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ABSTRACT

Recent findings by |Cohen et al.|(2021)) demonstrate that during the training of neural
networks with full batch gradient descent at a step size of 1, the sharpness—defined
as the largest eigenvalue of the full batch Hessian—consistently stabilizes at 2/1.
These results have significant implications for generalization and convergence.
Unfortunately, this was observed not to be the case of mini batch stochastic gradient
descent (SGD), thus limiting the broader applicability of these findings. We show
that SGD trains in a different regime we call Edge of Stochastic Stability. In this
regime, what hovers at 2/7 is, instead, the average over the batches of the largest
eigenvalue of the Hessian of the mini batch loss—which is always bigger than
the sharpness. This implies that the sharpness is generally lower when training
with smaller batches or bigger learning rate, providing a basis for the observed
implicit regularization effect of SGD towards flatter minima and a number of well
established empirical phenomena.

1 INTRODUCTION

Training algorithms are a key ingredient to the success of deep learning. Stochastic gradient descent
(SGD) (Robbins & Monrol|1951)), a stochastic variant of gradient descent (GD), has been effective
in finding parameters that yield good test performance despite the complicated nonlinear nature of
neural networks.

Full batch GD and its adaptive versions have been shown to optimize in regime of instability | Xing
et al.| (2018); |Jastrzebski et al.| (2020); (Cohen et al.| (20215 2022). Precisely, if the step size is n > 0,
the highest eigenvalue of the full batch Hessian, also called full batch sharpness—which we will denote
as FullBS—grows until 2/7 in a first phase of training called progressive sharpening and hovers around
that value, subject to small oscillations. This regime is called Edge of Stability. This instability does
not damage convergence when training neural networks. This is surprising as that would be the case
of quadratics where if the curvature is higher than 2 /7 the optimization diverges.

This regime, called Edge of Stability by |Cohen et al.| (2021)), implies that for a fixed learning rate, full
batch sharpness is inherently limited by 2/7, and constitutes a mode of instability.

The work on EoS is about full batch methods. The picture for full batch algorithms seems
(empirically) clear, both for GD [Cohen et al.| (2021)); Damian et al.| (2023) and its adaptive and
accelerated version |Cohen et al.|(2022). Unfortunately, neural networks are typically trained with the
mini batch versions of these gradient based methods, and how |Cohen et al.| (2021) noticed and stated
in the limitations of their work, what they observed is not the case of mini batch training. Precisely,
to quote |Cohen et al.| (2021):

[. . .] while the sharpness does not flatline at any value during SGD (as it does during gradient
descent), the trajectory of the sharpness is heavily influenced by the step size and batch size
(Jastrzebski et al., Jastrzebski et al.| (20195 2020)), which cannot be explained by existing
optimization theory. Indeed, there are indications that the “Edge of Stability” intuition might
generalize somehow to SGD, just in a way that does not center around the (full batch) sharpness.



[. ..] In extending these findings to SGD, the question arises of how to model “stability” of
SGD.

We believe we are the first ones to discover a notion of mini batch sharpness which acclimates to the
learning rate and batch size in a way that reduces to the Edge of Stability in the particular case of full
batch algorithms.

What was empirically known for mini batch SGD. In the case of mini batch algorithms, Jastrzgb+
ski et al.| (2020) noticed that for SGD the phase transition happens earlier for smaller 1 or smaller
batch size b, but they did not quantify when (i). [Cohen et al.[|(2021)) noticed that SGD somehow
acclimates to the Hyperparameters. However, they did not characterize how if not negatively, (ii)
it usually does not "flatline" at any value of FullBS and (iii) if it stabilizes, that always happens
at a level they could not quantify which is below the 2 /7 threshold. This scenario leaves the most
basic questions open: In what way the location of convergence of SGD acclimates to the choice of
hyperparameters? What are the key quantities involved? To be more specific, can we characterize the
training phenomena in (i), (i) above? What determines them? Does SGD train in an unstable regime?

Edge of Stochastic Stability. We essentially respond to all the questions above with what we
believe is a general and neat characterization of the SGD dynamics. In particular, we establish a
quantity of the average Mini Batch Sharpness (MiniBS) - the highest eigenvalues of the hessian
of mini batch loss - which constitutes a generalization and a "drop-in" replacement of full batch
sharpness in the case of SGD. Precisely, we introduce a regime analogous to and generalizing EoS
which governs the dynamics of SGD, Edge of Stochastic Stability: where the average MiniBS hovers
around the level of 2/eta, with an essential gap between it and the Full Batch Sharpness. This
essentially forces the latter to plateau at a lower level which depends on the size of the batch, thus
providing an explanation for the above phenomena.

2 RELATED WORK

2.1 PROGRESSIVE SHARPENING AND EDGE OF STABILITY

Progressive Sharpening. Early work noticed that the loss local shape of the landscape changes
rapidly at the beginning of the training |LeCun et al.|(2012); [Keskar et al.|(2016); |Achille et al.| (2017);
Jastrzebski et al.| (2018); [Fort & Gangulil (2019). A number of paper noticed growth of different
estimators of the FullBS in the early training |[Keskar et al.| (2016); Sagun et al.[(2016)); ?); Jastrzgbski
et al.[(2019)). Later, Jastrzgbski et al.| (2020); Cohen et al.| (2021} |2022) managed to make this precise,
noticing that along the trajectories of SGD, gradient descent, and full batch Adam the FullBS usually
steadily increases, often after a small number of steps of decrease. This phenomenon, was called
progressive sharpening by (Cohen et al.|(2021). This is exactly what we reconfirm in our experiments
across different models, losses, and datasets. The reason seems to be that in that regime the step size
is comparably small and all these gradient based methods closely follow gradient flow, which steadily
increases the FullBS [Jastrzebski et al.[ (2020); (Cohen et al.| (2021). There is, thus, an empirical
agreement on the fact that progressive sharpening is a feature of the loss landscape. To the knowledge
of the authors there are no widely accepted explanations of progressive sharpening, we refer the
reader to them for further discussion ?Agarwala et al.| (2023).

A phase transition. A number of early studies Goodfellow et al.|(2016)); |Li et al. (2019); Jiang et al.
(2019); Lewkowycz et al.|(2020) showed that an initial large learning learning rate often improve
generalization at the expenses of initial loss reduction. This was explained by Jastrzgbski et al.| (2020)),
who noticed that the initial progressive sharpening phase usually stops with a sudden phase transition,
they named break-even point. This phase transition is considered to be, unlike progressive sharpening,
a phenomenon induced by the gradient based algorithm, not by the landscape. Jastrzgbski et al.
(2020); |Cohen et al.|(2021;|2022) indeed showed that the phase transition comes at different points for
different algorithms. Jastrzebski et al.| (2020) showed that in the case of mini batch SGD this phase
comes earlier for smaller step sizes and earlier for smaller batch sizes, without quantifying it. |(Cohen
et al.| (2021)) showed indeed that it comes at the instability threshold for the optimization algorithm
for full batch GD and, later|Cohen et al.|(2022)) for full batch Adam. We manage to quantify the value



of the instability threshold for mini batch SGD, thus characterizing when the phase transition happen
for SGD.

Full batch Edge of Stability. At this points SGD, GD, and full batch Adam are understood to
enter a different, oscillatory, regime that|Cohen et al.[(2021) called Edge of Stability and in which
the FullBS sharpness stabilizes, entering a regime of small oscillations around a predefined value.
The name is due to the fact that, in the case of full batch GD, the FullBS hovers at 2/n which is the
stability threshold for optimizing quadratics (Cohen et al.[(2021). |Cohen et al.| (2021} [2022) observed
that most of the training dynamics from that time on happen in this regime for full batch GD and full
batch Adam, essentially defining the FullBS of the solution found. In section ?? we give 3 reasons
why this EoS level at which FullBS is generally above 2 /7 and very rarely exactly at 2/7. Precisely,
(1) the gradient of the loss is not linear, thus requiring slightly bigger values or smaller values based on
the higher order derivatives and (ii) the EoS is defined by the size of the Hessian along the gradients
direction, not the size of FullBS alone.

EoS and convergence. There is a growing body of work analyzing the mechanism of EoS in
training dynamics with GD. The idea is that when the gradients are a linear function of the parameters,
if > 2, even locally, you (locally) diverge. A very good exemplification of this fact is the case
of one dimensional parabola, see Cohen et al.[(2021)). In the case of neural networks, surprisingly,
convergence still happens even if 77 > £, this is probably due to the non-standard geometry of the
problem. Damian et al., |Damian et al.| (2023)), proposed an explanation under some, empirically
tested, assumptions of alignment of third derivatives and gradients. There has been a growing body
of articles trying to figure this out and we refer the reader to ?Ahn et al.|(2022); ?); Damian et al.
(2023); |Ahn et al.| (2023)); Zhu et al.[(2023); Lyu et al.[(2023)) for more discussion about convergence
in the regime of the Edge of Stability.

2.2 SGD, HESSIAN, AND GENERALIZATION

SGD finding flatter minima. Our result is in nature a result about improved flatness by mini batch
training. Indeed, the it explains why we can expect a smallest size for the eigenvalues of the full
batch Hessian when training with a small batch. There has been a long line of work in this direction
since |[Keskar et al.| (2016)) showed that SGD with smaller batch size finds minima with a smaller
Hessian. A more recent paper, Jastrzebski et al.| (2021)), shows empirically that big learning rate SGD
has an effect similar to penalizing the trace of the Fisher matrix, in image classification tasks. In
similar settings, the Fisher matrix has been shown to approximate the Hessian during the training;
in particular, there is an overlap between the top eigenspaces of the Hessian and its eigenspaces
Jastrzebski et al.| (2018]); Martens| (2020); [Thomas et al.|(2020). Furthermore, Jastrzebski et al.| (2021)
shows that, in practice, penalizing it consistently improves generalization, reduces memorization,
and regularizes the trace of the final Hessian. Moreover, the advantages of penalizing the trace of
the Fisher matrix are even stronger when in the presence of noisy labels. There exist multiple other
studies along these lines, and in particular corroborate our findings.

Sharpness and Generalization. It has been observed that networks trained with SGD generalize
better than GD, and smaller batch sizes often lead to better generalization performance (LeCun
et al., [2012} |[Keskar et al.,[2016} |Goyal et al., [2017} |Jastrzebski et al. 2018; ?;|Smith et al., 2021)).
Empirically, it has been observed that training with SGD results in flat minima (?Hochreiter &
Schmidhuber, [1997)). A number of works been argued that flatness of the minima is connected to
the generalization performance (Neyshabur et al.| | 2017; Wu et al., 2017} |[Kleinberg et al.l 2018} Xie
et al.} 2020; Jiang et al., [2019; Dinh et al., [2017), however we know only one theoretical result in
that direction (?). Training algorithms aiming to find a flat minimum were developed and shown to
perform well on a variety of tasks (??).

3  SGD TRAINS AT THE EDGE OF STOCHASTIC STABILITY

3.1 SGD DOES NOT TRAIN AT THE EDGE OF STABILITY



As|Cohen et al.|(2021)) noticed, the highest eigenvalue of ... Sharpness vs St or Differnt Btch iz
the Hessian (aka sharpness) stabilizes below 2 /1 for SGD, '
see also Figure[I] Precisely, it stabilizes lower and lower
for smaller batches. This aligns with what empirically i,
observed by [Jastrzebski et al|(2020) who notice that SGD  *
deviates from the trajectory of small learning rate GD or
gradient flow earlier and earlier for larger learning rate
orsmaller batch size. Precisely, what we observe is that (1)
sharpness stabilizes also when training with mini batches,
(2) sharpness for batch size b; stabilizes at a value that
is always smaller than the one with batch size bs, for
b1 < by. In particular, sharpness doesn’t constitute a
consistent metric that informs the dynamics of SGD.
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Figure 1: For SGD, sharpness plateaus under
the EoS level: the lower the batch size, the
lower it plateaus

3.2 MINI BATCH SHARPNESS

In a similar manner to |Cohen et al.|(2021)), we discover a different quantity that stabilizes during
training with mini batch SGD. In particular, this quantity is the highest eigenvalue of the Hessian of
the loss w.r.t. network parameters computed on the mini batch:

)\max [VEL(Q, B)} = )\max Vg % Z L(f(aa xl)vyl)

(zi,y:)€EB

where Apmax[-] denotes the largest eigenvalue, VgL(Q, B) is the Hessian matrix of the loss computed
over the mini batch B.

We call this quantity Mini Batch Sharpness (MiniBS), as opposed to Full Batch Sharpness (FullBS),
referred to as just sharpness in|Cohen et al.| (2021). In particular, MiniBS is inherently of the same
nature as FullBS, with the only difference being the "part" of the loss it is computed on - the mini
batch loss for the former, and full-batch (aka full empirical) loss for the latter. Yet, this difference
proves to be crucial in being descriptive of the SGD training dynamics. Furthermore, MiniBS stands
as a generalization of FullBS, for when the batch size approaches the full dataset size, the MiniBS
and FullBS become closer and closer - being equal if we are doing full batch SGD, aka GD. Lastly,
FullBS serves as a strict lower bound for MiniBS - a property we will address below, together with
additional properties of MiniBS. One of the specifics of MiniBS is its dependence on the draw of the
batch, which introduces a lot of variance into the quantity. Instead, the quantity we are focusing on is
the expectation over the batch draw of the MiniBS, referring to it as average MiniBS:

Ep [Amax [V3L(0, B)]]

3.3 PLATEAUING OF MINIBS

The primary insight of our study is that the average MiniBS in SGD serves a role analogous to FullBS
in GD. In both scenarios, these quantities plateau at a level around 2/7), providing a comparative
measure of stability under different optimization strategies. Figure [2|illustrates that the average
MiniBS tends to stabilize slightly above 2/, akin to the behavior of FullBS in GD as detailed in
Cohen et al.|(2021)).

As previously noted, FullBS in SGD does not provide significant insights, as its stabilization level is
heavily dependent on the batch size and is much lower than 2/7. Crucially, the average MiniBS’s
stability level exhibits some dependency on batch size, it is markedly less sensitive to the changes of
batch size. Together with the fact that average MiniBS serves as a generalization of FullBS, these
observations leads us to propose that MiniBS acts as a "critical" quantity in SGD, akin to the role of
FulIBS in GD.

3.4 EDGE OF STOCHASTIC STABILITY

Building on the fact that MiniBS serves as an generalization of FullBS in the case of SGD, we can
propose that SGD essentially trains in a regime analogous to Edge of Stability, which we call Edge of
Stochastic Stability (EoSS). Precisely, we establish the following conjecture:



Figure 2: Comparison between: MiniBS (red dots), average MiniBS (green line), FullBS (blue dots). Top: MLP,
4 hidden layers, hidden size 512 Middle: CNN, 5 layers Bottom: ResNet-14; All trained on a 4k subset of
CIFAR-10

SGD tends to train in an instability regime we call Edge of Stochastic Stability. It is characterized by
the fact that after a phase of progressive sharpening, the average Mini Batch Sharpness reaches a
stability level of 2/n or slightly above, and hovers there.

We further discuss the suitability of EoSS as an extension of EoS in Appendix [B] In particular, we
talk about the similarity of the EoSS and EoS from the point of view of "limiting behavior" and
connection to quadratics, rather than just simple oscillations.

3.5 AVERAGE MINIBS AND EFFECT ON FULLBS

FullBS serves as a strict lower bound for MiniBS values, as further discussed in [6] and visible in
the point cloud in Figure[2] In particular, depending on the exact mini batch size, there is often a
significant gap between average MiniBS value and FullBS values, as clear from the plots. Precisely,
the smaller the batch size, the bigger the gap between the two, [6] Combined with our conjecture
that average MiniBS is plateauing at the EoSS level of slightly above 2/7), this means that the
FullBS is inherently being "forced" to plateau at a level below the EoS. This level is therefore being
determined by the gap between the average MiniBS and FullBS, and is thus determined by the batch
size. Precisely, the smaller the batch size, the lower the FullBS plateau - as confirmed by the FullBS
lines on the Figure 2] This essentially explains the previously unexplained phenomena of why the
FullBS plateaus lower for SGD and is dependent on the batch size.

4 THE 2 PHASES OF PROGRESSIVE SHARPENING

Progressive sharpening (PS) was defined by |Cohen et al.[(2021)) as "When training neural networks,
it seems to be a general rule that so long as the sharpness is small enough for gradient descent to
be stable (< 2/ ), for vanilla gradient descent), gradient descent has an overwhelming tendency to
continually increase the sharpness.” This concept, first posited as a general rule by Jastrzebski et al.
2020) in their Assumption 4, builds upon empirical findings from earlier studies Jastrzebski et al.
2018;2019). We analyze and document here the phases of progressive sharpening. Not only we
overwhelmingly empirically confirm the presence of this phase, but we provide a clear framework
to understand this phase: we reveal that the PS phase consists of two smaller subphases. This
particularly highlights the differences between full batch and mini batch stochastic gradient descent
(SGD): progressive sharpening is not about the FullBS but it is inherently about the MiniBS. As
expected, the description of full batch PS of [Cohen et al.| (2021)) turns out to be a particular edge-case
of our characterization.
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Figure 3: Progressive sharpening phases across different hyperparameter choices, highlighting how the sharpen-
ing is influenced by batch size and learning rate adjustments. Setting: MLP with 4 hidden layers and width 512,
trained on 4k subset of Cifar10 with MSE. Bottom: The x axis is scaled according to Ir used, thus "time"

4.1 FIRST PS PHASE

Our experiments indicate that the early training stages (ranging from 10 to 500 steps, depending on
learning rate and initialization conditions) exhibit a unified behavior across training dynamics for
different hyperparameters, irrespective of step size and batch size. More precisely, the trajectories
display a consistent increase of both FullBS and MiniBS, often after a very small (5 to 50) number of
steps in which they both slightly decline at the beginning of the training. These findings align with
with the observations of [Jastrzebski et al.| (20195 [2020); |Cohen et al.| (2021)).

4.2 SECOND PS PHASE

Contrary to full batch case, where the entire progressive sharpening happens in the first phase, mini
batch SGD exhibits a second distinct subphase of PS. Notably, the transition to this phase occurs
earlier with smaller batch sizes and learning rates, as shown by Jastrzebski et al.| (2020). From the
case of full batch GD we would expect this phase transition to happen as the MiniBS approaches
the EoSS. The trajectories, however, deviate from the full batch GD and gradient flow dynamics
much earlier than when EoSS plateaus. In this intermediate phase between the initial progressive
sharpening and the EoSS plateau, the rate of sharpness increase varies with batch size. The dynamics
in this phase is inherently about the progressive sharpening of the MiniBS, as we can see in Figure
fig.[3] top-right plot. Notice how it is the MiniBS that is evolving consistently no matter the batch
size, while FullBSs significantly diverge, further indicating that FullBS is not the quantity driving the
mini batch SGD dynamics, but rather MiniBS is. Further, notice in the bottom row the similarity of
the effect of changes in learning rate on the average MiniBS and FullBS, thus showing that MiniBS
responds to Ir changes according to the theories established for FullBS by the aforementioned works.

The observed slower PS rate for smaller batch sizes corroborates mathematical theories from the
implicit regularization literature that applies to big learning rate (Damian et al.|(2021); Smith et al.
(2021)); Beneventano|(2023))). After the completion of the first PS phase, the loss has typically reduced
substantially and the manifold of minima is nearly reached (see also section [4.2), the implicit bias of
mini batch SGD—which generally opposes the PS tendency seen in gradient flow—becomes more
pronounced, particularly at smaller batch sizes.

S5 DETERMINING THE VALUE OF MINIBS WHEN IT PLATEAUS

We try to deduce here at what level the MiniBS plateaus depending on step size 1.We highlight three
reasons for why the MiniBS and FullBS sometimes plateau higher than at 2 /7).
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Figure 4: On the left we see how SGD with same batch and different learning rate and same learning rate but
different batch acclimates in different areas along the manifold of minima. Precisely, traveling up along the
manifold of minima, the sharpness grows quadratically. SGD with batch size b acclimates the FullBS at a value
that not only is higher for higher batch size, but as the batch size gets multiplied by z it grows as \/z. Setting:
2 X 2 matrix completion with (a, b) and itself trasposed. This is the most simple model in which PS and EoSS
are clearly visible and can be theoretically studied neatly.

5.1 GRADIENT-HESSIAN ALIGNMENT

Mini batch SGD is exactly gradient descent but on the landscape defined by the mini batch B.
Expanding in Taylor the mini batch loss L(6, B) at a parameter 6 after one step of mini batch SGD
performed with learning rate n > 0 we obtain

2
L(6:,B) = L(bo,B) —0-|VL(6o, B)|? + %-VL(&O, B)TV2L(0, B)VL(6, B) + O(n®)
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The Edge of Stability, as defined in|Cohen et al.[(2021), is the regime in which the last term on the right
2
1. VL(6y, B)"V2L(6y, B)VL(y, B) and the term in the middle of the RHS 7 - [V L(6o, B)||?
equalize. Training at the Edge of Stability does not mean that the higher eigenvalue of the Hessian is
2/7, means that the quantity
2 VL6, B)"
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Thus training at the EoS or EoSS is also a question of alignment, not only of size of the highest
eigenvalue. Precisely, the highest eigenvalue of the Hessians typically coincides with the operatorial
norm of the Hessian and is by definition bigger than the that product. Sometimes, the plateaus is
slightly higher than 2/7 for that reason.

5.2 THE MODEL IS NOT LINEAR

Moreover, when the model is linear and the loss is quadratic, then the loss is a quadratic function
and the gradient is a linear function. In this case the EoS and EoSS happen when the Sharpness in
Equation [2|is exactly 2/7. Neural networks are not linear models and the thus to impose the LHS of
Equation|1| L(0;, B) exactly equal to the value at initialization L(6y, B) it is usually needed to deal
with the higher order terms of the Taylor expansion. ? for example showed that for FullBS higher
than 2 /7 gradient descent converges in shallow linear networks, although logarithmically fast. To
establish both the convergence and the logarithmic speed it is necessary to investigate the higher
order terms of the Taylor expansion. As an example, we show see Appendix ?? that for shallow linear
networks example that we make below in Section ??, the learning rate of the EoS step size is not
A =2/nbutitis

2
A= ;—l—n-Lin\FL.



This may be the reason why we, and before us|Cohen et al.|(2021)), see that very often the stabilization
happens for MiniBS slightly bigger than 2/7).

5.3 FISHER MATRIX vs HESSIAN

In machine learning, the loss L is generally a function of a batch of data B and the parameterized
model fy. The Hessian of the loss can thus be decomposed as

% Z Vofo(w:)  VIL(f, (@i, 1:)) - Vafo(x:)" + VL(f, (wi, 1)) - Vifo(zi)  (3)

(zi,y:)EB

Relevant part Converges to zero as VL.

The right summand, when the loss is PL converges to zero together with the loss at the same speed as
the square root of it. The left summand instead remains sizeable. For instance, in the case of MSE,
the central term VZL(f, (z,9;)) = 1, thus the whole left summand is ; 3>, e Vo fo(2:) -

Vo fo(x;)". This explains how a smaller sharpness at convergence is related to a norm of the smaller
Fisher matrix [Jastrzgbski et al.| (2021); ?. Jastrebsky et al., Jastrzgbski et al.| (2021), in an article
which followed Jastrzebski et al.| (2020), observed, along this line, how SGD implicitly regularizes
the trace of the Fisher matrix.

The decomposition above in Equation |3| also allows us to study the alignment. Note that for one
datapoint and MSE, the Fisher matrix above is

Vofo(xi) - Vofolzi) .

This is an un-normalized projection matrix along the direction of the gradient of the function
Vo fo(z;). Thus it has only one positive eigenvalue || Vg fa(x;)||? with eigenvector the gradient and
a kernel of dimension n — 1. The gradient of the loss on one dapoint exactly aligns with the top
eigenvector, indeed it is

VyL(f, (xi,9:)) - Vo folwi).

This alignment shows why the A needed to train at EoS/EoSS is generally close to 2/n and not much
bigger. The gradient and the top eigenvalue indeed are the same on one datapoint and anyways have
high cosine similarity later.

6 ON LARGEST EIGENVALUES OF SUMS OF MATRICES

In this section we establish mathematically:

» That MiniBS is always bigger than FullBS.
* How MiniBS scales with the batch size. Precisely:

— That MiniBS increases as the batch size b shrinks.
— What we size can expect from the MiniBS-FullBS gap.

In particular, the following linear algebra results collectively enhance our understanding of the
stability and scaling properties of the largest eigenvalues in the context of matrix sums.

6.1 ORDERING THE LARGEST EIGENVALUES.

The largest singular value of the Hessian matrix derived from single data points is positive. This
observation is crucial in establishing the following well-known property of matrix eigenvalues.

Lemma 1. Let m,n € N and consider m matrices My, Ms, ..., M,, € R™*" satisfying Amax >
[Amin|- Then, the largest eigenvalue of their sum satisfies

/\max (Z Mi) < Z /\max (Mz) (4)
=1 =1

with equality only if all M; are identical.



This lemma is a direct consequence of the convexity of the operator norm in matrices. In our setting,
it implies that with non-identical matrices, the maximum eigenvalue of the sum is strictly less than
the sum of the maximum eigenvalues of the individual matrices. To illustrate, consider eigenvalue
sequences for batch sizes that are powers of four, though the result generalizes to any b; < ba:

DRI D SR D WP D LD Sl i 3)

max max max max max max

6.2 QUANTITATIVE ANALYSIS OF EIGENVALUE SCALING.

While the previous section establishes the order of MiniBS, it lacks quantification of their magnitudes.
Random matrix theory help in bridging this gap at list for big batch sizes b.

Lemma 2 (Matrix Bernstein Inequality). Let ni,no,b € N, let My, Mo, ..., M, € R™"*"2 pe

independent random matrices satisfying E[M;] = M and |M; — M|| < B for all i, let v =
max{||E[Y"; M;" M|, |E[>>, MM, ||} then for all t > 0

P[> M; —M||>t) < 2n-exp __ven
b it - - v+ Bbt/3)"

This lemma provides a probabilistic upper bound on the deviation of the largest eigenvalue as the
batch size increases. For large batch sizes, where the Central Limit Theorem applies, the expected
deviation diminishes as the inverse square root of the batch size.

Lemma 3 (Informal, Scaling of Eigenvalue Deviations). For large batch sizes b we have

log(n))
A = Amax + o( .
Vb

Note that the fact that the gap decreases as the square root of the batch size v/b agrees with our
empirical observations and perfectly aligns with the observations

7 IMPLICATION: NOISE INJECTED FULL BATCH GD 75 MINI BATCH SGD

7.1 THE MINI BATCH LANDSCAPE MATTERS

Theoretical analyses of neural network optimization dynamics traditionally adopt two perspectives:
(i) Online Case: Each sample serves as an independent, noised, unbiased estimator of the gradient
from the theoretical loss. Here, stochastic gradient descent (SGD) is treated as performing noisy
gradient descent on the actual expected risk derived from the theoretical distribution of the sample.
(ii) Offline Case: A fixed finite dataset defines an empirical deterministic full batch landscape, with
SGD executing noisy gradient descent upon this landscape.

Both scenarios presume the existence of a "real landscape" through which SGD navigates as a noisy,
first-order method. If this was the case of the training dynamics of neural networks, then the quantity
that would matter would be the FullBS, not influenced by the noise, while the gradients would show
high levels of noise. However, an essential insight from our studies is that the specific landscape
traversed at each step—the "mini batch landscape"—is crucial, rather than the generalized landscape
(either full batch or theoretical). This distinction becomes evident when considering the variability of
mini batch Hessians, their higher dimensional kernel, and their average sharpness set at 2/7. If the
sharpness chosen per batch is excessively high, it directs SGD trajectories sharply, highlighting that
the average step taken across the mini batch landscape is more critical than the step on the average
landscape.

7.2 CHALLENGING SDES AS A MODEL FOR SGD

Our findings reveal that the dynamics of mini batch SGD with small batch sizes exhibit significant
qualitative differences from those modeled by stochastic optimization trajectories on both full batch
and theoretical landscapes. For instance, when employing continuous SDEs on these landscapes,
the observed full batch Hessian showcases substantial discrepancies in: (i) The configuration of
eigenvectors, as well as the magnitude and quantity of positive eigenvalues compared to those derived



from mini batch processes. (ii) The orientation of these eigenvectors relative to the descent direction,
which differs markedly from that observed in mini batch scenarios. This variation underscores a
critical limitation of continuous SDE models in accurately predicting or replicating the nuanced
behaviors of mini batch SGD, particularly when the batch size is small. The inherent differences
highlighted by these observations strongly suggest that continuous time models may struggle to
provide reliable insights into the pathways and outcomes of mini batch SGD unless implemented
with considerably larger batch sizes.

The existing literature has already established that SDEs may not adequately model the dynamics
of SGD. Notably, Yaida| (2018)) identified that the SDE approximation limits used are often ill-
posed, indicating fundamental issues in their application to SGD dynamics. Later, L1 et al.|(2021)
demonstrated that SDEs do not mimic SGD behaviors except under very specific conditions, such
as extremely small learning rates in scale-invariant neural networks where variance dominates the
gradient influence. On top of all the above, [HaoChen et al.|(2020) showed that various forms of
noise—Ilike those from Langevin dynamics or label noise—lead to convergence at different minima,
suggesting diverse dynamics that SDE models may struggle to capture. Finally, Damian et al.[(2021));
Li et al| (2022)); |Shalova et al. (2024) have shown that the implicit regularization effects often
attributed to diffusion are actually more likely to result from drifts caused by higher-order terms in
Taylor expansions. In light of these findings, some recent theoretical efforts have begun to address the
discrete nature and account for the different batch-specific Hessians, .e.g.,[Roberts| (2021); Smith et al.
(2021); Beneventano| (2023)), contrasting with much of the earlier literature that does not adequately
capture these aspects.

However, the problems of continuous analysis as highlighted in the literature so fare were probabilistic
in nature. While advancements in more sophisticated probabilistic tools and distributions, as sug-
gested, e.g., by|Ziyin et al.[(2023), may offer potential solutions to them, the challenge of accurately
incorporating the variability of batch-specific Hessians into the analyzes remains significant. This
complexity underscores a critical gap in our understanding and modeling of SGD dynamics, raising
questions about the feasibility of accurately predicting SGD behavior using existing analyzes.

8 CONCLUSIONS

This study advances our understanding of stochastic gradient descent (SGD) dynamics in training
neural networks, particularly underlining the distinct behavior of mini batch SGD compared to full
batch gradient descent. We introduce the concept of the Edge of Stochastic Stability (EoS), where
the average largest eigenvalue of the mini batch Hessians—mini batch sharpness—stabilizes around
2/n unlike the full batch sharpness observed in previous studies. SGD’s mini batch sharpness is
consistently higher than full batch sharpness, underscoring its role in the implicit regularization that
leads to flatter minima. Moreover, we properly characterize the behavior of SGD in the initial phase
of the training, partly making more precise previous observations.

In summary, this work clarifies in what way mini-batch SGD does not align with full batch gradient
descent behaviors. It challenges existing paradigms and encourages the development of new theories
and methods that are more congruent with the stochastic nature of practical deep learning.
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9 SHARPNESS MATTERS AT A BATCH LEVEL

9.1 THE LANDSCAPE OF MINI BATCH LOSS

In the literature, it was generally assumed that, with a number of assumptions, SGD produces
gradients that are unbiased estimates of the full gradients. After such an assumption, the analysis
continues on the “true” loss landscape (and the empirical loss landscape is a good approximation
of which). Now, in our analysis, we are also focusing on the loss landscape that is formed when
we consider a the loss restricted to the instances of the mini batch. On one hand, this landscape is
“temporary” and changes drastically from batch to batch, thus making it unsuitable for any sort of
multi-step analysis. [This might consitture the reason why this loss landscape is rarely considered.]
On the other hand, this mini batch loss landscape is the one that dictates the concrete step, and
therefore constitutes an important object to consider for one-step analysis

9.2 THE MINI BATCH SHARPNESS

Now, although the aforementioned assumption that SGD produces an unbiased estimate of the
empirical (and thus “true”) is by definition true, this is not the case for the hessian of the loss. In
particular, the aspect of the hessian that we care about is its highest eigenvalue, i.e. sharpness. Now,
it turns out that the highest eigenvalue of the mini batch Hessian (the mini batch sharpness, MBS)
doesn’t provide an unbiased estimator of the highest eigenvalue of the full-batch Hessian (FBS).
In particular, the expectation of MBS over the batches might be higher than the FBS: [the usual
calculation goes here, side-by-side, comparing FBS and MBS] Notice that the first term is dominating,
and would thus determine the sharpness of the network. [we need to add justification of why this is
the case] Notice that the first term is a an average of (scaled) projections onto the gradients of the
network. Now, notice that the operator norm of this operator (and therefore the sharpness of the loss)
is non-increasing as we increase the batch size. This is simply follows from the fact that the norm of
the sum is not greater than the sum of the norms. In one extreme case, if those gradients are perfectly
collinear, then the norm of that operator does stay the same, no matter the batch size. On the other
hand, if they are not perfectly collinear, the norm of the operator would reduce with the increase of
batch size. In the extreme case of perfectly orthogonal vectors, the norm of the operator would drop
as 1/batchgize. Now, the more “non-collinear” the gradients are, the more the sharpness will drop
as we increase the batch size.

9.3 EMPIRICAL EVIDENCE

As we can see, the network gradients are not highly collinear, although they are much less orthogonal
than one would expect if the vectors were completely random

9.4 SHARPNESS VS SECOND TAYLOR TERM

should we even include this? or should the whole thing be sent into appendix? One might notice that
since we are doing one-step analysis of the batch loss landscape, and we have the access to the step
direction, it might make sense to look at the product of gradient*Hessian*gradient. In particular, this
would also take into account how aligned the gradient and the high eigenvalues of the Hessian.

The response to this is that by working with the sharpness (i.e. the spectral norm) of the hessian, we
provide rather an upper bound for that second term, and work with an object that’s consistent with
full-batch sharpness. Now, by looking at the structure of the first term of Hessian and structyure of
the gradient, one can notice that they are highly collinear, so working with the sharpness instead of
the Taylor second term is a valid assumptiom.

Now, we also work with sharpness since it is a more “stable” notion, with less variation than
gradient*hessian*gradient (something that would be even noisier because not only we have variability
of the hessian, but there is also variability of direction)

We defer futher dicussion to the appendix
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10 TRAINING DYNAMICS OF SGD

Just like in the case of gradient flow and GD, SGD also causes progressive sharpening, as illustrated
as the increase of the sharpness as the training progresses in Figure. Now, as one can see from the
same figure, it is clear that the in the the case of SGD, the sharpness of the loss landscape plateaus at
a lowers level than with GD - and the smaller the batch size, the lower the that level is.

In particular, when we look at the GD, it trains at the edge of stability - i.e. the sharpness plateauing
at the level of 2/eta. Yet, when we do SGD, the fact that sharpness plateaus at a lower level means
that SGD doesn’t train at the edge of stability.

Instead, we claim that SGD does indeed train at the edge of stability, with a modified, stochastic,
notion of the Edge of Stability:

SGD trains at the edge of stability which is defined by the average mini batch sharpness, rather than
the full-batch sharpness of the empirical loss landscape

That is, sharpness keeps increasing until it reaches a level such that the average mini batch sharpness
is at edge of stability level of 2/eta, exactly as you can see in the scatter plot of MBSs in Figure . ..

Combining this with the aforementioned result that the average MBS is higher than FBS, this provides
a characterization for the phenomena that SGD seems not to train at the original notion of edge of
stability. In particular, assuming that the average MBSs is the one that plateaus at the level 2/eta, and
the FBS is strictly lower than the average MBS, it means that the FBS will plateau at a level lower
than the edge of stability. Moreover, if combining with the previously established phenomenon that
the gap between average MBS and FBS increases as we decrease the batch size, we get an explanation
for the phenomenon that happens in the figure [] that the sharpness plateaus at lower levels as we
decrease the batch size.

10.1 FURTHER EMPIRICAL EVIDENCE

Our original result was establish on a blah-blah trained on blah-blah. Yet, just like with the original
EoS result, the results average MBS training at the edge of stability holds for a variety of architectures
on a variety of datasets. In particular, we are working on MLP, simple CNN, as well as VGG and
ResNet. It also holds for different learning rates, which would establish different levels of edge
of stability, different batch sizes, which affects the average MBS size and different initalizations,
which affects the initial sharpness. One can see the results in Figure [] and refer to Appendix [] for
additional experiments. One can notice that in all the runs, the average MBS is the one that stays on
the level of 2/eta, while the FBS is plateauing at a lower level, with the gap being determined by the
batch size.

Now, it is important to note, just like with the original result of edge of stability, that our result
is approximate. That is, just how in the case of GD in some settings the network would train at
sharpnesses that are a slightly above the edge of stability level of 2/eta, in the case of SGD, it is not
an exact average of MBSs that stays at the level of 2/eta.

10.2 EVEN FURTHER EVIDENCE

In the OG EoS paper, authors conduct additional experiements where after the training continues for
a while at the edge of stability, they reduce the learning rate (thus increasing the EoS level), and the
progressive sharpening continues until it reaches the new EoS level. We are conducting a reverse of
this experiment, to showcase the effect that, from the point of view of edge of stability, increasing the
batch size is somewhat equivalent to reducing the learning rate. That is, in the Figure you can notice
that after the reduction of batch size (and thus reduction of average MBS), progressive sharpening
continues until the new average MBS stays at the EoS level 2/eta. Overall, this indicates that batch
size affects the sharpness specifically in the edge of stability regime, and not that in some initial
phases

In reverse of these experiments, we also lower the batch size after we reach the EoS. This causes a
divergence of loss [does it?], and just catapults the network to a completely different region, such that
new (increased) average MBS is at or below the EoS. This proves that with SGD the average MBS
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indeed defines the edge of stability, in the same way as the FBS defines the EoS in GD - that is, if we
start at a level that is significantly beyond the EoS, the training diverges, and gets catapulted to an
entirely different region.

In combination to this, if we increase the learning rate so that 2/eta becomes below the average MBS,
but still above the FBS, we see the same effect of the loss diverging [or the sharpness reducing]. This
further supports the fact that it is specifically the average MBS training at the edge of stability
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We try to deduce here at what level the FullBS plateaus depending on step size 1 and batch size b,
assuming that MiniBS has plateaued at 2 /7.
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B ON THE REDEFINITIONS OF EOS FOR MINI BATCH SGD

The question on how to redefine EoS phase for the mini batch case is not obvious. The defining
features of the full-batch notion of Edge of Stability are that

1. There exists a phase in which FullBS is stable and present oscillations around the instability
threshold.

2. The steps are such that the second and third order terms of the Taylor expansion of the loss
L(0) evolution cancel out. Indeed, 6, after one step of full batch GD with step size > 0
from 6 is such that

L(61) = L(6o) + n-[[VL(6o)| — n;'VL(@o)T V2L(00) VL(6o) + O(1*). (6)

cancel out at the Edge of Stability

3. The FullBS during this phase implicitly defines the sharpness of the minimum found by
gradient descent.

4. This phenomenon is unexpected in the understood cases of optimization of quadratics.

Mini batch SGD with fixed step size is known to oscillate because of its inherent noise even in
the case of quadratics at convergence. Precisely, at convergence, it oscillate around a minimum
with size of the oscillations 7 for the case with replacement or 12 for the case without replacement,
see [Mishchenko et al.| (2020) and references therein. SGD thus exhibits the properties 1. and 3.
naturally, even for quandratics, not because of an instability due to the landscape, but because of
an instability due to the noise. The only previous work connecting EoS and SGD present to our
knowledge describe an effect which contains this natural effect due to SGD noise. The effect we
discover and the generalization to mini batches that we give for edge of stability instead is about an
instability due to the landscape, and thus about the properties 2. and 4. above. Edge of stability is
about having a quantity that is around 2/7; it is also about the canceling out in the equation above,
but it is not only about the oscillations per se. We thus believe that this is the generalization of Edge
of Stability for the mini batch setting that is interesting for understanding the training dynamics of
deep learning and that naturally generalizes the one given by |Cohen et al.|(2021) for full batch GD
and by |Cohen et al.| (2022) for full batch Adam. Indeed, EoSS reduces to EoS in the full batch case
and our empirical observations are inherently of how our relevant notion of sharpness acclimates to
learning rate and batch size. The only other work on extending the EoS for mini batch SGD is|Lee &
Jang| (2023)), but there the authors are rather presenting a non-consistent correction term to the GD
EoS to get the EoS for SGD, without establishing its limiting factor or the influence on the dynamics
of SGD.

C EXEMPLIFICATION THROUGH A SIMPLIFIED MODEL

To elucidate what the size of the MiniBS, consider a simplified scenario involving a diagonal
linear network trained on data from two orthogonal classes. Assume (z,7) € R? x R is either
z1 = ((1,0), 1) or z5 = ((0,1), —1) with probability 1/2. We learn this data with a diagonal linear
network and MSE, precisely where

f(x)=a"B -, a € R* B eR?*2

Then with a diagonal initialization, gradient descent will converge almost surely to a neural network
of the following kind

by 0
f(z) = (a1,a2) - (01 bg) -, where |ay - b1| = |ag-bo| = 1.

At convergence, the spectrum of the Hessian on the data point z; is {A1,0,0,0,0,0}, with A\; :=
a? + b?, the Hessian on the data point zy is instead {\2, 0,0, 0, 0,0}, where Ay := a3 + b2, and the
two eigenvectors for these two eigenvalues are orthogonal between each other. This implies that the
Hessian of the full batch loss has spectrum {\;/2, A2/2,0,0,0, 0}, while the Hessian on the mini
batches of size one has either one of the spectra above.
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This implies that

1 1 A1 A
FullBS = max | =H(z1) 4+ 2H(z1)] = maxqZt 22 (7)
2 2 27 2
This is smaller than the average largest eigenvalue of the mini batch Hessian which is
1 1 A
AMiniBS = max(M(20)) + 5Amax(H(z)) = T+ 5 ®)

* Smaller size: Thus setting F'ullBS equal to A means that the max between A1 and Ag is
exactly 2. Note that the fact that a; - by = as - b = 1 and Cauchy-Schwartz imply that
A1, Ao > 2. Setting AMiniBS to A thus implies that the maximum between A; and s is
at most 2\ — 2, generally smaller.

* Higher alignment: Moreover, we have that the gradient V f(z;) on the data point z; exactly
aligns with the eigenvector v; of the highest eigenvalue \; of the Hessian in z;. On the full
batch, we are averaging them differently, precisely we have that there exist two constants
c1, ¢ such that the gradient is Gv; + G va. Thus, where WLOG A; > Ay we have the
alignments

H(z1) -VL(z1) ~ eiA2vr but  H-Vf ~ %A%vl ©)
Thus one half of it (batch size divided by number of data points).

This shows that in the same point of the gradient, SGD perceives the largest eigenvalue of the Hessian
bigger and more relevant to the gradient then GD.
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