N&+MMMWZ)NMHWWMHWMMH

<00, (10)

where equation (10) follows from equation (8). So 3 is a Hilbert-Schmidt operator.
To prove || X||3;¢ = I'*, note that from equation (9) we have
IZ5s =E{(Ko((X,2), ) — E[Ko((X, 2), )| 2], Ko (X', Z'), ) = E[Ko (X", Z)), -)| 7] >HO

:]E{< [ICX (X, ) - E[Kx (X, -)yz]]/cz(z, ), [/CX (X', ) - E[Kx (X, -)|Z’]]ICZ(Z’, -)>HDV(Y, Y’)}
(1)

V(r.Y)}

—E{(Kx (X, ) ~ E[Kx (X, )| 2] Kx (X, 1) ~E[lox (X, )|2]) VIV, Y)K2(2,2')}

Hx

:E{U(X, XYW, YKz(Z, Z’)}, (12)

where equation (11) follows from Lemma 15 and equation (12) follows from the reproducing property of RKHS. So part (a)
of Proposition 3 is proved.
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C.2. Proof of part (b) in Proposition 3
The operator norm (Rudin, 1991, Theorem 4.4) of X is defined as

IZllor = sup {[(f, s,

lells < 1,11 fllmo < 1. (13)

According to Proposition 12.1.2 in (Hsing & Eubank, 2015), ||Z]op < [|X|lgs. If T* = ||X]|%¢ = 0, then we have
|IX]|op = 0 which is equivalent to ¥ being a zero operator. If | X||op = 0, then we have Xr; = 0 € Hj for any i € [dy],
which implies I'* = ||$||%,g = 0. So we have that I'* = 0 if and only if X is a zero operator, which is equivalent to Hy
holds according to part (c) of Proposition 1.

D. Proofs of main results in Section 2.3
Define two oracle statistics as

2
1 1
TnQZ{Z(g_l) Z U(Xjan)V(}?7Yk)ICZ(Zj7Zk)} (14
s=1 Jj#k
G keg®
o1& 1 ~ S
Tn—22{g<g—1> > U(Xf’X’“W(”’Y’“)’CZ(Z””Z’“)}
s=1 J#k
G keg®

where

ﬁ(Xj7Xk) =Kx(X;, X) — En;cn/C)((Xj,Xém)) — En;vtﬁx()?;m),Xk) + En;nn;nICX()/f(.m),)/(\']gm))
15)

Denote S; = (X;, Z;), under Hy,, it is easy to see that Assumption 4 imply the following assumption:
Assumption 13. For i, a7 and D; defined in Assumption 4, we assume there is a large positive number C'3 such that

(a) ]E{ICX(DZ-,DZ-) —HCX(DZ-,DZ-)[l n ||g(5i)||§+|\7zm||§] ;cz(zi,zi)}<cg.

) \/2{I6(5) BB (. X()12) ~ Bl (. XD ZE, K2, )} = Ofn=) and

\/ E{ IR BIEICx (, X Z Bl (- K Zil I}, Kz (Z, 2) |=O(n=).

D.1. Proof of Theorem 5
First, we give a formalized version of Theorem 5:
Theorem 4 (formalized). Suppose Assumptions 4 holds, then under H,

j:'n, _ Tn :Op(nfl[M71/2 + nfozl + nfag] + n71/27(a1+a2))

and nfn 2ot = TlT + TI, where T, is defined in the same way as fn with ﬁ(Xj, Xk), \7(}’], Yx) replaced
by U(X;,Xy),V(Y},Yy) (see equation (14) in Appendix D) and {TlT7 TQT} are i.i.d. random variables with TlJr =
oo As( 2_1). Here, x? are i.i.d. chi-square random variables with one degree of freedom, and \,’s are eigenvalues of the
compact self-adjoint operator on Ly(R4x+dy+dz Py /) induced by the kernel function h((X1,Y1, Z1), (Xo,Ya, Z3)) =
U(X1, X2)V(Y1,Y2)Kz(Z1, Za); that is, there exists orthonormal basis { f;(X1,Y1, Z1)}32; of Lo(Rex+dv+dz Py, )
such that

EM‘((XL Yi, Zl)’ (.T,‘, Y, Z))fi(XhYla Zl)] = )\ifi(-r’ y,z).

Proof. Since T,, — Ty, = Op(n~ ' [M~/2 4 n=1 4 p=02] 4 p1/2=(@1402)) = o (n=1) by Lemma 17, it suffice to show
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nT, 2 Tt. Note that

"TZZ{Z@ > U(Xj,vam,Yk)/cz(zj,Zw}

G keg®

2
N P
_;2@ .

For any s € [2], T§n) is a degenerate U statistic of order two and %Ts(”) RS T follows directly follows from asymptotic
theory for degenerate U statistic, see Theorem 1 in Section 3.2.2 of Lee (2019) (also stated as Lemma 16 in Appendix E).

Since {T™, T{™} are mutually independent, we have nT; 3 T'. O

D.2. Proof of Theorem 8
First, we give a formalized version of Theorem 8:
Theorem 5 (formalized). Suppose Assumptions 4 holds, then under H,,

LIfa = 0 then /a(T, — c)) 5 532,61, where ¢y = E{U(Xl,Xg)V(Yl,Yg)ICz(Zl,ZQ)} >
0, and {gﬁo),géo)} are iid. mean zero normal random variables with variance equal to

4 Var (]E{U(Xl,Xg)V(Yl, Y2)Kz(Z1, Z2)

X2, Ya, Zo }) .
With Assumption 6 further satisfied, we have

2. If0<04<1/2, then nQO‘fn ﬂ) ¢, where ¢ = ]E{U(Xl, Xg)g(Xl, Zl)Tg(XQ, ZQ)’CZ(Zl, Z2)}>0

3. Ifa =1/2, thennT, 2 c—&—TIX—i—% 23:1 G;, where Tj‘ = Z?:l Tj‘j and {T};l, ij} are i.i.d. random variables

with T};l =32, )\iA(XZ2 —1), x? are i.i.d. chi-square random variables with one degree of freedom and )\f‘s are
the eigenvalues corresponding to the kernel function h((X1, (1, Z1), (X2, (o, Z2)) = U(X1, X2)({ (K z(Z1, Z3).
Here G; are independent mean zero normal random variables, possibly correlated with T j» with variance equal to

4Var (B{U(X1, X2)[6(X1, 20) T4 G(X2, 22)T G )K2 (21, 22)| G2, Xo, 22 }).

4. Ifa>1/2,nT, 3 T

Proof. If & = 0, by Lemma 17 we have \/nT,, = /nT, + 0p(1), so we only need to show that \/n(T,, — ¢g) Lo
N 2 g§°>. Note that

n\ —1
{(2> > U(vaxwvm,yk)@(zj,zk)_CO}

For any s € [2], T\ is a non-degenerate U statistic with ET\™ = ¢, and V5 (Ts(n) — ¢0) 3 6L follows directly follows
from asymptotic theory for non-degenerate U statistic, see Theorem 1 in Section 3.2.1 of Lee (2019) (also stated as Lemma

16 in Appendix E). Since {Tl(n)7 Tz(n)} are mutually independent, we have /n(T;, — co) B % 2321 g](O).
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If « > 0, by Lemma 17 and Assumption 6 we have

nTy =nT, + op(n'/?~*+1)

itk
4 keg ()

:g {27(1‘2_"1) > U(XjaXk)g(Sj)Tg(Sk)ICz(Z]-,Zk)}

DD U(X,17Xk>[g<sj>T<k+g<sk>T<j]fcz<z.7-,Z@}
2\2 j#k

~—

jkeg(®)

~—

ik
jkeg ()

[y

> UG X)) [(Raug = G) TGt (Rok — G) " G1K2(2;, Zk)}
i#k
4 keg ()

51

~—

[y

5o { %(”g_l ST UG X0)[G(5)T (Ruk — () +G(S1)T (Raj — cn]icz(zj,zk)}

> UG, Xe)(Rug — G) T (Ruk — 6Kz (25, Z/c)}
j,k]g;k(s)

3G

~—

2
+ZZ{S(11) > U(Xka)CjTCk’CZ(ZwZk)}+0p(n1/2a+1)

s=1 2 j#k
JkeT®
_ 12« -« -« 1/2—«
=n Ji+n S+ n “Jz+nds+nds + ndstop(n +1). (16)

Note that J; 2 E{U(X1,X2)G(S1)"G(S2)K2(Z1,Z2)} = ¢ > 0. J, is mean zero non-degenerate U statistics and J is
degenerate U statistics. By Assumption 6 and part (a) of Assumption 13, we have J3 = 0,(n~'/2) and Jy, J5 = 0,(n"1).
If O<a<1/2, nT, = n' =221 (1 + op(lA)) - o00. Ifa > 1/2, nT, = nJs + op(1) RaS T:[‘ follows in the same way as in
the proof of Theorem 5. If « = 1/2, nT,, = J1 + /nJa + nJs + 0,(1). Following similar approach as in the proof for
Theorem 2 of Lee et al. (2020), we have v/nJs + nJg B % 23:1 G+ le and the proof is finished.

O

D.3. Proof of Theorem 9
First, we give a formalized version of Theorem 9:
Theorem 6 (formalized). Suppose Assumptions 4 holds, then we have,

1. Under Hy, n]\//z]l‘/[ 2; TT,

2. Under Hy, with o = 0, nJ\/I\é\/f by T = 232:1 fj, where {Thfg} are i.i.d random variables with T, =

S vi(x? — 1), X2 are i.i.d chi-square random variables with one degree of freedom and ;s are eigenvalues
of h((X1,Y1,21), (X2, Y2, Z2)) = U(X1, X2)V (Y1, Y2)K2(Z1, Z2).
With Assumption 6 further satisfied, we have

3. Under Hy,, with o > 0, nM\TJLM z; TI‘.
Furthermore, if we let My, . denote the (1 — 7)th quantile of nM> conditioning on the data, then the power (probability
of detecting the alternative) of our testing procedure satisfies: if «<1/2, then P(nfn > M;Mﬁ) — 1;ifa=1/2, then
P(nT, > M) = IP’(C—FT;R—&—% Z?Zl Gj > TgY,), where Tg', denotes the (1 — ~)th quantile of Th; if @ > 1/2, then
P(nT, > My ) — .

Proof. Define

J
1 1
My ==Y S o > UX;, Xp)V(Y;,Y)Kz(Z;, Zi)ejer
J G- A

G keT
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and {Il,fl,fg,fg} according to the same equations as {[;, fl, f27j\3} in Appendix E with z(Z;, Z},) replaced by
Kz(Zj, Zy)ejex. Denote E* and P* as the conditional expectation and probability of a random variable conditioning on

{X:,Y;:, Z;, 77}”}?:’];{ m—1- First, we show that the difference between ]/\4\,11‘/1 and M, is asymptotically negligible in the sense
that

P(P*(|n]T4\£4—nMn| >e) 26) — 0 forany € > 0,6 > 0. a7

By Chebyshev’s inequality, it suffice to show E*[nMM — nM,|?> = o,(1), which is implied by E*[T?+72+12+12] =
0p(n~?). Note that E*[Z?4+Z24+7Z5+72] = o,(n~2) is already shown in the proof of Lemma 17. For example,
* 1 T7
BT = ———— Y Hi(X;, X0 V(Y. Y)?K2(Z5, Zi)?,
G -0 A
jikeg®

and the right hand side is 0, (n~2) according to part (a) of the proof of Lemma 17 for I;.

B =——— Y (X, XV, Y)K2(Z5, Z)?,
(3-1]" =
G keg®

and the right hand side is 0, (n~?2) according to part (b) of the proof of Lemma 17 for 1.

Note that nM,, 2; T under Hy and nM ki 2: Ty under Hi,, with o = 0 is a standard result in bootstrapping for U-statistics
(see Theorem 4 in Lee et al. (2020) or Theorem 3.1 in Dehling & Mikosch (1994)).

It remains to show nM,, 2; TI‘ under H;,, with & > 0. For i € [6], define D; according to the same formulas as .J; in
equation (16) with Kz (Z;, Zy,) replaced by Kz (Z;, Zx)e,er. Then we have

Tan = n1_2aD1 + nl_o‘Dg + nl_o‘Dg + TLD4 + ’IZD5 + ’I?,D6.

It is easy to see that E*D? = O, (n~2) for i € [3] and E*D? = 0,(n~2) for i = 4,5 (by part (a) of Assumption 13). So the

difference between nM,, and nDg is asymptotically negligible and nDg by le follows from Theorem 4 in Lee et al. (2020)
or Theorem 3.1 in Dehling & Mikosch (1994).

To show the asymptotic power of our test, let My, . denote the (1 — v)th quantile of nﬂy conditioning on
{X:,Ys, Z, n{”}?jﬁm:l. By theorem 9 and part (ii) of Lemma 11.2.1 in Lehmann & Romano (2006), M;:Mﬁ RN Ty,

My 5 Tg, My, 5 T, under Hy, Hy, with o > 0 and Hy,, with o = 0 respectively, where Ty ., T5', and T}
are the (1 — ~y)th quantiles of 7', T:x and 77 respectively. Then the asymptotic power results in Theorem 9 follows. O

E. Auxiliary Lemmas and Its Proofs
In this section, we give three lemmas that are used in the proofs of Proposition 3 and Theorems 5-9.

The following lemma is used in the proof of Proposition 3.
Lemma 15. If Assumption 4(a) holds, then ]E[ICO((X,Z), )|z] € Hy is well defined and E[ICO((X, z), )M =
IE[ICX(X, o)|z]ICZ(z, \) for almost every z € R4z,

Proof. By Assumption 4(a),

B{B[IKo((X. 2), -) 1| 2] } =E{V/Ex (X, X)K7(Z.2) }

g{]E[/cX(X,X)/CZ(Z, 7)] }1/2 < o0, (18)

which implies E[[|Ko((X, 2), - )|lm,|2] < oo for almost every z € R?2. So from Definition 12 we have that
E[Ko((X,z), -)|z] € Hyg is well defined for almost every z € R9%. Similarly, we can show E[Kx (X, -)|z] € Hx
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is well defined for almost every z € R%2. For any f € Hx and g € Hy, by Assumption 4(a) we have E|f(X)| <
I fllzx Ev/Kx (X, X) < oo and similarly E|f(X)g(Z)| < co. By Theorem 10 we have

(B[Ko((X,2), )2, f @ g)y, =E[£(X)g(2)]¢]
=E[£()|2]9(2)
—E[(Kx (X, ), fuy |2] (K2(, ), g)a

=(E[Rx (X, -)[]Kz(2, ), f © 9),.
so we have E[Ko((X, 2), -)|z] = E[Kx (X, -)|2]Kz(z,-) for almost every z € R?Z and the lemma is proved. O

The following lemma summarizes Theorem 1 in Section 3.2.1 and Theorem 1 in Section 3.2.2 of Lee (2019), and is used in
the proofs of Theorems 5 and 8.

Lemma 16. Let U, be a U-statistic based on kernel h(x1,x2) with 0% = Var(E[h(X1, X2)|X2]) and 0 = E[h(X1, X>)),
where {X;}"_, are i.i.d. copies from distribution Px. We have

1. Ifo? > 0, then \/n( n—@)—)N(O 402).

2. If 03 = 0 and E[h*(X1, X)), then nU, 4 Sooe As(Z2 — 1), where {Z;}22, are independent standard normal
random variables, and the \s are the eigenvalues of the integral equation

/ﬁuhmvu@w&uazxﬂmy

The following lemma gives the rate at which the difference between the statistic fn and the oracle statistic 7,, decays to
zero, which is used in the proofs of Theorems 5-9.
Lemma 17. Suppose Assumption 4 holds, then we have

1. Ty — Ty = Op(n~ [M—Y/2 4 e o pme2] = 1/2=(ete2)) ynder H,
2. fn — T, = Op(n~ min{a+1/2,1}[M—1/2 + 0T 2] 4 min{a,l/Z,a1+O¢2}—(o¢1+a2)) under Hy,,.

Proof. The proof is divided into two parts: L

(@) Tp =T, = O, (M~/2[n~14n=1/2~(@1te2))) under Hy and T}, — T, = Op(M~/2[n =L 4n=1/2—(eata2) Ly =1/2-a))
under Hln. B

b)) T, _Tnzop(n—l—min{al,(12,()¢1+a2—1/2}) under Hy and T, — T}, = Op(n— min{a+1/2,1}—min{a1,a27a1+a2—1/2}) under
Hy,.

Note that in the following proof, we use C' to denote a generic positive constant which may vary each time it appears.
Proof of part (a):

It suffice to prove the asymptotic order in part (a) for T(l) T,S” where

N 1 N N
Tr(zl) :Tl) Z U(X;, X))V (Y}, Yi)K2(Z;, Zi),

30 itk
jkeg®
~ 1 ~ ~
T pETE Z U(Xj, Xi)V (Y5, Y)K2(Z;, Zi).
202 j#k
jkeg®

Since U (X, Xi) = U(X;, X3) — H1 (X, Xi), where
Wi (G kym) =Kx (X5, X)) + Kx (X5, XI™) = Kx (X™, X™)
— B Kx (X5, X{7) = Ep Kx (XY, Xp) + By Kxc (XD, X(Y),

Hy(X;, Xy) = Zwl j, kym),
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we have ﬁﬁ” — ﬁ(ll) = —1I;, where
L= e Z Hy (X5, X))V (Y5, YK 2(Z5, Z1.).
2 (3 J#k
7 keg®

For any € € (0, 1), by Assumptions 4, 13 and Chebyshev’s inequality, there exist a large positive number Cy such that for
any positive integer n, P(A,,) > 1 — € where

n _{{(Xh}/hzi)}iej(l)

E{Kx (D1, Dy)|E13K2(Z1, Z)

{(Xia Yi, Zi)}iej(fn }<C4,

\/E{|UE[/CX(~,X1)|Zl]—1E[/cX(~,)?§1>)|Zl]||§ﬁx[ /Cz(Z1,Z1)+HE1||§IC2(Z1,Z1)]} < Cyn~1,

\/]E{Hgy(ZQ—ﬁy(Zl)H% [VKz(Z1,Z1)+Kx (D1, D1)Kz(Z1, Z1)] }Scﬂf’”,

E{KCx (D1, D) [[19(S0) 13+ R3] Kz (21, 21) p<Cs,

\/ E{IG(S)IBIEKx (- X)|21] — EIKy ( K{) 213, Kz (21, 21) | < Can™,

VE{IR BB (KO 1By ( KON, Kz (72, 20)} < C"} (19)

In the following proof, we fix {(X;,Y;, Zi)}ics-y € Ap and treat @1 and ¢; as fixed functions. Note that
E[H1 (X, Xi)V (Y}, Yi)K2(Z;, Zk)] = 0, s0

C ~ 2
Var(/y) SEE[Hl(XlaXQ)V(Yla Y2)Kz(Z1, Z)

C ~ ~
B[ (X1, Xa) Hy (X0, Xo) V (Y2, Vo)V (Y, Yo)K2 (21, Z2)K 2 (21, 25|
:Ifl) 4 11(2)

First, we show that 11(1) < ﬁ under Hy or Hy,. For integers mi,ma € [M] such that m; # mso, we have

E{W1(1,2,m1)W1i(1,2,ms)|Y1, S1,Y2, 52} = 0, which implies

E{Hl(Xl,X2)2|Yi7S17Y2,S2}
:iE{W1 1,2,1)2[¥1, 51, Y2, 5}
(1) (1) xm @
<= E{ICX X1, X1)Kx (X2, Xo)+Kx (X Mx (X2, X2)+Kx (X1, X1)Kx (X5, X5 7)

FEx (X, X Kx (X5, X)) Y1, 81, Ya, Sa ).

It can also be shown that V (Y1, Y2)? < CE{HY1||§||Y2H§+H§Y(Zl)||2||Y2\|2+HY1H ||§Y( )Hg || v (Z0)311gv (Z2) 13|51, S2}.
f ), we have that under

So from part (a) of Assumption 4 (conditioning on {(X,Yi, Zi) };c ,(-1) € A
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1® = M‘IE[ (1,2,1)Wi(1, 3, 1)V(Y1,Y2)I7(Y1,Y3)ICZ(Z1,ZQ)ICZ(Zl,Zg)]‘
SWE‘<KX(X§1>7')7Enilcx()?1<l)v')7E771’CX()?(1)5')7EnllCX()?2(l>7')>HX
x (Kx (XY, ) =B Kx (X{Y, ), By Kx (XY, ) =B Kx (X5, )iy
X [YI*/Q\Y(Zl)]T [9v (Z2)—Gv (Z2)]
x [Y1—§Y(Zl)]T[QY(ZS)—ﬁv(Zs)]’CZ(ZuZz)’CZ(ZhZs)’
C _
< E[IIKx (R, )-E,y Kx (XY )Ha‘;lx|\Yrgy<zl>||§fcz<zl,zl>}
X B[ B (X5, ) =By Kx (RSl g (22) Gy (Z2) l2v/Kz (22, Z2) |
xE[uEnycx(Xé”,->7En;f<x<x3 sy gy (Z) =Gy (Z8)l12v/K 2 (Zs, Z)]
By part (a) of Assumption 4, E[HICX()?{I),~)—EW%ICX()?£1)7~)H]§1X||Y1—§y(Z1)||§ICZ(Z17Zl)} < CCy. By part (b) of
Assumption 4 and Cauchy—Schwarz inequality,
E[IE, 3 Kx (X§", ) B,y Ko (XS, iy g (Z2) Gy (Z2)ll2v/ Kz (Z2, Z2) | <Cn=i 72,

E 1B,y Kx (X, ) =B,y Ko (XE, ) i llgv (Z5) = (Za) l2v/Kz (Za, Z) | <Cmme 7.

@) c
Sowe have Iy < —— ey

under Hy. Under Hy,, since E[R,;|S;] =0

1 = B[ (R0, )y K (R, ), Kox (X, ) By ox (RS, )i
x (Kx (XY, ) =B Kx(X{, ), Kx (X5, ) —Ey Kx (X5, )iy
x [Yi=gv (Z1)] " [9v (Z2)~Gv (Z2)+n " "G(S2)]
x [Vi—gv (20)] " [gv (Zs)—Gv (Zs)+n"G(S5)| K2 (21, Z2)K 2 (%1, Zg)] ' 20)
By Assumptions 4 and 13, we have
[E[(ex (R0, ) B Kx (R, ), o (X, ) By Kox (B8, Dy (K (R, ) =By Kox (17, ), Ko (X, ) By Kox (R, D
x [Yi—gv(21)] " [n~ Q(SZ)H gY(Zl)]T[9Y(Z3)*§Y(Z3)}’CZ(ZLZz)’CZ(ZhZ:S)]‘-
E[Ix (857, ) =B Kx (17, ) Vi3 (203K 2 (21, 21)
xE[H&(Xz«)—ﬁn;icxw;”,->||HX||n*“g<sg>||z K2(Z2, 22)]
X E[IE,3 x (X5, ) =B, Kox (RS, s gy (Z5) G (Zs) 12v/K 2 (Za, Zs) |

Scn—a—al—oq

)

(e (R~ Ko (R, Ko (X )~ Ko (5, s (x (L)~ o (R, ), Kox (X, )~y e (S50, )
x Y=gy (21)] " [gv (Z2)—Gv (22)] [Yi—Gv (Z))] " [ov (Z3)~Gv (Z3)| K2 (21, Z2)K 2 (21, Zs)} ‘

E[IKx (K1Y, ) =B Ko (X1, )l [Vi=3v (20 3K 2(21, 20)]

X E[IE 3 Kx (X5, ) By Kx (RS sy g (Z2) Gy (Z2) |2v/Kz (22, Z2) |

X B[ B3 K (X, ) =By Kx (R4l g (Z5) Gy (Za) l2v/Kz (Za, Zs) |

<Cn*2(041 +az)
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and
[E[(ex (RS9, ) B Kx (R, ), Ko (X, ) By Kox (87, sy (x (17, ) By Kox (RE7,), Ko (X, ) =By Kox (8, )y
x [Vi—gv (21)] [n—ang)} Yi=v(Z0)] " [nG(89)]K2 (21, Z2)K2 (71, Z) |
E[Ix (1, )= Kx (R, )2 IVi=Gv (Z0) 3Kz (21, 71)
X]E[H/CX(X%)*E@’CX(XQ s Mex ™G (S2)]l2 ’CZ(Zmzz)}
X B[ (X3, )~ Kox (R, i I G(S5) 21/ Kz (Za, Za) |
<Cn7?,

which implies 152) < OM~ Y (n~'1-2eatae) pp-l-(atartaz) 4 p=1-20) < OM~1(n=2 4+ n~172%) under Hy,.
Combining with the result for Ifl), we can conclude that conditioning on {(X;,Y;, Z))}icrcn € A, E[]? <

CM~Y(n=2 4 n~1=2(e1+e2)) under Hy and E[[1)> < CM~'(n=172 4 n=2 4 p~1-2(@a+e2)) ynder Hy,,. Let AS
denote the complement set of .A,,, Under Hy, since

MI/QIl M1/21'1 .
P(|n—1+n‘1/2—a1—0‘2 | > C) SP('n—1+n_1/2_°‘1—0‘2 | > C: An) + P(An)
M1/2[ .
=EP(| = —tamarag | > OHXG Y 20} r0) L ((Xe Vi Z0)Yic )| + B(AT)
1
S@ + € 21

and e can be arbitrarily small, we can conclude that, without conditioning on {(X;,Y;, Z;)}icr-v, L1 =
O, (M~1/2[n=t 4 ~1/2=(@a+e2)]) under Hy. Similarly, we can prove I = O, (M ~/2[n=1 yn~1/2=(aataz) 1 p—1/2=a])
under Hy,,. So part (a) is proved.

Since the same conditioning argument as in equation (21) can be used to derive the asymptotic order without conditioning
on the training data, from now on, we treat all the neural networks as fixed functions.

Proof of part (b):
It suffice to prove the asymptotic order in part (b) for Ty(ll) — Tél) where
1
T pETE Z U(Xj, Xi)V (Y5, Y)K2(Z5, Zi).
202 J#k

jkeg®
Since U (X, Xi) = U(X;, X3) — H1(X;, X3) and V (Y}, ) = V(Y;, Ya) — Ha(Y;, Y3), where
ﬁl(Xj,Xk) 1’C_)(< X(1)>—|—E 1’Cx( ,Xk)— 1’Cx( 1 X(l))
E,Kx(X;, X)) — licx<>?§ %Xw +En;n;/<x<X§”,)?,i”>,
Hy(Y;,Y) =Y,' 9y (Zx) + 9y (Z;) " Y — Gv(Z;) "Gy (Z1)
=Y v (Zk) — 9y (Z) Y + 9v(Z;) " gv (Z1),

then we have T,S” — T,(Ll) = —fl — fg + fg, where

~ 1 .

h—gm—— Y B, XV (Y, YK (25, Z),

i#k

jkeg®

E: Z U(X;, X) Ha (Y}, Yi)K 2(Z5, Zio),

—
ISIE
—
NS
\
[
~

1\3\3

7 k:EJ(l)

@:7 Z H1 3 X&) H2( Y5, Ye)Kz(Z5, Zk)-

J#k
7 keg®

1\3‘3
w
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Consider fl Under Hy,
E[Hy (X, Xp)V (Y5, Yi)K2(Z;, Zi)|V;, Sj1=E[H1 (X, Xi)V (Y3, Yi)K2(Z;, Zi) | Ve, Sk] = 0,
so we have

Var(T}) :ﬁE[fIl(Xl,Xg)QV(Yl,YQ)QICZ(Zl, 22)2}. (22)

Note that V' (¥1,Y2)? < C{|IY1[I3[IY2l[3+ gy (Z0)lI3]1Y2l3+ Y113 ]lgv (Z2)I3+ gy (Z0)13]lgv (Z2)113 }

Hi(X1, X2)? gc{ [, Kx (X1, X§V) = By K (X1, X§) "+ [Ep Kx (X2, X{V) = B, Kx (X2, X{M)]?

+ [En}néKX (5(\*;1)7 )A(:fl)) — En%nélcx (5(\'2(“, X§1>)]2+[EW%W%IC)((X—1(1), )?2(1)) — En}né ’Cx()?l(l),)?g(l))} 2},
(23)

and [ET,;’CX(th(z(l)) - En;KX(XlaX(l )] < Kx (X1, X)En Kx (-, X (1)) - E7,;’CX('7)?2(1))H1231X, so by part (a)
and (b) of Assumption 4, we have I; = O,(n~'71). Under H,,
~ 1 . - T
h=smp S H(X5, X)) [n70G(S)] | [Rar] K2(Z5, Z1)
Jj#k
jkeg®
o T
Z Hy (X5, Xi) [079G(S)] | [Ruj]K2(Z5, Z1)

ﬂ
2(5 J#k
G keg®

Z Hy(X Xi)[n="G(S )} [n=G(Sk)|Kz(Z;, Zk)
gkej(”

.
ey > H(X;, X0)[Ruj] [Ruk|K2(2;, Zi)
202 i#k

G keg®
:f1(1)+_’7112)+f1(3)+]-§4)'

We now show ./7}1) = Op(n~1/27@=1) (same result holds for fo) and the proof is omitted). Note that
]E{fII(X k) [nG(S )]T[ Rk Kz(Z; Zk)}:O,byequation(23),wehave

c v T —«
Var(T{V) <n{E{ (B Kx (X1, X{7) = By Kox (X1, {2 In " G(S)BIIRn2 3K 2 (21, 20)K (22, Z2) |

+B{ [E,1 Kx (X2, X{V) = By ko (Xa, ()]0 G(S0)IB IRz 3K (21, 21)K 2 (2, Z2) }
1)

+JE{[EW;/CX()?§”,X§1) oy Kx (XY, X)) (51)|\§||Rn2||§;cz(zl,Zl)/cz(zg,Zg)}
FE{ [Bp Ko (X1, X(D) = B K (X1, X)) In ™ G(8) BIR 213K 2 (21, 210K 2 (22, ZQ>}}

:O(n—l—20¢—20¢1)7
where the last equality follows from Assumption 13. So we have fl(l) = Op(n’l/%a*o‘l) under Hy,. For f{‘l), the
conditional expectations of ﬁl(X Xk)[R }T[ nk]ICZ( Zk) given (R;,S;j) or (Rnk,Sk) are zero, so fi‘” =

O,(n=1721) by Assumption 13. Following similar approach as for 1\, we can show Var(A( )) O(n~1~%2=221) which
implies ff ) — O, (n~1/272a=a1) under Hy,,. So we have I, = O, (n=1/2=a=e1yp=1=a1) under Hy,,.
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Now consider fg Under Hy, j\g = Op(n*k”) can be shown similar to the proof for IAl Under Hy,,, let

HP (X, X3) =B, Kx (X, V) —E Kx (X5, XV),
H?(X;, X,)=E 1ICX(Xk,X( )-E 1/cX(Xk,X( ),

AP (X, Xp)=Epp Kx (XY, X{) = Kx (XY, XY
HV (Y5, Y0)=Y, Gy (Z) =Y, gv (Z1),

H(Q)(Y Yi)=0y (Z;) " Ye—gv(Z;) " Ya,

P (5, Yi)=9v (Z;) "Gy (Zk)—gv (Z;) T av (Z1),

then we have

~ 1 ~ ~ ~
L=sm g ST UG, XO){HSD (Y5, Vi) +HP (Y5, Vi) —HSD (Y5, Yi) YK 2 (25, Zi)
2

NI

ik
jkeg®
=IV+1{"-I3Y,

1 Tra
Y =EEoT) Z U(Xj,Xk)[gY(Zj)} [QY(Zk)*gY(Zk)]/CZ(ZLZk)
2\2 £k
.chej(l)
1 —a Tr.
trmoy 2 UG X0)[nTG8)] [av(Ze)-av (20| K2 (2. 20)
2\2 1
j,kjg;k(l)
1 Tr.
trmoy X VX0 [Ru [av(Z)-er (20)]K2(2,, 20)
2\2 j#k
g keg™
:f2(11)+f2(21)+g31).

For f;ll), since the conditional expectations of the summand given S; or S}, are zero, using Assumption 4, we can show
f(QH) = Op(n~1722) (see the proof for T, under the null). For f2(31), since the conditional expectations of the summand
iven (R,;, S;) or S are zero, = n~-~*2) follows in the same way as using part (b) of Assumption 4 an
given (Ryj, 55) or S LY = 0, (n=1722) follows in th yas I3 (using part (b) of Assumption 4 and

2(21)

part (a) of Assumption 13). For I, ’, we only have

E[U(X;, X0 [n=°G(5)) " [Gv (Z)~9v (Z0)) K 2(Z5, 1) |8}
=K [E[U(Xj,Xk)\Sj,Zk} (n=2G(5)] " [Gv (Z)—gv (Z)| K2(Z;, Z1) ‘S }
=0,

which implies

Var(T2V) SQ]E[U(X17X2)2{ n=G(50)] " [av (Z2)—av (22)] } K2(21. 2)7]

n

C ~
<5 B |U 0, Xa)2G(S0) 313y (Z2)—gv (22) 13K 2 (21, 20)K 222, 22)-

By part (b) of Assumption 4 and part (a) of Assumption 13, f(221) = Op(nfl/%a""?) and we can conclude that I. 1) =
Op(n~1/2=0=02 4 p=1-a2)  The proof for It = O,(n~1/2~2=02 4 p=1-02) is similar to 1.") and the proof for
¥ = O, (n~17°2) is similar to I; under the null. So we have I = O, (n~/2=*=22 4 p=1=22) under H,,.

Now consider the term 3. Denote Wl(j, k) = E{ﬁl( . X1)|Z;, Z), } and WQ(_], k) = E{f[z(Yj,YkﬂZj, Zi,}, then we
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have

-~ 1 ~ —~ ~
I3 =17+ Z [Hy (X, Xp) — Wi (. k)] [Ha (Y5, Ye) — Walj, k)| K2 (Z;, Zi)
3G-D %
jkej(”
+ﬂ— ST WG k) [Ha (Y5, Ye) — Wa(5 B)| K 2(Z;, Z1)
2(3 i#k
]kGJ(l)
1 ~ —
toe— . [Hi(X5, Xy) = WA, B)| Walj, k)K 2 (Z;, Zi)
2571 iZ
G keg®
1 —
tom—— > Wil kWa(h k)Kz(Z;, Zk)
:G-D &
G kegm®
=TV + 1P + 1P 4+ 10, (24)

We now show that 132, I{%) = 0, (n=1/2~(1+a2)) and I{") = O, (n=2(@1+22)) under both H, and H,. Note that
E|L"| < B{W: (L 2)[Wa(1,2)|VK2(Z1, 2)K2(Z2, Z2)} and

7301,2)] =[B{ (. RE) Ko B8, K K = K R [0,
SHET/%KX(7)?2(1)) IICX (1) HH ||]E IICX 1)) _]EW%ICX( (1) HH

Similarly, |Wa(1,2)| < |lgy (Z2) — Gy (Z2)|2llgy (Z1) — Gy (Z1)||2, so by part (b) of Assumption 4, we have ]E|j§0)| =
O(n~—2(e1ta2)) For f(gz), we have Efg(,g) =0and

Var(I{?) <— IE{W112) [Ha(Y1,Ya) — %(1,2)]%2(21,22)2}

+g’E{W1(1, Wi (1,3) [Ha (Y1, Vo)~ Wa(1,2)] [Ha (Y1, Ya)~Wa(1,3)| K2(Z1, Z2)K 2 (21, Zg)}].

By part (b) of assumption 4 and equation (25), E{Wl(l, 2)2 [ﬁg(Yh Ys) — Wg(l, 2)] 2ICZ(Zl, Z2)2} = O(n~2(erta2)y,
Since

Ha(Y1,Y2)~Wa(1,2) =[Yi—gv(Z1)] " [Gv(Z2)—gv (Z2)]+ [Ya—gv (Z2)] " [Gv(Z1)—gv (2Z1)]
<|Yi—gv (20)||,||9v (Z2)—gv (Z2) || )+ || Ya—gv (Z2) | ,[|9v (Z1) —gv (Z1) |, (25)

Ha(Y1,Ys)=Wa(1,3) <||[Yi—gv (Z1) ||, |Gy (Z3)—gv (Zs)|| ,+ || Ya—av (Z3) | ,|[9v (Z1)—gv (Z1) ],

by part (a) and (b) of Assumption 4, we have

E{W1(1,2)W1(1,3) [f[z(Yl,Yz)—Wz(l,Q)} [ﬁz(YhYg)—W2(1,3)}K;Z(Z17 Z2)/CZ(Z1,Z3)} _ O(n_Q(a1+a2)),

which implies I§?) = O, (n~1/2-(e14e2)) and I = 0, (n~1/2~(@1+02)) follows similarly. For I{", since EIS" = 0
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under H(, we can show fél) = Op(nfl/Q*(aﬁO‘Z)) in the same way as f:(f). Under Hy,,,

fé”:ﬂ(;U > (X5, X)W )] [Yi=ov (Z)] " [Gv (Z) —gv (Z0)]K2(Z3, Z)
o j,ﬁéfﬁn
+ﬁ(ﬁl_1) ST [Hi(X5, X0) - WG, k)] Y=gy (20)] " [Gv (Z))—gv (23)) K2(Z;, Zi)
242 i#k
g keg®

=f§11) n fg(,m

i :ﬁ gj [H1 (X5, X)W (5, )] [n=*G(S)] " [Gv (Z0)—gv (Zi)] K2 (25, Zn)
jkeg®
+%(%171) #Zk [Hy (X5, Xi) =W (3, k)] [Ros] " [Gv (Z6)—gv (Zi)| K 2(Z;, Zx)
jkeg®
=T 4 IR, (26)

We now show f(?)u) = Op(n~ /2~ (artaz) Ly —(ataitaz)) (same result holds for fém) and the proof is omitted). Note that

E|f(111>

1 . ~
391 <—B{1G(S)l2llgv (Z2)=gv (Z2) 2l (X1, ) By Kx (X, )

Ny Kx (R5D, ) ~E K (X5, llix VK2 (20, 200K 2 (22, Z2) |

1 . ~
+ —B{IG(SDIl2 9 (Z2)—gv (Z2) 2 x (X2, ) ~E,y Kox (RSV, ) e

B Kx (X2, ) By Kx (X0, Yl VE2(Z1, 20)K 2 (22, Z2) §

:O(n—(a+a1+a2))

by Jensen’s inequality and part (b) of Assumptions 4 and 13, so we have f;lll) = Op(n*(aJral*o‘Z)). Since
]Efélu) = 0, following similar approach as for f(:f) we can show f(3112) = O,(n~1/27(@+e2)) and conclude that
I{ = 0, (n=1/2=(aataz) = (atar+a2)) o part(b) is proved. O
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