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Abstract

We investigate how pair-wise data augmentation
techniques like Mixup affect the sample complex-
ity of finding optimal decision boundaries in a
binary linear classification problem. For a fam-
ily of data distributions with a separability con-
stant x, we analyze how well the optimal classifier
in terms of training loss aligns with the optimal
one in test accuracy (i.e., Bayes optimal classi-
fier). For vanilla training without augmentation,
we uncover an interesting phenomenon named the
curse of separability. As we increase k to make
the data distribution more separable, the sample
complexity of vanilla training increases exponen-
tially in x; perhaps surprisingly, the task of finding
optimal decision boundaries becomes harder for
more separable distributions. For Mixup training,
we show that Mixup mitigates this problem by
significantly reducing the sample complexity. To
this end, we develop new concentration results
applicable to n? pair-wise augmented data points
constructed from n independent data, by care-
fully dealing with dependencies between overlap-
ping pairs. Lastly, we study other masking-based
Mixup-style techniques and show that they can
distort the training loss and make its minimizer
converge to a suboptimal classifier in terms of test
accuracy.

1. Introduction

Mixup (Zhang et al., 2018) is a modern technique that aug-
ments training data with a random convex combination of
a pair of training points and labels. Zhang et al. (2018)
empirically show that this simple technique has various
benefits, such as better generalization, robustness to label
corruption and adversarial attack, and stabilization of gener-
ative adversarial network training. Inspired by the success
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of Mixup, several variants of Mixup have appeared in the
literature; e.g., Manifold Mixup (Verma et al., 2019), Cut-
mix (Yun et al., 2019), Puzzle Mix (Kim et al., 2020), and
Co-Mixup (Kim et al., 2021). The success of Mixup-style
training schemes is not only limited to improved generaliza-
tion performance in supervised learning; they are known to
be helpful in other aspects including model calibration (Thu-
lasidasan et al., 2019), semi-supervised learning (Berthelot
et al., 2019; Sohn et al., 2020), contrastive learning (Kalan-
tidis et al., 2020; Verma et al., 2021), and natural language
processing (Guo et al., 2019; Sun et al., 2020).

Although Mixup and its variants demonstrate surprising
empirical benefits, a concrete theoretical understanding of
such benefits still remains mysterious. As a result, a recent
line of research (Carratino et al., 2020; Zhang et al., 2020;
2022; Chidambaram et al., 2021; 2022; Park et al., 2022)
trying to theoretically understand Mixup and its variants has
appeared in the literature. Most results, including this paper,
compare the training procedure with Mixup against solving
the vanilla empirical risk minimization (ERM) problem
without any augmentation. For the remainder of this paper,
we refer to the training loss without augmentation as ERM
loss, and the training loss with Mixup as Mixup loss.

The parallel works of Carratino et al. (2020) and Zhang et al.
(2020) represent the Mixup loss as the ERM loss equipped
with additive data-dependent regularizers which penalize
the gradient and Hessian of a model with respect to data. Us-
ing these regularizers, Zhang et al. (2020) show that Mixup
training can yield smaller Rademacher complexity which al-
lows for a smaller uniform generalization bound. Also, Park
et al. (2022) extend these results to several Mixup variants
such as Cutmix (Yun et al., 2019). However, the benefits
of Mixup-style schemes from the Rademacher complexity
view shown by Zhang et al. (2020) and Park et al. (2022)
stand out only if the intrinsic dimension of data is small.

Chidambaram et al. (2021) try to understand Mixup by
investigating when Mixup training minimizes the ERM loss.
The authors show failure cases of Mixup and also sufficient
conditions for its success. Chidambaram et al. (2021) also
show that ERM loss and Mixup loss can have the same
optimal classifier by considering linear model and special
types of data distribution. Detailed comparisons to our work
are provided in Section 2.
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Another recent work (Chidambaram et al., 2022) shows that
Midpoint Mixup (Guo, 2021) can outperform ERM training
in terms of feature learning performance in a multi-view data
framework proposed by Allen-Zhu & Li (2020). However,
their analysis is limited to an extreme case of Mixup using
only the midpoint of two data points.

1.1. Our Contributions

In this paper, we study the problem of finding optimal de-
cision boundaries in a binary linear classification problem
with logistic loss (i.e., logistic regression). We consider
a data generating distribution whose positive and negative
examples come from two symmetric Gaussian distributions.
The two distributions have the same covariance matrices
inversely proportional to a separability constant x, which
controls the degree to which the two classes are separable.

Our data generating distribution has the advantage that the
Bayes optimal classifier (i.e., the classifier with the best
test accuracy) is given as a closed-form linear classifier.
This motivates us to study how well the optimal classifier
in terms of training loss is aligned with the Bayes optimal
classifier, and how many data points are required to make
sure that the two classifiers are close enough. Therefore,
we focus on the sample complexity of vanilla ERM training
and Mixup-style training for achieving close-to-one cosine
similarity between the two classifiers.

Our results demonstrate that Mixup provably requires a
much smaller number of samples to achieve the same cosine
similarity compared to vanilla ERM training. Our contribu-
tions can be summarized as the following:

e In Section 3, we investigate the sample complexity
of (vanilla) ERM under our data distribution. Theo-
rem 3.1 shows that the expected value of ERM training
loss has a unique optimal solution aligned with the
Bayes optimal classifier. We then prove that the sam-
ple complexity for making the ERM loss optimum
closely aligned with the Bayes optimal classifier grows
exponentially with the separability constant «; we show
that the exponential growth is both sufficient (Theo-
rem 3.4) and necessary (Theorem 3.7). Interestingly,
these results demonstrate that ERM suffers the curse of
separability, where the sample complexity increases
as the data distribution becomes more separable.

* In Section 4, we study a unified class of Mixup-style
training scheme that includes Mixup (Zhang et al.,
2018) with various choices of hyperparameters. Theo-
rem 4.2 shows that the expected value of Mixup loss
has a unique optimal solution still aligned with the
Bayes optimal classifier, which indicates that Mixup-
style augmentations do not “distort” the training loss
in a misleading way, at least in our setting. In Theo-

rem 4.4, we show that the sample complexity for get-
ting a near-Bayes-optimal Mixup loss solution grows
only quadratically in «. This result indicates that Mixup
provably mitigates the curse of separability.

In Section 5, we analyze how recent masking-based
variants of Mixup such as CutMix (Yun et al., 2019)
behave in our setting. Unfortunately, Theorem 5.3
shows that masking-based augmentation can distort the
training loss and the expected value of masking-based
Mixup loss can have optimal solutions far away from
the Bayes optimal classifier. Ironically, Theorem 5.4
indicates the sample complexity for approaching such
a “wrong” minimizer does not grow with separability.
These results show that, at least in our setting, masking-
based techniques have small sample complexity but
may not converge to the Bayes optimal classifier.

2. Problem Setting and Notation

In this section, we introduce our formal problem setting and
notation. We consider a binary linear classification problem
with training dataset S = {(z;,v;)}?; where z; € R% are
data points and y; € {0, 1} are labels. The vanilla empirical
risk minimization (ERM) loss under training set S can be
formulated as follows:

= Nl ) 4 (1 — g —w
Ls(w) := - ;yll(w ;) + (1 —y)l(—w'z;), (1)
where [(-) is the logistic loss [(z) := log(1 + exp(—=z)).

Data Generating Distribution. We mainly focus on the
following family of data generating distributions, where we
obtain positive and negative examples from two symmetric
Gaussian distributions. More precisely, for a given constant
k € (0,00), we define a data generating distribution D,; as
the following: we say that (x,y) ~ D, when y is uniformly
drawn from {0, 1} and

x|y=1~N(ux'%),
x|y=0~N(—p,r ')

where 11 € R is nonzero, ¥ € R¥*? is positive definite,
and ||u||?> = ||X|. Here, ||-|| denotes the ¢5 norm for a
vector and the spectral norm for a matrix. We further define
a data generating distribution D, as the limiting behavior
of D, as k — o0; ie., (x,y) ~ Do implies y follows
uniform distribution on {0, 1} and x = (2y — 1) .

Separability Constant <. Our data generating distribu-
tion D,; with larger x is more separable in the sense that the
two Gaussian distributions overlap less and they are more
likely to generate well-separated training data. This separa-
bility constant x is of great importance in our analysis, as
we will demonstrate the curse of separability phenomenon
based on the dependency of sample complexity on «.
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Bayes Optimal Classifier. The Bayes optimal classifier
is a classifier achieving the lowest possible test error on
the data population. In other words, any other classifier
cannot outperform the Bayes optimal classifier in terms of
test accuracy. For the specific form of data generating distri-
bution D,; that we consider in this paper, it is well-known
that for any x € (0, c0), decision boundary of the Bayes
optimal classifier for D,; is a hyperplane with normal vec-
tor ! u. For completeness, we provide proof for this in
Appendix D.1. The fact that we have a closed-form solu-
tion of the optimal decision boundary motivates us to study
finding a decision boundary close enough to that optimal
one. Since we are mainly interested in linear models, for
our “closeness” metric, we use cosine similarity between
the two linear decision boundaries, or equivalently, the two
normal vectors.

Comparison to the Setting of Chidambaram et al. (2021).
Chidambaram et al. (2021) also consider the linear model
and a special type of data generating distributions to com-
pare training ERM loss vs. Mixup loss. Our setting is differ-
ent from theirs in several aspects. First, there is a difference
in data generating distributions; we draw positive and nega-
tive data from two symmetric Gaussian distributions while
Chidambaram et al. (2021) consider the distribution that
obtains data from a single spherical Gaussian distribution.
Chidambaram et al. (2021) show that training ERM loss and
Mixup loss can lead to the same solution by considering
the highly overparametrized regime. On the other hand,
we consider the underparametrized regime and show the
gap between the two training methods. In addition, Chi-
dambaram et al. (2021) only consider the optimal classifier
in terms of training loss while we investigate the number of
required training data to get close to the optimal solution of
population loss.

Notation. We denote taking expectation on training data

S = {(zs,y:) iid D, and any other randomness, if
any, as E, for each k € (0,00]. We use [k] for the in-
dex set {1,2,...,k} for each k € N. For two nonzero

vectors u,v € R, let us denote their cosine similarity

as sim(u,v) = m and the angle between them as
Z/(u,v) = cos™!(sim(u, v)). We use support(-) to denote
the support of a probability distribution or a random variable
and 1.y denotes the 0-1 indicator function. We also use © to
denote element-wise multiplication between two vectors or
two matrices having the same size. We use O(+), O(-), Q(+)
to represent asymptotic behavior as x grows and to hide
terms related to d, p, 3. In addition, whenever we ex-
press the x dependency in O(:), 0O(-), () notation, we
only write the most dominant factor; for example, we
say k"polylog(k) = ©(k™) and exp (ck™) poly(x) =
exp(O(k™)).

3. ERM Suffers the Curse of Separability

In this section, we investigate a solution of ERM loss in
Equation 1. The ERM loss function Lg(w) is a stochastic
function that depends on the random samples in the training
set S = {(xs,v:) 1y "L D,.. We will first characterize the
minimizer of the expected value E,[Lg(w)] of the ERM
loss' and show that the unique optimum of the expected
ERM loss has the same direction as the Bayes optimal clas-
sifier. Next, we study the sample complexity for the ERM
loss optimum to align closely enough to the Bayes optimal
classifier and conclude that ERM without Mixup suffers the
curse of separability.

Our first theorem below analyzes the optimum of expected
ERM loss E,;[Ls(w)].

Theorem 3.1. For any k € (0, 00), the expectation of ERM
loss E.[Ls(w)] has a unique minimizer w* (k). In addi-

tion, its direction is the same as the Bayes optimal solution
) IENTS

Proof Sketch. We will only sketch main proof ideas and full
proof can be found in Appendix A.1. We can rewrite the
expected ERM loss as

E.[Ls(w)] =E {l (Ffl/z ('wTEw)l/2 Z + 'wTuﬂ ,

where Z ~ N(0,1). The following Lemma 3.2 implies
that for a fixed value of w "y, a smaller value of w ' Zw
induces a smaller E,; [Lg(w)].

Lemma 3.2. Let X1 ~ N(m,0?), X ~ N(m,03), m €
R and o1 > 09 > 0. Then, E[I(X,)] > E[I(X2)].

Lemma 3.3 below concludes that the unique minimizer
should be parallel to X~ p.

Lemma 3.3. For any constant C, a unique solution of
MiNyyepd 47 e W' Bw is a rescaling of 7' p.

Any remaining details can be found in Appendix A.1. [

Our Theorem 3.1 implies that the minimizer w* (k) of ex-
pected ERM loss E,[Lg(w)] induce the Bayes optimal
classifier. This may look obvious to some readers be-
cause E,[Lg(w)] is in fact equal to E, [yl(w  x) + (1 —
y)l(—w " )], the population loss. However, notice that the
optimal classifier in terms of the population loss is depen-
dent on the loss [/, and hence is not always equal to the
Bayes optimal classifier. Also, we will see theorems similar
to Theorem 3.1 in later sections; in particular, Theorem 5.3
reveals how masking-based augmentation can distort the
optimal classifier of the corresponding expected training
loss; thus, characterizing such optima is of importance.

!The expected ERM loss is equal to the population loss, which
is independent of n. However, for Mixup loss, its expected value
becomes dependent on n, as we will see later.
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Notice that the minimizer characterized in Theorem 3.1 is
for expected ERM loss E,.[Ls(w)]. Since D,; is not known
to us and we only observe training data {(z;,y;)}", b
D,;, we can only hope to get close to the minimizer by
optimizing the training loss £g(w), and sufficiently many
data samples are required to obtain a “close enough” one.
Thus, a natural question arises:

How many data points are required to find
a near Bayes optimal classifier using the ERM loss?

We present two theorems that answer the question above.
The first one (Theorem 3.4) shows that the number of sam-
ples growing exponentially with x? is sufficient, and the
next one (Theorem 3.7) proves that this exponential growth
with k is necessary. In other words, as the data distribution
becomes more separable, the sample complexity for getting
a Bayes optimal classifier grows exponentially.

Theorem 3.4. Let ¢,6 € (0,1). Suppose the training set
iid

S = {(w;,y:)}_; ~ Dy with large enough r € (0,00),
and .
1 1
n= w <1+log€+log§) .

Then, with probability at least 1 — §, the unique minimizer
W of Ls(w) exists and sim(wk, X7 1p) > 1 — e

Proof Sketch. A useful tool for proving Theorem 3.4 is
Lemma 3.5 inspired by the proof techniques used in Dai
et al. (2000) and Shapiro & Xu (2008).

Lemma 3.5. Let f(-,-) : RF x R™ — R be a real-valued
function. Define functions Fy : R¥ — R and Fiy : R¥ —
R as

F(0) = Equplf(0.m), Ex(0) = =3 f(0.m),

where P is a probability distribution on R™ and
{n; £i1 P LetChea nonempty compact subset of R¥

with diameter D. Suppose the following assumptions hold:

* The functions F' and Fn have unique minimizers on C
named 0* and 0%, respectively.

* The function F is a-strongly convex on C (o > 0).
s Forany 0 € C, Epup [6|f(9~,7l)*]En~7?[f(9177)]q < M.

s There exists a function g(-) : R¥ — R such that for any
0 € C and n € R, it holds that |[Ve f(0,m)| < g(n)
and ||V oEnp[f(0,0)]| < En~plg(n)]. In addition,
Eyop [/] < L.

For each 0 < € < o~ '/2, we have ||0% — 0| < e with
probability at least 1 — § if N is greater than

o, (3 [ (Cok/2DL k
2 hax Cok "L
a?et S ) ’ e ’

where C,Cs > 0 are universal constants.

We use Lemma 3.5 by considering {n;} K P as our

training dataset S = {(x;,y;)}7, D, 0 as weight

vector w, and f(0,m;) as (w, (z;,y;)) — vil(w x;) +
(1 — y;)l(—w "x;). When we apply Lemma 3.5, several
quantities are sensitive to ||w*(k)||, the £ norm of w* (k)
defined in Theorem 3.1, which we characterize in the fol-
lowing lemma.

Lemma 3.6. The unique minimizer w* (k) of expected ERM
loss E.[Ls(w)] satisfies

[w(r)]| = O(~).
Full proof of Theorem 3.4 appears in Appendix A .4. O

Our sufficient sample complexity in Theorem 3.4 grows
exponentially with k. The sufficient number of data points
for the minimizer w} of the ERM loss Lg(w) to be close
to the Bayes optimal classifier becomes exponentially larger
for more well-separable data distributions.

One may think that this exponential dependency may be
just an artifact of our analysis and the exponential growth
in k is in fact avoidable. As an answer to this question,
we introduce Theorem 3.7 indicating that the exponential
growth of sample complexity is inevitable, dashing hopes
for sub-exponential sample complexity bounds.

Theorem 3.7. Assume S = {(x;,y:)}"_, '~ D, with
large enough v € (0,00). If n = exp(O(k)), then
{(xs,y:) 1y is linearly separable and sim(wg, X" ) <

. 1
%’E“) with probability at least 0.99, where Wg is
the {5 max margin solution:

Wg = arg min,, cpa ||w||2

subject to  (2y; — Dw "@x; > 1. @
Proof Sketch. If k is large, then (2y — 1)a will be concen-
trated near p where (x,y) ~ D,. Hence, if n is not large
enough, (2y; — 1)x;’s will be located inside a small ball cen-
tered at g, with high probability. Therefore, {(z;, ;) }7"_,
is likely to be linearly separable. From the KKT condition
of the /5 max margin problem (Equation 2), wg is a ho-
mogeneous combination of (2y; — 1)a;’s. It implies wg is
directionally close to g, not X' p. The detailed proof is
in Appendix A.7. We note that the numbers %271“)
and 0.99 in the statement are not strictly necessary; they can
be replaced by any other feasible constants. O

Theorem 3.7 states that if we do not have sufficiently many
data points, then the training dataset becomes linearly sepa-
rable: there exists a direction w such that (2y; — 1w "x; >
0 for all ¢ € [n]. However, this in fact means that there exist
infinitely many directions w that classify the data perfectly.
Then why do we care about the specific /, max margin clas-
sifier in Theorem 3.7?7 Soudry et al. (2018); Ji & Telgarsky



Provable Benefit of Mixup for Finding Optimal Decision Boundaries

(2019) study the implicit bias of gradient descent on a lin-
ear model with logistic loss and show that this algorithm
converges in direction to the £5 max margin classifier when
training data is linearly separable. In other words, if we run
gradient descent on Lg(w), then the algorithm will return a
linear classifier defined by the direction of wg. This is why
we analyze the 5 max margin solution.

The Curse of Separability. Theorem 3.7 implies that
without the number of samples exponentially growing with
K, the solution found by gradient descent can be far from
the Bayes optimal classifier. Combining Theorems 3.4 and
3.7, we have an interesting conclusion that even though
it is easier to correctly classify training dataset when x
is larger, finding the theoretically optimal model becomes
much harder. We refer to this interesting phenomenon as
the curse of separability; without Mixup, ERM training
suffers the curse of separability due to its sample complexity
growing exponentially in &.

Intuitive Explanations. What causes this phenomenon?
When the data distribution is well-separable, limited training
data can result in many decision boundaries having high
training accuracy. However, among these, there is only one
optimal decision boundary in terms of test accuracy, which
is difficult to locate due to the scarcity of data points near
it; this causes the curse of separability. We believe that this
intuition extends beyond our simple setup; see Section 6.

4. Mixup Provably Mitigates the Curse of
Separability in ERM

In this section, we study a unifying framework of Mixup-
style data augmentation techniques and show that Mixup
significantly alleviates the curse of separability. We will
first define the unifying framework along with Mixup loss,
study the location of the minimizer of expected Mixup loss,
and then study the sample complexity for Mixup training to
achieve near Bayes optimal classifier.

We start by defining the Mixup loss in the following frame-
work. From this point on, we assume n > 2.

Definition 4.1 (Mixup Loss). Mixup loss with training set
S = {(wlv yl)}?zl iS deﬁned by

mix 1 = ~ ~ ~ ~
Ly (w)zﬁ Z il (w @i )+ (1= )l (—w " @i ),
ij=1
where
i EUA,
T ;= g(Aij)mi + (1= g(Aij))z;,
Uig = Xigyi+ (1= Aij)y;.
The probability distribution A satisfies support(A) C [0, 1]
andPyp [A ¢ {0,1} A g(A) # 4] > 0. Also, the function
g:[0,1] — [0, 1] satisfies g(z) > 1 if and only if z > 1.

Our definition is a broad framework that covers the original
Mixup by choosing A as the Beta distribution and g(-) as
the identity function.

Similar to ERM loss £g(w), Mixup loss L2 (w) is also a
stochastic function depending on the training set S. Unlike
ERM loss, the expectation of Mixup loss depends on n, as
can be checked in Appendix B.1. As we did in Section 3,
we first characterize the minimizer of expected Mixup loss
B, [L§™(w)].

Theorem 4.2. For each € (0,00) and n € N, the expec-
tation of Mixup loss E,.[L%3(w)] has a unique minimizer
w . (n, k). In addition, its direction is the same as the

Bayes optimal solution X~ .
Proof Sketch. We can rewrite E, [C3™(w)] as the form

k
E Zail (bm_lm(wTE'w)l/QZ + cinu)

i=1

b

where Z ~ N(0, 1) and a;, b;, ¢;’s are real-valued random
variables depending on A; in particular, a;, b;’s are positive.
Then, the same proof idea of Theorem 3.1 works. O

Mixup Does Not Distort Training Loss. Theorem 4.2
shows that the expected Mixup loss also has its unique
minimizer pointing to the Bayes optimal direction. In other
words, this theorem implies that the pair-wise mixing done
in Mixup does not introduce any bias or distortion in the
training loss, at least in our setting. This is one benefit that
Mixup has compared to other masking-based augmentations,
as we will see in Section 5.

In order to investigate the sample complexity for achieving
a near Bayes optimal classifier when we train with Mixup
loss, one could speculate that the same approach using
Lemma 3.5 should work. However, this is not the case;
analysis of the Mixup loss has to overcome a significant
barrier because the mixed data points {(Z; ;, 7i,;) }';—; are
no longer independent of one another. To overcome this
difficulty, we prove the following lemma in Appendix B.4,
which could be of independent interest:

Lemma 4.3. Let f(-,-) : R x R™ — R be a real-valued
function. Define functions Fy : R¥ — R and Fiy : RF —
R as

Fr(0) = w5 O £(0,m), Fx(6) = [F(6)

1,j€[N]

where P; ; are probability distributions on R"™,1; ; ~ P; j,
and expectation is taken over all randomness. Let C be a
nonempty compact subset of R¥ with diameter D. Suppose
the following assumptions hold:

* Foriy, iz, j1,j2 € [N}, if {ir} U {j1} and {iz} U {ja}
are disjoint, then 1;, ;, and m;, ;, are independent.
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* The functions Fy and Fx have unique minimizers on C
named 0% and 0%, respectively.

* The function Fy is a-strongly convex on C (o > 0).

» Forany @ € Candi,j € [N],

Enep,, [ /@D Erru,1@mI] < pr

s There exists a function g(-) : R*¥ — R such that for any
0 € C and n € R, it holds that | Vo f(8,m)|| < g(n).
In addition, |[VoEap,, O] < Enp,,lo(n)]
and Eyp, ; [e9™] < L for each @ € C and i, j € [N].

6% — 0| < e with
0 if N is greater than

For each 0 < ¢ < a~'/2, we have ||
probability at least 1 —

oM (3 Lk 2DLN "
2 log gmax 1, Yz ,

where C1, C% > 0 are universal constants.

Proof Sketch. When we follow the proof of Lemma 3.5, the
challenging part is that we cannot use the fact that the ex-
pected value of a product of independent random variables
is equal to a product of expectations of individual random
variables. We overcome this by partitioning the N2 random
variables into batches such that random variables belong-
ing to the same batch are independent (Lemma D.9) and
then applying a generalized Cauchy-Schwartz inequality
(Lemma D.10) to bound an expectation of a product of de-
pendent random variables (each corresponding to a batch)
with a product of expectations of the random variables. A
formal proof can be found in Appendix B.4. O

Similar to the proof of Theorem 3.4, considering {n; ;}7;_,
as the “mixed” dataset {(&; ;.7i ;) }7 ;1 @ as weight vector
w, and f(0,m; ;) as (w, (&5, §i ;) = gil (w & 5+ (1—
7i)l(—w " &; ;) induces the following theorem.

Theorem 4.4. Let e, 6 € (0,1

S = {(®i, yi) }ien

and )
Q 1 1
n= (Iz)(l—i-log-i-log).
€ € )

). Suppose the training set
D, with large enough k € (0,00)

Then with probability at least 1 — 0§, the unique minimizer
of L3 (w) exists and sim(w;: Slu)>1-

le S le S»

€.

Theorem 4.4 indicates that the sample complexity for find-
ing a near Bayes optimal classifier with Mixup training
grows only quadratically in k. Compared to the necessity
of exponential growth demonstrated in Theorem 3.7, The-
orem 4.4 shows that there is a provable exponential gap
between ERM training and Mixup training.

Intuition on the Smaller Sample Complexity of Mixup.
We would like to provide some intuition on our result be-
fore we introduce technical aspects. Unlike ERM training,
Mixup training uses mixed training points and these can be
located near the optimal decision boundary when we mix
two data points having distinct labels. This closeness of
mixed points to the Bayes optimal decision boundary makes
it easier to correctly locate the boundary.

Different Scaling of w*(x) and w, (n,x). On the
technical front, the difference in sample complexity from
Theorem 3.4 stems from the difference between the
norm of expected loss minimizers w*(x) and w; ;. (n, K),
which determine several meaningful terms when we apply
Lemma 4.3. The following lemma characterizes the /5 norm
of w* k), defined in Theorem 4.2:

Lemma 4.5. The unique minimizer w
Mixup loss E,.[C2>(w)] satisfies

mix (

n, k) of expected

le(

0(1).2

Comparison with Lemma 3.6 reveals that the minimizer
w; . (n, k) of expected Mixup loss is much closer to zero
compared to that of the expected ERM loss. For ERM loss,
large scaling of weight leads to smaller loss for correctly
classified data points. Also, for larger x, larger portion
of population data will be correctly classified by X! .
Hence, ||w*(k)|| increases as k increases. However, in case
of Mixup, mixed labels prevent w ; (n, k) from growing
with x. To illustrate why, consider the case ¥; ; = 0.5,
which leads to a Mixup loss

[ Wi (1, £)[| =

0.50(w " & ;) + 0.51(—w ' &; ;).

Notice here that the loss becomes large whenever w ' &; ;
is large in magnitude, no matter the sign is. For this reason,
wi ;. (n, k) should not increase with  and this leads to the
smaller sample complexity of Mixup.

In this section, we showed that Mixup training does not
distort the training loss (Theorem 4.2) and also that Mixup
provides a great remedy to the curse of separability phe-
nomenon (Theorem 4.4), because the sample complexity
only grows in k2 while ERM suffers at least exponential
growth in x. Thus, Mixup provably mitigates the curse of
separability and helps us find a model with the best general-
ization performance.

5. Masking-based Mixup Can Distort Training

Recent Mixup variants for image data (Yun et al., 2019;
Kim et al., 2020; 2021; Liu et al., 2022) use masking on
input data. In this section, we investigate how masking-
based augmentation techniques work in our data distribution
setting. We consider the class of masking-based Mixup
variants formulated as follows.

We stress that the upper/lower bounds are independent of .
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Definition 5.1. (Masking-based Mixup Loss) Masking-
based Mixup loss with training set S = {(z;,y;)}; is

defined as
Lmask Z maskl T4 in]ask)
4,5=1
+ (1 o ~;n]ask)l( men;lJaSk),
where

ii.d
(M j, Nij) ~ M,

P = MOz + (1 Mij) Oy,
G = Xigui + (1= X j)y;.

Here, support(M) C {0,1}% x [0, 1].

In our definition of masking-based mixup loss, we formu-
late the masking operation on data points by element-wise
multiplication with vectors having entries from only 0 and 1.
This formulation includes CutMix (Yun et al., 2019) which
is simplest type of masking-based Mixup. State-of-the-art
Mixup variants having more complex masking strategies
(Kim et al., 2020; 2021; Liu et al., 2022) are out of the scope
of this paper. We also introduce the following assumption
on masking.

Assumption 5.2. The set support(p © (2M — 1)) spans
RY and P[Alpas—pnr, € {0,1}] > 0 for each M, €
support(M) where (M, \) ~ M.

Before we move on to our main results, we demonstrate why
our formulation and assumption hold for CutMix. CutMix
samples mixing ratio \; ; from beta distribution and mask-
ing vector M ; is uniformly sampled from vectors in which
the number of 1’s is proportional to A; ;. Since the support
of beta distribution is [0, 1], support of M, ; contains the
standard basis of R%. Hence if all the components of g are
nonzero, Assumption 5.2 holds.

Recall that we defined D, as a limit behavior of D,, as
Kk — oo and it is independent of 3. Hence, Eo, [L285% (w)]
is independent of 3. The following theorem investigates
the minimizer of the expected masking-based Mixup loss
E, [LBask ()], focusing on large enough .

Theorem 5.3. Suppose Assumption 5.2 holds and the train-
ing set S = {(x;,y;)}7 D, with k€ (0, c0).
Then, the expected loss IE [ﬁm“k( )] has a unique mini-
mizer w} . (n,k). In addition, lim,_,o w4 (n,k) =

wmask (Tl OO)

Proof Sketch. For the uniqueness of the minimizer, we use
almost the same strategy as the uniqueness parts of Theo-
rem 3.1 and Theorem 4.2. The only part that requires a dif-
ferent strategy is the uniqueness for k = oo; in this case, we
exploit Assumption 5.2. Also, from Assumption 5.2, we can
show that Eo, [£%2%(w)] is a-strongly convex with some
o > 0. Using strong convexity constant c, we establish

upper bound on ||w} . (n, K) —w} . (n, 00)|| represented

by E,. [£3**(w)] — Eo [£%%(w)] for several values of
w contained in a bounded set. We finish up by showing
E, [£3%%(w)] — B [£%*%(w)] — 0 uniformly on the
bounded set as kK — 00. O

Masking-based Mixup Can Distort Training Loss. Un-
like ERM loss and Mixup loss, characterizing the exact di-
rection of w}, . (n, k) is challenging since E,; [ L5 (w)]

has a more complicated form because of masking. How-
ever, our Theorem 5.3 implies that w, ., (n, k) leads to a
solution only depending on p and deviates from the Bayes
optimal solution for sufficiently large . Even though Theo-
rem 5.3 guarantees deviation of wy,, . (1, &) from the Bayes
optimal direction only for large x, our experimental results
in Section 6.1 suggest that our result holds even for moder-
ately sized k.

One might be wondering whether the same thing can
be said for the minimizer of the expected Mixup loss
Eoo[L3™(w)]; we illustrate why the proof idea of Theo-
rem 5.3 does not work for Mixup. While Eo, [£L32* (w)]
is strongly convex and has a unique minimizer, minimiz-
ers of Eoo[L%(w)] are not unique since if u € R?
is a minimizer of E [C¥™(w)], u 4 v is also a mini-
mizer of E, [L%*(w)] for any v € R? orthogonal to p.
Therefore, w} ;. (n, k) maintains its direction even though
Eoo [£2(w)] is independent of X; since there are many
minimizers in Eo [C2%(w)], w},;, (n, ) converges to the
Bayes optimal minimizer (among the many) as Kk — o<.

While masking-based Mixup training does not necessarily
lead to Bayes optimal classifiers, the sample complexity
proof still works. In fact, we can find the solution near the
minimizer w?,,, (n, k) of the expected loss E,,[L25% (w)]
with fewer samples.

Theorem 5.4. Lete,6 € (0,1

holds and the training set S = {(x;,y:)}", D, with
large enough k € (0,00). If

). Suppose Assumption 5.2

Q1 1 1
n= ) 1+4+log—+log— ],
€t € 5
then with probability at least 1 — 1§,
minimizer Wy .o s of L335K (qp9)
Sirn('a};‘;zlsk,S'7 w:nask(n’ H)) >1l-e

the unique
exists and

Theorem 5.4 indicates masking-based Mixup also mitigates
the curse of separability (even better than Mixup).

Why Even Smaller Sample Complexity? We consider a
simple case p = [1,1] ", which is sufficient to convey our
intuition. When & is large, most of the data points are likely
to be concentrated around g and —p. Since Mixup uses
linearly interpolated data points, all the mixed training data
will be close to a line that passes through the origin and has
direction p. It means that all raw data points or mixed points
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are almost orthogonal to [1, —1] 7. Consequently, both ERM
and Mixup training loss will be less sensitive to perturba-
tions orthogonal to p: i.e., Ls(w) ~ Lg(w + t[1,—1]T)
and L8 (w) ~ LP%(w + ¢[1,—1]T) for any small ¢,
which makes it difficult to locate the exact minimizer of the
objective loss. In contrast, masking-based Mixup uses cut-
and-pasted data points such as z; =~ [1, —1]T, constructed
by pasting the first coordinate of positive data and the second
coordinate of negative data. Masking-based Mixup also uses
25 ~ [1,1] T, obtained from mixing two positive data points.
We observe that z1, z5 span the whole space R2. Therefore,
for any perturbation v € R%, v "2 % 0 and/or v 25 % 0
should hold, which implies that L1225 (w) 2 L1035k () +v)
for any perturbation v. In other words, the masking-based
Mixup loss is sensitive to perturbations in any direction.
This makes it easier to locate the exact minimizer of the
objective loss, even when & is large.

In this section, we showed that masking-based Mixup miti-
gates the curse of separability even better than Mixup, but
unfortunately, making-based Mixup can find a classifier that
is far from being Bayes optimal due to Theorem 5.3. One
may think that these results are contradictory to the empiri-
cal success of masking-based Mixup such as CutMix (Yun
et al., 2019) on image data. However, the regularization
effect of Mixup variants is highly dependent on the data, as
also noted by Park et al. (2022). Therefore, our conclusion
in Section 5 does not necessarily contradict the success of
masking-based Mixup on practical image data. We specu-
late that the distortion effect of masking-based Mixup on
complex image data may be small or even beneficial (e.g.,
by increasing the chance of co-occurrence of some use-
ful features). In this case, the small sample complexity of
masking-based Mixup would be helpful. However, a rigor-
ous theoretical analysis is beyond the scope of our current
work and is an essential direction for future research.

6. Experiments

In this section, we present several experimental results to
support our findings.

6.1. Experiments on Our Setting D,

First, we provide empirical results on our setting. We prop-
erly choose p and X with ||p||? = ||X|| so that p and the
Bayes optimal direction ¥~y have different directions, i.e.,
u is not an eigenevector of ¥. We provide exact values of
our choice of p and X in Appendix E.1. We compare three
training methods ERM, Mixup, and Mask Mixup. Mask
Mixup we considered is a kind of masking-based Mixup
with M defined by the following: we say (M, \) ~ M
when ) is drawn from beta distribution Beta(c, ) and each
component of M follows Bernoulli(\).

10 ————— 1.0
0.9 ‘\‘/ o8l £ —_—
Tlo 8 \/777 71 “/
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206 z
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Figure 1. Cosine similarity between learned weight and the Bayes
optimal direction X' 1. ERM successfully finds the Bayes op-
timal classifier when « is small (x = 0.5) and fails when & is
larger (v = 2.0) because of the curse of separability. Meanwhile,
Mixup succeeds in both cases since Mixup mitigates the curse of
separability. Mask Mixup fails in both cases due to distortion.

We compare two different values of x; x = 0.5 and k = 2.0.
We train for 1500 epochs using randomly sampled 500 train-
ing samples from each D,; and full gradient descent with
learning rate 1 and we choose o« = 1 for the hyperparameter
of Mixup and Mask Mixup. We run 500 times with fixed
initial weight but different samples of training sets and we
plot cosine similarity between the trained weight and the
Bayes optimal direction during training in Figure 1.

For the case x = 0.5, ERM and Mixup lead to the Bayes
optimal classifier. However, for the case x = 2.0, ERM
finds a solution deviating from the Bayes optimal solution,
while Mixup still finds almost accurate solutions. This
result is predicted by our theoretical findings; ERM suffers
the curse of separability and Mixup mitigates it. Also, we
can check the minimizers of the Mask Mixup loss deviate
significantly from the Bayes optimal direction for both cases
x = 0.5 and Kk = 2.0, even though our theoretical result
(Theorem 5.3) focus on large x. We provide additional
results on more various values of x, the number of samples
n, and the dimension of data d in Appendix E.2.

6.2. 2D Classification on Synthetic Data

We also provide empirical results supporting that the intu-
itions gained from our analysis extend beyond our settings.
We consider training a two-layer ReLLU network with 500
hidden nodes on 2D synthetic data with binary labels having
sine-shaped noise® from its mean for each class. As a result
of the noise, the optimal decision boundary is also sine-
shaped. We consider two settings with different magnitudes
of noise while keeping the means the same. Using three
methods ERM, Mixup, and Mask Mixup (which we intro-
duced in the previous subsection), we train for 1500 epochs
using 500 samples of data points and Adam (Kingma & Ba,
2014) with full batch, learning rate 0.001 and using default
hyperparameters of 51 = 0.9, 82 = 0.999. We also use
a = 1 for the hyperparameter of Mixup and Mask Mixup.

3The noise consists of uniformly sampled z-coordinate and
y-coordinate having sine value with additional Gaussian noise.



Provable Benefit of Mixup for Finding Optimal Decision Boundaries

ERM Mixup Mask Mixup ERM Mixup Mask Mixup

£ ;1."??‘ .‘15'.?3‘

g5 I 25 : : :
i i s i 3 s i 3 H s f*\ N ,\ N I’\
2 e 2 & L’-i"é 2 & ,'3;’4
z‘;g- R A :”4- i:’ % :”4- j:" 3

3 (‘ 3 (‘ 5 3 (‘ 5 S 2
."l: ."J: .*l:

(a) Large noise, less separable setting
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Figure 2. Boundary decision of trained models with ERM loss, Mixup loss and Mask Mixup loss

Figure 2(a) plots the decision boundaries (red vs. blue) of
trained models in the setting with larger noise, which corre-
sponds to a less separable setting. We also draw the Bayes
optimal boundaries with black solid lines. All ERM, Mixup,
and Mask Mixup find decision boundaries that reflect the
sine-shaped optimal decision boundary. Figure 2(b) shows
the results with smaller noise, i.e., a more separable set-
ting. The decision boundary of ERM degenerates to a linear
boundary, ignoring the sine-shaped noise. However, even
though Mixup slightly distorts training,* Mixup finds a non-
linear boundary that captures sine shape even when data is
highly separated. This result is consistent with our findings
that Mixup mitigates the curse of separability, even outside
our simple settings. Also, the decision boundary of models
trained by using Mask Mixup is nonlinear, which may come
from smaller sample complexity, but it seems to suffer more
distortion compared to Mixup.

6.3. Classification on CIFAR-10

We also conduct experiments on the real-world data CIFAR-
10 (Krizhevsky et al., 2009). To compare three methods
ERM, Mixup, and CutMix, we train VGG19 (Simonyan
& Zisserman, 2014) and ResNetl18 (He et al., 2016) for
300 epochs on the training set with batch size 256 using
SGD with weigh decay 10~ and we choose o = 1 for
the hyperparameter of Mixup and CutMix. Also, we use a
learning rate 0.1 at the beginning and divide it by 10 after
100 and 150 epochs. Unlike linear models and 2D classifica-
tion tasks, the decision boundaries of deep neural networks
trained with complex data are intractable. Hence, following
the method considered in Nar et al. (2019); Pezeshki et al.
(2021), we use the norm of input perturbation® required
to cross the decision boundary to investigate the complex
decision boundary.

Figure 3 indicates that Mixup tends to find decision bound-
aries farther from overall data points than decision bound-
aries obtained by ERM. This is consistent with our intuition
on the curse of separability and how Mixup mitigates it. In
addition, the plots of CutMix are placed between the plots

*One may check that the optimal decision boundary becomes
similar to a sine-shaped curve with a slightly smaller amplitude.

SWe apply the projected gradient descent attack implemented
by Rauber et al. (2017) to compute the perturbation on input.

Misclassification(%)
Misclassification(%)

“© —— ERM “© —— ERM
Mixup Mixup
—— CutMix —— CutMix

* Lo r:(]er onfzthe D:rturb;;ion " ” Lo r:(‘)rm onfzthe Dnezrturb;;ion ”
(a) VGG19 (b) ResNet18

Figure 3. Estimation of decision boundaries of (a) VGG19 and (b)
ResNet18 trained with CIFAR-10

of ERM and Mixup. As also observed in Figure 2(b), we be-
lieve that the combination of distortion and smaller sample
complexity results in such a trend.

7. Conclusion

We analyzed how Mixup-style training influences the sam-
ple complexity for getting optimal decision boundaries in
logistic regression on data drawn from two symmetric Gaus-
sian distributions with separability constant «. Interestingly,
we proved that vanilla training suffers the curse of sepa-
rability. More precisely, ERM requires an exponentially
increasing number of data with « for finding a near Bayes
optimal classifier. We proved that Mixup mitigates the curse
of separability and the sample complexity for finding opti-
mal classifier grows only quadratically with . We further
investigated masking-based Mixup methods and showed
that they can cause training loss distortion and find a sub-
optimal decision boundary while having a small sample
complexity. One interesting future direction is analyzing
when and how state-of-the-art masking-based Mixup works,
by considering more sophisticated data distributions cap-
turing image data and complicated models such as neural
networks.
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A. Proofs for Section 3

A.1. Proof of Theorem 3.1

We prove the existence and uniqueness of a minimizer of E,[Lg(w)] first. Next, we characterize a direction of a unique
minimizer of E, [Lg(w)].

Step 1: Existence and Uniqueness of a Minimizer of E,.[Ls(w)]

From convexity of I(-), forany z € R, I(z) > —3z 4+ log2 > — 1z since z — — 1z + log 2 is tangent line of the graph of
I(z) at z = 0. Thus, we have

1
En[ﬁs(’w)] = EXNN(H7571E)U(’UJTX)] > EXNN(M7H—12)[l(wTX> . 1w7x<0] > Ewa(u,nflE) —§wa. 1,mx<0

Claim A.1. Forany r € (0,00), a mapping w +— By (13 [W ' X - Loy 75 o] is continuous.

—1/2

Proof of Claim A.1. For any € > 0, let 6. := (7|2 + [|]|?) -€/2 > 0. Then, for any A € R? with [|A| < 4.

and w € R?, we are going to show that
E’wa(,u,ﬁflﬂ)[(w + A)TX : 1(w+A)Tx<O] - ExNN(H,mlz:) [wTX : 1wa<O” <

to conclude that the mapping w — Ey  n(pu,n-1x) [wTx - 1,,75x0] is continuous.

To this end, we start by

Ewa ,KTIX) [(w + A) X 1(w+A)Tx<O] - ]EXNN(p,nflﬁ) [wTX : 1w7x<0]|
< EXNN([_L K1) H w+ A X 1(w+A)Tx<O - wTX Loy x<0H
= Ewa NoED ) HA x-1 (w+A)Tx<0 + w'x- (1(w+A)Tx<O 1’wa<0)|]
= [

< Ewa (p,s—1 |A X - 1(w+A)Tx<OH +]Ex~N(y. ) Hw X (1(w+A)Tx<O - 1w7x<0)|]
Itis clear that Ex (. n—15) [|A 7% Lia)Tx<0|] < Exon(urs—1s) [|ATx]|]. Also, for each z € R?,

wlz<-ATz=|ATz| iflw+A)Tz<0,w'z>0,
w'ex- (Lwta)Ta<co — LyTaco) =S —w' z < ATz =|ATz| if(w+A) z>0,w'z<0,
0<|ATz| otherwise.
Therefore, Exn(u,x—13) Hwa “(Lw+a)Tx<o — 1,wa<O)H < ExnN(ur13) HATXH. Also, by Jensen’s inequality,

Exon (a1 [|AT]] < Exongunis) (8707

= (k'TATEA + (AT p)?)
_ 1/2
< (5B HAN + el al?)

_ 1/2
< (5B A+ flpl?) - o
=¢€/2.

1/2

Hence, we have |IEXNN(”,,(12) [(w+ A)Tx- Lwta)Tx<o] = Exan(ur—13) [w'x - 1wa<0]| < ¢, as desired. O

From Claim A.1 and compactness of the unit sphere {w € R? : ||w| = 1} C R, it follows that for any given x € (0, 00),
a mapping w — Ey (n(pur-13) [wTX - 1,,7x<o] has the maximum value (over the unit sphere) —m,; with m,, > 0. For
any w satisfying ||w| > 2m!, we have

1
EI{[‘CS(/I‘U)] > EXNN(/.L,K_lz) _inX “lyTx<o

12
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T

1 w'x
— ] Eoniurrs | —= 2 X1, 3
> mﬁng >1>log?2

Therefore, a minimizer of E,[L£s(w)] has to be necessarily contained in a compact set {w € R? : ||w|| < 2m!}. Since
E[Ls(w)] is a continuous function of w, there must exist a minimizer. The existence part is hence proved.

To show uniqueness, we will prove strict convexity of E,[Ls(w)]. From strict convexity of I(-), for any ¢t € [0, 1],
w1, wy € R? with wq # wy and y € {0,1}, we have

tlyl(wi ) + (1 = y)l(~w( @)] + (1~ t)[yl(wy ) + (1 - y)l(~w; @)]
> yl((twy + (1 = ws) "@) + (1 = y)l(—(twr + (1 — ws) "),
and any & € R? except for a Lebesgue measure zero set (i.e., the set of points = € R? satisfying w{ = = w, x).
By taking expectation, we have for any ¢ € [0, 1], and w;, wy € R9,
tEx[Ls(w1)] + (1 — )Ex[Ls(w2)] > Ex[Ls(twy + (1 — t)wy)].
Therefore, E,[Ls(w)] is strictly convex. Since a strictly convex function has at most one minimizer, we conclude that
E,[Ls(w)] has a unique minimizer w* (k) for any given x € (0, c0). O
Step 2: Direction of a Unique Minimizer of E,[Ls(w)]
We rewrite E,;[Ls(w)] as
Ex[Ls(w)] = Exonur1x) [I (w'x)]

= ExaN(wT pr-twTsw) [[(X)]

=Kz n(0,1) {l (“_1/2 (wTEw)l/Q Z+ wTH)} : )
We recall two lemmas we described in our proof sketch.

Lemma 3.2. Let X; ~ N(m,0%), Xa ~ N(m,03), m € Rand o1 > a3 > 0. Then, E[I(X1)] > E[I(X2)].

Lemma 3.3. For any constant C, a unique solution of min,cra 7 pu—c %wTEw is a rescaling of X~ .

Let C,, := w*(x) " p. By Equation 4 and Lemma 3.2, w* (k) is a solution for the problem min,,t,—¢, 3w ' Sw. Hence,
Lemma 3.3 implies that there exists ¢,; € R such that w* (k) := ¢, X~ . The only remaining part is showing c,, > 0. If
¢ < 0, we have

ExlLs(w" (5)] = Ezunon 1 (572 (w" () Zw" ()22 + con = )|
> Bz [1(v73(-w" (0) TS(-w (1) 2~ con = )|
=E[Ls (—w*(x))],

where the inequality holds because I(-) is strictly decreasing and c, " X~ < 0. It is contradictory to w* (k) being a
unique minimizer of E,[Ls(w)], so we conclude ¢,, > 0. Showing ¢, is strictly positive will be handled in the proof of
Lemma 3.6 which can be found in Appendix A.6. (]

A.2. Proof of Lemma 3.2

Define a function f : (0,00) — Ras f(0) := Ezn(0,1)[l(m + 0 Z)]. It suffices to show that f is strictly increasing. For

each o € (0,00) and z € R,
Lemma D.1,

a@ol(erazﬂ = |l'(m+o0z2)z| = 'ﬁ’ < |zl and Ez. n(0,1)[|Z]] < oo. Thus, by

d

0
%f((f) =Ezn(0,1) [%l(m + JZ)} =Eznonll'(m+02)Z]

13
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e /2y

1 /°° z
/27'(' o 1_|_€m+o'z
1 > z 2 0 z 2
[ T oz /2d -z /2d
\/ﬂ<»/0 1+€m+0ze Z+[m1+em—aze Z)

1 > z 2 ° z 2
- T eTF2g, T 772
/27'(' </O 1 + em+az € z /O 1 + em—oz € Z)

1 o z z 2
[ _ —z /2d
\/% /0 (1 + eeraz 1 + emgz) € z

> 0.

4
14+em—oz

The last inequality holds since %+ < for each z > 0. Therefore, f is strictly increasing as we desired. [J

A.3. Proof of Lemma 3.3

Consider a function f : R? — R defined as f(w) = 4w ' Zw. Since V2, f(w) = X is positive definite, f is strictly convex.
The strict convexity continues to hold even when we restrict the domain to {w | w " p = C}, $0 mMing,epd o7 pc f(w)
has at most one minimizer. Let @ = —%- 37" . Then, for any w € R? such that w " pu = C, we have

pT=—1
Flw) — f(w) > V(@) (w —w) = (Sw) (w—w) = T (we o) =
- it pzips '
Therefore, w = ﬁiﬁl 1, arescaling of X1y, is the unique minimizer. g

A.4. Proof of Theorem 3.4

Since we consider sufficiently large «, we may assume n > d and let R,; := 2||w*(x)||. By Lemma 3.6, we know that
R, = O(k). Next, define a compact set C,, := {w € R : ||w|| < R,}, which trivially contains w*(x). For any w € R¢
and nonzero v € R?, we have

1 n
v Vi, Ls(w)v = n Z(yil”(mei)(UTmi)2 + (1= y)l"(—w ") (v @)%) >0,
=1

almost surely, since {x; } ;[ Spans R? almost surely. Therefore, £g(w) is strictly convex on R? almost surely and we
conclude that L£g(w) has a unique minimizer w¥ on C,, almost surely. Note that, if W} belongs to interior of C, it is a
unique minimizer of £g(w) over the entire R%. We prove high probability convergence of W} to w* (k) using Lemma 3.5
and convert ¢, convergence into directional convergence. For simplicity, we define

filw) = yil(w @) + (1 — ya)l(w' z),

for each i € [n]. We start with the following claim which is useful for estimating quantities described in assumptions of
Lemma 3.5 for our setting.

Claim A.2. For anyt > 0, we have
E, {etnmiu} < (2d/2 + 645*%2“2“) etlel

foralli € [n].

Proof of Claim A.2. By applying triangular inequality and Lemma D.6, we have

E, [et\lmil\] = BN (1) [et||x\|:|
S ]EXNN(F, ,@712) |:6t”x7“”i| etHF'H
- EZNN(O,;(lRZ) {GHZH} etlell

< (Qd/2 + e4m*1t2|\2n) etlell

for each i € [n]. O

14
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Step 1: Estimate Upper Bound of E,, [e/fi(w)=E<lfi(w)]l] on C,,

For any w € C,; and i € [n],
[fi(w)] = |yl (w @) + (1 = ya)l(—w @) < U(~|w @5]) < U= Rul|2])-
Hence, we have E, [e'fi(“’)q < E, [1 + eR“”wi“]. By applying Claim A.2 for ¢ = R, there exists M such that

E, [eMi®I] < M/ and M/ = exp(©(k)) since R, = O(x) by Lemma 3.6. By triangular inequality and Jensen’s
inequality, we have

E, {eww)fm[fi(wm} <E, [e\fi(W)HIEn[fq:(w)]l}

<E, {ewfanr

72
= K

Defining M, := M_?, it follows that M,, = exp(O(r)) and E,, [el/i(®)=Exlfi(w)lI] < M, for any w € C,.

Step 2: Estimate Upper Bound of ||V, f;(w)|| and ||V ,E.[fi(w)]|]
For each w € C,; and i € [n],

Ve fi(w)| = [|Veo (gil(w " i) + (1 = ga)l(~w " @) || = [[gal (w " @) @: — (1= y)l' (—w i) | < |||
The last inequality holds since 0 < {’(z) < 1 for any z € R. In addition, by Lemma D.2,

IVawErl[fi(w)]| = | VeExl(yil(w @) + (1 - y:)l(—w ;)]
= B[V (gl (w " ai) + (1 — yi)l(—w " @)
= |Ecl(yil' (w' @) + (1 — y)l' (—w " a;))]|
< Exfli]-

Also, applying Claim A.2 with t = 1, there exists L, such that E,; [el®/l] < L, and L,, = ©(1).

Step 3: Estimate Strong Convexity Constant of E,.[Ls(w)] on C,

By Lemma D.2 and Lemma D.3, for any w € C,; and unit vector v € R4, we have
1 ~(w  x)2

0 Vo ExlLs (w)]v = B (13 [ (0 %) (075)%] > TExonurmle™™ 2 (07x)?).

By Lemma D.5,
.
En(unrsyle” @ 02 (07 x)?)

_ _ —(d+2)/2 _
> kY22 (RIS + wl?) " exp (< wl IS IS p)?)

_ _ —(d+2)/2 _
> kY222 (R + R2) TP exp (<RI IS p]?)

and substituting R,; = ©(k) to the RHS of the inequality above gives

1

_ _ —(d+2)/2 _
RS2 (s =7 + RE) exp (—RZ|Z]||Z 1||||u||2)=m-

Since this hold for any unit vector v € R?, E,[Ls(w)] is a,.-strongly convex with v, = m onC,.

15
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Step 4: Sample Complexity for Directional Convergence

Since ||w* (k)| = ©(x) and o), = W, we assume k is large enough so that o, ||w* (k) ||* < 1, which is quite easy
to satisfy given the rate of decay in c,;. Assume the unique existence of w} which occurs almost surely. By Lemma 3.5, for
eachO <e< 1,if

d
C1 M, 3 20,d" R, L, exp(O(k?)) 1 1
> _og |2 1, =20 e = EPEW ) (1 L log = +log =
"z ()R (6““”{ ’(aﬁnw*(nw@ % loat tlogs )

then we have ||w* (k) — w%|| < ||w*(k)||e with probability at least 1 — §. Also, if |w*(k) — wE| < ||lw*(k)||e, then W
belongs to interior of C,.. Hence, 7 is a minimizer of £g(w) over the entire R%. Also, we have

sim (W, S ) = sim (@F, w* (k) = (1 — sin? (Z(Tﬂg,W*(ﬁ)))) -

> 1= sin (£ (g w' () ) = 1 — L1 5]

|w*(s)|l
>1—e
Hence, we conclude that if n = %}”2)) (1+1log 2 +1log 1), then with probability at least 1 — &, the ERM loss Lg(w)
has a unique minimizer w¥ and sim(wj, 1) > 1 —e. O

A.5. Proof of Lemma 3.5

By Lemma D.8, there exists a universal constant C; > 0 such that for any fixed 8 € C independent of the draws of n;’s,

P UFN(B) - F(f))‘ > O‘GT

8
1 N ae? 1 N ae?
=P NZf(avnz)_EUNP[f(evn)]>? +]P NZf(evnz)_E'nN’P[f(evn)]<_?
i=1 i=1
2.4
< 2exp (—gij). 5
1

Notice that from the given condition and Jensen’s inequality,
Enp~plg(n)] <logE,p [eg(")} <logL < L,

and from triangular inequality, we have

P s [vo (£x(6) - F0)) | > 52| <7 1 fjgug 170 (£(8,m:) ~ ELf(6,m)] > 3L]
€ L7 i=19€

N
<P %Z (9(m:) + Elg(m)]) > 3L]

==
e

<P

(9(mi) — Elg(m:)]) > L] : (6)

i=1

Since we have E,,p [e'g(")’E"”’ [9(")”] <Epop [eg("’)] -eEn~Pla(m] < 1.2 by our assumption, we can apply Lemma D.8
to the RHS of Equation 6. Therefore, we have

P [zlég va (FN(H) - F(e)) H > 34 < exp (—&N) , %)

16
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where C'{ > 0 is a universal constant. Without loss of generality, we can choose C; = (] that works for both Equation 5
and Equation 7.

k
_ _ . 1/2 . . . .
We choose 04, ...,0,, € C withm < max {1, (%) } where C} is a universal constant and satisfies following:
. . ~ 2 n N 2
For any 0 € C, there exists ig € [m] such that HO -0, H < 947 - In other words, 61, ..., 6,, form an g;7-cover of C.

Suppose | Fy (Bx) — F(6))] < 2< for each k € [m] and supycc Hve (FN(e) - F(e)) H < 3L which implies £y (6) —
F(0) is 3L-Lipschitz. Then, for any 6 € C, we have

Fr(8) = F(6)
< |Fn(0:,) ~ F(8:,)| + | (Fn(6) = F(0)) — (Fn(00) — F(83,) )|
< %62+3L||0—éi9u < %62+%62
-

By applying union bound, we conclude

A a€2
P [ggg | (6) — F(0)] > 4}

k
C2k'/2DL a’et 1
<2maX{1, <a62 exp _OlMN +eXp —aN
1/2 k 2.4
§3max{1, <w> }exp(—min{gljew,clvl}]\]>
k
Csk'/2DL et
:3max{1, (ozez exp _ClMN ,

where the last equality is due to ae? < 1 and M > 1 which are implied by given conditions.

éj‘v — 0*|| > ¢. Then, from the strong convexity of F'(0), we have

Suppose supgec |Fiv(0) — F(8)] < "‘Tg and ‘

Fr(0%) — Py (6°)
= (Fn (%) - F(6%)) + (F(6") — Fn(6") + (F(03) — F(9"))

Vv
\
|
\

> 0.

This is a contradiction to the fact that @y is a minimizer of Fy (0). Hence, we have

k
- . Cok*?DL aZet
IPHON—B >e}§3max{1,(a€2 exp _ClMN ,
and equivalently, if
k
1M 3 C2k'/2DL
N 2 W log <6 max {1, (aEQ s
then ‘ é}*\, — 0*|| < e with probability at least 1 — 4. O

17



Provable Benefit of Mixup for Finding Optimal Decision Boundaries

A.6. Proof of Lemma 3.6

By Theorem 3.1, there exists ¢, > 0 (strict positivity of ¢ will be proved here) such that w* (k) = ¢ X! u. For any ¢ > 0,
we have
Em[ﬁs(cz_lu)} = EXNN(MTE—I#’K—IMTE—IM) [Z(CX)] = EXNN(s,nfls) [Z(CX)],

where we define s := p | X~y for simplicity. By Lemma D.2, we have

0 _ /
77EK[£S(CZ 1”)] = 7EX~N(S,H71|S) [l (CX)X]

X
= EXNN(s,nfls) |:].-|—66X:|
X
1+ eX

X

1+ eX 1X<O] '

=Ex N(s,x-1s) { : 1X>0:| +ExN(s,k-1s) [

For any ¢ > 0, 1 + e > 2¢°Y/2 for all t € R by the AM-GM inequality and 1 + e°* < 2if t < 0. Then, we have

0
— —E[Lg(cE7!
5 ElLs(cE7 )]
1 .
< 3 (EXNN(S,K—IS) [(Xe /2 1x50] + Exn(sn—ts)X - 1X<0])

1 1 (a:—s)2 cx (z —s)°
3 e (55 )3 [ e (55 )
1 1 (Jc—s)2 cx (z +s)°
=) L (55 e (55 )+

_ / ( —cx/2 _ B_QMU)GX (_ (.T _ S)2> dz
\/7 5)1/2 P 2k~ 1s '

If ¢ > 4k, then e~ */2 — ¢=25% < () for each = > 0 and —%]EK [ﬁs(CEilﬂ)] < 0. Thus, ¢, < 4k.
Forc > 0,1+ e < 2e ift > 0and 1 + e > 2e/2 for all t € R by AM-GM inequality. Therefore, we have

0

- %En[ﬁs(cz_lﬂ)]

1 ,
(EX~N<s w15 [ Xe™ X 1xs0] + Exongs, ,gfls)[X e/ 1X<o})

( ) (x— 5)2 cx
/ 27m_lsfcexp ( P —cx | dz + 27m_lsﬂcexp “HoTis T3 dx
(z — ) 1 /°° 1 (z+s)® cx
dr — = e ———+ —|d
/ 27Tﬁ_lsxexp ( ol —cx | dx 2 ), 27m_1sa:exp o 1g + 5 T

I 1 /2)a (z —s)?
— = - —cx _ ,—(2k—c/2)x = ) da.
2 /o 27m*18$(e ¢ ) exp ( 2k Ls v

If c < 3k, €7 — e~ (2r=¢/2)2 < () for each 2 > 0 and %EH[ES(CE’lu)] < 0. Hence, ¢;; > 3~ and we conclude
[[w* (k

| \/

) = (fﬁ)- O

A.7. Proof of Theorem 3.7

We first show that for sufficiently large x € (0, c0) and if n is not sufficiently large, S can be linearly separable because data
points usually concentrated around g and — . Next, we characterize cosine similarity between ¢ max-margin vector and
the Bayes optimal solution. In our analysis, we use the following well-known lemma (See Hanson & Wright (1971); Lugosi
& Mendelson (2019)).

18



Provable Benefit of Mixup for Finding Optimal Decision Boundaries

Lemma A.1. For positive definite matrix M, let x ~ N (0, M). For any 6 € (0,1)
|| < Te(M)? + (2| M || log(1/8))"/2,
with probability at least 1 — 0.

First, we introduce some technical quantities. Let § = 0.99 and t = (Tr(2)Y/2 + (2[|Z|| log(n/5))'/?) /|| p|| with

—_ j 71 2
n < Gexp <§||2||1 (n”ﬂmn T b —Tr<z>1/2) ) — exp(O(w)), ®)

and we assume  is large enough so that /2| || - %ﬁrl”) —Tr(X)'/2 > 0. Then, by substituting n in the definition
of ¢ by RHS of Equation 8 we have

it = Te(2)'? + (2|2 log(n/6)) "/

[ 1 1 —sim(p, ") ? V2
<TH(2)Y2 4 |23 log <exp <2||2||1 (/2 - 2= E ) 2 ))]
: 1 1 —sim(p, X7 p) 21"
= ()Y 4 |25 {22||-1 (2 2 E ) i) }
- 1/2
1—si »-! 2
_ Tr(2)1/2 + <H1/2|/1' . blm(s’7 H) _ Tr(z)l/Q) ]
1 —sim(p, 2 ')
= w2 ] - 5 :
Thus,
1 —si »-!
K2t < stm(p, #) < /1 —sim(p, X-1p)2. )

2

Next, we investigate how much positive and negative data points are concentrated near their means p and — . By applying
Lemma A.1 with M = x~'X, for each i € [n], ||(2y; — 1)&; — p|| < £~ /?t||u|| with probability at least 1 — §/n; to
see why, recall the definition of ¢. Hence, by union bound, we have ||(2y; — 1)x; — p|| < =~ /%¢t||u| for all i € [n], with
probability at least 1 — 6. We now condition that this event occurred and we prove that our conclusion holds. First, S is
strictly linearly separable by p since

2y — Dp @ = p' ((2y — Vi — p) + |||
> (—12y; — Vi — ] + [ pel]) [ 2]
(1= &712t) ||l

1 + Sim(% E_lﬂ) . ||IJ‘||2
2

Y

Y

\Y
o

Hence, there exists /5 max-margin vector

ws = argmin|w||?> subjectto (2y; — Dw'x; > 1 Vi€ [n].
weR4

From the KKT condition of problem above, we have wg = >, ;(2y; — 1)@; where a; > 0 for all i € [n]. By triangular
inequality, we have

T TS (D0 — ) n T, )
EFRPRAL S SENC YIS NS ST
Iellllwsl (el 2iz; a2y — Dasll — 320 aallmll1(2y: — Dl
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Also, for all 7 € [n],

p'(2y; — Da;

— sim D) = _Sin2 D 1/2
Tl @y~ Dy — S (i = D) = (1= sin® Z (s, 2y — 1))

o\ 1/2
2<l_(<zyi—1>wi—un)> vy

il

> sim(p, 27" ),

where the last inequality used Equation 9. Hence, we have sim(ws, ) > v/1 — k=12 > sim(u, X~ ). By triangular
inequality for angle,

L(ws, 7 ) > L(p, 27 p) — L(ws, p) > cos™ ! (sim(p, B~ ) — cos ™! (\/ 1- ffth) > 0,
and we have

sim(wg, 27 )

< cos (cos_l(sim(p,, $1pu)) — cos~? (m))
= cos (cos ™! (sim (g, £ 1)) - cos (cos—l (m))
+sin (cos ™ (sim(p, £ pr))) - sin (cosfl (m))
= sim(p, B ) V1 — 512 4 /T —sim(p, BT p)2 - 572
= sim(p, 57 ) - (VI K712 = 1) /T = sim(p, BTp)? k72 4 sim(p, T ). (10)

Itis clear that s — s (V1 —r1¢2 — 1) + V1 — s2 - k~1/2¢ is a decreasing function on [0, 1] for each fixed ¢ € [0, 1].
Therefore, by changing s = sim(p, X~ p) to s = 0, we have

sim(p, 27 ) - (\/1 — k12 — 1) + /1 —sim(p, 2=1p)2 - k7Y% + sim(p, 7 )
< kY2t sim(p, B )

1+ sim(p, X7 )
2 )

< Y

where the last inequality used Equation 9. Combining Equation 10 and Equation 11, we have our conclusion. O

B. Proofs for Section 4
B.1. Proof of Theorem 4.2

We first prove the existence and uniqueness of a minimizer of E,[C¥™(w)] and characterize its direction in the next part.
Step 1: Existence and Uniqueness of a Minimizer of E, [L3*(w)]

Since (Z; 4, §:.i) = (@, y;) for each i € [n] and [(-) is non-negative, for each w € R?, we have

EAlLE™(w)] > Bx |2 > pillw ) + (1= gl —w ) | = TEx(Ls(w)]

As we discussed in Equation 3, if ||w]|| > 2nm !, we have
mix 1 1 1 T
]EK [’CS (UJ)] 2 ﬁE,{[ﬁS(wn 2 gEx,\,N(“)N—lg) —gw X - ]_wa<0
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1 |w||E 1 w'x
= —[[w||Ex~ - —5 T laTs
n X N([J.,m 12) 2 Hw” HJH <0

v

T || > 1> log 2
2n
= E.[£57(0)).
Therefore, a minimizer of E,[£%(w)] necessarily contained in a compact set {w € R? : ||w|| < 2nm!}. Since
E,[£3(w)] is a continuous function of w, there must exist a minimizer. The existence part is hence proved.

To show uniqueness, we prove strict convexity of E, [£s(w)]. From strict convexity of I(-), for any ¢ € [0, 1], w1, wy € R?
with w; # we, and y € [0, 1], we have

tlyl(w] @) + (1 = y)l(~w{ )] + (1 = ) [yl(w; @) + (1 — y)l(~w; @)]
> yl((twr + (1= tws) "2) + (1 = y)l(=(twr + (1 = H)ws) " @),
and any & € R? except for a Lebesgue measure zero set (i.e., the set of points = € R? satisfying w{ = = w, x).
By taking expectations, we have
HEL[CF™ (w1)] + (1 = ER[LE™ (w2)] > Ex[LF™ (twy + (1 — t)w)].

We conclude E, [Lmlx( )] is strictly convex. Since a strictly convex function has at most one minimizer, we conclude that
E, [£%(w)] has a unique minimizer for any given x € (0, 00).

Step 2: Direction of the Unique Minimizer of E, [C%™(w)]

We express expected losses E,; [L%*(w)] as the form

k
Ez n(0,1) [Z a;l (bm_l/2 (wTEw)l/Q Z+ Cz"wT,u> (12)

i=1

where a;, b;, ¢;’s are real valued random variables depending on A and a;, b;’s are positive. Note that (&; ;, 9;.;) = (@i, yi)
for each i € [n] and for each ¢, j € [n] with i # j,

1 with probability 1,

Aij with probability 1,

N 13
Gig | N 1— ), with probability 1, ()

0 with probability %.
and the conditional probability distribution of the random variable x; ; given ¥; ; and A; ; can be formulated as the following
four cases, depending on the outcome of y; ;:
Tij | G5 =1, ~ N (p, (9(Nig)? + (1= g(Ni )P~ E),
Tij | Gig = AijrAij ~ N ((29(\i5) = D, (9N, )2 + (1 -9 ))rT'E),
Tij | Gig=1- XAy ~N(=(29(\iy) = D, (g (Nig)? + (1 - g, NETIE),
Tij | Gij =0, Aij ~ N (=, (9(Nij)* + (1= g(Niy)) )R~ 12).
For simplicity, we denote Xy = (g(A)? + (1 — g()))?)X for each A € [0, 1]. Then, we have

E.[£3 (w)]

(14)

1 n ~ _ ~ R
=5 > Euliigl(w @) + (1= gi)l(—w' & ;)]

ij—=1
= D B [Gil(w @) + (1= i)l (—w @i 5)] + Y By [gal(w @) + (1= yo)l(—w @)
i,j=1 =1
i
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_n—1 -1, T 1/2 T
= %lEmwmm»mP(M w' I w) Z+u:uﬂ
n—1 _
+ ™ Ezon(0,1),A~A [)\l ((n lwTS\w)' 2 Z + (29(\) — 1)pr,)}
n—1 _
+ Bz (1= V(57w Bhw) 22 — (2900 = Dw T p)|
1
+ Bz [z ((mfluﬁzw)l/zz n wT,u)} : (15)

* *

This is the form in Equation 12. Let C\; = w ;. (n, k)" p, then by Lemma 3.2, w} ;.
problem min,,t,,_¢, 3w ' Sw, and by Lemma 3.3, there exists cpix,n, such that w’;

. mix
unique minimizer of E, [£%™(w)].

(n, k) have to be a solution of the
(n, k) == Cmix,n,nzilﬂ be the

The only remaining part is showing cmix.n,, > 0. For simplicity, we will omit x and n in w}, (1, k). If cmix.n,x <0,

mix

E. [£8% (wih)]
1 1/2
N Eznon [l ((m_lw:‘nixTEAw:‘nix) Z + cmix,ny,{uTE_l/QL)]
2n A~A

(a)

n—1 1/2
+ ]EZNN(OJ) |:)‘l ((K_lw:nixTz)\w:nix> Z+ (29<)‘) - 1)Cmix7n,mu—r2_1u):|

(b)
n—1 1 L\ 1/2 B
o B |- ( (7 0 Baawte) 7 = 200~ Demieos = )|
(©

1 1/2
+ n EZNN(OJ) [l ((le;‘niXTEw;ix> Z+ CmiX,n,nUTEII‘)}

n—1 1 . \1/2 _
> Ezenion [z ((H 1wmixT2Awmix) Z — ot E lu)}

1/2
o B N (5wt Bvw0i) 2 2000 = Dot o270 )|

(by

1 1/2
et B [0 (6w Bawi) 2% 2000 = Dot 50|

2n A~A

(cy

1 1/2
+—=Ezon(o,1) [l (H_lw;ixTEw;ix) Z — Cmix,n,nllf—rz_lu>:|
n :

@
= B [£5™ (—wpi)]-
The inequality holds by comparing (a), (b), (c), and (d) with (a)’, (b)’, (¢)’, and (d)’ respectively. This contradicts the
assumption that w? , is a unique minimizer of E, [L3™*(w)], letting us to conclude ¢mix 5.5 > 0. Showing cmix,n ks 1S

strictly positive will be handled in the proof of Lemma 4.5 which can be found in Appendix B.3. U

B.2. Proof of Theorem 4.4

Since we consider sufficiently large x, we may assume n > d and n > 2. By Lemma 4.5, we can choose R, = O(1)
such that | w?,, (n, k)| < R, for any n € N. Let us define a compact set C,, := {w € R? | ||w|| < R,}. For any vector

mix
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w € R and nonzero vector v € R4, we have
. 1 _ B ~ _ _ B
v V5, L8 (w)v = 2 > @il (w &) (0" &) 4+ (1= G ) (—w &) (0 &)%)

3 Z(yz-l”(mei)(vai)Q + (L= y)l"(—w ") (v x;)?)

almost surely since {x;}7_, spans R? almost surely. Therefore, L3 (w) is strictly convex almost surely and we conclude
that £ (w) has a unique minimizer W, ;, ¢ on C almost surely. Also, if W}, ¢ belongs to the interior of C, then it is a

mix, mix,
*

unique minimizer of L% (w) on RY. We prove high probability convergence of Wi, s 0wy (1, k) using Lemma 4.3

and convert /5 convergence into directional convergence. For simplicity, we define

for each i, j € [n]. We start with the following claim which is useful for estimating quantities described in assumptions of
Lemma 4.3 for our setting.

Claim B.1. Foranyt > 0, we have
E, [etuii,jn} < (Qd/2 4 ewlﬁnzn) et
foralli,j € [n].

Proof of Claim B.1. We first consider the case 7 = j. By applying triangular inequality and Lemma D.6, we have
E, {etu@,iu] — B 13) {et”xq
< N (1) {etl\x—ul\} ctlel
— Epon(on-112%) {euzu] tlull

< (zd/z + e4m-1t2uzu) etlell

for each i € [n].

Next, we handle the case i # j. For simplicity, we denote Xy = (g(\)? + (1 — g(\))?)X for each A € [0, 1]. Equation 13
and Equation 14 imply that for each 4, j € [n] with i # j,

1

1
= Eaa [QE"NN(“’“E” [et”xu} + S Exn N (29 - D120 [et'x'H

< éEAwA {]EXNN(,L,;{%EA) [etHx*uH] ctlud + B N (290 =1 pn—135) [etIIX*(ZQ(A)fl)uH} ot 29 =1l
Ex~a [Ez~N(0,,«fle) {etHZ”H et

By Lemma D.6 for each A € [0, 1]

E, n(or-13,) [etl\zl\] < 9d/2 AT PIs] < 9d/2 4 an T ID

and we have our conclusion. O
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Step 1: Estimate Upper Bound of E,; [e!/fi.i(®)=Ex[fi;i(wll] on C,,

For any w € C and ¢, j € [n], we have
[ fig (W) =[Gl (w " & 5) + (1= G )l(—w & 5)| <U—w & 5]) <U(=Ryll@i 4]]) = log (1 + eR”Hii’j”) :

By Lemma 4.5, R, = O(1) and by applying Claim B.1 for ¢ = R,;, we obtain M, such that E, [e'f’%-f(w)‘] < M], and
M/ = ©(1). Also, by triangular inequality and Jensen’s inequality, we have

E, em,j<w>—E~[fi,j<wm} <E, [e\fi,_,»<w)|+|mn[fi,j(wm}

<E, {G\fi,ﬂwnr
< M

Letting M,, = M/?, we have
E, [elfi,j(w)*ﬂ*ln[fi,j(w)}l} < M,,

for any w € C, and M,; = ©(1).

Step 2: Estimate Upper Bound of ||V, f; j(w)|| and ||V,E.[f; ;(w)]|l

For each w € C,; and i, j € [n],

IV fij (W) | = || Vo (Gl (w T &5 5) + (1= Gi )l (—w " & )|
= || (w & )& — (1= G )l (—w " & 5) & |
< |24

In addition, by Lemma D.2,

IVwEilfij ()]l = || VewEx[(@il(w & ;) + (1 = §i)l(—w & ;))
= ||En Vo (Fi,50(w " &5 ) + (1 — G )l (—w " &5 5))
= [[Eulgi il (w " @i ) @i 5 — (1= Gig)l' (—w " @i )@ 5] |
< Eulll2il]-

Also, applying Claim B.1 with ¢ = 1, there exists L,; such that E,; [e/l®sll] < L,  and L,, = ©(1).

Step 3: Estimate Strong convexity Constant of E,.[£L2™(w)] on C,,

For each \ € [0, 1], denote X := (g(\)? + (1 — g(\))?)X, for simplicity. By Lemma D.2, Lemma D.3 and Equation 15,
we have

n—1
2n

1

> TGEANA[Ex~N(uﬁ’1EA)[e

Ex~a [EXNN(u,nﬂ):A) [ZN(UJTX) (’UTX)ZH

v Vo, Ee[L5™ (w)]v >

7(wa)2/2(’UTX)2H,

for any vector w € C and unit vector v € R?. By Lemma D.5 and Lemma 4.5, for each A € [0, 1],
B (12 [ 02 (07 x)?)

> k2S5 (6251 + RE) D2 exp(— REISANZ5 ] eel1?)

=0(k™h).

Hence, E,,[£3(w)] is a,;-strongly convex with a,; = O(k1).
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Step 4: Sample Complexity for Directional Convergence

By Lemma 4.5, we can choose r,, = O(1) such that 7, < ||w} ;. (n, n)H for any n. Since r,, = ©(1), we assume « is large

enough so that re < ry < ay 172 Assume the unique existence of wy ;. ¢ which occurs almost surely. By Lemma 4.3, if

d
Ci M, 3 2045d" ?R,. L, O(k?) 1 1
> — _— = — — —
n_aﬁrée‘lbg <5max{1,( amrlel i 1+10g€+10g5 ,

n,K)—w

then we have ||w

w

| <rpe < ||wk,.(n, k)||e with probability at least 1 — 4. Furthermore, if ||w
[wyix (n, ) ||€, then ), 5 belongs to interior of C.. Hence, b},
entire R%. Also, we have

n,K)—
is a minimizer of L% (w) over the

mlx( mix,S | rmx(

mix,S || mix,S

w;knix(

1/2
= <1 — sin? (4 (Wi 55 Wiixe (10, H))))

2 1 —sin (Z ('Lz’:;lix,Sﬂ wmlx(n ﬁ)))
>1—e.

Sim(wr*nix,sﬂ D /J’) = Slm(wmlx S n, 5))

2
Hence, we conclude that if n = Q(“ )

(1 + log £ +log 1), then with probability at least 1 — &, the Mixup loss L2 (w)

has a unique minimizer w;,;, ¢ and sun( ix, S S p)>1—e O
B.3. Proof of Lemma 4.5
By Theorem 4.2, let w;, (1, k) = iy p 3~ 1 Where ¢, . > 0. For any ¢ € R, from Equation 15, we have

-1

Eq[C8™(cD™ )] =

n
n E}\NA [EXNN(S,Hfls)\) [Z(CX)]]

n—1
+ ExcalA - Exon(2g(n)—=1)s,k-155) [1(cX)]]
n—1
o Excal(1 = A) - Exo n(=(2900)—1)s,5~1s0) [ (eX)]]
1

+ E]EXNN(s,nfls) [l(CX)] .

where we denote sy = (g(A\)? + (1 — g(\))?)uu " S for each A € [0,1] and s = | S, for simplicity.

By Lemma D.2, we have

5 L5 (5 )

= E)\NA[EXNN(S,K*ISA)[l/(CX)XH

2n
n—1 ,
i Exca[A - Exon(2gn)—1)s,k-1sy) [l (X)X]]
n—1
o Exral(1 = A) - Exon(—(2g(2)—1)s,5-1s:) [ (X)) X]]

1
- E]EXNN(SA,/{*IS) [ZI(CX)X]

n—1 X
= 5 Eya [EXNN(s,nls,\) [”

14 ecX
n—1 X
o™ Ex~a [A "ExN((2g(\)=1)s,k—1s1) [HeCX”
n—1 X
o™ Ex~a [(1 = A) ExonN(=(2900)=1)s,k1s3) [H—eCXH
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n 1E X
n X~N(s,x"1s) 1+ ecX |’

and if ¢ > 0, by applying Lemma D.4 with z = cX, we have
0

~ e EILE (2 )
> 2B [Bxenton o [ - 70X
+ nQ;LlIE,\NA [)\ "Ex~n(2g(0)-1)s,k151) BX — iCXzﬂ
+ 2B [0 Byt o [ 3% - 77

1 1 1
—“E g =X — ZeX?
+ n X~N(s,x"1s) |:2 4C :|

s
= & (0= DErwall + (22 = DEg(Y) - )] +2)
c
% (k71 (2(n — DExwnalsa] +25) + 5% (n — DExea[(29(X) — 1)* + 1] + 2))
s _
> (zﬁzmm ~1)(2900) — D) — (5" (2Baea [0 + (1 —gN)?] +1) + 5 (Baal29)) — 1) +2) )>.
. Exal(2A—1)(2g(A\)—1 mix /s — . . .
Thus, if 0 < ¢ < K*I(QIE)\NA[g()\)2+?1ﬁ£]((k))2]11§]%(~8)(]EA,)N]A[(Qg()\)fl)2+2])’ then E[LF™*(¢X 71 )] is decreasing as a function of

. Ex~a[(2A=1)(29(A)—1)]
c and we conclude lexin,n > m—l(2]EAN.A[.g(/\)2+?1ﬁg(x\))2]+l)+s(]E,\~A[(2g(A)71)2+2])
and one can note that this lower bound is independent of n.

which implies ||w? . (n, k)| = Q(1),

mix

In order to get the upper bound, we use the following inequality: For each z € R, we have
I(z) +1(—2) =log(1 +e %)+ log(l+¢*) =log(2+€* +e %) > |z|.
For each ¢ > 0, we have
mix — 1 - ~ -1z ~ -1z
Ec[C§™(cZ 7 ] = — > B [Giylen" S &15) + (1= §i )l (—en S7E1)]
ij=1
1< _ 1 _ 1~
> ﬁ Z ]E,{ [yiyjl(CﬂTE 1:1?2')]') =+ (1 — yiyj)l(—C/,LTE lilli,j)]

i,j=1

i#]

v

1O . . 1~ 1
o > By [min{gi g, 1 — i }(Uep 7 8 ) + U(—cp 271E )]
ij=1

i#]

1 < s i 1
3 > B [min{gi g, 1 — i} ep 7
=1

i#]

1 & . _ s
= — > B [lmin{gij, 1 = giten 5712 ]
ij=1

1#]

1 « e _ _
= — > Exllmin{gi ;.1 — 5i;}(20(5,5) — Dslle
‘Li]?é:jl
n—1 .
= Exoa[min{A, 1 — A}|2g(A) — 1]]sc
n

]

v
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1
> ZIE,\NA[min{)\, 1 —A}2g(A) — 1]]sc

From our assumption Py [A ¢ {0,1} A g(A) # £] > 0, we have Exa[min(A, 1 — A)]|2g(A) — 1| > 0. Thus, if
4log 2

O NI /\)‘29(/\) e then EX[LEX(cX™1 )] > log 2 = EA[LE™(0)], so ¢X ™" p cannot be a minimizer. Hence,
Chixn i <y i )\ T g}\Z)pg( Ve O(1), which is also independent of n. Combining the lower and upper bounds, we
have our conclusion that Crixnm = o(1). O
B.4. Proof of Lemma 4.3

The challenging part is that we cannot directly apply Lemma D.8 to show pointwise convergence of FN(O) to Fiv(0) onC
since 7); ;’s are not independent and not identically distributed. We can overcome this problem by using Lemma D.11 which
is the alternative version of Lemma D.8. We prove Lemma D.11 in Appendix D.4.

By Lemma D.11, there exists a universal constant C] > 0 such that for any 6 € C, we have
- ae? et
IE’"F ) - F 9‘>— <2exp (-2 N).
[Fx(6) ~ Fu®)] > % | < 20w (- 517
Notice that from the given condition and Jensen’s inequality, for each ¢, j € [N],

Enp,,[9(n)] < 10gEpup, , [/ ] <logL < L,

and from triangular inequality, we have

[sup va (FN(O) - FN(B)) H > SL]

occ
<Pl Z sup [V ((6,71:) ~ ELf(0,m)) | > 3L
1,]= 1
<P N2 Z 9(ni,5) +Elg(ni;)]) > 3L
L =
=P N2 Z 9(mi ;) —Elg(niz)]) > L| . (16)
1,7=1

Since we have Ey,p, el9M—En~py Lol < Epp,, [e9M] - €7 (] < L2 by our assumption, we can apply
Lemma D.11 to the RHS of Equation 16. Therefore, we have

{2212 va (FN(O) - FN(a)) H > 3L} < exp (Clng) : (17)

where C{' > 0 is a universal constant. Without loss of generality, we can choose C}' = C] that works for both Equation 16
and Equation 17.

_ _ . 11172 k . . . .
We choose 04, ..., 0, € C withm < max {1, (LkaEQDL) where C, > 0 is a universal constant and satisfies following:
. . —~ 2
For any 6 € C, there exists ig € [m] such that HO 09“9 H < 547 - In other words, 6,,....,0,, forman 541, -cover of C.

Suppose | Fiy (8) — Fy(0)| < ‘%2 for each k € [m] and supgee HVg (FN(O) - FN(0)> H < 3L which implies Fiy(8) —
Fx(0) is 3L-Lipschitz. Then, for any 8 € C, we have

F(8) — Fn(6)]
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< |Fn(0:5) — Fn(05,)] + ‘(FN(G) —FN(O)) - (FN(éie) _FN(éie)>‘
0[62 2 a62 Of62

< @ Lx =

< 0 4300 -8y < T+ O = 2

By applying union bound, we conclude

2

[ilép'FN( Fn(0)] > OZ]

! 1/2DL 4 1
<2max{ (Ck )}exp( g;\/fN)—l—exp(—C{N)
17.1/2 2.4
<3max{ <Ck DL> }exp( mm{g;\fl{}]\/)
C’ékl/ZDL a?et

:3max{1, <a€2 exp _C{MN ,

where the last equality equality is due to ae? < 1 and M > 1 which are implied by given conditions.

0* — 0% || > €. Then, from the strong convexity of Fiy (), we have

Suppose supgec |Fiv(0) — Fn(8)] < 2= ® and ‘

Fy(03) ~ Fn(63)
(mé;‘v) ~ Fn(03)) + (Fn(8x) — Fn(03)) + (Fn(8x) — Fn(63)))

OéE
> -+

20
> -2 oy ey 5o

-0y

This is a contradiction to the fact that @y is a minimizer of Fy (0). Hence, we have

k
A CLkY2LD a?et
o < —2r T _
]P’H ] 3max{1,< e > exp( C{MN)’

/ /1.1/2 k
N> GM o (3 max 1, (P LD ,
o2et ) oe?

J. O

and equivalently, if

then’ /L

C. Proofs for Section 5

Before moving on to proof of the main results of Section 5, We would like to represent E,; [£%k(w)] in a simpler form.
Note that (Eask g;nlask) (z;,y;) foreach i € [n]. For ¢, j € [n| with ¢ # 7, conditioning on (M ;, A; ;) ~ M, we have

gi,j = ]., ( (M ]\4-—r ( — Ml,j)(l — i )T)) with probability %
Ui = Nijs ~»7» N((2M;; —1) O u, 2 ® (MUM;'_J +(1-M,;;)(1-M,; T)) with probability i .
Gij=1-Aij, N(-— ( ~ D, T6 (MM + (1 M, ;)(1 — M; ;)7)) with probability
Gi; =0, N(—p (MMMZTJ. +(1—-M;;)1—-M;)") with probability 1

Let support(M) = { MW ... M®} where (M, \) ~ M. For each k € [p], define
p® = poeEM® —1),2® - 56 (M(k>M<k>T (1 - MWy - M(k>)T) 7
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and
; ! 1 (k)
ar = §E(M,>\)~M Ao, b = §E(M’)‘)NM [(1=N1prepgo ] cn = §P(M,>\)~M {M - M } .
By Assumption 5.2, as,...,ap,01,...,bp,c1,...,¢, > 0. One can check that ay + by, = ¢, for each k € [p] and

S b _ (ak + by + cx) = 1. Then, for each x € (0, 00), we can rewrite E,,[C3? (w)] as the following form:

E,[C5* (w)]

ZEH [yzl(wTwZ) + (1 _ yz)l ,w wz Z E, Inabkl T4 ;njask) + (1 _ g;njask)l(_wTi,gljask)]
= i,j€[n]
iij
1 T
= ﬁEwa(p,,rc*12) [l(w X)]

n—1[<
T <Z Eyxo) v N (u®) -150)) {akl (wa( )> +bkl< w! x® ))} + kB0 N (-1 200 {l (wTZ(k))D 7

mask ~

k=1
(18)
and
1 n—1g
mask _ = T T, k) —ap T (F) T
Eoo [L2255 (w)] nl(w w) + - ; (akl (w n ) + byl ( w' p ) + il (w p,)) . (19)
In addition, notice that for each k € [p|, we have
K ~ N (p, kTIZR) with probability <
;nas ( *12(’@) with probability %
K 1l . o . (20)
sk o N (u( ) k~12(®)  with probability %
N (=

u(’f) k12" with probability %

C.1. Proof of Theorem 5.3

We first prove the uniqueness of a minimizer w,,, (n, %) of E,[£%(w)] for all & € (0,00] and show that they are
bounded. Next, we prove that w};, . (n, k) converges to w;; ., (n,00) as k — c0.

Step 1: E, [£2%k(w)] has a Unique Minimizer w’,_, (n, x) and {w* __, (n,k) : £ € (0,00]} is Bounded

We prove the strict convexity of E, [£32K(w)] for each x € (0, 0c]. Consider the case x # oo first. For ¢ € [0,1], and
wi, wy € R? with wy # ws,

th(w)z) + (1 -t (w; ) >1((tw + (1 —t)ws) ' z),

and
tl(—w{z) + (1 —t)l (~wy z) > 1 (—(tw + (1 —hws) ' z),

for any © € R? except a Lebesgue measure zero set (hyperplane orthogonal to w; — ws).

By Equation 18 and taking expectation, we have for any ¢ € [0, 1], and w1, wy € R,
R [L225K (wy)] + (1 — t)Ex [L3% (w3)] > B [L22K (twy 4 (1 — t)ws)].

For the case k = oo, by Assumption 5.2, there exist iy, . ..,iq € [m] such that {u(“), . ,u(id)} spans R and for any
t €10,1] and wy, wy € R? with wy # wo, at least one of k € [d] satisfies

tl (wfu“k)) + (1 —t)l (wJu(”)) > 1 ((t'un F(1— t)wQ)TWk)) ,
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and
tl (—w]—u(ik)) + (1 =¢)l (—wJu“”) > (—(twl +(1- t)wg)Tu(i’“)) .
From Equation 19, we can conclude the strict convexity of E, [L285% (w))].

In order to complete this step, we prove the existence of a ball containing all minimizers of E, [£L%%%(w)]. For the case
K # 0o, from Equation 18, we have

d
1 Z .
Eﬂ[ﬁg}ask(w)} 2 5 mln{aiwbik }Ex(mwN(u("’k),l-c_lE("'k)) |:l (wa(k)) +l (*wa(k)>:| .
k=1

Since I(z) + I(—2) > |z| for each z € R,

d
1 . .
E.[£8* (w)] > 5Zmln{aik»bik}Exwmjv(mik),mlzuk)) HwTX(k)H
k=1
1 d
> §Zmin{aik,bik} ]Ex(k)NN(H(ik)7K71Z(ik)) [wa(k)”
k=1
1 d
=5 Z min{a;, , b;, } "wT,u(““) .
k=1

Also, for the case k = oo, from Equation 19 and using similar argument, we have

d
s 1
Eoo [L82% (w)] > 5 Zmin{aik,bik} (l (wTu(k)) +1 (—wT,u(k)>)
k=1
1 .
> 5 Zmin{aik,bik} ’wTu(lk) .

k=1
Since {p(),...,p04)} spans R?, for any unit vector u € R, 22:1 min{a;, , by, } u"p™| > 0 and u —
ZZ:l min{a;,, bi, } |uTu(ik)| has the minimum value m > 0 since {u € R? : |lu|| = 1} is compact and the map-

2log 2
m

ping is continuous. If ||w]|| > , then we have

d
1 , ;
En[£5™(w)] = 3 Y minfas, by, } [ )
k=1

d T
i w ix
= ||lwl]| Zmln{aik,bik} | <||'w) l"( k)
k=1

1
> §||'w||m > log 2
=E, [£37*(0)].

Hence, forany € (0, oc], the minimizer of E,; [£235k(w)] is contained in the ball centered at origin with radius R := 21ng2.
Together with the strict convexity of E, [£%%¥(w)], we have our conclusion. O
Step 2: w . (n, x) Converges to w’ . (n,00) as k — 00

For each w € R? with ||w|| < R and unit vector v € R<, Equation 19 implies

'UTV?U]EOO [Egmk(w)]v

R O ; [(akz" (wTu®) 4 byt (~w™u®)) (07 ®) 4 ent” (w" ) (07 )?
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> LS+ b0 (BRI (07 )’

k=1

By Assumption 5.2, at least one of k € [p] satisfies v " p*) 5 0 and thus, 2 S8 _ (ay, + b,)l” (R[|p™|) (vTu(’“))2 > 0.
Since v — £ >0 (ar, + bi)l” (R|p™]) (v (k))2 is continuous and {v € R? : ||v|| = 1} is compact, it has minimum

o > 0 on this set. Hence, Eo [£¥**(w)] is a-strongly convex on {w € R?: |w|| < R} and since w,,, (n, k) €
{weR?: ||w| < R} foreach x € (0, 00), we have
||wmask(n7 K) - w;knask(nv OO)||2
< E [EmaSk(wmask(n7 K’))] - EOO [‘Cmabk(wmask(n’ OO))]
< E [‘Cmmk(wmask(n7 K’))] - IEH [Em'ISk(wmask(n7 ’%))]
+ EL[L5 (w00 (0, K))] — [‘CmaSk(wmabk(n7 00))]
+E [‘CmaSk( mabk(’nﬁoo))} [LmaSk(wmabk(n OO))]
S E [‘CmaSk(wmmk(n? H))] [‘CmaSk(wmmk( ))] + E [[:mask( musk(n7 OO))] [EmaSk(wmmsk(n7 OO))}

The last inequality holds since w? , , (n, ) is a minimizer of E,[L%*¥(w)]. For any w € R? with |[w| < R, by
Lemma D.7, we have

E[£5 (w)] — Eoo [L5* (w)]

1
= gEXNN(wTu,nflele) [Z(X) - l(le,l,)]

+ ”; 1 <§:Ex<k>~1\/(wm<k>,ﬁ1wf>:<k>w) [ak (l (X(k)) —1 (wTu(k))) T b (l (_X(k)) 1 (_wTu(k))>}

k=1

+ B X 0 N (T =0T B0 ) [z (X("')) — l(wTu)} )
1 n—1g 1/2
< 12 LT 1/2 Ty (k)
<k (n('w Sw) /4 T kg_l(ak +bi, + k) (w Y w)

B2 n—-1¢ 1/2
< k2| (”ﬂb +— > (ax + bi + cx) HZW H

k=1

» 1/2 -1 p 1/2
< Ri™Y/? <| ” + 2= Z(ak + b +cp HZ(k)H )
n n

1/2
< Ra12 <|2||1/2 ©Y e+ 59 )
k=
Therefore,
) P o |11/2
||wmask(n7 "{) - wmask(n OO)” < QRH ||2H + Z(ak + bk + Ck) HE( )H s (21)
k=1

and we conclude lim,_, o w (0, k) = w4 (n,00). O

C.2. Proof of Theorem 5.4

Since our sample complexity bound contains (1) which can hide d, we may assume n > d and n > 2. Let R be
the upper bound on {||w} . (n,x)| : £ € (0,00]} which we defined in Appendix C.1. Next, define a compact set
C :={w € R?| |lw| < 2R}, which trivially contains w _, (n, ) for all & € (0,0c]. For any w € R and nonzero
v € R, we have

Uv?ﬂﬁrélask(w)v _ 2 Z ~mwskl// ~n§1jask) ( Twmusk> + (1 _ gmask) l// (_wTj?};Lsk) ( Twmask) )

i i,J i,J 1,]
i,j=1
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> % Z(yil//(mei)(vai)z +(1— yi)l”(f’w—ra}i)(’v—rmi)% >0,

almost surely, since {; };c[] spans R? almost surely. Therefore, ﬁmaSk( ) is strictly convex almost surely and we conclude

that L2 (w) has a unique minimizer W, ¢ on C almost surely. Also, if w7, ¢ belong to interior of C, it is minimizer

mask, mask,

of L4sk(4w) on R%. We will prove high probability convergence of Wy k.5 00 W (0, £) using Lemma 4.3 and convert
¢5 convergence into directional convergence. For simplicity, we define

fij(w) = GIi(w TET) + (1 — gl (w " 275°),

for each i, j € [n]. We start with the following claim which is useful for estimating quantities described in assumptions of
Lemma 4.3 for our setting.

Claim C.1. For anyt > 0, we have

p
E, [ } < max {24/2 +€45*1t2\|2\|7220k (Qd/z +e4m1t22(k)||)}et|ﬂ|7
k=1

~mdhk

foralli,j € [n].
Proof of Claim C.1. We first consider the case ¢ = j. By invoking triangular inequality and Lemma D.6, we have
~mmsk
E, [15] = B, [e191] = By urm [171]
= BN (pn %) {etuxn} < EoN(n13) [etllx—u\l} el

= Epon(on-1025) [enzn} ot
- (2d/2 n e4n—1t2||>:||> el

for each i € [n]. Next, we handle the case ¢ # j. From Equation 20, for any 4, j € [n] with i # j, we have

}

=> (EXNN(M,N—lx(M) |:et\|x\|:| B N (0 513200 {et”x”})

~mask
T, J

E. [et‘

L

tllx—pll| otlell tllx—p | el
g (]EXNN(u,n—lyw) [6 M H By N (o pm1mm) € e

k=1
p
= > 26E, (o 1pmm) { uzn] tll |

k=1

By applying Lemma D.6,
- (k)
EZNN(O,H—1t2E(k)) {QHZH} < 24/2 4 gt =T

and we have our conclusion. O

Step 1: Estimate Upper Bound of E,; [e‘fi,j('w)f]EN [fiyj(w)”] onC
For any w € C and 4, j € [n], we have
| fig (w)| =[G (w T &) + (1= Gl (—w 25|
< l( ‘wT mask‘)

< I(=2R||Z751)
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— log (1 + R T“T“II) _
By applying Claim C.1 for ¢t = 2R, there exists M, such that M/ = ©(1) and
B[] < B, [14 215 < .
From triangular inequality and Jensen’s inequality, we have
E, {e\fi,ﬂw)fEN[fi,j(w)H} <E, [e\fi,ﬂw)umn[fi,j(wm}

<E, {e\fi,j(w)lr

<M.
Letting M,, = M/, it follows that M,, = ©(1) and E,, [el/i-i (@) =Exlfis()]I] < M, for all w € C.

Step 2: Estimate Upper Bound of ||V, f; j(w)|| and ||V, E.[f; ;(w)]|l
For each w € C and 4, j € [n],

1V iy ()] = [| Ve (T80 T2 4 (1 — G5)1 (a0 2555 |
— Hymaskl T~ rrlabk)w{rlask _ (1 gmask)l ( wTwmask maskH
Y Tij (2% i,j
< H ~ma§k”

In addition, by Lemma D.2,

||vwE[fz,g( | _ HV E[ maskl(w'l'mmjask) + (1 y;njask)l( ’U) maak ]H
— HE[ mdbkl( Tw;n]dbk) + (1 g;njdsk)l( w n’ldbk ]H
_ HE maskl wTiB;njaSk)iifoSk _ (1 _ g;njask)l/( Tw;fljask)m;fljask] H
<E[l|255"] -

Also, by applying Claim C.1 with ¢ = 1, there exists L,; such that E, [ [ k”} < L and L, = O(1).

Step 3: Estimate Strong Convexity Constant of E, [£2*%(w)] on C
By Lemma D.2, Lemma D.3 and Equation 18, we have

1 2
ZakEx(k)NN(“(k)ﬁqg(k)) |:l// (wTX(k)) (vTX(k)) :|

k=1

1 (T Tx™® 2 2
= g n{ak}ZEx(k)NN(H(k) n—lx(k)) |:€ ( ) /2 ('UTX(k)) :| )

k=1

vVZE, L9 (w)] v > n

for any w € C and unit vector v € R%.

For each k € [p],
v E®y
= (MU“) @v)TE (M(k) @v) + ((1 - M(’“)) @v)TE ((1 - M(’“)) @v)
> [ o ool [ (- ) o o

==
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Hence, (%) is positive definite for all k € [p] and by Lemma D.5,
—(w T x(M)2 2
]Ex(k)NN(”(k)’Nflz(k)) |:€ ( ) /2 (/UTX(]C)> :|
= (5 (7)o ot )
-1 —d/2
. (hjl HE(k)H (/—{ ‘(E(k)) ‘ + |,w||2)> exp (||'11J||2

= (5 (7)o s )

1 —d/2
. (nl HE(k)H (I-i ‘(E(k)) ‘ + 4R2>) exp <4R2

CORIERITY

CORIERITY

By Assumption 5.2, Zi:l (’UT/J,(k))Z > 0 for each unit vector v € R? and since v Z£=1 (’UT/J,(k))2 is continuous, we
conclude that E, [£38k(w)] is av-strongly convex on C where «,; = ©(1). In addition, we can choose «,; small enough
so that for sufficiently large &, ||w}, . (n, k)] < R < ay '/

possible to apply Lemma 4.3.

since ||wy, .. (n, k)| = O(1). This choice of «,, makes it

Step 4: Lower Bounds on |w? , , (n, x)|| for Sufficiently Large n and x

mask

We need lower bounds on ||wmask(n k)|| that are independent of n when we apply Lemma 4.3 in our final step. However,
finding such lower bounds is challenging since we do not know the exact direction of w} . (n, ) unlike w*(x) and
wi;, (n, k). In addition, the fact that L3 (w) is dependent on n also makes it hard. Instead, we will focus on sufficiently
large n and « and look for lower bounds independent of n, which is sufficient for our analysis.

We introduce a function £22% : RY — R which corresponds to the limit case of E, [£325%(w)] as n — oo and defined as
follows (i.e., the limit when both n and « approach co):

M@

L2 (w) = lim Eo [LF*(w

n—oo

T (k) T (k) T
2 (ant (w7 1) + b1 (w0 i ®) + el (wp) ) )

Analyzing a minimizer of £2%¥(w) is helpful because it is independent of n and approximates £245k(w) for large enough
n and K.

Recall that we choose i1, ... ,iq € [m] such that {u(), ..., plie)} spans R? in Appendix C.1. For any ¢ € [0,1] and
wi, wy € RY with wy # wo, at least one of k € [d] satisfies

t (w] n)) + (1 =01 (w] ) > 1 (0w + (1= D) Tu) |

e tl (—'wlTu(i"‘)) +(1—t) (—wJu““) > (—(t'wl +(1- t)wg)Tu(ik)> ]

We can conclude the strict convexity of L2255 (w). Also, since () + [(—z) > |z| for each z € R, we have

;zd:min{aik,bik} (l (wTu(k)) +1 (—wTu(k)>)
k=1

d

1 .

3 E min{aik,bik}’wTu(Zk) .
k=1

L2 (w)

v

Y

In Appendix C.1, we have shown that for any unit vector u € RY, ZZ:1 min{a;,, bi, } |uTu(ik) > 0and u —

2log2
m 9

S min{a,,, bi, } [T pl%)| has the minimum value m > 0. If ||w|| > R, where we previously defined R :=
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then we have

d
e 1 .
L2 (w) > 5> minfay, by, } ]wmm)
k=1

(k)

u

d
[[w]l Zmin{ambzk}‘
k=1

[[wl]
1

2 5 llwlim > log2

= L2*4(0).

Hence, a minimizer of £225%(w) contained in the ball centered origin with radius R. Together with the strict convexity, we

can conclude that £ (w) has the unique minimizer w?,_, and it satisfies |[w? || < R.

mas mask ‘

In addition, we would like to prove that w ., is nonzero. This will make our lower bounds on |[w} . (n, k)|| positive.
Since p is nonzero, without loss of generality, we assume 1st coordinate of p, namely i1, is nonzero. We consider a weight
rey, where e; is 1st standard basis and r > 0 which will be chosen later. We have

£ (re) — £2(0)

- zp: [ak (z (relTu(k)) . 1(0)) + by (z (—refu“@)) . 5(0)) +op (I (re] p) — 1(0))}
k=1
Z [ak<l (rpa) = 1(0)) + by (I (=rpa) — 1(0)) + (L (rpa) — Z(O))},

where Z C [p] is the index set satisfying 1st coordinate of M (k) is 1 for each k € Z. From our definition of ag, b, ci’s,
ar + by = ¢, thus we have

> [t (i) = 100)) + b (1 (=rpua) = 10)) + e (L (rpr) = 1(0)

keZ

_ Z { (rpa) = U(=rpy) ) 4+ cu (1 (rp) — l(O))}
kez

= Z [ —aprpn + cp (U (rpa) +1(=rp) — 21(0))}
kel

N gy (L) A U(mrp) —200)  ar

= I; ETH1 < _y Ck) .

Since lim,_,¢ M = 0, we can choose r > 0 small enough so that l(”“)H(MZl”l) 20 “" = forall k € Z.

Then, we obtain L2k (re;) — L22%(0) < 0 and thus w_, is nonzero.

Next, we would like to characterize the strong convexity of L2 (w). For each w € R? with ||w|| < R and unit vector
v € RY, Equation 22 implies

TVQ Emask( )’U

Zp: [(akl" ( pk )> + bil” (—'wTu(k))> (vTu(k))Q +epl” (w'p) (v p)?
k=

1
%i (ar + be)t” (Re™)) (”T”(k)>2
k=1

Recall that we have shown that v — £ 37, (ay + bp)l” (R||p®])) (vTu(k))2 has minimum « > 0 on the unit sphere
{v € R : |v|| = 1} in Appendix C.1. Hence, L2 (w) is a-strongly convex on {w € R?: ||w|| < R}. Since
w} g (n,00) and w} . are contained in {w € R? : |w|| < R}, we have

meask(nﬂ OO) - u);rknask”2
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< LI (], (1, 00)) cmask<wmsk>
= (L2 (W], 00)) - [ﬁm““(wmm )] )
+ (Boe [£5™ (haak(n.00))] = Box [£5 (W) )
(B L35 (w])] — L2 (1070
(W (715)) = Eoo L2 (1], 00))] ) + (Eoc L8 (W]00)] = L2 (o) ).
For each w € R? with ||w]|| < R,

‘Emask(,w> —Ey [Emask<,w)]|

i 237 ot () 0 () )|

S;( Rl + zp:(akz( R|u®|]) + bet (=R [ ®)]) + ext (- RIuII)))
_<Rnun< iak+bk+ck>

IN

(- RJpl)
- )
The last two inequalities are due to ||p(®) || = ||| and definition of ax, by, ¢;’s. Hence, we have
) Al(—R
||wmask(n7 OO) - u’mask”2 < w (23)

From triangular inequality, Equation 21, and Equation 23, we have

Hw;';laskH < ertlask(n’ K)H + ||w;1ask(na OO) - wélask(n’ K‘)H + ||w;;1ask - w:nask(n? OO)H

1/2
sI—Rllp)\"* |, | 4R z 12
< [haasln, 0]+ (0 RS sl DU
k=1
Thus, if
1/2
L28U(-R|pl) 64R(||EII1/Q+Zi21(ak+bk+ck>HE("’H ) o
a”wmask”Q T an:;laskHQ ’

then we have ||lw? . (n, k)| > M Notice that the lower bounds in Equation 24 are numerical constants independent

of x.

mask

Step 5: Sample Complexity for Directional Convergence

Assume n and k is large enough so that satisfies Equation 24 and Me < wk o (n, &) |le < |lwik o, K)]] < agt/?

We also assume the unique existence of wy,, .. ¢ Which occurs almost surely. By Lemma 4.3, if

d
160 M, 3 8C%d'/?RL, o(1) 1 1
> — = ] - 1, ————— = —2(14+1og—- +log —
R (6‘““{ ’<aﬁ||w;;ask||e2 T Tess )

then we have ||wmabk(n, K) = Whaaosl < %“”e < |lwi .o (1, )| € with probability at least 1 — §. Furthermore, if
W} e (s &) — W oIl < (W) (n, £) [[€, then @, o belongs to interior of C therefore, W}, ¢ is a minimizer of
L1325k () over the entire R%. Also, we have

1/2
Slm(wmask s, W mask(n7 K)) = <]‘ - Sin2 (Z (U}:‘nask,s7 w:nask(n’ KZ))))
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2 1 —sin (4 (w:nask,S> wr*nask (TL, H)))

>1—ce.

Hence, we conclude that if n = Qe(j ) (1 + log % + log %) , then with probability at least 1 — 9, the masking based Mixup

mask : P g Ak : Ak *
loss £§%(w) has a unique minimizer Wy, ¢ and sim(W;, . 5, Whaa (7, 5)) > 1 — €. O

D. Technical Lemmas
In this section, we introduce several technical lemmas that previously appeared. Before moving on, we define some

additional notation which will be used in this section.

Notation. For each (random) vector u € R¥, we use (u); to refer to the ith component of u and for each matrix
M < RF*% we use (M); to represent ith diagonal entry of M for i € [k]. In addition, we use ||u||ps for (uTMu)1/2.

D.1. The Bayes Optimal Classifier for D,

To get the Bayes optimal classifier for D,; for k € (0, c0), we have to solve the following problem:

min P )op, [(2y — Dw 'z > 0]. (25)

weRa
From our definition of D,, we have
P(w,y)~DN [(2y — 1)'wTac > 0] = PxNN(p,,Kflil) [’wTX > O}
=Pzon(0,1) [H71/2l|’w||zZ +w p> 0}
1/2,,,T
_p [ 7> _fﬂwu}
[wlls
Without loss of generality, consider the solution of Problem (25) with w! 1 = 1. We can change Problem (25) to the
problem min,,,—; w " Zw and by Lemma 3.3, we have our conclusion. ]

D.2. Interchanging Differentiation and Expectation

We will introduce technical results related to interchanging differentiation and expectation. The following Lemma D.1 is a
slight variant of Leibniz’s rule.

Lemma D.1. Let f : U x R¥ — R be a function where U is an open subset of R. Suppose a probability distribution P on
RF satisfies the following conditions:

1. Epop[f(0,m)] < oo forall § € R.

2. Forany 9 € U, %f(@, n) exists for every n € R.

3. There is g : R* — R such that | 2 f(0,m)| < g(n) for each 0 € U and € R*. In addition, E,p[g(n)] < cc.

Then, LB, pf(0,n)] =Epp [ f(0,n)] forall 6 € U.

Proof of Lemma D.1. Fix any 6 € U and let { h,, } ,men be any sequence of nonzero real numbers such that h,,, — Oasm —
oo and 0 + h,, € U. Define fy,, : R = Ras fynm(n) = ﬁ (f (0 + hpm,m) — f(0,m)). Then, fom(n) — %f(ﬁ,n)
as m — oc. Therefore, for large enough m, |2 f(6,1) — fo,m(n)| < 1 holds, which implies | fo,,n(n)| < g(n) + 1 and
En~plg(n) + 1] = Epwplg(n)] + 1 < co. Then, by dominated convergence theorem,

Enp[f(0 + hnsm)] = En~p[f (0, )] En~p[f(0 + hn,m) — f(0,7)]

lim = lim

= mlgnoo EnNP [f@,m (77)]
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=Ep~p [;of(&n)] ~

Since our choice of {hy, }men is arbitrary, LE, p[f(0,n)] = Epp [ £(0,n)]. O

By applying Lemma D.1, we can obtain the following lemma which makes us possible to investigate stationary points and
strong convexity constants of expected losses in the proof of our main theorems.

Lemma D.2. For any vector u € R¥, positive definite matrix M € R**k, functions f : [0,1] — [-1,1],g: [0,1] — [0,1]
and probability distribution P with support contained in [0, 1], we have

Vol [Exon(mu.gman L(w %] =Epep Exon(rimpugman [l (w x)x]

and

Vi B (s (mu.gnan (@ 2)]] = By [Bxeon(s(nyugtman [ (w T x)xx ]

Proof of Lemma D.2. For eachi € [k] and = € R¥, we have

l(w'x)

~ @)@ = | e <

’3(w)i
Since B N (£ (n)u,g(m ) [|(X)i]] < oo for each ny € [0, 1], by Lemma D.1,

0
mEmN(ﬂn)u,g(n)M)[l(wTX)] = BN (f(myug(myan) [ (w T %) (x)3].

Also,

Eseo v (£ (g M) | (9)il] € BN (g na) ()71

= (g(n)(M); + F(n)*(w)?)
< ((M); + (w)?)'*.

1/2

Hence, E,p [ExNN(f(n)u,g(n)M) [|(x),|]] < 0o because the inner expectation is uniformly bounded for all € [0, 1].
Applying Lemma D.1 again, we have

o
Baw); B~ (B (£ (myugman L@ )] = Epap [Exon(pmpgmyn-1s) [l (w Tx)(x)i]]

3

and we conclude
Vol [Exon(rmu.gms— 201w )] = Enpop [Bxan(smmgtns—an ' (" x)x]

For each 4, j € [k] and x € R¥,

— |y ' . M
5 ) (@ @] = [T @) @), | < B

Since B N (f(n)yu,g(m ) [ (%)i(x);]] < oo for each n € [0, 1], by Lemma D.1, we have
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2
A150, | 57257 B (s ) [0 )] | £ T By [| ()i ()] and
1 1 2
1B~ B mugman [100i )5 l1] < G [Bxn(smusgman ()7 + ()]
1
= B0~ (B (swgman [9(m) (M) + (M);) + f(n)* ()7 + (u)})]

< (M) + JulP) < .

By applying Lemma D.1 again, for each ¢, j € [k],

(92 82
D(w),0(w), " (B (s (myagman [[(w )] = Enap | Exan(f(nyu,g(n) M) a(w)ja(w)il(wTX)” :

2

and we conclude

Ve [Exon((myu.gnan [[(w %)]] = Eyep [Bxeon(r(nyugtman 1" (w T x)xx ]

D.3. Inequalities
Let us introduce some inequalities which are used in the proof of main theorems.

The following lemma provides us computable lower bound on the strong convexity constant.

Lemma D.3. Forany z € R,

eZ

- —z%/2
CESE e .

l//(Z) _ Z

1
4
Proof of Lemma D.3. Define a function f : R — Ras f(z) = 322 — 2log(1 + €*) for each z € R. Then, we have

2e? " 2e?
=1 —
1+ez’f (2) (e# +1)2

fl(z) =2~ >0,
for each z € R. Hence, f is a convex function and z — —z — 2log?2 is a tangent line of the graph of f(z) at z = 0.
Therefore, for each z € R, we have

1
f(z) = §Z2 —2log(1+¢€*) > —z —2log 2,

which implies

1, B 4e?
572 —z+2log(1 +¢e*) —2log2 = —log <(e+1)2)

z

Thus, we conclude I”(z) = (BZGT)Z > ie_zz/Q for each z € R. O

*

 ask (1 K) ]|, the following lemma is useful.

When we get lower bounds on ||w*(x)|| and ||w

Lemma D.4. Forany z € R,

S 1,
—z— -z
14e* — 4
Proof of Lemma D.4. Define a function f : R — Ras f(z) = 5 Jrlez for each z € R. We have
e* e*(e* — 1
f(z) = e =Sl

(1+4e%)3 "
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Therefore, f is convex on [0, c0) and concave on (—o0, 0]. Since z — —12 + 1 is tangent line of f(z) at z = 0, we have

1 1
= > -
=12 1¢ty
for any z > 0 and
1 1
= < — —
fO=1raz<—1*ty
for any z < 0. By multiplying z to the inequalities above, we have our conclusion. O

Together with Lemma D.3, the following lemma provide us lower bounds on strong convexity constant of expected loss
E.[Ls(w)], Ex[LE>(w)] and B, [CE(w)].

Lemma D.5. Let u € R* be a vector and M € R¥*¥ be a positive definite matrix. For any vector w € R* and unit vector
v € RF, we have

T 2
Besann) (070202 o { (01 + wl?) (0T w? Mo}

N =

_ —k/2 _
(MM ]+ (] f?) oxp (—[lw* [ M| M |[|]?)

~—

Proof of Lemma D.5. By changing expectation to integral form, we have

1

B 07307095 = [ (o) 2 e (0) 20T e (5 (o~ wlfy o+ () )
Rk ~——— 2

(a)

(b)
We can rewrite the term (a) as

det(M)™'/? = det(M(M ™' + ww ") (M ™! + ww')~1)~1/2
= det((I + Mww ") (M~ 4+ ww')~1)~/2
= det(I + Mww")™/?det(M ™' + ww")'/?,

and the term (b) as

o (= (e —ull + wTe)))

|
@
i
T

(2]ar+ saom — 20 M~ + uMl))

Il
@
o]
e}

(I3t pew — 20 MM (M +ww )" (M +ww )z + ||u||§wl))

(31 4w — 26 (T +ww M) H (M +ww ')z + |u§w-1))

I
[¢]
»
o

_ 2
(Hsr:— (I—|—M'wfwT) 1uH
M-14wwT

1
)-esn (=5 (bl = 0+ MwwT) ) )

(c)

12
o lllng s — H(I+Mwa) uHM1+wa>)

2

N~ N~ N~ N~ N

|
]
»
o

I
o
=
o
ST N T N N N N

Ha: — (I + Mw'wT)_1 uH
M-14wwT

Also, the term (c) can be simplified as

3+ = I+ Mww ") ™ )31 4
=u' M 'y~ (I+Mww")'u) (M +ww")((I + Mww") 'u)
—u' M u— (v (I +ww M) ) (M I+ Mww"))((I +Mww') 'u)
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—u' M lu—u' (I+ww M) "M u
=u' (I+ww M)I+ww M)"'M'u—u"(I+ww M)"'M 1u
=u' (ww' M) +ww M)"'M lu
=u' (ww' M)(M + Mww' M) 'u
=u' (ww' M)((I+ Mww" M) 'u
=u'ww' (I + Mww') 'u.
Therefore, we have
T )26—(wa)2/2}

Ey N (u,M) {(v X

1
= / 2m) "2 det(M ™! + ww )2 (v x)% exp (—2 ([l — (I + Mwa)_lu)ﬁVI_lerwT) dx
Rd

(d)
1
det(I + Mww ")™Y ?exp (—QuT'wa(I + M'w'wT)lu> .

By changing integral into expectation, we have
2
(d) = Ewa((IJrM'wa)*lu,(M*] +wwT)-1) |:(’UTX) ]

= I[:-‘:sz('uT(I—&-Mww-r)*Lu,'u-r(M*l—‘,-'ww-'—)*1'0) [22] .

From E,. (im,02)[2°] = m* + o for each m € R, 0 > 0, note that

2
EZNN(’UT(I-‘rM’UJ’LUT)_lu,’UT(M_1+wa)_1v) [Z ]
>ov' (M ' +ww ) o> | M +ww ||

> (IM7Y) + Jlwl?) 7

and
B, N@T (I4+Mww )~ tuwT (M~14wwT)~1v) [Zz]
> (I+Mww ) u)?=0w"u—v Mww (I+Mww') 'u)?
> %(vTu)2 — (v Mww " (I + Mww ") 'u)?
> %(UTU)2 — [Mww || (I + Mww")™!|[]ul?
> @ w)? — | M o] e
Also,

det(I + Mww ") = det(M)det(M ™" +ww ") < (| M|[[|M ™" +ww " [)* < (|M]|(|M 7] + w]?)",
and
w ww' (I+Mww ) lu=u ww (M +ww )M u
< Jww " (M7 +ww") T M||u)?
< Jww " [[(M ™! + ww ") ||| M| ul®
< el MM e

Hence, we have our conclusion.
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The following lemma makes us obtain M value in Lemma 3.5 and Lemma 4.3 when we prove the sample complexity results.

Lemma D.6. Let M c RF** be a positive definite matrix. Then, we have

E,on(0.0) {euzu} < AIMI y ok/2,

Proof of Lemma D.6. We have

Eynn(0,m) {e”z”} =E,wnio.m) {6”2“1H2”§4”M” +Esno,nm) {e”z”lnzn>4uMu]
<ML By o {eiHMu*lnzHZ‘} 7
and
LAl 1 1
E,~n(0,n) elIMIl 1”2”2} = /k(277)_k/2 det(M) ™12 exp (—2wT (M_1 - 2||M||_1I> :c) dx
R
1 —1/2 1 —1/2
= det (M—1 — 2||M||—1I> det(M)~2% = det (I — 2||M||‘1>
) _1k/2

< (I — 2||M||—1M> < 2k/2,

Hence, we have our conclusion. O

Lastly, we introduce the lemma used in showing uniform convergence of E,; [L2%k(w)] to Eoo [L2%K(w)] as £ — o.

Lemma D.7. For each m € R and o > 0,

0 < Exon(m,o [[(X)] = 1(m) <o

Proof of Lemma D.7. Since [(-) is convex, by Jensen’s inequality, we have
Exon(m.o?) [(X)] Z {EXx N (m,02)[X]) = 1(m).

Also, we have

Um) = Exon(m,o2) [[(X)] = Exan(m.,o2) [[(m) = UX)] = Exan(m,oz['(X)(m — X)] > —E[X —m]],
where the last inequality used [I'(z)| < 1 for all z € R. By Cauchy-Schwartz inequality, Ex .y (m,o2)[|X — m|] <
E x N (m,02)[(X — m)?}/2 = 5. Thus, we have our conclusion. O
D.4. Concentration Bounds
We introduce concentration bounds for i.i.d. random variables which we use in the proof of Lemma 3.5.

LemmaD.8. Let Xq,..., Xy i ‘P where P is a probability distribution on R. Suppose Ex ..p [e'XfEXNP[X”] <M
for some constant M > 0. Then, for any 0 < € < 1,

N
1 Ce2N
P[N ;lei_EXNP[X] >e] < exp (— i ),

and

N
1 Ce’N
P |]V ;:1 Xi —Ex p[X] < _G] < exp <_ M ) )

where C' > 0 is a universal constant.
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Proof of Lemma D.8. From our definition of M, we have M > 1. Choose t = 15, then we have 0 < t < % since
0 < e <1land M > 1. From Chernoff bound, we have

N
1 H(ZL) Xi—Ex~p[X])| ~tNe
P[Nlez_EXNP[X]>€1 §E|:e( i=1 X~P ):|€ 7

and N
P l]if ;Xi —Ex p[X] < —€¢| <E {et<zﬁvz1EX~7’[X]*Xi)} o—tNe.
Since X1,..., Xy "K' P, we have
E [et(zﬁilxi_mxwp[x])} o—tNe _ [et Zf\r:l(Xi—]ExNP[X]_e)} =Ex-p [et(X‘Exw[Xl—e)}N’
and

E {et(Zf\leﬂiXNp[X]in)} e—tNe _ {et vazl(lEXNp[X]infe)} [et(EXNP[X]*X*E)} N

=Ex.p
Foreachz e R, e* <1+ + %xQem. Thus,
Ex.p [et(X—IEXNP[X]—e)]
t2
<Ex~p |:]. -l—t(X — ]EXNP[X] — 6) + 5 (X — EXNP[X] — 6)2 et(X_EXNP[X]_G):|

t2
=1—et+ SEx.p [(X — Exp[X] — €)? X Ex~pX]=a)l|

and

Ex.p [et(JEXNp [X}foe)]

t2
<Ex~p [1 +t(Exop[X] = X =€) + 5 (Exnp[X] - X — €)? eltBx~p[X]-X =)

t2
—1-ct+ LBxop [(EXNP[X] _X o2 elt(lExwv[X]—X—e)l} .

Also, since 22 < 4el®!/2 for each z € R, we have
Ex.p [(X CExop[X] - €)? e\t(X—Ex~7>[X]—6)\}
< AExp {e(t+%)|X*EX~P[X]*€\] < AExp [6|X7EX~7>[XH+e]
< 16M,
and
Exp [(Exap[X] - X — ¢)? elErx-riX)-X-al]
< dExp [e(t+%)|EX~P[X]—X—€\] <AEx.p [6|X—EX~7>[XH+6]
< 16M.

Therefore, by substituting ¢ = 1557 we get

2 2
t(X—JEx~7>[X]—€)} <1-— 21 < -
Ex~p [e < et + 8Mt S0l = exp AR

and

2 2
Exp [et(EXNP[X]*X*)] <1l—et+8Mt*?=1- 5o < exp (— > .
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We conclude

N
1 Ce2N
P[N;Xi—EXNP[Xbe] <exp<— i )
and
N
1 Ce2N
]P’[N;Xi—IEXNp[X]<—e] < exp (— i >
where C = 4. ]

32

We extend Lemma D.8 to non i.i.d. setting random variables with special types of dependency using the following two
technical lemmas.

Lemma D.9. There are disjoint sets Py, ..., P, C [N] x [N] such that [N] x [N] =J;~, P,U{(1,1),...,(N,N)} and

forall k € [m)].

_JonN if N is odd, Py = N=Lif N s odd,
~|2(N —1) ifN is even, M g if N is even,

Thatis, Py, ..., Py and {(1,1),..., (N, N)} together form a partition of [N] x [N]. Furthermore, for each k € [m] and
for any distinct (i1, j1), (i2, j2) € Py, {i1} U {j2} and {ia} U {j2} are disjoint.

Proof of Lemma D.9.
Case 1: N is odd
For each k € [N], define

P2k71 :{(27]) | Z+]Ek(m0d N)7i<j}7

It can be easily checked that these Py, ..., Py are what we desired.
Case 2: N is even
For each k € [N — 1], there is unique i, € [N — 1] such that 2i;, = k (mod (N — 1)). For each k € [N — 1], define

Por—1 =A{(0,4) [ i +j =k (mod (N —1)),i <} U{(ix, N)},
Pop = {(i,4) li+j =k (mod (N —1)),i > j} U{(N,ix)},

and it can be easily checked that these P, . .., Po(v_1) are what we desired. L]

This is a generalized version of Cauchy-Schwartz inequality.

Lemma D.10. Suppose X1, ..., Xy are nonnegative random variables. Then,

1
k

E

Il < ({1=ta1)

Proof of Lemma D.10. We prove this by using induction on k. Note that the case k£ = 1 is trivial and & = 2 is Cauchy-
Schwartz inequality. Suppose Lemma D.10 holds for £ = m. Let X1, ..., X,,+1 be nonnegative random variables. By
Holder inequality,

m
mtl | m+T mA17 7T
| E

E[X1X2-~Xm+1]SE{(X1~~-Xm)

From the induction hypothesis, we have
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Therefore, we have
m+1 ﬁ
E[X1Xg - Xppqa] < (H E [X;"‘H]> .
i=1
By the principle of mathematical induction, our conclusion holds for all £ € N. O

Using the two lemmas above, we prove the following lemma which is used in the proof of Lemma 4.3.

Lemma D.11. Let {X; ;}; je[n) be real-valued random variables satisfy followings.

e E I:elxi,j_E[Xi,j]I] < M for some M > 0.

o If{i1} U{j1} and {iz} U {41} are disjoint for i1, iz, j1, jo € [n], then X;, ;, and X, ;, are independent.

Then, for any 0 < € < 1,
N
. C'e2N
P N2 Z (Xi,; —E[X;;]) > €| <exp <_ = ) ,

ij=1

and

N
! C'e2N
P N2 Z (X, —E[X;;]) < —€| <exp <_ 7 ) ,

ij=1

where C' > 0 is a universal constant.

Proof of Lemma D.11. From Chernoff bound, we have

N

1 N C_RIX T—e
P O (Kig —E[Xiy)) > ¢| S E [eEhmXemalXl-a]
ij=1
and
1 & N
Plaz > (Xi; —E[Xi]) < —¢| <E [etZ"’vle(E[X”]*Xi’fe)} ;
ig=1

for any ¢ > 0. We would like to get an upper bound on E {et Efjm(xw—E[Xi,j]—f)} and E [etzgﬂ'=1(E[X”']_X’*j_e) ,

but the problem is that {X; ;}, je[n] are not independent of one another. We overcome this obstacle by applying the two
lemmas above.

For our N, consider m and Py, ..., P,, C [N] x [N] that we can obtain from Lemma D.9. From our definition of M, we

have M > 1 and then let ¢ = m. Since we have 0 < € < 1 and M > 1, we can check that 0 < (m + 1)t < %
By Lemma D.10, we have

E {et Zg\,jjzl(Xiy]‘_]E[Xi-,j]_e)}

=K

m
et iy (Xii—E[Xi 5]—e) H et 2 iery (Xig _E[Xi,j]_e)]

k=1

IN

m mH1
(E [e<m+1>tzixxi,i—mxi,i]—e)] [1E {6<m+1)tzu,ﬂepk <X1,J-E[Xi,]1e>>}>

k=1

1
m+1

N m
= HE [e(erl)t(Xi,i—]E[Xw-]—e)} H H E I:e(m+1)t(xi,j*E[Xi,j]*f):|
=t k=1 \(i.j)€P%
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J
m+1

= H ]E{ (m+1)t ]E[Xi,ﬂfﬁ)} ’

3,j=1
and

E {et Zf\szl(E[Xi,j]—Xi.j—é)}

=E

et it (B[Xi i) =X i—¢) H et 2iery, (E[Xi,j]—Xi,j—ﬁ)‘|
k=1

1
m+1

s

< (E [e(m+1)t Zﬁil(JE[Xi,i]—Xi,i—e)} E [e(m-‘rl)t Y er, (E[Xi,j]—xw—e))})

k=1

3
1

m
E [ (mA+1)t(B[X,]—Xii— } H H E [e(m+1)t(E[Xvi,j]—Xi‘j—6)}
k=1 (i,j)EPk

1
m+1

Il
=P

H ]E{ (m+1)t m‘]—Xi,j—S)}

ij=1
Foreachz € R, e” < 1+ x + La%el*land 2% < 4el®l/2. Thus, for each (4, j) € [N] x [N], we have
E [6<m+1>t<Xi,jfE[Xi,jlfﬂ
<1—e(m+1)t+ %(m +1)%%E {(Xi,j —E[X:] - e)2e|<m+1>t<xi:j—E[Xi’f]—eﬂ}

<1 —e(m+1)t+2(m+1)%°E [e((m“)“%)'xw ~EXi j]—l

€2

32M

<l—em+1)t+8M(m+1)>**=1—
<e — ¢
=P\ T3 )

E [e(m+1)t(m[xi,j]—Xi,j—e)}

and

1
<1—e(m+1)t+5(m+1)*E {(E[Xi,j} — X, - e)2e|<m+1>t<E[Xw'1*Xw*ﬂ

<1—e(m+ 1)t +2(m +1)*°E [e((m“)”%)|E[Xi’ﬂ—xi~j—€|

62

32M

<l—e(m+D)t+8M(m+1)** =1—
<e - ¢
=P\ T3 )

IN? C'e2N
E |t 201 (Xii—ElXijl=e) | <« I S R _
{e } =P\ T2m+ ) =P ’

Thus, we obtain

and

2 N2 C'e2N
]E{ tzf.:l(E[Xi,,-]—Xm—e)} < L\ B _
e =P\ T om ) =P ’

where C’ > 0 is a universal constant, and we have our conclusion.
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E. Detailed Experimental Settings and Additional Results of Section 6.1
E.1. Detailed Settings

In Section 6.1, we intentionally selected values for p and 3 such that g is not an eigenvector of 3. This was done to ensure
that g is distinct in a direction from X ~' . Our selected value for p and 3 is as follows, but we note that any other general

choices would work.
—0.1067

0.2572
~0.2392
0.4135
| —0.2179
P=1_0.3995 |’
—0.1437
0.5950
0.1786
~0.2839

0.4481 0.0904 —0.0128 -0.0245 0.1082 —0.2444 0.1817  0.0881 0.0308  0.0450
0.0904 04727  0.0578 —0.1620 0.0481 —0.0629 0.0509 —0.1300 —0.1013 —0.1706
—0.0128  0.0578 0.2477 —0.0728 —0.0490 0.1214 0.0189  0.0159  0.0064  0.1649
—-0.0245 -0.1620 -—-0.0728 0.4457  0.0462 —0.1026 0.1188 —0.0066 —0.0757 0.1065
0.1082  0.0481 —0.0490 0.0462 0.2892 0.0268  0.1117 —-0.1799 0.0617  0.1787
—0.2444 -0.0629 0.1214 —0.1026 0.0268  0.4248 —0.0868 0.0565  0.0482  0.2182
0.1817  0.0509 0.0189  0.1188  0.1117 —0.0868 0.3638 —0.0980 —0.0279 0.1658
0.0881  —0.1300 0.0159 —0.0066 —0.1799 0.0565 —0.0980 0.4999  0.0010 —0.0318
0.0308 —0.1013 0.0064 —0.0757 0.0617  0.0482 —0.0279 0.0010  0.1550  0.1723
0.0450 —0.1706 0.1649  0.1065 0.1787  0.2182  0.1658 —0.0318 0.1723  0.6230

E.2. Addtional Results of Section 6.1

We provide additional experimental results of Section 6.1. We follow the same setting described in Section 6.1 and
Appendix E.1 without fixing initial weights for various choices on the number of samples n = 50, 100, 200, 500, 1000, 2000
and the separability constant x = 0.1,0.2,0.5, 1.0, 2.0, 5.0. We plot the average cosine similarity between the Bayes optimal
direction and learned weights in Figure 4(a) and one may check that the experiments align with our theoretical findings.

In addition, we provide results on d = 20 in Figure 4(b) in order to demonstrate a dependency of a sample complexity on a
data dimension d. For the results with d = 20, we use additional values on the number of samples n = 5000, 10000 and we

choose i1 € R20 and X € R20%20 g5
T T\ 3 0
1= (g, 1o ) ,E:<O Eo)’

where o € R'Y and o € R%10 j5 choice of p and X described in Appendix E.1. This choice makes it easy to compare
two cases d = 10 and d = 20. Comparison between Figure 4(a) and Figure 4(b) shows that sample complexities for finding
optimal decision boundary significantly increase in dimension d.
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0.61 0.60 0.60 0.61 0.61
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(a)d=10

Mixup
0.97 0.99 0.99
0.98 0.99 0.99

0.98 0.99 0.99

0.97 0.97 0.97

0.93 0.93

N
N
Q"
//’1/

(b) d =20

10

05

10

05

Mask Mixup

K =1.0 JUERNVACEY

[EPXE 0.61 0.61 0.61 0.62 0.62 0.62 0.62 0.62

LEEXE 0.59 0.59 0.60 0.60 0.60 0.60 0.60 0.60

Figure 4. The average cosine similarity between the Bayes optimal direction and learned weights
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