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Abstract001

Chain-of-thought (CoT) reasoning improves002
large language model performance on complex003
tasks, but often produces excessively long and004
inefficient reasoning traces. Existing meth-005
ods shorten CoTs using length penalties or006
global entropy reduction, implicitly assuming007
that low uncertainty is desirable throughout rea-008
soning. We show instead that reasoning ef-009
ficiency is governed by the trajectory of un-010
certainty. CoTs with dominant downward en-011
tropy trends are substantially shorter. Mo-012
tivated by this insight, we propose Entropy013
Trend Reward (ETR), a trajectory-aware ob-014
jective that encourages progressive uncertainty015
reduction while allowing limited local explo-016
ration. We integrate ETR into Group Relative017
Policy Optimization (GRPO) and evaluate it018
across multiple reasoning models and challeng-019
ing benchmarks. ETR consistently achieves a020
superior accuracy–efficiency trade-off, improv-021
ing DeepSeek-R1-Distill-7B by +9.9% accu-022
racy while reducing CoT length by 67% across023
four benchmarks.024

1 Introduction025

Large language models (LLMs) increasingly rely026

on chain-of-thought (CoT) (Wei et al., 2022) rea-027

soning to solve complex tasks by decomposing028

them into intermediate steps. By producing in-029

termediate reasoning steps, LLMs can improve030

answer accuracy, interpretability, and robustness031

across complex tasks (Yue et al., 2025; Qu et al.,032

2025; Sui et al., 2025). However, CoT often comes033

with significant practical drawbacks. Models tend034

to generate unnecessarily long, repetitive, and035

sometimes self-contradictory reasoning sequences036

before reaching a conclusion (Ma et al., 2025; ?).037

Such “overthinking” significantly increases infer-038

ence latency.039

Existing approaches to CoT reasoning can be040

broadly divided into training-free and training-041

based methods. Training-free methods rely on042
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Figure 1: Accuracy versus average chain-of-thought
(CoT) length across model sizes. Accuracy is aver-
aged over four representative benchmarks. Compared
methods exhibit different accuracy–efficiency trade-offs,
with ETR achieving strong accuracy at substantially
shorter reasoning lengths.

heuristic prompt design (Xu et al., 2025; Lee et al., 043

2025) or early stopping criteria (Yang et al., 2025) 044

to reduce reasoning length. Training-based meth- 045

ods include supervised fine-tuning (Xia et al., 2025; 046

Ye et al., 2025; Liu et al., 2024) and reinforcement 047

learning (Luo et al., 2025; Aggarwal and Welleck, 048

2025), among which reinforcement learning–based 049

approaches have attracted growing attention due 050

to their stronger generalization. A representative 051

example is length-based reward design (Luo et al., 052

2025; Aggarwal and Welleck, 2025), which en- 053

courages concise reasoning by penalizing long tra- 054

jectories. However, such rewards are inherently 055

content-blind, discouraging informative interme- 056

diate reasoning steps that may be important for 057

maintaining final accuracy (Huang et al., 2025a). 058

Recent work has begun to link CoT length to 059

predictive uncertainty, observing that CoTs with 060

higher overall entropy tend to be longer and propos- 061

ing to reduce global entropy via supervised fine- 062

tuning (Li et al., 2025) or reinforcement learning 063
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(Huang et al., 2025a). However, this perspective064

implicitly assumes that low uncertainty is desirable065

throughout the entire reasoning process. Such uni-066

form entropy suppression is misaligned with how067

effective human reasoning unfolds. For example,068

early steps are naturally exploratory, involving mul-069

tiple plausible directions, while later stages become070

increasingly constrained as the solution structure071

emerges. Consequently, an effective CoT is not072

one that maintains low entropy everywhere, but073

one whose uncertainty progressively reduces over074

time, allowing occasional local backtracking while075

preserving a coherent global descent. To elaborate,076

We provide empirical support for this trajectory-077

centric view by analyzing step-wise entropy pat-078

terns in generated CoTs. We find a clear relation-079

ship between the directionality of uncertainty evo-080

lution and reasoning length: CoTs dominated by081

downward entropy trends are substantially shorter,082

whereas those with frequent entropy increases tend083

to be much longer.084

Motivated by this finding, we propose Entropy085

Trend Reward (ETR) to optimize reasoning effi-086

ciency by explicitly shaping the trajectory of uncer-087

tainty during CoT generation. Rather than penal-088

izing entropy uniformly, our approach encourages089

reasoning behaviors that achieve steady, coherent090

uncertainty reduction over time. This trajectory-091

aware objective provides dense feedback through-092

out the reasoning process, enabling the model to093

distinguish between productive exploration and in-094

efficient uncertainty oscillation. We integrate this095

trajectory-aware uncertainty shaping into Group096

Relative Policy Optimization (GRPO) (Shao et al.,097

2024) that preserves answer correctness as a hard098

requirement, using efficiency signals only to com-099

pare and refine correct reasoning paths. An impor-100

tant consequence is an implicit, instance-adaptive101

stopping behavior: uncertainty collapses quickly102

for easy problems, yielding short CoTs, while103

harder problems are solved through gradual be-104

lief refinement without prolonged self-reflection or105

handcrafted length constraints.106

In summary, this paper makes three contribu-107

tions. First, we identify global uncertainty trends108

as a key determinant of chain-of-thought length109

and efficiency, shifting the focus from static en-110

tropy measures to trajectory-level reasoning dy-111

namics. Second, we introduce a trajectory-aware112

uncertainty shaping approach that encourages pro-113

gressive uncertainty contraction while allowing oc-114

casional local exploration. Third, we demonstrate115

that this approach yields shorter, more decisive 116

reasoning traces while preserving answer quality, 117

offering a principled path toward scalable and effi- 118

cient chain-of-thought reasoning. 119

2 Related Work 120

2.1 Reinforcement Learning for LLM 121

Reinforcement learning has emerged as a powerful 122

paradigm for unlocking the latent reasoning capa- 123

bilities of Large Language Models (LLMs). Recent 124

breakthroughs such as DeepSeek-R1 (Guo et al., 125

2025) and OpenAI-o1 (Jaech et al., 2024) demon- 126

strate the important role of Reinforcement Learning 127

from Verifiable Rewards (RLVR) in encouraging 128

deep thinking and broad explorations. Despite the 129

performance gains, the transition towards long CoT 130

reasoning has introduced a critical challenge: the 131

“overthinking” phenomenon. Recent studies (Yue 132

et al., 2025; Sui et al., 2025) reveals that models of- 133

ten generate excessively verbose reasoning traces, 134

leading to a substantial inference latency and in- 135

creased computational overhead. Such observation 136

underscores the urgency of developing methods to 137

mitigate redundancy within reasoning paths with- 138

out compromising accuracy. 139

2.2 Efficient Reasoning Model 140

Existing approaches to efficient CoT reasoning 141

can be broadly grouped into three categories. 142

(1) Heuristic-guided methods design specialized 143

prompts (Xu et al., 2025; Lee et al., 2025) or stop- 144

ping criterion (Yang et al., 2025) to steer models 145

toward shorter reasoning paths without training, but 146

their effectiveness often degrades for smaller mod- 147

els with limited controllability. (2) Variable-length 148

CoT methods (Xia et al., 2025; Ye et al., 2025; Liu 149

et al., 2024) rely on supervised fine-tuning with 150

datasets containing reasoning traces of different 151

lengths. However, they typically exhibit limited 152

generalization beyond the training distribution. (3) 153

length-based reward design (Luo et al., 2025; Ag- 154

garwal and Welleck, 2025) incorporates explicit 155

length rewards into reinforcement learning, encour- 156

aging concise and correct reasoning. While effec- 157

tive at controlling the number of generated tokens, 158

length-based methods are fundamentally content 159

blind. they treat all tokens equally regardless of 160

whether they contribute useful information. 161

To move beyond rigid length constraints, recent 162

work dives into entropy (Shannon, 1948) that quan- 163

tifies the model’s uncertainty when generating to- 164
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kens. There are training-free approaches such as165

CGRS (Huang et al., 2025b) leverages token-level166

entropy to suppress self-reflection tokens in order167

to mitigate response length. Other studies (Agar-168

wal et al., 2025; Huang et al., 2025a) investigate169

the entropy-based rewards as a signal to regulate170

the model’s internal uncertainty during the reason-171

ing process. While existing entropy-based rewards172

focus on minimizing instantaneous uncertainty to173

streamline outputs, our entropy trend rewards mon-174

itor the evolution of entropy across the reasoning175

trace and introduce a more nuanced perspective.176

3 Preliminary177

We briefly review Group Relative Policy Optimiza-178

tion (GRPO) (Shao et al., 2024), which we adopt179

as the policy optimization algorithm in this work.180

GRPO is a policy gradient approach that evalu-181

ates model outputs based on their relative perfor-182

mance within a group of sampled responses, rather183

than relying on explicit value function estimation184

(Schulman et al., 2017). For a given input question185

q, GRPO samples a set of G candidate responses186

{o1, o2, . . . , oG} from the current policy. Each re-187

sponse oi is assigned a scalar return ri. The return188

is defined as ri ≜ R(q, oi), where R(q, o) de-189

notes the reward assigned to response o for ques-190

tion q. And a group-normalized advantage is com-191

puted as Âi =
ri− 1

G

∑G
j=1 rj√

1
G

∑G
j=1(rj−µr)2

. This group-wise192

normalization emphasizes the relative ranking of193

candidate responses under the same input and re-194

duces sensitivity to reward scale variations across195

different questions.196

GRPO adopts a PPO-style clipped objective for197

policy optimization. Let πθold denote the policy198

used to generate the sampled responses, and define199

the likelihood ratio τi(θ) = πθ(oi | q)/πθold(oi |200

q). The optimization objective is given by201

JGRPO(θ) = E

[
1

G

G∑
i=1

minLi,t(θ)− βKL(πθ)

]
,

(1)202

where the KL term regularizes policy updates and203

helps maintain stable training dynamics. Li,t(θ)204

denotes the token-level surrogate loss given by:205

Li,t(θ) =
(
τi(θ)Âi, clip

(
τi(θ), 1−ϵ, 1+ϵ

)
Âi

)
.

(2)206

By leveraging relative advantage estimation207

within each group, GRPO provides a robust op-208

timization for sequence-level reward learning.209

In this work, we focus on the design of the re- 210

ward function R(q, o) while keeping the GRPO 211

optimization mechanism unchanged. We decom- 212

pose the reward into a task correctness term and an 213

efficiency-related term based on entropy: 214

R(q, o) = Rcorr(q, o) ▷ λRentropy(o), (3) 215

where Rcorr evaluates the correctness of the final 216

answer, and Rentropy provides feedback on the rea- 217

soning trajectory. ▷ denotes that the entropy reward 218

is combined with the correctness reward. In the 219

following, we design Rentropy to encourage early 220

termination once sufficient information has been 221

acquired, leading to concise yet effective reasoning. 222

4 Motivation 223

Recent studies (Huang et al., 2025a; Li et al., 2025) 224

have shown that higher overall entropy in a chain- 225

of-thought (CoT) is strongly correlated with longer 226

reasoning traces, motivating entropy reduction via 227

supervised fine-tuning or reinforcement learning 228

to improve efficiency. However, these approaches 229

implicitly assume that low entropy is desirable at 230

every reasoning step. High-entropy steps typically 231

correspond to self-reflective reasoning, as illus- 232

trated in Figure 2 (left). Consequently, directly 233

minimizing overall CoT entropy tends to discour- 234

age self-reflection altogether. 235

This assumption contradicts the nature of human 236

reasoning. Early stages of complex reasoning are 237

often exploratory and uncertain, while later stages 238

become increasingly focused and deterministic. Ef- 239

ficient reasoning is therefore characterized not by 240

uniformly low uncertainty, but by a progressive 241

narrowing of plausible solutions. 242

To validate this intuition, we analyze step-wise 243

entropy dynamics in generated CoTs. Specifically, 244

we quantify whether uncertainty evolution along a 245

CoT is dominated by entropy descent or ascent us- 246

ing the Spearman rank correlation (ρ) between the 247

reasoning step index and the entropy at each step1. 248

A smaller ρ indicates a stronger global entropy de- 249

scent. Figure 2 (right) reveals a clear monotonic 250

relationship between ρ and reasoning length. As ρ 251

increases, the generated token length grows corre- 252

spondingly, indicating that weaker global entropy 253

descent is associated with longer reasoning trajecto- 254

ries, whereas CoTs with more pronounced entropy 255

reduction (smaller ρ) tend to terminate earlier. This 256

1We show the detailed experimental setup in Appendix E.
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Okay, so I have this problem about Aya walking and stopping at a coffee shop. 
Hmm, let me try to figure this out step by step. (Ave Entropy: 0.0421) 
First, the problem says that every morning Aya goes for a 9-kilometer-long walk 
and stops at a coffee shop. There are two different scenarios...

(Ave Entropy: 0.0057)

So, 204 minutes is the total time. (Ave Entropy: 0.0047)



So, 204 minutes is the total time. (Avg Entropy: 0.0466)

let me double-check the problem statement: 

Yes, so the entire duration is 3 hours walking and 24 minutes coffee, so 204 
minutes. (Avg Entropy: 0.0640)


, but let me see if I made a miscalculation earlier. 
Add t = 24 minutes: 180 + 24 = 204 minutes. (Ave Entropy: 0.0285)



Yes, that seems correct. (Ave Entropy: 0.0817)

, but hold on. I think maybe I made a mistake in the walking time. 


But (Ave Entropy: 0.1427)
 

Wait (Ave Entropy: 0.1262)


Wait
(Ave Entropy: 0.1590)
 
 

DeepSeek-R1-Distill-Qwen-7B

Question
Every morning Aya goes for a $9$-kilometer-long walk and stops at a coffee shop 
afterwards. When she walks at a constant speed of $s$ kilometers per hour, the 
walk takes her 4 hours, including $t$ minutes spent in the coffee shop. When she 
walks $s+2$ kilometers per hour, the walk takes her 2 hours and 24 minutes, 
including $t$ minutes spent in the coffee shop. Suppose Aya walks at $s+\\frac{1}
{2}$ kilometers per hour. Find the number of minutes the walk takes her, including 
the $t$ minutes spent in the coffee shop.

...

...

...

...

DeepSeek-R1-Distill-Qwen-7B

Spearman Correlation(ρ)

A
vg

 T
o

ke
n

 L
en

g
th

Qwen3-8B

Qwen3-4B

Figure 2: (Left) A sample response illustrating high step-wise entropy during self-reflection, marked by uncertainty
cues (e.g., but, wait, etc.). (Right) Relationship between the Spearman rank correlation (ρ) between reasoning
step index and step-wise entropy. Across models, higher positive correlations, reflecting persistent entropy growth
throughout reasoning, are consistently associated with greater token redundancy.

empirical observation suggests that reasoning effi-257

ciency is closely tied to the global entropy trend.258

5 Method259

In this section, we formalize Entropy Trend Reward260

(ETR), a trajectory-level reward for efficient chain-261

of-thought (CoT) reasoning. ETR is designed to262

encourage progressive uncertainty reduction along263

a CoT while preserving correctness.264

5.1 Entropy Trajectory of Chain-of-Thought265

Given an input question q, the model generates a266

chain-of-thought response267

o = {C1, C2, . . . , CT },268

where each Ct corresponds to one sentence-level269

reasoning step.270

For each step t, we define a scalar entropy mea-271

sure272

Ht = H(pθ(· | C1:t)) , (4)273

where H(·) denotes the Shannon entropy of the274

model’s next-token predictive distribution. This275

provides a model-internal estimate of predictive276

uncertainty at each reasoning step.277

We define the step-wise entropy change as:278

∆t = Ht−1 −Ht, t = 2, . . . , T. (5)279

A positive ∆t indicates uncertainty reduction,280

while a negative value corresponds to increased281

uncertainty or exploratory divergence.282

5.2 Momentum-Based Entropy Trend Reward 283

A natural baseline objective is to reward total en- 284

tropy reduction. However, this reward telescopes: 285

Rnaive(o) =

T∑
t=2

∆t = H1 −HT , (6) 286

and thus depends only on the initial and final en- 287

tropy values. As a consequence, fundamentally 288

different entropy trajectories, e.g., smooth mono- 289

tonic descent versus repeated entropy spikes, re- 290

ceive identical rewards as long as they share the 291

same endpoints. 292

To address this, we introduce a momentum- 293

based accumulation of entropy changes. We define 294

a latent trend variable St recursively: 295

St = γSt−1 +∆t, S1 = 0, (7) 296

where γ ∈ (0, 1) is a momentum coefficient con- 297

trolling temporal smoothing. 298

The entropy reward for a CoT is then defined as 299

Rentropy(o) =

T∑
t=2

St. (8) 300

Unrolling the recurrence yields 301

Rentropy(o) =
T∑
t=2

αt∆t, (9) 302

where αt =
1− γT−t+1

1− γ
. (10) 303
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Figure 3: Overview of Entropy Trend Reward (ETR) in RL training. ETR computes step-wise entropy from
generated rollouts, aggregates entropy changes with momentum to capture global entropy descent, and provides a
reward signal, combined with correctness supervision, to guide policy updates toward more convergent reasoning.
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Figure 4: Evolution of the cumulative momentum
weights αt under different momentum coefficients γ.

Unlike the naive entropy trend reward, which304

ignores intermediate reasoning structure, the305

momentum-based formulation assigns a gradient306

signal to every step in the trajectory: Thus, each307

entropy drop (or increase) influences the reward,308

providing fine-grained feedback that guides the pol-309

icy toward coherent and efficient reasoning.310

A key property of αt is that it is strictly decreas-311

ing in t. To illustrate, we show an example plot of312

αt in Figure 4. Because αt decreases as t increases,313

reductions in uncertainty that occur earlier in the314

reasoning trajectory are rewarded more than those315

occurring later. This encourages the model to con-316

verge its belief state rapidly rather than postponing317

critical deductions to late steps. In our experiments,318

we set γ = 0.9, with a detailed analysis of its se-319

lection deferred to Appendix F.1.320

5.3 Instance-Adaptive Termination via 321

Entropy Trend Shaping 322

Our reward shaping implicitly encourages instance- 323

adaptive termination without imposing any ex- 324

plicit length constraint. Recall that ETR main- 325

tains a momentum-aggregated trend state St = 326

γSt−1 + ∆t with ∆t = Ht−1 − Ht. Since the 327

entropy reward accumulates
∑T

t=2 St, generating 328

additional steps is beneficial only when the next 329

update keeps the trend state positive, i.e., when 330

the next step continues to reduce uncertainty on 331

average. In contrast, steps that increase entropy 332

(∆t < 0) decrease St and are repeatedly penalized, 333

which suppresses oscillatory self-reflection loops. 334

This mechanism yields instance-adaptive behav- 335

ior. For easy instances, entropy typically drops 336

early, leading to large positive ∆t and a rapid rise 337

of St; after the model becomes confident, further 338

steps rarely provide additional entropy descent and 339

are therefore disfavored, resulting in short CoTs. 340

For hard instances, entropy may fluctuate; ETR 341

discourages large entropy ascents and favors trajec- 342

tories with steady, incremental uncertainty reduc- 343

tion, allocating more reasoning steps only when 344

they contribute to convergence. Compared with 345

global entropy penalties (Huang et al., 2025a; Li 346

et al., 2025), ETR is trajectory-aware: it tolerates 347

limited local exploration while enforcing a coher- 348

ent global descent. 349
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5.4 Integration with GRPO350

We incorporate the entropy trend reward into351

GRPO by decomposing the overall reward as352

R(q, o) = Rcorr(q, o) ▷ λRentropy(o), (11)353

where Rcorr evaluates the correctness of the final354

answer. The operator ▷ now represents that the355

entropy reward is applied only as a shaping term356

for correct trajectories. And λ > 0 controls the357

influence of entropy-based efficiency shaping.358

In practice, we adopt a two-stage reward struc-359

ture:360

R(q, o) =

−1, if incorrect,

1 + λRentropy(o), if correct.
(12)361

An overview of Entropy Trend Reward (ETR) in362

RL training is illustrated in Figure 3. And the de-363

tailed procedure is summarized in Appendix A,364

This design ensures that correctness is a hard con-365

straint, while entropy shaping only affects the cor-366

rect reasoning trajectories. Within each rollout367

group, GRPO’s relative advantage normalization368

further emphasizes comparative efficiency among369

valid CoTs generated for the same input.370

6 Experiments and Analysis371

6.1 Experimental Setup372

Dataset. Our training data consists of 7,000 prob-373

lems randomly sampled from DeepMath-103K (He374

et al., 2025), covering difficulty levels from 5 to 10375

only. We additionally perform a verification step to376

ensure that the sampled training data has no overlap377

with the held-out evaluation benchmarks.378

Benchmarks. To comprehensively evaluate the379

reasoning ability of our model, we adopt both380

mathematical and general reasoning benchmarks.381

For math-specific evaluation, we select AIME24382

(MAA., 2024), AMC23 (MAA., 2023), and383

MATH500 (Hendrycks et al., 2024), which empha-384

size high-school to competition-level mathematical385

problem solving. For broader knowledge-intensive386

reasoning, we adopt GPQA Diamond (Rein et al.,387

2024), a subset of the GPQA benchmark that fo-388

cuses on expert-level question answering.389

Reasoning Models. We evaluate our approach us-390

ing three reasoning models: DeepSeek-R1-Distill-391

Qwen-7B2, Qwen3-4B3, Qwen3-8B4. These mod- 392

els generally exhibit strong reasoning abilities but 393

with excessive output tokens. 394

Baselines. We compare our method with several 395

representative approaches for efficient reasoning, 396

including both training-free and RL–based meth- 397

ods. Training-free methods such as DEER (Yang 398

et al., 2025) and NoThink (Ma et al., 2025) reduce 399

response length through prompt or early stopping 400

criteria design. RL–based approaches, including 401

LCPO (Aggarwal and Welleck, 2025), O1-Pruner 402

(Luo et al., 2025), and PEAR (Huang et al., 2025a), 403

address this problem by designing reward func- 404

tions that explicitly depend on sequence length or 405

entropy. 406

Evaluation and Metrics. In this work, we eval- 407

uate our method using accuracy (Acc), response 408

length (Len), compression rate (CR), and the Accu- 409

racy–Efficiency Trade-off Score (AES) (Luo et al., 410

2025). CR is defined as the ratio of the average re- 411

sponse length to that of the original model, where 412

lower values indicate higher compression. AES 413

measures the trade-off between efficiency gains 414

and accuracy changes relative to a baseline. 415

AES =
Lbase − Lmodel

Lbase︸ ︷︷ ︸
relative length reduction

+ ς
Amodel −Abase

Abase︸ ︷︷ ︸
relative accuracy change

,
416

where L and A denote response length and accu- 417

racy, and ς balances accuracy improvement and 418

efficiency gains. Following Luo et al. (2025), we 419

set ς = 5 to prioritize accuracy over length. 420

Training Details We conduct training using the 421

open-source VeRL framework (Sheng et al., 2025) 422

on 8 NVIDIA H-100 GPUs. To reduce memory 423

footprint and improve training efficiency, we em- 424

ploy Low-Rank Adaptation (LoRA) (Hu et al., 425

2022). Unless otherwise specified, we use a batch 426

size of 32 and a learning rate of 1 × 10−5. The 427

maximum response length is set to 16, 384, with 5 428

rollouts per sample. 429

6.2 Main Results 430

Table 1 reports the accuracy–efficiency trade-off of 431

different methods across multiple reasoning bench- 432

marks and model configurations. We highlight two 433

consistent observations. 434

2https://huggingface.co/deepseek-ai/
DeepSeek-R1-Distill-Qwen-7B

3https://huggingface.co/Qwen/Qwen3-4B
4https://huggingface.co/Qwen/Qwen3-8B
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Method
AMC23 AIME24 MATH500 GPQA-D Overall

Acc↑ Len↓ CR↓ Acc↑ Len↓ CR↓ Acc↑ Len↓ CR↓ Acc↑ Len↓ CR↓ Acc↑ Len↓ AES↑

DeepSeek-R1-Distill-7B
Original 80.0 6.6k 100% 43.3 11.8k 100% 85.0 4.2k 100% 24.2 11.3k 100% 58.1 8.5k 0.00
DEER 85.0 4.9k 74.2% 50.0 9.9k 83.9% 85.8 2.3k 54.8% 22.7 7.6k 67.3% 60.9 6.2k 0.51
NoThink 77.5 3.8k 57.6% 56.7 8.3k 70.3% 81.4 1.7k 40.5% 22.2 2.0k 17.7% 59.5 4.0k 0.65
LCPO 87.5 3.5k 53.0% 50.0 6.8k 57.8% 85.4 2.2k 52.6% 11.61 2.8k 24.6% 58.6 3.8k 0.60
O1-Pruner 92.5 3.2k 48.4% 46.7 7.8k 66.1% 89.0 2.1k 50.0% 39.4 6.2k 54.9% 66.9 4.8k 1.18
PEAR 92.5 4.4k 66.04% 60.0 8.5k 72.2% 90.2 2.5k 59.9% 36.9 5.2k 45.9% 69.8 5.1k 1.41
ETR 87.5 2.4k 36.4% 56.7 4.6k 39.0% 90.6 1.5k 35.7% 37.3 2.5k 22.1% 68.0 2.8k 1.53

Qwen3-4B
Original 90.0 7.6k 100% 53.3 11.7k 100% 90.6 5.0k 100% 43.9 10.4k 100% 69.5 8.7k 0.00
DEER 92.5 6.1k 80.3% 56.7 11.5k 98.3% 92.2 3.7k 74.0% 52.5 8.2k 78.8% 73.5 7.4k 0.44
NoThink 82.5 2.4k 31.6% 33.3 8.0k 68.4% 85.6 1.7k 34.0% 23.2 4.7k 45.2% 56.2 4.2k -0.44
LCPO 90.0 6.0k 78.9% 50.0 8.2k 70.6% 90.8 4.5k 89.2% 47.5 3.8k 36.3% 69.6 5.6k 0.36
O1-Pruner 85.0 2.6k 34.2% 50.0 6.9k 59.0% 90.6 1.8k 36% 50.0 3.3k 31.7% 68.0 3.6k 0.54
PEAR 92.5 6.0k 34.2% 70.0 9.9k 59.0% 91.8 3.8k 36% 54.54 7.1k 31.7% 77.2 6.7k 0.79
ETR 90.0 4.0k 52.6% 73.3 7.5k 64.1% 91.4 2.1k 42.0% 53.5 4.1k 39.4% 77.1 4.4k 1.03

Qwen3-8B
Original 90.0 8.0k 100% 63.3 12.2k 100% 90.6 5.4k 100% 52.0 9.9k 100% 74.0 8.9k 0.00
DEER 92.5 6.4k 80.0% 63.3 10.3k 84.4% 93.0 3.1k 57.4% 61.6 9.0k 90.9% 77.6 7.2k 0.43
NoThink 67.5 3.4k 41.3% 40.0 7.0k 57.4% 86.4 1.5k 27.8% 26.8 4.4k 44.4% 55.2 4.1k -0.73
LCPO 90.0 5.7k 41.3% 60.0 7.0k 57.4% 93.6 4.8k 27.8% 54.6 4.0k 44.4% 74.5 5.4k 0.43
O1-Pruner 90.0 3.3k 41.3% 66.7 6.6k 54.1% 92.2 1.9k 35.2% 56.1 4.1k 41.4% 76.3 4.0k 0.70
PEAR 87.5 6.8k 84.7% 63.3 11.0k 90.1% 92.4 4.5k 83.5% 55.1 8.2k 83.3% 74.6 7.6k 0.18
ETR 92.5 4.2k 53.8% 73.3 8.6k 75.4% 93.6 2.4k 44.4% 57.1 5.2k 52.5% 79.1 5.1k 0.77

Table 1: Evaluation results on four benchmarks using greedy decoding (pass@1). Acc denotes accuracy, Len
denotes token length, and CR denotes compression rate. ↑ and ↓ indicate higher- and lower-is-better, respectively.
AES is a unified score that jointly accounts for accuracy and efficiency.

First, ETR performs robustly across different435

model families and sizes. Across both DeepSeek-436

R1-Distill and Qwen3 model families, spanning437

sizes from 4B to 8B, our method consistently main-438

tains strong accuracy while substantially reducing439

reasoning length, achieving the highest AES scores440

in all settings. This indicates that ETR does not441

rely on a specific model architecture or scale, but442

generalizes well across comparable model sizes443

and across different model families.444

Second, and more importantly, ETR achieves445

the best balance between accuracy and reason-446

ing length among all compared methods. Exist-447

ing training-free approaches (e.g., DEER and No-448

Think) struggle to jointly optimize these two objec-449

tives. DEER largely preserves accuracy but fails450

to substantially reduce output length, while No-451

Think aggressively truncates reasoning traces (e.g.,452

on Qwen3-4B, reducing output from 8.7k to 4.2k453

tokens), but at the cost of severe accuracy degrada-454

tion (69.5% → 56.2%), resulting in negative AES455

scores. Methods based on explicit length penal-456

ties (e.g., LCPO and O1-Pruner) shorten outputs457

more effectively than training-free approaches, but458

this is often accompanied by significant accuracy459

loss. Entropy-based reinforcement learning meth-460

ods (e.g., PEAR) tend to preserve accuracy, yet still461

produce long reasoning chains due to their reliance462

on global entropy signals.463

In contrast, ETR consistently yields the highest464

AES across all evaluated settings, demonstrating a 465

more principled control of the reasoning process 466

that avoids both underthinking and overthinking. 467

6.3 Empirical Analysis 468

Unless otherwise specified, we use DeepSeek-R1- 469

Distill-Qwen-7B as the base model for all empirical 470

analyses in this section. 471

6.3.1 Analysis on Entropy Rewards. 472

We conduct an ablation study on entropy-based 473

reward designs to isolate the effects of entropy mag- 474

nitude, temporal aggregation, and correctness su- 475

pervision. Results are summarized in Table 2. 476

Absolute entropy objectives. We first exam- 477

ine two extreme strategies that directly optimize 478

the average predictive entropy over all CoT tokens. 479

Entropy minimization (Min. H), as adopted in 480

prior work (Li et al., 2025; Huang et al., 2025a), 481

yields short CoTs but does not improve accuracy 482

and achieves a lower AES score than our method 483

(1.06 vs. 1.53). In contrast, entropy maximization 484

(Max. H) collapses reasoning, producing maximal- 485

length generations with near-zero accuracy. These 486

results show that optimizing absolute entropy mag- 487

nitude alone is suboptimal for efficient reasoning. 488

Effect of momentum. Removing temporal ag- 489

gregation (No γ) corresponds to the naive variant 490

discussed at the beginning of Section 5.2, which 491

relies only on entropy differences between first 492

and last sentences. As a result, it fails to capture 493
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Reward AMC23 AIME24 MATH500 GPQA-D AES↑
Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓

Original 80.0 6.6k 43.3 11.8k 85.0 4.2k 24.2 11.3k 0.00

Min. H 80.0 2.1k 43.3 5.1k 88.2 1.3k 38.3 2.1k 1.06
Max. H 10.0 15.1k 0.0 16.4k 9.0 15.3k 1.5 16.0k -5.4

No γ 87.5 4.9k 46.67 10.0k 87.8 3.6k 31.8 10.0k 0.61
No Rcorr 65.0 1.2k 23.3 1.4k 78.6 0.7k 29.8 0.7k 0.11

Ours 87.5 2.4k 56.7 4.6k 90.6 1.5k 37.4 2.5k 1.53

Table 2: Ablation Study on Entropy-based Reward
Designs. We compare our momentum-based reward
against extreme constraints and simplified variants
across four benchmarks. Our method demonstrates a
superior balance between accuracy and efficiency.
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Figure 5: Spearman’s rank correlation coefficient be-
tween reasoning steps and step entropy. The shift toward
negative values indicates a more convergent reasoning
trajectory after ETR training.

the overall entropy trend along the CoT. While ac-494

curacy remains reasonable because of correctness495

reward, it cannot reduce CoT length, highlighting496

the necessity of momentum-based aggregation.497

Effect of correctness supervision. Remov-498

ing the correctness reward (No Rcorr) leads to499

short CoTs but causes a substantial accuracy500

drop (e.g., 65.0% on AMC23), indicating that en-501

tropy trends alone are insufficient for ensuring502

correctness. Overall, combining entropy trends503

with momentum-based entropy trend reward and504

correctness supervision yields the best accuracy–505

efficiency trade-off across all benchmarks.506

6.3.3 Analysis on Entropy Trend.507

To assess whether Entropy Trend Reward (ETR)508

promotes convergent reasoning, we analyze en-509

tropy dynamics along the Chain-of-Thought (CoT).510

We compute the Spearman rank correlation (ρ) be-511

tween the reasoning step index and the entropy512

at each step, where a more negative ρ indicates a513

stronger global entropy descent.514

As shown in Figure 5, across model scales, ETR515

consistently shifts the correlation from positive or516

near-zero to negative values. This sign reversal517

Figure 6: ETR reduces CoT length primarily by main-
taining low per-step verbosity, rather than by aggres-
sively suppressing reasoning steps or reflective pro-
cesses, in contrast to entropy minimization.

provides empirical evidence that ETR effectively 518

regularizes the reasoning path, ensuring that each 519

step contributes to narrowing the solution space 520

rather than accumulating logical ambiguity. 521

6.3.5 Behavioral View of CoT Reduction. 522

Figure 6 decomposes CoT length into (i) the 523

number of sentence-level steps, (ii) tokens per step, 524

and (iii) the number of self-reflection markers5. Di- 525

rect entropy minimization shortens CoTs primarily 526

by suppressing exploration, yielding fewer steps 527

and dramatically fewer reflection markers, but at 528

the cost of more verbose reasoning steps (higher 529

tokens per sentence). In contrast, ETR preserves a 530

moderate degree of self-verification and multi-step 531

reasoning while maintaining low per-step verbosity, 532

aligning with our objective of permitting limited 533

local exploration under a globally convergent un- 534

certainty trajectory. This difference explains why 535

ETR achieves a superior accuracy–efficiency trade- 536

off: it discourages oscillatory overthinking without 537

enforcing uniformly low uncertainty at every step. 538

7 Limitation. 539

Owing to computational constraints, our experi- 540

ments are limited to models up to 8B parameters 541

with LoRA-based training. We plan to scale our 542

method to larger models in future work. 543

8 Conclusion 544

In this paper, we show that chain-of-thought effi- 545

ciency is governed by the global trend of predic- 546

tive uncertainty rather than its absolute magnitude. 547

Based on this insight, we propose Entropy Trend 548

Reward (ETR), which encourages progressive un- 549

certainty reduction while enforcing correctness as 550

a hard constraint. Extensive experiments demon- 551

strate that ETR consistently improves the accuracy– 552

efficiency trade-off. 553

5Self-reflection words: wait, alternatively, hmm, but, how-
ever, alternative, another, check, double-check, oh, maybe.

8



References554

Shivam Agarwal, Zimin Zhang, Lifan Yuan, Jiawei Han,555
and Hao Peng. 2025. The unreasonable effectiveness556
of entropy minimization in llm reasoning. arXiv557
preprint arXiv:2505.15134.558

Pranjal Aggarwal and Sean Welleck. 2025. L1:559
Controlling how long a reasoning model thinks560
with reinforcement learning. arXiv preprint561
arXiv:2503.04697.562

Daya Guo, Dejian Yang, Haowei Zhang, Junxiao563
Song, Ruoyu Zhang, Runxin Xu, Qihao Zhu, Shi-564
rong Ma, Peiyi Wang, Xiao Bi, and 1 others. 2025.565
Deepseek-r1: Incentivizing reasoning capability in566
llms via reinforcement learning. arXiv preprint567
arXiv:2501.12948.568

Zhiwei He, Tian Liang, Jiahao Xu, Qiuzhi Liu, Xingyu569
Chen, Yue Wang, Linfeng Song, Dian Yu, Zhen-570
wen Liang, Wenxuan Wang, and 1 others. 2025.571
Deepmath-103k: A large-scale, challenging, decon-572
taminated, and verifiable mathematical dataset for ad-573
vancing reasoning. arXiv preprint arXiv:2504.11456.574

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul575
Arora, Steven Basart, Eric Tang, Dawn Song, and576
Jacob Steinhardt. 2024. Measuring mathematical577
problem solving with the math dataset, 2021. URL578
https://arxiv. org/abs/2103.03874, 2.579

Edward J Hu, Phillip Wallis, Zeyuan Allen-Zhu,580
Yuanzhi Li, Shean Wang, Lu Wang, Weizhu Chen,581
and 1 others. 2022. Lora: Low-rank adaptation of582
large language models. In International Conference583
on Learning Representations.584

Chen Huang, Wei Lu, and Wenxuan Zhang. 2025a. Pear:585
Phase entropy aware reward for efficient reasoning.586
arXiv preprint arXiv:2510.08026.587

Jiameng Huang, Baijiong Lin, Guhao Feng, Jierun588
Chen, Di He, and Lu Hou. 2025b. Efficient589
reasoning for large reasoning language models590
via certainty-guided reflection suppression. arXiv591
preprint arXiv:2508.05337.592

Aaron Jaech, Adam Kalai, Adam Lerer, Adam Richard-593
son, Ahmed El-Kishky, Aiden Low, Alec Helyar,594
Aleksander Madry, Alex Beutel, Alex Carney, and 1595
others. 2024. Openai o1 system card. arXiv preprint596
arXiv:2412.16720.597

Ayeong Lee, Ethan Che, and Tianyi Peng. 2025.598
How well do llms compress their own chain-of-599
thought? a token complexity approach. arXiv600
preprint arXiv:2503.01141.601

Zeju Li, Jianyuan Zhong, Ziyang Zheng, Xiangyu Wen,602
Zhijian Xu, Yingying Cheng, Fan Zhang, and Qiang603
Xu. 2025. Compressing chain-of-thought in llms via604
step entropy. arXiv preprint arXiv:2508.03346.605

Hunter Lightman, Vineet Kosaraju, Yuri Burda, Harri-606
son Edwards, Bowen Baker, Teddy Lee, Jan Leike,607

John Schulman, Ilya Sutskever, and Karl Cobbe. 608
2023. Let’s verify step by step. In The Twelfth Inter- 609
national Conference on Learning Representations. 610

Tengxiao Liu, Qipeng Guo, Xiangkun Hu, Cheng Ji- 611
ayang, Yue Zhang, Xipeng Qiu, and Zheng Zhang. 612
2024. Can language models learn to skip steps? Ad- 613
vances in Neural Information Processing Systems, 614
37:45359–45385. 615

Haotian Luo, Li Shen, Haiying He, Yibo Wang, Shi- 616
wei Liu, Wei Li, Naiqiang Tan, Xiaochun Cao, 617
and Dacheng Tao. 2025. O1-pruner: Length- 618
harmonizing fine-tuning for o1-like reasoning prun- 619
ing. arXiv preprint arXiv:2501.12570. 620

Wenjie Ma, Jingxuan He, Charlie Snell, Tyler Griggs, 621
Sewon Min, and Matei Zaharia. 2025. Reasoning 622
models can be effective without thinking. arXiv 623
preprint arXiv:2504.09858. 624

MAA. 2023. American mathematics competitions. 625

MAA. 2024. American invitational mathematics exami- 626
nation - aime. 627

Xiaoye Qu, Yafu Li, Zhaochen Su, Weigao Sun, Jianhao 628
Yan, Dongrui Liu, Ganqu Cui, Daizong Liu, Shuxian 629
Liang, Junxian He, and 1 others. 2025. A survey of 630
efficient reasoning for large reasoning models: Lan- 631
guage, multimodality, and beyond. arXiv preprint 632
arXiv:2503.21614. 633

David Rein, Betty Li Hou, Asa Cooper Stickland, Jack- 634
son Petty, Richard Yuanzhe Pang, Julien Dirani, Ju- 635
lian Michael, and Samuel R Bowman. 2024. Gpqa: 636
A graduate-level google-proof q&a benchmark. In 637
First Conference on Language Modeling. 638

John Schulman, Filip Wolski, Prafulla Dhariwal, 639
Alec Radford, and Oleg Klimov. 2017. Proxi- 640
mal policy optimization algorithms. arXiv preprint 641
arXiv:1707.06347. 642

Claude E Shannon. 1948. A mathematical theory of 643
communication. The Bell system technical journal, 644
27(3):379–423. 645

Zhihong Shao, Peiyi Wang, Qihao Zhu, Runxin Xu, 646
Junxiao Song, Xiao Bi, Haowei Zhang, Mingchuan 647
Zhang, YK Li, Yang Wu, and 1 others. 2024. 648
Deepseekmath: Pushing the limits of mathematical 649
reasoning in open language models. arXiv preprint 650
arXiv:2402.03300. 651

Guangming Sheng, Chi Zhang, Zilingfeng Ye, Xibin 652
Wu, Wang Zhang, Ru Zhang, Yanghua Peng, Haibin 653
Lin, and Chuan Wu. 2025. Hybridflow: A flexible 654
and efficient rlhf framework. In Proceedings of the 655
Twentieth European Conference on Computer Sys- 656
tems, pages 1279–1297. 657

Yang Sui, Yu-Neng Chuang, Guanchu Wang, Jiamu 658
Zhang, Tianyi Zhang, Jiayi Yuan, Hongyi Liu, An- 659
drew Wen, Shaochen Zhong, Na Zou, and 1 others. 660
2025. Stop overthinking: A survey on efficient rea- 661
soning for large language models. arXiv preprint 662
arXiv:2503.16419. 663

9



Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten664
Bosma, Fei Xia, Ed Chi, Quoc V Le, Denny Zhou,665
and 1 others. 2022. Chain-of-thought prompting elic-666
its reasoning in large language models. Advances667
in neural information processing systems, 35:24824–668
24837.669

Heming Xia, Chak Tou Leong, Wenjie Wang, Yongqi670
Li, and Wenjie Li. 2025. Tokenskip: Controllable671
chain-of-thought compression in llms. arXiv preprint672
arXiv:2502.12067.673

Silei Xu, Wenhao Xie, Lingxiao Zhao, and Pengcheng674
He. 2025. Chain of draft: Thinking faster by writing675
less. arXiv preprint arXiv:2502.18600.676

Chenxu Yang, Qingyi Si, Yongjie Duan, Zheliang Zhu,677
Chenyu Zhu, Qiaowei Li, Minghui Chen, Zheng Lin,678
and Weiping Wang. 2025. Dynamic early exit in679
reasoning models. arXiv preprint arXiv:2504.15895.680

Yixin Ye, Zhen Huang, Yang Xiao, Ethan Chern, Shijie681
Xia, and Pengfei Liu. 2025. Limo: Less is more for682
reasoning. arXiv preprint arXiv:2502.03387.683

Linan Yue, Yichao Du, Yizhi Wang, Weibo Gao,684
Fangzhou Yao, Li Wang, Ye Liu, Ziyu Xu, Qi Liu,685
Shimin Di, and 1 others. 2025. Don’t overthink it:686
A survey of efficient r1-style large reasoning models.687
arXiv preprint arXiv:2508.02120.688

Lianmin Zheng, Liangsheng Yin, Zhiqiang Xie,689
Chuyue Livia Sun, Jeff Huang, Cody Hao Yu, Shiyi690
Cao, Christos Kozyrakis, Ion Stoica, Joseph E Gonza-691
lez, and 1 others. 2024. Sglang: Efficient execution692
of structured language model programs. Advances693
in neural information processing systems, 37:62557–694
62583.695

10



A Algorithmic Details of Entropy Trend696

Reward697

Algorithm 1 presents the detailed computation of698

Entropy Trend Reward (ETR) for a generated chain-699

of-thought. Given a sentence-level CoT response,700

the algorithm first enforces correctness as a hard701

constraint by assigning a negative reward to incor-702

rect outputs. For correct responses, it computes703

step-wise predictive entropy, aggregates entropy704

changes using a momentum-based recurrence, and705

accumulates a trajectory-level entropy reward. The706

final reward combines correctness supervision with707

entropy-based efficiency shaping, providing dense708

feedback that encourages progressive uncertainty709

reduction during reasoning.710

Algorithm 1: Entropy Trend Reward
(ETR)

Input: CoT response o = {Ct}Tt=1;
ground-truth y∗; momentum γ;
weight λ.

Output: Reward R(q, o).
ŷ ← EXTRACTANSWER(o)
if ŷ ̸= y∗ then

return −1
H1 ← H(pθ(· | C1:1))
S ← 0; Rentropy ← 0
for t← 2 to T do

Ht ← H(pθ(· | C1:t))
∆t ← Ht−1 −Ht

S ← γS +∆t

Rentropy ← Rentropy + S

return 1 + λRentropy

B Derivation of Equation 8.711

Recall that the step-wise entropy change is712

∆t = Ht−1 −Ht, t = 2, . . . , T, (13)713

and the momentum recursion is714

St = γSt−1 +∆t, S1 = 0, (14)715

with γ ∈ (0, 1). The entropy reward is defined as716

Rentropy(o) =
T∑
t=2

St. (15)717

Step 1: Unroll the recursion. For any t ≥ 2, 718

repeatedly substituting Eq. (14) gives 719

St = γSt−1 +∆t 720

= γ(γSt−2 +∆t−1) + ∆t 721

= γ2St−2 + γ∆t−1 +∆t 722

... 723

= γt−2S2 +
t∑

k=3

γt−k∆k +∆t. (16) 724

Since S2 = γS1 +∆2 = ∆2 and S1 = 0, Eq. (16) 725

simplifies to 726

St =
t∑

k=2

γ t−k ∆k. (17) 727

Step 2: Substitute into the reward and swap 728

summations. Plugging Eq. (17) into Eq. (15) 729

yields 730

Rentropy(o) =
T∑
t=2

t∑
k=2

γ t−k ∆k 731

=

T∑
k=2

∆k

T∑
t=k

γ t−k, (18) 732

where the last line follows by exchanging the order 733

of summation. 734

Step 3: Evaluate the inner geometric series. Let 735

m = t− k, so that m = 0, . . . , T − k. Then 736

T∑
t=k

γ t−k =

T−k∑
m=0

γm. (19) 737

For γ ̸= 1, this is a finite geometric series: 738

T−k∑
m=0

γm =
1− γ T−k+1

1− γ
. (20) 739

Substituting Eq. (20) into Eq. (18) gives 740

Rentropy(o) =
T∑

k=2

αk ∆k, αk =
1− γ T−k+1

1− γ
.

(21) 741

Renaming the index k 7→ t yields Eq. (10) in the 742

main text: 743

Rentropy(o) =
T∑
t=2

αt∆t, αt =
1− γ T−t+1

1− γ
.

(22) 744
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Hyperparameter LCPO O1-Pruner PEAR ETR (Ours)

LoRA Rank - - - 32
LoRA Alpha - - - 64
Actor learning rate 1e− 6 1e− 6 1e− 6 1e− 5
train_batch_size 64 32 32 32
mini_batch_size 64 16 16 16
micro_batch_size - 2 2 2
Training step 1400 207 207 207
Max response length 4096 16384 16384 16384
Num of rollouts 8 5 5 5
Rollout temp (τ ) 0.6 1.0 1.0 1.0
KL penalty (β) 1e− 3 1e− 3 1e− 3 5e− 3
Entropy Coef - - - 1e− 4
Advantage clip (ϵ) 0.2

Table 3: Training configs for various methods.

C Training and Evaluation Details for745

ETR746

Hyperparameter ETR (Ours)

LoRA Rank 32
LoRA Alpha 64
LoRA Target Modules all-linear
Actor learning rate 1e− 5
train_batch_size 32
mini_batch_size 16
micro_batch_size 2
param_offload True
optimizer_offload True
log_prob_micro_batch_size 8
enable_chunked_prefill True
Training step 207
Max response length 16384
Num of rollouts 5
Rollout temp (τ ) 1.0
KL penalty (β) 5e− 3
Entropy Coef 1e− 4
Advantage clip (ϵ) 0.2
epochs 1

Table 4: Detaied Configurations for ETR

During training and evaluation, we insert the below747

system prompt before the question:748

System Prompt

"Please reason step by step, and put your
final answer within \boxed{}"

749

Our evaluation methodology utilizes the SGlang 750

framework (Zheng et al., 2024) to conduct high- 751

throughput inference across multiple benchmarks, 752

including MATH500 (Hendrycks et al., 2024), 753

GPQA Diamond (Rein et al., 2024), AIME24 754

(MAA., 2024), and AMC23 (MAA., 2023). We 755

configured the generation process with greedy de- 756

coding, a max response length of 16,384 and a 757

sample size of 1, ensuring the model has suffi- 758

cient space to develop complex reasoning paths 759

while maintaining deterministic outputs for accu- 760

racy tracking. To extract the final answer from the 761

model’s response, we leveraged implemented func- 762

tions in VeRL library (Sheng et al., 2025). This 763

process specifically extracts the final answer in 764

\boxed{}. 765

For the final assessment of correctness, we 766

integrated the grading logic from the OpenAI 767

PRM800K dataset grader (Lightman et al., 2023). 768

We found this approach to be significantly reliable 769

and robust, as it effectively handles differing math- 770

ematical formulations and varied formatting styles. 771

Throughout the evaluation, we recorded both the 772

accuracy and the average response length for each 773

dataset, allowing us to analyze the relationship be- 774

tween reasoning efficiency and model performance. 775

D Training Details For Baseline Methods 776

We selected five baseline methods for comparison: 777

DEER (Yang et al., 2025), NoThink (Ma et al., 778

2025), LCPO (Aggarwal and Welleck, 2025), O1- 779

Pruner (Luo et al., 2025) and PEAR (Huang et al., 780

2025a). Among these, DEER and NoThink are 781
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training-free approaches, while the remaining meth-782

ods are trained using the DeepMath-103K dataset783

(He et al., 2025). The training details can be found784

below. We report all training hyperparameters in785

Table 3.786

787

For DEER (Yang et al., 2025), we use the offi-788

cial implementation and scripts provided by the789

authors6. To ensure a fair and consistent compari-790

son, we use the provided scripts and set think ratio791

to 0.9 and max generated tokens to 16384 to align792

with our training configurations.793

794

For NoThink (Ma et al., 2025), we followed the pa-795

per to bypass the explicit reasoning process through796

prompting using "Okay, I think I have finished797

thinking.".798

799

For LCPO (Aggarwal and Welleck, 2025), we use800

the official implementation provided by the au-801

thors7 and follow their L1-Exact setup. Training802

is conducted using GRPO with a specific length803

constraint embedded in the prompt, instructing the804

model to "Think for N tokens". The actor model805

is optimized with a learning rate of 1× 10−6 and a806

global training batch size of 64. To ensure stability807

during policy evolution, we set the KL penalty co-808

efficient (β) to 0.001. During the rollout phase, the809

model generates 8 independent reasoning trajecto-810

ries for each prompt with a sampling temperature811

of 0.6. The maximum response length is configured812

to 4,096 tokens, adhering to the default parameters813

provided in the official repository814

815

For O1-Pruner, it has a KL penalty coefficient of816

0.001 and a learning rate of 1×10−6. Rollout num-817

ber is fixed at 5 and maximum response length is818

set to 16384 align with our training configurations.819

820

For PEAR, we followed the official codebase pro-821

vided by the authors8. We set the batch size to 32822

and the learning rate to 1× 10−6. The KL penalty823

coefficient is set to 0.001. The maximum response824

length is set to 16384 to align with our training825

configurations.826

6https://github.com/iie-ycx/DEER
7https://github.com/cmu-l3/l1
8https://github.com/iNLP-Lab/PEAR

E Experimental Details for the 827

Motivation Section 828

This appendix provides additional details on the 829

analysis of step-wise entropy trajectories used to 830

motivate our method. 831

Given a generated CoT, we segment it into 832

sentence-level steps {Ct}Tt=1 and compute an en- 833

tropy value Ht for each step. We get a list of step- 834

wise entropy 835

H = [H1, H2, . . . ,HT ] 836

Let T denote the list of the reasoning steps indices 837

in ascending order, which corresponds to the en- 838

tropy vector H = [H1, H2, . . . ,HT ]. 839

T = [1, 2, . . . , T ] 840

Then we can compute the Spearman correlation 841

coefficient, ρ, is defined as the Pearson correlation 842

coefficient between the rank variables of T and H: 843

ρ =
cov(rank(T ), rank(H))

σrank(T )σrank(H)
(23) 844

Where: 845

• rank(T ) and rank(H) are the vectors contain- 846

ing the ranks of the original observations. 847

• cov(·) is the covariance of the rank variables. 848

• σ represents the standard deviation of the rank 849

variables. 850

The final result ρ (Spearman’s rank correlation 851

coefficient) directly quantify the stability and speed 852

of the model’s logical convergence. Smaller ρ indi- 853

cates that as the model progresses through reason- 854

ing steps T , the entropy Ht consistently decreases. 855

As shown in the Figure 2 (right), all three models 856

show that smaller ρ and better downward entropy 857

trends often relates to fewer tokens generated. 858

F Additional Empirical Analysis 859

F.1 Analysis on Momentum 860

To study the sensitivity to the momentum coef- 861

ficient γ, we conduct ablation experiments with 862

γ ∈ {0.2, 0.5, 0.8, 0.9, 0.95, 0.99}. Results are re- 863

ported in Table 5. 864

Overall, model performance is highly sensi- 865

tive to the choice of γ. A typical momentum 866

value γ = 0.9 consistently achieves the best ac- 867

curacy across challenging benchmarks, indicated 868
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γ
AMC23 AIME24 MATH500 GPQA-D AES↑

Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓

0.5 85.0 2180.1 40.0 6381.6 90.4 1441.6 36.4 2684.5 1.04
0.8 87.5 2288.1 26.7 5622.7 89.0 1441.5 33.8 5622.7 0.66
0.9 87.5 2411.6 56.7 4639.3 90.6 1479.2 37.4 2452.4 1.53
0.95 82.5 3160.9 56.7 5289.3 89.2 1445.7 35.4 3052.2 1.29
0.99 80.0 2371.0 46.7 5070.0 88.4 1489.8 38.9 2621.4 1.12

Table 5: Analysis on the impact of the momentum γ in
Equation 7.

by the highest AES score of 1.528. Smaller val-869

ues (γ ≤ 0.8) lead to degraded reasoning accuracy,870

particularly on harder tasks such as AIME24. In871

contrast, overly large momentum (γ ≥ 0.95) re-872

sults in reduced accuracy and inflated generation873

length, indicating over-smoothing of step-wise en-874

tropy signals. These results suggest that γ = 0.9875

offers the best balance between temporal stability876

and responsiveness.877

F.2 The Influence of Entropy Trend Reward878

on Final Answer.879

In this section, we evaluate the quality and con-880

ciseness of the final response produced after the881

reasoning process. Unlike the internal reasoning882

trajectory, this segment represents the actual output883

presented to the user. While traditional reasoning884

models often carry over the verbosity of their in-885

ternal chain-of-thought into the final output, our886

method helps to reduce such problem by present-887

ing a final result that has higher information density888

and is free from ambiguity.889

F.3 Example 1890

Final Answer Part

Before(408 Tokens):
To determine the remainder of 54 mod 6,
we apply the concept of modular arithmetic,
which involves finding the remainder when
one number is divided by another.
—
### Step 1: Understand the Problem

We are asked to compute the remainder
when 54 is divided by 6. In mathematical
terms, this is:

54 mod 6

This means we want to find the inte-
ger r such that:

891

54 = 6q + r where 0 ≤ r < 6

Here, q is the quotient, and r is the
remainder.

—

### Step 2: Perform the Division

We divide 54 by 6:
54÷ 6 = 9 This division is exact, meaning
there is no remainder. Therefore, the
remainder r is:

r = 54− (6× 9) = 54− 54 = 0

—

## Step 3: Confirm with Alternative
Methods

- **Using the Division Algorithm**:
Since 54 = 6 × 9 + 0, the remainder is
clearly 0.
- **Using Properties of Divisibility**: 54
is divisible by both 2 and 3 (since it’s even
and the sum of its digits is 9, which is
divisible by 3), so it is divisible by 6.
- **Breaking Down the Number**:
54 = 50 + 4, and 50 mod 6 = 2, 4
mod 6 = 4, so (2 + 4) mod 6 = 6
mod 6 = 0.

All these methods confirm the same
result.

—

### Final Answer

0

After(64 Tokens)
To determine the remainder of 54 mod 6,
we perform the division of 54 by 6. Since
6 × 9 = 54, the division is exact with no
remainder. Therefore, the remainder is:

0
892

14



F.4 Example 2893

Final Answer Part

Before(386 Tokens):
To find the **dot product** of two vectors,
we use the formula:

u · v = u1v1 + u2v2 + u3v3

where u =


u1

u2

u3

 and v =


v1

v2

v3

 are two

vectors in R3.

—

### Step 1: Identify the components
of the vectors

Given:

u =


−2

0

7

 , v =


3

4

−5



So, the components are:

- u1 = −2, u2 = 0, u3 = 7
- v1 = 3, v2 = 4, v3 = −5

—

### Step 2: Compute the dot prod-
uct

u · v = (−2)(3) + (0)(4) + (7)(−5)

Now compute each term:

- (−2)(3) = −6
- (0)(4) = 0
- (7)(−5) = −35

894

Add them together:

−6 + 0 + (−35) = −41

—

### Final Answer

−41

After(127 Tokens):
To find the dot product of the vectors

−2

0

7

 and


3

4

−5

 ,

multiply the corresponding components
and then sum the results:

(−2)(3) + (0)(4) + (7)(−5) = −6 + 0− 35

= −41

Thus, the dot product is

−41
895

G Example Responses of Trained Models 896

G.1 Qwen3-8B 897

Question

A regular octagon has the same perimeter
as the regular hexagon shown here with side
length 16 cm. How long is each side of the
octagon?

898

Info

(Original Model Output Tokens: 5140)
899

Reasoning Trajectory (667 Tokens)

<think>
Okay, so I need to find the side length of a
regular octagon that has the same perimeter as a
regular hexagon with side length 16 cm. Let me
start by recalling some basics about regular polygons.

First, a regular hexagon has all sides equal
and all internal angles equal. Similarly, a regular

900
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octagon also has all sides equal. The perimeter of a
regular polygon is just the number of sides multiplied
by the length of one side.

So, the perimeter of the hexagon would be 6
times the side length. Since the side length is given
as 16 cm, the perimeter of the hexagon is 6 * 16
cm. Let me calculate that: 6 * 16 is 96 cm. So the
perimeter is 96 cm.

Now, the regular octagon has the same perimeter. Let
me denote the side length of the octagon as ’s’. Since
an octagon has 8 sides, its perimeter would be 8 * s.
Therefore, setting this equal to the perimeter of the
hexagon: 8s = 96 cm. To find ’s’, I can divide both
sides by 8.

Let me do that: 96 divided by 8. Hmm,
8*12 is 96, so s = 12 cm. Wait, is that right? Let me
check again. 8 times 12 is 96, yes. So each side of
the octagon would be 12 cm.

But wait, let me make sure I didn’t mix up
the number of sides. Hexagon has 6 sides, octagon
has 8. So yes, if the perimeters are equal, then 6*16
= 8*s. So s = (6*16)/8. Which is (96)/8 = 12. Yep,
that seems correct.

I think that’s all there is to it. The Asymp-
tote code provided probably just draws the hexagon
with a label on one of its sides, but since the
problem states the hexagon has side length 16
cm, I don’t need to worry about the diagram specifics.

Therefore, the answer should be 12 cm.

**Final Answer** The length of each side of
the octagon is 12 centimeters.
</think>

To determine the side length of a regular octagon that
has the same perimeter as a regular hexagon with side
length 16 cm, we start by calculating the perimeter
of the hexagon.
A regular hexagon has 6 sides, so its perimeter is:

6× 16 = 96 cm

A regular octagon has 8 sides. Let the side length of
the octagon be s. Its perimeter is:

8s

Since the perimeters are equal, we set:

8s = 96

Solving for s:

s =
96

8
= 12

Thus, the length of each side of the octagon is 12
centimeters.

901

G.2 Qwen3-4B 902

Question

What is the least positive integer multiple of
30 that can be written with only the digits 0
and 2?

903

Info

(Original Model Output Tokens: 9170)
904

Reasoning Trajectory (1149 Tokens)

<think>
Okay, so I need to find the smallest positive integer
multiple of 30 that only has digits 0 and 2. Let me
think. First, since it’s a multiple of 30, it has to be
divisible by both 3 and 10. Divisible by 10 means
the number has to end with a 0. So the last digit is
0. Then, for divisibility by 3, the sum of the digits
has to be a multiple of 3. Since the digits can only
be 0 or 2, the sum will be 2 times the number of
2s in the number. So the number of 2s has to be
a multiple of 3. Therefore, the number must have
3, 6, 9, etc., number of 2s. But since we want the
smallest such number, probably 3 twos. But also,
the number has to end with 0. So maybe something
like 2220? Let me check. 2220 divided by 30 is 74,
which is an integer. Wait, is 2220 a multiple of 30?
Let me check. 2220 divided by 10 is 222, which is
divisible by 3 because 2+2+2=6, which is divisible
by 3. So yes, 2220 is a multiple of 30. But is there a
smaller number? Let me think. The number has to
end with 0. So possible numbers are 20, 200, 220,
2000, 2200, 2020, 2220, etc. Let’s check each of
these. 20: sum of digits is 2, not divisible by 3. 200:
sum is 2, same. 220: sum is 2+2=4, not divisible by
3. 2000: sum is 2, no. 2200: sum is 2+2=4, no. 2020:
sum is 2+2=4, no. 2220: sum is 2+2+2=6, which is
divisible by 3. So 2220 is the first one. Wait, but
is there a smaller number? Like, maybe a number
with fewer digits? 2220 is four digits. Is there a
three-digit number? The three-digit numbers ending
with 0 are 200, 220, 200. But their digit sums are 2,
4, 2. None are divisible by 3. So no. How about a
four-digit number? 2220 is the first one. So maybe
2220 is the answer. But let me check if there’s a
smaller four-digit number. For example, 2020, 2002,
but those don’t end with 0. Wait, the number has to
end with 0. So the four-digit numbers ending with
0 are 2000, 2020, 2200, 2220. We checked those.
2000: sum 2. 2020: sum 4. 2200: sum 4. 2220: sum
6. So 2220 is the first. Therefore, the answer is 2220.
Wait, but let me check if there’s a number with more
digits but smaller in value. Wait, no, because 2220
is four digits. Any number with more digits would
be larger. So I think 2220 is the answer. But let me
confirm by dividing 2220 by 30. 30 times 74 is 2220.
Yes. So I think that’s it.

**Final Answer** The least positive integer
multiple of 30 that can be written with only the digits
0 and 2 is 2220 .
</think>
To find the least positive integer multiple of 30 that
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can be written using only the digits 0 and 2, we
must consider the divisibility rules for 30. A num-
ber is divisible by 30 if it is divisible by both 3 and 10.

- **Divisibility by 10**: The number must
end in 0. - **Divisibility by 3**: The sum of the
digits must be a multiple of 3. Since the only digits
allowed are 0 and 2, the sum of the digits will be
2 × (number of 2s). Therefore, the number of 2s
must be a multiple of 3.

The smallest such number is formed by using
three 2s and one 0 at the end, resulting in the number
**2220**. Checking: - It ends in 0, so it is divisible
by 10. - The sum of its digits is 2 + 2 + 2 + 0 = 6,
which is divisible by 3.

Thus, 2220 is the smallest number meeting
the criteria.

2220

906

G.3 DeepSeek-R1-Distill-Qwen-7B907

Question

What is the concentration of calcium ions in
a solution containing 0.02 M stochiometric
Ca-EDTA complex (we assume that the pH
is ideal, T = 25 °C). KCa-EDTA = 5x1010.

A. 6.3x10−7M
B. 1.0x10−2M
C. 5.0x10−3M
D. 2.0x10−2M

908

Info

(Original Model Output Tokens: 16384)
909

Reasoning Trajectory (940 Tokens)

</think>
Okay, so I have this problem here about the
concentration of calcium ions in a solution. Let me
try to figure it out step by step.

First, the problem says there’s a 0.02 M sto-
chiometric Ca-EDTA complex. I think that means
the concentration of the complex is 0.02 M. They
also mention that the pH is ideal and the temperature
is 25°C. The formation constant, Kf, is given as
5× 1010.

Hmm, formation constant, Kf, is the equilibrium
constant for the formation of the complex between
calcium ions and EDTA. The reaction should be
something like Ca2+ + EDTA4 – −−⇀↽−− [Ca – EDTA]2 –

complex.

So, the formation constant Kf is equal to
910

[Ca− EDTA]/([Ca2+][EDTA4−]). Since it’s a
stochiometric complex, I assume the concentration
of Ca2+ and EDTA4− are equal because they react
in a 1:1 ratio. Let me denote the concentration of
Ca2+ as ’c’. Then, the concentration of EDTA4−

is also ’c’.

The total concentration of the complex is
0.02 M, which is equal to [Ca-EDTA]. So,
Kf = 0.02/(c ∗ c) = 0.02/c2.

Given that Kf is 5 × 1010, I can set up the
equation: 5× 1010 = 0.02/c2.

To solve for c2, I rearrange the equation:
c2 = 0.02/(5 × 1010). Let me calculate that. 0.02
divided by 5 is 0.004, and then divided by 1010 is
4x10−13. So, c2 = 4× 10−13.

Taking the square root of both sides,
c =

√
4× 10−13 = 2 × 10−6.5. Wait,

10−6.5 is the same as 10−6 × 10−0.5, which is
approximately 3.16× 10−7. So, 2× 3.16× 10−7 is
about 6.32× 10−7.

Looking at the options, A is 6.3 × 10−7M ,
which matches my calculation. So, I think the answer
is A.

**Final Answer**
A

</think> The problem involves finding the concentra-
tion of calcium ions in a solution containing a 0.02
M stochiometric Ca-EDTA complex. The formation
constant Kf is given as 5× 1010.

1. The reaction is Ca2+ + EDTA4− ⇌
Ca-EDTA complex.
2. The formation constant Kf is given by
Kf = [Ca-EDTA]

[Ca2+][EDTA4−]
.

3. Since the complex is stochiometric, the concentra-
tions of Ca2+ and EDTA4− are equal, denoted as c.
4. The total concentration of the complex is 0.02 M,
so Kf = 0.02

c2
.

5. Solving for c2: c2 = 0.02
5×1010

= 4× 10−13.
6. Taking the square root: c =

√
4× 10−13 =

2× 10−6.5 ≈ 6.3× 10−7.

Thus, the concentration of calcium ions is
6.3× 10−7 M.

A

911
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