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Abstract

In this work, we consider a distributed multi-agent stochastic optimization problem, where
each agent holds a local objective function that is smooth and strongly convex and that is
subject to a stochastic process. The goal is for all agents to collaborate to find a common
solution that optimizes the sum of these local functions. With the practical assumption that
agents can only obtain noisy numerical function queries at precisely one point at a time, we
extend the distributed stochastic gradient-tracking (DSGT) method to the bandit setting
where we do not have access to the gradient, and we introduce a zero-order (ZO) one-point
estimate (1P-DSGT). We then consider another consensus-based distributed stochastic gra-
dient (DSG) method under the same setting and introduce the same estimate (1P-DSG). We
analyze the convergence of these novel techniques for smooth and strongly convex objectives
using stochastic approximation tools, and we prove that they converge almost surely to the
optimum despite the biasedness of our gradient estimate. We then study the convergence
rate of our methods. With constant step sizes, our methods compete with their first-order
(FO) counterparts by achieving a linear rate O(¢*) as a function of number of iterations
k. To the best of our knowledge, this is the first work that proves this rate in the noisy
estimation setting or with one-point estimators. With vanishing step sizes, we establish a
rate of O(ﬁ) after a sufficient number of iterations k > Kj. This is the optimal rate proven
in the literature for centralized techniques utilizing one-point estimators. We then provide
a regret bound of O(\/E) with vanishing step sizes. We further illustrate the usefulness of
the proposed techniques using numerical experiments.

1 Introduction

Gradient-free optimization is an old topic in the research community; however, there has been an increased
interest recently, especially in machine learning applications, where optimization problems are typically
solved with gradient descent algorithms. Successful applications of gradient-free methods in machine learning
include competing with an adversary in bandit problems (Flaxman et al., 2004; Agarwal et al., 2010),
generating adversarial attacks for deep learning models (Chen et al.||2019; |Liu et al.[|2019) and reinforcement
learning (Vemula et al.l [2019). Gradient-free optimization aims to solve optimization problems with only
functional ZO information rather than FO gradient information. These techniques are essential in settings
where explicit gradient computation may be impractical, expensive, or impossible. Instances of such settings
include high data dimensionality, time or resource straining function differentiation, or the cost function not
having a closed-form. ZO information-based methods include direct search methods (Golovin et al.l 2019),
1-point methods (Flaxman et al.l|2004; Bach & Perchetl [2016; [Vemula et al.,[2019; |Li & Assaad) 2021) where
a function f(-,5) : R? — R is evaluated at a single point with some randomization to estimate the gradient
as such

(. ) = %f(x +42,8)z, (1)

with x the optimization variable, v > 0 a small value, and z a random vector following a symmetrical
distribution. ZO also includes 2- or more point methods (Duchi et al., |2015; [Nesterov & Spokoiny, [2017}
Gorbunov et al., [2018; [Bach & Perchet], 2016} [Hajinezhad et all 2019; [Kumar Sahu et al. [2018; [Agarwal
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let al., 2010; Chen et al., 2019; [Liu et al., 2019; |Vemula et all |2019), where functional difference at various
points is employed for estimation, generally having the respective structures
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where {ej}j:1 """ 4 is the canonical basis, and other methods such as sign information of gradient estimates
(Liu et al} 2019).

Another area of great interest is distributed multi-agent optimization, where agents try to cooperatively
solve a problem with information exchange only limited to immediate neighbors in the network. Distributed
computing and data storing are particularly essential in fields such as vehicular communications and coordi-
nation, data processing and distributed control in sensor networks (Shi & Eryilmaz| 2020)), big-data analytics
(Daneshmand et all [2015), and federated learning (McMahan et al., 2017). More specifically, one direction
of research integrates (sub)gradient-based methods with a consensus/averaging strategy; the local agent
incorporates one or multiple consensus steps alongside evaluating the local gradient during optimization.
Hence, these algorithms can tackle a fundamental challenge: overcoming differences between agents’ local
data distributions.

1.1 Problem Description

Consider a set of agents N' = {1,2,...,n} connected by a communication network. Each agent 7 is associated
with a local objective function f;(-,S) : K — R, where K C R? is a convex feasible set. The global goal
of the agents is to collaboratively locate the decision variable x € K that solves the stochastic optimization
problem:

min F(z Z Fi(z (4)

ze

where
Fi(z) = Eg fi(x, S),

with S € S denoting an i.i.d. ergodic stochastic process describing uncertainties in the communication
system.

We assume that at each time step, agent 7 can only query the function values of f; at exactly one point, and
can only communicate with its neighbors. Further, we assume that the function queries are noisy f; = f; +;
with (; some additive noise. Agent i must then employ this query to estimate the gradient of the form

gi(x, S;).

One efficient algorithm with a straightforward averaging scheme to solve this problem is the gradient-tracking
(GT) technique, which has proven to achieve rates competing with its centralized counterparts. For example,
the acquired error bound under a distributed stochastic variant was found to decrease with the network size
n (Pu & Nedid, 2018). In most work, this technique proved to converge linearly to a neighborhood of the
optimal solution with constant step size (Qu & Li, [2018; [Nedic¢ et al., 2017} [2020)), which is also a unique
attribute among other distributed stochastic gradient algorithms. It has been extended to time-varying
(undirected or directed) graphs (Nedi¢ et al., [2017)), a gossip-like method which is efficient in communication
(Pu & Nedi¢, 2018), and nonconvex settings (Tang et al.,2021; Lorenzo & Scutari, [2016} |Jiang et al., 2022;
et al.} 2019). All references mentioned above consider the case where an accurate gradient computation or a
unbiased gradient estimation with bounded variance (BV) is available, the variance being the mean squared
approximation error of the gradient estimate with respect to the true gradient. Alongside this gradient
tracking method, we explore another consensus-based distributed method without gradient tracking.
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1.2 Function Classes and Gradient Estimate Assumptions
Consider the following five classes of functions:
e The convex class C.,, containing all functions f : R* — R that are convex.

o The strongly convex class C,. containing all functions f : R? — R that are continuously differentiable
and admit a constant Ay such that

(Vf(x)=VI@W),z =yl > Apllw —y|?, Va,y R

o The Lipschitz continuous class Cj;;, containing all functions f : R? — R that admit a constant L ¥
such that

|f(x) — f(y)| < Lyllx —yll, Yo,y € R

« The smooth class Cq,, containing all functions f : R? — R that are continuously differentiable and
admit a constant Gy such that

IVF(@) = VW)l < Gyllz —yll, Va,yeR™

o The gradient dominated class Cyq containing all functions f : R? — R that are differentiable, have
a global minimizer x*, and admit a constant vy such that

205 (f(x) - f(a*) < |IVF (@) Vo e R

This gradient domination property can be viewed as a nonconvex analogy of strong convexity.
In addition, consider the following assumptions on the gradient estimate:

« A gradient estimate g is said to be unbiased w.r.t. the true gradient Vf if for all z € R¢ and
independent S € S, it satisfies the following equality

Eslg(xz, S)|z] = Vf(z).

o Otherwise, it is said to be biased and satisfies
Eslg(z, 9)|x] = Vf(z) + b(=),
with b(z) some bias term.

« A gradient estimate g is said to have bounded variance when for all 2 € R? and independent S € S,

Es[|lg(x, S) — Vf(z)|*|x] < o for some o > 0.

e Otherwise, when this bound is unknown or does not exist, it is said to have unbounded variance.

In general, FO stochastic gradient estimates are unbiased and have bounded variance. ZO estimates, on the
other hand, are biased. While multi-point ZO estimates have bounded or even vanishing variance, one-point
estimates have unbounded variance |Liu et al.| (2020)).
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GR oP FUNCTION CONS- STEP REGRET CONVERGENCE
’ CLASS ENSUS SIZE BOUND RATE
Cent. Cevz ) Cuip - f. O(k?) O(4=) [Flaxman et al| (2004
Ol}e' Cent. Cse ﬂ Cuip ﬂ Csm - V. O(\/E) O(ﬁ) |Bach & Perchet| (2016
point | ey Cac () Como GT (w/o GT) . O(VEk) O(--) TP-DSGT (1P-DSG
Dist. Cac () Como GT (w/o GT) £ - O(o") 1P-DSGT (1P-DSG)
Cent. Ceva [ Cuip - v. O(Wk) O(%) Agarwal et al.| (2010
Two- Cent. Cse ﬂ Cuip - V. O(log k) O( loik Agarwal et al.| (2010
point Dist. Cuip ﬂCsmo w/o GT V. - O(ﬁ log k) |Tang et al.| (2021
70 Dist. Csmo [ Cyd w/o GT v. - O() |Tang et al.| (2021
d+1)- o
(poinz Cent. Csc ﬂ Ciip ﬂ Csmo - V. O(log k) O(%) Agarwal et al.| (2010
2d- Dist. Csmo GT f. - O(%) Tang et al.| (2021
point Dist. Csmo ﬂcgd GT f. - O(gk) Tang et al.| (2021
Kernel Cent Cevz [ Cui - v o(k) O(==) [Bubeck et al.| (2021
-based : cve | | Hlip : 7E .
Dist. Cse (N Csmo GT f. - 0(o") (2018);
FO Unbiased Xin et al.| (2019); |Pu| (2020
/BV Dist. Csc[)Csmo GT V. - O(%) |Pu & Nedi¢| (2018
Dist. Csmo GT V. - O(ﬁ) |Lu et al.| (2019

Table 1: Convergence rates for various algorithms related to our work, classified according to the nature
of the gradient estimate (gr.), whether the optimization problem (OP) is centralized or distributed, the
assumptions on the objective function, the consensus strategy, if any, either with gradient tracking (GT) or
without (w/o GT), whether the step size is fixed (f.) or varying (v.), and the achieved regret bound and
convergence rate

1.3 Related Work

The optimal convergence rate for solving problem , assuming the objective function F is strongly convex
with Lipschitz continuous gradients, has been established as O(%) under a diminishing step size with full
gradient information Pu & Nedi¢| (2018)); Nemirovski et al.| (2009). However, when employing a constant
step size a > 0 that is sufficiently small, the iterates produced by a stochastic gradient method converge
exponentially fast (in expectation) to an O(«a)-neighborhood of the optimal solution (Pu & Nedid| 2018));
this is known as the linear rate O(o*). To solve problem , all Qu & Li (2018); [Lorenzo & Scutari
(2016); Nedi¢ et al.| (2017); [Shi et al]| (2015); [Li et al| (2022); [Jiang et al., (2022)) present a distributed
gradient-tracking method that employs local auxiliary variables to track the average of all agents’ gradients,
considering the availability of accurate gradient information. In both |Li et al| (2022); [Jiang et al.| (2022),
each local objective function is an average of finite instantaneous functions. Thus, they incorporate the
gradient-tracking algorithm with stochastic averaging gradient technology (smooth convex
optimization) or with variance reduction techniques (Jiang et al., [2022) (smooth nonconvex optimization).
At each iteration, they randomly select only one gradient of an instantaneous function to approximate the
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local batch gradient. In|Li et al.| (2022)), this is an unbiased estimate of the local gradient, whereas, in |Jiang
et al.| (2022)), it is biased. Nevertheless, both references assume access to an exact gradient oracle.

All |Pu & Nedi¢| (2018); Xin et al.| (2019)); [Puf (2020)); [Lu et al.| (2019) assume access to local stochastic FO
oracles where the gradient is unbiased and with a bounded variance. In the first three, they additionally
assume smooth and strongly-convex local objectives, and they all accomplish a linear convergence rate under
a constant step size. Pu & Nedi¢ (2018]) propose a distributed stochastic gradient-tracking method (DSGT)
and a gossip-like stochastic gradient-tracking method (GSGT) where at each round, each agent wakes up
with a certain probability. Further, in Pu & Nedid| (2018)), when the step-size is diminishing, the convergence
rate is that of O(%) Xin et al.| (2019)) employ a gradient-tracking algorithm for agents communicating
over a strongly-connected graph. [Pu (2020]) introduces a robust gradient-tracking method (R-Push-Pull)
in the context of noisy information exchange between agents and with a directed network topology. |Lul
et al| (2019) propose a gradient-tracking based nonconvex stochastic decentralized (GNSD) algorithm for
nonconvex optimization problems in machine learning, and they fulfill a convergence rate of O(ﬁ) under
constant step size.

On the other hand, ZO methods are known to have worse convergence rates than their FO counterparts
under the same conditions. For example, under a convex centralized setting, Flaxman et al. (2004) prove a
regret bound of O(k?) (or equivalently a rate of O(%)) with a one-point estimator for Lipschitz continuous
functions. For strongly convex and smooth objective functions, Hazan & Levy| (2014) and [Ito| (2020) improve
upon this result by proving a regret of O(y/klog k) and [Bach & Perchet| (2016)) that of O(v/k). In the work
of |Agarwal et al. (2010), when the number of points is two, they prove regret bounds of O(vk) with high
probability and of O(log(k)) in expectation for strongly convex loss functions. When the number is d + 1
point, they prove regret bounds of O(vk) and of O(log(k)) with strong convexity. The reason why the
performance improves with the addition of number of points in the estimate, is that their variance can be
bounded, unlike one-point estimates whose variance cannot be bounded (Liu et al., |2020)). However, when
the function queries are subjected to noise, multi-point estimates start behaving like one-point ones. In noisy
function queries (centralized) scenario, it has been proven that gradient-free methods cannot achieve a better
convergence rate than Q(ﬁ) which is the lower bound derived by |Duchi et al.| (2015]); \Jamieson et al.| (2012]);
Shamir| (2013)) for strongly convex and smooth objective functions. In the work of Bubeck et al.| (2021)), a
kernelized loss estimator is proposed where a generalization of Bernoulli convolutions is adopted, and an
annealing schedule for exponential weights is used to control the estimator’s variance in a focus region for
dimensions higher than 1. Their method achieves a regret bound of O(vk).

In distributed settings, [Tang et al| (2021) develop two algorithms for a noise-free nonconvex multi-agent
optimization problem aiming at consensus. One of them is gradient-tracking based on a 2d-point estimator
of the gradient with vanishing variance that achieves a rate of O(%) with smoothness assumptions and a
linear rate for an extra v-gradient dominated objective assumption and for fixed step sizes. The other is based
on a 2-point estimator without global gradient tracking and achieves a rate of O( ﬁ log k) under Lipschitz

continuity and smoothness conditions and O(%) under an extra gradient dominated function structure.

We summarize all the mentioned convergence rates from the literature in Table [T}

1.4 Contributions

While the gradient tracking method has been extended to the ZO case (Tang et all 2021)), the approach
followed by Tang et al.| (2021) relies on a multi-point gradient estimator. It also assumes a static objective
function devoid of any stochasticity or noise in the system. However, real-world scenarios often involve
various sources of stochasticity and noise, such as differing data distributions among devices, perturbations
in electronic components, quantization errors, data compression losses, and fluctuations in communication
channels over time. Consequently, static objective functions become inadequate for realistic modeling. More-
over, the multi-point estimation technique assumes the ability to observe multiple instances of the objective
function under identical system conditions, i.e., many function queries are done for the same realization of .S
in and . However, this assumption needs to be revised in applications such as mobile edge computing
(Mao et al.| 2017} [Chen et al.; 2021; |Zhou et al.| |2022)) where computational tasks from mobile users are
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offloaded to servers within the cellular network. Thus, queries requested from the servers by the users are
subject to the wireless environment and are corrupted by noise not necessarily additive. Other applications
include sensor selection for an accurate parameter estimation (Liu et al., |2018) where the observation of
each sensor is continuously changing. Thus, in such scenarios, one-point estimates offer a vital alternative to
solving online optimization/learning problems. Yet, one-point estimators are not generally used because of
their slow convergence rate. The main reason is due to their unbounded variance. To avoid this unbounded
variance, in this work, we don’t use the estimate given in , we extend the one point approach in |Li &
Assaad| (2021))’s work where the action of the agent is a scalar and different agents have different variables,
to our consensual problem with vector variables. The difference is that in our gradient estimate, we don’t
divide by . This brings additional challenges in proving that our algorithm converges and a consensus can
be achieved by all agents. And even with bounded variance, there’s still a difficulty achieving good con-
vergence rates when combining two-point estimates with the gradient tracking method due to the constant
upper bound of the variance (Tang et al.| |2021)). Here, despite this constant bound, we were able to go
beyond two-point estimates and achieve a linear rate. Moreover, while it requires 2d points to achieve a
linear rate in Tang et al.| (2021))’s work, which is twice the dimension of the gradient itself, here we only need
one scalar point or query. This is much more computationally efficient. We were also able to prove that this
same method without the gradient tracking step converges linearly to a neighborhood of the optimum with
Z0 information, which has not been done before with that method.

We summarize our contribution in the following points,

e We consider smooth and strongly convex local objectives, and we extend the gradient-tracking
algorithm to the case where we do not have access to the gradient in the noisy setting. We also
extend another consensus-based distributed algorithm to the same setting.

e Under the realistic assumption that the agent only has access to a single noisy function value at
each time without necessarily knowing the form of this function, we propose a one-point estimator
in a stochastic framework.

e Naturally, one-point estimators are biased with respect to the true gradient and suffer from high
variance (Liu et all 2020)); hence, they do not match the assumptions for convergence presented by
Tang et al. (2021)); [Pu & Nedid (2018); Xin et al.| (2019); [Pul (2020)); [Lu et al.| (2019). However,
in this work, we analyze and indeed prove the algorithm’s convergence almost surely with a biased
estimate. This convergence is stronger than expected convergence analysis usually established for
Z0 optimization. We also consider that a stochastic process influences the objective function from
one iteration to the other, which is not the case in the aforementioned references.

e We then study the convergence rate and we demonstrate that with fixed step sizes, the algorithm
achieves a linear convergence rate O(o") to a neighborhood of the optimal solution, marking the
first instance where this rate is attained in ZO optimization with one-point/two-point estimates and
in a noisy query setting, to the best of our knowledge. This linear rate competes with FO methods
and even centralized algorithms in terms of convergence speed (Pu & Nedid, 2018).

e More interestingly, our proof can be used to analyze the convergence of other distributed ZO methods.
For instance, we prove that other consensus-based methods can achieve linear convergence rates with
single-point ZO estimates. This shows that, in general, single-point methods can converge at a linear
rate to a neighborhood of the global optimum. We re-emphasize that this is the first time such a
convergence rate has been established.

o When the step-sizes are vanishing, we prove that a rate of O(ﬁ) is attainable to converge to an exact

solution after a sufficient number of iterations k > K. This rate satisfies the lower bounds achieved
by its centralized counterparts in the same derivative-free setting (Duchi et al.,|2015;|Jamieson et al.,
2012; |Shamir} 2013)).

« We then show that a regret bound of O(v/k) is achieved for this algorithm.

e Finally, we support our theoretical claims by providing numerical evidence and comparing the algo-
rithm’s performance to its FO and centralized counterparts.
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The rest of this paper is divided as follow. In subsection we present the mathematical notation followed
in this paper. In subsection we present the main assumptions of our optimization problem. We then
describe our gradient estimate followed by the proposed algorithms in subsection [2.1] We then prove the
almost sure convergence of our first algorithm in subsection [3.1] and study its rate in subsection [3.2] with
varying step sizes. In subsection [3.3] we find its regret bound. And in subsection [3.4] we consider the case
of fixed step sizes, study the convergence of our algorithm and its rate. In section [d we re-establish all our
results for the second algorithm. Finally, in section [5] we provide numerical evidence and conclude the paper
in section 6l

1.5 Notation

In all that follows, vectors are column-shaped unless defined otherwise and 1 denotes the vector of all entries
equal to 1. For two vectors a, b of the same dimension, (a,b) is the inner product. For two matrices A,
B € R™?, we define

(4, B> = Z<AZ’ B;)
i=1
where A; (respectively, B;) represents the i-th row of A (respectively, B). This matrix product is the Hilbert-
Schmidt inner product which is written as (4, B) = tr(ABT). |.|| denotes the 2-norm for vectors and the
Frobenius norm for matrices.

We next let () denote the Euclidean projection of a vector on the set . We know that this projection
on a closed convex set K is nonexpansive (Kinderlehrer & Stampacchial (2000]) - Corollary 2.4), i.e.,

Mk () — T ()| < Jle =o', Va,2" € RY. ()

We assume that each agent i maintains a local copy x; € K of the decision variable and another auxiliary
variable y; € R? (considered only in the gradient tracking method) and each agent’s local function is subject
to the stochastic variable S; € R™. At iteration k, the respective values are denoted as x; k, ¥; %, and S; .
Bold notations denote the concatenated version of the variables, i.e.,

X = [z1,T2,...,2,]7 and y := [y1, 2, ..., yn]" are of dimension n x d,

and S :=[S1, 5, ..., Sn]T of dimension n X m.
We then define the means of the previous two variables as r := %ITX and y := %1Ty of dimension 1 x d.

We define the gradient of F; at the local variable VF;(x;) € R and its Hessian matrix V2F;(z;) € R4*4 and
we let
VE(x) = [VFi(21), VF(x3), ..., VF,(x,)]" € R™?

and

g = g(x, S) = [gl(xla Sl)aQZ(x% 52)7 v 7gn(xn7 SnﬂT € RnXd'

We define its mean g := %ng € R'™™? and we denote each agent’s gradient estimate at time k by Gik =
9i (i1, Sik)-

1.6 Basic Assumptions

In this subsection, we introduce the fundamental assumptions that ensure the performance of the 1P-DSGT
algorithm.

Assumption 1.1. (on the graph) The topology of the network is represented by the graph G = (N, E) where
the edges in E C N X N represent communication links. A graph G is undirected, i.e., (i,7) € € iff (j,1) € €,
and connected (there exists a path of links between any two agents).

W = [w;;] € R™*™ denotes the agents’ coupling matriz, where agents i and j are connected iff w;; = wj; > 0
(w;; = wj; = 0 otherwise). W is a nonnegative matriz and doubly stochastic, i.e., W1 =1 and 1TW =17,
All diagonal elements w;; are strictly positive.
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Assumption 1.2. (on the objective function) We assume the existence and the continuity of both V F;(x)
and V2F;(z). Let z* € K denote the solution of the problem , then VF;(z*) =0 and det(VZF;(z*)) > 0,
Vi € N. To ensure the existence of x*, we let F;(x) be \;-strongly convex for all i € N. Then, F(x) is also
strongly conver with A = % S A >0 and

(VF(z),z —2*) > |z — 2*||?, Vz € K.
We further assume the boundedness of the local Hessian where there exists a constant ¢y € RT such that
HVQFl(l‘)HQ <ci, Vo € ’C,VZ S N,

where here it suffices to the spectral norm (keeping in mind for a matriz A, ||A|l2 < ||A||r).
Assumption 1.3. (on the additive noise) (. is a zero-mean uncorrelated noise with bounded variance,
where E(Gix) = 0 and E((}),) = c2 < o0, Vi € N.

Lemma 1.4. (Qu & Li, [2018) Let p,, be the spectral norm of W — %11T. When Assumption is satisfied,
we have the following inequality

1
[Ww — 10| < pullw — 10|, Yo € R and © = =17 w,
n

and p,, < 1.

Lemma 1.5. (Pu & Nedid, |2018) Define h(x) := %1TVF(X) € R, Due to the boundedness of the second
derivative in Assumption[I.3, there exists a scalar L > 0 such that the objective function is L-smooth, and

IVF@) - h(x)] < %Hx 1z

Proof: See Appendiz [4]

2 Distributed Stochastic Gradient Methods

We propose to employ a zero-order one-point estimate of the gradient subject to the stochastic process S
and an additive noise ¢ while a stochastic perturbation and a step size are introduced, and we assume that
each agent can perform this estimation at each iteration. To elaborate, let g; ;, denote the aforementioned
gradient estimate for agent i at time k, then we define it as

gik = Pipfi(zin + Pk, Six)

(6)
=0, n(filzig +7Pik, Sik) + Cik),

where 3 > 0 is a vanishing step size and ®; , € R? is a perturbation randomly and independently generated
by each agent i. g;\ is in fact a biased estimation of the gradient VF;(x; 1) and the algorithm can converge
under the condition that all parameters are properly chosen. For clarification on the form of this bias and
more on the properties of this estimate, refer to Appendix

2.1 The Algorithms

The first algorithm is a distributed stochastic gradient-tracking method denoted as 1P-DSGT employing the
gradient estimate presented in @ Every agent ¢ initializes its variables with an arbitrary valued vector
240 € K and y; 0 = gi,0. Then, at each time k € N, agent ¢ updates its variables independently according to
the following steps:

n
Zikr = Y Wi (T 5 — ki)
=1
Zi k1 = Ui (Zip41)
perform the action: z; x+1 + Ve+1Pi k1

n
Yik+1 = Z WiiYjk + 9ik+1 — Gik
j=1
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where ay > 0 is a vanishing step size. Algorithm (7)) can then be written in the following compact matrix
form for clarity of analysis:

zpp1 = W(xe — aryr)

T
Xk+1 = [xl,kJrl» T2 k415> xn,k+1]
perform the action: xg41 + V+1Prr1

Vi1 = Wyr +grr1 — 8k
where @), € R"*? is defined as ®; = [®1 1, Pak, ..., Pk’ .

As is evident from the update of the variables, the exchange between agents is limited to neighboring nodes,
and it encompasses the decision variable x;; and the auxiliary variable yj1.

By construction of Algorithm , we note that the mean of the auxiliary variable y is equal to that of the
gradient estimate gy at every iteration k since yg = gg, and by recursion, we obtain y; = %1Tgk = gk.

We next remark the effect of the gradient estimate variance on the convergence by carefully examining the
steps in . Naturally, when the estimates have a large variance, the estimated gradients can vary widely
from one sample to another. This means that the norm of yj41, which is directly affected by this variance,
may also grow considerably. As xj.1 itself is affected by yy, it may then take longer to converge to the
optimal solution because it cannot reliably discern the direction of the steepest descent. In the worst case,
the huge variance causes instability as the optimizer may oscillate around the optimum or even diverge if
the variance is too high, making converging to a satisfactory solution difficult. In this work, we use the
fact that the local functions and the noise variance are bounded to prove that the variance of gradient
estimate presented in (@ is indeed bounded. This boundedness, alongside the properties of the matrix W in
Assumption allows us to find then an upper bound on the variation of yj41 with respect to its mean at
every iteration. The latter result can be verified by inductive reasoning: The mean of the auxiliary variable
is already bounded, assume one iteration of y; to be bounded, then yx,1 must be bounded. We provide all

the details in Appendices and

We then consider another zero-order stochastic consensus-based algorithm without gradient tracking we
denote as 1P-DSG employing again the gradient estimate g; ; in @ Every agent ¢ initializes its variables
with an arbitrary valued vector x; o € K computes g; o at that variable. Then, at each time k € N, agent ¢
updates its variables independently according to the following steps:

n
Zik+1 = E wi; (Tj 6 — kG k)
=1

Zig+1 = Ux (2 k+1)
perform the action: z; x+1 + Ve+1Pi k1

where ay > 0 is again a step size. Algorithm @ can then be written in the following compact matrix form
for clarity of analysis:

z+1 = WXk — axgr)
Xkt 1 = [T1 01, T2k41s - - - Trofo1] (10)
perform the action: xg11 + Vi+1Prr1

where ®;, € R"*? is again defined as ®;, = [® 1, Po,..., Pnil’.

The following assumptions apply to both algorithms and the first assumption is only taken into account
when we study the algorithms’ behavior with varying step sizes, otherwise it is dropped.

Assumption 2.1. (on the step-sizes) Both oy and i vanish to 0 as k — oo, and satisfy the the following

sums
oo o0 oo
E gy = 00, E aﬁ < 00, and E ak'y,z < 0.
k=1 k=1 k=1
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Assumption 2.2. (on the random perturbation) Let ®; . = (¢} 1, 674, - - - (bﬁk)T.

Fach agent ¢ chooses its ®; ;, vector independently from other agents j # i. In addition, the elements of ®; 4,

are assumed 1.i.d with ]E((;Silkdaﬁzk) =0 for di # do and there exists cg > 0 such that ]E(gb?jc)Q = c3, Vd;, Vi,
almost surely. We further assume that there exists a constant c4 > 0 where ||®; || < ca, Vi, almost surely.

Example 2.3. One ezample is to take o = ag(k+ 1) and v, = vo(k 4+ 1)~v2 with the constants ag, Yo,
v1, g € RT. As 302 auyy diverges for vi+ve <1, 377 ai converges for vy > 0.5, > 27 agYi converges
for vy +2vs > 1, and Zzozl ai’y,%(k +1)2 converges for 2v1 + vy > %, we can find pairs of v1 and vy so that
Assumption [2.1] is satisfied.

To achieve the conditions in Assumption we can choose the probability distribution of ¢?’Jk to be the

symmetrical Bernoulli distribution where ¢ € {—ﬁ, ﬁ} with ]P’(q’)i"}€ = —ﬁ) = IP’(ngfﬁ€ = %) = 0.5, Vd;,
Vi.

Assumption 2.4. (on the local functions) K is a compact convex set and all local functions x — f;(x,S)
are bounded on the cy4yg-neighborhood of IC, i.e.,

|fi(x,S)] < 00, V& € N¢ysy(K),VS € R™, Vi € N,
where Ne,qy (K) = {x € RY|inf,ex |7 — al| < cav0} is the caryo-neighborhood of K.

3 The 1P-DSGT Algorithm With Gradient Tracking
In this section, we analyze Algorithm 1P-DSGT presented in @ and .

3.1 Convergence Results

The goal of this part is to analyze the asymptotic behavior of Algorithm . We start the analysis by defining
Hj as the history sequence {xg, Yo, S0, - .., Tk—1,Yk—1, Sk—1, T} and denoting by E[.|H] as the conditional
expectation given Hy.

We define g to be the expected value of g with respect to all the stochastic terms S, ®, ¢ given Hy, i.e.,

gk = Es e ¢[gk[Hk].
In what follows, we use g = E[gx|H] for shorthand notation.
We define the error ey to be the difference between the value of a single realization of g; and its conditional
expectation g, i.e.,
ek = gk — Gk,
where e can be seen as a stochastic noise. The following lemma describing the vanishing of the stochastic
noise is essential for our main result.

Lemma 3.1. If all Assumptions and[2.4] hold, then for any constant v > 0, we have
K/
P( lim sup || Z agegl| >v) =0, Yv > 0.
K—oo gi>K
=8 k=K
Proof: See Appendiz[Q
For any integer k£ > 0, we define the divergence, or the error between the average action taken by the agents

T, and the optimal solution x* as
d = ||z — =¥ (11)

The following theorem describes the main convergence result.

Theorem 3.2. If all Assumptions and [24) hold, then as k — oo, dy — 0, T, — z*, and
Ti g — Ty, for alli € N, almost surely by applying the Algorithm.

Proof: See Appendiz[D}

10
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3.2 Convergence Rate with Vanishing Step Sizes

This part deals with how fast the expected divergence vanishes to find the proposed algorithm’s expected
convergence rate. To do so, we define the expected divergence as

Dy = E[|zx — 2]

The goal is to bound this divergence from above by sequences whose convergence rate is known. The analysis
is highly associated with the parameters o and 7, that play a significant role in determining this upper
bound. Hence, in what follows, the analysis starts with a general form of «aj and 7y, then a particular case
is considered.

3.2.1 General Form of a; and

We first study the rate of convergence of the consensus error by introducing the following lemma.

Lemma 3.3. Let Assumptions and[2] hold. Define

Ky = argmin k.

2
Ypt1 1402
> 2
o

k

Then, for k > Ky, there exist 0 < ¥1,%2 < 00, such that

Ixx — 12 ||* < 9303 and |ze1 — 134])* < 930;. (12)

Proof: Refer to Appendiz[D.3

Our main result regarding the convergence rate is summarized in the following theorem.

Theorem 3.4. Let Assumptions and [2] hold. We then define the constants A = Acs,
292 2 6
BZQC3L191 O = &% E:&
An 7 2c3 A’ n’

Ky = argmin k, and Ky = max{K;, K2}
Aapyr <1

We finally define the following parameters:

(k4142
Kk = M, 01 = max Kg, O = max “—E, 03 = max 2k,
CkYk k> Ko k>Ko Tk k>Ko Tk
(13
_ oy _ — _ 74
T = a0 04= Ig% Tk, Op = ]ga% Yk, 06 = 1?21% -
If kp, < A for any k > Ky, then
Dy < a7k, Yk > Ko, (14)
with
Dy, Bos+ Eoz+C
§12max{7%(07 Ao : (15)
0
If 1, < A for any k > Ky, then
e
Dy <@, ¥k = Ko, (16)
with
D B C E
G > maX{ Z°7K°7 USZ 26 i } (17)
Ko — 04

Proof: See Appendiz[E71}

11
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3.2.2 A Special Case of o and
We now consider the special case mentioned in Example

ap = 040(]{/’ + 1>_U1 and Y = '70(k + 1)_U27 (18)
where 0.5 < vy < 1,0 < vy <1—wq, and v1 + 2v9 > 1.
Theorem 3.5. Let v, and 7, have the forms given in (@ and consider the same assumptions of Theorem
. If apyo > max{2vq,v1 — v2}/A, then we can say that there exists T < oo, where

Dy < Y(k+ 1) minlZvnvi=vad tyg > jg
Proof: See Appendiz[E-J}

The parameters clearly affect the upper bound of the convergence rate or rate of expected divergence decay
in Theorem As it is evident that

max{ng,Ul — Ug} S 0.5,

the best choice is when equality holds for v; = 0.75 and v, = 0.25. With the sufficient condition on the
parameters in Theorem [3.5] we can finally state that our algorithm converges with a rate of O( ﬁ) after a
sufficient number of iterations k > Ky when the step sizes are vanishing.

3.3 Regret Bound

To further examine the performance of our algorithm, we present the following theorem on the achieved
regret bound.

Theorem 3.6. Let the assumptions of Theorem hold. When ay and vy have the forms of (@ with
vy, = 0.75 and vy = 0.25, the regret bound is given by

n

K n
]E|:1 Fz(l‘,7]€)—FIL(I*) SO(\/K)
k=11=1

Proof: See Appendiz[F]

3.4 Convergence Rate with Constant Step Sizes

In this subsection, we fix the step sizes to ay = a > 0 and v, = v > 0, Vk > 0, and we assume them to

2c3L? C = cic§
An T 2c3\?

R = ||x¢ —1%¢||?. Welet M and G denote the upper bounds on ||gx||? and ||y — 1ix||, respectively. We then

2
let Gy = 2ELGHnMIA40) apq G, = (p2,G? + nM)((Hp?”) + 1+p’2“>. We finally define o1 = 1 — Aary

be two arbitrarily small values. We also define the following terms, A = Acz, B = and

(1-p3,)? 1-p3, 1-p3,
and go = 71+2pﬁ,.
Theorem 3.7. Assume oy < % and o < 7. Let Assumptions and hold, then

[%kt1 — 1Zp11]? < 5T R+ 02Gy and ||z — 174> < 05T R 4 oGy, (19)

Meaning, ||xp+1 — 1Zp41||*> converges with the linear rate of O(ok) for an arbitrary small o almost surely.
Further,

« When 01 < 02,

o2
2R(Ba’y + n) , BG, 9@ ,C (20)

D <k+1D k+1 )
e By oy w i Ry S

Then, for arbitrary small step sizes, Dy converges with the linear rate of O(gg).

12
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« When o1 > 02,

2RBay + ez BG aG C
Djes1 §Q§+1(Do+—1i2Aa7722)+a2 e +;ﬁ +77 . (21)
w
of)-

Then, for arbitrary small step sizes, Dy, converges with the linear rate of O(

Proof: See Appendiz[G

Taking arbitrarily small values of «, ~ satisfying avy < % and a < v, and setting o = max{o1, 02}, the
convergence rate becomes O(o*), achieving the same rate as the gradient tracking technique with FO infor-

madtion.

4 The 1P-DSG Algorithm Without Gradient Tracking

In this section, we analyze Algorithm 1P-DSG presented in @[) We prove that the previous convergence
results and rates are conserved for the same one-point estimator.

Theorem 4.1. Let all Assumptions (when the step sizes are vanishing), and hold.

Then, Algorithm (@ converges almost surely, and it achieves, in expectation, the rates of convergence

. O(\/LE) to the optimum for ax = ag(k +1)7%7 and v, = o (k +1)7%% with agyo > ﬁ,

e O(0") to a neighborhood of the optimum for ay = a and v, = v with ay < ﬁ and o < 7.
Proof: See Appendiz [H|

5 Numerical Results

In this section, we provide numerical examples to illustrate the performance of the algorithms 1P-DSGT and
1P-DSG without GT. We compare them with FO distributed methods aiming to achieve consensus, namely
DSGT (Pu & Nedid, 2018]) and EXTRA (Shi et al.,|2015), and a ZO centralized algorithm based on gradient
descent (e.g. [Flaxman et al.| (2004) and Bach & Perchet| (2016))) using another one-point estimate which is
presented in . We denote the ZO centralized algorithm by 1P-GD. For DSGT and EXTRA, we calculate
the exact gradient and add white noise to it to form an unbiased FO estimator. The network topology is a
connected Erdos-Rényi random graph with a probability of 0.05.

We consider a logistic classification problem to classify m images of the two digits, labeled as y;; = +1 or
—1 from the MNIST data set (LeCun & Cortes, [2005). Each image, X;;, is a 785-dimensional vector and
is compressed using a lossy autoencoder to become 10-dimensional denoted as X{j, i.e., d = 10. The total
images are split equally among the agents such that each agent has m; = * images and no access to other
ones for privacy constraints. However, the goal is still to make use of all images and to solve collaboratively

I gn 1
in—> —> E,. In(1 —uijyij XiT 2
ro%l}cl nim u~N(1,04) n(1 + exp(—ui;yij ij 0)) + cll0]%,
while reaching consensus on the decision variable § € K with K = [~10,10]¢. We note here that u models

some perturbation on the local querying of every example to add to the randomization of the communication
process.

We consider classifying the digits 1 and 2 with m = 12700 images. There are n = 100 agents in the network
and thus each has a local batch of m; = 127 images. We take o, = 0.01 and let a; = 0.05(k + 1)7%7 and
Y& = 0.8(k +1)7%25 for 1IP-DSGT and 1P-DSG without GT with vanishing step sizes, and o = 0.05 and
v = 0.6 with constant step sizes. We choose ®;, € {—%, %}d with equal probability. Also, every function
query is subject to a white noise generated by the standard normal distribution. For the general DSGT

13
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algorithm, we set the step size to ay = 0.015(k + 1)~! when it is vanishing and o = 0.015 when constant,
and we do not consider the perturbation on the objective function nor the noise on the objective function,
only the noise on the exact gradient. Similarly for EXTRA and we set its step size to & = 0.01. For the
centralized 1P-GD algorithm, we set @ = 0.001 and v = 0.5. We let ¢ = 0.1, and the initialization be the
same for both algorithms, with 6; ¢ uniformly chosen from [—0.5,0.5]%, Vi € N, per instance. We finally
average the simulations over 30 instances.

The expected evolution of the loss objective function is presented in Figure[[|and the graphs are zoomed in on
in Figure[2] Experimental results seem to validate our theoretical results: Our proposed algorithms converge
linearly fast with constant step sizes, however the final gap is due to converging to an O(«)-neighborhood
of the optimal solution. 1P-DSGT and 1P-DSG with vanishing step sizes converge with an O(ﬁ) while

DSGT with vanishing step size converges at a rate of O(%) (Pu & Nedié, 2018). Using constant vs vanishing
step size does not seem to affect the convergence rate of the loss function of DSGT. EXTRA consistently
performs similarly to DSGT. The most interesting point is that 1P-DSGT and 1P-DSG, with vanishing and
constant step sizes, outperform the centralized ZO counterpart 1P-GD to an impressive extent highlighting
the significance of our proposed estimate and methods. We also note that 1P-GD fluctuates a lot due to
the division by the small value « in the gradient estimate, which causes instability and difficulty in tuning
generally. Finally, the gradient tracking step differentiating 1P-DSGT and 1P-DSG seems to have a minor
effect on the convergence rate between the two algorithms, as both perform consistently and similarly well.

—=- 1P-DSGT with vanishing step sizes —=- 1P-DSGT with vanishing step sizes
—— DSGT with vanishing step size —— DSGT with vanishing step size
1509 —-= 1P-DSGT with constant step sizes 1501 —-= 1P-DSGT with constant step sizes
DSGT with constant step size DSGT with constant step size
12.5 4 —»— EXTRA with constant step size 12.5 —— EXTRA with constant step size

1P-GD with constant step sizes
1P-DSG without GT with vanishing step sizes
----- 1P-DSG without GT with constant step sizes

1P-GD with constant step sizes
1P-DSG without GT with vanishing step sizes
-+ 1P-DSG without GT with constant step sizes

Train Loss Evolution
Train Loss Evolution

2.5 44\ 2.5 1 \\\""L..,
i D it S A SR
0.0 - e e e 0.0 ——
(I) 260 460 660 860 lUbU 6 2‘0 4‘0 Bb Bb 160
Iteration Iteration
Figure 1: Expected loss function evolution of the Figure 2: Expected loss function evolution of the
proposed algorithms vs. DSGT, EXTRA, and proposed algorithms vs. DSGT, EXTRA, and
1P-GD considering vanishing vs. constant step 1P-GD considering vanishing vs. constant step
sizes. sizes.

In Figure [3] we measure at every iteration the classification accuracy against an independent test set of
2167 images using the updated mean vector ), = %2?21 0; 1 of the local decision variables. The interest
of the constant step sizes appears in the convergence rate of this accuracy, where our algorithms 1P-DSGT
and 1P-DSG are able to compete with DSGT with full FO information, and to outperform DSGT with a
vanishing step size. This is an important result as it shows that the classification goal with ZO is well met
despite the limiting upper bounds of convergence rate and that O(«)-neighborhood of the optimal solution
achieved linearly fast can be sufficient to achieve the best possible accuracy.

The reason for this better accuracy attainment is generally because the constant step-size version of a gradi-
ent method often achieves better generalization performance due to its ability to find a good balance between
exploration and exploitation during the optimization process. In other words, it allows the algorithm to ex-
plore a wide range of parameter values while still exploiting gradients to make consistent progress toward the
optimal solution. This balance enhances the model’s ability to capture the underlying structure of the data
and avoid overfitting. While a vanishing step size version also offers this balance at the beginning, as the step
sizes become smaller, the exploration is substituted for exploitation, causing worse/slower generalization.
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104 This is well confirmed by the centralized 1P-GD
' vs 1P-DSGT (and 1P-DSG) with vanishing step
sizes. Despite the latter outperforming the first
in convergence speed (of the objective function),
the first with constant step sizes seems to gener-
alize better.
In Figures [ [5 and [6] the curves are those of
the evolution of the expected consensus error, or
E[>0, 0ix — 0k|?] which is the expected er-
& 1POSG withou GT with :::isst';':tgszzp;:s ror between the local decision variables and their
05 — - s - — average. For all algorithms, the error again vali-
reration dates the theoretical bounds and decreases quite
fast. Generally, as evident in Figure|[]for all algo-
rithms, vanishing step sizes allow the consensus
error to completely vanish while constant step
sizes leave an O(a?)-gap.

-

=
o
L

o
o
N

—=- 1P-DSGT with vanishing step sizes

—— DSGT with vanishing step size

—-= 1P-DSGT with constant step sizes
DSGT with constant step size

g —»— EXTRA with constant step size

4: 1P-GD with constant step sizes

o
~
h

Expected Accuracy Evolution

e
o
L

Figure 3: Expected test accuracy evolution of the
proposed algorithms vs. DSGT, EXTRA, and
1P-GD considering vanishing vs. constant step
sizes.

Figures and|§| show the evolution of the expected gradient tracking error, or E[||yx — 1%x/|?] (replaced by
E[llgr — 1gk|?] for 1P-DSG and EXTRA) which is the expected error between the auxiliary local variables
(agents’ gradients/estimates for 1P-DSG and EXTRA) and their average. Despite not knowing the theoret-
ical constants that bound the tracking error of all these algorithms, we see that the final error attained by
the ZO gradient is much smaller than that of the FO one no matter the step sizes. This shows in a sense
that the ZO gradient is "easier to track" across network agents.

We add other numerical examples for different image labels in Appendix [I}
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DSGT with constant step size
—— EXTRA with constant step size
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Figure 4: Expected consensus error evolution of
the proposed algorithms vs. DSGT and EXTRA
considering vanishing vs. constant step sizes.

Figure 5: Expected consensus error evolution of
the proposed algorithms vs. DSGT and EXTRA
considering vanishing vs. constant step sizes.

6 Conclusion

In this work, we extended the gradient-tracking algorithm to present a practical solution to a relevant
problem with realistic assumptions. A distributed stochastic gradient-tracking algorithm was studied and
proved to converge with a biased and high variance one-point gradient estimate and a stochastic perturbation
on the objective function. In the context of noisy ZO optimization, we have successfully established a linear
convergence rate of O(¢*) using fixed step sizes and O(ﬁ) with vanishing step sizes. We then extend
these rates to another distributed ZO method, which suggests that these rates can be extended to other ZO
methods. These rates align with the optimal expectations examined in the existing literature. We also prove
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a regret bound that of O(\/E) with vanishing step sizes. A numerical application confirmed the success and
efficiency of the algorithms.

30000
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DSGT with constant step size DSGT with constant step size
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Figure 6: Expected consensus error evolution of Figure 7: Expected gradient tracking error evo-
the algorithms. lution of the proposed algorithms vs. DSGT and
EXTRA considering vanishing vs. constant step
sizes.
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Figure 8: Expected gradient tracking error evo- Figure 9: Expected gradient tracking error evo-
lution of the proposed algorithms vs. DSGT and lution of the algorithms.
EXTRA considering vanishing vs. constant step
sizes.
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A L-Smoothness Property

IVF(Z) = h(x)|

1

where (a) is by applying the Cauchy-Schwarz inequality, |S"  a; - 1| < (X0 a2)z - (30, 1%)7 =
n2 (3", a2)7, and (b) is by definition of the Frobenius norm, [|x — 1|2 = 320", [|lz; — Z||2.

B Estimated Gradient

In this section, we derive the bias of the gradient estimate with respect to the real gradient of the local
objective function. Let

ik = Es.oclgik|He]-
Thus, by Assumption and the definition in ,

Gie = Esa,¢[Pin(fi(@in +Pik: Sik) + Gik) | Hi)
=FEga[Pirfi(@ir +7Pik, Sik)|Hl
=Ea [P p Fi(zin + 7Pk ) [Hi]-
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By Taylor’s theorem and the mean-valued theorem, there exists &; ; located between z; ;, and z; 1 + Ve Pi

where )

Fi(zik +7%Pik) = Fi(zi) + 76 (Pik, V(i 1)) + %<¢i,ka V2Fi(i1)®i k),

substituting in the previous definition,
2

Gik = Fi(2i)Eo[®i k] + Ea (@i k@] ]V F; (2 k) + %Etb[q)i,kq)z:kszi(fi,k)q)i,k|Hk]

= c37k[VE; (@ik) + bigl.

Thus, the estimation bias has the form
Jik
@

:2 E@[ qu)TkV2 i (Zik)®
c3

Let Assumptions [I.2] and 2.2 hold. Then, we can bound the bias as

bix = — VFi(zix)

]-

1be.kll < fﬂf@[\\@zkllzllfb sll2IV2F: (Zi0) 2|, ]

3
C4Cl
< Yk 5

cs

We can see ||b; || — 0 as k — oo since vy, is vanishing. We remark that

Jr = E[gr|Hy]

1 n
== ElgixlHs]
n =1

o 2
= > sk VFi(win) + bik]
i=1
= cai[h(xx) + bi]
is also a biased estimator of h(xy) with
- 1<
Bl = 12 3 bl
i=1
1 n
< Z 116,
=1 (23)
1 & ciey
“n p T 2c3
- cicl
Ik 203 '

Lemma B.1. Let all Assumptions and hold, then there exists a bounded constant M > 0, such
that E[||gx||?|Hx] < M.
Proof. Vi € N, we have
Elllgi i l*[He] = El|®i 5 (filin + @i Sik) + Gip) 12 [Ha]
= K[| |1* | fi (@i x + Ve Pik, Sie) + Ciell*|H]

(a)
< AE[(fi(@ig + 1Pk, Si) + Cik)? M)

b)
( 2E[f (xl k + 7k¢1 ka i k)|Hk] + 6402
()

< 00,
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where (a) is due to Assumption [2.2] (b) Assumption and (c) Assumption [2.4]
Then, E{|gel|*[He] = B[ 7y lgisll2[He] = 7y Elllgerl*[#] < oo and

AR [ES SPEN
i=1
e
i=1
E]E{zn: ||gz‘,k||2‘7{k}
i=1

n

== > Ellgisl*[H]
i=1

S| =

<0Q0.

C Stochastic Noise

To prove Lemma we begin by demonstrating that the sequence {ZkK:I K Qe >k is a martingale. To
do so, we have to prove that for all K’ > K, X/ = Zf: K ey, satisfies the following two conditions:

(i) E[X k41| Xk/] = Xk
(i) E[[| Xx 1] < o0
We know that
Elex] = E[gi — E[gu/Hal] = Er, [E|5i — E[ge[Hal[ 1] | = 0
by the law of total expectation. Hence,

/ I K/
E[Xk 1| Xk] = E[CVK/H@K’H + Z Oékek‘ Z Olkek} =0+ Z arer = Xk. (24)
k=K k=K

In addition, ey and ey are uncorrelated for any k # k' since (assuming k > k') E[el e/ ]| = E[E[e] e [Hi]] =
E[er Elef [Hy]] = 0. Thus,

/ /
E(|| Z ager||?) Z Z oo (e, ex))

k=K k'=
K/

(@)
= E(Y axer?)

< > E(kllge — ElgrlHi]lI?)
k=K (25)

= > RE(I36]*) — Ea, (1Elg|Hall®)
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where (a) is due to the uncorrelatedness E[{ex, ex/)] = 0, (b) is by Lemma and (c) is by Assumption

Therefore, both (i) and (ii) are satisfied and we can say that {Zk % akek}K/>K is a martingale. This
permits us to use Doob’s martingale inequality [Doob| (1953]):

For any constant v > 0,

Sup [ Z akexl| = v) E(| Z arer||?)
(@) 2
< Z e
k=K

where (a) is following the exact same steps as ([25)).

Since M is a bounded constant and limg oo ) pojai = 0 by Assumption we get

limg o0 24 3777 a7 = 0 for any bounded constant v. Hence, the probability that | S arer]| > v
also vanishes as K — oo, which concludes the proof.

D Proof of Convergence

We start by stating the following lemma that will be useful for the proof of convergence.

Lemma D.1. If all Assumptions and hold, then limy_, oo [|xx — 1Z||* = 0. In fact, we
have

oo o0 o0
Z % — 124]|* < oo, Z |Zk+1 — 12 |* < oo, and Z%akﬂxk — 12| < o0,
k=0 k=0 k=0

almost surely.
Proof: See Appendiz[D-3
D.1 Proof of Theorem

We know that y = gj since

(@)

_ 1 _ _ _
Urt1 = ElT(WYk + 81— 8k) = — 17 (Y + 81 — 8k) = Uk + Got1 — G, (27)

3=

where (a) is due to the doubly stochastic property of W in Assumption

Setting yo = go gives ¥g = go. Assuming g, = gi for any k > 0, we get Yr+1 = Uk + Jk+1 — Gk =
gk + gk+1 — 9k = Gr+1, proved by induction.

This allows us to write

_ 1 (a
241 = ElTW(Xk — QkYk) =

=

S|~

17 (xp, — owyr) = T — ki, (28)

where (a) is again due to the doubly stochastic property of W.
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We again write the divergence at time k + 1 can be written as

dit1 =|| Tk — 2*|?
n

1 *
== Y (@ines — )P

i=1

n
7§jWMH—xW
(a) 1
QLS o — 2|
n -
=1

1 n
== lzipsr = @+ 2, — |
n =1
n

o N 1 _ "
*lezzkﬂ—mkll +2— Z<Zi,k+1_xkaxk_$ >+52ka_$ 12

i=1 i=1

:E”Zk-i-l = 12k|* + 2(Zpr1 — Tp, T — 27) + [T — 272

»1 _ _ *
:ﬁ”qutl — 12 ||? + 2(—ugi, T, — ) + dj;

_ . - _ _ 1 _
=dj, — 20 (T, — =, gr, — E[ge|Hi] + Elgr|H]) + E”zk“ — 1|7

= * — = * 1 =
=dj, — 204 (T, — ", E[gr|Hr]) — 20 (Tr — =™, €) + EHZ’“‘H — 1|2

(c) _ N - _ « 1 _
Zdy — 2c3ypon Ty — 7, h(xg) + br) — 204 (T — 27, ex) + E||Zk+1 — 172

=di — 2c3ypon (T — 2, VF(Tk)) + 2eynan(Th — 27, VI (Zr) — h(xk)) (29)
= * 7 = * 1 =
— 2cavk0k (Tk — 7, br) — 200 (T — 7, €p) + E”Zk“ — 1|

PO 3y — s — 1]
—F||Tk — X X — 1T
\/ﬁ k k k

_ = _ 1 _
+ 2c3vkarl| Tk — 27 ||[[bk || — 20Tk — 7, ex) + Esz-&-l — 17| ?,

(d)
Sdk — QCB’YkOCk(fZ'k — LL'*, V]:(.’i'k» +

where (a) is by the projection inequality noting that «* € K (so projecting it onto K gives us the same
point), (b) is by (28] . ) is due to , and (d) is due to Lemma
By recursion of inequality , we have

K

_ " _ - 2c3L
di+1 < do — 2cs3 Z%ak(xk — ", VF(Zr) + bi) + \/{ Z%akﬂmk — z|||xx — 17|
k=0 k=0 (30)
K ) K 1K
+ 2¢3 ];)Vkak\lfk — 2" |[[[bg ]| — 2;%(@ — ", e) + - ;O 2641 — L2k

By Lemma we have limg 0 || ZkK:o areg|| < oo almost surely. Since ||Z —2*|| < oo by the compactness
of K in Assumption [2.4] hence

K
li T — . 1
13 (@ — o) < o (31)
From in Lemma we have
K
hm Z |Zr1 — 174]1? < oo. (32)
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As stated in Lemma we have Y07 o yrag||xk — 12| < oo, adding to ||z — 2*|| < oo by Assumption
then

K

i T. —T* -1z . 33
Kgnoo’;%akﬂxk o [[xr — 1z || < o0 (33)

_ 3.
By , we know that [[b[| < 57y, and |7y — 2*|| < co by Assumption

K
lim Y Aoz, — 2 4
Kgoki()%@ak”mk z*|| < oo, (34)

by Assumption 2.1}

From the above inequalities —, we see that there exists 0 < D’ < oo such that dg.1 < D'+ 2k, with
zi defined as

K
ZK = —263 Z'Ykak@k —.’E*,V}-(fk». (35)
k=0
By the strong convexity, we have
— (& — 2, VF(Zp)) < =M@, — 2> < 0. (36)

Thus, zx <0, confirming dx 1 < c0.

Let’s assume that Ve, > 0, 3K}, such that ||Z — 2*||? > ¢, for k > K}, meaning

K K
I}gnm — Z 'ykak||9Ek — :E*||2 < —€p Klgnoo Z VO < —00, (37)
k=K k=K,

since ), oy, diverges by Assumption However, this implies that zx < —oo and as a consequence,
dry1 < D'+ zx < —oo which is a contradiction as dxy; > 0. We conclude that limg_, di, = 0 and
limy_, oo Tx = x*, almost surely.

D.2 Proof of Lemma [D.1]

The goal is to bound ||xpy1 — 1Zx+ 1| by ||xx — 17, ||* and other vanishing terms.

X1 — 1Zp1 [|? =[Xpp1 — 1Zp + 12 — 1Zpqa ||
=|xpt1 — 13k ||? + 2(xpp1 — 1T, 13 — 1Zp11) + | 175 — LTpy1]?
(a) _ _ _
%1 — 1252 — 125, — 1Zp41 2

<||xpg1 — 1z
n
= lwiksr — 2]
=1

) & .
< Z |Zi k+1 — Zi ||
i=1

=||zps1 — 12k
=|Wxi — s Wy — 122
=||VVX}.C — ]—fk”Q — 2ak<WXk — 1z, Wyk) + a%HWkaQ

(c) 1—p? 202 ay,
<||w 1z 2 w w 1z 2 “rw™k w 2 2 w 2
< [[Wxp — 1| +Oék[2p%jak\| xp — 1z |” + -2 Wyel] + oWyl
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(d) _ 1—p? _ 2p2,
vl LT EY 4 2P0 o IWysl] 4+ R Wy
L+ 03, . 1+ 03,
=—5 ik = 12 ]* + af 1= p;; Wyl
1+ 02 . 1+ pi, 5117
=g = Ll + of TR Wy — 1+ 1 (38)
(@1 +pw +pw +Pw) -
I = 120l + oL Wy — 1+ 0 ) g
1+pw ~ Puw(1 + Py n(l+p3)
S A A i¥uy - 1l + o " g
2 1-p2 1-
where (a) is by , (b) is the projection inequality noting that ), € K since K is a convex set (so
projecting it onto K gives us the same point), (c) is by —2¢ x 2(a,b) = —2(ea, 2b) < €?[|al|* + Z[|b]|* (d) is

by Lemma and (e) is by (40).

n

2(Xpp1 — 12p, 12p, — 1Zpqq) =2 E (Tik+1 — Thy Tk — Tht1)
i=1
n

=20 (wihs1 — Bk), T — Thta)

=1
=2(n(Zp41 — Tk), Tk — Thy1)

= —2n{Tg — Th+1, Tk — Tht1)

(39)

= —2n|Zr — Toga |

— 2|12, — 1T ||%

(Wyk — 14, 1yk) Z Zwuygk Urs Un)

=1 =

n

n
= Z sz‘jyj,k — Nk Y

i=1j=1

:<Z(Z Wi)Yjk — MYk, Uk (40)

j=1 i=1
n
=<Z Yik — Nk, Yk)
j=1
=0.

From Lemma we know that [|gx||*> < M < oo almost surely. We now bound |lyx — 1k ||*. By repeatedly
replacing the variables with the algorithm’s iterations, we see that
Yit1 = Wyk + 8k+1 — 8k

=WWyk—1+8k — 8k—1) + 8k+1 — 8k

=W?yr_1 — Wegr—1 + (W — gk + 8rt1

= W(Wyk—2+8k-1 —8k—2) — Wgk1 + (W — gk + 8kt

=Wiyio — Wogho + WW — I)gr—1 + (W — I)gk + k41

= W3(Wyk—3+ 8r—2 — 8r—3) — W’z + W(W — I)gr—1 + (W — I)gi + 8t
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=Whyr3 = Wigp 3+ W2(W — Do + W(W — Dgi—1 + (W — gk + gr11

k—1
=W lyo — Whgo + Y W/(W — Dge—j + grt1
7=0
k—1 _
=WHW = Dgo+ > W/ (W — gk + 81
j=0

-

Wj(W - I)gkfj + 8k+1,

7=0
k—1 k—1 1 1
Y — lyg = Z WIW —Dgr—1-j + 8k — Z ﬁllTWJ(W —D)gr-1-j — Elngk

j=0 Jj=0
k—1 k—1 1 1

=Y WIW = Dgio1j +ge—p —117(W = Dgjr-; — -117g;,
= par il n
o, 1 1

=y (W - gllT)(W —Dgk-1-j + 8k — ﬁlngk
7=0
k—1 1

=>» (W- EllT)j(W*I)gk—l—jJrgk — 1gg,
7=0

where the last equality can be proven by recursion and the fact that the matrix W is doubly stochastic by
Assumption [I.1

(VVL%HIT)J;1 =Wi-InTyw-inT) =wit-lwinT-LliTw4ln? —witl-21174 1117 =
witt— 1117,
Thus,

_ 1 ; _
llyr — 1| < (W — 511T)J(W —DIgrp—1-j|| + [lgr — 1axl

E
—

> <
= o

IA

Pl (W — Dgr—1-5] + llge — 1gx |-

I
o

J

From Lemma we have ||g||? < oo almost surely.
Then,

‘ 2

n n
3 1
lgr — 1gil* = Z gi,k — o Zgj,k
i=1 j=1

n n
1 _
=5 (lonal? = 2gnae = 3 0300 + o ?)
=1

j=1
= llgrll” — 2nllgxl* + nlgx]?
= |lgxll* = nllgl®
< llgwll®
< M"? < 0.
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Inserting in the previous inequality, we get

W = D)l + M’

_ M’
lyr — 1wl < 1
- Pw

=G < 0,

where we have a geometric sum as p,, < 1.

1. Proving limg_, o fozo %1 — 1Z%]|? < 00, limp 00 fozo |1 Zrs1 — 174 |% < oo, and limy_o0 [|X5 —

1z4]|> =0
Reconsider 7
_ 1+ 1+
s — Lol < EP2 g, — 12 4 0f 2L 2 (s = 1okl + o)
1+pw 1+ 03,

l[xx — 1z ||* < [xp—1 — LZp_1|* + 0F_, (pwHYk 1 — 1gp—1|* + nl|gr—1 )

1—

1 2
o — 170]J? + a3 L2

(2l1vo = 1301 + nll5ol1?)

IN

1 2
Iy = 12 < =P

2
w

(42)

Adding all inequalities in , we obtain

_ 1—p2 & . 1+ 02 _
Iciss = L2 < === 3 [ = 1] + =52 o — 10
=1
k
1+ p2 _ _
i a?(ﬁi\b’l —1yl||2+n||gl||2)
w =0

1- 1+ p2
L E_j I = 1212 + L2 g — 13 2

with (a) being due to . Let £ — oo, then the second and third terms are bounded due to
Assumption There are then 2 cases: Y., [[x; — 17;||* either diverges or converges. Assume the
validity of the hypothesis H1) >, [|lx; — 17;||* diverges, i.e., > o, [x; — 1%;||*> — oo. This leads to

[ Xpg1 — LZpsa]|* < —o0,

2
as —1_% < 0. However, ||xx+1 — 1Zx41]|? should be positive. Thus, hypothesis HI cannot be true
and Y, ||x; — 17;||* converges. Hence, limy_,o || — 1Z4]|? = 0 almost surely.

Thus, reconsider ,

+ P
2

o (02 vk = 1l + nllgil?)

_ 1+ p32 _
|Zkr1 — 175 gTwak — 12| + o

U)

(43)

K 14 p2 K 14 p2 K
D llapss = o] <= 37 i 1 + L (0GP 4 nd ) 3 o
k=0 w k=0

<00.
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2. Proving Y ;7 veow||xi — 12| < oo
By induction from , we have

k
(pr2+nM Z 1+pw J+1 2

14 p2 ki1 _
(—=L2)  1xg — 12017 + ad_j. (44)

2 - Pa

[%k41 — 1Zppa ] <
7=0

Since va + b < v/a + Vb,

_ 1+wi G2+nM b 1+ wi
s = L < (F522) 7 lxo — Lo + 4 2pn )3 )Ty (45)
7=0

Then, substituting into the sum Y2 veo|/xi — 12k,

k—1

S 1+p2 04 2(p2,G2 + nM) 1+p3,¢
I;'ykozk<( 5 )2Hx0—11:0||+ 2 ]Z 5 )2ak—1—j

1+ p2 2(p2,G? +nM) = 1+p
w _"_ w 2 ,
V2—1+7% 1—p2, Z%ak; 2 e

where the inequality is due to the fact that v, and oy are both decreasing step-sizes and we have a
1+p

<o ||x0 — 1Zo|

geometric sum of ratio < 1. We then study the sums in the second term,

0o k—1 o k—1
1+ p2,, i1 1+ p2 ikt
>k ( Zp“’)” k15 <) M) Zp“’)” 01—
k=1 =0 k=1 j=0
oo k
1+ 2 k_ji1
Sy (e
k=1 7j=1
oo 00 1+ 2 ki1
=Yt Y ()
Jj=1 k=j
o) 00 1+ 2 ki1
<Y el (-5
Jj=1 k=j

as > a2 converges by Assumption
Finally, >27 ) vea||xk — 12| < oo.

D.3 Convergence Rate of the Consensus Error ||x; — 17;||? and of ||zx1 — 17|

As Y, |Ixk — 174]|? < oo, let us assume that ||x; — 1Z4||? vanishes with the same rate as aj. Then there
must be a scalar 9¥; > 0 such that ||x; — 17> < 9%ai. To test if such 9, exists, we employ (38) to check
whether ||xz41 — 1Zg41? < 93aj,, holds,

1+ p3) pw)
1—

- s _1+pl |2 4 2
[Xk+1 — 1Zppa]]” < 5 xp — 12k ||* + 22 (02, G* + nM) o

w

1
#af + 17w *’;“ (P3G + nM)a (16)

1+ p? 1

2
§1+pw

w

p2G* + nM))

’UJ
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Then, testing

14 p? 1
(FLeps 1 G fgw) (P2G2 4 n) ) < Vol
1 2 1 2
( +@)(cﬁ+nM)<m< kil +”)
1—-p ai 2

(47)
(Hp“’ (p2,G? +nM)

<92

ﬂ_%
ai 2

2 ai 1407
Thus, 0 < ¢ < co whenever —23+ — —= > 0.
k

2 2vy

Let us consider aj having the form in Example then %‘# = (ﬁ—ié) is an increasing function of k
k

taking values between 0 and 1, and define

Ki = argmin k.

2
k1 1402,
>3

a2
k
2
To test whether K7 grows very large, we find the intersection % = %,
k
(k+1)2v1 1+
k+2 2
k+1_(1+ﬁdﬁT
k+2 \ 2
1+ p2\ =1
k+1:(k+2)( 2“”) (48)

1
1+p2 \ 2v1
ku(i%J —1

1
1+p3 ) 201
1- (T

Define the function h(z,vy) = 2‘/”271*1 for0<z<1land05<wv<1.

1— 372“1
In z
exp(g5-) Inz
6h<(92m) - X(21) > 0 for a fixed 0 < z < 1.
! 202 (1— 27T )2
—2v1+1
6h(gLU1) z T > 0 for a fixed 0.5 < v; < 1.

2u (1—x 2v1 )2

Taking an extreme case of x = v; = 0.99, we obtain h(0.99,0.99) ~~ 196 iterations. For x = v; = 0.95,
h(0.95,0.95) ~ 36 iterations. It decreases even more drastically for realistic choices of p,, and v;. Thus, it
is reasonable to study the rate for k > K.

We conclude that for k& > K1, there exists 0 < 191 < oo, such that

|xx — 12 ||* < 9203, (49)
Thus, from , for k > K1, we also have
_ 1+ pg, 1+ pg,
s = Ll <22 Iy~ 1+ 0d L2 (262 )
w

< gz 4 L+ M))a}
<(—Pm 1_pw( 2 G2+ nM)
=302,
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E Convergence Rate

Our primary result, stated in the following Lemma, is based on finding a relation between two successive
iterations of the expected divergence.

Lemma E.1. Let A= \c3, B = 203L o ,C = Gt md E = Y2, Then, for k > K,

2c3 )\’ n

Diy1 < (1 — Aagye) Dy + Bagye + Coyyi + Ead. (51)
Proof: See Appendiz[E-3

Next, we let

Ky = argmin k

Aoy <1

and Ky = max{Kj, Ky}. For the ensuing part, the purpose is to locate a vanishing upper bound of Dy,
making use of the inequality . The idea is to propose a decreasing sequence Uy+1 < Uy, and suppose that
Dy, < Uy, Yk > Ky, and then verify that Dy41 < Ugq1 by induction. The choice of Uy, is the most difficult
component as one has to keep in mind the general forms of o and v in and what kind of decisions to
take regarding these forms. An essential property of Uy is presented in the subsequent lemma.
Lemma E.2. If a decreasing sequence U1 < Uy for k > Ky exists such that Dyy1 < Ug41 can be deduced
from Dy < Uy and , then
C 2 + = E Ozk

B
Uk 2 Zai +
Proof: See Appendiz[E-3

An important remark is that the lower bound of Uy in is vanishing as af,~z2, and ;‘k are all vanishing.

k
ThlS lower bound provides an insight on the convergence rate of Dy as it cannot be better than that of

€73

ak,’yk, or 77

The previous Lemma allows us to move forward in confirming the existence of the constants ¢; and ¢ that
permit Dy < glfy,% and Dy < (2% in Theorem respectively.

E.1 Proof of Theorem [3.4]

1. Proof of

By definition of ¢1, Dk, < glfﬁ{o. The next step is to make sure that Dy < Ug41 can be obtained
from Dy, < Uy, Yk > Ko. Take Uy, = 172, let Dy, < Uy hold, and substitute in ,

Dis1 < (1 — Ay )17 + Bajgy + Cagyi + Eo.
We solve Dyy1 < Upyq for ¢ € RT

(1 — Aave)sivi + Bajgye + Capyi + Eai < U1 = 17241

Te+1\2
1— (kL
Then, by considering ki = T’Tfk > 0 as given in 1 )

Bagy, 2 + Eayy,® 4+ C < 61(A— ki),

and assuming A — ki > 0, we find a constant ¢; such that

_ Bajy P+ By’ +C

ISEESI 1 r
— Kk

keeping in mind that Baivy, 24 Eoyy, 3 + C is positive by definition. Examine the parameters o,

09, and o3 as they are introduced in , then

Boy + Eos + C
A—O’l

We conclude that Dy, < qw,% where ¢; satisfies the definition .

a <
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2. Proof of

5
Dg, <6 af(

2 by definition of ¢. Vk > Ky, let Dy < §2%, then
0

g
Di41 < (1 — Aak’yh)Q% + Baz’yk + Cakv,‘:’ + Eai.
s Ok+1 +
Solving Dy11 < ¢ - for ¢o € RT,

« (6%
(1- Aak%)@f + Bajyy + Copni + Bal < gg—t
k

Vet1
ap  “k41
Take 73, = “£—"L > 0 as given in , then
k
Bagyk + Ca,:l'y,?; + E < (A —7g)se.
If 2 _ kit

2 _
e T e < Acai, then 3 6 such that

_ By +Co '+ E
SIEASES KTk £ Tk .

(A - Tk)
Examine o4, 05, and og that are defined in , we can say

_ BO’5 + CO’@ + E
G <
(A — 0'4)
We conclude that D;, < §2% with ¢y satisfying .
E.2 Proof of Lemma [El

Starting with the same steps as in ,
Dyt1 =E[||Zp11 — 2*||]

1 _ _ "
S]E[EHZIC+1 — 12| + 2(— g, T, — =*) + dy]

1 ~ _ .
=Dy + gE[”Zk-H — 12]%) — 204 E[(Z) — ¥, gi)]
a 1
YD+ -E
n

llzer1 — 1251 — 2c300 [Tk — 2™, h(xk) + by)]

=Dy + EE[”zk-‘rl — lkaQ] — 203ak’ykE[<:Ek — SC*, V}—(i’k»] + QCgak’ykEKii‘k — (17*, V./_"({fk) — h(Xk)>]
— 2czo0 i E[(Z), — ¥, by))

where (a) is due to both E[e|H;] = 0 and ([22):

(53)
E[(zr — 2%, gk)| = E[(Zx — 2", gx — Elgk|Hr] + E[gr|[Hr])]
= E[(zr — 27, er)] + E[(Zx — 27, E[gx [ H4])]
= B, [E[(Zr — 27, ex)[Hi]] + E[(Zr — 27, E[gr|Ha])]
=0+ E[(zx — =", E[gk[Hx])]-
From Lemma we have E[||gx %] < M with M a bounded constant.
By the strong convexity in Assumption [1.2] we have
—2c3au i E[(Z) — 2%, VF(21))] < =2 ezar B[] 2 — 277 (54)
= *ZACSQk’Yka-
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Next, from Lemma we have

2esap e (Tr — ©°, VF(Zr) — h(xk)) < 2c3apvk |Z — ™ ||||xx — 1Zg]|

L |
Vn
(a)
< >\C3(;k7k 17

L2 _
- :t*||2 + 2C3Oék’7km||xk - lxk||2,

where (a) is due to 2,/€ x ﬁ(a7b> = 2(\/ea, ﬁb> < €llal|* 4+ L[jb[|%. From 1} we have for k > K7,

Ik — 1ax]* < 9%ag.

Hence,
_ . _ Acgo 2¢5 L2092
2esaE[(Zx — 2%, V() — h(xp))] < 32’”’“1),c + = aiy. (55)
From ,
_ . T Acsa 203, Yk i
—~2eson e E[(B — 2, bi)] < TS Dy + by
26 .3 (56)
< /\C3OékaD 4 GG
=2 DY
From (50)), for k > K1, we have
1 ¥
—E — 172 < =2, 57
CEfllzerr — 12,7 < —~a (57)
Finally, by combining (53)), (54)), (55), (56), and we get (51)).
E.3 Proof of Lemma
Since 1 — Aagyr > 0 when k > K, we may substitute Dy < Uy in ,
Dit1 < (1 — Aayi) Uy + Bajgryy + Cayyi + Eag.
Testing Dy+1 < Uk in the previous inequality, we get
(1 — Aagvyi) Uk + BOZ%W@ + C’am}z + Eai S Ug+1 S U
B 2 c 2 E (677
— — —— < U,. 58
Aak+A7k+A’yk_ k ( )

E.4 Proof of Theorem

Theorem indicates that the convergence rate is a function of v; and vg, as 77 oc (k + 1)72Y2 and
Sh o (k 4+ 1)~(1=v2) " Nonetheless, we must still verify the validity of the assumptions presented in the
theorem, meaning;:

e Are o1 < A and o4 < A fulfilled?

e Are ¢; and g3 bounded?

We must remark that in what follows, the analysis is done for k > K.

Let ay and 7, have the forms given in .

1. Verifying that 0; < A and 04 < A

The idea is to find a bound on ay and vy to guarantee o1 < A and o4 < A. We start by bounding
o1 and o4 from above, i.e.,
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Y41 \2 1 —2
1= (5) 1—(1+ 7)™
01 = max —————— = max
k>Ko Qg Vi k>Ko agpyo(k + 1)"v1i—v2
and .

_ SR Vegn 1 \— _

B o 1—(1+ m) (v1—v2)
04 — INaX —  — Inax
k>Ko QY k>Ko  agyo(k + 1)7vri—v2

To do so, we define a function q(z) = 27%(1 — (1 + 2)~°) with a,b,z € (0,1]. Since 27 < 27!, we
have g(z) < 27 '(1 — (1 +z)7%) = r(z). To further bound ¢(x), We study the derivative of r(z) as
it is simpler to do so,

() = 272 (((b + Dz 4+ 1)1 +x) 07 - 1) =2 ?s(x).

Hence the sign of r/(x) is that of s(x). We again calculate the derivative of s(x) to find its sign,
s'(z) = =b(b+Dz(l+2)2<0

since b > 0 and x > 0. Then, s(z) is a decreasing function of x over (0,1]. We remark that
lim,_,0 s(x) = 0, meaning s(x) < 0 and 7/(z) < 0, Vz € (0,1]. Finally,
1—(1+2)™®

r(z) < ili% r(z) = — . = b,

and ¢(z) < r(z) < b, noting that lim, o q(z) = b for a = 1. We conclude that o < (}2;7’720 and
V1 —U2

oo For 01 < A and 04 < A to be valid, we must have

o4 <

apYo > max{2vy, v — va}/A. (59)

2. Verifying that ¢; and ¢, are bounded

The goal is to verify that the constant term in the convergence rate is bounded. Thus, we must
check that the lower bounds given in and are indeed finite. We start by analyzing o2 and
05,
oy = 04(2)’70_21?;%( (14 k)72017v2) = 024 52(1 + Ko) 217v2) | as 0 < vy < vy,
ZH”o

and
05 = QYo fuax (1+ k)_(“1+“2) = agyo(l + KO)_(”1+“2), as 0 < wvg + vy.
"o

We end with the analysis of o3 and og, i.e.,

-3 —(v1—3v2) if >3
— =3 —(u1-3v2) _ ) @0 (1 + Ko) ;o > 3w,
73 = @0 g}é (1+k) { 00, if v1 < 3v9,
and
1+ KO)U1—3U27 if v; < 3ws,

1.3 3 ag ' (
0 = oy yomax (1+ k)17 = :
6 0 %kZKo (1+k) 0, if v; > 3vs.

There are clearly 3 cases:

e Uy > 3uy
Thus, o3 is bounded.
Since o9 and ¢; (by definition) are also bounded provided that agyy > 2% in .
However, ¢ — oo since og — oo resulting in a loose upper bound in .
To that end, we can write Dy < T1(1 + k)~2Y2 with T; a bounded constant.
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o U < 3ug
Similarly, og is bounded while o3 — oo. Then, 3 T3 < oo, where Dy < To(1 + k:)_(“l_”?)
provided that agyy > “522.

* U1 = 37)2
Both o3 and og are bounded allowing both previous inequalities corresponding to Dy to be
valid.

By this analysis, we conclude the proof of Theorem [3.5

We present Figure [I0] for easier reading of the conditions on

K v1 =0.5
the step sizes’ exponents where we plot vy vs. v;.
p p p

v+ =1

v+ 20 =1

04

Figure 10: Plot of vy vs. wv; where
the yellow shaded area is the feasibil-
ity region determined by Assumption

BT
F Regret Analysis

Since, by Lemma [I.5] the local objective function is L-smooth, we can write

L
Fi(y) < Fi(z) 4+ (VFi(x),y —z) + §||y —z|?, Vz,y € R% Vi € N. (60)

To find the regret bound, consider

r K n
1 *
B[L 3 S A - )]

LY k=Ko i=1

@ [ L = S * (12

e[ > Y lls - oI
- k=Kjp i=1
r I K n

=K o Z |mi,k—xk+xk—x*|2}
LM TR, =1

A
&
S

M=

(Roa = 2ulP + iz - 1)

k=Kg i=1
- K 1
a2 > (S 12ul? + o)
- k=Kp n
® K g2
<L —Lai + Dy,
k=Ko n
92021 f: 1 S
_ ey
n 4 (]g-|— ]_)2 k=Ko \/m
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© 191% /K 1 K 1
du+ YL —du
n Jre-1 (u+1)3 Ko—1 Vu+1
20202L /1 1
= - 2YL(VK +1—- /K
n (\/K() \/K+1>+ ( + 0)

where (a) is due to VF;(z*) = 0, Vi € N, by definition of z*, in (60). (b) is by Lemma and Theorem
, and in (¢), we interpret the sums over Ky < k < K as Riemann sums in which the functions

(u+1)2

and \/ulfﬂ are evaluated at the right endpoint of the interval [i — 1,i] for i = Ko, Ko+ 1,..., K. Since the
functions —— and ——— are monotonically decreasing, the sums are in fact lower Riemann sums and

(u+1)2 Vutl

therefore bounded from above by the integrals f Kool T du and f Kot ﬁdu, respectively.

-1 (u+1>
G Convergence Rate with Constant Step Sizes

We start by going over previous derivations,

Gik = Esao,c[Pin(fi(xir +7Pik, Sik) + Gir) | He)
=Eo[Pi 1 Fi(xix + vPi k)| Hr]

2
= Fi(@i)Eo[®ix) +1Eo [0k @7 [HAVEi (@) + 5 Ea @40 V2E(F:0) it
= @,'y[VFi(xM) + bz,k}
Thus, b, = TZL,’E@[(I)i,kq)g:kv2Fi(a~7i,k)q)i,k|Hk]-
Let Assumptions [I.2] and 2.2 hold. Then, we can bound the bias as
bkl < —]Eq>[H<I>Zk|| 197 & ll21I V2 (&) 121194 1|2 Fi]

3
cic
<y
263

We remark that

gr. = Elgr|H4]

1 (61)
= Z sy [VFi(wix) + bi k]
i=1
= cx[h(xx) + bi]
is also a biased estimator of h(xy) with
_ 1 &
ol = 11— > bikll
i
1 n
s - Z 116,
- (62)
1 " e
n P 2c3
_ cicl
B 263



Under review as submission to TMLR

Lemma G.1. Let all Assumptions and hold, then there exists a bounded constant M > 0, such
that E[||gx|l?] < M

Proof. Vi € N, we have

Elllgi.el*1He] = Bl @k (fi(zik + YPi ks Sik) + Ci) 1P Hi]
= E[||®; 1 |I* | fi(zik + ¥Pik, Sise) + Cikl|*[Ha

—~
s}
—

< GE[(fi(@ig +1Pik, Sik) + Cik) [ H]
b
Ya SRS (i + Pk, Sik) | Hi] + clea
(e)
< 00,
where (a) is due to Assumption [2.2] (b) Assumption [I.3] and (¢) Assumption [2.4] O

The stochastic noise is still defined as e = g — gx and retains its property
Elex] = E[gk — E[gxHa]] = Ev, [E [0 — Elg|#a] [He] | = 0

1. Proving ||x; — 17;||* and ||zx+1 — 17 ||* converge linearly

[xk1 — LZpp1]|? =[xpg1 — 12k + 12 — L]
:ka+1 — 1i'k||2 + 2<Xk+1 — 17k, 12y — ].i'k+1> + ||1{fk — 1£Ek+1||2
=[[xpr1 — 121> — |12y — 1Tppa ||

<||xp41 — 1z

n

=¥ llwipsr =z
i=1

() &

< Z | Zi k41 — fk||2
i—1

=|zs1 — 12k
:HWXk — OéWyk — l.fk”z
=||Wxy — 1ka2 —2a(Wxy, — 1k, Wyi) + 042||I/[/yk||2

®) _ 1—p? _ 202 «
S = 124+ oy Pk = 1l 2 Wyl 4+ o Wy

(©) = 1_/)31 = 2pw
<pipllxi — 13| + a5 llxk — 17 ]” + T S I Wyel®] + o [Wy?
w
1+ 02 _ 1+ p2, _ _
=3P e — 12 4+ 0? LR Wy — 1 + 15

w

1+ p2 _ 1+ p2 _ n(l+p2) _
L g — 1?4+ 02 L Wy — 1+ 0?2 g P
w

1+pw 1405
<5 e = 17+ 07 T (e — 1l + i)
(63)

where (a) is the projection inequality noting that zj; € K since K is a convex set (so projecting
it onto K gives us the same point), (b) is by —2¢ x (a,b) = —2(ea, +b) < €*[|al|* + % ||b]|%, and (c)
is by Lemma [T.4]
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By induction, we have

_ 1+ p2 k41 _
[ Ey S(Tp) llxo0 — 102
64)
2 1+Pw j+1 (
ol > (g (P2 5=y = 1505117 + mllgi]?)

et

To bound the term ||y,_; — 1gx_;||?, we repeatedly replace the auxiliary variables with the algo-
rithm’s iterations,

Vi1 = Wyr + 8ry1 — 8
=WWyk-1+8r —8k—1) + 8ks1 — 8k
=W?yr 1 —Wer_1+ (W — gy + gri1
= W30 —W2gr o + W(W — Dgg—1 + (W — gk + 11
k=1
=Wy — Whego + Y WI(W = Dge—j + gt
)
=1
WHW — Dgo + > W (W = I)gr—j + gra1
i=o

k
=Y W (W = Dgij + &1,
7=0

k—1 k—1
) | 1 , 1. .
Y =15k =D WIW = Dgeorj+ge = > - 1TW/ (W = Dgierj — - 117gy
7=0 7=0
k-1 ] 1
j T
= Z WIW —Igr—1-5 + 8k — Z EllT(W —Dgr-1-j — 511 8k
7=0 7=0
— 1 1
= Z(W] ——11")(W - Dgp—1-j + 8k — Elngk
=0 "
k-1

1 _
(W—*llT) (W —1)gk—1—j + 8k — 1gx,

I\
o

J

where the last equality can be proven by recursion and the fact that the matrix W is doubly stochastic
by Assumption [T.1}

(W =Lty = (Wi — InTyw - L117) = witt — twin? — w4+ tn” = witt -
2117 + T = witt - 11T

Thus,

k—1

Iye = 1ak] < I(W - *11T) (W = Dgr—1-;ll + llgr — 1gx|l
7=0
k—1

<Y pLII(W = Degk—1—; 1| + llgk — 1x]|-

37



Under review as submission to TMLR

From Lemma we have ||g||? < co almost surely.

~ ) n 1 n )
gk — 16l = llgie — = > _ gixll
i=1 st
n 1 n
2 _ 2
=3 (Mol ~2fauno > o)+l )

= llgrll* = 2nllgell* + nllgx|®

= llgxll* — nllgxl?
< llgxll®
< M"” < .

Inserting in the previous inequality, we get

M/
— 1y < W -1+ M
I3 = 1l < 72— (W = D] )
=G < oo,
where we have a geometric sum as p,, < 1.
Substituting the upper bound in ,
k
_ L+ p2 k41 _ 2(p2,G* +nM) L+ p2\j+1
o = 1P < (F57) " o — 10?0 SR SIS (R
=0 (66)
@ 1+ p2 kt1 e 22(p2 G+ nM)(1+ p2)
< (—% -1 w
= ( D) ) ||X0 £C()|| + a (1 pw)g
where (a) is due to the geometric sum with % < 1.
We conclude that ||x; — 17| converges linearly almost surely.
Substituting in ,
_ 1+ p2, _ 1+ p3,
21 = L2l <=2 i = L2 4+ 0> L2 (626G + )
w
1+ p% \k+1 2 L ( WGP HnM)(1+p3)° 514 p; 2
<( B) )" %o — 12o|I* + =) ot pw(pw +nM)
1+ p2 k41 _ 1+p2\2 1+ p2
:(Tw) lIxo — 1Zo]|* + a®(p2, G 4+ nM) (1_p12”) +1_p;"
(67)

Finally, ||zx+1 — 1Zk||? converges linearly almost surely as well.

2. Proving D;, = E[||z, — 2*||?] converges linearly

Diy1 =E[||Zg 11 — 2*|?]
1 _ _ *
<E[ﬁ”zk+l - lrvk||2 + 2{(—agy, T, — ") + dy]

=D+ =Bl — 13]] - 20E[(5, - o, 5]
Yp,+ :LE[szH —1a4|?] — 2e507E[(F — 2%, h(xp) + be)]
=Dy + %E[szﬂ — 12 ||%] = 2e3avE[(Z) — z*, VF(21))] + 2c30nE[(Z) — 2%, VF(Z1) — h(xz))]
— 2csayE[(Z), — =%, bi)]
(68)
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where (a) is due to both Efe,|#;] = 0 and (22):

E[(Zr — 2%, gi)] = E[(Tr — 27, gx — E[gk|Hx] + E[gr|Hr])]
=E[(zx — 2", ex)] + E[(Tk — 27, E[gk|H4])]
= Ew, [E[Zk — 27, e) [Hi]] + E[(Z — 2", E[gr|Hi])]
=0+ E[(zx — =, E[gx|[H4])]-

From Lemma we have E[||gx||?] < M with M a bounded constant.

By the strong convexity in Assumption [I.2] we have

—2c30YE[(Z), — 2", VF(Zr))] < =2 czanE[||z — x*||2}

(69)
= —2)\03a'ka.
Next, from Lemma, we have
2esay(Ty, — ", VF(Zr) — h(xg)) < 203047\/>||xk — "%k — 1Z4||

( ) )\03a'y

_ L? _
178 — 2" 1* + 2esay 3l — 1],

where (a) is due to 21/€ x —(a by = 2<\fa -b) < ellal? + L[|b]|*.

In 1@) and , we let R = |[|xo — 1Z¢||?, and G; = 2('D?”G?;npj\g))2(1+pi), Gy = (p2G? +
2
M) (1+p§,> +1+p§,>’

1=p% 1=p3,

1+ p? 14 p?
Ixs — 1242 < (%)kR—&—aQGl and ||zpp1 — 12| < (%)kHR—F 0’Gy. (70)

Hence,

- N _ Acza L2711+ p2
2501E[(&, — 2%, VF(@r) — h(xe)] < =5 WDk+203a7/\—[( 2” ) R+a2G1]. (71)
From ,
_ . T Acsary 2c3qy s 9
—2c300E[(T — 27, b)) < —5— D + — —E[[[be||"]
Acgary 53 (72)
< e 3
- 2 Di toy 2c3 A\

Fmally7 by comblmng , ., ., ., and , and setting now A = Acs, B = 20375 , and

C= gégi, we get

14 p? 11,14 p2
D11 <(1 — Aary) Dy, —&-Ba’y[( —;pw)kR—i—oPGl} + 7[( zpw)kHR—i-agGg] + Car?
" (73)

L+ poy1 L+ 0k
)}(

=(1 - Aay)Dy + R|Bay + — ( 5 5

1
)" +a*yBGy + a? =Gy + ay*C.
n
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2
Let o1 =1 — Aary and g = (H%) Then, assuming a7y < % and taking the telescoping sum

k k
) ) 1 .
D, < k-‘rlD R(B &) i k—i 3 BG 2*G 30 0
k+1 <07 Do+ ay + — ;m@z + (a®y 1+a’ -Gz t+ay );91
09 k ) . 1 o Qk+1
=" Dy + R(Boz’y + —) Z 0 057" + (@®*yBG + a? =Gy + ay?0) (71 )
s n 1—01
~ BG G C ™
_ k+1 02 i k—i 2 1, @G 2 k1
=0 D0+R<BO"Y+;>ZQ1QQ JF(O‘ A +;m +y Z)(l 01 )

<o{™ Dy +R<Bav+g2) ooy +a

where in the last equality, we further imposed the step sizes to satisfy o < 7.

In what follows, we discuss the summation in the second term of the inequality to avoid setting loose
bounds. We know that this summation can be written as follows,

k
> oies Z@’“ "0} (75)
1=0 1=0

Thus, without imposing further assumptions on the step sizes, we consider the following function
the two cases:

e When g; < g5, we use the left hand side of the previous equality

k

BG aG C
k+1 k i —1 2 1 2 2
Djy1 <o D0+R<Ba7+ )922:912 ta + 24y
1 BG aG C
k+1 2\ k 2 1 2 2
<ot D0+R(Boz'y+—n)921 —ta +2 4G 76)

02

o2
s QkHQR(Ba’H- 2 ) 2BGL aG ,C
! 02 24y +p2, —1 A v nA A
Then, for arbitrary small step sizes satisfying ay < % and a < 7y, Dy converges with the linear
rate of O(05).

e When g; > g2, we use the right hand side

BG aG C
Q2251 L 252 o
A T oynatTa

0
, 1 BG G C
BN S

k
Dyy1 <ol*'Dy + R(Bcw + @>9 > o
n

i=

—Q§+1(DO+M)+Q2BG1 aGy O

1—2Aay — p2, A +;n7A+’yA

Then, for arbitrary small step sizes satisfying ay < % and a < 7y, Dy converges with the linear
rate of O(Q’f).

H Distributed Consensus-Based Algorithm Without Gradient Tracking

As the gradient estimate is similar to that used in the algorithm with gradient tracking, all properties
discussed in Appendix [B] are conserved.
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We also have,

1 (@)

Zht1l = 51TVV(X1C - akgk) = :lT(X/~C — akgk) = T} — QkJk, (78)

S|

where (a) is due to the doubly stochastic property of .

As dp41 and Dy in the algorithm with gradient-tracking are analyzed in terms of g and not yy, thus their
dependence to yj appears only through the consensus errors ||xj — 17| and ||z, 1 — 17 |>. This is why we
only analyze these errors in this section. The subsequent analysis concerning the almost sure convergence,
the convergence rate with constant and vanishing step sizes, and the regret bounds follow exactly the same
afterwards as in the case with gradient tracking.

We rewrite the error ||xg11 — 1Zx41]|? as a function of ||xj — 17, ||* and other vanishing terms,

1Xp1 — LZppal|? =lxp41 — 12k + 12 — LZppq |

:||Xk+1 — ].ikaQ + 2<Xk+1 — 12, 12 — 1fk+1> + ||]_.’Ek — 1ik+1H2

(a) _ _ _
Zlxair = 18] = 12k — 12 |

<||xp41 — 1z

n
= ik — 2
i=1
(0) &
= Z Izike1 — Zx?
i=1

=||zps1 — Lap|?
:”ka — Oszgk — liknz
=|Wxp — 124> — 200, (Wxy, — 124, W) + i | Wel?

(© B 1—p2 B 202, (79)
<[[Wxy, — 125> + o] 2p [Wxy, — 12| + fi kIIngII |+ i [Wewl®
2pz o 1—-
(@) = 1 _p12u = 2pwak
< pipllxp = 1351 + oy [ E (e HngH ]+ ai[We?

1-—

%k — 124 )% + o2

1+ p2 1+ p? 9
— w w W

1 2 1
:%ka - 1:fk||2 + ai

+ pi o
T Wek — 10+ 15

()1 + p? o1+ p2 n(1+p2),

=5l = 187 + el w||ng—19k||2 17“’” grll?
14 py, . pa(1 +pw) _ n(1 +pw) _

S5l — 12 |1* + 0f = ek — 10kl + ok =3 19l

D1+ p2 _ n(l+

Py 13,2 4 0 L) ‘;)M

where (a) is by ., ) is the projection inequality . noting that z; € K since K is a convex set (so
prOJectlng it onto IC glves us the same point), (¢) is by 26 x L(a,b) = —2(ea, 1b) < €||a]|® + F||b]|* (d) is

by Lemma [1.4] (e) is by (81)), and (f) is by . ) and (83]
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n

2(Xp1 — 12, 1) — 1Zp41) =2 Z<xi7k+1 — g, Tk — Thot1)

i=1
n
:2<Z($i,k+1 = Tk), Tk — Tht1)
s (80)
=2(n(Tp41 — Ti), T — Th1)
= = 2n(Tp — Tpy1, Th — Thy1)
= — 20Tk — Tppa|?
= — 2|12y — 121>
n n
(Wek — 1k, 1gk) = (> wijgik — Grs Gx)
i=1 j=1
n n
:<Zzwijgj,k — NGk, Jk)
i=1 j=1
n n
o (81)
:<Z(Z Wij)Gj.k — NGk Jk)
j=1 i=1
n
=) gik — "Gk, Gr)
=1

=0.

From Lemma we know that ||gx||? < M < oo almost surely,

‘ 2

n n
B 1
lgr — 1gel1* = llgik — - > gk
i=1 j=1

n n
1 _
=5 (lonal? = 2anae s 3 0000 + o l?) (52)
i=1 j=1

= llgrll* = 2nllge]l* + nllgx
= llgrll* = nllgxll?

Then,
Pollgr = 1aull* +nllgel® = o7, llgll* +n(1 — o) l1gx >

< M +n(1— p2)M (83)
=nM.

1. Proving limg Zszo %1 — 1Zx]|? < 00, limp 00 Zf:o | Zr1 — 174 |? < oo, and limy o0 || X5 —
1z,[* =0
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Reconsider ,

1+ p2 1
X1 — L [|* < Rt Ik — 12| + ain
. 1+ p; . n(l+p3)
2 2, 2
e =12k ]]" < == llxp-1 = 1Zu-1|" + af oy —5—5 2 (84)
_ 1+ p2 _ n(l+ p?
%1 — 124 < prHXO — 1z[]* + ag%M
w
Adding all inequalities in , we obtain
- 2 Pw 2, Pw 2, n(1+p3) z 2
[%k41 = 1Zppa[|” < — Z [0 — 1" + [x0 = 1o ||” + WMZOQ
w 1=0

Let k& — o0, then the second and third terms are bounded due to Assumption [2.1] There are then
2 cases: Ez | x; — 17;]|? either diverges or converges. Assume the validity of the hypothesis H2)
> lIxe — 12,]|? diverges, i.e., >, [|x; — 1Z;]|* — co. This leads to

X1 — 1Zp11]]? < —o0,

9
as —Lu < 0. However, || X441 — 17441/ should be positive. Thus, hypothesis H2 cannot be true
and Y, ||x; — 17;||* converges. Hence, limy_,oo || — 1Z4]|? = 0 almost surely.

Thus, reconsider ,

_ 1+ p? ~
I2isr = 12| < ;’wuxk—lxkuu oLt ru)
w

K
1 1
ankﬂ 1 < Zuxk A )
pw k=0

<00.

2. Proving Z,?;O Ve ||xk — 12| < 00
By induction from (79), we have

oM & <1+P121;)j+1 2

_ 1+ p2 \k+1 _
[Xpg1 — LZppa]? < (T) l[x0 — 1Zol|* + 1= 2 Q- (86)
w j—0
Since vVa + b < \/a + Vb,
_ 1+ p2, 2nM 1 +p2
ier = 12 || < (—5) T xo — 120 + e Z 5 ) F on (87)
Then, substituting into the sum Y2 veo||xi — 12k,
pwg . 2nM’“ 1+,012Ui
Z%ak )? lIxo — 10| + ; 5 Qg—1—j

VAR M s S (Lo
kCE
\/i V1+ b p%”k 1 7=0 2
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where the inequality is due to the fact that +; and ay are both decreasing step-sizes and we have a

geometric sum of ratio % < 1. We then study the sums in the second term,

oo k—1 oo

14 p2, it 14 p2 it
> ey ( 2p )T ek <Y w ) ( 2p ) T ek
k=1 k=

j=0 1 j=0

as Y «aj converges by Assumption

Finally, Z;OZO Ve || Xk — 12k < oo

H.1 Convergence Rate of the Consensus Error ||x; — 17||? and of ||zx1 — 17|

As 37, ||xx — 1Zx||? < oo, let us assume that ||xj — 1Zx[|? vanishes with the same rate as o?. Then, there
o v 2 )
must be a scalar ¢; > 0 such that ||x; — 17x]|*> < ¥ ai. To test if such v, exists, we employ 1] to check
o2
whether ||x;411 — 12511 < ¥4 O‘%—s-l holds,

_ 1+ 02, a n(l+p3 )M
Ikt = 1@ | <57 o = 13 * + =5
1+p2 22 n(l+ p2)M
w
L+p2 o2 n(l+p2)My ,
:( 3 1—p2 )a’“'

Then, testing

n(l+p3)M <3, Gy 1495
1—p2 o 2 (89)
n(1+p%)M
1—p3, < “12
Xt 1+p2 —
ai 2
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2 21}1

Let us consider aj having the form in Example then % = (%) is an increasing function of k
k

taking values between 0 and 1, and define

K; = argmin k.

2
Yhg1 1402
7 >3
“k

2
To test whether K grows very large, we find the intersection % = %,
k
(k+1)2v1 1+
k+2 2

E+1 <1 + 02, ) oy

E+2 \ 2
2 L

k+1=(k+2)(1+2p“’)2”1 (90)

- 2(1+2p3)ﬁ 1

1 -
_ [ 14p2 21
1 ( g

1
Define the function h(z,v;) = 222271 for 0 < # < 1 and 0.5 < v < 1.

1—g2v1

Inx 1
ahg’z’“l) = — CXP(zvl)iz > 0 for a fixed 0 < z < 1.
! 202 (1—z2v1 )2
—2v141
ah(gfl) =2 S 0forafixed 0.5 < vy < 1.

2u1 (1—22v1)2

Taking an extreme case of x = v; = 0.99, we obtain £(0.99,0.99) ~ 196 iterations. For z = v; = 0.95,
h(0.95,0.95) =~ 36 iterations. It decreases even more drastically for realistic choices of p,, and v;. Thus, it
is reasonable to study the rate for k£ > K.

We conclude that for k > K, there exists 0 < 191 < 00, such that

~ )
||xk — 1JC]€H2 <1t Oéi. (91)

Thus, from , for k > K1, we also have

_ 1+ p2 _ n(l+ p2)M
|Zg11 — 125 STP’”HM — 1z + ai(l_i;;)

w

0
p T2 k

)
2:’192 Oéz.

2 2
S(1+pwv2 n(1+pw)M) 2 (92)

The rest of the analysis concerning the almost sure convergence, the convergence rate with constant and
vanishing step sizes, and the regret bounds follow exactly the same as in the case with gradient tracking.

| Additional Numerical Examples

Figures [11{14] depict the classification of images with the labels 2 and 3 and Figures depict those with
the labels 3 and 4.
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Figure 11: Expected loss function evolution of
the proposed algorithms vs. DSGT, EXTRA,
and 1P-GD considering vanishing vs. constant
step sizes classifying images with labels 2 and 3.
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Figure 13: Expected consensus error evolution of
the proposed algorithms vs. DSGT and EXTRA
considering vanishing vs. constant step sizes clas-
sifying images with labels 2 and 3.
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Figure 15: Expected loss function evolution of
the proposed algorithms vs. DSGT, EXTRA,
and 1P-GD considering vanishing vs. constant
step sizes classifying images with labels 3 and 4.
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Figure 12: Expected test accuracy evolution of
the proposed algorithms vs. DSGT, EXTRA,
and 1P-GD considering vanishing vs. constant
step sizes classifying images with labels 2 and 3.
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Figure 14: Expected gradient tracking error evo-
lution of the proposed algorithms vs. DSGT and
EXTRA considering vanishing vs. constant step
sizes classifying images with labels 2 and 3.
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Figure 16: Expected test accuracy evolution of
the proposed algorithms vs. DSGT, EXTRA,
and 1P-GD considering vanishing vs. constant
step sizes classifying images with labels 3 and 4.
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Figure 17: Expected consensus error evolution of
the proposed algorithms vs. DSGT and EXTRA
considering vanishing vs. constant step sizes clas-
sifying images with labels 3 and 4.
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Figure 18: Expected gradient tracking error evo-
lution of the proposed algorithms vs. DSGT and
EXTRA considering vanishing vs. constant step
sizes classifying images with labels 3 and 4.
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