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Abstract

We analyse the convergence of one-hidden-layer ReLLU networks trained by gra-
dient flow on n data points. Our main contribution leverages the high dimension-
ality of the ambient space, which implies low correlation of the input samples, to
demonstrate that a network with width of order log(n) neurons suffices for global
convergence with high probability. Our analysis uses a Polyak—t.ojasiewicz view-
point along the gradient-flow trajectory, which provides an exponential rate of
convergence of % When the data are exactly orthogonal, we give further refined
characterizations of the convergence speed, proving its asymptotic behavior lies
between the orders % and ﬁ, and exhibiting a phase-transition phenomenon in

the convergence rate, during which it evolves from the lower bound to the upper,
and in a relative time of order @.

1 Introduction

Understanding the properties of models used in machine learning is crucial for providing guaran-
tees to downstream users. Of particular importance, the convergence of the training process under
gradient methods stands as one of the first issues to address in order to comprehend them. If, on the
one hand, such a question for linear models and convex optimization problems [Bottou et al., 2018,
Bach, 2024] are well understood, this is not the case for neural networks, which are the most used
models in large-scale machine learning. This paper focuses on providing quantitative convergence
guarantees for a one-hidden-layer neural network.

Theoretically, such global convergence analysis of neural networks has seen two main achievements
in the past years: (i) the identification of the lazy regime, due to a particular initialization, where
convergence is always guaranteed at the cost of being essentially a linear model [Jacot et al., 2018,
Arora et al., 2019, Chizat et al., 2019], and (ii) the proof that with an infinite amount of hidden units
a two-layer neural network converges towards the global minimizer of the loss [Mei et al., 2018,
Chizat and Bach, 2018, Rotskoff and Vanden-Eijnden, 2018]. However, neural networks are trained
in practice outside of these regimes, as neural networks are known to perform feature learning, and
experimentally reach global minimum with a large but finite number of neurons. Quantifying in
which regimes neural networks converge to a global minimum of their loss is still an important open
question.

We identify a regime—marked by low-correlated inputs—where the training dynamics of shallow
neural networks via gradient flow can be rigorously understood. Unlike prior analyses that hinged
on finely tuned initialization scales [Chizat et al., 2019, Boursier et al., 2022], an infinite number of
neurons [Jacot et al., 2018, Chizat and Bach, 2018], or the unrealistic orthogonality of data [Boursier
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et al., 2022, Frei et al., 2023], our setting arises naturally in high dimensions, notably when the input
dimension d exceeds n2. Beyond existence of convergence, we seek to quantify it: how fast does the
system lock onto a global minimizer? What governs this speed? Our work provides sharp answers.

We summarize our contributions in the analysis of the learning dynamics of a one-hidden-layer
ReLU network on a finite number of data n via gradient flow.

* Our main contribution is that the gradient flow training of shallow neural networks, with
square error, on n low correlated input, converges globally, i.e. converges to a neural
network that interpolates exactly the data. We show that this occurs with high probability
for high dimensional whitened input data as soon as d > n?. Furthermore, this convergence
occurs for any initialization scale and whenever the neural network has more that log(n)
neurons. 1We also show that the loss converges to zero exponentially fast with a rate at least
of order .

e Then, when the inputs are orthogonal, we refine our analysis in order to characterize the
range of possible asymptotic speeds, which we find to be at most of order ﬁ Moreover,
1

we conjecture that this speed is always of the highest order NG

verify empirically this claim.

with high probability and

* Finally, for orthonormal inputs and a special initialization of the network, we highlight a
phase transition in the convergence rate during the system’s evolution, and compute the
associated cut-off time and transition period.

2 Problem Setup

Notations. We use ||v|| to denote the euclidean norm of a vector v, (-|-) its scalar product, and
v

|| M]| for the operator norm associated with || - || of a matrix M. Moreover, let v = o]

Loss function. Let (7;,9;)i—1.n, € (R? x R)™ be a sample of input vectors and real outputs. Let
d € N* be the dimension of the vector space and n € N* the number of data points. In order to learn
the regression problem of mapping x; to y;, we use one-hidden-layer ReLU neural networks, which
we write:

ho(@) = =3 ago((w;ls). )
P

where p € N* is the number of units, o(z) = max{0,z} for z € R is the rectified linear unit
(ReLU), and the parameters are gathered in 0 = (a;,w;)1<;j<p € (R x R?)P. To simplify the ReLU
notation, we define o ((w;|z;)) = (wj|r;)+ and 11y 12,350 = 1;:. When mentioning neurons of
the network, we refer to (w;|x;)+, while second layer neurons refer to a;. Neurons can be activated
if (w;|z;);+ > 0, and are correctly activated if moreover a;y; > 0. Upon this prediction class and
data, we analyse the regression loss with square error,

n

1 2
L(0) = o Zl(yz — he())” . 2
As soon as d > n, (x;);=1., can form a free family, in which case the set of minima of L, which
consists of all interpolators, is non-empty. We note r; = y; — ho(x;) the residual of the loss.

Gradient flow. In order to understand a simplified version of the optimization dynamics of this
neural network, we study the continuous-time limit of gradient descent. We initialize 6;—q = 6y and
follow for all ¢ > O the ordinary differential equation

d

—0; = —pVy, L(6 3
d t t p [ ( t) ? ( )
where we choose a particular element of the sub-differential of the ReLU o’(x) = 1,0, for any
x € R. This choice is motivated by both prior empirical work from Bertoin et al. [2021] and
theoretical work from Boursier et al. [2022, Proposition 2] and Jentzen and Riekert [2023]. Because
ReLU is not differentiable at 0, we don’t have a unique valid trajectory satisfying the gradient flow



equation. We thus chose among all the trajectories the only one for which deactivated neurons cannot
reactivate themselves alone (more in Appendix C.2). We also decided to accelerate the dynamics
by a factor p as only this scaling gives a consistent mean field limit for the gradient flow when the
number of neurons tends to infinity (see Definition 2.2 by Chizat and Bach [2018]).

Weight invariance. The 1-homogeneity of the ReL.U provides a continuous symmetry in the func-
tion & +— hy and hence the loss*. This feature is known to lead automatically to invariants in the
gradient flow as explained generally by Marcotte et al. [2024]. The following lemma is not new
[Wojtowytsch, 2020, p.11], and shows that, from this invariance, we deduce that the two layers have
balanced contributions throughout the dynamics.

Lemma 1. Forall j € [1,p], forallt >0, |a;(t)]* — ||w;(®)||* = |a;(0)|* — ||w;(0)||*, and thus,
if|a;(0)| > ||w;(0)||, then a;(t) maintains its sign and |a;(t)| > ||w;(t)

Initialization. Throughout the paper, we initialize the network’s weights w; and a; from a joint
distribution where both marginals are non-zero, centered, rotational-invariant, are sub-Gaussian, and
we take the norms of a; and w; independent of d, n, p. Each pair of neuron is sampled independently
from the other pairs. Moreover, we need an assumption of asymmetry of the norm at initialization.

Assumption 1 (Asymmetric norm at initialization). We assume that the weights of the network at
initialization satisfy for all j € [1,p], |a;(0)| > ||w;(0)]|.

Articles by Boursier and Flammarion [2024a,b] already used this assumption to study two-layer
neural networks in order to use the property described in Lemma 1.

Data. We define the data matrix X = (zy,...,2,) € R™"™. Denote C, = min; ||z;|| and C;; =
min; |y;|; in what follows, we suppose that C; > 0 and C’y_ > 0, i.e., the input and output data are
bounded away from the origin. Similarly, we also let C;} = max; ||2;|| and C;f = max; |y;|. We

note C;j :~ to refer to the set of these constants. Finally, we introduce the following hypothesis on
the low correlation between the inputs.

Assumption 2 (Low correlated inputs). We assume that the data satisfy
;) Cy
2y/n Cf

where Dx denotes the diagonal matrix with coefficients ||x;||>.

|IXTX — Dx|| < 4)

The term || X7 X — Dx]|| is a control on the magnitude of the correlations ((x;,z;))iz;. As an
extreme case, when it equals zero, the inputs are orthogonal. This assumption is purely deterministic
at this stage. Later, we show that this weak interaction between the inputs is highly likely to occur
for random whitened vectors in high dimensions (see Corollary 1).

Dimensions. Throughout the paper, even if the results provided are all non-asymptotic in nature,
the reader can picture that the numbers n, p, d (respectively data, neurons and dimension) are all
large. Moreover, they verify the following constraint: 7 is less than d, and p can be thought of the
order log(n), meaning only a “low” number of neurons is required.

2.1 Related works

Convergence of neural networks. Neural networks are known to converge under specific data,
parameter, or initialization hypotheses, among which: the neural tangent kernel regime studied by
Jacot et al. [2018], Arora et al. [2019], Du et al. [2019], Allen-Zhu et al. [2019], that has been
shown to correspond in fact to a lazy regime where there is no feature learning because of the
initialization scale. Another field of study is the mean-field regime, where feature learning can
happen but where the optimization has been shown to converge only in the infinite width case [Mei
etal., 2018, Chizat and Bach, 2018, Rotskoff and Vanden-Eijnden, 2018]. Note that it is also possible
to produce generic counter examples, where convergence does not occur [Boursier and Flammarion,

*Indeed, the subspace built from all parameters ., = (—:7 ,YiWj)1<j<p». When  varies in (R})P, maps to
y <<
the same network, i.e., ]’Lew = hg,.



2024b]. Beyond these, there have been attempts to generalize convergence results under local PL
(or local curvature) conditions as shown by Chatterjee [2022], Liu et al. [2022], Zhou et al. [2021],
but they remain unsatisfactory to explain the good general behavior of neural networks due to the
constraint it imposes on the initialization. Convergence theorems similar in spirit to Theorem 1 can
be found in an article by Chen et al. [2022]. The main difference relies on two features: only the
inner weights are trained and their result necessitates a large value of outer weights when n is large,
which is the regime of interest of the present article. Finally, it is worth mentioning other works on
neural networks dynamics, e.g., the study of the implicit bias either for regression [Boursier et al.,
2022] or classification [Lyu and Li, 2020, Ji and Telgarsky, 2020], or sample complexity to learn
functions in a specific context [Glasgow, 2023].

Polyak-Lojasiewicz properties. Dating back from the early sixties, Polyak derived a sufficient
criterion for a smooth gradient descent to converge to a global minimizer [Polyak, 1964]. This
corresponds to the later-called Polyak-F.ojasiewicz (PL) constant y of a function f : R? — R, that
can be defined as the best exponential rate of convergence of gradient flow over all initializations,

or equivalently to the following minimum ratio ;4 = min,cra HVJ{ ()| I? . This has found many

applications in non-convex optimization, as it is the case for neural network optimization, and is very
popular for optimization in the space of measures [Gentil, 2020]. Other notions of PL conditions
have emerged in the literature to characterize local convergence, by bounding the PL constant over

a ball p*(z,r) = mingep(.,r IVs@I- f( )H [Chatterjee, 2022, Liu et al., 2022] and comparing it to

f(2). We use a notion of PL Wthh 1s local and trajectory-wise to prove lower bounds valid on each
trajectory.

3 Convergence in high dimension

In this first section, our goal is to understand when the gradient flow converges toward a global
minimizer of the loss. Note that the parametrization of the prediction function hy by a neural network
often implies the non-convexity of the objective L and prevents any direct application of convex tools
in order to ensure global convergence. Generally speaking, even if gradient flows are expected to
converge to critical points of the parameter space [Lee et al., 2016], such that Vo L(6) = 0, they
might become stuck in local minimizers that do not interpolate the data.

3.1 Local PL-curvature

Convexity is not the only tool that provides global convergence: as known in the optimization com-
munity, showing that HVL( )H is uniformly lower bounded suffices. As mentioned in Section 2.1,

this is known as the Polyak Lojasiewicz condition [Polyak, 1964]. Taking a dynamical perspective
on this, we define a trajectory-wise notion of this “curvature” condition which we name the local-PL
curvature of the system, and define for all ¢ > 0,

VL6, 41,(6,)
,U/(t) — p” ( t)” _ _ dt 5)
L(6:) L(6:)
with the second equality being a property of the gradient flow. Intuitively, this coefficient describes
the curvature in parameter space that 6; “sees” at time ¢ > 0. The following lemma is classical and

shows how it can be used to prove the global convergence of the system, as well as a quantification
on the rate.

Lemma 2. Let ( =1 fo w)du the time average of the local-PL curvature, which we name
the average-PL curvature. We have L(0;) = L(6(0))e~ RNt

Hence, if the total average-PL curvature (1) := lim;_, o (u(t)) is strictly positive, we can
deduce an upper bound on the loss and convergence to 0 at the exponential speed (/). This shows
that the average-PL curvature is actually the instantaneous exponential decay rate of the loss, and
thus controls the speed at which the system converges.

3.2 Global convergence of neural networks for weakly correlated inputs

We are ready to state the main theorem of the paper on the minimization of the loss.
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Theorem 1. Let ¢ > 0, p > 4log (4?”) (1 + (Ca,w%{) ) where C, ,, depends only on the

joint law of a,w, and suppose Assumption 1. We fix the data (x;,y;)1<i<n and suppose it satisfies
Assumption 2. Then with probability at least 1 — ¢ over the initialization of the network, the loss

—\2
converges 1o 0 with {jo) > %, where we define C' = g(%})

C’y_ . Moreover, for any t > 0, we
have the lower bound

(6)

pu(t) = %

)

min ’1 —
Yi

3

Note that, at best, the number of neurons required in Theorem 1 is logarithmic. This finiteness
stands in contrast with the infinite number required in the mean-field regime, and the polynomial
dependency typical of the neural tangent kernel (NTK) regime [Jacot et al., 2018, Allen-Zhu et al.,
2019]. In the orthogonal case, the ReLU makes the log(n) dependency necessary and sufficient, as
shown in Lemma 5, as the residual r; goes to zero if and only if a neuron gets initialized as a;y; > 0
and (w;|x;) > 0 for each ¢.

Assumption 2 is crucial for this proof: it means that the examples are insufficiently correlated with
each other for the weights to collapse onto a single direction. As proved by Boursier and Flam-
marion [2024a, Theorem 1], the direction w* = arg ming_q 43 L(6) will attract all neurons if it is

accessible from anywhere on the initialization landscape’. This phenomenon known as early align-
ment and first described by Maennel et al. [2018], will prevent interpolation if examples are highly
correlated [Boursier and Flammarion, 2024a, Theorem 2]. The fact that our result holds for any
initialization scale shows that near-orthogonal inputs prevent accessibility to w* and make the early
alignment phenomenon benign, as found by Boursier et al. [2022], Frei et al. [2023].

Note finally that our norm-asymmetric initialization (Assumption 1) is sufficient for global conver-
gence with high probability, but may not be necessary. That said, we present in Appendix C.1 a
detailed example of a low probability interpolation failure when the assumption is not satisfied.

Convergence in high dimension. In this paragraph we assume that the data (z;, y;);=1., are gen-
erated i.i.d. from some distribution Py y. We first show that, with high probability, Assumption 2
is almost always valid if the dimension is larger than the square root of the number of data points.
Additionally, we assume that the law anti-concentrates at the origin. These two features are gathered
in the following lemma.

Lemma 3. Let (x;,y;)1<i<n be generated i.i.d. from a probability distribution Pxy which
has compact support on R* x R*, and such that the marginal Px has zero-mean, and satisfies
Eppy [12T] = %Id. There exists C > 0 depending only on the constants C;\;~ and the initial-

ization weights, such that, if d > C (n2 + nlog (%)) then, with probability 1 — e, Assumption 2 is
satisfied.

The hypothesis in the previous lemma is satisfied by standard distributions like Gaussians A/ (0, %I d)
for the inputs. The following corollary restates Theorem 1 for data that are generically distributed
as in Lemma 3, and when the dimension is large enough.

Corollary 1. Let ¢ > 0. Suppose Assumption 1 and that (x;,y;)1<i<n are iid. gener-
ated from a probability distribution satisfying the same properties as in Lemma 3. There ex-
ists a constant C' > 0 depending only on the constants Cj‘ y Such that, if the network has

p > 4log (6?") (1 + (meg{)Z) neurons in dimension d > C (n2 + nlog (%)) with C, ., de-

pending only on the join law of a,w, then, with probability at least 1 — ¢ over the initialization of
the network and the data generation, the loss converges to 0 at exponential speed of rate at least %

Beyond the high-dimensionality of the inputs, Corollary 1 does not require any initialization speci-
ficity (small or large), and the number of neurons required to converge can be as low as log(n).
Hence, let us put emphasis on the fact that the global nice structure of the loss landscape comes
from the high-dimensionality: this does not come from a specific region in which the network is

5This accessibility condition is in fact the absence of saddle point for some function of normed neurons,
which imply that neurons can rotate from anywhere on the sphere to w™.



initialized as in the NTK (or lazy) regime [Chatterjee, 2022], nor rely on the infinite number of
neurons [Wojtowytsch, 2020].

Remark that, under the near-orthogonality assumption, in the large d limit, the largest amount of
data that “fits” in the vector space is only d, and corresponds to a perturbation of the canonical basis.
On average, Corollary 1 finally states that the average number of data points for which we can show
convergence is of the order v/d. Trying to push back this limit up to order d is an important question
for future research and seems to ask for other techniques. Experiments underlying this question are
presented in Section 5 (Figure 3).

3.3 Sketch of Proof

The proof of convergence relies on three key points: (i) the loss strictly decreases as long as each
example is activated by at least a neuron, (ii) for a data point, if there exists a neuron which is
activated at initialization, then at least one neuron remains activated throughout the dynamics, (iii)
At initialization, condition (ii) is satisfied with large probability. Let us detail shortly how each item
articulates with one another.

(i). First, Lemma 7, stated and proved in Appendix, shows that, by computing the derivatives of
the loss, we get a lower bound on the curvature

S

p(t) = ~((C7)* = |IXTX — Dx|[) min Z\ag\ Lii ¢ 7

To prove the strict positivity, one needs to show that || X7 X — D || is small enough, and that for each
data 7, there exists j such that |a;|?1; ; is strictly positive. Thanks to the initialization of the weights,
laj|* > |a;(0)]* — |Jw;(0)]|*> > 0, and to Assumption 2, 2\[(0 )2 > ||XTX — Dx]||. Thus, we
have convergence if at any time, for any data input, one neuron remains active, i.e., formally, for
allt > 0, and all ¢ € [1,n], there exists j € [1,p] such that (w;(¢)|z;)+ > 0. Hence, the loss
decreases as long as one neuron remains active per data input. We see next how to show this crucial
property.

(ii). Let us fix the data index ¢ € [1,n], and y; > 0 without loss of generality. Let us define
Ji = argmax,,y,>o(w;(t)|z;) the index of the largest correctly initialized neuron. Since a;
cannot change sign thanks to Assumption 1, (w;=(f)|x;) is continuous, and has a derivative over
each constant segment of j;. The strict positivity of this neuron is an invariant of the dynamics: if
r; > v;, the derivative of the neuron shows it increases, and if 7; < y;, the residual has decreased,
which implies that the (w;- (t)|z;) is strictly positive. Thus, if a neuron is correctly initialized for
the data point ¢, a neuron stays active throughout the dynamics. This invariant however requires a
large but constant of n number of neurons.

(iii). Finally, Lemma 5 shows P(V%, 35, (w;(0)|z;) > 0Najy; >0) >1—n (%)p, which implies
that for p > 4 log(g), the network is well initialized with probability at least 1 — e.

4 Orthogonal Data

In this section, we go deeper on the study of the gradient flow, assuming that the input data are
perfectly orthogonal, or equivalently that || X7 X — Dx|| = 0. Since most of the intuition for the
convergence is drawn from the orthogonal case, it offers stronger results which we detail. In partic-
ular, we are able to closely understand the local-PL curvature (u(t)):>0 evolution and asymptotic
behaviour.

4.1 Asymptotic PL curvature

Theorem 1 has shown that the local-PL curvature is lower bounded by a term of order %, allowing
us to show an exponential convergence rate of this order. The following proposition shows that in
the orthogonal case the curvature can also be upper bounded.



Figure 1: Example of group initialization with p,, = 3 neurons, k,, = 2 examples per neurons, for
n = 6 total examples. Group initialization allows to treat each group independently from the other,
an thus to solve the problem for a 1-neuron network.

Proposition 1. Let ¢ > 0. Given orthogonal inputs, and a constant A > 0 such that for all
J € [1,p], la;j(0)] — |Jw;(0)||> > A, there exists C > 0 depending only the constants C;[;~, A,

and on the law of a,w, such that for d > C'log(p) log(np) log (%)2 with probability 1 — € on the
initialization of the network, we have an upper-bound on the local-PL curvature for all t > Chn,

,u(t)<C’\/gmax 1—@ ¢

‘ + —. (8)
Yi n

This upper bound uses two properties that are characteristic of the orthogonal case. First, once a
neuron is inactive on some data input, then, it can never re-activate again. The second property is
that for an initialization scale independent on n, there is a phase during which correctly initialized
neurons increase while the others decrease to 0. This extinction phase, proved in Lemma 8, is short
in comparison to the time needed to fit the residuals, and leaves the system decoupled between
positive and negative outputs y;.

In the limit where n goes to infinity, Proposition 1 shows that the network does not learn since
the local-PL is 0. This is an artifact of the orthogonality of the inputs: the interaction between
inputs should accelerate the dynamics. However, although all quantities have well defined limits as
n — 400, the limits cannot be understood as a gradient descent in an infinite dimensional space®.

Proposition 1 is in fact valid for p fixed, and an initialization of the weights for which every data
is correctly initialized by a neuron. In that case, Proposition 1 shows that the asymptotic curvature
cannot be larger than the order ﬁ While the local-PL curvature is between the order < and %’ the

next proposition shows that any intermediate order n%, fora € [%, 1], can be reached asymptotically,
with strictly positive probability, using a particular initialization of the network.

Group initialization. In the following, we use p,, to denote the number of neurons, and partition
the n data points in p,, groups of cardinality k;, (note that p;,,k,, = n). We re-index the examples per
group as by (27, y!) = (Tit(j—1)kn» Yit (j—1)k, )» for all i € [1,k,] and j € [1, p,]. Moreover, we
use a special initialization of the network such that for all j, ¢ € [1,p,], 7 € [1, ky].
(wjlaf) > 0if j =g — el
{<wj|$?><01fj7éq and - aj = s;||wl[ , )
i.e., wj is correctly activated on the group j only. An example of group initialization is visible on
Figure 1.

Proposition 2. Suppose the group initialization described above, with orthonormal inputs, and the
signs of all outputs of the group j are equal to s;.Suppose moreover that the initialization is symmet-
ric, i.e. |a;(0)] = ||w;(0)]|. We fix k,, = n?1=%) with o € [3,1). Then, fort > Cn3*~1log (Cn),
the local-PL curvature satisfies

K
— <)< 2, (10)

2| =

0ne would like to write the loss as an expectation over the data point, yet it is impossible as there is no
uniform distribution on N.
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_ kS - . w; (0 _
where C' = max (aCy ,(%)a) Ky =20, min; % and Ky = 4C}.

Proposition 2 states that any asymptotic value {{1.) € [%, %] can be achieved with strictly posi-

tive probability using group initialization. But of what order is the most likely limit of the curvature
for standard initialization? The experiment in Section 5.2 suggest that, with high probability, the
asymptotic curvature is always of the order ﬁ

Conjecture 1. Let € > 0. There exist Cy,Cy > 0 depending only on the data and the initialization,
such that for p > C; log(g) and for orthogonal examples, with probability at least 1 — € over the
initialization of the network, we have convergence of the loss to 0 and

(Hoo) = Y

S

4.2 Phase transition in the PL curvature

In the previous section, we emphasized the asymptotic order of the local-PL curvature with respect
to n and hypothesized that it is of the order ﬁ in most cases. In this section, we are interested in
the evolution of the local-PL curvature during the dynamics. Lemma 4 below computes the local-PL
curvature at initialization in the large p regime, and shows that initially it is of order %

Lemma 4. Ar initialization, the local-PL curvature p(0) is a random variable which satisfy
VP(nu(0) = Bo) = N (0,13), and with By, vo depending only on the data and the distributions
p——+00

of the network’s neurons.

The constant [y is strictly positive as soon as the limit network does not directly equal the labels,
which is natural to assume since they are unknown a priori. Thus the exponential rate of decrease
of the loss in the early times of the dynamics is of order % Importantly, Proposition 2 with a single

group has an asymptotic speed of order ﬁ, meaning that the local-PL curvature transitions between

% and ﬁ If Conjecture 1 is true, then this phenomenon happens with high probability during the
dynamics.

Let us study this phenomenon through the example of Proposition 2, with a fixed number of
neurons p. In this case, the following theorem shows that there are exactly p phase transitions
of the loss, which each corresponds to a data group being fitted. To be precise, let us define

Loo(t) = limy oo Ln(t), with Ly, (t) = L(O(t X ts)), tn = T log(np), and p fixed (k, = 2).
We prove that L. is constant by parts with at most p parts.

Theorem 2. Suppose the same data hypothesis and initialization as Proposition 2. We define

D} ? = = Zf;l(yf)gfor each cluster, and suppose its limit || D$°||? finite. Then, the function
1

L is constant by parts with at most p parts, and the transitions happen at each time t/ = D=7
J

Moreover; for all € €]0, 1], there exist times t,(¢) satisfying
€ I(1—¢)—ti(e) 1 log(Ci(e))

(e = o3 22y ana B ~
n 277N (1) tn 2[|Dse|| log(n)

12)

where L7 is the part of the loss corresponding to the group j, and C7(g) > 1 depends on ¢ and the
initializations and data of the group j.

The theorem shows that each transition of L,, occurs in the time frame which decreases as m.

Note that these transitions are subtle: one needs extremely large dimensions in order to differentiate
two close transitions as shown on Figure 2. The phase transitions of the loss are in fact associated
with transitions of |[w;||? from a constant order to an order /7, and by Lemma 7 with transitions
on the local-PL from order % to order ﬁ

S Experiments

In this Section, we aim to perform deeper experimental investigations on the system, which we could
not do formally. Precisely, we want to answer two questions:
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Figure 2: Simulation of the loss trajectory of a network with 2 neurons and group initialization, each
activated separately on half the data points. L,, is the rescaled loss for n examples, and L, is its
limit as n goes to infinity. We can see two phase transitions in the very high-dimensional regime.

1. What is the probability that the loss reaches 0 for n data points in dimension d, under the
distributional hypotheses of Lemma 3 (sub-Gaussian, zero-mean and whitened data)? What
is the maximum 7 for a fixed d such that global convergence holds with high probability ?

2. In the orthogonal case, is the asymptotic exponential convergence rate of order —= (on

vn
average over the initialization) as stated in Conjecture 1?

The data and weights distribution which have been used for the experiments below can be found in
Appendix B, and the code is available on GitHub.

5.1 Probability of Convergence

This section aims to test the limit in which Corollary 1 holds when the number of data points in-
crease. Intuitively, as the number of examples n grows, the neural network becomes less and less
overparametrized, and hence is expected to fail to globally converge. Knowing if and when this
occurs with high probability is important for us to understand how much our current threshold C'v/d
can be improved. We thus plot the probability of convergence, as well as the loss at convergence to
obtain additional information when the probability is zero. We train 500 one-layer neural networks
with the normalization presented in Section 2, dimension d = 100, n ranging from 2500 to 3500,
and p,, = C'log(n) neurons. Additional details on the training procedure can be found in Appendix
B.

Figure 3 shows that for n < 2900, the probability of convergence is very likely, for n > 3100 the
probability is almost zero, and in between, there is a sharp transition. This sharp transition is visible
for any value d at some point N (d, p), which we name the convergence threshold. By measuring
the point for different values of d and p, we see that the threshold scales like N (d, p) ~ C(p)d, with
C(p) which is sub-linear (see Figure 5 in Appendix B). In particular, for n < Cdp, there exists a
network that interpolates the data, meaning that the convergence threshold is not a threshold for the
existence of a global minimum. The threshold’s scaling is linear in d which implies that proving
convergence for C'd data in dimension d seems feasible.

5.2 Empirical asymptotic local-PL curvature

In this section we test Conjecture 1, and to do so we measure y(t) during the dynamics, and mostly
at the end of the dynamics, since we know by Lemma 4 that near O the local-PL curvature is of
order % To provide the strongest evidence for the conjecture, we measured the order of the local-


https://github.com/leodana2000/Convergence-High-Dimension

Likelihood of global convergence in dimension 100.
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Figure 3: Left: Probability that a network trained on n data converges to 0 loss. We observe a
transition at n = 3000, from likely to unlikely convergence.

Right: Loss at convergence normalized by the loss at initialization. For n > 3000, the loss increases
to 0.6%, which is equivalent to fitting all but one example.

PL curvature in three ways: by directly measuring the local-PL p(to,) = log (L(Lt("; _)1)) at the

last epoch t.,, by measuring the average-PL curvature {fi..) = = log ( L) ), and finally by

foo L{tes)
mesuring the lower and upper bounds on the local-PL given in Lemma 7.

Following Conjecture 1, all approximations should likely be decreasing in ﬁ

show this, we plot the log-log graph of each measure above. We train 500 networks in dimension
d = 2000, with n ranging from 1000 to 2000, and p,, = C'log(n). All resulting plots appear linear
in the log-log scale, with a slope close to —% (see Figure 6 in Appendix B), meaning that the scalings
are indeed in % This empirically confirms our conjecture that the local-PL curvature has order
ﬁ asymptotically.

as n increases. To

6 Conclusion

We have studied the convergence of the gradient flow on one-hidden-layer ReLU networks with
finite datasets. Our analysis leverages a local Polyak-t.ojasiewicz viewpoint on the gradient-flow
dynamics, revealing that for a large dimension d in the order of n? data points, we can guarantee
global convergence with high probability using only log(n) neurons. The specificity of the system
relies on the low-correlation between the input data due to the high dimension. Moreover, in the
orthogonal setting the loss’s exponential rate of convergence is at least of order % and at most
of order ﬁ which is also the average asymptotic order as experimentally verified. For a special
initialization of the network, a phase transition in this rate occurs during the dynamics.

Future Directions. We are most enthusiastic about proving the convergence of the networks for
linear threshold d > Cn, which should require new proof techniques, as well as quantifying the
impact of large amounts of neurons on the system, which has been overlooked in our study. Future
work should also consider using a teacher-network to generate the outputs, in order to link the
probability or interpolation with the complexity, in terms of neurons, of the teacher.
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NeurIPS Paper Checklist

1.

Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We have shown with a theorem and experiments the convergence of the neural
network setting we considered.

Guidelines:

Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Limitations : it is not a true deep neural network, discretization has to be
carried out, and weaker assumption on the data could be made as said in the conclusion.

Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: Simply refer to the appendix and theorems statements.
Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: In the experiment section, every thing is stated to reproduce them.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: See link.
Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Yes, in the link to the code and the details of the experimental section.
Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer:
Justification: We should add the error bars to add some statistical precision to Figure 2.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
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10.

11.

12.

13.

14.

15.

16.

Justification: Theoretical paper, time is very short to produce the experiments. Yet, justifi-
cation can be found in Appendix B.

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Theoretical paper.
Guidelines:

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Theoretical study.
Guidelines:

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Theoretical study.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: Theoretical study.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: Theoretical study.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: Theoretical study.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Theoretical study.

Declaration of LLLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: Theoretical study.
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ORGANIZATION OF THE APPENDIX

The appendices of this article are structured as follows. Appendix A contains the proofs of each
of the 10 statements of the paper in an entitled subsection, with additional lemmas included in the
relevant subsections. Only Corollary 1 doesn’t have a complete proof as it is a simple combination
of Lemma 3 and Theorem 1. Appendix B contains additional details on the experiments that were
performed in Section 5, as well as graphs for the scaling laws. Finally, Appendix C contains general
discussions about the possibility to provably learn 2d inputs in dimension d, and the possible collapse
of the second-layer weights.

A Proofs

Let us note a few equations that we will use as references for the proofs below. First, the two
equations from the gradient descent in (3) are the following.

d a; a;
awj = Zj Zrixilj,i = ;JXPJR (13)
=1
d 1< 1
%CL]' = E Zm(wj|xi>+ = waXPJR (14)
i=1

In matrix notation, R(t) is the column vector of the residuals, X is the data matrix, and P; is the
diagonal matrix with diagonal elements 1; j = 1y, |¢;), >0- A second important derivative of the
system is then the residuals.

d 1<~ /d d
P ; <dtaj> (wjlws)+ + a; (dt<wj'|xi>+>
1 p
= —— Z ljvl:z:,Twa]TXPJR + ‘aj‘21j7i$?XPjR
= (15)
d 1 |
S R= o ;PJXijijXPj +|a;*P;XTXP;| R

1
= --MR
n

with M a time dependent symmetric matrix. Finally, taking the product with R in equation (15), we
obtain an equation on the local-PL curvature.
d 2 o
d—L(t) =——R'(t)M(t)R(t)
t n (16)

where we recall that R = TR

A.1 Theorem 1

Lemma 5 shows that a number of neurons of order log(n) is both necessary and sufficient to obtain
the event Z, which corresponds to an initialization of the network which guarantees convergence.

Lemma 5. Suppose y; # 0, and let L be the event: for all i, there exists j such that, (w;(0)|z;) > 0
and a;(0)y; > 0. Forall e > 0,

s ifp>4log(2), thenP(Z) > 1 —¢,
¢

o ifp<3log(2)—2thenP(Z) <1—g¢,

and thus, P(Z) = 1 — ¢ implies p € [3log(%) — 2,4log(Z)].
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Proof. of Lemma 5
Let us note (w,;(0)|z;) = W, ; and A; = a,(0)y; random variables which are symmetric. A,
are independent with all variables, while W} ; are independent with all variables A; and W, with

qF7J-

P(Z) = P(¥i,35, (w;(0)|z;) > 0N a;y; > 0)

=P mUWi’j>OﬂAj>0

)

=1-P [ JWi; <0UA; <0

v ]

17
Zl—nP mWiJSOUAjSO
J
:1—TLP(WZJ§0UAJ§0)Z)
zl—n(l—P(Wm>OﬁAj>0))p
:1—n(1—P(Wi,j>0)P(Aj>0))p

o)

Replacing the expression with p = 4log(2) > +—— log(2) > l8(2)  we find that the probability

3 = Tog(3)”

3
is larger than 1 — . Now for the other bound,

vl

P(Z) = P(¥i, 3j, (w;(0)|z:) > 0N ajy; > 0)

=P|UWi,; >0n4;>0
i g
<P ﬂUWi’j>0
i g
=P JW,>0 (18)

=(1 —jP(WLl > 0)")"
=(1-277)"

<1 . (Z>310g(2)>n
(1-43)

1—¢

IA

IA

IA

where we use (1 — £)" <1—2 <1— Zvalidonz € [0,1]. O

_ ch)? . of
Lemma 6. Letc > 0, and p > 1 log (2) max ((|a<w|x>_~_|w1 ﬁ) , ||a<w|:c>+||wlcz+> Sor any

vector x, ¢ > 0 a constant, and || - ||, the sub-exponential norm. We have the following bound on
the loss at initialization.

P(L(6o) <2(C;)?*) >1—¢ (19)
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Proof. of Lemma 6
First, let us upper bound the loss at ¢ = 0.

n

1
L(6y) = m ry
=1
2
1< 1¢
<95 2 |\ Vi~ ;;Zaj<wj|xi>+ (20)
=1 j=1

2

1 1<
Sy == aswilan)
2 pj_1

IN

Since a,w are sub-Gaussian random variables, the product is a centered sub-exponential random
variable. Now, using Theorem 2.9.1 from Vershynin [2018], we get the following bound

1 & 1<
PLI=D aj(wjler)y| <K | >1=P | |=) ajwjlar)| > K
= P @1

s K2 K
—cpmin| - 2 Ta(w, =
>1-2¢ (H (wjler) 4113, " Matw;l 1>+Hw1>

2 2
where c is an absolute constant. Taking K = ||a(w;|z1)+ ||y, max (bg(s), bg(s)) , we get that

cp cp

the sum is bounded with probability at least 1 — €. Now using the inequality on p in the statement
and that w as a distribution invariant by rotation, we obtain K < C,j , and thus

L(6o) < 2(C;)>. (22)
]

Lemma 7. For any set of parameters § = (a;,w;);=1.p, the following bounds on the local-PL
curvature hold.

2 1 <&
p(t) < E(Ci)zmiaxlg Z(Iajl2 + [Jw;l1*)154
=t , (23)
2 1
> =(C)2-||IXTX -D in = 1215
u()_n(( 2 )" =l xII)In;anI%I 4,

i=1
where we recall that Dx denotes the diagonal matrix with coefficients ||z;||>.
Proof. of Lemma 7

We start from equation (16), which shows that the local-PL curvature lies between the largest and
smallest eigen values of the symmetric matrix M (t).

1< _ _
=N (Wl XPR) + |a; || X PRI 24)

Jj=1

S

p(t) =

By the triangular inequality, we have 0 < (w] X P;R)? < ||w,|[?|| X P;R||, which gets us bounds
on the local-PL curvature.
p

2 & _ 2 _
sz |a;]*[| X PR < u(t) < npr(ijHQ + |a; )| X P R|? (25)

Jj=1 j=1
We transform the term || X P; R||? to make || X7 X — Dx/|| appear.
|IXP;R||” = R"P X" XP;R
=R"P/(Dx — (X"X — Dx))PjR (26)

= IV DxPiR|* — [[VXTX — DxP;R||?
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Now, by bounding v/Dx by its largest and smallest eigen values, namely C;' and C,, we get the
bounds on this term.

(CPIPRI? — [|IXTX — Dx|ll|P;RI* < [|XP;RI* < (CF)?|| PRI @27)

The next step is to find the lower bound on the two remaining terms.

1Zp 2| p. o Z 17 R 12 iy ri()*1i
_ . P. 2 2 — 2 z 1 ? 2,] 28
pj:1|a]| H JRH | ]| ||R||2 | j| Z . l(t) ( )

By inverting the sum in ¢ and j, and taking the minimum of maximum over j, we get the bounds.

1o _ 1 o
=> " la; || PRI > miiH*Z |aj[*1i 5 29)
P P
1 P
Z;Z (laj|* + [Jw;[[*)[| PRI < min ~ Z (lag | + [Jw;][*)1s, (30)
Jj=1 J 1

From equation (25), we use the equation (27) as well as equation (29) for the lower bound and (30)
for the upper bound and find the expected bounds on the local-PL curvature. O

Proof. of Theorem 1
This is a proof based on the sketch visible in Section 3. The proof of convergence relies on three
key points:

(1) The loss strictly decreases as long as each example is activated by at least a neuron.

(ii) For a data point, if there exists a neuron which is activated at initialization, then at least one
neuron remains activated throughout the dynamics.

(iii) At initialization, the previous condition is satisfied with large probability.
We finish the proof with the lower bounds on z(¢) and ().

(i) First, Lemma 7 shows that, by computing the derivatives of the loss, we get a lower bound on the
curvature.

pu(t) =

SN

I
((C;)Q_HXTX—DXH)IH;D §Z|a-j|21jﬂ' (31

We want to show the strict positivity of this lower bound. First, using Assumption 2, we have for all
n > 2 that

1 Cy
C;)?—IX"X - Dx|| > (C; 2(1—y) > (1
which also holds for n = 1 since then || X7 X — Dx|| = 0. Moreover, thanks to the asymmetric
initialization, we have |a;|* > |a;(0)|* — ||w;(0)||> > 0, which means that x(¢) is bounded away
from 0 as long as for all ¢ there exists j satisfying (w;(t)|x;)+ > 0, i.e., that1; ; = 1.

)(C )2 zg(c 2 (32)

(ii) Let us fix the data index i € [1, n], and y; > 0 without loss of generality. Let us define the index
of the largest correctly initialized neuron j;.

*

jr = argmax(uw; (t)|;) (33)
a;jy;>0
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Since a; cannot change sign thanks to Assumption 1, (w;= (t)|x;) is continuous, and has a derivative
over each constant segment of j;". We can write the derivatives of this neuron as

n

9 tuyelas) = 2 D ol
_ ‘%eiTXTXPj;R
- et o .
> 5] 215 055 = 17X~ DR
- |a;;;! [rallasl Pz s = 1X7X = Dx||v/2nL@) |
> M;l {Ti||$i|\21j:,i3j;* — XX _DXH\/W}
We use Assumption 2 to have || XTX — Dx|| < ﬁ(C{)z%, and lemma 6 with 5 to have

L(6y) < 2(6‘;r )2 with propability at least 1 — 5. Moreover, s;j-y; > 0, gets us the following
inequality.

d Cy (Cr)? ry
£<wj;“xi> > yT |a- [y Ljxi— 1} (35)
Now, the strict positivity of (w; [;) is an invariant of the system: if * > 1, then ( ;) strictly
increases, and otherwise we have
-1 1 1 a
0< Y l—fg—ijl < A{w; i) — (36)
P i i 50 D

Which implies that (w;-|z;) stays strictly positive throughout the dynamics.

(iii) As shown in Lemma 5, for p > 4 log ( ) we have the strict positivity with probability 1 — £

(Vi, E'j, (w](0)|azl> >0N a;y; > O) >1—c. 37

Finally, we prove the lower bounds on the PL. Let us recall that |a;| > ||w;|| and that 1;; >
(w;(t)|Z;)+, which gives us

—ri(t)
*E la; "1 > *E aj(w;|Zi)+| = C’;‘ ‘ (38)
We can plug these into equation (31) to obtain
6 (C5)° e . ri(t)
p(t) > e C, min 1- o (39)

We obtain the final lower bound on the local-PL curvature by seeing that 2 — /2 > % From this
last equation, by integration, we obtain
riw) ’ du> (40)

1 [ 6 (C;)? 1

f/u(u)duZ—( “L+) C, l—f/max

t 0 5TL CJ‘ t 0 1 Yi
Let t5 satisfying max; |r;(t)| < 0 forall t > t;. t5 exists and is finite since the loss reaches 0. Thus,
we have for any ¢ > 0 that

t —\2 _
1/ p(u)du > E(Cﬂ") o (1 1 VL) t“ 5) (41)
0




whic in the limit ¢t — 400 gives

6 (C;)?

o) > ———C (1—=4¢ 42
(o) 2 55220y (1) @)
Taking 6 — O gives the desired bound on the average-PL curvature. In total, we use two bounds
valid with probability 1 — 5, we by the union bound, the Theorem is valid with probability at least
1 — £. Moreover, we check that taking in the statement C ., = 1||a(w|Z)||,, , allows us to use both
lemmas 5 and 6. O

A.2 Lemma3

Proof. of Lemma 3
This proof heavily relies on the result of Vershynin [2010, Remark 5.59] on the concentration of
sub-Gaussian random variables. It states that if A € R™*% is a matrix, the columns of which
are n independent centered, whitened’, sub-Gaussian random variables in dimension d, then with
1
—ATA-1,

probability 1 — 2",
n t
<Cy/=+— 43
’ d o C\/;—’_ Vd 43

with C' > 0 depending only on max; ||A;||4, the sub-Gaussian norm of the columns. We use this
property with A; = v/dZ; which satisfies every hypothesis, in particular it is sub-Gaussian since the

norm is constant. Taking t = y/log (2), we obtain the following bound.
- 1 , log (2
| XTX - L|| = ‘dATA—IdH gc\/5+ Ogd(f) (44)

Moreover, we can link this concentration inequality with the control term of Assumption 2.

IXTX = Dx|| < || PR (DX XX DL~ 1)D}

1112 _1 _1
<[l oxtrost -1

< (G [|XTX - 4| @

2 n  [log(2)
<(Cy) C\/;Jr g

Thus, the condition in Assumption 2 is satisfied with probability as least 1 — ¢ if

+12 +14
d>8 Ef’] {(C&] (OW + nlog (i)) . (46)
Yy x

Recall that C,j , are independent of n since Px,y has compact support away from 0. O

Proof. of Corollary 1
To prove the corollary, we simply use Lemma 3 instead of Assumption 2 in the proof of Theorem 1.
Moreover, we check that taking p as in the statement allows us to have each Lemma 3, 5, and 6with

<. 0

A.3 Proposition 1
Lemma 8. Let ¢ > 0. Suppose that

1. the (x;)i=1.n form an orthogonal family of non zero vectors, and that (y;);=1., are non-
zero,

7In this article, Vershynin [2010, Remark 5.59] uses the isotropy of the columns, but defines it as E[:ch] =
14, which we rather refer to as a whitened distribution.
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2. forall j € [1,p], |a;(0)|? — ||w;(0)||> > A for some constant A > 0,
3. and that for all i € [1,n], there exist j € [1, p]| such that (w;(0)|z;) > 0 and a;(0)y; > 0.

Then, there exist a constant  depending only on C;:~, A, ||a||y, and H(||w||2)2Hw2 such that

Ty

if d > rlog(p)log(np)log (%)2 then with probability at least 1 — ¢ on the initialization of the

network, at t, = C;QCﬁ max;; (w;(0)|x;) 4, we have

a;(0)y; >0 = (w;(ty)|z:)+
a;(0)y; <0 = (w;(tn)|z:)+ 47)

This Lemma states that, for orthogonal data, incorrectly initialized neuron, i.e. neurons for which
a;y; < 0, vanish in finite time, and cannot become active again. Thus, after time ?,,, the system is
decoupled between the positive and negative labels, and only correctly initialized neuron, which are
useful to the prediction, persist.

IN IV

(w; (0)|i)+
0.

In particular, it is possible to show that neurons vanish if y; = 0, but the vanishing doesn’t happen
in finite time.

Proof. of Lemma 8
We start by computing the derivative of a neuron in the orthogonal setting, which is given from
equation (13).

ajrily | |@i)?

a<wj‘xi>+ — Jt J;;” 1||

This equation shows that if a neuron is null or negative at any point in time, then it stays at 0. Thus,
let us only discuss the case of neurons that are positive at initialization. We will show that, before
any r; can change sign, each neurons for which a;(0)y; < 0 reaches 0. Let ¢} be the first time
any |r; — y;| > %. Fort < t,, neurons evolve monotonously depending on the sign of a;(0)y;:
for j, 4 such that a;(0)y; < 0 the neuron decreases, and for a;(0)y; > 0 the neuron increases. If
a;(0)y; < 0, we have

(43)

2n il ! ht (49)
Yi
(wjlzs) < (wj(O)|w) g — L[l [*At

d
%<wj|$i>+ <

where |a;(0)|? — [|w;(0)]|> > A > 0. Other wise the same equation gives for a;(0)y; > 0

d |a;(0)]2 — [w; (0)][2]yi]
$<wj|$z‘>+ > Ve, o ’ [EA T
sl C
(wjlzi) + > (w;(0)|zi) 4 + 154 2; ||| |* At

Let t, = QnW, if £, < t*, then we have extinction in finite time, i.e., the incorrectly
y Y
initialized neurons have reached 0. In the meantime, neurons for which a;(0)y; > 0 will stay

positive. Let us show that at £,,, residuals have almost not moved. We thus suppose ¢ < ¢}, First, we
bound the second-layer neurons a; using equation (14).

d 1 —
7= > ralwslei)y
e (51)
_ 3¢y

- 2n

(wj|zi)+
i=1

From equation (48), we also have the following bound.

d |a<|ri1',i||xi\|2 3
2wyl < P < 208 (CF)?ay| (52
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Combining both bound give a differential equation on a; which we can solve.

Lay < 5‘ |
a4 = 1 (53)
jaj| < la;(0)]e”
Where K = §(C;7)?(C;7)2. We get a similar bound on the neurons.
d
= max(wjla) 4+ < max - (w;lzi)+
< 1l e 2
n %
K n
Sz > (wylwi)+ 54
i=1

K
< — max(w; |zi)+
n 7
max (w;|z;) . < max(w;(0)]a;) e

The previous bounds show us that the growth of both layers’ neurons are only constant for times of
order n. Formally we have the following bound.

= (55)

2 ma oy (0)| ma (Vau, (0)2:) ¢
2,] +

Now let us note that, the norm of w was taken to be independent of d, n, p. So, we have by rotational
invariance that for any orthonormal basis of the space (e;);=1.4, we have the following equality for

any )\ > 0.
Vdwleq)? wle;)? wl|2
E 6< >\|2 = ]E : l > —E|:6H>\H ] (56)

Thus [|(vdwle1) ||y, < H(Hw||2)2|’¢2, with the upper bound that doesn’t depend on d, n, p. We

now use Proposition 2.7.6 from Vershynin [2018] to conclude that
ct?

P<max |a;(0)] §t) > 1*26_W
1<5<

(57
) np
i (max <\/&wj(0)|@> < t) >1—ge v ”wz ety
0. +
where C, ¢ > 0 are constants. Thus we conclude that with probability 1 — ¢, we have
C 4
max [;(0)] < |a|¢2¢ < tox(p 1o ()
(58)
_ _ C 4
max <\/&w](0)\mz> < <\/Ew|x> — log(np) log | —
,] + + o C 9
This give the new upper bound of
C: 2 c 4 2K L
) =0 < 2l el o () VioatTogle s 59
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Now, we pose t,, with the following definition.

(60)

[y = — Y vd —lo a wl|2)? C—ig
bh=19g [1 g( 10g(p)10g(np)10g(§)> 1g<3| v [1het7ll, Cy C>

_ c- . . -
We have that |r;(t,) — y;| < =~ < % . This means that ¢, < ¢¥. Finally, since we have ¢,, <
1 log( 4 . .
H V2 %%Og(s). Thus, there exists a constant x depending only on A,

oea | (lwll2)

+,—
T,y

|(|wl]2) Hw2 and ||al|y,, such that for d > x log(p) log(np) log (%)2, we have £, < £,,.

This concludes the proof, showing that the neuron initialized with a;y; < 0 reach 0 before t,, of
order n. O]

Proof. of Proposition 1

Thanks to Lemma 8, there exists ¢,, such that for ¢ > ¢,,, each example has only correctly activated
neurons. Without loss of generality suppose that all labels are positive. Then the network only has
positive contributions a;(t)(w;|z;) > 0 for all i. Let N(j,7) the number of indices ¢ such that
a;(t)(w;lzi) < aq(t)(wg|z;). We have

N(j 1 &
i) ) sl gfz (wqlzi) = yi — 4 (61)
p p =1
Thus, we can bound the norm of w;,
[lw;|[* < aFlfw;]|?
= a3 (w;|z;)
i=1
i 2 o\ 2 62
St (Uor) “
2 NG.? \ il
2 n 2
Yi — Ty p
< max —
i - ) “— N(j,i)?

1 <& 1<
=3 (lagl? + [fewyl*) 155 < = >~ (la (0)]
P P
o2 & max;(
<C+2y —
Pio
< 4ol (63)
< o
_ max; (y;
<C+2—m=—=—"2
< o
S \/>maxz i z \/TTp

Using the upper bound of equation (23) with the previous inequality gives us the upper control on
p(t)-
2(CH)? i
p(t) < 27\/§<CZ)C’; max ‘1 - %
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Thus, the constant C' from the Proposition statement is

2
¢ = max <CCA IT;%X< 5(0)]s)+

%qﬁ%}j@mmﬁfwmmWﬂﬂ,
7=1 (65)

QW\/; ((’;_) cr,
")

with x the constant of Lemma 8. O

A.4 Proposition 2

Proof. of Proposition 2

Recall that we initialize the network with p,, neurons, for which there are exactly k,, examples
positively correlated with it, i.e., f0r g # j that <w] |z]) < 0 at all time. This means that we can
write ho(x)) = % (wj|zl), = wj||4(wj|x!) 4, and s; does not change by Lemma 1. This
M Pn Pn

implies that the dynamics is decoupled: w; and w, can be studied separately.

Let us compute the dynamics for the neuron j. We let D7 = F Zz 1 yZ xl, R; = Zk ol

i=1"7"7>

lJwj|[2 = Y0 (wi|e;)%, and 2+ = - We first consider the alignment between w; and D7

d nn —+ D (T 1 d
1
n
1

(Dj|1a — o (@])"|R;)

n<D’.L|Id—wj( Nk Dy — pj||wj||+wj> (66)

VEIDS
= LI (D sy )?)

ng B —+\2
= 21— (Dls;0})?)

This equation has a closed-form solution which is

sinh (¢/t) + (D} |s;w 1(0)) cosh (cit)

(Dj|sjw]) =

cosh (cllt) (D7]s;w] (0)) sinh (cllt) 67)
1 ,
—— [log (cosh (¢, t) (D |s;w Jr( ))sinh (c/t))]
CZL dt
Now we can compute the norm of the neuron.
d o 55 - j
%ij||+ = 2ij||+g ZH(W\%H
i=1
2 o 1
= ~[lw; |3 (D} |s;@)) — ;ijlﬁ)
g e Ji 1105 COIRR = [l (0)] 3 e Ji P o5 (e (68)

t
e% Jo Nws (W13 du _ 1= 2 (O)H%r/ e% fé“(D;’\sjwj(v»dvdu
npn 0

ij(O)II2 e Jo D} lsy (w)du

(D2 =
||w]( )||+ (0 H2 f enfo (D7 |s;w; (v))dud

npn
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Finally, we can replace the expression of the correlation.
pm/kn||D?H X ||w](0)\|3_ (Cosh (cﬁlt) + <D;1|5jwj'(0)> sinh (cﬁbt))
Puv/Fal D + [leo; 0)][3 (sinh (cht) + (Dy sy (0)) (cosh (ht) 1))

We use this equation in Lemma 7, and easily obtain the upper bound thanks to the monotonicity of
[lw; ()]* < [[w; (t = +00)* = pnv/Ea|| D} |-

[lw; (8)[13 = (69)

4 P ) dmax; |Jw;(t)|[2  ACTVE,  ACS
t) < — (D131, = < =1 70
0 € D s OIR 1 e )
For the lower bound, we have the bound for ¢ > 26%7130"1 log (n(C;r )i) >
i 10g(pn/kn || D7][) by monotonicity. Indeed,
; = _ . ; 1 = _
cosh (clt) + (Djn|s]wj+(0)> sinh (c/t) > §ecnt (1+ (D;L\sjw;r(O») (71)
and L
sinh (cﬁlt) + <D§L|sjzf);'(0)>(cosh (c{lt) -1 < iecit (1 + <D;‘|sjﬁ);'(0)>) (72)
which implies that
oo > 2/ ElIDH X s Ot 1+ Dyl 0)
P+ Z n ) Sy
2Bl D} + [l (0) et (1 + (D} ;07 (0)))
w; (0)|13 (1 + (Ds;w (0
2 /o @I 1+ (DFls,a 0) -
2+ [lw; (O[3 (1+ (D} s;w; (0)))
[lw; (0)[1%
> oVl | D} || 5 — S
P24 [|lw; (0)[3
since <D;?|sjwj(0)> > 0. Finally, we obtain the desired lower bound.
2 - 2min; [Jw; ()13 _ 2C, [[w; (0)[3
@(t) > —— min w;(t 21474: / > —Y min (74)
0% i 2Ol np, e 2 s O
O

A.5 Lemma 4
Proof. of Lemma 4

Recall that, in this proof, p and n are independent parameters of the system. Let us recall the
equation of the local-PL curvature on the system that was found in equation (16).

p(0) = == 3wy (0)TXP,R0)) + oy O] XPRO)

2 1 & 75
= RO (30 P X w0 (0)XP, + o, (0) P XTXP; | B(0) (73)
j=1
2 T
= ZR(O)TM(0)R(0)
Recall that we note P; the diagonal matrix with diagonal 1;; = 1(4 2,), >0. This means that

since all terms in the sums can be computed from a; and (w;|x;), which are mutually independent
random variable, that variables in the sum are mutually independent as well, and by Central Limit
Theorem we have

M(0) = Evyo [PTXTww” X P + [ PTXTXP] + 2,
| VP
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where the expectancy is taken over the neurons of the network, but not over the data X and Y, and

G o C N (0, Vara(PTXTww XP + a2 PTXTXP)) = N(0,V(Q))-

We now apply the Central Limit Theorem on the residual R(0).

1 &b o &
RO)=Y - = ;P XTw;, =Y —Ey 4[aPXTw] - 22 =Yy — 2
(0) ij:IJ] j al ] Vi Vi

with &, T E~N (O, Vuw(aPXTw)) = N(0,Vy,q(€)). Now, using equations 75 and 76, we
p——+o00
have that

(76)

“ T o\ 2 2 2 @
uo) —. nEwa (W XPY)? 4|l XPY|?] = = (77)
and for the next order )
VP (nu(0) = Bo) N(0,75) (78)
with
Yo = YTV(Q)Y + 2V(€)Ew,q [PTXTwwT XP + o PTXTXP]Y (79)

O

A.6 Theorem 2

Proof. of Theorem 2
We consider the setting of Proposition 2 but with a fixed number of neuron p, and as in its proof, we
focus on one specific neuron j for which we suppose s; = 1. We can rewrite equation 69.

PVl D7 |5 (012 (cosh (ct) + (Dy | (0)) sinh (c}t))
pVER|D| + [lw; (0)][2 (sinh (d;t) + (D@} (0)) (cosh (cq;t) - 1))

Let us rewrite the loss of the group j.

1
I(t) = WZ(N 2
Z - \|wg||+< “ady) (81)
2k; A

1 _ 1
== |[ID}]]* - DD ) Jw;| 3 + — w4
9 |:|| j” \/EPH j||< J‘w]>”wj||++knp2”w]||+
2vkn |1 DF I

[w; ()7 = (80)

Let t},(r) = = log(rkpv/kn|| D}||), where ¢}, =
We have

, which depends on the variable x > 0.

A O (1+ 5557 1 0717 0 (1 5527

s EDIE = /Rl P o
24wl O (1= K52 + (gl ) (1 - £022)

(82)
with K (j,n) = m. Moreover, we have
o 1— KGR 1 (Drjaf (o)) (1+ 240
D?|s;wi (¢ = . 83
< J |S]wj ( n(’%))> 1+ K(Jg”«)z Dn|w (1 jn)2> ( )

Thus, by taking n large enough, there exists £(j, n, €) such that L7 (4 (k(j, n,€))) = L7 (t}(e)) =
e[| D} [|*. For simplification, we use /,(¢) = tJ,(k(j, n,€)). Moreover, £(j,n,¢) = #7(¢) when n
goes to infinity.

Ll peep - A @I O 1% _ e
L6 = 5 [ID71 - st | = 5105 54
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. . 2 [IDs°11(1-vE)
This shows that k7 () = w5 (O T D3 [(1—v2)

goes from 1 — ¢ to ¢ in a time which, after normalization, goes to 0. The time of the phase transition
is

Thus, we have a phase transition since the lost

th(e) _  Jos(k(yn elpVRalIDFID 1 )
tn ch/nplog(n) " (D3|

and its cutoff window is

B —thl—g) . ( rling \ 1 ! e ) 1
A2 (500 %5) g e () e

where we recall that ¢,, ‘ﬁ log(n). We conclude that the normalized loss thus has at most p
phase transition at times D=1

Moreover, the constant in the Theorem is

D°°H
g =V 1HIDFEI(-VI—e) 1 2
COTTpIIc-ve a-vicg CeripE
O

A.7 Other results
Proof. of Lemma 1

We verify that ( swjlw;) = aj %aj, using the derivations from equations (14) and (13). Integrating
this equality gives the expected invariance. O

Proof. of Lemma 2

By definition, we have u(t) = %, and by property of the gradient flow, |VL(6;)]*> =
< L(6;). Thus,
@ L) = L6
e i
' 88)
log(L(8) ~ og(L(6(0))) =~ | n(w)dz (
0

L(0:) = L(B(0))e 0"

B Experiments

This Appendix contains additional details on the experiments done in Section 5. Data generation

and weight initialization were performed as follows: we initialize all neurons independently as

w; ~ N(0, $14) as well as % ~U({—1,1}) and |a;| — ||w;|| ~ Exp(1) which implies |a;(0)| >
J

|]w;(0)|]. For the data, we consider y; ~ U([—2,—1] U [1,2]) and ||z;|| ~ U([1,2]) in order to

control the constants C', Cy_ > 1 and Cj , C’; < 2. Finally, in order to fall within the assumptions

of Lemma 3, we let H;% m (Sd_l) in Section 5.1, and ﬁ be an orthogonal family in Section 5.2.

Experiment 1. For the experiment in Figure 3, we trained 500 networks in dimension 100, with n

between 2500 and 3500, with 25 runs for each value of n. We used p = Lﬁﬁ; | + 1 neurons for
3

each experiment with € = 0.05, since this is the optimal threshold obtained in Lemma 5. We trained

the networks with gradient descent using a learning rate of 1 for a total time ¢, = 1.5 % @ log(np)
and thus e = = epochs.

2n
convergence to 0. We thus early stopped the training and declared the loss was exactly 0. Otherwise,

the convergence went for all epochs and the network was assumed to not be able to reach 0 loss. In
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Convergence Threshold with 30 neurons.

1200{ —— N(d,p)
————— Linear regression

1000 -

800

600 -

400 -

200 -

Convergence Threshold N(d, p)

20 40 60 80 100
Dimension of the ambient space

Figure 4: This graph shows the scaling law of the convergence threshold for a fixed number of
neurons. It suggests that the scaling is linear in d: N(d, p) = C(p)d.

. Convergence Threshold with fixed dimension 3
~ 400

3751 =
350 1
325 1

300

- N(d, p)
---- Regression: ap + b

250 Regression: ay/p + b

225 ---- Regression: alog(p) + b

Convergence Threshold N(d, p

50 100 150 200 250 300 350 400
Number of neurons

Figure 5: This graph show the scaling law of the convergence threshold for a fixed number of
neurons. It suggests that the scaling is not linear in d, but it is hard to differentiate between a sub-
linear polynomial growth or a logarithmic growth.

doted line, we interpolate the probability plot using a sigmoid function, and learned automatically
the convergence threshold N (d, p).

For the scaling law on d, we fixed p at 30, and trained networks with dimension varying from 10
to 100, and » ranging from N (d,p) — 15d to N(d, p) + 15d, with step d. For each dimension, we
interpolate the probability graph using a sigmoid, and plotted the linear trend on Figure 4. For the
scaling in p, we fixed d = 30, and varied p from 50 to 400, and plotted the trend on Figure 5 which
shows that the scaling in p is sub-linear.

Experiment 2. For this experiment, we trained 500 networks in dimension 2000, with n between

1000 and 2000, with 25 runs for each value of n. We used the same number of neurons, learning
rates, and epochs as in experiment 1. Let us recall the 4 measures we plotted on the Figure 6:
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PL at convergence in dimension 2000

-1.01 — u(te) - ———/— 0/
i 151 (Uoo) Slope -0.52
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©
% 3.5
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- __Slope 0.57
-4.5-
Slope -0.52

69 70 71 72 713 74 15 716
Log Dataset size

Figure 6: Scaling laws in log-log for different measures of the local-PL curvature in dimension 2000.
Each curve is in fact linear with slope close to —%, which is expected by Conjecture 1.

1. The instantaneous local-PL curvature at the end of the training, u(t,) = log (Lg(";‘ 7)1) ) ,

2. The average-PL curvature throughout the training, (i) = log ( L(©) ),

L(too)
3. The lower bound on the local-PL at the end of the training, pow =
2 min, L P 121
nming > 5 Ja*15,
4. The upper bound on the local-PL at the end of the training, puyp =
% max; % ?:1 \aj|21j7i.

Each of the slope being close to f%, we conclude from this log-log graph that (u..) = % as
foreseen in Conjecture 1.

Each plot’s related experiments were performed on a MacBook Air under 2 hours without accelera-
tion materials.

C Additional results

C.1 Collapse of the second layer

Similar to the early alignment phenomenon described by Boursier and Flammarion [2024a,b, Theo-
rem 2], where the neurons can rotate and collapse to align on a single vector preventing minimization
of the loss, the weights a; of the second layer can also collapse on a single direction. Under the hy-
pothesis that |a;(0)| > ||w;(0)||, the scalar a; cannot change sign, which prevents this scenario in
the article’s results. But if |a;(0)| < ||w;(0)||, they can change sign, and prevent global minimiza-
tion even when the neurons are correctly initialized. Proposition 3 gives an example of such collapse
in low dimension.

Proposition 3. Suppose that d = n = p = 2. Let (x1, ) be the canonical basis of R?, with the
outputs satisfying y1y2 < 0, A = |%| Let |ai1(0)], |a2(0)| < 6, and let min; ;{(w;(0)|x;) > 0. Then,
for § small enough, vy, large enough, and

masc(w; (0)]z:) - < A < Sy (O)lzs)

8
— 89)
" a1 (w; (0) [7) (
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we have limy_, o, L(6;) > 0.

The proof relies on the ratio between outputs being large A, in order to steer the a; to change signs,
but not too large to then make the neuron go extinct before the signs of a; may change again. This
traps the network in a state of sub-optimal loss, and if a; were initialized as large as the vectors, this
collapse could not have happened.

Proof. of Proposition 3 Without loss of generality, let us suppose y; > 0 and yo < 0. We will
show that there are values of A, e for which the system will not converge. The derivatives of a; at
the beginning of the dynamics writes

d 1
% = 7 (rlwjlza) +rafwjlz2))
‘ = ((wi]z1) — Mwi|z2)) | < max(laa|, [az|) max(||wi]], |Jw2]]) (90)
G-t waxﬁA@mh@ﬂ‘Slnwdmn,Mﬂ)maﬂﬂwﬂLHwﬂD
and the derivatives of (w;|z;) are
d a»ri1~’i
dt <wJ| > = 4 2 E
d a]yllj_rl
7 \wiler) — === | < max(la1, |az|) max([[ws ], [[wz]]) 1)
d ajy21j72
wglea) + A2 < max(lan),lag]) max(] s s )
(wjlxz;) > m > 0, we have
a;(t) > 6+(4(m AM) — M)t

92)
a;(t) < 6+ (Zl(M —Am) + MQ) ¢

5 m 4M?
Thus, for T" > W with \ > and Y1 > T NM

to find the constants M, m such that the previous equation will hold. To find the constraint on m
and M, let us write

we have a;(T") > 0. We now wish

(wgler) > (ws@fer) = (G -+ 022 )

(wj|:1:2> |$2 ( ylM + M2>
1 93)
(wilr1) < (w;(0)]z1) + <2y1M+M2) t
A 2
<U)j|£132> S |£C2 —+ §y1M+M t
Thus, the constraints are
m > min (rrj_lgl(wj (0)|x2>,5) . 5y1(m —M) = 42 o

201 M + 4M?
M < max (Hﬂx<wj(0)|$2>’5) * 691(771 — AM) — 4M?

We see that the constraint are satisfied with m > min;;(w;(0)|z2) — 25 > 0 and M <

min; ; (w;(0)|z2)
e (wy O[] | HUS

there exists 7' > 0 such that at time 7', we have a1 (T'), a2(7T") > 0, and no neurons went extinct.

max; ;(w;(0)|x2) 4+ 26 if: ¢ is small enough, y; is large enough, and A <
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Now, let us show that neurons (wj;|z2) will go to 0 for some time 7~ > 0, while the neurons a; stay
positive. We can use the same equations as before, with this time |a;|, ||w;|| < N fort < 7, and

get
A
(wylea) < (w0~ (G = N ©5)
Thus, for 7 = % and \y; > 2N, we have extinction of the neurons. To find the

constraint on N, use the bounds on the growth of a; and (w;(0)|x1). The constraint is

y1 + 2N

N < max (mjax(tuj (0)|z1), 5) + QmJaX(wj (0)|x2>m

(96)

Thus, the constraints are satisfied with N < max; ; (w;(0)|x;)(1+ 2) as long as y; is large enough,
and

> \/maX<wj(0)lxi>8~ 97)
752 hn

After time 7, the neurons (w;(0)|z2) went extinct, and thus we have L(6;) > yfg > 0. O

C.2 Non-uniqueness of the gradient flow

Since 0 =ReLU is non differentiable at 0, the gradient flow equation might have multiple solution
for a single initialization. To see this, let us take the example of orthogonal data, we have for every
neuron w; and data x;, % (w;j|z;)y = “2||z;||*1; ;. Aslong as (wj|z;)+ > 0, then 1, ; = 1
and the neuron can change, and if (w;|z;) < 0, then 1, ; = 0, so the neuron doesn’t change
anymore, and cannot become active. We are interested in the case when (wj;|z;) = 0, which is the
non-differentiable point of ReLU.

Suppose that for ¢ € [t1,t2], we have a;(t)r;(t) > 0 and (w;(t1)|z;) = 0. Then for each t € [t1, to]
there exist trajectories 6* such that at Low; (t)|2z:y —. 1and 1., )15,y = 0. This means that there
t—i+ ! ‘

exist trajectories such that the neuron (wj;|z;) start growing from t even if the neuron was previously

deactivated. The trajectory 6 is as follow: for ¢ < £, 6%(t) = 0%(¢1), and then 67 solve the gradient
flow equation without 1, ; in the derivative of (w;|z;).

Although there are different possible trajectories for a single initialization of the neurons, only one of
them is realistic in the sense that it is represent what happens in practice: the trajectory where neuron
don’t reactivate alone, which is the limit trajectory of the trajectories from the gradient descent for
small step-size.
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