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ABSTRACT

Stochastic Frank-Wolfe is a classical optimization method for solving constrained
optimization problems. On the other hand, recent optimizers such as Lion and
Muon have gained quite significant popularity in deep learning. In this work,
building on recent initiatives, we provide a unifying perspective by interpreting
these seemingly disparate methods through the lens of Stochastic Frank-Wolfe.
Specifically, we show that Lion and Muon with weight decay can be viewed as
special instances of a Stochastic Frank-Wolfe, and we establish their convergence
guarantees in terms of the Frank-Wolfe gap, a standard stationarity measure in
non-convex optimization for Frank-Wolfe methods. We further find that conver-
gence to this gap implies convergence to a KKT point of the original problem
under a norm constraint for Lion and Muon. Moreover, motivated by recent em-
pirical findings that stochastic gradients in modern machine learning tasks often
exhibit heavy-tailed distributions, we extend Stochastic Frank-Wolfe to settings
with heavy-tailed noise by developing two robust variants with strong theoretical
guarantees that hold for general compact convex sets without the need for a large
batch size, filling the gap in the literature on Stochastic Frank-Wolfe for non-
convex optimization. Our contributions in the later part of this work, in turn, yield
new variants of Lion and Muon, that better accommodate heavy-tailed gradient
noise, thereby enhancing their practical scope.

1 INTRODUCTION

Frank-Wolfe (FW) methods (i.e., Conditional Gradient Methods) are classical algorithms in opti-
mization and machine learning (Frank & Wolfel [1956; Jaggi, 2013)). Over the past decade, there
has been sustained interest in extending and analyzing FW variants in a broad range of settings,
including refined algorithms and convergence analysis (Lan & Zhou, |2016j [Lacoste-Julien, 2016;
Liet al., 2021a;|Lu & Freund, 2021; Braun et al., 2022} |(Chen & Mazumdar, 2024} Martinez-Rubio
& Pokutta, 2025), acceleration under certain constraint sets for minimizing functions with certain
properties (Garber & Hazan, 2015; |Abernethy et al., 2018} |Kerdreux et al., 2021} |Garber, [2023;
2025)), projection-free algorithms for online learning (Hazan & Luol |[2016; Wan et al.| [2022; |Garber
& Kretzu, 2023), connections to submodular maximization (Mokhtar1 et al.l [2020), a new inter-
pretation as finding a game-theoretic equilibrium (Abernethy & Wang, |2017; Wang et al., 2024),
and stochastic optimization (Hazan & Luo, 2016} Reddi et al.l 2016} [Yurtsever et al.l [2019; |[Shen
et al., 2019; Zhang et al.l [2020b; Négiar et al., 2020; |Hassani et al., 2020; [Beznosikov et al., [2023;
Nazykov et al.l |2024), among others, to name just a few. FW-type methods, which rely on a linear
optimization oracle, can enjoy lower per-iteration cost compared to methods that require a projection
for some constrained optimization problems. However, in deep learning, training is typically framed
as an unconstrained minimization problem, where practitioners often favor recent optimizers such
as AdamW (Loshchilov & Hutter, 2018]), Lion (Chen et al.l|2024b)), and Muon (Jordan et al.| 2024)).
It remains unclear to what extent FW methods are practically effective or competitive as optimizers
for training neural networks, despite previous efforts to explore their application in training deep
learning models (e.g., Pokutta et al.| (2020)).

In this work, we first show that Lion and Muon, two recent state-of-the-art optimization methods
in deep learning, are in fact specific instances of a stochastic FW. This unification is grounded in a
sequence of recent insights that reveal how solving the linear optimization oracle under various norm
constraints naturally gives rise to a few popular updates in training neural networks such as obtaining
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a signed stochastic gradient (Bernstein et al., 2018)) and getting a preconditioned stochastic gradient
(Chen et al.| (20244a)); Xie & Li/(2024); Bernstein & Newhouse| (2024); Pethick et al.|(2025)). Yet, we
note that the similar observations can be traced back to an earlier initiative of investigating the linear
optimization oracle in the FW literature, see e.g., Jaggil (2013)); Combettes & Pokuttal (2021 and
the references therein. We advance this perspective by establishing that Lion is exactly a stochastic
FW under an [ -norm constraint, while Muon with weight decay corresponds precisely to the same
stochastic FW under a spectral-norm constraint. We further provide a convergence rate guarantee
of the proposed stochastic FW in terms of the Frank-Wolfe Gap under the standard smoothness and
bounded variance assumption, and hence our result offers a theoretical support for Lion and Muon.
We then discuss the interpretation of convergence guarantee for the Frank-Wolfe gap and show that
the notion implies converging to a KKT point of the original optimization problem subject to a
corresponding norm constraint, for Lion and Muon.

We then delve further into Stochastic FW under the scenario where the stochastic gradients sat-
isfy a p-moment noise assumption, where p € (1,2]. More precisely, we consider solving
minkec F' (x) := E¢ [f (x,&)], using an unbiased stochastic gradient oracle that returns V f (x, §)
and satisfies the bounded p-th moment noise condition: E¢ [||V f (x, &) — VF(x)|”] < o for some
p € (1,2]. The p-th moment noise assumption in stochastic optimization can be traced back to
Zhang et al.| (2020b), which is motivated from the observations that the finite-variance assumption
(i.e., bounded second moment) may not hold when training modern machine learning models such
as deep neural networks (Simsekli et al.} 2019;|Zhang et al.,2020a). Therefore, Zhang et al. (2020a))
proposed considering the bounded p-th moment noise condition, where the case of p < 2 can cap-
ture heavy-tailed noise. They further provide a couple of concrete examples of distributions that has
bounded p-th moment for some p < 2 but unbounded variance. Since then, there has been a flurry
of research in stochastic optimization that provide improved theoretical analyses and algorithmic
developments under this setting, e.g., (Cutkosky & Orabona) (2019); Nguyen et al.| (2023)); [Kornilov
et al.| (2023); Liu et al.| (2023); |[Sadiev et al.| (2023)); |[Liu & Zhou! (2025)); [Puchkin et al.| (2024);
Hiibler et al.|(2024); [Kornilov et al.|(2025). However, to the best of our knowledge, little is known
about stochastic optimization methods that rely on a linear optimization oracle under the bounded
p-th moment noise condition. Hence, we explore this direction and propose two Stochastic FW type
methods. The first method incorporates clipping the magnitude of the stochastic gradients and con-

verges to the FW gap at a rate of O (log(T/ 5)T%), with probability at least 1 — ¢. The second
method integrates both the clipping technique and a variance reduction method and achieves an im-
proved rate of O (log(T/ NnT %> under the additional structural assumption that the stochastic

gradients are Lipschitz. This result parallels the aforementioned related works on SGD-type meth-
ods in terms of finding a point with € gradient norm with high probability. Furthermore, by building
upon the connection between FW, Lion, and Muon established in the first part of our contributions,
our result leads to two variants of Lion and Muon with strong guarantees under the heavy-tailed
noise.

Moreover, in the p = 2 regime where the variance of the stochastic gradient is bounded, we also
provide a convergence guarantee in terms of the expected FW gap for our proposed method. Specifi-
cally, we show that the total number of stochastic gradient evaluations is O(1/€?) to get an expected
€ gap, which not only matches the best known complexity results in |Yurtsever et al.|(2019); Hassani
et al.| (2020); Zhang et al.| (2020b); Nazykov et al.| (2024), but also simultaneously avoids the need
for a gigantic average batch size across iterations and relies additionally only on the smoothness and
the averaged Lipshitz gradient assumption. To our knowledge, this is the first result in the literature
of Stochastic FW that achieves both desiderata.

2 PRELIMINARIES

2.1 NOTATIONS AND ASSUMPTIONS

As this work concerns optimization via Stochastic FW, we begin by recalling the definition of the
Frank-Wolfe gap, i.e.,

G(x) := max(v — x, —VF(x)). (1)

vel
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One can show that G(x) = 0 if and only if x is a stationary point (Lacoste-Julien, 2016). Further-
more, when the function F'(-) is convex, then the Frank-Wolfe Gap G(x) is an upper bound of the
optimality gap A, := F(x) — mingec F(x), i.e., A, < G(x), which can be obtained naturally as a
by-product of solving the linear optimization problem in FW.

In this paper, we focus on a non-convex stochastic optimization problem of the form:
minkec F (x) = E¢ [f (x, )], where the objective F' : H — R is a differentiable function de-
fined over a Hilbert space H, and ¢ is an independent random variable that represents the random-
ness of the stochastic gradient (e.g. the randomness of the mini-batch sampling). We let ||A]|2
and ||A||¢ represent the spectral and nuclear norm, respectively, when A is a matrix. Recall
that for a norm | - |, its dual norm || - ||, is defined as [|y||. = supj<;(y,x). For example,

the dual norm of an ¢, norm is an ¢, norm, where % + % = 1,p,q € [1,00]. We further let
Omxn ={A€R™": ATA =1, or AAT =1,,} denote the set of semi-orthogonal matrices.

For brevity, we let @ V b := max(a,b) and a A b := min(a, b) denote the maximum and minimum
operators, respectively.

In all the assumptions that follow, we clarify that the norms involved are Hilbert-space norms. We
assume that the constraint set C C H is a convex and compact set with diameter D, i.e. ||[x—y|| < D,
for all x,y € C. Throughout, we also assume that F' is bounded below, i.e. infyce F(x) > —o0.
We will use the following assumptions in this work. However, not all of our results rely on all of
the following assumptions. For each theoretical result in this work, we will explicitly state which
assumptions in the following are invoked.

Assumption 1. (L-smoothness of F(-)) The function F(-) is L-smooth, i.e. for all x,y € C, we
have F (y) < F (x) + (VF(x),y — x) + 5[ly — x|/

Assumption 2. (Averaged L-Lipschitz gradient of f(-,§)) The function f(-,€) has averaged L-
Lipschitz gradient, i.e. for all x,y € C we have E¢ {HVf (x,§)—-Vf (y,é)HZ} <L*|x-y|°.
Assumption 3. (a) (L-Lipschitz gradient of F(-)) |VF (x) = VF (y) || < L|ly — x
(b) (L-Lipschitz gradient of f(-,€)) [V f (x,£) = Vf (y,§)| < Llx -y
We note that Assumption [3}a implies Assumption

Assumption 4. (Bounded p, moment noise) The stochastic gradient V f (-, ) is an unbiased es-
timate of the true gradient VF (-), i.e. E¢ [Vf (x,£)] = VF(x), Vx € C. Furthermore, for some
finite 0 > 0, we have E¢ [||V f (x,€) — VF(x)|?] < oP,Vx € C, where p € (1,2].

, Vx,y € C.
,Vx,y € C, wp. 1.

It is noted that when p = 2, i.e., E¢ [|[Vf (x,£) — VF(x)|]?] < o2, Assumption becomes the
assumption that the variance of the stochastic gradients is bounded, which is a common assumption
in stochastic optimization (Fang et al.| 2018; [Tran-Dinh et al., 2019; |Cutkosky & Orabona, 2019;
Levy et al., 2021} |Li et al.,|2021b).

Assumption 5. (Bounded gradient norm over the set C) For all x € C, we have |[VF(x)| < G.

2.2 LION AND MUON

The Lion optimizer, proposed by [Chen et al.[|(2024b), is a recent algorithm discovered via program
search that has been experimentally shown to have superior generalization properties on various
tasks compared to AdamW, which in turns has drawn further research attention in improving the
algorithm and theoretical foundation (Chen et al.l|2024a; |[Liu et al.,2024; |Dong et al., 2024} Kosson
et al.l 2024bga; Liang et al.| 20245 2025} |Zhao et al., |2025). Notably, |Chen et al.| (2024a) intro-
duce a general family of Lion-/C algorithms by developing a Lyapunov function for the optimization
dynamics and show that Lion solves an /,-norm constrained optimization problem. Kosson et al.
(2024b)) analyze the influence of the interplay between weight decay and learning rate in the update
dynamics of various optimizers, including Lion. A subsequent work by the same authors proposes
two Lion variants that scale the update size and adjust the hyperparameter choices to be more com-
parable to those of AdamW (Kosson et al.| [2024a). |Yuan et al| (2025) develop a framework by
incorporating variance reduction into adaptive gradient methods, with one variant based on Lion.
While their setting offers interesting insights, in contrast to this work, it does not incorporate the
weight decay term, and convergence guarantees for the Lion variant are not included. They further
assume the use of positive-definite preconditioners, a condition relying on the algorithmic iterates.
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Algorithm 1 Lion (Chen et al.,[2024b) Algorithm 2 Muon (Jordan et al.|[2024)
Required: Momentum parameters (31, B2, step Required: Momentum parameter u, step size
size {n: }, weight decay parameter . {n+}, weight decay parameter \.

Initialize: mo = O0and x; € C. Initialize: Bo = 0 and X; € C.

fort =1,2,... do fort=1,2,... do
Sample Z; ~ D. Sample Z; ~ D.
Compute g: = V f(x¢; Z¢). Compute G, = Vf(Xy; Z¢) € R™*™.
Update ¢ = Simyi—1 + (1 — 31)8¢.- Update B; = uB¢—1 + G¢.
Update x¢4+1 = Xt — ¢ (sign(cs) + Axy). Update O; = arg minaco,, ., ||[A —B¢||r
Update m; = Somy—1 + (1 — B2)8:. Update Xi 1 = Xt — n¢ (O + AXy).

end for end for

Muon (Jordan et al., [2024), on the other hand, is a preconditioned gradient method. The design of
Muon was motivated from improving Shampoo (Gupta et al., 2018)), which aims to maintain nec-
essary second-order information while being efficient in optimization over tensor spaces. Shampoo
regained prominence after winning the external tuning track at the 2024 AlgoPerf: Training Algo-
rithms competition (Dahl et al.|(2023)); [Vyas et al.|(2025); Morwani et al.|(2025)). Building on this,
Jordan et al| (2024) propose Muon, an update rule that can be interpreted as a variant of Sham-
poo without the use of preconditioner accumulators. They further introduce a more efficient variant
of Muon by incorporating an additional Nesterov momentum step. [Bernstein & Newhouse| (2024)
demonstrate that Muon can also be viewed as a steepest descent method under the spectral norm and
provide a more efficient Newton-Schulz iteration scheme to perform approximate SVD. A recent
work by Pethick et al.[(2025) showcased Muon without the additional Nesterov-momentum step as
an instance of one of their proposed methods labeled Unconstrained Stochastic Conditional Gradi-
ent Method, with a guarantee on the expected gradient norm, and also recovered Muon with weight
decay from a constrained variant, with a guarantee on the expected Frank-Wolfe gap. Their work
further establishes a connection between the linear minimization oracle in Stochastic Frank-Wolfe
and other norm-constrained optimizers, offering a valuable step toward unifying these approaches.
While offering important contributions, their constrained variant does not incorporate the momen-
tum extrapolation step, and as a result, does not recover Lion or the Nesterov-momentum variant
of Muon. Since then, several works have analyzed the convergence properties of Muon in the ab-
sence of a weight-decay term (Li & Hong, [2025; [Shen et al., [2025] |An et al.| 2025} [Kovalev, [2025;
Riabinin et al., [2025). Notably, |Chen et al.| (2025) extend this line of work by studying the con-
vergence of Muon with weight decay within the Lion-/C framework. Muon with weight decay has
been shown experimentally to outperform vanilla Muon in the over-train regime (Liu et al., 2025al).
We emphasize that, while convergence guarantees for Muon with weight decay can be recovered
from the proposed Stochastic Frank-Wolfe in this paper, our results are established for the general
Stochastic Frank-Wolfe and therefore extend to a broad class of algorithms. Moreover, new variants
of Muon can be derived within our proposed methods, for which we also recover the corresponding
convergence guarantees. Several recent variants of Muon have additionally been proposed, includ-
ing Ma et al.| (2025); Liu et al.| (2025b); |[Lau et al.| (2025); [Huang et al.| (2025); He et al.| (2025); |S1
et al.[|(2025));|Liu et al. (2025a).

3 LION AND MUON AS A STOCHASTIC FW

The mechanism behind the Frank-Wolfe method and  Algorithm 3 A stochastic FW method
its variants in constrained optimization lies in their
projection-free property. In particular, at each iteration, step size
the algorithm solves a linear minimization problem of I{l/?lil;}lizt}/téo :%‘ and{;]i}é cC.
the form ) fort=1,2,... do
arg m1(r:1<v, g), Sample Z; ~ D.
ve Compute g = V f(x¢; Z¢).

Required: Momentum  parameters

for some input g € H, followed by a convex averaging Update g: — (1~ ) 81 + 118

step. Solving the linear optimization problem can be . 3 3
; L Setg, = ~—tsgy + (1 — 25 ) g;.
less expensive compared to the projection for some con- [E=) )
straint sets C. Of particular interest is the special case Compute u; = arg minvec(v, &t)-
where the constraint set is set to be a norm constraint of Update x¢+1 = (1 — ne)xe + neus.
the form ||v|| < %, for some norm | - || and sharpness end for
_Olell«

A > 0. More specifically, for any g € H, it is easy to verify that arg min | < (v,g) = =,

ES
A

4
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where 0||g||. denotes the subdifferential of || - ||. at point g, defined as d||g||. := {x € R : ||x|| =
1, (x,g) = ||g||«} Therefore, if g is a gradient, v.= —3||g||../ A can be viewed as a scaled steepest
descent direction, i.e., the direction that minimizes the inner product with the gradient.

What we are going to show is that Lion is an instance of a variant of Stochastic FW (Algorithm 3]
under an /,.-norm ball constraint.

Theorem 1. (Lion as Stochastic FW) Lion (Algorithm[])) is an instance of a Stochastic Frank-
Wolfe (Algorithm when using parameters 1+ = b1, v+ = 1 — Ba, 77?lgIEI = )\nﬁlg |I|’ for all
t, setting C = {v € R" : |v|[|os < 1}, and letting (-, -) denote the Euclidean inner product.

For the proof of Theorem [I] we refer the reader to Appendix [B]

The Muon optimizer (Jordan et al., [2024) is designed for optimization problems where the model
is structured as blocks of weight matrices (e.g., neural networks). |Bernstein & Newhouse| (2024))
demonstrate that at each iteration, the algorithm performs steepest descent under the spectral norm
ball. Similarly, |Pethick et al.| (2025) establish that at each iteration the Muon update step uses a
linear minimization of the form arg min 5 ,<1 (A, G), for some A > 0, where (:,-) denotes the
Frobenius inner product and || - ||2 denotes the spectral norm. We show that by adding a weight
decay term to the Muon update, as shown in Algorithm |2} the method can be produced from the
same variant of Stochastic FW that yields Lion (i.e., Algorithm 3]

Theorem 2. (Muon as Stochastic FW) Muon (Algorithm [2)) is an instance of a Stochastic
Frank-Wolfe (AlgorithmEl) when using the parameters 1+ = 1, v = 1 —p, ntAlg = )\ntAlg ,

for all t, setting C = {A € R™*" : ||All; < 1}, and letting (-,-) denote the Frobenius inner
product.

The proof of Theorem [2]is deferred to Appendix [B]

Notably, it can be shown that Muon with the additional Nesterov momentum step also falls within
our Stochastic Frank-Wolfe. Due to space constraints, we defer the details to Appendix

Theorem [3| below provides the convergence rate guarantee for Algorithm [3] and its proof can be
found in Appendix [B] We emphasize that the theorem considers the case where the user em-

ploys a batch size m; of samples to construct a stochastic gradient estimate g; = V f(x¢; ) =
mi, Z:’;fl V f(x¢; &) at each iteration ¢. The batch size controls the variance of the stochastic

gradient. In particular, we have E [||g; — VF(x)|]?] < :Ti’ when m; samples are used to obtain g;.

Theorem 3. Setrn, = ﬁﬁ’ Y+ =, P14+ = B and the batch size m; = m, forallt > 1. Let X,

be chosen uniformly at random from {X;}._,. Then, under Assumptions a and with p=2
(i.e., bounded variance), Algorithm 3| satisfies

D(Fx) - F(x) + L(1/2+ 5/7)) | Do B
E[G(x,)] = O ( T1/2 + \/7% (’Y(l—’}/) + 1)) , (@

forany B € [0,1 —~] and~y € (0,1).

Theorem 3]establishes an upper bound of the expected Frank-Wolfe gap that holds for any batch size
m. If one sets m; = m = T, then the following guarantee is implied by Theorem [3]

Corollary 1. In Theorem[3] set m; = T, for all t > 1. Then, Algorithm[3]satisfies

D(F(x1) - F(x.) + L+ )
Eig6xn)] = ( 2 ).

3

We note that the Corollary [I] suggests that the number of calls to stochastic first-order oracle (SFO)
(i.e., stochastic gradient computations) for getting an expected e-gap is O(1/€*) in the worst case,
which matches an existing rate of standard Stochastic FW in |[Reddi et al|(2016) and the rate of a
variant of Stochastic FW considered inPethick et al.[(2025) (see Lemma 5.6 in|Pethick et al. (2025)).
Later, we propose a variant (Algorithm[5) and show that it achieves the same SFO complexity up to a
logarithmic factor under the bounded-variance assumption, with high probability, while it eliminates
the large batch size required in Corollary
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Next, we highlight the implication of the convergence of the Frank-Wolfe gap for Lion and Muon
— finding a KKT point of the constrained optimization problem:

min F(x), 4)
=<3
where for Lion, the norm in equation [4|is || - ||« (c.f., Theorem , while for Muon, the norm is
the matrix spectral norm || - ||2 (c.f., Theorem [2). We recall that when a pair of primal variable x.

and a dual variable p. satisfies the KKT conditions, it means that they satisfy (1) primal feasibility,
ie., ||x.| <+, (2) dual feasibility, i.e., p. > 0, (3) stationarity, i.e., 0 € VF(x,) + 1.0||x.]|, and
(4) complementary slackness, i.e., ft. (||%«|| — %) = 0. In this case, we say that x, is a KKT point,
following the terminology of | Xie & Li|(2024)), who provide a precise equivalent characterization of
a KKT point, stated as follows:

Lemma 1 (Lemma 3.8 in Xie & Li|(2024)). x is a KKT point ofequation if and only if ||x|| < &
and {(—\x, VF(x)) = |[VF(X)[[

Xie & Li| (2024) show that if AdamW (Loshchilov & Hutter, 2018) converges with non-increasing
step sizes, then it must converge to a KKT point of equation 4]under the /..-norm constraint asymp-
totically. On the other hand, we find that the Frank-Wolfe gap serves as a metric for measuring
convergence to a KKT point. To be completely precise, when the constraint set C is a norm-ball
constraint, we have

1

G(x) = nax (v =%, -VF(x)) = L [VF)I, + {x, VF(x)). (5)
Visx

The above expression together with Lemmal[T|shows that converging to a Frank-Wolfe gap is exactly

equivalent to obtaining a KKT point.

In the context of Lion, we note that [Dong et al.| (2024) present convergence guarantees in terms
of the quantity, 7 Zthl E[MVE(x¢),x¢) + ||[VF(x¢)]|1], which is exactly the expected Frank-
Wolfe gap up to a multiplication constant ), since 7 23:1 E[MVE(x:),x:) + [|[VF(x)|1] =
A ZtT:1 E[G(x¢)] = AE[G(x4)] . Their result shows an iteration complexity of O (f—j) to con-

verge to an e-gap, where d is the dimension. Similarly, in the case of Muon with weight decay,
Chen et al.| (2025) employ a KKT score function S(X), and derive their results using the quan-
tity ZtT:l E[S(Xy)] = # Zthl E [(A\X}:, VF(Xy)) + [|[VF(X4)]r], which is analogous to the
Frank-Wolfe gap in the matrix setting. The provided iteration complexity matches the bound in
Theorem 3] In comparison with these works, the unifying perspective of Lion and Muon as Stochas-
tic FW presented in our work yields a more general result, as the convergence result in Theorem
applies to both Lion and Muon.

4 A DEEPER INVESTIGATION OF STOCHASTIC FW METHODS UNDER THE
BOUNDED MOMENT NOISE

In this section, we conduct a deeper investigation of stochastic FW methods under Assumption
which characterizes the moment of the noise present in stochastic gradient estimates.

4.1 LIGHT-TAILED REGIME

Corollaryin the previous section shows a required O(1/e?) calls to SFO to guarantee an expected €
gap. However, there has been extensive research in recent years aimed at improving the complexity
of stochastic Frank-Wolfe methods. These efforts integrate variance reduction techniques under
various assumptions to obtain an O(1/e) complexity in terms of SFO calls, see e.g., Yurtsever et al.
(2019); Hassanti et al.|(2020); Zhang et al.|(2020b); [Nazykov et al.|(2024)); Beznosikov et al.| (2023);
Weber & Sra|(2022). In Appendix[A| we summarize the most relevant results in Table[I} and provide
a more detailed discussion.

Here, we propose Algorithm[d|and provide its convergence guarantees in Theoremd]and Corollary[2]
The idea of the algorithmic design is to integrate a variance reduction technique, STORM (Cutkosky
& Orabonal [2019), into Algorithm
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Theorem 4. Set 0, = 57575, Wt = 775, P = L — i, for all t > 1, and the batch

size my = m, for all t > 1. Let X, be chosen uniformly at random from {x,}1_,. Then,

under Assumptions [I} 2} and @ with p = 2 (i.e., bounded variance), Algorithm [| satisfies
D(F(xl)fF(x*)+L2+%> D02>

E[G(x.)] = O ( = .

Corollary 2. In Theorem set my = TY3 and my = 1, for all t > 1. Then, Algorithm

satisfies E[G(x,)] = O (D(F(x1)—§5’/€;)+L2+02)> .

Corollary 2implies that the number of iterations is
T = O(1/€®) to obtain an expected e-gap. Here,
we recall that m; is the batch size to construct the
stochastic gradient estimate g;. Hence, the corre-
sponding number of SFO calls indicated by Corol-
laryis my + (T —1)m = O (%), which matches
the b

Algorithm 4 Stochastic FW with Variance
Reduction

Required: Momentum parameters {~:}, step
size {m: }.

Initialize: go = 0, and x; € C.

fort =1,2,... do

est-known complexity bounds in the litera- Sample Z; ~ D.
ture (see Table [T). However, we note that Algo- Compute g = V f(x¢;Z).
rithm [ requires a large batch size only at initial- Update g; = (1—y)gi1 + 718 +

ization, and its amortized average batch size is at
most 2, thereby avoiding the need for large batches
throughout the iterations, unlike |Yurtsever et al.
(2019); Hassani et al.| (2020). Furthermore, com-
pared to/Zhang et al.|(2020b)), our result does not re-
quire any assumptions on the Hessian or additional
structural assumptions on the data distribution, while still maintaining a small average batch size.
We also note that in the case of SignSGD and its variants (Karimireddy et al., [2019; |Safaryan &
Richtarik} 202 1; [Crawshaw et al.| 2022), there is a line of work leveraging variance reduction tech-
niques, see e.g., (Chzhen & Schechtman| (2023); |Qin et al.| (2023); Jiang et al.| (2024) and the ref-
erences therein. On the other hand, based on the connection between Lion and Stochastic FW that
we have highlighted in an earlier section, we know that applying Algorithm [4| over the ¢..-norm
ball can yield an optimization dynamic with variance reduction that uses the sign of a stochastic
gradient to update. By Corollary [2} this variant achieves an SFO complexity guarantee of O(1/¢?),
which parallels that in Jiang et al.[(2024) and|Arjevani et al.|(2023) for finding an e-stationary point.
However, we emphasize that our result of Stochastic FW is applicable to any convex and compact
constraint set, not only limited to the ¢,-norm ball.

(1 =%) (8 — L2V f(xt-1;5¢)) -

o B _ Bz 5
Setg: = a8t T (1 (1*%)> 8-
Obtain u; = arg minyec (v, g¢).

Update x¢4+1 = (1 — m¢)%¢ + meug.
end for

4.2 HEAVY-TAILED REGIME

In this subsection, we shift gears to develop
Stochastic FW methods that enjoy theoretical
guarantees under p-th moment bounded noise, for
any p € (1,2]. As discussed in the introduc-
tion, it is widely observed that stochastic gradients
in deep learning—particularly in training large
language models—are heavy-tailed (Zhang et al.,

Algorithm 5 Stochastic FW with Clipping

Required: Step size {7:}, momentum parame-
ters {1,¢ }, {7¢}, and clipping parameter M.
Initialize: go = 0, and x; € C.
fort =1,2,... do

Sample Z; ~ D.

2020a; Gurbuzbalaban et al., |2021; | Hodgkinson &
Mahoney, 2021; Kunstner et al., |2023;|Ahn et al.
2024). Therefore, the commonly used bounded
variance assumption may not be appropriate for

Get gf, = (1 A m) vf(xh Et)
Update g¢ = (1 — 7¢) 8t—1 + Ve8e-

Set g = %gt + (1 - (fjiwtt)) gt.
Compute u; = arg minvec (v, 8¢).

designing and analyzing stochastic optimization
algorithms. To mitigate the issue of heavy-tailed
noise, clipping has been used to establish several
nice results in SGD recently (Zhang et al.| 2020aj |Gorbunov et al., |2020; [Mai & Johansson| 2021}
Cutkosky & Mehta, [2021} |[Nguyen et al., [2023} |Hiibler et al., 2024; Schaipp et al., [2024), as well as
in adaptive methods such as Adagrad and Adam (Chezhegov et al.l [2025} |Li & Liul 2023)). How-
ever, very little prior research has focused on FW-like methods under heavy-tailed noise, and the
work by [Tang et al.| (2022) is the only one we are aware of. That said, unlike our work and the

Update x¢+1 = (1 — m¢)x¢ + meug.
end for
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aforementioned related results, which assume bounded p-th moment noise (Assumption E]), Tang
et al.[(2022) adopt a different set of assumptions on the stochastic noise and assume convexity of the
function, and hence our results in the following are not directly comparable to them (more detail in
Appendix [A). We also note that their algorithm requires a large batch size, whereas ours allows the
batch size to be one.

We propose Algorithm [5] which can be viewed as integrating the clipping technique from Algo-
rithm[3] We note that from the idea of Lions and Muons as Stochastic FWs, one can obtain a variant
of Lion and Muon with clipping from Algorithm [5} Specifically, the new variant of Lion (which
we call LION+) shares the same steps as Lion, except that Line 5 in Algorithm [I)is replaced with

R
new variant of Muon with clipping, denoted MUON+, follows the same updates as Algorithm
except that Line 5 is replaced with a clipped stochastic gradient. Due to the space limit, we defer
the full algorithmic descriptions of LION+ and MUON+ to Appendix [C} Theorem [5|below provides
the convergence rate guarantee of the proposed Stochastic FW with clipping.

Theorem 5. Suppose Assumptions a, and@hold Set vy = v = Tﬁ, Bit =B =

) Vf(x¢;E¢), where M > 0 is the parameter of clipping. Similarly, the

= __ _o _ Val
(SIS R MESE N 2 G Rand e \/ﬁDAB B/ D\/m/\QO'yDTM’Ylogg A
2TD(17—1)M(1+ % Then, with probability at least 1 — 6, Algonthmﬁhas & thl (x¢) =

T3p—2

(@) (1%5> where p € (1,2].

We note that the convergence rate O <1og ( ) T2 2) for the Frank-Wolfe gap achieved by Al-

gorithm [5] parallels those results for SGD with clipping under heavy-tailed noise in the literature
(Zhang et al., 2020a; |Cutkosky & Mehta, 2021 Hiibler et al., [2024)), which converges to an € ex-
pected gradient norm. Notably, the result of Theorem [3]is established even when the batch size of
stochastic gradients is fixed to 1 at each iteration.

We also propose another algorithm that incorporates both the clipping operation and variance reduc-
tion, i.e., Algorithm|[6|on the right.

Theorem [6] below shows the convergence rate
of the proposed method, and we note that, sim-
ilarly to Theorem [5} this guarantee holds even

Algorithm 6 Stochastic FW with Clipping and
Variance Reduction

Required: Step size {r:}, momentum parameters

when the batch size of the stochastic gradients
is 1 at each iteration.

In particular, Theorem [6] shows an improved
complexity, compared to Theorem [J] We
also note that Theorem [6] for the proposed
Stochastic FW can be seen as a counterpart
to a notable result by |[Liu et al. (2023) on
SGD for non-convex stochastic optimization
under heavy-tailed noise, where the authors
establish the same rate for obtaining an e-small
expected gradient norm via normalized SGD
with clipping and variance reduction.

{pB1,+}, {1+}, and clipping parameter M.
Initialize: go = 0, and x; € C.
fort=1,2,... do

Sample Z; ~ D.

o, — M .=
Set g = (1 A HVf(xt;st)n) Vf(xe; Ee).

Update g¢ = (1—v)ge-1 + & +
(1 = 7)) L2 (VF(x4;8e) — VF (x6-1;Er))

Ao B 61
Setgr = g8 + ( a- m) &t
Compute us = arg minyec(v, §:).
Update Xt4+1 = (1 — nt)xt + NeW¢.
end for

Theorem 6. Suppose Assumptions a, b, and hold Set Y =77 = T, b1t =p0=

1- )(1—T%) LM =
1—y ~ A 1
20yDTM B log 4T 2TD(1—1L)M(1+A,)

ﬁ\/2G,andm:n

R . L —
vLTD D+/9T LB log 3L

. Then, with probability at least 1-4, Algorithmﬁhas

FELL 06 =0 (25 ), where p € (1,21
T2P

To our knowledge, both Theorem E] and Theorem E] are the first results of this kind for Stochastic
FW-type methods under heavy-tailed noise in non-convex optimization. Theorem 6] shows that with
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an additional assumption on the problem structure (i.e., Assumption [3}b), the rate can be improved
to O (Tﬁ) from O (T%)

5 EXPERIMENTS

In this section, we evaluate the performance of LION+ and MUON+ through numerical experiments.
Specifically, we train a nanoGPT [1_-] on the Shakespeare dataset. We compare the performance of
the proposed algorithms against Lion (Chen et al.| [2024b) and Muon (Jordan et al.;, 2024). In the
cases of Muon and MUON+, we use the efficient Newton-Schulz iteration, proposed by Bernstein &
Newhouse| (2024)) for the orthogonalization step, and we use AdamW (Loshchilov & Hutter, [2018])
to optimize the network’s one-dimensional (i.e., vector) parameters. To ensure a fair comparison,
we keep AdamW’s hyperparameters fixed. For all the evaluation algorithms, we employ a cosine
learning rate scheduler. The dropout rate is set to 0.2. We repeat all the experiments with five differ-
ent seed values and report the average. We refer the reader to Appendix D] for the detailed training
configuration and hyperparameter tuning for each of the comparison algorithms. All experiments
are conducted on one NVIDIA A100 GPU.

Results: Figure [T| shows the training and validation loss curves averaged over five runs and evalu-
ated every 10 and 50 steps, respectively. The results indicate that methods with gradient clipping
consistently obtain a lower validation loss compared to their unclipped counterparts. Specifically,
by comparing the number of steps to reach a validation loss below 1.47, LION+ requires 2950 steps,
approximately 19.18% less steps than Lion (3650 steps). Similarly, MUON+ achieves the target
validation loss in 4000 steps, demonstrating an approximately 5.88% reduction in steps compared
to Muon (4250 steps).

Additional experimental results are provided in Appendix [E]

nanoGPT, Shakespeare nanoGPT, Shakespeare
—— Lion | —— Lion
4.01 — Lion+ 4.0 — Lion+
—— Muon —— Muon
" 351 Muon+ 0 3.5 Muon+
2 Q 1.50
S 3.01 -
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c 2.54 © —e—\
© 225 146~
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Figure 1: Loss curves for nanoGPT training on the Shakespeare dataset. We plotted the training and
validation loss per 10 and 50 steps, respectively. The results are averaged across five seed values.

6 DISCUSSION AND FUTURE DIRECTIONS

In this work, we have presented a generalized formulation of Stochastic Frank-Wolfe algorithms, and
we have established a comprehensive set of previously missing theoretical results in the non-convex
setting, including smooth functions with bounded variance (Theorem [3), smooth stochastic func-
tions with bounded variance and variance reduction (Theorem4), and with clipping in the presence
of more heavy-tailed noise assumptions (Theorems [5]and [6). In particular, we have demonstrated
that the proposed Stochastic Frank-Wolfe unifies Lion and Muon under suitable norm constraints,
while also extending to any convex constraint set, which in turn broadens the scope of algorithms to
which its convergence guarantees apply. In the case of norm-ball constraints, as in Lion or Muon,
we have shown that our convergence guarantees in terms of the Frank-Wolfe gap translate into
convergence to a KKT point of the constrained problem. Furthermore, we have demonstrated that

"https://github.com/karpathy/nanoGPT
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by incorporating a variance reduction term, we can obtain an improved convergence rate in terms
of stochastic gradient evaluations. Finally, we have considered the heavy-tailed noise case, where
the stochastic gradients satisfy a weaker assumption than bounded variance, and we have provided
variants with gradient clipping and variance reduction that satisfy high-probability bounds. Our ex-
perimental results validated the theoretical guarantees by demonstrating the improved convergence
of the enhanced variants over the baseline ones.

It still remains an open problem whether the heavy-tailed analysis can be modified to account for
the noise level ¢ in the bound. More precisely, in the absence of noise, the high-probability bounds
we have obtained do not adapt to an improved convergence rate as expected in the noiseless setting,
unlike the in-expectation bounds we have provided for the bounded variance case. We also note that
it is an interesting question whether the convergence analysis of these algorithms can be established
under more general norms in Banach spaces. Importantly, our theoretical analysis measures the
constraint set diameter using Hilbert-space norms. Since norms are equivalent only up to dimension-
dependent constants in finite-dimensional spaces, incorporating a constraint set defined by a different
norm could introduce an explicit dependence on the dimension. Another theoretical limitation is that
our Stochastic Frank-Wolfe analysis does not extend to the Lion and Muon variants without weight
decay, since Frank-Wolfe methods inherently address constrained optimization problems. A natural
next step is to investigate how varying the constraint set can yield new algorithmic variants with
potentially improved dynamics and performance, which we leave for future work.
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A MORE RELATED WORKS

Lion. The Lion optimizer, proposed by |Chen et al.| (2024b)), is a recent algorithm discovered via
program search that has been experimentally shown to have superior generalization properties on
various tasks compared to AdamW, which in turns has drawn further research attention in improv-
ing the algorithm and theoretical foundation (Chen et al.,|2024a} |Liu et al.| [2024; Dong et al., 2024;
Kosson et al.} 2024bfja} [Liang et al., 2024; 2025}, [Zhao et al., 2025). Notably, (Chen et al.| (2024a)
introduce a general family of Lion-/C algorithms by developing a Lyapunov function for the opti-
mization dynamics and show that Lion solves an /,,-norm constrained optimization problem. [Liu
et al.| (2024) present an adaptation of Lion within the distributed optimization setting, allowing ef-
ficient reduction of communication costs. |Dong et al.| (2024) provide a convergence analysis of
Lion to a KKT point of the constrained problem and extend the analysis to stationary points in the
unconstrained case. |[Kosson et al.| (2024b) analyze the influence of the interplay between weight
decay and learning rate in the update dynamics of various optimizers, including Lion. A subse-
quent work by the same authors proposes two Lion variants that scale the update size and adjust the
hyperparameter choices to be more comparable to those of AdamW (Kosson et al., |2024a). |Liang
et al.| (2024) present a conversion of Lion to an online subspace descent algorithm, a process that
enables memory efficiency by utilizing the low-rank structure of the gradients and restricting the
update states to a dynamically changing subspace. Another variant that accelerates the loss decrease
in momentum-based methods by inspecting the direction consistency between the current gradient
and the update step was developed by |Liang et al.|(2025)), who present C-Lion, a cautious version of
Lion. [Zhao et al.|(2025) conduct an empirical analysis of hyperparameter stability and performance
of Lion alongside other optimization algorithms and explore their equivalency in terms of optimal
performance. More recently, Yuan et al.| (2025) develop a preconditioned optimization framework
by incorporating variance reduction into various adaptive gradient methods, with one variant based
on Lion. While their setting offers interesting insights, we note that, in contrast to this work, it does
not incorporate the weight decay term used in Lion, and convergence guarantees for the Lion vari-
ant are not included. Additionally, their analysis requires a stronger assumption of positive-definite
preconditioners, a condition that depends on the evolving algorithmic iterates.

Muon and Shampoo. Muon (Jordan et al.,|2024)), on the other hand, is a preconditioned gradient
method. The design of Muon was motivated from improving Shampoo (Gupta et al., [2018]), which
aims to maintain necessary second-order information while being efficient in optimization over ten-
sor spaces. Shampoo regained prominence after winning the external tuning track at the 2024 Al-
goPerf: Training Algorithms competition (Dahl et al. (2023); |[Vyas et al.| (2025); Morwani et al.
(2025)). |Anil et al.|(2021)) further extended Shampoo to obtain a scalable version, capable of han-
dling large model architectures. The work of |[Vyas et al.[(2025)) establishes an equivalence between
Shampoo and Adafactor applied in the eigenbasis defined by the Shampoo preconditioner. Extend-
ing this observation, they propose SOAP, which allows applying Adam in Shampoo’s eigenspace.
Notably, a recent work by [Morwani et al.| (2025) showed an interesting connection between Sham-
poo’s preconditioner and the optimal Kronecker product approximation of certain matrices, allowing
a more precise understanding of its dynamics. Building on Shampoo, Jordan et al.| (2024) propose
Muon, an update rule that can be interpreted as a variant of Shampoo without the use of precondi-
tioner accumulators. [Bernstein & Newhouse, (2024)) demonstrate that Muon can also be viewed as a
steepest descent method under the spectral norm and provide a more efficient Newton-Schulz itera-
tion scheme to perform approximate SVD. A recent work by [Pethick et al.|(2025) showcased Muon
without the additional Nesterov-momentum step as an instance of one of their proposed methods
labeled Unconstrained Stochastic Conditional Gradient Method, with a guarantee on the expected
gradient norm, and also recovered Muon with weight decay from a constrained variant, with a guar-
antee on the expected Frank-Wolfe gap. Their work further establishes a connection between the
linear minimization oracle in Stochastic Frank-Wolfe and other norm-constrained optimizers, offer-
ing a valuable step toward unifying these approaches. While offering important contributions, their
constrained variant does not incorporate the momentum extrapolation step, and as a result, does not
recover Lion or the Nesterov-momentum variant of Muon. Since then, several works have analyzed
the convergence properties of Muon in the absence of a weight-decay term (Li & Hong| 2025} Shen
et al., 2025; |An et al., 2025; |Kovalev, 2025} [Riabinin et al.l 2025). Notably, |Chen et al.| (2025)
extend this line of work by studying the convergence of Muon with weight decay within the Lion-/C
framework. Muon with weight decay has been shown experimentally to outperform vanilla Muon
in the over-train regime (Liu et al.| [2025a). We emphasize that, while convergence guarantees for
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Method Assumptions Batch LMO SFO
SVFW-S F'is L-smooth . .
1/e/3 1/e2 1/€10/3
~ [Readi etat.)2016) Vi) <G O1/e) 0(1/e) 01/
SPIDER-FW f(:;€) is L-smooth 5 3
O(1 O (1 O (1
Yurtsever et al.[(2019)  E [||Vf(x;€) — VF(x)|]?] < o? (1/¢) (1/€) (1/€)
[f(x:6)| < B
IVf(x:9I<G
E[[[Viogp(x;)|I!] < G,
SFW++ > p )
IV2f(x: €Il < Ly O(1/e) 0O(1/e) 01/

Hassani et al.{(2020)
E [[V*logp(x;§)|1?] < L3

V2f(x;€) is Lo, p-Lipschitz
V?2log p(x; &) is Lo p-Lipschitz
[f(x: )| < B
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E U|V10gp(x;§)||4] < G; 1 O (1/63) O (1/63)
V2 f(x:€)|l < Ly
E [V logp(x;§)|I°] < Lp
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Zhang et al.|{(2020b)

Table 1: Convergence guarantees of stochastic Frank-Wolfe methods with variance reduction for
non-convex optimization in the stochastic setting with the bounded variance assumption, i.e.,
Ee [IVf (x,£) — VF(x)||?)] < o2 Here, p(x;§) is the distribution from which the stochastic
gradient is sampled. We refer the reader to the references therein for details.

Muon with weight decay can be recovered from the proposed Stochastic Frank-Wolfe in this paper,
our results are established for the general Stochastic Frank-Wolfe and therefore extend to a broad
class of algorithms. Moreover, new variants of Muon can be derived within our proposed methods,
for which we also recover the corresponding convergence guarantees. Several recent variants of
Muon have additionally been proposed, including [Ma et al.| (2025); |[Liu et al.| (2025b); [Lau et al.
(2025); |Huang et al.| (2025); |He et al.| (2025)); St et al.| (2025)); ILiu et al.|(2025a).

SignSGD with variance reduction. Optimization methods that use the sign of the gradient at each
iteration have gained interest due to their communication efficiency properties. While introduced in
Seide et al.| (2014)) as a gradient compression scheme, sign stochastic gradient descent (SignSGD)
was first rigorously analyzed by |Bernstein et al.|(2018)), who showed that SignSGD with large batch
sizes achieves O(1/e*) complexity for non-convex optimization problems. Following this, a grow-
ing body of work has been developed to extend sign-based methods (Bernstein et al.| 2019} |[Karim-
ireddy et al., 2019; |Chen et al., 2019; Safaryan & Richtarik, 2021} |(Crawshaw et al., |2022; |Sun
et al., 2023} |Xiang & Sul 2023; Jin et al.l [2025). In the direction of variance reduction, |Chzhen
& Schechtman| (2023)) introduce SignSVRG, which incorporates the variance reduction ideas from
SVRG (Johnson & Zhang, 2013) into SignSGD, and establish a convergence rate of O(m/e?) in the
finite-sum setting, where m is the number of component functions. Building on similar ideas from
SVRG and using random reshuffling, |Qin et al.| (2023) propose SignRVR and its momentum variant,
SignRVM, both achieving a convergence rate of O(m/e?) in the finite-sum setting. More recently,
Jiang et al.| (2024) utilize the variance reduction technique of STORM (Cutkosky & Orabonal 2019)
in SignSGD to develop SSVR, achieving an improved convergence rate of O(1/¢%) in the general
stochastic setting. We note all of the aforementioned complexity results of SignSGD and its varaints
concern finding an e-small expected gradient norm.

SFW with variance reduction. Variance reduction techniques have been adopted in Stochastic
Frank-Wolfe (SFW) algorithms to produce various algorithmic variants for the non-convex stochas-
tic setting. The work of Reddi et al.| (2016)) is the first to propose a variance-reduced SFW al-
gorithm (SVFW-S) that achieves O (1 /et0/ ‘3) SFO and O (1 / 62> LMO complexities to obtain an
e-approximate solution, improving the O (1 / 64) SFO and O (1 / 62) LMO rates of classical SFW.
Yurtsever et al.[(2019) introduce a similar variant (SPIDER-FW) by combining the ideas of SPIDER
(Fang et al., 2018) and SFW, and show a superior complexity rate of O (1 / 63) for SFO, while pre-
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serving the same LMO complexity. [Hassani et al.| (2020) propose another variant (SFW++), which
applies variance reduction by using an unbiased estimator of the gradient difference and demon-
strates an SFO complexity of O (1 / 63). An alternative variant (1-SFW) with exactly one call to the
SFO per iteration was presented in the work of Zhang et al.| (2020b). However, the proposed algo-
rithm exhibits worse computational complexities of O (1 / €3> for SFO and LMO. Building on the
ideas of SPIDER, Weber & Sral(2022) suggest another variance-reduced variant (SPIDER-RFW) for
the Riemannian setting, demonstrating an SFO complexity of O (1 / 63). Nazykov et al.|(2024) pro-
pose a unified framework of SFW methods, leading to the development of various new algorithms,
including variance reduction alternatives. Some other works have explored the use of variance re-
duction in stochastic Frank-Wolfe variants for the non-convex finite-sum setting (Reddi et al., 2016;
Yurtsever et al., 2019; |Qu et al., [2018; |Beznosikov et al., 2023)).

Heavy-tailed noise. Stochastic gradients in deep learning are widely known to exhibit heavy-tailed
noise (Zhang et al., [2020a; |Gurbuzbalaban et al.l 2021} [Hodgkinson & Mahoney, 2021}, [Kunstner
et al., 2023 |Ahn et al., [2024). The heavy-tailed noise condition in SGD was first explored in the
work of Zhang et al.| (2020a), where the authors provide convergence guarantees in expectation
for SGD with clipping. |Gorbunov et al.| (2020) show high probability bounds for SGD under the
bounded variance assumption in the smooth convex case. Subsequent works by |Gorbunov et al.
(2022) and |Gorbunov et al.|(2024) extend the applicability of gradient clipping and moment-based
analysis to variational inequality problems. Another work by Mai & Johansson| (2021) studies the
stability and convergence properties of clipped SGD for convex and weakly convex functions with
rapidly growing subgradients. |Cutkosky & Mehtal (2021)) demonstrate that combining gradient clip-
ping, momentum, and normalized gradient descent leads to high-probability convergence under the
ey, bounded moment assumption for general non-convex functions. Adaptive gradient methods have
also been studied under the same assumption. Specifically,|Li & Liu| (2023) derive high-probability
convergence and generalization bounds for clipped SGD and its momentum and adaptive variants
in the non-convex setting, and (Chezhegov et al.| (2025) similarly provide convergence guarantees
for clipped Adam and AdaGrad under heavy-tailed noise in both convex and non-convex regimes.
Nguyen et al.| (2023)) present an alternative analysis method for showing high-probability conver-
gence in various clipped gradient methods and prove convergence gurantees for the convex and
nonconvex setting. Later, |Hiibler et al.|(2024) provide an in-expectation convergence of normalized
SGD that does not require the specification of any algorithmic parameters. A noteworthy insight is
uncovered by the recent work of |Schaipp et al.[(2024)), which reveals that clipped gradient methods
implicitly perform a median estimation over iterations.

B PROOFS OF THE THEORETICAL RESULTS IN SECTION

B.1 PROOF OF THEOREM

Theorem 1. (Lion as Stochastic FW) Lion (Algorithm[1)) is an instance of a Stochastic Frank-Wolfe
(Algorithm when using parameters 31 = [, V¢ = 1 — [, ntAlg = )\ntAlg , for all t, setting
C={veR":||V|w < 3}, and letting (-, -) denote the Euclidean inner product.

Proof. We show by induction that for all £ > 0 the udates obtained by Algorithm T|are equivalent to
il

the updates of an instance of Algorithm Let xf gl nf lg , gf lg , and xf lg , ntA lg , and gf‘ g3l

denote the iterates, step-sizes and stochastic gradients used at stet of Algorithm [I|and Algorithm
respectively. Then, by setting 81 < S1, % < 1 — Ba, nisl )\nf 20 for all ¢ and letting

C ={v:|[vleo < %}, we show that the following equations are maintained for all ¢ > 0.

Alg[T Alg B
Xt+g1 = Xtﬁ (6)
m; = g (7
Cit1 = Bt41 8

Note that the objects on the left hand-side of the equalities correspond to Algorithm|[I]and the objects
on the right hand-side correspond to Algorithm 3] For ¢ = 0, we have that by initialization of the

algorithms my = gy = 0 and x‘?lg = x/flg . Furthermore, we observe that for all ¢ > 0 we have
. . _ Alg[l _ _Alg . .
H = @b That is, because if m; = g;, x; 7= = x;,7" and using the parameter choices from
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before, we have
Ciy1 = fimy + (1 — 51)@2/&81@
C g+ (-0 (x5B 2
Y big+ (1 BV (xiB 2
=fige + (1 — 51)@?&

b1 _ B1 -
=fig + —(1— ﬂQ)gtAﬁ+ 1- B, gﬁ%

B2
-2 (52& +(1- 52)§A1g@) + (1 _ ﬁl) A
62 t+1 62 i
B %g”l + (1 - g;) gl
= gt+17

where (i) is by m; = g; and (ii) is by x50 = x22E

Now, we can show that (6) and (7) hold for ¢ > 0 using induction. Assume that they hold up to some
t > 0. Then, it follows that (@) also holds up to ¢ > 0 and we have

Algll] _ Alg Alg : Alg _ JAlg Alg Alg _ JAlg
Xt+2. = Xt+1. - 77t+1. (Slgn(CH—l) + )‘Xt+1.) = B +n 8 (ut+1 - Xt+1.> = Xt+2.v

Xit1 t+1
and
myq = fomy + (1 — 52)gﬁg1

= Bomy; + (1 = 32)Vf (X?-il-gl; Et+1)

= Boge+ (1 - B)VS (xR =)

= Bogi + (1 - B2)g 5

= 8t+1-
Fina?y, since (6) and (7)) hold for ¢ + 1, we obtain that (8] also holds for ¢ + 1. This completes tkg
proof.

B.2 PROOF OF THEOREM

Theorem 2. (Muon as Stochastic FW) Muon (Algorithm |Z|) is an instance q@/‘ a Stochastic Frank-
Wolfe (Algorithm when using the parameters 51+ = 1, v+ = 1 — p, ntA el — )\ntA le El, forallt,

setting C = {A € R™*" : |A||2 < +}, and letting (-, -) denote the Frobenius inner product.

Proof. We show by induction that for all ¢ the updates obtained by Algorithm [2] are equivalent
to the updates of an instance of Algorithm [3| Let nflglz and n?lg denote the step-sizes used at
step ¢ of Algorithm [2] and Algorithm [3] respectively. Then, by setting 81, < p, 7 < 1 — p,

pMEB  ApMeB forallt, ¢ = {A € R™*n: ||A|y < +} and letting (-, -) denote the Frobenius
inner product, we show that the following equations are maintained for all ¢ > 0.

gt

B: = 1-. )
—H

Ot == —)\ut (10)

Xit1 = Xgq1 an

Note that with these parameter choices g; = g, for all ¢ > 0 in Algorithm [3| Here, the objects on
the left hand-side of the equality correspond to Algorithm 2] and the objects on the right hand-side

correspond to Algorithm For ¢t = 0, we have that by initialization of the algorithms By = fiou =
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0 and X; = x;. Furthermore, for any ¢t > 0, we have equation[9|=- equation[I0} That is, because if

Bt = 1§tﬂf’ then

O =arg  min |A~Bis
=—X-arg min (A,By)
lAll2<5

. gt
=—X-arg min (A, )
A<t 1—p

=—A-arg min (A, g
All2<5

= —)\ut.
Now, we can show that equation [9] and equation [[T] hold for ¢ > 0 by induction. Assume that they
hold up to some ¢ > 0. Then, we have
By = uBi + Gy
= B + Vf (X415 Ee41)

gt -
\% o)
4 + Vf (%415 E41)
_ Bt+1
1—p
Therefore, we also have that equation|[I0|holds for ¢ + 1,i.e. O;41 = —Auyy,. Finally,

=p

Xz = Xy — nﬁgl(OH_l + AX¢41)

= X¢41 — X (—Aupqr + Axyq1)
= (1 - Wﬁgf) X1 + Ner1 Wit 1,
which implies that equation [TT]holds for ¢ + 1. This completes the proof. O

B.3 MUON WITH NESTEROV-MOMENTUM

In this section, we show that Muon with Nesterov momentum (Algorithm [/) is also an instance of
our Stochastic Frank-Wolfe formulation (Algorithm [3).

Algorithm 7 Muon with Nesterov momentum (Jordan et al., [2024)

Required: Momentum parameter i, step size {7 }, weight decay parameter \.
Initialize: Bo = 0 and X; € C.
fort=1,2,... do
Sample Z; ~ D.
Compute G, = Vf(Xy; Z¢) € R™*™,
Update B: = uB:—1 + Gq.
Update Et = ,uBt + Gt.
Update O, = arg minAEoan ||A — EtHF
Update Xt+1 =X; — Nt (Ot + )\Xt)
end for

Theorem 7. (Muon with Nesterov momentum as Stochastic FW) Muon with Nesterov momentum
(Algorithm[7) is an instance 0‘ a Stochastic Frank-Wolfe (Algorithm [3) when using the parameters

Bre=ptv=1-pn pMel = )\ntAlg, for all t, setting C = {A € R™*" : ||A|> < 1}, and
letting (-, -) denote the Frobenius inner product.

Proof. Let n*'8 and nflg denote the step-sizes used at step ¢ of Algorithm [7|and Algorithm
respectively. Then, by setting 31+ < p?, v < 1 — p, ntAlg — /\ntAlg, forallt,C = {A €
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R™*" : ||Afl2 < +} and letting (-, ) denote the Frobenius inner product, we show by induction that
the following equations are maintained for all £ > 0.

B = (12)
I—p
B =% (13)
I—p
Ot = *)\ut (14)
Xit1 = Xt41 (15)
The rest of the proof proceeds analogously to the proof of Theorem 2] O

B.4 PROOF OF THEOREM

Theorem 3. Set 1, = D\I/T and the batch size m; = m, for all t > 1. Let X, be chosen uniformly

at random from {x;}I_,. Then, under Assumptions a and with p = 2 (i.e., bounded variance),
Algorithm[3] satisfies

D (F(x1) — F(x.) + L(1/2+ B/v)) | Do B
E[g(xa)] =0 ( T2 + ﬁ (7(1_7) + 1)) , (16)

forany B € 0,1 —~]and~ € (0,1).

Proof. We recall the Frank-Wolfe gap:
G(x) = magc(v —x,—VF(x)).
ve

In the following, we denote the point v as
v, == arg max(v, —VF(x;))
vel

for some fixed time ¢ > 1. We also denote V f(xs; Z¢) = m% S Vi f (x¢3€}), the mini-batch
of stochastic gradients at ¢ for brevity, where =; denotes the randomness at t.

On the other hand, we have
F(xp41) = F (x¢ + ne(a — x¢))

2L
< F (x0) + (T F (x0) e = 1) + 752 [y — x|

< F () + AV (), w — x0) + 50 D?

=F(x¢) + (&, ue — x¢) + ne(VE (x¢) — &, mp — X¢) + %n?ly

< F(xt) + 0e8e: Ve — Xe) + me(VE (x¢) — 8wy — X)) + §n3D2

=F(x¢) +n0e(8e, Ve — x¢ — e +x¢) + e (VEF (x¢) ;0 — %) + gﬁflﬂ

= F (%) + 08, Ve — wg) + e (VEF (X¢) , 0y — Vi + V¢ — %) + gnEDQ

=F(xt) + ne(VF (x¢) , Ve = x¢) + e (VF (x¢) — &, 0 — Vi) + %U?DQ

< F(x¢) = mG(xe) + ne D|VF (x¢) — &l + gntzD2v (17)
where the first inequality is from the L-smoothness of F', the second inequality follows by the

diameter D of the set C, the third inequality follows from the optimality of u;, and the fourth
inequality follows from the definition of the Frank-Wolfe gap, the Cauchy-Schwarz inequality and

22



Under review as a conference paper at ICLR 2026

the diameter of C. Furthermore,

IVF (x:) — &l = IVF (x¢) — gt + & — &

~[[vr e e (124 ) -8

=||VF (x¢) — gt + (1 - 16_1fyt> (g8t — VF (x¢) + VF (x¢) — 8&t)

(O ) - g0+ (1 1) (97 () - )
N N

< |2 19 00 - sl + 1= 2 197 ) -
Denote €; := g; — VF(x;). Combining all the above, we obtain
E[F (x¢41)]

Bt Bt _ L 5
< E[F (x¢)] — mE[G(x¢)] + ne -, DE[[[e.[|] +m |1 — -+ DE[[|VE(x¢) — gtll] +§77tD .
=0y S\/%t

(18)
Then, from the update in Line 6 of Algorithm 3] we obtain

= VF(x) = (1= %) (8-1 — VF(x-1)) + (1 =) (VF(x¢-1) = VF (X)) + 71 (8 — VF(x¢)) -

=€ I=€r_1

By the triangle inequality and L-Lipschitz gradient assumption we have

Elllecll] < (1 = y)Ellles—1 ] + (1 = ) E[IVF (x1-1) = VEX)I] + 720
< (@ =)E[[lel] + (1 = ve)m—1 LE[[Jug—1 — x¢—1[|] + 7:6s
< (I =v)E[llec—ll] + (1 = v)m—1 LD + 710, (19)
Now define a potential function ¥, := E[F(x;)] + C,E]||le;|]], where {C,};>1 is a sequence of

positive numbers to be determined later. Using (8)), (I9) and the definition of the potential function
we obtain

U1 = E[F(x¢41)] + Cor1E[||€r11]]]
< E[F (x¢)] — nE[G(x¢)] + 1

+ Ciy1 [(1 - ’Yt+1)E[||€t|H (1 - ’Yt+1)77tLD + ’Yt+19t+1]

BM

b1
DE[HQH] + e |l 1

L
—=1 D, + S0 D?
— Y 2

— EIF (x/)] - mE[G(x.)] + kmulaﬂo+m S } Eflle.]]
Bl,t L 212
+n |1 — T Do + ng + Copr [(1T = ve41)m LD + Ye410p11] - (20
-t

We can specify the sequences C%, ¢, 1. and 31 + such that for all ¢

Pre D < C,. 1)
Yt

Crr1 (1= veq1) +me T

Then, (20) can further be upper-bounded as

B
(1 *’Yt)

Uy < W — nE[G(x¢)] 41 |1 n:D? + Coy1 [(1 = Y1) LD + Ye10e41] -

2

L
‘D&+
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Rearranging and summing from ¢t = 1,...,7T we obtain
T
> mE[G(xt)]
t=1
T 3 I
<Oy —Vpg+ Yy (m @ :; 3 Do+ 5 50 D? + Copr [(1 = ye1)ne LD + %+19t+1])
t=1 t
< F(Xl) + CiE[[[ex]]] = F(x4)
Blt L 2
+ Z ne |1 — 1) DOy + 5 m; D? + Cry1 [(1 = v )LD + Y 110141]
t=1
= F(Xl) — F(x.) + CiE[[[ex ][]
51t L 5o
+ Z us — ) Do, + EmD + Copr1 [(1 = ver 1) LD + ve110¢ 4] ) - (22)

The sequence {C}}; can be chosen such that C; = C, for all ¢. Then, the constraint is reduced
to

for all t. If we set 1y = #ﬁ’ Bit = B,y =, with § + v < 1, for all ¢, then we can choose

(1= WVT
Using these parameter choices and the bound 6; < \/%Tt’ from @ we get

\/* T 6 T o
?Tg )] < F(x1) — F(X*)JFW (e ]l] + (( );m
3 8 Lo
+L7+((17)ﬁ); . 23)

‘We further note that
Elllerll] = E[[lvgr — VF(x1)|[] < +E[[|g1 — VF(x1)|[] + (1 =) [|[VF (x1)]]
o
Svﬁﬂl —DIVE (). (24)

Combining equation 23] and equation 24] we have

\Fl B o
ZE (x¢)] < F(x1) — F(x*)+(1_7)\/T\/m71+’yﬁ||VF(x1)||
L-y=B\y~_0 L .8
+((1—7)ﬁ>;W+Q+LW+(( )E Ny

Let m; = m, for all ¢ € [T]. Then, assuming that the output x, is chosen uniformly at random from
{x¢}1_,, we have

Bl06)] < = (PO~ Fx) + 2 (542 ) + 7ﬁﬁuvmxl)l) + 22 ().
O

24



Under review as a conference paper at ICLR 2026

C PROOFS OF THE THEORETICAL RESULTS IN SECTION

C.1 PROOF OF THEOREM

Theorem 4. Set 0, = 577, V¢ = 7275 Pre = 1 — 7a forall t > 1, and the batch size

= m, forall t > 1. Let x, be chosen uniformly at random from {x;}L_,. Then, under
Assumptlons I I and I with p = 2 (i.e., bounded variance), Algorithm {4 satlsﬁes ElG(xq)] =

O( (Fea)—F(x)+L2+22) + Do?

T1/3 mi

Proof. From equation|17/|, we have
. L
B (xt41) < F (x¢) = mG(x¢) + e DIIVE (x¢) — &l + 577?1)2

vD L
< F (%) = mG(x) + 75 S D,

where the second inequality follows from Young’s inequality and v > 0 is a constant. Then, we
have

D .
NIVE (x) = gl +

vD D . L
E[F(x41)] < BIF (x)] — mEIG(x,)] + 25— + LZE[|VF (x) - &) + 30 D% 25)
Furthermore,
IVF (x0) = &l” = [IVF (x:) — g + & — &
2
—vren - (1- 20 ) @ - s
Nt

—[vF e e (1= 20 ) - VF 0+ VF 0 - 80

2

= 15_”% (VF (%) — t)+(115_“%> (VF (x¢) — &)
2 () r ) g2 (1= ) 9 ) —
= 1— t) — 8t 11— t) — 8tll

(26)
where the inequality follows from [ju + v|? < 2|ul|® + 2|[v||?. As before, denote ¢, :=
— VF(x;). Let G(x), V; as previously defined. Let V f(x;;Z;) := - " Vi f (x4;&7) and
Vf(xi_1;5¢) := nit S Vs f (x¢-1;&}), where Z; represents the randomness at t. By adding
and subtracting the full gradlent V F(x;) from the update in Step 4 in Algorithm we obtain
gt — VF(x¢) = (1 — ) (8t—1 — VF(xe—1)) +7 (Vf (%45 5r) — VF(x4))
—_——
=€y =€p_1
+ (1 —7) (Vf(xE) — Vf(xe—1;E¢) + VF(x4—1) — VF(xy)) .
Now, using that ||u+v||? < 2||ul|?+2||v||? and that E[{V f (x¢; Z¢) = V f (x4—1;Z¢) + VF (x¢—1) —
VF(x¢),e.—1)] = 0as well as that E[(V f(x; E) — VF(x¢), €:-1)] = 0, we obtain
Eflle?] < 2(1 = %) E [V f(x0550) = Vf(xi-1380) + VF(xi1) = VF(x,)|]

+ 297 IV (56 Z0) = VEG)|] + (1= %) E [ler-1?]
20_2
<2(1= W) E[IVS (x5 Z0) - VS (xi-1:E)I) + 2% + (1= 7)2E [l %] 4

where the second inequality uses the fact that ||V f(xs; ;) — VF(x,)]? < % Next, using the
averaged L-Lipschitz gradient assumption, we further have
2 2

ag
<2(1-%)LE {th —xe?] + QL:H + (1= )E [lec—1ll?]
t
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Now, from the update step we have x; — x;—1 = n:(us — Xx¢—1), and thus
2,9 2 2 '71&20'2 2 2
= 2(1 =) L*nPE [|[ue = xe1 1] + 272 + (1= 70)° E [Jlec1 2]
t

20_2
<2(1—~)*L22D? + 2’“7 + (1= )%E [Je]?] 27)
t

where the last inequality is obtained by the assumption on the diameter D of the constraint set.
Combining the above, from equation 25 we have

D D . L
E[F (x+1)] < E[F (x,)] — mEIG(x,)] + *5= + LE[|VF (x,) - &]°) + 507 D’
niv D 0t D Bt 2 2
< _ = ) _
< BIF ()] — Bl + 252 + 2 () B [VF () - gl
@ . Bl,t ? =2 £ 2 2
#2222 (1= 2L ) B (197 () - ] + 502D
N D D /Bl,t 2 2
< BIF ()] - mElGGc)] + 257 + 22 (24 B[]
+M 1— ﬂl,t 2i+£n3D2’
v 1—y my 2

where the second inequality follows from equation [26] and the third inequality follows from
lg: — VF(x,)|> < % Now, defining the potential function ®; := E[F(x;)] + C:E[| ¢|?], and
using the above inequality we have

@41 = E[F(x141)] + CerEll €41 °]

<57 o) - nEige) + 22+ 12 (P Y g

2 2
mD b1t o L 5, 4 9
M- Bt ) T Zep? o E
T, ( 1%) m, T+l [llees[l”]

< 1P o)~ nEige)) + 122 4 22 (P g

v L=
D 0% L
+ = 1— h 9 *WEDz
v 1—y my 2
279 9 2 '7t2+102 2 2
+ Cii1 (2(1—%+1) L*n; D +2T+1+(1_%+1) E [|le|l })
vD D[ B 2
— BIF (x)] ~ LG Cx)] + 5 + |G (1= 20+ 22 (24 )| B [lel?]
- )t
2 2 2 2
mD Bt o L 5 o 272 9 2 Yi+10
— 1 —-—) — 4+ —=-nD C, 2(1-— L D 22—
+ p ( 1 %> - + 277t + Ci1 ( Wt-i—l) Mt+1 + M )
where the second inequality follows from equation 27} We set (C});>1 so that
D[ B 2
Cr1 (1= ’Yt+1)2 4= (M> < Cy. (28)
v 1—

Then, we have

2 2
mvD  nD Bt g L o2
d,. , <d, —nkE — t—\l-—77) —+5mD
t+1 < e — neE[G (%)) + 2 + v < 1—%) my Qnt
2 71&2 102
+ Ciy1 (2 (1 —v41) L2Ut2+1D2 + 2+) :
mi4+1
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Rearranging and summing the inequality from¢t = 1,2,...,T, we have

T 2 2 T

3 UtVD D Bt o L,
E[G <o b E E 1-—] — E —niD

t= 1Tlt G L trat ( 1_%) my +t:1 2™

t=1

2722 2 Vit1
+Z:Ct+1 (2(1 —Y41)” Lo, D +2mt+1> :

Let n; = n be a constant. Then, assuming that the output x, is chosen uniformly at random from

{x¢}1_,, we further have

T
THE(G(x.)] = Tz Y EIG(x)

T 2
TnvD L D 2
<O — Ppryq + it + =Tn*D? + nV Z<1161’2> :rT
— Mt t

2 2 P
- Vep10”
+ Z Ot+1 <2 (1 - ’}/t+1) L2 2D2 + 2 Ttr—L:+1 )
t=1

Therefore,
Blo(x,) < Dtra VD IiD7 D i B\ 0!
X )] < —————— — - —
Tn 2 VT — 11—y mye

T
1 V2 o
o C 2 1— L2 2D2 2 t+1
+ n ; t+1 ( (1= 41)? + p—

Fxi) - F(x)  GiE[lla|’] LD LoDt Dy~ (- B\
vT =1 1—’)/t my

<
- Tn Tn 2
1 r ’y
o C 1 _ L2 2D2 o ft+1” t+1
+ T Z:l t+1 ( ’7t+1) + M
F(x1)—F(x*) Cio0®> vD L D2 d 2 52
< (x1) (x*) + L1 07 + 2 v + 77 Z B Bt o
Tn Tnmy 2 — I = my
T V2 o
Tn Z Cis1 (2 (1= y41)’ L*n°D* + 2t+1> : (29)
— mi41

C, B1.+ = B and ¢ = -y be some constants that will be determined soon.

To continue, let C; =
2
,7)2 n % (%) < C. To satisfy the constraint, we can simply

Then, equation [28[becomes C (1

set

DﬂQ
C 1 .
T F R I =~ ey G0
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Substituting the expression of C' back into equation [29] and letting m; = m, for all ¢ > 1, we have

F(x1) — F(x*) Dp? o2
Pkl = Tn A PA— (=T m
vD ILnD?> D 38 2 2
+ Y + 9 + > (1 — 1*}/) —
Dg* 212 212 ~v2o?
AP - - [2(1—v) L*n°D +2m]
_ F(x1) - F(x) N D2 o2
B Tn vy(L=7)?@2 =T m
vD LnD?> D 38 2 2
e (or5) @
DB?

+

2 12 212 7202
2(1—~)"L*n“D +2}
uwl—w%2—w{( ) m

We can choose parameters 1) = 757 = 7375+ 3 = 1 — 775 and v = 7775, for which we obtain

D(F(xi) ~ F(x*)) = DT**(1-T-3)° 42

E[¢(xq)] < +
G(xa)] T1/3 (272/3 — 1) (1 — T—2/3)2 my
2
D LD s (T3 =T723\" o2
T oris Tgpes TOT ( 1—T-2/3 m
DTo3 (1-T-1/3)%  [2r2 2 1 2 o2
(2125 — 1) (1— T—2/3)2 a3\t T 7273 T pas T4/3 ' m
Therefore,

2m

D o L24+1 302 LD LD  Do?
E[G(xa)] = O <T1/3 (F(Xl) ~Ee T > 272 T 4m1> '

C.2 LION+ AND MUON+

In this section, we present the algorithmic specifications of LION+ and MUON+, which are obtained
as instances of Algorithm[3]

Algorithm 8 LION+ Algorithm 9 MUON+
Required: Momentum parameters (1, 82, step- Required: Momentum parameter p, step-sizes
sizes {n; }, weight decay parameter ), and clipping {nt}, weight decay parameter A, and clipping pa-
parameter M. rameter M.
Initialize: mo = 0 and x; € C. Initialize: Bo = 0 and X; € C.
fort=1,2,... do fort=1,2,... do
Sample =; ~ D. (S:ample = ~D. o
Compute g; = (1 A 7“%,(%;51)“) Vf(xt; ). ompute y + ~ =
(1 A \|v4.f<xf,;zt>u) V(X3 E).
Update ¢; = fimy¢—1 + (1 — 51)8:. Update B: = uB:—1 + Gq.
Update X;41 = x; — 1 (sign(ct) 4+ Axy). Update O; = argminaco,, ., |A — B:||r.
Update m: = ﬁ?mtfl + (1 - BQ)gt- Update Xt+1 =X; — Nt (Ot -+ AXt)
end for end for
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C.3 PROOF OF THEOREM

In the following, we denote

L gt — VF(Xt) t Z 1
T {—VF(xl) t=0 1)
Zt = VF(thl) - VF(Xt) (32)
Go=8— VF(x), =g —Elg), ¢ =Eig]— VF(x), (33)

where E;[-|F;_1] and F;_; represents the randomness up to and including ¢ — 1.

We will need a series of technical lemmas, and we build upon some of the machinery developed
in the analysis of Normalized SGD with clipping and momentum by |[Liu et al|(2023) to derive our
result for Stochastic FW with clipping.

Lemma 2. Set the initial point x1 = Xg. Let ¢ = v and ny = 0 for some constants v > 0 and
n > 0. Then

e = (1=7)"e + (1 -7) (Z(l - V)HZS> +7 (Z(l - 7)”@) :

s=1 s=1

Proof. For any t > 2. by expansion, we obtain

€& =8 — VF(x¢) = (1—7)gi—1 +78 — VF(x¢)

=1 =ve—1+ 1 —7)Z + G, (34)
Furthermore, equation [34]also holds for ¢ = 1. Recursively expanding equation [34]from ¢ back to 1
leads to the result. O

Lemma 3. Denote D the diameter of the constraint set C. For any t € [T), it holds that
t

Z(l - ’V)t_sZs

s=1

< LDn
Y

Proof. We have
t

Z(l - W)t_SZs

s=1

<17z

s=1

=> (1 =)' IVF(xs-1) = VF(x,)|

t
<D (=) L1 —
s=1
t

(1- 'Y)t_sLnHXsfl — U1

(]

w
Il
Ja

(1=9)""*InD

M)~

@
Il
—

~
T

n

IA
|

O

Lemma 4 (Lemma 5 in Liu et al.[(2023)). For all t € [T, we have ||(}*|| < 2M. Furthermore, if
IVF(x:)|| < L, then the following holds:

— 2 ’
1G] < 207 M7 (35)
E: [|I¢)°] < 106PM>7P. (36)
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Lemma 5 (Lemma 10 in Liu et al.{(2023)). Fix any t € [T]. Define

0 s=0
_ s—1(1_A\t—isu A\ t—s s— —iru
UL = ¢ Sign(70) U Gl =) s Oand Y5771 (1) 7G££ 0
0 s#0and Y72} (1—7)t7i¢k = 0.
(37)

Then, Ul is a martingale difference sequence satisfying |Ut| < ||(1 — v)*=°C%||. Also, denote
R = [|(1 = )" ¢¥)1? = Eq [|(1 = )"~ 5C2||?], which is also a martingale difference sequence.
We have

t t

t t t
St - < YUt 2D R 2R - e Yo -t
s=1 s=1 s=1 o—1 =
(38)
forallt € [T).

Lemma 6 (Lemma 11 in|Liu et al.| (2023)). Define an event a; as
4 5(c/M)P AT & 100PM2=P 4T
ay ::{ < <3+2 (U/)>Mlog0r ZES[(U§)2]>Ulog}.
v Y

0 pt 1)
Then,

t
> UL
s=1

where § > 0.

Lemma 7 (Lemma 12 in|Liu et al.| (2023)). Define an event b; as
t t
16 5(c/M)P 4T 400P M4—P 4T
— t 2 12
bt.—{gRs §<3+4 ’7>M 1OgTOVZEs[(Rs)]>f10g7 .

s=1
Then,

where § > 0.

Lemma 8. Let vy, = v, n, = n, and By = [ for some constants v > 0, > 0, and 3 > 0. Then,
forany T € [T),

LrD* | qDS|VF )|

1Y Gx) + F (xr1) < F(xa) +

t=1 2 v
UDB T t t
+ 15 > ((1 —NID_A =" Z| DA =) )
t=1 s=1 s=1
a0 (1-12) Sl
7=
Proof. From equation[T7], we have
. L
F(x¢41) < F (%) =nG(x¢) +nD||[VF (x¢) — & + 5772172. (39)
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Furthermore,
|VF (x¢) — &l = [|VF (x¢) — 8¢ + 8¢ — &l

= ||VF (x;) — g + <1 — 1_ﬂ7) (g8t — &)

VP (x) — g+ (1 - Q) (8 — VF (x:) + VF (x,) — &)

1
- 1? (VF (x;) — g1) + (1 - 157> (VF (xt) — &)
< (12 ) vrea - e+ (1- 12 ) IvF@o -5l @0

Combining equation [39]and equation #0] we have

F i) < F )= 00600 + D | (122 ) [9F 6o — el + (1= 122 ) [ ) —

=[lell
L 5 5
D~.
+ 2n

Summing the above inequalities from ¢t = 1 to 7, we have

nilgoct) +F (% 11)
< )+ 7 P28 S el (1= ) S
@ Flx) Lm;DQ
e (1 7)teo + (1= ) (231(1 )t SZ) (Z(
wap (1-12) éngn
< F(x1) + LT7722D2

t

Z(l - ’Y)t_SZs

s=1

”Dﬁz<1— lleol| + (1 — )
sap(1-72)3 >l

<§> Flxs) 4 Lm;D2 N nDﬂlle(xl)l
D : :
D3] (RN SIERIRR PR o e
s=1 s=1

D|l1— ——r
o ( 1_W)tz_;nctn,

where (a) uses Lemma@]and (b) uses that g = —V F'(x1) by the definition of €.
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Lemma 9 (Adapted from Lemma 7 in Liu et al.[|(2023)). Let 4 = ~y and ny = n for some constants
v > 0andn > 0. Then

e =(1—7)'e+(1-7) (Z(l - V)HZS> +v <Z(1 - 7)”@) :

s=1 s=1

Proof. Whent > 2, we have

e =8t — VF(x¢) = (1 =) gi—1 +78 + (1 —7) (Vf(x;Z¢) — Vf (x¢-15Z1)) — VF(x4)
=1 =71+ 1 =7)Z: +7G (42)

Recursively expanding the above equation from ¢ back to 1 leads to the result. We also note that
equation[d2]holds when ¢t = 1.

O

Theorem 5. Suppose Assumptions @a, andhold Set vy = v = T%, Bir = B =
323 _ o _ f 1—~

(I—-)(1-1Ts3 2),Mfwl/p\/QG, andn, =n = FD/\ /\D\/m/\zoyDTMlog%/\

2TD(1—%)M(1+’y)' Then, with probability at least 1 — 6, Algorlthm I has % Zthl G(xy)

O(lOle) where p € (1,2].

Proof. First, let us denote ¢ := F(x1) — miny F'(x) + 4 + ||[VF(x1)||. Furthermore, define the
following events:

el .= {nzg(xs) <@, Vt< T} ; ¢ = N_ ar; el .=n7_b;. (43)
s=1

Now we are going to use proof by induction to show that ¢Z := &' n ¢4 N &8 holds for probability
at least 1 — @ forany 7 € {0,1,...,T}, which implies that

U
t=1
_o( YLDy, BDg DVIB, 7D‘]‘ﬂog(ﬂ/‘s)cpv2D<15)M(Hy)c1>
VT vT AT 1—vy 1-
_0 \/15/127(1) y 2(1371) . Df aDlogp(jT/é) DG log (4T/5) o v 121 y Dg: o).
T T 3p—2 T3P 2 T 3p—2 T3P 2 T3p—2 T3p—2

where we used the parameter choice v = T2 M= TV 2@, and also that 1 — % =T 53,
y ¥

When 7 = 0, we have ¢F = ¢J' = {0 < ®}, which is trivially true.

Assume that at time 7 — 1 € [T'], with probability at least 1 — Q(TT;U&, we have that the event ¢ |

holds By Lemma E] and Lemma (7 l each of the events €4 and &2 holds with probability at least
1 — 52-. Now consider the event ¢Z | N L‘EA N €5, which holds with probability at least 1 — % by
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the union bound. By Lemmal under ¢f  nednel, wehave

D360+ F (xre) < Py + T2 4 IOATERL (1 B3
t=1

t=1 2

Dﬁ i : -5 : —s
+f—vz<(l_7) D= Z D) CS)
t=1 s=1 s=1
(i LriPD*  nDB|VF(x)| B\ s
Q) __P
£ i) 4 TP DN <1 )Xl
LD D,B s
+nDAr=21 77 Z Z )7
t=1 [|s=1
(id) Ltn*D?  nDB|VF(x)| g -
i __P
< F(x1) + 5 + p +nD |1 - tZHCf”
LDn  20ynDTM AT
D P OynDT 6log7
11— 4]
(i) Ln?2D? D F
2 gy ¢ LD WDAVEG (1_157) M(1+7)

LD 20ynDTM 4T
+nDpt Ty = P log —,
5 1—9 )

where (i) is by Lemmal(3| (iii) is due toy € (0, 1) and that ||(;|| < [|¢¥]|+|ICP|| < 2M +20P M1—P <
2M + 2M~ by Lemma [ and the choice of M, and (ii) is because by Lemma 5

(44)

t

> (1=

s=1

t

2y E[I(1 = )¢l +

s=1

t

d =y

s=1

t
ZUt 21) R+
s=1

& p p
22, 2O e T (o (16 [BO/MPTY e 4T
3 ¥ Kl 3 ¥ 6

1
+4[2) (1 = )20 (1007 M?~P) + —20" M7
Y
s=1
) 4T 4T 4T
< 6M10g7+6M logT +5M +2M < 20M10g7.

Above, & holds for the following reason. By the choice of M, we have ||V f(x;)|| < 2L, since
x¢ € Cand [V f(x,)| <G < 4.

Hence, we can use Lemmato get [|C]| < 2M, ||| < 20P M7, and E; [[|¢]|?] < 1007 M7
forany ¢t € [T} Then, from Lemma. 5|and Lemma@ we further have

1001’M2 p 100 M?~P
EJ(UH?] <Y E, [||(1—7)t5¢e < (45)
> Y. 10 -] < P < 10
4001’M4 p 400P MA=P
ZE Rt < Z]E ” 1 _ )t sCuH } (1 — 7)4 < 5 . (46)

Combining equatlon 5] equat10n M6l Lemmal[6] and Lemma we have
¢
4 M)p 4T 1 M)p 4T
< |=+2 S(a/M)P Mlog — and | RL| < 16,4 So/M)P M?log —,
5y 0 p 0 0

3 3
for any ¢ < 7, under the event ¢Z_ | N &2 N &8 N ¢C. For #, we used W < 1 and that
€ (0,1).
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To continue, let
. 1 v 1 Nal 1—7 1
7= { VITD' 3D’ DVFTL 207DTMplog "L 2TD(1 — 12 ) M(1 + ) } '
Then, from equation we obtain

T Ln?D? DB||VF
1Y) < Fo) + 00 BPATEE]
t=1

+2nDT (1 — ﬁ) M1 +~)
L=y
i n 20ynDTMj log g’
1—7x )
< F(xy) — m)jnF(x) +4+4+|VF(x1)],

LD
+nDpT 5

=%
which means that &£ holds under the event ¢ | N &4 N &5, This also implies that ¢F = ¢F' N
¢4 N &8 holds for probability at least 1 — %. Therefore, we have completed the induction.

O

C.4 LION++ AND MUON++

In this section, we present the algorithmic specifications of LION++ and MUON++, which are ob-
tained as special cases of Algorithm [6]

Algorithm 10 LION++ Algorithm 11 MUON++
Required: Momentum parameters 31, 82, step- Required: Momentum parameter p, step-sizes
sizes {n; }, weight decay parameter X, and clipping {n:}, weight decay parameter A, and clipping pa-
parameter M. rameter M.
Initialize: mo = 0 and x; € C. Initialize: Bo = 0 and X; € C.
fort=1,2,... do fort =1,2,... do
Sample =; ~ D. (S:ample Z~D. o
Compute g; = (1 A 7“%,(%;5?)“) Vf(xt; ). ompute y " ~ —
(1 yordmar) V(X0 20,
Update ¢; = fimi1 + (1 — Bi)ge + Update B = uBi1 + Gy +
Prliza (VF(x4;80) = VI (xe-1;E4)) - Ty (VX3 Er) — VF (Xim1;Er)).
Update Xi41 = X¢ — Mt (sign(ct) + AXt). "
Update m; = fomy1 + (1 — B2)g + Update O¢ = argminaco,, ., |A — B:||r.
Balis2 (Vf(xe;E) — VI (x¢e—1; E)). Update X1 = X¢ — 1 (O + AXy).
end for end for

C.5 PROOF OF THEOREM@

Lemma 10. Denote D the diameter of the constraint set C. For any t € [T, with probability at

least 1 — %, it holds that
log 3L
<opLD [ 25 .
V2y =72
Proof. The proof is a modification of the Proof of Lemma 9 in Liu et al.| (2023). Recall that Z; :=

I{t > 2} (Vf(xs,25) — Vf(xs-1,25) — (VF(x5) — VF(x5-1)). Therefore, E;[Z;] = 0, and
hence E4[(1 — 7)!~*Z,] = 0. Furthermore,

(1 =) Zs]| < IV F(xs,Es) = VI (%51, )| + [VE(xs) = VF(x5-1)|

t

Z(l - 7>t_sZs

s=1

(2)
< 2L||xs — xs-1]|
=2Ln|[xs-1 — us_1]|

(i4)
< 2nLD,
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where (i) is due to the L-smoothness and (ii) uses that the diameter of the constraint set is bounded
by D.

Furthermore,
B, [1(1 =7 Zl2) < (1= )20, [V (%, Es) = V(xe1,5,) = (VF(x,) = VF(xo-1)|]

(1-7)
(1= )20 IR, [V (%0, Z0) = V(o1 2|
(1)
(1-7)

IA

2(t— 8L2

IN

- [[xs — X 1”

72 2L2D2

IN

where the last inequality uses the update and the bound of the diameter of the constraint set D.

Since Z, is a martingale difference sequence, we can use Lemma 14 in |Liu et al.|(2023) (replicated
in Lemmabelow) to obtain that the following holds for all 7 € [t] with probability at least 1 — §,

T

Z(l - V)t_sZs

s=1

” 3
3 1 —~)2¢=9)n2[2D2 oo —
+3,> (1= n og 5

s=1

3
< 6nLD log 5

3 log 2
< 377LD 210g g + ]f(lgi_é,}/)z

log 3
<opLD [ -85 .
V2y =72
Then, set 7 <— t and § < /7 leads to the result.
O

Lemma 11 (Lemma 14 in Liu et al|(2023). Suppose X;c|r) is a martingale sequence adapted to
the filtration Fic[r) in a Hilbert Space satisfying || X:|| < R almost surely for some constant R and
E[|| X¢||?|Fi—1] < o2 almost surely for some constant 2. Then with probability at least 1 — 6, for
any t € [T,

t

doX

s=1

3 3
§3R10g5—|—3 Zaf,logg.
s=1

Theorem 6. Suppose Assumptions a, b, andhold. Set vy = v = T, Big =B =

_ _ iy _ o _ _ 1 L
(=) (1=T%5) M = 585V 26 and e = 0 = i A 3 A i A
2()wDT11\7IB g IT A 27D —‘—’1)M(1+v)' Then, with probability at least 1 — 6, Algorithm |§| has

T2p 1

B 060 =0 (5 ) wherep € (1,21

Proof. The proof uses some of the technical tools developed in the analysis of Normalized SGD
with clipping and momentum by |[Liu et al.|(2023).

First, let us denote ® := F'(x1) — miny F'(x) + 4 + || VF(x1)||. Furthermore, define the following
events:

(&
A

t

= {nzg(xs) <o, Vi< T} o Eri=nlgan €7 = 0bs
s=1

t

Z(l_ )t S7,

s=1

el =nN_ ¢ = N7, {
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Now we are going to use proof by induction to show that ¢Z := ¢f' n ¢4 N ¢ N &< holds for
probability at least 1 — 27‘5 forany 7 € {0,1,...,T}, which implies that

’ﬂ \

T
[0}
Z <7

3T
_o[YIDy BDg, VEPIBTD \\ ADMBlog(4T/0) oy (1 B M(1+7)
vT T VAT 1—v 1—n )

VID D V\/Llog¥D oDlog(4T/5) | DGlog (4T/5) |, Do DG

—1 3p—2 —1 _p
T1/2 T‘zz;—l T4(‘2pp—l) T2p 4 T2p T T—Q’;F1 To—1

where we used the parameter choice ¥ = T%~1 and M = ~77 V 2G for the last line and also that
1- B 7%=
1—v :

When 7 = 0, we have ¢ = ¢}" = {0 < ®}, which is trivially true.

Assume that at time 7 — 1 € [T], with probability at least 1 — w, we have that the event

¢E | holds. By Lemma |§I, Lemma I and Lemma |10} each of the events ¢4 and &8 holds with
probability at least 1 — 2T, while €< holds with probablhty at least 1 — 5%. Now consider the event
¢E  nedneBn el which holds with probability at least 1 — 275 by the union bound. By
Lemmal 8l under ¢ ; N €A N &P N EY, we have

T

T 2D? X ki
13200+ F () < Pl + L0 0PAIVECANL (1 - f) I

t=1 2 v
V(| 21~

t

Z(l t sZ

s=1

t

WDB Z ( >

9 ey s LD, nDBIIVWF(Xl)ll D <1 . /3) >l

<)

2
9nLD log 2- )i
+nDpt °Cs
\/m =
(id) Ln2D? nD/J’HVF(Xl)H g -
<F D\1—o——
2 Py o L0 DANEGL ( 2 lal
9nLD log % 20ynDTM AT
+nDpT — 5 + 1— logT
V2 =7° g
(#) Lmn?D? D F
2 Py 4 D BIVEGON o, . (1_16) M +7)
0% -7

9nLDlog 3L 20ynDTMp oo 1T
0g —,

+nDpBT 47)
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where (i) holds under €€, (iii) is due to v € (0,1) and that ||| < [I¢M| + [|€P] < 2M +
20P MY P < 2M + 2M~ by Lemma@] and the choice of M, and (ii) is because by Lemma
2> EL[|(1—y)is¢u?] +

t
Z ULl + 42D Ri|+
s=1 s=1

& p p
< <4+2 S(o/M) >Mlog45T+ 2(16+4 S(o/M) >M210g4T
y y

t

> A=)

s=1

t t

d -yt

s=1

3 0

1
+ 2§ 1 —~)20=9)(100P M2=P) 4+ =207 M* 7P
( ) ( ) 5

» 4T 4T 4T
§6M10g7+6M log7+5M+2M§20MlogT.

Above, & holds for the following reason. By the choice of M, we have ||V f(x;)]| < M since x; €
Cand |V f(x;)|| < G < Z. Hence, we can use Lemmato get ||C| < 2M, |8 < 20PM1P,
and E; [||¢*|?] < 100 M?~P for any t € [T]. Then, from Lemma and Lemma@ we further have

100PM2 P 100P M2—P

t

] <D B I —y)"5¢”P] < < (48)
; Z (1= gl
! 400PMAP  400P MA—P
Y E, <Z]E (111 = y)tce)4] < ”( — 3 Uv . (49)
s=1

Combining equation 48] equation 9] Lemmal6] and Lemma([7] we have
t t
4 M)P 4T 1 M)P 4T
ZUﬁ <|z+2 M M log — and ZRi < £+4 M M?log —
s=1 ( 3 v 5 s=1 ) v

3 5’
for any ¢ < 7, under the event QZ N QEA N QEB N @C. For &, we used (”/M) < 1 and that
€ (0, 1). To continue, let

p—mind — 2L 7 -7 1
VITD BD’ b Jorpleg 3T 20¥DTMBlog T o1 (1—%)M(1+’y)

Then, from equation[47] we obtain

T Ln2D? DB||IVF
nzg(xt)gF(xl)—k il + 1 AIVE () +2nDt 1—L M@1+7)
P 2 0l 1—x
9nLDlog 3L 20vnDrM AT
+nDpBT 7 %85 Oyn D7 ﬂlog—,
VAl 1—x )

< F(x) ~ min F(x) + 4+ [VE(x)]

=P

which means that &7 holds under the event ¥ | N &4 N ¢ N ¢C. This also implies that €& =

e nedneln @9 holds for probability at least 1 — 2;5. Therefore, we have completed the
induction.

O
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D HYPERPARAMETER SETTINGS FOR NANOGPT

For the nanoGPT experiments we use the following training configuration:
* nanoGPT: https://github.com/karpathy/nanoGPT/tree/master

For all algorithms, the learning rate, and weight decay were tuned using grid search. For LION+ and
MUON+, we additionally tuned the gradient clipping threshold. All experiments were run on one
NVIDIA A100 GPU. Table 2] shows the full hyperparameter search space, while Table [3] presents
the chosen hyperparameters for each algorithm along with the complete experimental configuration.
Figure 2] shows the training and validation loss curves averaged across five different seed values.

Learning rate {le-1, 5e-2,1e-2, 5e-3, le-3, 5e-4, le-4, 5e-5, le-5}
Gradient clipping threshold {1,2,3,4,5, 00}

Weight decay {le-1, le-2, 1e-3}

Batch size 64

Table 2: Hyperparameter search space for nanoGPT training.

Lion LION+ Muon MUON+
Max Learning rate Se-5 Se-5 Se-2 Se-2
Min Learning rate Se-8 Se-8 Se-4 Se-4
Gradient clipping threshold 00 4 00 5
Weight decay le-3 le-2 le-1 le-1
(B1, B2) (0.95,0.98) (0.95,0.98) - -
I - - 0.95 0.95
Nesterov - - No No
Batch size 64
Block size 256
Layers 6
Heads 6
Embedding dimension 384
Warmup steps 100
Learning rate schedule cosine
Dropout 0.2

Table 3: Hyperparameters selected by grid search and setup for nanoGPT training.
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nanoGPT, Shakespeare

nanoGPT, Shakespeare
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Figure 2: Loss curves for nanoGPT training on the Shakespeare dataset. We plotted the training and
validation loss per 10 and 50 steps, respectively. The results are averaged across five seed values.

E ADDITIONAL EXPERIMENTS: EMPIRICAL INVESTIGATION OF
STOCHASTIC FW WITH CLIPPING AND VARIANCE REDUCTION

E.1 SYNTHETIC HEAVY-TAILED DATASET

In this section, we conduct numerical experiments on a synthetic function to assess the performance
of LION++ and MUON++. Specifically, we use the experimental setup from [Hiibler et al.| (2025).
All experiments are conducted on one NVIDIA A100 GPU. The selected hyperparameters are
reported in Tables @] and [5]

Lion vs. LION++. We evaluate the performance of Lion and LION++ on the simple function
F (x) = ||x||>, x € R%, for d = 1 and d = 1000, where | - || denotes the Euclidean norm. We in-
troduce three distinct types of noise to the gradient: standard Normal, component-wise symmetrized
Pareto with p = 2.5, and component-wise symmetrized Pareto with p = 1.5. We note that the
standard Normal distribution serves as a model for light-tailed noise, while the Pareto distributions
are employed to capture heavy-tailed noise, with finite (p = 2.5) and infinite (p = 1.5) variance. We
run each algorithm 10° times for 7" = 100 iterations, and use as convergence criterion the average
gradient norm across all 7 iterations.

Figures illustrate the convergence behavior of Lion and LION++ by displaying the median,
and 1 — § (with § = 10~%) quantiles of the algorithm runs, based on the average gradient norm at
T = 100.

Muon vs. MUON++. To assess the performance of Muon and MUON++, we use the function

F (X) = |IX][|%, X € R™*", with n = 1 and n = 30, where | - || denotes the Frobenius norm. We

apply the same three types of noise as in the previous section and run each algorithm 10° times for
T = 100 iterations.

Figures [6}f8] show the convergence behavior of Muon and MUON++ by displaying the median, &
and 1 — 6 (with § = 10~%) quantiles of the algorithm runs, based on the average gradient norm at
T = 100.

Results. The results indicate that in the one-dimensional setting, with d = 1 and n = 1, respectively,
all comparison algorithms perform similarly under light-tailed noise. When the noise is heavy-tailed
but has bounded variance, Lion++ and Muon++ show a slight performance advantage. In the case of
heavy-tailed noise with unbounded variance, Lion++ and Muon++ demonstrate improved conver-
gence and greater robustness to noise, as reflected in the upper quantiles. For the high-dimensional
case, with d=1000 and n=30, respectively, Lion++ and Muon++ tend to achieve lower average gra-
dient norms under both light-tailed and heavy-tailed noise conditions, with the improvement being
more notable in the unbounded variance case.
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Normal noise, d=1 Normal noise, d=1000

1.41 — Lion —— Lion
’ —— Lion++ —— Lion++

0 20 40 60 80 100 0 20 40 60 80 100

Figure 3: Standard Normal noise.

Pareto (p=2.5) noise, d=1 Pareto (p=2.5) noise, d=1000
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Figure 4: Pareto (p=2.5) noise.
Pareto (p=1.5) noise, d=1 Pareto (p=1.5) noise, d=1000
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Figure 5: Pareto (p=1.5) noise.
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Normal noise, n=1 Normal noise, n=30

1.4 —— Muon —— Muon
' Muon++ 40 Muon++
1.2
g 1.01 g 301
w w
B o8] =3
kwﬁ kwE 201
i~ 0.64 i~
0.41 \"\——\,_\ 10 g
0.2
0 20 40 60 80 100 0 20 40 60 80 100
T T
Figure 6: Standard Normal noise.
Pareto (p=2.5) noise, n=1 Pareto (p=2.5) noise, n=30
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Figure 7: Pareto (p=2.5) noise.
Pareto (p=1.5) noise, n=1 Pareto (p=1.5) noise, n=30
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Figure 8: Pareto (p=1.5) noise.
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Lion LION++
Learning rate le-1 le-1
Normal noise, d=1 Gradient clipping 00 1
Weight decay 1 1
Learning rate Se-2 le-1
Normal noise, d=1000 Gradient clipping oo 1
Weight decay 1 3
Learning rate le-1 le-1
Pareto (p=2.5) noise, d=1 Gradient clipping oo 1
Weight decay 1 2
Learning rate Se-2 le-1
Pareto (p=2.5) noise, d=1000 | Gradient clipping oo 3
Weight decay 1 1
Learning rate Se-2 le-1
Pareto (p=1.5) noise, d=1 Gradient clipping oo 2
Weight decay 1 1
Learning rate Se-2 le-1
Pareto (p=1.5) noise, d=1000 | Gradient clipping oo 3
Weight decay 1 1

Table 4: Hyperparameters selected for the synthetic function F' (x) = 3||x]|2.

2

Muon MUON++
Learning rate le-1 le-1
Normal noise, n=1 Gradient clipping 00 1
Weight decay 1 1
Learning rate Se-1 Se-1
Normal noise, n=30 Gradient clipping 00 1
Weight decay 1 1
Learning rate le-1 le-1
Pareto (p=2.5) noise, n=1 Gradient clipping 00 2
Weight decay 1 1
Learning rate Se-1 Se-1
Pareto (p=2.5) noise, n=30 | Gradient clipping 00 1
Weight decay 1 1
Learning rate le-1 le-1
Pareto (p=1.5) noise, n=1 Gradient clipping 00 4
Weight decay 1 1
Learning rate Se-1 Se-1
Pareto (p=1.5) noise, n=30 | Gradient clipping 00 1
Weight decay 1 1

Table 5: Hyperparameters selected for the synthetic function F (X) = 1||X||2.
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E.2 MULTI-CLASS IMAGE CLASSIFICATION

In this section, we evaluate the performance of LION++ and MUON++ on multi-class image
classification by training a ResNet18 model (He et al., 2015) on the CIFAR-10 (Krizhevsky &
Hinton| 2009) dataset. All experiments are conducted on one NVIDIA A100 GPU. Table |§| shows

the full hyperparameter search space, and the selected hyperparameters by grid search are reported
in Table[7]

Results. Figure[9]displays the test loss and test accuracy curves over 200 epochs. The results show
that LION++ consistently outperforms Lion in terms of test loss throughout training. MUON++
also exhibits an overall improvement in test loss compared to Muon, with the difference being
particularly notable during the first half of training. In terms of test accuracy, both LION++ and
MUON++ exhibit overall improved test accuracy throughout training compared to their respective
baselines, with LION++ showing a more consistent and pronounced advantage over Lion during the
final epochs.

0.8 ResNet18, CIFAR-10 o5 ResNet18, CIFAR-10
—— Lion —— Lion
0.74 —— Lion++ —— Lion++
—— Muon 941 — Muon
0.6 Muon++ ® Muon++
a g 93 o,
A AN Aok
- 05 : 5 .W"WN "
w0 | o / AN
@ | W\»,"Af”b £ 921 7R ;;‘WW,AVN
0.4 \ NG = I
@
0.3 911 P[ﬂw
|
0.2~ . . . . . . . . 90 L — . . . . . . . .
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Epochs Epochs

Figure 9: Test loss and test accuracy curves for ResNet18 training on the CIFAR-10 dataset. The
results are averaged across five seed values.

Learning rate {le-1, 5e-2, le-2, 5e-3, le-3, Se-4, le-4, 5e-5, le-5}
Gradient clipping threshold {1,2,3,4,5, 00}

Weight decay {le-1, le-2, 1e-3}

Batch size 128

Table 6: Hyperparameter search space for ResNet18 training.

Lion LION++ Muon MUON++
Learning rate le-4 le-4 Se-2 Se-2
Gradient clipping threshold 00 5 00 5
Weight decay le-2 le-3 le-3 le-3
(B1, B2) (0.9,0.99) (09,099 - -
I - - 0.95 0.95
Nesterov - - No No
Batch size 128
Learning rate schedule cosine

Table 7: Hyperparameters selected by grid search and setup for ResNet18 training.
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