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Abstract—We provide new recovery bounds for hierarchical
compressed sensing (HCS) based on prior support information
(PSI). A detailed PSI-enabled reconstruction model is formulated
using various forms of PSI. The hierarchical block orthogonal
matching pursuit with PSI (HiBOMP-P) algorithm is designed in
a recursive form to reliably recover hierarchically block-sparse
signals. We derive exact recovery conditions (ERCs) measured
by the mutual incoherence property (MIP), wherein hierarchical
MIP concepts are proposed, and further develop reconstructible
sparsity levels to reveal sufficient conditions for ERCs. Leverag-
ing these MIP analyses, we present several extended insights,
including reliable recovery conditions in noisy scenarios and
the optimal hierarchical structure for cases where sparsity is
not equal to zero. Our results further confirm that HCS offers
improved recovery performance even when the prior information
does not overlap with the true support set, whereas existing
methods heavily rely on this overlap, thereby compromising
performance if it is absent.

Index Terms—Exact recovery conditions, hierarchical com-
pressed sensing, mutual incoherence property, orthogonal
matching pursuit, prior support information.

I. INTRODUCTION

ECENT years have witnessed widespread use of com-
pressed sensing (CS) in efficient signal acquisition [1],
[2], [3], [4], [5], [6]. It assumes that if the signals of interest
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are compressible, CS enables signal acquisition by employ-
ing far fewer measurements than conventional acquisition
approaches [7], [8], [9], [10], [11]. Due to the compressibil-
ity of signals, CS has been applied in many applications,
involving wireless communications, image processing, Sig-
nal classification, and sensor networks [12], [13], [14],
[15].

In this paper, we focus on enhanced recovery conditions of
hierarchical CS (HCS), where signals to be recovered exhibit
a hierarchically sparse structure. We show that whenever prior
or side information about the actual signal to be recovered is
available, the recovery restriction of HCS can be reduced even
further [16], [21].

Compressed sensing (CS): Consider the problem of rep-
resenting a vector y € C” in a given measurement matrix
D € CM*N guch that

y = Dx, (1)

where x € CV is the underlying signal. It has been shown that
if x is assumed to be sparse, i.e., X only has a few nonzero
atoms relative to its dimension, then the uniqueness of the
representation in the underdetermined system of equations (1)
can be guaranteed [4]. Consider a more general case where the
signal x exhibits block sparsity, i.e., the nonzero supports of
x occur in blocks [22], [23], [24]. Letting d denote the block
length, the block-sparse signal x is formulated as

T
X =[X1 X Xgq1- - Xog o Xy_g41° Xyl
N —’

xT[1] xT[2] x"[N5]

where N = Njgd, ()T denotes the transposition of its objective,
and x[i] € C? is the ith block of x (i € {1,2,---,Ng}). A
signal x is called k block-sparse if x has k nonzero {,-norm
blocks. The recovery of x has been extensively studied in
the literature via convex optimization and greedy algorithms;
see for instance [4], [6], [22], [24], [36], [37]. In general,
the exact or reliable recovery guarantees in noiseless or noisy
scenarios of block-sparse recovery are less restricted than those
of conventional sparse recovery due to the exploitation of the
block structure. For example, the mutual incoherence property
(MIP), one of the widely adopted frameworks to characterize
sparse signal recovery has been introduced (See Definition 1)
for computationally friendly theoretical interpretability [4],
(6], [22].

Definition 1: The MIP of a given measurement matrix D
contains two aspects. The first is the conventional matrix
coherence, which is defined as y = mg}; ID}'ID il, where D; and

1,j#i
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D; are the ith and jth columns of D. The second part consists
of block coherence and sub-coherence. The block coherence
is defined as up = max M, where Mj;x ;) = DII?IDU], and

Dy; and Dyj; are the ith and Jjth column-block submatrices of
D. The sub-coherence is given by v = max max DD, where
1,J#1

D;,D; € D[/], and D[/] denotes the /th column-block submatrix
of D.
Among various MIP conditions studied, we only mention

three sharp conditions obtained in [4], [22], and [35]. In [4],

Tropp showed that if K < % ﬂl—f— l), then algorithms such

as orthogonal matching pursuit (OMP) exactly recover all K-
sparse signals in noiseless scenarios, which is called the exact
recovery condition (ERC). For exactly reconstructing k block-
sparse signals with block length d, Eldar et al. demonstrated

that the ERC becomes kd < 1 (;ﬁ +d—(d- U;ﬁ) in [22].
This result shows a less restrictive condition for exact recovery
of block-sparse signals than recovering conventional sparse
signals. Further, in [35], Herzet et al. developed the tightest
achievable MIP-based guarantees by assuming a decaying
structure of k sparse signals, leading to the bound k < L. Since
ERCs consider the worst-case scenarios, the presented results
are usually more pessimistic than practical outcomes [24]. So
far, a significant gap remains between theoretical and practical
results, presenting an opportunity for further analysis.

Hierarchical —compressed  sensing (HCS):  Assume
that x exhibits an #n-mode hierarchical block sparsity
(See Definition 2), i.e., a natural setting that possesses a
more intricate structure than mere sparsity and mere block
sparsity, for which even superior reconstruction performance
can be anticipated [41], [42]. That is, for each mode of the
hierarchical structure, x has only a few significant blocks,
wherein not all elements in a significant block are nonzero.
This significant block is also referred to as a support block.

Definition 2: A vector x € CNoMN-Nad is n_mode
(ko, k1, ko, -+ ,k,) (n > 0) hierarchically block-sparse if x
consists of NgN;N; - - - N; blocks sized as N;Niy; - -+ N,d for
the ith mode (0 < i < n) and sized as d for the nth mode, where
No = 1, kp = 1, and at most k; blocks have non-vanishing
atoms and additionally each nonzero block itself is (n—i)-mode
(kiy1,kiz2,- - ,k,) hierarchically block-sparse. Specially, for
n = 1, the vector x € CM? converges to a conventional block-
sparse signal that consists of N blocks sized as d, k, is the
true number of nonzero blocks with block length d in each
block of the nth hierarchical mode, and kok; - - - k,, denotes the
true block sparsity of x.

This structure is a general version of conventional hierar-
chically sparse structure, wherein the latter one assumes that
d = 1. More specifically, when setting d = 1, hierarchically
block-sparse signal x in Definition 2 degenerates into con-
ventional hierarchically sparse signals as presented in [41],
wherein the minimum unit support of x is a single atom.
Hierarchically block-sparse structure can be further seen as an
integration of block sparsity and level sparsity. It is evident that
the concept of hierarchical block sparsity is more general than
conventional block sparsity and draws much attention in recent
applications [38]. It offers the improved performance when
the signal to be recovered exhibits an additional hierarchical

structure, such as channel estimation in holographic multiple-
input multiple-output (HMIMO) [39], [40], or when the signal
exhibits only a hierarchical structure without the conventional
block structure, such as channel estimation in massive MIMO
[38] and sporadic traffic scenarios in massive machine-type
communications (mMTC) [41]. Related studies on recovery
guarantees of HCS mainly focus on the restricted isome-
try property (RIP) metric, which has made certain progress
compared to the conventional CS methods [44]. However,
calculating the RIP of a given matrix is NP-hard and therefore
cannot be intuitively compared with MIP.

HCS with prior information: Assume that, in addition to
the set of measurements y in (1) and the hierarchical structure
of x, we also have access to prior information [16], [17],
[18], [19], [20]. That is, we have a prior support information
(PSD) index set ®, whose atoms indicate positions of the
nonzero coefficients of the sparse signal x. This occurs in
numerous applications, such as video acquisition, channel
estimation, and medical imaging, where past signals or certain
available signals similar to the original signal of interest can
be leveraged to generate an estimate of the desired signal [31],
[45]. As few studies have considered recovery conditions for
HCS with PSI, we instead present some intuitive results for
conventional CS to illustrate the benefit of exploiting PSI.
In [46], Herzet et al. showed that some algorithms, e.g.,
OMP and orthogonal least squares (OLS), exactly recover
K sparse signals if K < %2}1 +g-b+ l), where g and
b denote respectively the numbers of good and bad atoms
corresponding to the PSI. More clearly, denote the true support
index set of x and the support set of the prior information
vector by E and @, respectively, and we have g = |[EN Q| and
b = |®\E|. This bound becomes better than the classic one,
ie., K < % (}1 + 1), derived by Tropp [4], when there exist
more than 50% good atoms in the prior information, which
means that g > b. Moreover, recent studies such as [21] and
[47] also focus on the scenario where the accuracy of prior
information on the support, i.e., the proportion of overlapping
between the PSI and the true support index set, is at least
50%, which indeed improves the theoretical guarantees to less
restrictive ones. These improvements align with the intuition
that a larger number of good atoms in PSI leads to better
recovery conditions, and once this number surpasses 50%, it
significantly improves the current sharp bounds that do not
rely on any additional prior information.

Since hierarchically block-sparse signals generalize block-
sparse (d > 1) and conventional sparse (d = 1) signals, the
existing theoretical guarantees based on MIP still apply to hier-
archically block-sparse recovery when the signal is considered
non-hierarchically sparse. Thus, a natural question to ask is
whether the recovery conditions can be further improved for
hierarchically block-sparse recovery based on the hierarchical
structure, and even with the assistance of PSI. Consider a
support block, marked as the ith block, of a hierarchically
block-sparse signal x in the th hierarchical mode. This block
contains several true support indices where the corresponding
blocks of x are nonzero, while the remaining parts are non
support blocks, which are zero in x. It is worth mentioning
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that, regarding the recovery condition in terms of ERC, if the
power of the ith support block exceeds that of the non support
blocks to a greater extent, then the recovery condition will
be improved. This process is referred to as correct support
selection [24]. It is evident that multiple true supports are
included in the ith hierarchical block, jointly contributing to
more significant power. The support selection procedure based
on this enhanced power would improve the accuracy of support
selection. Furthermore, for subsequent hierarchical modes, the
number of non support blocks is reduced due to the con-
straints of the hierarchical structure. This reduction weakens
the selection competition between support blocks and non
support blocks. Moreover, numerous studies have confirmed
the use of PSI in enhancing recovery performance, which is
also applicable to hierarchically block-sparse recovery. These
factors provide opportunities for improved recovery condition
analysis in hierarchically block-sparse recovery.

Previous studies have concentrated on the overlap between
the PSI and the true support index set. If this overlap propor-
tion is equal to 50%, then the theoretical recovery conditions
for the ERC of PSI-assisted CS typically align with those of
conventional CS [21], [46]. Therefore, a practical question
to be answered is whether overlap lower than 50% can lead
to a better recovery guarantee for hierarchically block-sparse
reconstruction. This is indeed a practical consideration, as
mismatches between the PSI and the true support index set
often occur, presenting a challenge that must be carefully
addressed in PSI-based CS. From the perspective of beneficial
information for recovery, reducing the proportion below 50%
while maintaining recovery conditions that are equal to or even
better than those of conventional CS seems impossible. This
is because the useful information must be substantial enough
to counteract harmful interference, and 50% represents the
equilibrium point. In the hierarchically block-sparse recovery
formulation, a promising way forward is to take the structural
properties into account for enhanced PSI efficiency. This is
because, for the rth hierarchical mode, the ith support block
contains zero elements that are not included in the true support,
as mentioned above. These zero elements may contribute to
the correct selection of the ith support block if certain available
weights are assigned to them. Nevertheless, this hierarchical
structure-based method is still in its infancy, with even the
basic model foundation requiring thorough examination and
exploration.

The goal of this paper is to shed light on the recovery
performance of HCS aided by PSI, while providing affirmative
answers to the above two questions. Our main contributions
are summarized as follows.

1) A hierarchically block-sparse recovery model assisted by
PSI is formulated. Hierarchical MIP concepts, including
hierarchical block coherence and sub-coherence, are
introduced, and various forms of PSI are constructed.
Within this framework, a recursive form of hierarchical
block OMP with PSI (HiBOMP-P) is developed to
ensure reliable reconstruction. A computational com-
plexity analysis is presented, indicating that accurate
PSI can significantly reduce the number of iterations. In
actual scenarios with low-order hierarchical structures,

the complexity of HiBOMP-P is comparable to its
traditional counterparts. It is evident that the proposed
HiBOMP-P serves as a representative methodology and
acts as a foundational component for uncovering the
recovery conditions of HCS with PSIL.

2) We show that if the measurement matrix D satisfies that
G. + G, < 1 (See Theorem 1) with the parameters G.
and G, depending on mixed norm properties of D, the
PSI support index sets, and the support power ratio of
x in different support blocks, then HIBOMP-P exactly
recovers X from (1), thereby constituting the ERC of
HiBOMP-P. Moreover, sufficient conditions of the ERC
have been derived, indicating that if Go+Go <1 (See
Theorem 2), the ERC is established. Furthermore, a
combined result derived from Theorem 1 and Theo-
rem 2 establishes the complete recovery assurance of
HiBOMP-P (See Theorem 3).

3) Based on the results related to ERC, this paper further
provides reliable recovery conditions in noisy scenar-
ios (see Section IV-A). Additionally, we emphasize
the benefits of an optimal hierarchical structure for
hierarchically block-sparse recovery, effectively elim-
inating the influence from outside support blocks
(see Section IV-B), where the definition of outside
support blocks is presented in Section II-B. Further
analysis demonstrates that the bounds derived under
certain assumptions outperform the existing results, indi-
cating a more assured recoveryability of HIBOMP-P.

4) The analytical results confirm that HHBOMP-P is capable
of achieving improved recovery performance, even in
cases where the PSI does not overlap with the true
support set (See Remark 6). This enhancement can be
attributed to the hierarchical structure, as evidenced by
simulation results. Furthermore, asymptotic analysis pro-
vides meaningful comparisons between existing bounds
and those developed in this paper, considering param-
eters such as reconstructible block sparsity, number of
measurements, block length of signal supports, support
power, and coherence levels. Notably, our proposed
methodology could be easily generalized and extended
to various scenarios without block structures or PSIL.

The remainder of this paper is organized as follows. Sec-
tion II presents the notation, mathematical formulation, and
the proposed recovery algorithm. The main results, in terms
of ERCs, are detailed in Section III. In Section IV, we
discuss further extensions based on ERCs. Section V con-
tains the technical proofs. Simulation results are provided in
Section VI, and conclusions are drawn in Section VII.

II. PRELIMINARIES

In this section, we first present the symbolic representa-
tion of the hierarchically block-sparse recovery formulation.
Then, we propose two hierarchically block-sparse recovery
algorithms. Finally, several useful lemmas are presented that
facilitate the derivation of the main theorems provided.
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Fig. 1. Illustration of the n-mode hierarchically block-sparse signal.

A. Notation

We briefly summarize the notation used in this paper.
Vectors are denoted by boldface lowercase letters, e.g., X, and
matrices are denoted by boldface uppercase letters, e.g., D.
D; denotes the ith column of D. Dg is a submatrix of D that
contains the columns indexed by set @, and Xg is a subvector
containing the elements of x indexed by @. D" denotes the
conjugate transpose of D. Given a block length d, the ith block
of x is denoted as x;;, and the ith column-block submatrix of
D is denoted by Dy;. || stands for the cardinality of set O,
and |c| is the absolute value of constant ¢. The disjoint union
of two sets ® and A is denoted by ® U A. Given an integer
n, {n} denotes the set {1,2,---,n}. I stands for the identity
matrix. If Dg has the full column rank, D{; = (DSD@)ADE is
the pseudoinverse of Dg. span(Dg) denotes the space spanned
by the columns of Dg, and Pp, = DQDE) is the projection
onto span(Dg), while Pﬁ@ =I-Pp, is the projection onto the
orthogonal complement of span(Dg). Throughout the paper,
the columns in the measurement matrix are normalized to have
the unit ¢;-norm.

To provide an intuitive understanding of the recursive form
of the n-mode hierarchically block-sparse signal defined in
Definition 2, we present Fig. 1, which illustrates an example
of such a signal. Given an n-mode hierarchically block-sparse
signal x € CV1MNd " e emphasize that the minimum block
length unit used in this paper is d, which is important for
the clarity. As the hierarchically block-sparse signal has n
hierarchical modes, the block in the rth hierarchical mode may
come from the ith (i € {N,_}) block of the (7—1)th hierarchical
mode. The support set in the tth (z € {1n}) hierarchical mode
coming from the ith block in the (¢ — 1)th hierarchical mode
is denoted by E., , where the signal block corresponding to

the index in E.,. has a block length of d. As illustrated in

=<i>

Fig. 1, we zoom into the first block of the first mode, from
which the corresponding block in the second mode is derived.
The support sets in the second hierarchical mode, denoted
by E2,. and E2,_, are obtained from the first block in the
first hierarchical mode. This hierarchical structure continues
recursively up to the nth mode. Specially, the index set
corresponding to the nonzero blocks in E.,. is called the true
support set denoted by =¥, while the index set that corresponds
to all zero blocks in E. . is called the additional support set
denoted by . Meanwhile, the index set that corresponds to
the zero blocks in the rth hierarchical mode coming from the
ith block of the (¢ — 1)th hierarchical mode is called the non
support index set denoted by EL». Note that we have dropped
the dependence on the block number <i> in =" and EY
for symbol simplification. Correspondingly, the measurement
matrix exhibits hierarchical structure from the perspective of

matrix columns as similar to the definition in Definition 2.

B. Mathematical Formulation

We consider recovering a hierarchically block-sparse signal
x from its compressed embodiment y with the assistance of
PSI, formulated by the index sets ® and ©®**. As shown in
Fig. 2, for the PSI in the rth (¢ € {1}) hierarchical mode, the
corresponding index sets can be further denoted by ®' and
O It is evident that there is overlap between @', @~ and
=¥, B, E;i, To this end, we define the following parameters
to better quantify the overlap of the corresponding indices for
the tth hierarchical mode.
(1) The overlapping index number of PSI and the true
support index set consists of two parts. The first
part indicates the overlap between @' and E* with a
block length of d, denoted by «*. The second part
indicates the overlap between @ and =" with a block

=

W
=
=
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length of N, 1{N;i>---N,d, denoted by @'. Thus, we
have |E N O'| = a* + N;y1Nijs--- N,&@. The symbol
corresponding to the PSI set is denoted by 0.

(2) The overlapping index number of PSI and the additional
support index set E* consists of two parts. The first
part is contained within the PSI set @'. Denote this
overlapping number, with block length d, as @*', such
that [EX N©'| = o?'". The corresponding notation for the
PSI set is given by 0. The second part is denoted
by O, with block length d, corresponding to the
additional augmented PSI to the residual vector. The
overlapping number is given by |E* NO*| = a*'. Note
that @' N @™ = 0.

(3) The overlapping index number of PSI and the non
support index set = is denoted by B' with a block length
of d, i.e., IEt N O'| = . The symbol corresponding to
the PSI set is represented by ©~.

For the sake of concise notation throughout the paper, we
assume that the indices of @' are uniformly distributed within
each true support block, each additional support block, and
each non support block.

As MIP provides computable theoretical guarantees for
sparse recovery algorithms [24], [25], [26], this paper also
considers the theoretical aspects of MIP. However, conven-
tional MIP, including matrix coherence, and block MIP, which
consists of block coherence and sub-coherence as defined in
Definition 1, cannot capture the uncertain relations between
measurement matrix blocks in the hierarchically block-sparse
recovery formulation. This limitation arises because conven-
tional CS assumes a fixed and regular signal structure, where
different signal blocks are continuously connected with the
same block length. However, in HCS, discontinuous signal
blocks may form a desired support that needs to be identified
due to the hierarchical structure, as illustrated in Fig. 1. To
address this issue, we introduce the concept of hierarchical
block MIP, which enables the representation of uncertain rela-
tions within the hierarchical measurement matrix. This concept
encompasses hierarchical block coherence and hierarchical
sub-coherence.

Definition 3: Given a matrix D € with minimum
block length d, the hierarchical block coherence of D, which
represents the similarity of its column-block submatrices, is

defined as _
_ M,
Ug = Max ————=,

Vi, j#i d*

CMXN

where M[,X a= D- D=m» d* is an integer multiple of d, and
Eg and 2 _.( j) are arbltrary valid index sets satisfying that [E;)| =
Bl = % and E; N E¢;) = 0. Following the definition of
h1erarchlcal block coherence, the hierarchical sub-coherence

of D is defined as

Vg+ = mMax max |D— Dz, |,
Vj Vir#l
where Z; and E, is the /th and rth indices in the set E
satisfies that |E| = ;, and 2 contains the indices in the jth
block from the (# — 1)th hierarchical mode.
As we can see, a special case is when d = 1, leading to the
MIP measured in conventional hierarchically sparse recovery

without considering the block structure. The conventional
matrix coherence p defined in Definition 1 considers the
similarity between arbitrary matrix columns, without account-
ing for block or hierarchical structures. The block coherence
and sub-coherence defined in Definition 1 take the block
structure into account, but they only calculate the relationships
between continuous matrix blocks, neglecting the possibility
of hierarchical structures that may include separated matrix
blocks within a single support matrix block. In contrast,
the hierarchical block MIP defined in Definition 3 not only
reveals the block structure of the measurement matrix, but also
illustrates its potential hierarchical properties. When d = 1,
the newly defined hierarchical block coherence measures the
aggregation of matrix columns within a possible support
block. Mathematically, hierarchical block coherence captures
the uncertain relations among matrix blocks of length d*,
consisting of d* matrix columns. In the following, we present
the bounds for hierarchical block coherence and hierarchical
sub-coherence, with Lemma 1 serving as the basis.

Lemma 1 [6, Lemma 2]: Given a matrix D € C¥*V with
M = md and N = nd, we have

DIl < v/ p.(D)p,(D),

where max ) [[Dy |, = p(D) and m]?lXZ”D[i,j]HZ = p(D)
1 ] i

are mixed matrix norm, and Dy; ;; is the (7, j)th d x d block of
D.

Remark 1: Assume that d* = cd. Using the symbols in
Definition 3, we have

My il . \/pc(M[ixj])pr(M[ixj])
. = max ————= < max ,
Ha vl',?:ei d* - Vi,?;&i d*

where the inequality is from Lemma 1. Note that the matrix
M« consists of ¢? matrix blocks sized as d x d. Based on
Definition 1, we have p.(Mjix;)) < cdup and p,(Mix ) <
cdup. Thus, the following inequality holds:

Vedpp x cdup
Har & ———————

cd

where the second inequality is because up < p as given
by [22, Propoisition 2]. Meanwhile, for the hierarchical sub-
coherence, we have

=HB S U,

v < Vg —maxmax|D Dz, | <p,

Vi Vir#l

where v and u represent the sub-coherence and conventional
matrix coherence, respectively.

Remark 2: In this remark, we present certain results related
to the hierarchical block orthogonality of the measurement
matrix. Conventional block orthogonality indicates that the
matrix consists of orthogonal blocks with isometric block
lengths, i.e., v = 0. As for hierarchical block MIP, it reveals the
uncertain relations within a matrix block that is the cascade of
discontinuous matrix blocks. For the tth (¢ € {i}) hierarchical
mode, denote the block length of each hierarchical block as
c?; then the measurement matrix satisfies hierarchical block
orthogonality with v; = 0. In this case, if we assume that the
minimum block length is equal to d, then we have

R L]
Ha Vi, j#i d
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- max ||D-<) &) ”2
T Vi d
X ” ) “2||D5<j> ”2
Vi, j#i d
_1
==

where the block length of the block corresponding to the index
in E; and & is d.

Algorithm 1 HiBOMP-P

Input: The measurement matrix D, the measurement vector
y, hierarchical block sparsity set k = {ko, ki, ko, -+ , &y},
hierarchical dimension set N = {Ny, Ni,N,,---,N,,d},
index sets ©' and @ corresponding to the PSI, weight
vector X, (¢ € {n}), and residual tolerant e.

Output: E &
Global variable sets &) = 0,E, = 0,--- ,E, =0 (1> 0).
= y
(ﬁ, %) = Support-selection(D, 0,1%, k, N, €,0,0', 1).

Support-selection(D, ¢, 1%, k,N, €, A, @', 1)
1: Initialization: / = 0, Z° = A, x° = 0.
2: while [ <k; and ||r!||, > € do
3. Block length d = N;N3 ---N,d.

4: if ¢ < n then

5: r' =r' + Dguxly,.

6: ip=arg max |(Pp D[,-])Hr’”z.

ie(Niha" =ve!

7: rl:rl—D@Arxi .

8: c=1.

9: =" = " U Support-selection(Dy;,, ¢, ', K\Kj,
N\N,, e, E (~)’+1 t+1).

10: else

11 = =='ui,.

12: x*t!'=arg  min |y -Dx|3.

x: supp(x)=E/*!

13: rt! =y -Dx'*tL.

14: I=1+1.

15: end if

16: end while
17: return = = =, % = x'.

C. Recovery Algorithms

At present, there exist two categories of sparse recovery
algorithms: those utilizing convex optimization techniques and
those exploiting greedy iterative mechanisms. Optimization-
based algorithms, such as the well-known basis pursuit (BP)
[30], [31], [32], provide desirable recovery performance but
come with high computational complexity, making practical
implementation challenging. On the other hand, greedy algo-
rithms, e.g., OMP and OLS [4], [26], [33], [34], offer simple
and fast implementations, which are beneficial for practical
use and have been widely adopted. The main difference
between OMP and OLS lies in their greedy rules for selecting
the support in each iteration. OMP selects a column in the
measurement matrix that is most strongly correlated with the
current residual vector, while OLS searches for a candidate

that provides the most significant decrease in the residual
power. It is worth mentioning that algorithms based on the
OLS framework exhibit preferable convergence properties but
have higher computational complexity compared to OMP
framework-based algorithms. This paper focuses on OMP-
based framework for hierarchically block-sparse recovery.
To achieve this, we propose the HIBOMP-P algorithm in a
recursive form, which is illustrated in Algorithm 1.

The HiBOMP-P algorithm requires as input the mea-
surement matrix, measurement vector, the hierarchically
block-sparse structure of the signal to be recovered, the PSI,
weight vectors for leveraging the additional PSI index set ©@*2,
and a residual tolerance. Firstly, it defines global variable sets
_.1 =0,= ._2 =0,--- E; =0 (I > 0), which are used throughout
the recursive procedures of HiBOMP-P, and initializes the
residual vector as r’ = y. Secondly, the algorithm performs
support selection recursively to accurately identify the true
support set. Specifically, for the rth hierarchical mode in the
Ith iteration, the residual vector is updated as r'=r +D®W xi A
with the assistance of the additional PSI index set @ and
the corresponding weight vector x!,,. The support selection
rule for HIBOMP-P is arg max (PD ‘o D[,])Hr | , which

ie(N \:’
selects the block most correlatled with the remdual, aided by

the PSI-related index set, where =" denotes the selected index
set for the rth hierarchical mode in the /th iteration. After
support selection, the residual is restored to its previous state
by subtracting the additional PSI component from the current
residual. This recursive procedure continues until HHBOMP-
P has selected candidate blocks corresponding to the true
support set in the nth hierarchical mode. The recursion is
repeated to help HiBOMP-P search for other true support
sets. Finally, the hierarchically block-sparse signal is recovered
by applying least squares (LS) on the estimated support set
obtained through the support selection process.

We briefly analyze the computational complexity of
HiBOMP-P. Assume that the signal to be recovered is an n-
mode hierarchically block-sparse signal with sparsity pattern
(ko, k1, ko, ..., k) (n = 0), as defined in Definition 2. For
clarity, we consider the PSI index set @' (¢ € {#2}) to include
only the term @'. The primary computational cost of HIBOMP-
P lies in the support selection function in Algorithm 1, whose
complexity can be further broken down into the following
components:

e Additional PSI calculations in steps 5 and 7: Since the
matrix DG*N has dimensions M x @'d, the computational
complexity for each PSI calculation is O(Ma'd) for each
t € n. Given the hierarchically block-sparse structure
(k1,k2, ..., k,) and the fact that the PSI index set @' helps
reduce complexity, the total computational cost of steps
4and 6is O Y Ma'd[](k;—a))].

i=1 j=1

e Support selection in step 6: The matrix D_, has

ve’

dimensions M x |@'d+ jd ] N.|, where j denotes
c=t+1

the selected number of support blocks, and j < k; —

The complexity of computing the orthogonal projection
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Py is at most O [ M* |@'d + (k, —@')d [] NC)),

= e c=t+1

and the complexity of computing Py Dy
=l ot

n
valid indices i is (’)(M2 (—6’d+d I1 Nc)).
c=t—1

Therefore, the total step 5 s

n ) ) n .
o (Z M?* |a'd + (ki —a)d T] Nc) + M? (-a'd+
i=1 c=i+1
d 1 N)) il (kj —a-/')).
e=i-1 j=1
e LS computation in step 12: The computational com-
plexity of the LS algorithm is on the order of
O((k,d)>M). Considering the hierarchical block structure,
the total computational complexity is upper bounded by
n—1
@ ((knd)zM I Ni).
i=0
e Residual vector update in step 13: The total com-
putational complexity of the residual update step is
n—1
@) (kndM I1 N,).
i=0

The total computational complexity of HIBOMP-P is the
sum of the complexities of its constituent steps. As observed,
when the PSI index set includes correct support positions, the
complexity is reduced because there is no need to compute
support selection results for the indices already contained
in @'. However, as the hierarchical mode n increases, the
overall complexity also grows due to the additional operations
required in both the PSI calculations and the support selection
steps.

To provide a more intuitive understanding, we consider the
case where the hierarchical mode is set to n = 2. In this
scenario, the complexity of HIBOMP-P is given by: O( (k; —
aMa'd + (ky — @)k, - @)Ma’d + (ky — @ ) M*(Na(ky —
a"Yd+a'd)+M*(N\Nod—a' d)) + (ky =@ ) (ky —a*) (M (Na (ko —
B)d + @d) + M2(N, Nad — Bd)) + (kad2MN, + kszNl).
Assuming that @' and @ are of the same order, the expression
can be simplified to O((k1 —a")(ky — @) (M?*(Ny(ky — @®)d +

@*d)+ M*(N\N»d —a@*d)) + (kod)>M Ny ). In contrast, the com-
putational complexity of conventional OMP and BOMP with
sparsity level k;k; is given by Ok kayd® MN| N3 + M (ki ky)3d®)
and O(kikyMN\Nod + M(kiky)*d*) [29], respectively. It can
be seen that BOMP generally runs faster than OMP due to the
exploitation of block structures. Compared to BOMP, the first
term in the complexity of HIBOMP-P includes an extra factor
of M, which implies higher cost in certain steps. However,
the second term of HIBOMP-P is smaller than that of BOMP.
Overall, this suggests that the complexity of HIBOMP-P can
be comparable to that of BOMP when n = 2.

It can be observed that the primary support selection mecha-
nism of HiIBOMP-P focuses on choosing a matrix block rather
than a single column, similar to conventional block-sparse
recovery algorithms, e.g., BOMP and BOLS [27], [28], [29].
For some column-wise index set of D denoted by A, we define

complexity of

A; =P D,

and thus we have
Agiy = Pp, Dy

Based on these descriptions, the selection rule of HIBOMP-
P in the Ith iteration for the hierarchical th mode can be

reformulated as i; = arg max ||Aﬁ]r’ ||2 It worth mentioning
ieN\E"
that if @ = 0, then HIBOMP-P converges to the algorithm

without prior information, which we refer to as HiBOMP.
Furthermore, when the minimum block length d = 1, then
HiBOMP converges to HIOMP, the algorithm that does not
consider block structure.

In the following, we usually drop the dependence on the
hierarchical mode ¢ for simplified notation without causing
confusion.

III. MAIN RESULTS

In the first subsection, we present several theoretical foun-
dations that facilitate the derivation process. Following that, in
the second subsection, we outline our main results regarding
the ERCs of HIBOMP-P.

A. Useful Foundations

To establish recovery bounds related to MIP, determining
the tight boundary of the matrix norm is crucial. Therefore,
in this subsection, we primarily focus on presenting the tight
bounds of the mixed matrix norm. The following definitions
and results are provided first, which are useful in the sequel.

As defined in [22], for x € CV, the general mixed £,/ p(p=
1,2, 00) norm is given by

(IXll@2,p = lIrllp,

where r; = |Ix;1ll2, and xp;; are consecutive blocks sized as d.
For an M x N matrix D with M = mq and N = nd, where m
and n are integers, we define the following matrix operation:

”DX”(q)Z,p
IDllga2,p = Max ———=.
x20  |IXlla)2,p

2

The matrix operation in (2) differs from [22, Eqn. (45)], as
the latter assumes that the mixed norms in the numerator and
the denominator are related to the same block length. For the
operation in (2), we present the subsequent proposition.

Proposition 1: |[D|g.q4y,, as defined in (2) is a matrix norm,
which satisfies the following properties:

(1) Non-negative: [[D||g.q2, = 0, and |[D|gqa2,, = 0 if and
only if D = 0;

(2) Homogeneous: [|BD|g.a)2.p = IBIIDIl(g,a2,» for all g € C;

(3) Triangle inequality: D + Allga2, < [Dlga2, +
lAllga12,p» Where A € CM*N with M = mq and N = nd;

4) Submultiplicati\Le: ||DB|_|(q,3)2 » < ||D||(q,d)2,p||B||( dd2.p>
where B € CV*V with N = 7d.

The proof of Proposition 1 is omitted, as it can be proved

based on the definition of ||D||(.q4)2,. The following lemma
provides several useful bounds on [[D]l,,,.
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Lemma 2: Let D be an M x N matrix with M = mq and
N = nd. Denote by Dy; ;; the (i, j)th block of D sized as g x d.
Then, we have

IDll¢g,a)2,00 < max E D j1ll2 = Prg.a(D),
t -
j

D21 < max D D jllz 2 petq.ay (D).
i

The proof of Lemma 2 is similar to that of [22, Lemma 1],
thus we omit it here. Similarly, p,qq(D) and p.qq)(D) are
matrix norm, as they are non-negative, homogeneous, submul-
tiplicative, and they also satisfy the triangle inequality, which
are similar to those in Propesition 1. Note that when g = d =
h, prinmy(D) and p.g,m (D) converge to the definitions presented
by [22, Lemma 1]. Here we provide the submultiplicativity of
Pe(g.a)(D) in the following lemma as it is formulated differently
from that in [22, Lemma 1].

Lemma 3: Let A and B be M x N and N X G matrices
with M = md;, N = nd,, and G = gd;. The d; X d, and
dy x d3 blocks of A and B are denoted by Ay, ) and By, ¢,
respectively. Then pc, 4,)(AB) satisfies that p.q, 4,)(AB) <
Petdy ) AP c(dy ) (B).

Proof: See Appendix B. m

Remark 3: Lemma 3 applies to the vector version. That is,
given a matrix A sized as M x N with M = md; and N = nd,,
for any vector X, we have ”AX”(dl)Z,OO < pc(dl,dz)(A)||X||(dz)2,00~
The proof is similar to that of Lemma 3.

Remark 4: As for matrix A given in Lemma 3, we have
Pe(dy dr)(A) < fj—ﬂpc(d],dl)(A), where [-] denotes the ceiling
function. To prove this inequality, we first denote a new
matrix stemming from A by adding all O matrices, which is
formulated as

A=[An, A A,

where

Ay = [B<md1,d1>[l] B, a2

B 5 JlTT] Ot 2o}

B = A(ud, anij1» Beappi) denotes the ith column-block submatrix
of B sized as a x b, and |-]| denotes the floor function. It can
be observed that A consists of regular matrix blocks sized as
di x d. Denote by A}, the (i, )th a x b matrix block of

2

Ay} Then, for any % is not an integer, we have
Pedr dr)(A) = max Z A @, antiill2
i

7]

”A[j]ul Al Il2
r=1

Smaxz
T

||A[j](dl Al Il2
i r=1

3

[ﬂ(dl’dl){l-lrjl]—” 2)

d _ _
< ﬁjpc<dl,d,><A> + Petdrd)(A)

d _
= lrd—l—‘Pc(dl,d,)(A),

where the first inequality follows from Lemma 5. Note that for
the sake of symbol simplicity, we do not distinguish between
A and its transformation A in the sequel without causing
confusion.

The following lemma and corollary provide useful bounds
of the mixed ¢, /£, norm.

Lemma 4: For any vector set I' = {x',x?,---,x"} with
isometric length, denote the formulation consisting of their
any two partitions as x' = [(x’['l])T, (XEZ])T]T, where 1 <i < n.
Then, we have

P2 : q 12
max ( max ||x -+ min ||X
(lmu fll -+ min Ity 2

q 12 : P2
max |[|X -+ min ||X )
1<q<n ” [2]”2 1<p<n ” [I]HZ

< max [IX'|l; < max |1xf} 5 + max [Ix{,, 15,
1<t<n 1<p<n 1<q<n
where max(-, -) returns the maximum value of its targets.
Proof: See Appendix C. m
The following corollary follows from Lemma 4.
Corollary 1: For any vector x € CV with block length
d, denote its index set corresponding to block length d
as E, and thus |[E] = &, Letting each of the d size
block partitioned as two sets with equal lengths denoted
byA B, and Ef (ie{l,2,---.5}), where |E})| = d;.
|E(l~)| = d(zi), and d(li) + d(%.) = d, we have E =

* o

r.BA mr o=mA LL mZr, =S
E1y By B By By _(%)]. Based on Lemma 4, the
ollowing inequality holds:

max( max ||X5(*,)||%+ min  |Ixg |3,
€12, 0y je{r2- M T
max [z I3+ min ] lixe; )
je 1,2’“_’%} =W ie{l,2,~~-,%} (i)
<Xl < max |Ixz; I3+  max Xz 3.
{12, i oy )

") =)

ic 7 JjeqL.2.

B. Exact Recovery Conditions

After completing these preparations, we now illustrate the
ERCs of HiIBOMP-P. It can be observed that for an n-mode
hierarchically block-sparse signal, HHBOMP-P should perform
block selection at least n times, as the algorithm performs at
least once per hierarchical mode. Additionally, the HIBOMP-P
algorithm performs block selection exactly » times when the
block sparsity of the nth mode is equal to 1, with HIBOMP-
P selecting the correct block in each iteration. Considering
this, we gradually derive the ERCs of HIBOMP-P by allowing
the algorithm to select the correct block in each iteration
within each hierarchical mode. We then integrate all n-mode
conditions to obtain the overall reconstruction guarantees.

To clarify, we start with the following notation. E.;. and
E_;~denotes the support and non support index sets from the
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(=L

ith block in the (¢ — 1)th hierarchical mode, respectively, E* is
the true support index set, E* is the additional support index
set, E° is the index set outside the ith block in the (z — 1)th
hierarchical mode, @ is the PSI index set, ®*, and @~ are
the PSI index sets corresponding to the true support, and the
non support indices, ®” is the PSI index sets corresponding to
the additional support indices, and ®° denotes the PSI index
set corresponding to the indices outside the ith block. @** is
the PSI index set corresponding to the additional augmented
indices with @ N ®** = (. Based on these preparations, the
following theorem presents an ERC of HiBOMP-P in each
hierarchical mode.

Theorem 1: Let x € CMV2Nad be an n-mode hierarchically
block-sparse vector, and let y = Dx for a given matrix D €
CMXNiN2=-Nad For the tth (¢ € {1}) hierarchical mode, suppose
that D=__ue is full rank with |2 5| = &, [E"NO| = [E"NO*| =
o, |B2N0O| = |E2N0% = A, B NEL = 0, 2. NO| = 2N
O =81E°N0O| = |E°NO°| =y, and O LO*LO LO° = O.
For block selection within the ith hierarchical block of the
(t—1)th hierarchical mode, a sufficient condition for HHBOMP-
P with PSI to correctly identify the support blocks of x in the
tth hierarchical mode at the /th iteration (¢ € {1,2,...,n}) is
that

G.+G, <1, 3)

where

. Y .
Go 2o and Az, 94120 10)

-
X (1 = (Petae a +a»(Az- e Az 0, 0)

. . 1
+ Poiae ) Az o Agri0))

< H —1
X (o'min(A[a*\@,@*A]A[E*\®,®*A]))

”XIED\@O ||(d°)2,oo

|
||Xi3*\®,®w ] (@ +d2y2.00 )
R H
Go =00 3)(Az\0° Az \0)

<H
X (O—min (A[E* \@,Q*A]A[E*\@,@*A])

!
”X[s*\e @*A]”(d*—l-dm)z,oo

”XIEO \@° ||(d°)2,oo

s

- (pc(d°,d*+d*A)(A3°\®°A[E*\®,®*A])
< H . !

+ pc(do’dA)(AEO\G)oAEA\O)) 2 s

d*, d*, d*®, d, and d° are column-wise block lengths related
to submatrices consisting of the indices in the index sets
E\O, EM\0, 0", E.»\0, and E°\O°, and o yin(*) returns
the minimum eigenvalue or singular value of its objective.

In the derived condition (3), the index set outside the
ith block in the (# — 1)th hierarchical mode plays a crucial
role in tightening the bound. Specifically, when Z° = 0
and ®° = (), meaning that the support is entirely contained
within the ith block of the (r — 1)th hierarchical mode,
the sufficient condition in (3) simplifies to G, < 1, where
G. = P +d*A!3)(A:-E*\G’®*AIA§<i>\®). This condition is less
restrictive than the original bound, suggesting that signal

recovery is easier when the support is concentrated within a
single block. Moreover, condition (3) depends on the ampli-

tude of the signal to be recovered. In particular, it includes
%20\ e llia©)2.00 4G,

. It can be seen that ——=——
X0 \0° [l@oy2,00

the term —;
Ha[E*\@_(.)*A]II((,* e
0, G

< 0, and similarly, 0,

Hx’[? \O,O*AJ”(”* Fa*d 0 ||XlEo \@° llaoy2.0

IA < “ Ihese res ltS re Cal that the bound in
lIx. - Al pard u v
[24\0,0%A1 (d@* +d*A)2,00

condition (3) is more likely to hold when the amplitudes of
the signal components corresponding to the support and the
additional PSI index set ®@** are large. In contrast, if the ampli-
tudes of x' outside the ith block in the (¢ — 1)th hierarchical
mode are large, it becomes more difficult for condition (3) to
be satisfied. This leads to degraded performance in recovering
the support blocks of x in the rth hierarchical mode at the Ith
iteration. In other words, during the identification of the cur-
rent support block, signal components outside the target block
act as interfering factors. Enhancing ”st*\® O*A]H(d* Jd*d)2,00 OF
reducing ||xlEo\®°||(do)2,OO can help mitigate this negative impact.

Remark 5: In choosing the support block of HiBOMP-
P in the ith hierarchical block, two important terms should
be considered, i.e., ||Algx\®rl|l(d»«)2,00 and ||A2A\®rl”(dA)2’oo. It
can be observed that ||AI:A\®r/ l@2y2,00 18 @ term that could
cause adverse effects to _support selection since the index
set Z2\@ does not contain the true support indices. Thus,
it is crucial to categorize and discuss the two cases where
“Ag*\@rl“(d*)Z,w > ”AI;A\@rl”(dA)Z,oo and “Ag*\@rl“(d*)z,oo <
||A1:A\ Qr’ Il@2y2,00, TESPectively. This phenomenon also sug-
ges_ts a potential operation of a hierarchical structure. By
enlarging the term ||A2A\®r’ Il@2y2,00» ONE might achieve bet-
ter atom selection. Hov_vever, without additional intervention,
||Agx\@r’||(d*)2,w < ||A2A\ Gr’||(dA)2,‘X, indicates that the power of
the true support is too small, leading to an inferior recovery
formulation and resulting in unreliable recovery. In practice,
we can see that ||Ag*\®r’||(dx)2,m > ||A2A\®r’||(dA)2,oo is easier to
establish compared to ||Ag*\®r’ @ y2.00 < ||A1;A\®r[ ll(a2)2.c0» SiNCE
residual ' may contain the components in Az\g, leading to
larger mixed norm of the vector AZ., gr'. For a more intuitive
display, consider the case where E° = 0. When (d* — 1)vg +
(ky —a@ — Dd*ug- < 1 and (d* - V)vy + ({Z—f] - 1) d* g < 1,
define the following variables:

&2 (1= (d = Ve = (b =@ = Dd'pa),
dA
5 = Lﬂ (ke = @) pa-
[P — @ i,
L= = Dve = (1= 1) d'pa’

If 6* > ¢*, then ||Alg*\®r’||(d*)2,o0 > ||A;‘A\®1'I||([,A)2,oo holds.
Consider that ® = 0, the condition 6 > ¢® in terms of
reconstructible sparsity for the tth hierarchical mode becomes

that

_|_

L1 =@ - Dyvg) +d*

kd* < koky -+ -k, 2 = LK 4
1+ 151

where k denotes the reconstructible block sparsity, and thus kd*

represents the reconstructible sparsity. From (4), we directly
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obtain that g}% <0, & <o, and g < 0. Meanwhile,
assuming that v 1 Zops We have 2 a > 0. These observations

indicate that a lower coherence, in terms of hierarchical block
coherence and hierarchical sub-coherence of the measurement
matrix, and a smaller block length of the non support block
in each hierarchical signal block make it easier for 6* > ¢*
to hold. Meanwhile, the larger the block length of the support
signal block in each hierarchical signal block, the easier it is
for the condition §* > ¢* to hold.

Proof: See Appendix D. m

It is evident that the recovery condition derived in
Theorem 1 is specific to the particular support index set, mak-
ing it neither general nor practical for real-world applications.
A fundamental question is to test whether the ERC holds as
studied in many works [4], [6]. However, the result in reveal-
ing the sufficient condition of the condition in Theorem 1
becomes quite challenging, as the introduction of hierarchical
structure induces certain complex terms related to the mixed
norm p...(-) and the minimum eigenvalue or singular value
of complex block matrices. To address this, we consider the
relationship between the norm properties of block matrices and
hierarchical block MIP, having the potential to unveil tight
bounds for eigenvalues or singular values and revealing the
uncertain relationships of matrix blocks within hierarchical
measurement matrices. Based on this, the following theorem
is presented, providing a sufficient condition for establishing
the ERC of HiBOMP-P.

Theorem 2: Let x € CMV>Nod be an p-mode hierarchically
block-sparse vector, and let y = Dx for a given matrix
D € CM*NiN2-Nad Denote by prge g and pge the hierarchical
block coherence with respect to block length d* + d** and
d°, respectively. Denote by v, and vz the hierarchical
sub-coherence with respect to block length d* 4+ d** and d°,
respectively. Denote by k; the outside block sparsity with
block length d° for the rth hierarchical mode. Suppose that
@+ d = Dy + (T7281 = 1) @+ dDpgegs < 1,
(d +d™® - 1)Vd*+d*A + (k —a — 1)(d* + d*™® ),ud*_;'_dm <1, and
(@ =Dyve+ (141 - 1)d°ude < 1, where r = a* +o® +a++7.
For block selection in the ith hierarchical block from the
(t = Dth hierarchical mode, a sufficient condition for (3) in
Theorem 1 is that

G.+G, <1, ®)

where G, and G, are formulated in (6), as shown at the bottom

of the next page.

1
Wi 0ra ot

Notice that there exists a term ’ n the
e g o 2

main condition of Theorem 2. This term indicates the power
ratio of the support being identified in the current ith block
to the support outside the current block. As we can see,
when this term becomes larger, then the left-hand side of (5)
becomes smaller, and the sufficient condition becomes less
restrictive. This reveals that a larger power of the support in
the current block leads to a better recovery performance. It
is worth mentioning that if IIX’EO\QOH(do)ZW refers to the power
of the non support outside the current block, then we have
||XIE<,\®OII((,go)g,c,o = 0. This indicates that all of the supports

outside the current block have been selected, and we obtain
G. = 644405 and G, = 0. The sufficient condition in (5)
thus becomes 0. Jang < 1, which is less restrictive than the
condition when ||XIEO\®0|I(‘]0)2,oo # 0. This result also provides
insight that if there are no supports to be identified outside
the current block in hierarchically block-sparse recovery, the
recovery conditions improve.

As for the cardinality of the input PSI index set, since
r=a' +a® +a+p+y, we have the following observations:
1 6(G*+G) > 0: 2) dG.+G.) +Go) > 0 3) %G+Go) 1G) S 0. It
worth mentlonmg that if the left-hand side of (5) becomes
larger, then the sufficient condition becomes more restricted.
Thus, these partial derivative results reveal that the PSI input
corresponding to a*, a®, and S cause adverse effects to the
recovery of HIBOMP-P. The reasons of a® and [ are evident,
since the related PSI index sets do not overlap with the true
support set, and cannot provide beneficial information for
recovery. Conversely, as they wrongly change the residual
projection in the current iteration, the mismatching between
the residual and the measurement matrix blocks occur more
frequently, which lead to significant performance degradation.
The result related with o™ that the partial derivative is larger
than O is unexpected, as the corresponding index set consists
of support indices. This is result is also different from the
existing studies [16], [46], [47], wherein the results indicates
that the PSI related to true support indices would significantly
improve the performance of the algorithm. We now present
certain analytic results to explain the abnormal phenomenon
of O(GH—+G > 0. When PSI input represents subsets of the true
support, it weakens the block structure within one hierarchical
block. For instance, assume that the unit block length as d, and
there are ¢ support blocks in each hierarchical block. Then,
we say that the hierarchical block length is cd. When PSI
related to ¢* (¢* < ¢) block indices is entered, the correlation
between these corresponding entries with the residual is equal
to 0. In this case, only ¢ — ¢* blocks could contribute to the
support block selection. The hierarchical block structure has
been decimated, causing performance deterioration in support
block selection.

In the following corollary, we further consider the hier-
archical block orthogonality of the measurement matrix as
illustrated in Remark 2. In conventional block-sparse recovery,
block orthogonality leads to v = 0 of the measurement
matrix, wherein a block orthogonal measurement matrix usu-
ally improves the performance of the recovery algorithm [6].
Similarly, for hierarchically block-sparse recovery and given a
measurement matrix D € CM*NoNi-Nud ' the hierarchical block
orthogonality indicates that v, = 0 for the rth hierarchical
mode, where d° = N,y |N;12---N,d. Then, the following
corollary, stemming from Theorem 2, holds for hierarchical
block orthogonal measurement matrix with v4 44 = 0 and
ve- = 0. Note that v = 0 could induce vpy4e = 0 and
vee = 0, as the matrix block with length d¢ contains the
matrix blocks with lengths d* +d*® and d°. Moreover, consider
hierarchical block orthogonality of the hierarchically block-
sparse recovery formulation, it is necessary to further assume
that the PSI index set @ aligns with the block lengths d* +d**
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and d°, such that the partitioned blocks corresponding to the
indices in ® with respect to these block lengths fall within
each hierarchical block regularly. The mentioned corollary is
presented as follows.

Corollary 2: Let x € CNMN2Nud be an n-mode hierarchically
block-sparse vector, and let y = Dx, where D € CM*Ni1No-Nod
is a given matrix. Suppose that the hierarchical sub-coherence
satisfies vy, n,,,-N,¢ = 0, which implies that vy p = 0
and vgo = 0, where v +44 and vz are defined in Theo-
rem 2. Denote by pg 4+ and pg the hierarchical block
coherence with respect to block length d* + d** and d°,
respectively. Suppose that (l'd +dA] 1) (d* +dM g g0 < 1

and ((%41-1)d°us < 1. For block selection in the ith
hierarchical block from the (r — 1)th hierarchical mode, a
sufficient condition for (3) in Theorem 1 is that

775

with 6; AP 6:1 dd 6:1 > dud and ¢/, - corresponding
to their unprlmed versions defined in Theorem 2, under the
conditions Vg4 =0 and vz = 0.

As defined by PSI, ©* denotes the index set that does not
overlap with the true support index set. In conventional PSI-
assisted sparse recovery (e.g., [16], [31], [47]), this type of
prior information is considered interference, as it does not offer
beneficial information for sparse recovery. Instead, it projects
the current residual into the wrong subspace, causing a conflict
between correct support information and this interference from
the so-called incorrect PSI. Even with sufficient correct prior
information, algorithms struggle to maintain their original
recoveryability. In contrast, this type of PSI significantly
enhances the performance of HiBOMP-P, as indicated by
Corollary 2. In the following remark, we provide an intuitive
explanation of this statement.

G, +Go <1, @) Remark 6: Note that @ N @™ = 0, where @** denotes the
where G, and Go are provided in (8) PSI correspon.dlng to the additional support index set thgt does
5 not overlap with the true support set. Assume that [ 7= =
G. 2 d*+d*d # and r = |@| = 0; then the parameters in Corollary 2
* 1 > .
1= (5; A +d* AJF(YO_dA)j ”X[:-o 00”({/“)2,00 Change nto
S I 0t it dr2m
o =
= dod
G, = : 3 B
, ”st*\e,@ml”“/*—Jr”m)z'oo () + ¢ )% ® & - = Kipta.arsd ,
T min 1XLo\ go 2.0 d°.d+d* d°.d* dtdtd ] — (k= 1)(d* + d* P e 4 g
6 N 6d*+d*A,3
" 1— (ORI “F(St/o_dA)% ||X/ED\90H(d°>2‘oo ’
Tmin ”x{E*\OB*A]”('i*'f'd*A)z-‘x’
_ 07
Go = I I - ’
Xiz4\0,0%0) @ +a*A)2.00 _ 1
6O'min ||X150\@o||(d°)z,m ((')‘d",d*—&-d*A + 6d°,dA)z
A 3 — s kA
Opepang = P (ke —@)(d” + &g 1gn
n (kt _a)(d* d*A)zﬂd 4 Al-d +dA]rd +dA-| )
1= (@ +d™ = D)y — (fm1 - 1) (d* + d*DYpge s gos
X ((1 — (@ +d? = Vg gs — (k=T — D)@ + d™ge 1q)
B (A" + d™V il ol G55 (ke = @) )-1
1 - (d* + d*A - l)Vd*+d*A - (I’m‘l - 1) (d’F "‘ d*A)/,ld*+d*A
[d* + d*A—‘ (ky = )51
Opo dogar =| ——— | | K d°uge +
a".d'td & R T T @ = Vv - (1247 - 1) dopr
[ a o o (ky =) [
6d°,dA = _o—‘ ktd Mae -+ o
d 1= (d° = Dvg = (T51-1) d°par
JAN o (k= P g [5]
Opa® —01 ki d°pae + — -
d 1 —(d® - Dvg - (f 4 -1) d°par
Oy 2(1 = (d" +d™ = Vg g = (k=@ = 1)@ + d™ptge 440

@+ d*A)zﬂd S )

1= (@ +d™ = D)o - (fm1 - 1) (d* + d*DYpge s gos

(6)
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. (& +d?T .
dodidt T T—‘kzd Hae
4 _dA o _jo
6d°,dA = E—‘ktd Mae s
! [ E o o
6d°,3 = E—‘ktd Haes
& =1—=(k— D@ + d™ge g,

. . kit gy pend .
It is evident that 6[’1*+ d = % Meanwhile, 6, =

1 = (k, — 1)(d* + d*®)ug- 1 4» indicates that

’

1-6) —
— Tmin +lud*+d*A) d.

kll’ld*+d*A3 = (d* ¥+ g

i yl
Thus, we have & = M
B

Fadnd 5 . Then, by direct

simplification, the condition in (7) is transformed into
A, ) +Bs, +C<0, o
where
[IXC2, g llaey2.00 T an ’
a ' / 1
B= o x O avan + 0 )’

I
||X[E* 0.0 “(d* +d)2,00

d _
sl s ditge g

/ / / 1
+ 6doﬁ + 2(6d°,d*+d*A + 6d°,dA)2 B

||XIE°\@° ||(d°)2,oo

E -3 , 4 1
C=- (m + dﬂd*+d*A) (5d°,d*+d*A + 5d°,dA)2

1
/ 4 / 5
- 6d°,2(6d°,d*+d*A + 6d°,dA)2

”XZEO\@)O ||(d°)2,oo

]
||X[E*\®’@*A]”(d*-‘rd*A)Z,oo

”XZEG \@° ”(dU )2,00

- )
”XLE*\G) 0] (@ +a4)2,00

- (6:1°,d*+d*A + 6:1°,dA) X

Note that the formulas for G, and G imply that 6/,  should
satisfy the following conditions:

1
(5, - (6£J°,d*+d*A + 6:10‘dA)2

O min

”XIEO\@ﬂ ||(d°)2,oo

>0
7 8
”X[s* \0.0"] ”(d* +d*2)2,00

I
) X 2 0.0l +a-2)2.00

O min

”Xlgo \@° ||(d°)2,oo
1
- (6l/1°,d*+d*A + 6:1°,dA)2 > O-

Obtaining the solution of (9) with respect to &, in real-
domain, we have a lower bound of ¢, given by

_B- VB _3AC
6(/Tmin > 2A = é‘/rmin' (10)

Then, combining (10) and the definition of &, yields

4
=0 min

1-¢
kt(d*+d*A)<d*+d*A+—,
Ha=+-a

(1)

which is a sufficient condition of the establishment of G.. +
Gy < 1 with f#} = # and r = |@| = 0. As presented
in Remark 1, pt4+ 4 g0 < up, where pp is the conventional block
coherence of the measurement matrix. Thus, the following
upper bound, obtained by substituting the hierarchical block
coherence with ug, is sufficient for (11):

4

—O min S K*

HB
Note that (_S:Tmm < (Z,mi" < 1 is well-bounded, and up is not
affected by the variation in d* + d*®. Thus, we could obtain
that # > 0, suggesting that a higher count of indices
in the PSI index set @ will lead to a greater reconstructible
sparsity level denoted by K*. These analytical results confirm
that HIBOMP-P will deliver improved recovery performance
even if the input PSI index set does not overlap with the
true support set. In the iterative procedures of HiBOMP-P,
the residual is updated as v = r + D@*AinA,, where the
additional PSI index set @ contributes the correct block
selection. Notably, in this selected block, the true support set
is included. Consequently, when performing support selection
within these blocks, HIBOMP-P exhibits higher probability of
correctly identifying the true support set, thereby substantially
improving the overall recovery performance. They further
demonstrate that HCS exhibits strong resilience in terms of
whether PSI is accurately located.

It is worth mentioning that Theorems 1 and 2 are recovery
conditions applicable to HiBOMP-P for the ith hierarchical
block from the (¢t — 1)th hierarchical mode. To this end,
combined results are illustrated in the following theorem for
theoretical generality of the derived HIBOMP-P’s ERCs.

Theorem 3: Let x € CMN2Nud be an n-mode hierarchically
block-sparse vector, and let y = Dx for a given matrix
D € CM*NiNaNad Denote by gy g and pge the hierarchical
block coherence with respect to block length d* + d** and
d°, respectively. Denote by v, 4o and vz the hierarchical
sub-coherence with respect to block length d* + d** and d°,
respectively. Then, the ERC for HIBOMP-P is given by

G.+G, <1,Vi,t,

k(d* +d™) <d* +d™ +

where G, and G, are defined in Theorem 1. A sufficient
condition of this ERC is

G. + G, < 1,Vi,1,

where G, and G, are defined in Theorem 2.

Theorem 3 contains the conditions for all support selection
in recovering the hierarchically block-sparse signal x from
y with respect to the current support block index i and the
hierarchical mode ¢. It can be easily checked that if the most
restricted condition among the conditions in Theorem 3 is
established, then the whole ERC holds. Since this condition is
an aggregate of those in Theorems 1 and 2, the corresponding
analyses given as above also apply to Theorem 3.

IV. FURTHER DISCUSSIONS

In this section, we present several insights, including noisy
recovery conditions and optimal hierarchical structure, based
on the MIP-related conditions derived in Section III-B.
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A. Reliable Recovery Conditions Under Noisy Settings

By considering the noise vector, the system model given in
(1) transforms into

y=Dx+n, (12)

where n € C” denotes the additive noise. In this subsection,
noisy recovery conditions for reliably reconstructing x from
the noisy measurements in (12) are provided. We consider
the scenario where |In||; < €. As illustrated in Algorithm 1,
the stopping rule is set as Il < e, which is a reasonable
rule widely used in most iterative CS algorithms [6], [37]. By
employing this stopping rule, the following theorem presents
a result that reveals the guarantee based on which HIBOMP-P
would select a correct block in the current iteration.

Theorem 4: Let x € CMN2Nud be an n-mode hierarchically
block-sparse vector, and let y = Dx + n for a given matrix
D € CMxNiN+Nud - Quppose that |n]l, < €, and Dzye is full
rank. Suppose that (d* +d"2 = 1)vg g + ([ﬁ} - 1) (d +
d Mg ygn < 1, (@ 4+ d™® = Dvggn + (i —a — 1)(d* +
d™Mg g < 1, and (@ - Dvg + ((247-1)d°%us < 1. A
sufficient condition for HIBOMP-P to select a correct atom in
the current iteration for the rth hierarchical mode is

!
O [IX E.*\@,@*AI||(d*""d*A)2’Oo
1
1o
= B atas + 0o, a8)? IIXee\ @ Nl a0 ady,00
T
2IAz oM@

29 13
1-G.+G,) (13)

where 8y,., O tats Ogas, Gu, and G, are given in
Theorem 2.

Theorem 4 indicates that if the mixed norm of the remain-
ing support entries are large enough, then HIBOMP-P would
select a correct support index in the current iteration. Based
on Theorem 4, we provide the condition under which the
HiBOMP-P algorithm selects all the correct support indices.

Theorem 5: Let x € CMN2Nod be an n-mode hierarchically
block-sparse vector, and let y = Dx + n for a given matrix
D € CMxNN>Nud ith |In||, < e. Suppose that (d* + d™* —

DV as + (r#}g - 1) (A + dMpgrgo < 1, (d* +d™ -
Do yqn + (ke —a@ = 1I(d* +d gy g < 1, and (d° = Dvge +
(["i—’f'l - 1) d°uge < 1. A sufficient condition for HHBOMP-P
to select a correct atom in the current iteration for the ¢ th

hierarchical mode is
1
60—min||X[E*\@’®*A]”(d*“rd*A)z»oo

1
L
= (0o g as + O an)*|1Xze\ @ ll(a a7 a3 y2.00

S 2 \/je
1-@G. +Go)
where 0y.» Ogodrians Ogogs, Gun and G, are given in
Theorem 2.

Similarly, the following corollary offers a general version
of Theorem 5 that applies to arbitrary hierarchical modes,
achieved through the combination of results from Theorem 5
for each hierarchical mode and original hierarchical block.

Corollary 3: Let x € CMN2Nad be an n-mode hierarchically

block-sparse vector, and let y = Dx + n for a given matrix
D € CMXNiNNod with |In|l, < e. Suppose that (d* + d** —

(14)

Dvge g gon 4 (ki — @ = 1)(d” +d*A)ﬂd*+d*A <1, and (d° - 1)vg +
(l'(’l—‘f'l - 1) d°uge < 1. A sufficient condition for HHBOMP-P
to select a correct atom in the current iteration for the ¢ th
hierarchical mode is

I
6aminl|X[E»\@’@*A]”2

1
— (O g0 goyges + Ogo ixlmo
N (0o g 4a @) Xze\ge ll2
2\/36
>—— 1

) VZ7 l»

where 0y.s Ogodrians Ogogs, Gun and Go are given in
Theorem 2, and k; denotes the sparsity level in the tth
hierarchical mode.

Corollary 3 follows from that

1
¥, 04,12

‘\/E s

!
X 2\ @08 @ +a)2.00 =

and
1 )
”XE"\@)"”(d*—&-d*A—&-dA)Z,OO < ”XEo\Oo”Q.

It can be observed that when the norm of the outside support
blocks is small, i.e., IIXIEQ\OOIIZ is small, the condition in
Corollary 3 becomes easier to satisfy. This implies that
in hierarchically block-sparse recovery, the outside support
blocks are regarded as interference, leading to a similar
conclusion as the noiseless recovery condition. Interestingly,
we notice that

lim 6d°,d*+d*A = 0,
Hgo —0

lim 6d° as = 0.
tao—0
These findings suggest that interference caused by the outside
support blocks can be eliminated when the hierarchical block
coherence of the measurement matrix is sufficiently low, as
. 1 .

limy, . 0(040 g+ 4-a2 + 6do’dA)2||x’E°\@o||2 = 0. Following these
asymptotic analyses, we further have

lim =1,

He gAY ge g g sHae —0

(G.+G,) =0.

O min

lim
He Ve g g Hae—0

Then, the condition in Corollary 3 becomes that
X2\ .0412 > 2 V kide, Vi 1.
This implies that if the norm of the support blocks is larger
than a bound related to the hierarchical block sparsity, the
block length of non support blocks, and the noise power,
HiBOMP-P would reliably perform recovery in asymptotic
cases. A special case is when € is set to 0. In this case,
IIx._ ]||2 > 0 is sufficient for the exact recovery of

20,0
HiBOMP-P.

B. Optimal Hierarchical Structure

In hierarchically block-sparse recovery formulation, support
blocks are partitioned into different individual blocks. In
each iteration, the HHBOMP-P’s reliably searching for support
indices should not only consider the influence of non support
blocks within the current hierarchical block, but should also
consider the influence of non support blocks outside the
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contains the support components in both the current and the
outside hierarchical blocks, which will cause interference to
support selection in the current hierarchical block. Thus, in
revealing the optimal hierarchical structure, the number of the
outside hierarchical blocks should be zero. Considering these
factors, we present the optimal hierarchical structure in the
following proposition.

Proposition 2: Let x € CMN>Mid be an n-mode hierarchi-
cally block-sparse vector with minimum unit block length d,
and let y = Dx + n for a given matrix D € CM*NiN2-Nod | f
kk=1te{n z 1)}), then the associated hierarchical structure
is optimal for reliable recovery.

As we can see, the optimal hierarchical structure indicates
that the hierarchical block sparsity is equal to 1 except for the
last hierarchical mode. This is consistent with the intuition,
also with the existing results [4], that a lower sparsity level
would induce a better recovery performance. Note that Propo-
sition 2 provides the optimal hierarchical structure based on
the minimum unit block length as d. It is worth mentioning
that a larger block length induces a stronger block structure
characteristic, leading to improved recovery performance of
block-sparse recovery. Then, it is natural to have that if the ¢
support blocks are continuous within hierarchical blocks, i.e.,
the minimum unit block length becomes cd and k,, = 1, hier-
archically block-sparse recovery would offers more desirable
performance. In what follows, we present recovery conditions
related to the optimal hierarchical structure, especially includ-
ing the ERC and a sufficient condition for its establishment.

Theorem 6: Let x € CMN2Nod e an n-mode hierarchically
block-sparse vector, and let y = Dx for a given matrix D €
CMxNiN2=Nad - Suppose that x exhibits the optimal hierarchical
structure in Proposition 2. For the rth (¢ € {n}) hierarchical
mode, suppose that Dz_, e is full rank. Then, the ERC for
HiBOMP-P is given by

<t . .
pc(d*+d*A,3)(A[E*\@,Q*AJA§<,'>\®) <LViz

It can be observed that Theorem 6 drops the dependence
on the terms related to the support blocks outside the current
block based on the optimal hierarchical structure in Proposi-
tion 2. In this case, the ERC of HIBOMP-P mainly depends
on the resistance between the term related to the support
block AFE*\@,@*A] and the term related to the non support
block AE@\O in the current hierarchical block. Similarly, the
condition in Theorem 6 is not useful as it relies on the specific
positions of the support blocks. To address this issue, the
following theorem provides the reconstructible sparsity, which
serves as a sufficient condition of the ERC in Theorem 6.

Theorem 7: Let x € CNMV2Nud be an n-mode hierarchically
block-sparse vector, and let y = Dx for a given matrix

D e CMxNiNNud  Quppose that x exhibits the optimal

hierarchical structure in Proposition 2, and (d* + d** —
v s + (T2 - 1) (d + d™Mpg g < 1. A sufficient
condition for the establishment of the ERC in Theorem 6
is given in (15), shown at the bottom of the page,where
r=@=a" 4+ +a+p.

The condition in Theorem 7 is derived from Theorem 2.
In deriving the aforementioned theorems, we make the
assumption that the hierarchical structures in terms of various
block lengths, such as d*, d® and d, are known in advance.
This is an extended assumption compared with that in the
existing studies on block-sparse recovery, as they typically
assume knowledge of the regular block length of the block-
sparse signal [22], [24]. Moreover, given an PSI index set, the
block lengths are determined according to the definitions of
these block lengths.

Based on Theorem 7, the following corollary holds by
setting ® = (, which leads to that a* = 0, @® = 0, @ = 0,
and 8 = 0, for HIBOMP, i.e., the algorithm that does not rely
on the PSI.

Corollary 4: If the PSI @ = 0, i.e., r = 0, a sufficient
condition for the establishment of (5) for the rth hierarchical
mode is

-1 * A Yt 4t e A
» +dAKud*ﬂm—((d +d) - DI L d 4 d

_ (16)
[+ 1

Remark 7: Actually, (16) represents an upper bound on the
reconstructible block sparsity in one support block of the rth
(t € {n}) hierarchical mode. It can be transformed into the
reconstructible block sparsity related to the true block sparsity
of the rth hierarchical mode by multiplying kok; - - - k,—; on both
sides, which is given by

kd* <k0kl oo kl—l
s = (@ +d = DI g
X

_ . a7
[ 71+ 1

where k = kok; - - - k; denotes the true block sparsity of the rth
hierarchical mode. As for the true block sparsity, the existing
result with the sub-coherence being equal to 0 as derived in

[22] is given by
1/1 —
kd<—(—+d)él(,
2 \us

which applies to conventional block-sparse recovery. Mean-

while, considering that the measurement matrix satisfies

hierarchical block orthogonality, the true reconstructible block

sparsity in (17) with v4 4 = 0 is given by

1! o A d* =
[7Lm1+1

1>

k(d* + d™) < koky kg X

-1
Mo a
k(d + d™) < aHd

_(d* +d*A _ l)vd"-#d*A +d* +d*A
Hax g axd

+6(d*+d*A),

15)

1= +d*S =10 | s+ +dDt e on

FL] + 1)
( drfdt =@ a1 o= (52 11 )@ ey gon
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As illustrated in Remark 6, kok; -~k = 1 and pgegn < up,
which indicates that K > K when [ﬁ'l < 1. This
demonstrates that the optimal hierarchical structure provides
superior recovery performance for hierarchically block-sparse
recovery compared to the conventional approach, owing to
its hierarchical structure. This result aligns with the intuition
that as the non support component becomes stronger (i.e.,
when d increases), the recovery performance will decrease.
Conversely, the performance improves when the support com-
ponent becomes stronger (i.e., when d* + d** increases).
Remark 8: This remark develops some relations between
the true reconstructible block sparsity bound and the com-
pression rate % As reported in [50], the conventional matrix
coherence defined in Definition 1 can be lower bounded by

1z /v Since v yan < p, we have

M(N—-
< N-M
V- _—
d*4dd = M(N—])’

when the conventional matrix coherence u achieves this bound.
In this case, the true reconstructible block sparsity given in
(17) changes into

kd* < k()k1 s k[_l

Halsan (1 - (@ +dbH-1) “—“’) +d +d*

M- 1)

x 7
[+ 1
é E:?
where w = % denotes the compression rate. The following

limit holds:

K, = koky -+ ki

it (1= (@ a =1 [58) 4 - a®

fMLdA]+l

lim

=w,N—oo

zlx

In this scenario, it can be observed that the true reconstructible
block sparsity K, improves with the increase in the compres-
sion ratio w. Additionally, as the number of measurements
increases, the true reconstructible block sparsity improves
correspondingly. These results indicate that HIBOMP-P, with a
higher compression rate or a greater number of measurements,
performs well in scenarios characterized by higher sparsity.

Based on the optimal hierarchical structure derived in
Proposition 2, we present an intuitive result for hierarchically
block-sparse recovery with d = 1 in the following remark.

Remark 9: Given that the PSI index set satisfies |@| = @ +
B, there are two types of PSI components corresponding to
the overlap parameters @ and S, respectively. Therefore, we
have r = @ + . Under this configuration, the condition in (5)
becomes G, < 1, where

. d
G, = (’75—‘(19 —a)d’ ug

(ke — @)(d* 2. [ L7757 )
1= (@ = Dyva — (1297~ 1) (d)par

X ((1 —(d" = Dvg = (k=@ = Dd"pa)

_ (@) pg. T3 0k = @) )_1
L=~ Dyve - (- 1) dopa )
For the nth hierarchical mode, by setting d = 1 for hierarchi-

cally sparse recovery, we obtain d = d* = 1. Consequently,
the aforementioned condition could be expressed as

_ wi@+p)
(k — @) (un + m)

<
- H@+p)(kn—a) ’
(1= (kn =@ = D) = =50

where u, denotes the matrix coherence of the column-block
submatrix of D € C¥*NN2Nu ip the nth hierarchical mode (as
defined in Definition 1), which can be further simplified as
(kn B a)ﬂn
1 = (kn + B = Dptn
This implies that if the matrix coherence for the nth hierar-
chical mode satisfies

1

b e —a+p-1
HiBOMP-P is capable of selecting the correct support set.
It can be observed that the condition in (18) converges to
the condition given in [46, Eqn. (1)], which has been proven
to be tight. In other words, for the measurement matrix
D e CM*NiNNa ' if the matrix coherence of its column-block
submatrix Dy;; € CY*Mr gatisfies
B 1
T 2k,—a+p-1
HiBOMP-P may select an incorrect atom in the first iteration
for the nth hierarchical mode, resulting in a failure to exactly
recover the underlying signal. This demonstrates that the
condition in (18) is tight for HIBOMP-P in the nth hierarchical
mode when d = 1.

(18)

Hn

V. PROOFS OF THEOREMS
A. Proof of Theorem 1

Proof: As we can see from Algorithm 1, after the significant
support block has been chosen in the first hierarchical mode,
the HIBOMP-P algorithm will recursively search for this block
until all the nonzero supports inside are selected with the help
of the PSI. The residual is only updated once during this
process, specifically at the time of support selection in the first
hierarchical mode. For the /th iteration of the rth hierarchical
mode, choosing a correct support block by HiBOMP-P is
equivalent to requiring that

- ;
”A§<i> \@r ”(3)2,00

G(r) = —
H 7
Az \oF @ +a+amy2.00

IAE o+ Dgax!y + 100

- ||Ag<i>\@(l'*/+D@*Axi A+ I adrav e
IAE o + g

IRV NCES S [

AH = AH ol
< (A8 oPllane +IAE  or s, )
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R
X (”As@\@r ll@ a2 +a2)2,00

-1
<H |
- 1Az \or” ||(d*+d*A+dA>2.oo)

L G+ G.(rh) < 1, (21)

where G, (r) and G, (r') are given in (19), shown at the bottom
of the page, T represents r*’+D®*A xl@*A, r*’ denotes the residual
vector composed of the supports that lie outside the current
hierarchical block, E.;» and E.;» represent the non support and
support index sets of the tth hierarchical mode from the ith
significant block in the last hierarchical mode, E;. consists
of E* and E®, E* denotes the true support index set, E* =
E.-\E", O is the PSI set with @ = @ U®* U O, O is
the PSI set corresponding to the additional support block with
0*N®=0,and x' A is the corresponding PSI vector. Since
|E.» N O] = B + B, the column-wise block length of each
block in Ag@m@ = ﬁ(li,\f’ k]:’ = f. Note that the column-wise
block length of each block in Az of the #th hierarchical
mode is equal to N,y |N;y5---N,d. Thus, we obtain that the
column-wise block length of AH<>\ iS Ny41Niyp -+ Nyd—p3d,

which leads to the same block length value of AH R erl The

block length value of Ag(b\@r can be demonstrated similarly.
In the following, we derive the upper bounds of G.(r!) and
G.(r!), respectively.

Since ¥ = r*l + Dgaxl, = Pp v + D@*AX
y* € span(Dz-), r e span(Dzp) = span(A— \0), where =
denotes the true support index set. Meanwhile, D@*Axl@m €

N o -
span(Dg:»). Thus, we have AE*\@UG*AAE*\GU@AI‘

and

*

=¥, where

A_*\@u@mjf denotes the orthogonal projector onto

—*\@U@)*A
span(Aw\@U@*A) As A= \@UQ*AA_*\ 0™ is Hermitian matrix,
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it indicates that

HAH =l =l

o
Az ou0) Azovel =T

Hence, the relation in (20), shown at the bottom of the page,
holds, where we denote [E*\0, @™, 24\ 0] by

[(E"\O®)1), O, B*\O)1), (B \O)2), 03), (E*\O)2),
L E\O), Oy, (BH\O)iy ],

E'\O@ by [(E"\O)1) (E"\O)p), -, (E\O))], EN\O by
[(EA\Q)(D,(EA\@)(Z), e ,(EA\(-))(;Q)], and the last inequality
follows from Corollary 1.

Note that, based on Corollary 1,

||A[=*\® o zt0F ||(d*+d*A+dA)2,oo

=

(||A[_*\®® ]r ||(d* - A)2m+||A-A\®r ’||(2dA)2,oo)
= (1Al 0,04 PD6Y Ios a0
+ ||A—A\@PD@yO”(2dA)2,oo)%
(||A[=*\®0 ]P]Jj(_)DE°\®°XlE°\®°”(zd*-&-d*A)Zw
+ AL, 0Pb, D107 Xz o0 II(sz)z,m)%
< (Pr(d*-&-d*A,d“)(AFE*\G),G)*A]A5°\®°)||XIE°\®° ”<2d°>2v°°
+ pr(dA,d°)(AgA\®AEG\9° )“XZE"\G)" ”(2d°>2,°°) :
= (Pc(do,d*+d*A)(AIE{°\9°A[E*\®,0*A])”XIE°\®° ”<zd°>2»°°
(22)

1
N o '
+ Dot at) Az o0 Azy 10Xz 00 1 2.00)

where the last inequality follows from Az:\g- = Py, Dz\e0-
Meanwhile,

<H _
“A[E* \@&)*A] r ||(d*+d*A)2,oo

IAZ

G.(r') =

=
ef Il@z2.c0

||A—< >\@1' ||(d*+d*A+dA)2 o
IAZ

k)

||A—< e’ ”(d*+d*A+dA)2 00

ro ll 22,00

G.(r') 2

IAE | oF ||(d*+d*A+dA)2 o

= . (19)
o
~ AL 0T i +a a0

L
IAE AL o e

)HAH

“oue T e

G.(r') =

_ Por+an Bz g g1 A \0)
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IAZ_\oF lla +astaryeo = 1A\ T i@ +ad +atyo.co

AH T H \ H _
I E@\@(A[— o) Mmoot ”(d)Z,oo

— = ,
AL 0.0zt 0F i +as e = AL g os 2o\ g F i +aa+aco

AH T HAH =l _
| §<i>\@(A £0.0%] [E$\@’®*A]r ||(d)2,oo

T - =
||A[E*\®’®*A]r @ +-a4y2,00 = ||A[_*\® o° _A\G]l' (@ a4 +dny2,00

Prarsarn B JAL L OMIAL. o Pl

AH -
1A 2\ 0.0 @ +ad)2.00 = ||A[E*\@’®eA’EA\®]I' Il 4-asdny2,00

(20)

e 7 .
1 ||A[E* 0.0 =0\01" i a2 4 a y2.00

AH =
HAIE*\O‘@*AJ‘" a2 2,00
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AH ! 1
= ||A[E*\®’@*A](l'* + Do X))@ 4-a2y2,00

AH * !
= ”A[E*\Q’@*A](Pﬁey + D@*AX@*A)”(d*er*A)Z,oo
AH L L !
= ||A[E*\@)’@*A](PD@y + PD(_)D@*AXQ*A)ll(d*+d*A)2,DO
_1IAH L /
- ||A[s*\®,9*A]PDoD[3*\G»G*A]X[s*\o,@*ﬂ lla+a-2)2.00

<~H .
= O min (A[E*\G,O*A]A[E*\O,O*A])

!
X X2+ @ 03 i@ +a)2,00-

Combining (22) and (23) yields

] x + X
G*(r) S pc(d*‘i’d*Avd)(A[E*\G),@*A]AE<£>\®)

-
X (1 = (Petaea a9 (Az- g Az 0,0)

e . 1
+ pc(do’dA)(Agr:\@o AEA\G)) 2

< H 1
X (O-min (A[E*\@,@*A]A[E*\O,Q*A] ))

||XIEO\®°||(d°)2,oo )_1 . G
= e
||Xl[5*\0 0] ”(d*—i—d*A)Z,oo

B. Proof of Theorem 2

Proof: The proof proceeds by deriving the bounds of the
unknown terms in G. and G,, which are provided in the
following content.

Lower bound of a-mm(A[HE*\ o G)*A]A[E*\@G*A]):

Based on Lemma 7, we have the inequality in (26),
shown at the bottom of the next page. Upper bound of

ot . )
pC(d*+d*A,3)(A[5*\@,@*A]AE<,>\0)'

Observe that

(23)

pc(d*-i-d*Aﬂ)(A[TE*\@,@*A]A§<i>\®)
= Pe+as Az 0 01 A 1z 100
x Az 00 Az 10)
< Petr 4+ (Al o Az0.0) )

CH
X Lot +as ) Ajz\@ 01 AE..\0)
1

<
< —
(24) Tuin AL o o Aizo0)

H .
x pc(d*+d*A,3)(A[s*\®,®*A]A§<l>\9)

Now, we come to derive the upper bound of G,(r!). The A

following inequality hods:

A2, oF e

= ||Ag<i>\@Pf,®y°ll(g)z,oo

=IAZ \oPbo D=0 Xz 0 2.

< praaAg, oAz 0 Xz 0 2.

B s ;
= Pea- 2 Az oAz \0)IXz 00 @20

Moreover, based on Corollary 1, we have

. H _l

1Az . \oT Il +as +any2.00
H —l

= 1Az 0.0 200 Nl +a+avyes
“H _l

2 A1z 0.04F lar+a4)2.0

i
2 Tmin(A [z g 04/ A12'10.01)

!
X ¥z @ 02l +a:2)2.00-

where the first inequality is because the minimum value
of ||AI;IA @Fl”(d* +dye 18 equal to 0, and the last inequality

follows from (23).
Based on these bounds, we have

Gor) < Py (Az\00 A2 \0)

<H
X (O-min (A[E* \®,®*A] A[E*\O’G*A])

!
|IX[E*\&®*A] (" +a-2)2,00

XS\ e liaoy2.00

“H
- (pc(do,d*+d*A)(As°\@°A[E*\@,G*A])

=

+ pC(d",dA)(AgD\@OAEA\@))

Finally, by combining (21), (24) and (25), the proof is

completed. m

H
< pc(d*+d*A,3)(A[s*\@,@*A]AE<,»>\®)
X (1 —(d +d™® = Vg g

— (k=@ = D(d" + d"™pge s

e % rd —
- ((d +d A)zﬂiq_d% lrm—‘(k, - a))

x (1 —(d 4 d™ = 1Dy

-1
rd % A -1
- (lr—d* +d*A—‘ - 1) (d+d )ﬂd*+d*A) ) .

where the last inequality follows from Lemma 7.
It remains to derive the wupper bound of
Pt +a2 Az g o A \0)- Note that

Pc(d*+d*A,E)(AE*\@,@*A]AE<,->\®)
= Pc(d*+d*A,3>(D[Hs*\@,@*A]PIL>o Dz \0)
= Pc(d*+d*A,E>(D?s*\e,o*A](I —Ppy)Dz o)
= pc(d*“rdm.a)(DFIE*\G),@*A]DE<I'>\®)
+ pc(d*+d*A’E)(DfIE‘*\®’®*A PpoDz_ \0)-
In what follows, we respectively provide the upper

H
bounds of the terms p g0z Dz ey Pz..10) and

pc(d*er*A’E)(DFE*\@’@*A PD@l}E<i>\@)'
Firstly, the following inequality holds:
H
pc(d*+d*A,3)(D[E*\®,®*A]D§<f>\®)

d H
= lrd* 4 g —‘pc(d*+d*A,d)(D[E*\G),G)*A]]}Eqﬂ@)

-1 d —\/ 7% *A
) LG, (25) = [mw(k’_“xd A

Secondly, we have

H
Pea+a.a) (D[s*\@,e*ﬂ]PDeDib \0)

Authorized licensed use limited to: BEIJING UNIVERSITY OF POST AND TELECOM. Downloaded on January 26,2026 at 11:13:14 UTC from IEEE Xplore. Restrictions apply.



782 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 72, NO. 1, JANUARY 2026

_ _ H T _ H 1
= Pear+a2.3Diz 0 04 PODe Dz \0) = Pt d +a Dz o Ppo Diz+\0.0))
H H —1nH _ H
= pc(d*+d*A,3)(D[3*\@,Q*A]D@(DQDG) D®D§<[>\®) = pc(do,durdm)(])?\@o a- PD@ )D[E*\O’G*A])

H
< et +a0 a4 (Diz g g D0) < Pera+a Dz\0°Dizry0,0)

X P t+ddad a0y ((DgDe) ™) +Pc(d°,d*+d*A)(Dg\@"PDeD[E*\@,@*A])
X P +ars PeDs.,. \0)- 27) < V*d—odm—‘pc(do,do)(Dgo\ooD[E*\@,@*Al)
Note that the three terms in (27) satisfy that 4 A "
Petdr +dd a- +d*A)(D{IE*\ 0.6400) + [ 4 _—‘Pc(do,do)(l)go\@oPD@D[s*\e,@*A]).

< (ky —@)(d" + d"™ g yan Note that
pc(d*+d‘A,d*+d*A)((DgD@)7I) pc(d",d")(Dg"\@"D[E*\(&),(&)*AI) <kdpe,
1

Pc(d°,d°>(Dg°\@°PDoD[E*\®,@*A])

= pea-.a) Dz g Do(DgDe) ' DDz .04)
s #A —

(1 =@ +d" =D g < pete a) D2\ Do)Pc(r 0+ (DgDe) ™)

rd | d* d*A -1 X pC(d°,d°)(DgD|E*\@,@*A])
“avan |7 @ M) L K@
=@ = Ove = (1= 1) e

where the upper bounds of pc(do,do)(D}EIc\@eD@),

= H
O min (D@ Do)

IA

H
Pe(a+d 4 (D®D§<,>\@)

d H
= [——‘Pc<d*+d*A,d*+d*A>(D9]}a<,~>\®)

d* + d pc(do,do)((DgD@)_l), and pc(d",d")(DgD[E*\@)’@*A]) can be
d rd X A derived similarly based on the aforementioned analysis. Thus,
N n N 7 |(d +d g g we obtain
d*+d2 || d* +d
Thus, (27) becomes the inequality in (28), shown at the bottom py(d°,d*+d*A)(Ag"\®°A[E*\@,@)*A )
of the page. d* + d
The aforementioned derivation indicates that the relation in = ’7 4° —‘

(29), shown at the bottom of the page, holds. Upper bound

of p(:(d",d*-‘rd*A)(AI;"\@"A[E*\G,@*A])" X k?doﬂdo +
The following inequality holds:

(k= (P51
1= (@ = Dy = (1571-1) dpa

Petd+at) Az o0 Az 0.0 Upper bound of p . av)(AZ- g Azr0):

O min(AlL sAizie04) 21— @ +d = Dvgggn — (ki —a = 1)+ dpg s g
d +dVu . Ard < 1k — @)

L= @+ d = Dy o = (T1 = 1) @+ d O

[E"\0,0™]

(26)

(ke = @)(d” + A, sl s T 2]

1= (d* +d™ = Vg ygo — (rm1 - 1) (d* + Ay y gos

< (28)

H
pc(d*+d*A,3>(D[E*\@,®*A]PD@]}E@\G))

Petar Bz 0.0 A%. 10)
(ks = D + AV, ol 7 T ]
[ N D ((d - ) (d* + dtge s gos

d o
s ’Vd* d*A—‘(kt - a)(d +d A),le*+dm +

X ((1 —(d +d™ = Vg pgn — (k=@ = D"+ d™™page ygn)
@+ d"™V . | gl 5w ke = @) )“
1= (d* +d*2 = Vg gn — (fm'l - 1) (d* + d* g g

(29)
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The proof is similar to that of the upper bound of C. Proof of Theorem 4
Pc(d°,d*+d*A)(A§[°\®°A[E*\@,@*A])~ Observe that Proof: Using the symbols from Section III, to prove that
HiBOMP-P selects a correct atom in the current iteration under

Petae.aty Ao\ 00 Agri)
= PetaatDz- o P, Dzti0)
= Pe(e,avy(DE\ g (I = Pp )Dzn o)
< Pe(e.avy(DE g Do)
+ pc(d°,dA)(Dg°\@“PDQDEA\Q)

dA
lrdo —‘pc(d d° )(D'°\9°D—A\@))

dA
+ lrdo —‘pc(dc d° (D—O\OoP (_)DEA\@).

noisy scenario, it is necessary to have

“H ; “H ;
Az \oF ll@+as+ar.00 > ||A§<i>\@1' ll@)2,000

or more specifically,

H
IAZ <>\@(l‘ +r° )||(d*+d*A+dA)2oo
H T
> “A§<i>\@(f + 1)l @200

Note that, in noisy settings,

—l— I' = PDO(D:*\@X—*\@ + D® AXO*A

(30)

Since + DEO\@oxEo\GD -+ n).
pc(do,do)(DEIO\@oDEA\O) < kpd°uge, Thus, a sufficient condition of the establishment of (30) is that
Petad)Dz-\ o Ppo Dzt o)

= DL o:Do(DgDe) 'DgD IAZ \oPh
= Pe(aea)(Dze g Dol o) DgDz:g) E4>\0" Do
(k= Y)Y 2.5 X (Dzr\0Xz10 + Do Xgallia a4 1200
B 1- (do - I)Vdo - (l- ] - 1) dol.ld ||A'<l>\@PD@D—°\®°X”°\@)°”(d*+d*A+dA)200
we have — 1AZ_ \ 0P Dl +a4-+ar2,00

pc(do’dA)(AgO\G)O AEA\Q)

A1 (8 =P Pi
S[ﬂ (k’d”d° T

Upper bound of p,. (AL oAz \e)
The following inequalities hold:
Peae ) (AIE{" \@° AE@ \9)
= Peaedy (Dg"\@" P, Dz o)
= Pe(ee, dA)(DEO\@)" (I=Ppe)Dz_ o)
<P Dz0°Dz . 0)
+ peir.av Dz o Ppo Dz \0)

d
lrdo —‘Pc(f d°)(D—°\@° = >\(9)

d
[ 7 —‘pc(d° & (D—°\@°PD@ Dz_ \0)

poa-aDz\o Dz \0) < ki d e,
Pead- Dz - PpeDz_ o)
= pea.a)(Dz- - Do(DgDe) ' DgDz_ )
(ky = ) pd. [ 51
T 1= - Dyvg - (121-1) dopg”

Therefore, we have

Pc(do,ﬁ)(A?\@" A§<,->\®)

(ky =y pd. [ 51

&= Dyve — (T - 1) dopee
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d
< kKdug +
LA ( KT @ — v - (181 - ) e

Finally, by combining the aforementioned upper bounds
with the definitions of G. and G, given in Theorem 1, we
obtain the upper bounds of G. and G,, which are denoted by
G. and G., respectively. This completes the whole proof. m

!
> ||A§ (D:*\@X:* o+ DG)*AX@*A)”(E)ZOO

+ ”A \@D"°\®°X“°\@° ||(d)2 ot HA— \911||(d)2 00

i.e.,

IAZ... \ePbe
x (DgneXz0 + D@*Axi_)*A)H(d*_i'_d*A_;'_dA)loo
— 1AL, \0PDo D= \0"X5\ o [l +a 4a 2,00

—(IAL oDz 0%z10 + DX )l @,

+ ||A \OD' \®°X:°\@°||(d)2 )

> 2/IAZ | Nz
From Theorem 2, we have
G. + G, )(||AH<>\@)PD0
x (DzoXz\0 + DgsX.a)llid 44 any2.00
—IAZ oPp,Dz\e° XIE"\(-)" (@ s +d2)2,00)
> ”Ag@\ (Dz-\exz"\0 + DQ*AXIG*A)H@LOO

<H
+ ”AE D:‘O\@ X—O\Qo”(d)z 0t

€2y

It is worth mentioning that G, +G, < 1 is a sufficient condition

of (3). Then, by direct calculation, we obtain that
IAZ... \oPps
x (Dz\eXz\0 + D@*Axgm)||(d*+d*A+dA)2,oo
- ||AIE{<i>\®P$®DE°\®° XIE°\O° llia a4 +ay2,00
~ (&Y | Dz 0xz10 + Dguxly.llgn.
+ ”A2 D~ \®°X—°\@°“(d)2 o)
> (1- (G, + G, ))(||AH<,>\@PD0

x (DzneXz\0 + DO*AX®*A)||(d*+d*A+dA)2,oo

KH n !
— 1Az \0PpePz2\0"Xz0\ o Il 42 -a2)2.00)-

(32)
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By letting the right-hand side of (31) being smaller than the
right-hand side of (32), we obtain that

||Ag<i>\®Pf)(~)
I
X (Dz+\@Xz\0 + D Xgall(@ s 4d4)2.00
“H p
~ 1Az, \0Ppo D= 10" Xz+\: lia +a-4 +d4)2.00
o
2Az . \o"Ma@2.
1- (6* + 60)
is a sufficient condition of the establishment of the correct
block selection of HHBOMP-P.
As illustrated in Section V-A,

(33)

||A§I<i>\@P$®(DE*\®X3*\®
+ Dge Xi_)*A)||(d*+d*A+dA)2,oo
2 O0riin ”Xig*\@’@*A]||(d*+d*A)2,oo’
||Ag<i>\@P$0DEO\OO XIEO\@D ”(d* +d*A+d1)2,00
< G pars + 640 a)* IXoe el s yasppeer  (34)
Therefore, combining (33) and (34) yields that (13) is a

sufficient condition for choosing a correct block in the current
iteration. M

D. Proof of Theorem 5

Proof: Suppose that j is the block index contributing to the
largest value in }[|AfL nllz}. Denote ji, jo, - -
B\

indices within the jth block. Observe that

, J7 as the

< H
”A§<D \@n”@z,m

CH -
I E.:\0) n”(d)z-‘x’

Jz
= A]-L n2
Z' (E<ix\O) |
=)

Ja
= DL Pin?
;' E-\0)y O |
\ =/

IA

Ja

H 211PLnl2
DD o, IBlIPGRI3
\l:jl

Ja
> il < Ve = Ve,
\ I=ji
where the second inequality is because D is normalized to
have unit column norm, i.e., ||D% O [, =1 and ||P(f)n||2 <
[n]|>, and the last inequality follows fr(())m the assumption that
|||, < e. Thus, combining the result of (13) in Theorem 4,
we obtain that if (14) holds, then HHBOMP-P selects a correct
variable in the current iteration.

Now we come to the stopping rule. Suppose that all the
support blocks in the support index set E have been selected
in the gth iteration. Then, the residual vector satisfies that

IA

Il = [Pz oYl

= [Pz e(D=xL + n)l),

=[Pz nll2 < )z <.
Hence, when all the correct support indices have been chosen,
[r|l, will be less than €, and the HIBOMP-P stops iteration.

Then, suppose that HIBOMP-P has performed for c iterations.
Then, we have

Irlla = IIPE Loyl
= [Pz o(D=xg + n)l>
> [|Px oDzxgll2 — [Pz enll2
> [Pz eD=xXzll2 — €.

Note that

Pz eD=xzll2

> O min(DED2)IIXEL
> (1= (d#*+d +d™ = Dguygpygn
2 \/36
—k—ld*—l—dA—f—d*A e i - _
( X Wat-dd +d A)—l “G. 10
> 2e.

Therefore, we have
Il = [IPE,oD=XElls — € > €.

This indicates that HIBOMP-P does not stop early, which
competes the proof. m

VI. SIMULATION EXAMPLES

We empirically investigate the recovery performance of
HiBOMP-P in reconstructing hierarchically block-sparse sig-
nals under both noiseless and noisy conditions. In each trial,
we generate an M X N measurement matrix with each element
an independent and identically distributed (i.i.d.) draw of a
Gaussian distribution, with zero mean and % variance. The
measurement matrices are normalized to have unit column
norm. For each realization of a hierarchically block-sparse
signal, its block support is chosen uniformly at random,
and nonzero elements are 1) drawn independently from a
standard Gaussian distribution, or 2) drawn independently
from the set {#1}. These two types of tensors are referred
to as the block-sparse Gaussian signal and the block-sparse 2-
ary pulse amplitude modulation (2)-PAM) signal, respectively
[48]. The hierarchical mode in each trial is fixed at 2, as
2-mode hierarchically block-sparse recovery offers greater
clarity for simulation and is more commonly used in practical
applications. For clarity of symbols, we denote the block
sparsity of the first hierarchical mode as k,,, and denote
the block sparsity of the second hierarchical mode as ki,
i.e., the block sparsity that is within one support block from
the first hierarchical mode. The block lengths of the first
and the second hierarchical modes are represented by d,
and d, respectively. The exact recovery ratio (ERR) and the
false alarm/miss-detection ratio of hierarchically block-sparse
reconstruction are examined as functions of block sparsity in
the noise-free scenario. In the noisy scenario, the normalized
mean square error (NMSE) and the false alarm/miss-detection
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Fig. 2. Illustration of the PSI index set in the rth hierarchical mode.

ratio are employed to assess the recovery performance of
various approaches. More specifically, the ERR is defined by
[37]

number of exact reconstructions
ERR =

number of total trials
the false alarm/miss-detection ratio is expressed as

: . [B\E|
false alarm/miss-detection ratio = ————,
koutkind
and the NMSE is given by

o wl2
NMSE = X=Xl

s

Il

A
—
=)

where = is the index set consisting of the indices correspond-
ing to nonzero elements of the estimated signal, E denotes the
correct support index set, X represents the estimated hierarchi-
cally block-sparse signal, and x denotes the true hierarchically
block-sparse signal. Note that the false alarm ratio is equivalent
to the miss-detection ratio since Iél = |&| = kyurkind. In our
experiments, we perform 1,000 independent trials for each
point of the approaches, and consider the following recovery
algorithms: 1) OMP [4]; 2) BOMP [22]; 3) MOLS [48]; 4)
HiOMP; 5) HiBOMP; 6) HiBOMP-P with @ = [0.2k,,],
which is named as HIBOMP-P1; 7) HIBOMP-P with @ =
[0.2k,, ] and B = [0.2 k;, ], which is named as HIBOMP-P2; 8)
HiBOMP-P with o* = d;;" —k;,, which is named as HIBOMP-
P3. To control variables, all other unspecified PSI parameters
are set to zero.

In the noiseless case, the recovery performance of all the
compared approaches in terms of ERR and false alarm/miss-
detection ratio decreases as the k,, increases. This is
consistent with the theoretical analysis that a lower sparsity
level would contribute a better recovery performance, which

[|-=-oMmP

—<4-BOMP

0.3 F|==MOLS

—A-HiOMP

0.2 r|-p-HiBOMP

—-6-HiBOMP-P1

0.1 | —+—HiBOMP-P2

HiBOMP-P3
.

ey
&

1 2 3 Z g

kuut

(a) M =80, N =400, dout = 16, d =4, ki, = 2, and koyt = 1.

0.4

:
—&—-OMP ) -
—<—BOMP —

——MOLS
—A—-HiOMP

0.3 H~P~HiBOMP
—-6-HiBOMP-P1
——HiBOMP-P2
HiBOMP-P3

0.35r

0.25

0.2

0.15

False alarm/miss-detection ratio

kau!

(b)y M =40, N =400, dout = 16, d = 4, kiy, = 2, and kout = 2.

Fig. 3. ERR and false alarm/miss-detection ratio for recovering hierarchically
block-sparse 2-PAM signals as a function of k,,; with M = 128, N = 512,
doyr = 16, d =2, and ki, = 6.

highlights the importance of reconstructible sparsity analy-
sis in revealing the recoverability of various algorithms. In
general, the hierarchical recovery algorithms perform better
than the other algorithms compared. By leveraging beneficial
PSI, HHBOMP-P1 and HiBOMP-P3 achieve higher ERRs and
lower false alarm/miss-detection ratios than those of HHBOMP
within all the k,, levels. Meanwhile, due to the PSI input
related to non support indices, HHBOMP-P2 exhibits a worse
performance. It is worth mentioning that in the implementation
of HIBOMP-P3, the PSI used does not indicate the true support
index. This confirms the statement that HCS could enjoy
improved recovery performance even when the PSI and true
support do not overlap. Then, we come to verify the theoretical
results in terms of reconstructible sparsity presented in this
paper. Firstly, we verify the correctness of the sufficiency of
the reconstructible block sparsity in terms of k,,;. For M = 128
and N = 512, we have p4- g0 = g, = t1s = 0.05. Meanwhile,

out

consider that the conventional matrix coherence u achieve the
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Fig. 4. MSE and false alarm/miss-detection ratio for recovering hierarchically
block-sparse Gaussian signals as a function of SNR.

—MA&%) ~ 0.077. Then, the hierarchical

sub-coherence satisfies that v, < 0.077. In this case, the
reconstructible block sparsity bound in Remark 8 indicates
that ky,(d* + d*) < 6.45 = k,, = O is sufficient for exact
recovery of HIBOMP-P. When setting v;., s = 0, the bound
in Remark 7 reveals that ko, (d* + d*) < 18 = ko < 1 is
sufficient for exact recovery of HIBOMP-P. It can be observed
that these results are consistent with the empirical results as
presented in Fig. 3(a), wherein the empirical results indicate
that k,,, < 3 is sufficient for the exact recovery of HiIBOMP-
P3. It is worth mentioning that the results with v < 0.077
and v4 4, = 0 are less restricted than the main results in
Theorems 1 to 3, thus the correctness of the results with
Vgrygr < 0.077 and v4gn = 0 also indicates the correctness
of the results in Theorems 1 to 3. Secondly, we compare
the derived results with those presented in [22]. For fair
comparison, we illustrate the results corresponding to the true
reconstructible block sparsity bounds. For the existing results
with v = 0 for conventional block-sparse recovery in [22], they

lower bound of

indicate that kd < 4.57 = k < 2 is sufficient for exact recovery
of BOMP, as the conventional block coherence satisfies that
up =~ 0.14. For the results derived in Remark 7, the true
reconstructible block sparsity in a specific hierarchical block
satisfies that k;,d < 4.57 = k;, < 2. This indicates that if the
true reconstructible block sparsity satisfies that k;,kpur < 2kous,
then HiBOMP-P performs exact recovery, where kj,k,, is
the true reconstructible block sparsity of HIBOMP-P. It can
be observed that 2k,, > 2, which reveals a better recovery
guarantee in terms of the true reconstructible block sparsity.
However, the analytical results presented are more pessimistic
than the numerical results, since our analyses based on the
MIP framework, providing significant improvements over the
existing results anyway, essentially consider worst-case sce-
narios [22], [48].

In the noisy case, we compare MSE and false alarm/miss-
detection ratio as functions of SNR. Overall, the algorithms
using block structure perform better than those do not exploit
the block structure. Note that in noisy scenarios, the perfor-
mance of BOMP is better than that of HHOMP due to the use of
block structure. Meanwhile, it can be observed from Fig. 4(b)
that HIBOMP-P1 exhibits similar performance to HiBOMP,
which indicates that the PSI level set with @ = [0.2k,,;]
could not provide significant gain. On the contrary, HIBOMP-
P3 offers significant performance improvements over that of
HiBOMP even if there is no overlap between the input PSI
and the true support set. Furthermore, HIBOMP-P3 exhibits
superior performance compared to HiBOMP-P1, indicating
that the additional PSI index set plays a more effective role in
support selection under the given simulation settings. These
results align with the theoretical outcomes, demonstrating that
the hierarchical structure effectively leverages the beneficial
information from the PSI associated with the additional sup-
port index set. The practical utility of HIBOMP-P is further
highlighted, given that PSI may not always coincide with the
true support set in real-world applications.

VII. CONCLUSION

This paper has studied recovery conditions related to the
MIP of HCS with the assistance of PSI. Specifically, a
general hierarchically block-sparse recovery model in terms
of an n-mode hierarchical structure was formulated, and
hierarchical MIP concepts were introduced that offer improve-
ments in revealing uncertain relations within the measurement
matrix with a hierarchical structure. We have elaborated on
a HiBOMP-P algorithm, which can recursively search all
correct support blocks. Theoretical analyses in terms of ERCs
have been presented, wherein reconstructible sparsity levels
are derived as sufficient guarantees, revealing desirable recov-
erability of HIBOMP-P in noiseless scenarios. Furthermore,
we have provided several insights based on these MIP-related
results, involving noisy recovery conditions and optimal hier-
archical structure analysis. In particular, HCS can provide
improved recovery performance even if the PSI and true
support set are different. Simulation results have verified the
analysis, and all outcomes, including theoretical and experi-
mental results, confirm the advantages of HCS in recovering
hierarchically block-sparse signals.
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APPENDIX
A. Useful Lemmas and Corollaries

Lemma 5: Given a matrix D and its column-block submatrix
D, the following inequality holds:

IDl> < |IDIl>.

Pr_oof: Without loss of geEerality, assume thai D = [D, ﬁ].
Let D; be the ith column of D. Denote D' = [D, D;]. Then, we

have
D2 =/ Amax(D)HHDY),
IDIl2 = y/ Amax(D"'D).
Note that

(D,‘)HD,‘_ DHD DHﬁi
== 7| D/DDD |’

where DD and (D)"D’ are Hermitian matrices. Suppose that
the eigenvalues of DD are (u;,us, -+ ,u,), and the eigen-
values of (D)PD’ are (1;,A2,---,A,.1). Based on Cauchy
interlace theorem [49], we have

A S S Sy < Sy £ Ay

Thus, the following inequality holds:

Dl = /Auy1 2 Dl = Vit

By analogy, we finally obtain that ||D||, < |[D||,. m

Lemma 6 [26, Lemma 1]: Given a matrix D € RM** that
consists of k column-block submatrices of size M x d, define
Amin and Amax as the minimum and maximum eigenvalues of
the matrix DD € R¥>**_ When (d — 1)v+ (k- 1)dug < 1, we
have

1 —(d-1)yv—(k—-1)dug < Amin
< /lmax <1+ (d - l)V + (k - 1)dﬂB,
where v and up are the sub-coherence and block coherence of
D, respectively.

Lemma 7: Given a matrix D with a block length of d for
its column-block submatrices, suppose that |@| = r, |Z| = s,
ONE=0. When (d—-1)v+(s—1Ddug <1 and (d-1)v+(r—
1)dup < 1, Vxz we have

((1 —(d -1y~ (s - 1dup)
- dptyrs [
==y —(r=Ddug ) "="

< I1A2xzl); < (1 +d-Dy+(s— l)dﬂB)”XE”%s (35)

Tmin(ADMAY) > ((1 —(d—1)v = (s — Ddup)
dzu%;rs
C1—d-1y—(r— 1)du3)' (36)

Proof: Based on Lemma 6, the upper bound in (35) follows
from the following inequality:

T 2
lAZxzll; = P, D=xzll>
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< ID=xzli3
< (14 (d =y + (s — Ddup)|xzl3.
The low bound in (35) is derived by

IPp,D=xzl3 = ID=xzll; — [IPp, D=xz|l3
= [ID=xz[; - (D) DgD=xzll3
> (1—(d—1)v—(s— Ddup)lix=ll3
_ Ip¥D=xef
1-(d-1)y—(r-1dup
> (1= (d =1y~ (s = Ddup)lixzlly
d*grslixzl3
1= (d-Dyv—(r-Ddug’
where the first inequality follows from Lemmas 6 and 8, and
the second inequality is due to Lemma 1.

We now have the bounds presented in (35). The following
inequality holds:

= =

xBADHAX: > (1 —(d-1)v—(s—Ddug
d*uirs
1-d-1)yv—-(@-1Ddug

Letting x= be the eigenvector corresponding to the eigenvalue
Umin((Ag)HAg), we have

)XgXE. 37

xBA2)HAx:
= Umin((Ag)HAg)ngE
> ((1 —(d =)= (s — Ddup)
d*pgrs H
T1—Wd-1y—(r- 1)duB)X5XE' (38)

Therefore, the inequality in (36) holds. m

Lemma 7 applies to the conventional block-sparse formu-
lation. For hierarchical block-sparse recovery, we give the
following corollary, the proof of which is similar to that of
Lemma 7.

Corollary 5: Given a matrix A, suppose that [@| = r, |E| = s,
® N E = (. Let the minimum block length unit is equal to d,
d* is an integer multiple of d, and v, and pg denote the
hierarchical sub-coherence and hierarchical block coherence
of A. When (d* — 1)vg + (k, — Dd*ug- < 1 and (d* — 1)vg +
(T1-1)d*ug < 1, ¥xz and for the rth hierarchical mode,
we have

((1 —(d" = Dvg = (ky = Dd"par)

4”154k, )
-— N — )lix=I
1= (d = Dyvg = (151 1) d*ua
< IA2xf < (1 +(d = Dyvg + (K - 1)d*ud*)||xE||%.

Lemma 8: Let |Z| = s. When (d - 1)v+ (s— 1)dup < 1, Vxz
we have
V1=(d =1 — (s = Ddugl(AL) xzll,
< xzll < T+ (d - 1)y + (s — Ddugll(AD) xzl2.
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Proof: Suppose that Ag has singular value decomposition
Ao = UXVZ. Then, we obtain that the minimum diagonal
atom of X satisfies oy = VI —(d — 1)v — (r — 1)dup. From
[48], we have (A;))I'I = UX'VH, where 7! is the diagonal
matrix formed by replacing nonzero diagonal entries of X by
their reciprocal. Therefore, all singular values of (Ag)H are
upper bounded by ﬁ < m. The lower bound
in Lemma 8 has now been proved.

Note that from Lemma 6, we have |Aplh <
VI + (d — 1)v + (r — 1)dug. Then, the upper bound in Lemma
8 can be proved by directly using standard relationships
between the singular values of Ag and the singular values
of basic functions of Ag. This completes the proof. m

Based on Lemmas 7 and 8, the following corollary holds.

Corollary 6: Let |@O] = r, |E| = 5, and @ N E = 0. When
d-1)yw+(s—Ddug <1 and (d—1)yv+ (r— Ddug < 1, ¥x=
we have

((1 —(d - 1)y~ (s— Ddup)
d*irs 3 -
C1-d-1y—(r— l)dﬂB) I(AZ)"x=ll2
<lixelh < V14 (@ =1y + (s - Ddpsll(AL) xz]lo.

B. Proof of Lemma 3
Proof: Note that

Pedr ds)(AByg) = Z

Y AuiBis
P
<Y D A Balk
i

2

< ClAG Bl (39)
i
Thus, we have
Z A jll2 < max Z IAgiall: = Pecar.an(A).  (40)
Substituting (40) into (39) yields
Pedr ds)(AB1) < peiay ar)(A) Z 1By ll2
J
= Petdy dy) (A)Pe(dn ) (Brry)-
Therefore, the following inequality holds:
Petar ds)(AB) = max pe, ) (AByn)
< MAX Po(dy ) (APt (Brn)
= Pedr do)(A) MAX Pecay a)(Bra)
= Petdy dy)(A)Pe(dy ) (B).
This completes the proof. m
C. Proof of Lemma 4
Proof: Without loss of generality, suppose that
max [Xfyll =[xl and max|il = [X/]b. Since
1<p<n 1<t<n
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”Xl[l]”Z > ”X{””Z, we have ”X{Z]”Z > ||Xl[2]||2 > 112;2””)(([12]”} Thus
P2 : qd 12 112

max ||x min ||x < max ||[x’||; has been proved. The

lSpSn” mlh + Iqun” 2112 ISZSnll 153 p

bound max [Ix |13 + min ||x/,,|[5 < max [|x'|[5 can be proved
1<q<n 2] 1<p<n ] 1<t<n

similarly.
As for the upper bound, for j = arg max lIx'||3, we have
<t<n

in2 — v/ 112 J 2 P2 q 112
715 = Iy 15 -+ Iy [ < max iy 15 + max I .

This completes the whole proof. m

D. Proof of Remark 5
Proof: Observe that

AL o'l 1200

= IDE. P, ¥llia12.00

= ||D}3{*\@PﬁeDs*\@XE*\@H(w)z,oo

> 0 min(DE- o Pp, Dz \0)lXz"\0ll@ 2,00

> 0 min(DE- oDz \0)lXz"\0ll@12.00

> (- = Dyvg = (k — @ = Dd"pg)IXz\0ll@ .00
= 0"[Ixz\0ll@ 2,00 (41)

where the first equality is because Py = (Pﬁ@)HPL@, and the
third inequality follows from [8, Lemma 5].
On the other hand,

||AIE{A\®I‘Z||(¢1A)2,OO

= ”DgA\@Pf_)QYH(dA)Z,oo

= ||DgA\@P$®DE*\®XE*\@ll(dA)z,oo

= IDZs, o ~ Ppg)Dz\0Xz"\0 ]It 2,00

< ||DI;A\@DE*\®XE*\@||(dA)2,oo

+ ||DI;A\®PD@DE*\@)XE*\OH(dA)z,oo- (42)

Note that the terms in (42) satisfy that

H
D25, Pz \0Xz\0ll(@)2,00

H
< Prara(Dza gDzn0)lXz 0l 2.0

H
= Pe(a-a) Dz gDz @)Xz \0l@)2,00

dA
< "d* —‘(kr - a)d Xz 0l 2.0,
||D:A\®PDGDE*\®XE*\®||(dA)2,oo

= IDz:, gPo(MDe) ' DDz \0xz"\0llwr2.00

< Peia-.av DDz )P 4 (DgDe) ™)

X Pc(d*,d*)(Dg*\@D@N|XE*\®||(d*)2,oo,

where

rd [ (k, —@)d® ]
PeiraDgDzsg) < | = || ———— |d"a-,
d d
1

— @ = ve—(E0-1) dpa”

rd
Peta-a Dz Do) < ’75—‘(/% —a)d pg-.

et a(DgDe) ™) < .
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Therefore, (42) becomes that

CH
A Za @ Mli@)2.00

dA
< [E-‘ (ki = @)d" par Izl 2.0
[ PTAENh — @ pd,
T=(@ = ye = (151 = 1) d*pua

A
= 0°|Ixz"\0ll@)2,c0-

[[x=\0ll@)2,00

(43)

Combining (41) and (43) yields

i.e.,

(- =Dve -k —@ - Dd"pa-)

dA

. [ 2t
[APT4P Nk - @)d i,

1= (d = Dy = (M- 1) dpa”

§* > 6%, which is a sufficient condition for the inequality

U <H
|IAE*\@rl||(d*)2’w > ||AEA\®I'I”((1A)2’OO to hold. m
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