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Abstract

Machine learning has become increasingly
popular in informing data-driven policy-
making. Policies influence behavior in indi-
viduals or populations, and ideally, through
observational signals, policy-makers learn
which policies are effective. However, in
many settings, individual actions cannot be
perfectly observed. This issue, known in eco-
nomics as moral hazard, poses a significant
challenge. In this work, we study the foun-
dational multitasking principal-agent con-
tract design problem and demonstrate how
instrumental regression and the generalized
method of moments (GMM) estimator can
be used to estimate or learn a good contract.
As a bonus result, we also give a uniformity
characterization of the shape of the optimal
contract.

1 INTRODUCTION

Machine learning has become a powerful tool
for data-driven decision-making across many
real-world  applications, including  ridesharing
([Qin et al., 2022]), education policy-making
([Hilbert et al., 2021]),  healthcare policy-making

([Ashrafian and Darzi, 2018]), and credit scoring
([Fuster et al., 2022] Hurley and Adebayo, 2016]),
among others. A central assumption in most machine
learning methods is that the causal relationship
between inputs and outcomes is well-specified and
observable. However, in many real-world policy-
making scenarios, the dependence between signals
and outcomes is often complex and difficult to model.
In particular, in economic and strategic environments,
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this assumption breaks down: data are generated
by self-interested agents, whose underlying actions
drive outcomes but remain hidden. As a result, the
true causal links between observed signals and unob-
served behavior are confounded, posing fundamental
challenges for learning.

Consider an educational setting where we are inter-
ested in measuring students’ skills to predict their
future success (however defined). While some in-
formation is observable—such as educational back-
ground—many important features remain hidden,
such as problem-solving or critical thinking skills.
These latent skills can only be indirectly inferred
through noisy signals like standardized test scores. In
this case, the covariates of interest are not perfectly
observed. Moreover, policymakers may wish to design
better education policies based on students’ data, but
doing so requires addressing the fact that underlying
behaviors and abilities are only imperfectly captured.

As another example, consider a vehicle insurance com-
pany seeking to design policies for its customers. A
policyholder’s driving behavior is influenced by the in-
surance plan: some individuals may become more cau-
tious, while others may drive more recklessly, depend-
ing on the policy they participate in. The insurer’s
objective is to shape behavior in a way that maxi-
mizes profit. Yet, driving behavior cannot be directly
observed; instead, the insurer only has access to noisy
outcomes such as accident reports. Despite this limi-
tation, the company must still rely on historical data
to design effective insurance policies.

This type of challenge is known as moral hazard in
economics ([Holmstrom, 1979]). Moral hazard arises
when an agent’s actions are hidden from the principal,
making it difficult to align incentives. In this work, we
initiate the study of data-driven methods for decision-
making under moral hazard, where optimal policies
must be learned from observational signals that de-
pend on unobserved actions.

We focus on the multitasking principal-agent
problem, a canonical model of contract design
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capturing the salient feature of moral hazard
([Holmstrom and Milgrom, 1991]). Contract design is
an important topic in economics: it captures how a
principal can incentivize an agent to exert effort in
working on tasks by linking payments to observable
signals. In the multitasking principal-agent problem,
the principal hires an agent to perform several tasks.
The principal’s utility depends on the agent’s hidden
action; however the effort the agent puts into each task
can only be measured through a noisy signal.

In this work, we study how to learn effective contracts
for the principal under such information constraints.
Our approach combines tools from economics, econo-
metrics, and machine learning, and in particular
demonstrates how econometric methods such as in-
strumental regression and the generalized method of
moments (GMM) can be adapted to address endogene-
ity and measurement error in this strategic environ-
ment.

Apart from our learning results, we also pro-
vide a fairness characterization of optimal contracts.
In many real-world settings, the principal inter-
acts with multiple agents under a common con-
tractual framework; for instance, franchising ar-
rangements [Bhattacharyya and Lafontaine, 1995] or
revenue-sharing platforms such as YouTube, where
content creators receive 55% of advertising revenue
while the platform retains 45% El While one might
expect the principal to customize terms for different
agents, we show that when the agent’s cost function
exhibits homogeneity, the optimal contract depends
only on its degree of homogeneity. This implies that
uniform contracts can simultaneously maximize the
principal’s utility and reinforce fairness across agents.

1.1 Contributions

In this work, we study multitasking principal-agent.
We first give a fairness characterization of the optimal
contract. We show that under a homogeneity assump-
tion on the agent’s cost function, the optimal linear
contract depends only on the degree of homogeneity
and is uniform across agents. This provides theoreti-
cal insight and practical justification for standardized
contracts in settings like franchising and online plat-
forms.

We then study the multitasking principal-agent prob-
lem from a machine learning perspective, we show
how tools from econometrics, particularly instrumen-
tal regression and the generalized method of moments
(GMM), can be applied in this setting in designing
an effective contract. To our knowledge, this is the
first work to examine the multitasking principal-agent

'See [Google, 2024].

problem through a machine learning lens. First, we
identify contract learning under moral hazard as a re-
gression problem with measurement error and show
how instrumental regression, together with the gener-
alized method of moments (GMM) estimator, can be
used to recover the unknown parameters and thereby
identify the optimal contract. Second, we demonstrate
that when repeated signals are available and agents
are sufficiently diverse, the principal can achieve sig-
nificantly faster convergence rates.

1.2 Related Work

Machine Learning in Strategic Contexts Ma-
chine learning increasingly operates in environments
where data are generated by self-interested agents.
Recent work introduced the study of strategic classifi-
cation ([Hardt et al., 2016]) and performative predic-
tion ([Perdomo et al., 2020]), showing how individuals
may manipulate features in response to predictive
models. Following this, researchers have highlighted
endogeneity issues in strategic settings and developed
instrumental regression approaches for regression with
strategic responses ([Harris et al., 2022]), online learn-
ing and bandits ([Della Vecchia and Basu, 2023]),
and reinforcement learning with hidden actions
([Yu et al., 2022]). More broadly, recent work
emphasizes the causal perspective in machine
learning systems ([Horowitz and Rosenfeld, 2023],
[Miller et al., 2020]), motivated by real-world appli-
cations where decisions shape behavior and the data
reflect these strategic interactions.

Contract Theory Contract theory studies a
principal-agent problem where the principal must in-
centivize the agent to exert effort through contracts.
Some early important works in the economics com-
munity include [Holmstrom, 1979, Holmstrom, 1982}
Holmstrom and Milgrom, 1991]. The work by
[Holmstrom and Milgrom, 1991] studies the multitask
principal-agent problem, which serves as the start-
ing point of the current work. Recently, computa-
tional aspects of contract design have been studied by
many works in the computer science community. For
example, [Diitting et al., 2019, [Duetting et al., 2024]
Ditting et al., 2022] study contract design from
a combinatorial perspective; various other works
[Ho et al., 2014, [Zuo, 2024, [Guruganesh et al., 2024]
Zhu et al., 2022] study learning algorithms for con-
tract design.  Another line of work seek to un-
derstand the worst-case guarantee of contracts (e.g.
[Carroll, 2015]), and show that linear contracts have
remarkable worst-case performance guarantees. Apart
from these, contract theory has also appeared
in application domains such as signal processing
([Jain et al., 2023]).
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Bandit Problems Bandit problems are a type of
online learning problem with partial feedback. Typ-
ically, bandit algorithms need to balance exploration
(experimenting with unknown actions) and exploita-
tion (choosing actions whose reward is estimated
to be higher). Research on bandit problems is
too broad to cover here, but for an overview see
|[Lattimore and Szepesvari, 2020]. Recently, a number
of papers have sought to understand the performance
of the pure exploitation (i.e., greedy) algorithm in ban-
dit problems. In particular, for linear bandits, the
success of the greedy algorithm is explained under the
framework of smoothed analysis [Bastani et al., 2021}
Kannan et al., 2018] [Sivakumar et al., 2022].

Instrumental Regression and Measurement Er-
ror Models. Measurement error models are a well-
studied topic in econometrics and statistics, as noisy or
imperfectly observed covariates can lead to biased and
inconsistent estimates. A standard remedy is the use
of instrumental variables, where an observed variable
correlated with the true covariate but independent of
the error serves as a proxy. The generalized method
of moments (GMM) framework further offers a flexible
way to construct consistent estimators in the presence
of endogeneity. These methods are well established in
econometrics; see [Greene, 2008, [Fuller, 2009] for text-
book treatments.

2 THE MULTITASKING
PRINCIPAL-AGENT PROBLEM

In the multitasking principal-agent problem, there are
two parties, a principal and an agent. The principal
asks the agent to complete several tasks. The agent
exerts effort across d dimensions, each representing a
distinct task (so there are d tasks). We denote the
agent’s effort by the vector a C (R*)%.

The agent incurs a private cost c¢(a) € RT when ex-
erting the effort vector a. We will assume the cost
function c¢(a) is strictly increasing, strictly convex, and
continuously differentiable. While the principal can-
not directly observe or verify the exact effort level a,
she can observe a signal = € R?; the signal can be in-
terpreted as a noisy measurement of the agent’s true
effort vector, in particular, the signal z; can represent
a noisy measurement for the true effort a; in task i.
We shall assume the signal is unbiased:

E[z|a] = a.

The unbiasedness is a common assumption (e.g.
[Holmstrom and Milgrom, 1991]).

The principal incentivizes the agent to exert effort
through a contract. We focus on linear contracts, pa-

rameterized by 3 € (RT)?. Under the linear contract
B, when the observed signal is z, the payment trans-
ferred from the principal to the agent is (8, x); in ex-
pectation, the transfer is equal to (3, a).

Agent’s Response The agent’s utility is his ex-
pected payment minus his private cost. The agent
selects an action a = a(f) that maximizes their ex-
pected utility given the contract terms:

a(B) = argmax{B, a) — c(a).

Principal’s Utility The agent’s effort a gives a
noisy private benefit y(a) to the principal. We assume
this private benefit takes a linear form

The principal’s expected utility is the expected private
benefit minus the expected payment to the agent. In
other words, when the contract offered is 8 and the
agent best responds with the action a, the principal’s
expected utility is

u(f;a) = (07, a) = (B, a).

We may also write u(8) := u(f,a(8)); here the vari-
able a is suppressed and implicitly understood as the
agent’s best response to 5. The principal’s optimal
contract B* is then the contract maximizing her ex-
pected utility:

B* € arg mgxx u(p).

Interaction The interaction protocol can be sum-
marized as follows.

1. The principal posts a contract § € R?

2. The agent best responds with a private effort (ac-
tion) a € R, and incurs private cost c(a)

3. A noisy signal z is generated and that E[z|a] = a
4. The agent’s expected utility is (8, a) — c(a)

5. The principal’s private realized benefit is y with
Elyla] = (6*,a), the expected utility u(8;a) =
(0%, a) — (B, a).

Note that from the principal’s point of view, apart
from the decision variable (3, only the signal z and the
realized private benefit y are observed; the agent’s true
effort a is not observed. The causal relation between
the variables is summarized in Figure [T}



Learning Under Moral Hazard with Instrumental Regression and Generalized Method of Moments

Before we present our main technical results, let us
first clarify how our model captures the essential fea-
tures of moral hazard. In its modern economic us-
age, moral hazard refers to settings where hidden ac-
tions create incentive misalignment between contract-
ing parties. Our multitasking contract design prob-
lem exhibits the core characteristics of moral haz-
ard: (1) the agent’s action is unobservable and non-
contractible, (2) actions affect outcomes but only noisy
signals are observed, and (3) contracts must be de-
signed based on observable signals to incentivize hid-
den actions.

These features are present in our motivating examples
(Section . In the insurance setting, driving behavior
is hidden from the insurer, who observes only noisy sig-
nals such as accident reports and claims costs; the in-
surer must design policies that incentivize safe driving
to maximize profit. Similarly, in the education setting,
student effort and true skills are latent, while policy-
makers observe only noisy test scores and long-term
outcomes; they must design policies that incentivize
appropriate effort allocation across different subjects
or skill areas.

As a final remark, we note that the unbiasedness as-
sumption on signals specifies the information struc-
ture but does not make actions observable or con-
tractible. The moral hazard remains intact: the prin-
cipal cannot directly observe or write contracts con-
tingent on the agent’s effort a. Although unbiasedness
is a common assumption in the multitasking literature
(e.g. [Holmstrom and Milgrom, 1991]), extending our
results in this work to accommodate possibly biased
signals is also a valuable future direction.

3 UNIFORMITY OF THE
OPTIMAL LINEAR CONTRACT

We first give a characterization of the optimal linear
contract. We present a uniformity result, which states
that if the agent’s cost function exhibits a certain de-
gree of homogeneity (i.e. a consistent return to scale),
then the optimal linear contract depends on the cost
function only through its homogeneity degree.

Assumption 1. The cost function of the agent is ho-
mogeneous of degree k. In other words, for any p > 0
and a € (RHT, ¢(pa) = pFe(a).

Remark 1. The homogeneity assumption was also
made in a related line of work in strategic classi-
fication [Shavit et al., 2020, [Dong et al., 2018]. An-
other work on learning from revealed preferences in
Stackelberg games also make a homogeneity assump-
tion [Roth et al., 2010] (see the subsequent Remark[f).

We show the optimal linear contract depends on the

shape of ¢(-) only through the degree of homogene-
ity. The proof is very simple, yet to the best of our
knowledge, it has not appeared in prior work.

Theorem 1. The principal’s optimal contract is f* =
0*/k.

Proof. Suppose the principal posts the contract 5. By
the first-order condition of the agent’s best response,
we have:

B =Vc(a).
Then, the principal’s utility function when posting the
contract (3, as a function of the best response a can be
written as

(07,a) = (B,a) = (0, a) = (Vc(a), a)
= (0", a) — ke(a),

where we used Euler’s theorem on homogeneous func-
tions. Notice that the principal’s utility function is a
concave function in the agent’s hidden effort a. Taking
derivative with respect to a, we have

0" = kVc(a).

Combined with the agent’s first-order condition, we
have that at the optimum we must have

B* = 0" /k. O

Remark 2. The uniformity result is particularly at-
tractive from a practical perspective. It implies that the
principal can achieve her mazimum utility and ensure
fairness simultaneously. In particular, there is no need
to discriminate against agents whose productivity may
differ (as long as their return to scale parameter k re-
mains the same). This standardization is particularly
relevant in industries like franchising or E-commerce,
where the principal (the franchiser or the E-commerce
platform) contracts with multiple agents (franchisees,
E-commerce workers / content creators).

Remark 3. The uniformity result here is similar
in flavor to [Bhattacharyya and Lafontaine, 1995]; the
difference is that their work considers a double moral
hazard setting with o single task. They also make a
similar homogeneous degree assumption, but of course,
in the single-dimensional case, a homogenous function
can only take the polynomial form.

Remark 4. The recent work [Roth et al., 2016] in
fact studied a very similar setup with the same homo-
geneity assumption. Their work studied optimization
algorithms in Stackelberg games from revealed prefer-
ences. As a special case, they gave a discussion on
how their algorithm can be applied to the multitask
principal-agent problem (though their work did not ex-
plicitly identify their problem as such). They also make
a homogeneity assumption; however, the uniformity
result that we presented here seemed to have somehow
escaped their analysis.
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Figure 1: Causal relationship between variables. The
agent’s response is shaded indicating it is unobserved
by the principal. The dashed item is a second set of ob-
served signals, corresponding the the scenario studied
in Section [5| when repeated observations are available.
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4 ESTIMATING AND LEARNING
THE OPTIMAL CONTRACT: AN
INSTRUMENTAL REGRESSION
APPROACH

In the previous section we gave a characterization of
the optimal contract and showed that even for differ-
ent agents with different cost functions, the optimal
contract remains the same as long as the homogeneity
degree remains the same. Now, we study the problem
of estimating or learning the optimal contract when
the parameter 6* is unknown. Informally, when the
parameter 0* is unknown, the principal lacks precise
knowledge of the “importance” of each task. For in-
stance, when a firm’s owner (the principal) hires a
manager (the agent) to oversee multiple tasks, the
owner may be uncertain about the exact contribution
of each task to the firm’s overall performance. In such
cases, the principal must estimate or learn 6* using
observational data.

We assume the principal repeatedly interacts with po-
tentially different agents, and denote the observed data
in the t-th interaction as (B¢, z¢, yi), representing the
contract, observed signal, and private benefit, respec-
tively; the agent’s private effort a; is unobserved by
the principal. In a single round of interaction, the
relationship between the variables is depicted in Fig-
ure Similar to the previous section, it is assumed
the observed signals for each task is unbiased:

E[xt|at] = Q¢,
and that the total revenue satisfies a linear relation:

Elytlas] = (6%, ar).

In repeated interactions, we allow the agent in each
round to be of different types. In particular, differ-
ent agents may have different cost functions and react
differently to the same contract. However, we assume

that the homogeneity degree parameter k is known and
treated as a constant. In other words, the return to
scale parameter is a constant for different agent types.
E| Informally, this means that even though agent’s may
have different “proficiency” in completing the tasks,
the scaling behavior of the cost function is consistent.

Note that in general, in particular when the homo-
geneity Assumption [I] does not hold, recovering the
unknown parameter #* will not inform the shape of
the optimal contract, since the agent’s cost function
is unknown. However, thanks to the homogeneity as-
sumption and the uniformity result, which establishes
the optimal contract as given by 8* = 6* /k, obtaining
an accurate estimate for 6* is equivalent to identifying
an approximately optimal contract.

We consider both the offline and online setting. In
the offline setting, the principal has access to data in
T time periods, with the observed data denoted as
(B, x¢,yt); the goal is then to obtain an accurate esti-
mate of 6*. In the online setting, the principal inter-
acts with agents in a sequential manner, and in each
round ¢ the principal chooses a contract 3; based on
historical observations; the goal here is to minimize
cumulative utility loss.

We assume the contract 5 belongs to some bounded
set B, and that the optimal contract g* = 6*/k €
B. We refer to B as the feasible contract set; it can
represent either external factors (such as certain law
or regulations) which limit the set of contracts that
can be enforced, or it can represent the fact that the
principal has some limited prior knowledge that the
optimal contract must belong to some bounded set (for
example, he may at least have an lower and upper
bound of each component of 6*).

Finally, we assume the signals x; and realized private
benefits y; are conditionally subgaussian.

Assumption 2. Given the agent’s action as, the
random signal x; and private benefit y;
subgaussian.

are 0g-

We note that standard linear regression in fact fails
in recovering the 6*. Treating the problem as a re-
gression problem, the true covariates a are not ob-
served, and only a noisy measurement x is observed.
Hence, our problem in fact has an errors-in-variables

While one could also study the scenario where 0*
is known but k is unknown, this case seem less inter-
esting from a technical perspective; since k is a single-
dimensional parameter, one can apply a one-dimensional
discretization-based algorithm and infer the value of k
([Kleinberg, 2004]). Thus, we focus on the case where
the high-dimensional parameter 6* is unknown while k is
known and fixed, which we believe to be the more techni-
cally interesting problem.
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problem, and must be solved using techniques from
measurement error models. Below we show how the
generalized method of moments estimator can be used
in recovering 6.

4.1 Offline Setting

The causal relationship between (8;, at, x¢, y¢) is sum-
marized in Figure [I] and forms a measurement error
model. It can be observed that the contract (3; acts
as a valid instrumental variable. In particular, the fol-
lowing moment condition is satisfied

E[Bi(y: — (6%, 1)) = 0 (€ RY). (1)

Therefore an instrumental regression approach and the
generalized method of moments estimator can be ap-
plied. When given a sequence of offline data, the gen-
eralized method of moments estimator takes the fol-
lowing form:

0r = (B} X7)"'BJYr. (2)

Here By € RT*? is a matrix with rows representing
the posted contracts each round; Xp € RT*? is a
matrix with rows representing the signals each round;
Y € R7 is a column vector representing the outcomes
each round.

Proposition 1. With probability at least 1 — §, the
estimation error

|

Proof. Denote v, = y; — (0*, ), and collect values for
1:¢—1 into the column vector T';.

0r = (B; Xr) 'B; Yr
= (B£X7) "B} (X7r0* +T7)
= 0"+ (BLX7) 'B}Tr.

dT log(dT'/s)

0" — 0 ‘ <Y - 7
T 2 O'min(B;ﬂrXT)

Hence

ol < _1EIva]

’ ‘2 = Omin(Bf X71)’

By a standard concentration inequality (see Ap-
pendix the numerator can be upper bounded as
\/m with probability at least 1 — §; the
proposition then follows. O

4.2 Online Setting

In the previous part, we developed an estimator based
on GMM for estimating the parameter 6*. This ap-
plies to the setting when offline observations are avail-
able. However, it does not directly give rise to a learn-
ing algorithm in the online setting, where the princi-
pal needs to choose the contract each round. To give

Algorithm 1 Use Contract as IV: Explore then Com-
mit Algorithm

Input: Distribution P supported on the feasible con-
tract space B satisfying Condition
Number of exploration rounds 7 = dv/T'
fort=1,...,7 do

Sample B; ~ P as the contract

Observe the signal x; and realized private benefit
Yt
end for
Record the data so far into B, X, Y,
Use the GMM estimator and compute the estimate:

0= (B! X,)"'B,Y;.

fort=7+1,...,7 do
Set f8; = 0/k as the contract
end for

some intuition, in this setting, the principal essentially
faces an optimal design problem with an exploration-
exploitation tradeoff. Specifically, the matrix By, con-
sisting of contracts [, is the design, and the principal
must choose this matrix such that the estimate 6 be-
comes accurate. At the same time, the principal must
ensure that the chosen contracts (; are close to the
true optimal contract 8* = 6*/k in order to guarantee
a small cumulative utility loss. We define the cumu-
lative utility loss as the different between the utility
achieved with the posted contract and that of posting
the optimal contract each round:

Ut(ﬂ*) —Ut(ﬁt)~

Upper Bound We show that a randomized
exploration-type algorithm can achieve O(dv/T) re-
gret. We introduce the following condition.

Condition 1. There exists a distribution P supported
on the feasible contract space B and that there exists
constant ¢y, such that

Umin(E,BNP [ﬁﬁT]) > Cl/d'

Further, fix any feasible agent’s type and letting a(83)
denote this agent’s best response function, we have

Tmin(Eg~pla(B)a(B)]) > 1 /d.

By sampling a contract from the distribution P, it
can be shown that in expectation the increase of
Omin(B% X7) by adding a new data point can be lower
bounded, then by applying Proposition the esti-
mates will converge to the true 6*.

Remark 5. The above condition is in fact relatively
mild. The first part requires the sampled contract
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comes from a diverse enough distribution. As an ex-
ample, one can choose distribution P as the uniform
distribution over d linearly independent vectors. The
second part of the condition is also satisfied as long
as the agent’s cost function is well-behaved such that
variating B gives sufficient variance along each direc-
tion in the agent’s response.

Proposition 2. Suppose Condition [1] holds. There
exists an algorithm (Algorithm achieving regret
O(dVT) with probability 1 — 1/T.

Instead of working with the actual utility loss, we will
be bounding the following quantity, which is the square
error of 3; each round:

T

* 2

Reg = Z 18™ = Btll5-
t=1

The above can serve as a proxy for the actual cumula-
tive utility loss: Zthl |ue(B*) — we(By)|- In particular,
as long as the function u; has a bounded second deriva-
tive at the global maximum £*, the cumulative utility
loss can be upper bounded by O(Reg). Then, each
term in Reg can be bounded by Proposition The
detailed proof can be found in Section [B]

One can also consider a “pure-exploration” problem
where, instead of measuring the cumulative utility loss,
one can measure the immediate estimation error after
T rounds. In this case, one can simply adapt Algo-
rithm [I] to sample 3 ~ P in each of the T rounds,
and then the estimation error can be bounded by the
following.

Proposition 3. Assume Condition [1| holds. Then
there exists a pure-exploration algorithm, that after T
rounds with probability 1 — & achieves:

o~ ] < Gtvarm.

Lower Bound Consider a setting where each agent
has cost function c(a) = %HaHg, and that this cost
function is known to the principal. Then, the agent’s
best response under the contract § is exactly a = S.
The principal’s expected utility when a contract § is

posted is then

u(B) = (6%, 8) — 185

The optimal contract is then 8* = 6*/2 (this is also
implied by the previous uniformity result Theorem
since the agent’s cost function is quadratic and ho-
mogeneous of degree 2). The principal now essen-
tially faces a zero-order optimization problem with a
quadratic objective function. The contract § is the
decision variable, and the realized total revenue is the
observed variable. By a result in [Shamir, 2013|, the
tight regret bound for this problem is ©(dv/T).

Algorithm 2 Use Repeated Observation as IV: Pure
Exploitation with Diversity

Parameters: time horizon 7', number of tasks d,
minimum eigenvalue Aq, failure probability &
Epoch e contains || = max{d
2¢,8Ko1In(d/d)/(Ao),408d* In(d?/8)/(Xo)} rounds
In the 0-th epoch with d rounds, post 8 = e; for
each i € [d] once and record X1, X7,V
for epoch e = 1,2, , [log(T/d)] do

Compute . using the GMM estimator from data
in previous epoch:

b = (X]X,)'X.Y,

Post B; = 6, /k for each round in this epoch

_ Record the data from this epoch into
Ket1, Xet1, Yet1
end for

Proposition 4. For any (possibly randomized) strat-
egy the principal can adopt for posting contracts, there
exists some parameter 0* such that the term Reg can
be lower bounded by Q(dv/'T).

5 FASTER CONVERGENCE WITH
REPEATED OBSERVATIONS
AND DIVERSITY

This section continues the discussion from the previ-
ous section, where the principal must learn or esti-
mate 0* using observational data. The previous sec-
tion showed that using an instrumental regression ap-
proach and using the contract as the instrumental vari-
able, the principal must balance exploration (ensuring
that omin (B, X;) grows as t increases) and exploita-
tion (ensuring f; is close to the true optimal contract).
In this section, we show that, under some additional
assumptions, the learning rate of the principal can
be greatly improved. Informally, we show that when
the agents are sufficiently ‘diverse’, and that when re-
peated observations are available, the principal can
achieve a logarithmic regret, even if the principal is
using a ‘pure exploitation’ algorithm. We state these
as the following two assumptions.

Assumption 3. (Repeated observations are avail-
able.) We assume that in each round, the principal
can observe two sets of signals, denoted by x; and Ty.
The signals are conditionally-o2-subgaussian vectors
and satisfy the following:

E[a:t|at] = ]E[%Aat] = Q¢.

They are conditionally independent given the agent’s
hidden effort a;:

Tt 1 ft|at.
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The causal relationship between variables are summa-
rized in Figure [I] with the dashed items included.

Remark 6. The assumption requires repeated obser-
vations, which is often realistic in practical scenarios
where the agent’s action produces multiple measurable
outcomes. We provide several examples where repeated
observations naturally arise. 1. KEducation: When
measuring student skills or abilities, multiple assess-
ments may target the same underlying competencies
(e.g., SAT retakes, midterm and final exams), yield-
ing more than one signal per student. 2. Gig economy
and platform work: A worker providing services may
recetve multiple customer ratings, each serving as a
noisy measurement of their effort or quality. 3. Last-
ing effects: A content creator’s effort on video quality
may affect both initial view counts and long-term re-
tention metrics, providing two distinct signals of the
same underlying effort.

We assume that agents are drawn from some distribu-
tion D, each element in the support of D represents the
cost function of the agent. It is assumed that for all
elements in the support of D, the cost function is ho-
mogeneous of degree k (i.e., it satisfies Assumption .
Our second part of the assumption below states that
agents are sufficiently diverse.

Assumption 4. (Agents are sufficiently diverse in
their talent. ) Fiz any 8 € B, we have that the follow-
ing holds

AminEe(y~pla(B;e(-) Ta(B; ()] = Ao

The above assumption is essentially requiring that
there is sufficient diverity in the agent’s ability to com-
plete different tasks. We give a concrete example sat-
isfying assumption below.

Example 1. Consider a setting where agent’s have
different abilities in different tasks [Thiele, 2010]. As-
sume the cost functions of the agents have diagonal
quadratic forms.  Specifically, the cost function of
the agent is parameterized by a vector k € (R?)T,
so that the cost function of the agent is c(a) =
1aTdiag(k)"ta. Then, the agent’s best response to
a contract 8 is the mazimizer of (8, a) — c(a), which is
equal to
a=k®p.

We assume that the agent cost function in each round,

parameterized by K¢, is drawn from an unknown distri-
bution. Assume the distribution satisfies the following.

)\minEHND [KKT] > A

Then suppose each component of B can be lower

bounded by some constant, we know that
AminEla(B)a’ ()] = Q(A).
Hence the diversity condition is satisfied.

In addition to the above two assumptions, we require
a relatively mild boundedness assumption as below.

Assumption 5. Fiz any € B. We have the follow-
ing for any agent type: ||a(ﬁ)||§ < Ky. Here a(B) is
the best response to contract (3.

5.1 Offline Setting

The causal relationship is summarized in Figure [T with
the dashed items included. It can be observed that the
second set of observations can serve as an instrumental
variable for the other, and that we have:

E[Z:(ye — (21,0))] = 0 (€ RY).

Assume the principal is given some offline data as
((Bi, @i, Tiyyi)_1). Then, the principal can use the
following GMM estimator to obtain an estimate 6:

éT = (X;XT)il)?;YT (3)

Here XT,)N(T are a T' X d matrices where row t is x;
or Ty respectively; Yr is a vector with the t-th entry
being .

We state the convergence result for the GMM estima-
tor above.

Proposition 5. With probability 1 — ¢,

dT log(dT'/§)
6 -6y < YL
Umin(XT XT)
The proof is straightforward and similar to that of
Proposition [1}

5.2 Online Setting: Pure exploitation
algorithm

We now turn to the online setting, where the princi-
pal must learn the optimal contract in real time. In
this setting, the proposed algorithm relies directly on
the estimator introduced above, without the need for
explicit exploration. To reduce computational cost,
the algorithm proceeds in epochs whose lengths grow
geometrically. At the beginning of each epoch e, the
principal updates the estimate 6. using data collected
in previous epochs, and then posts contracts based on
this estimate throughout the epoch (see Algorithm
for details).
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A key distinction from the algorithms in the previous
section is that here the principal does not encounter
a conventional exploration—exploitation tradeoff. The
inherent diversity across agents effectively provides the
necessary exploration, allowing the algorithm to focus
on exploitation while still ensuring efficient learning.
Theorem 2. With probability 1 —1/T, the cumulative
regret of the algorithm is 5(d/>\%).

Proof Sketch. Consider an epoch e with length |7.|.
The minimum singular value of (X X.) is on the order

of Q(|7e|Ao). At the same time, the term H)?JYE
can be upper bounded by O(1/d|7.]). Hence, for each

round in the epoch, the squared estimation error can
be upper bounded by:

Therefore, the regret in each epoch is on the order of
O(d/)\3). There are a total of O(logT) epochs, there-
fore the total regret is O(d/\3). O

0. — | < Ota/ (3.

Remark 7. Theorem [g relies critically on the mini-
mum eigenvalue condition in Assumption[f) In prac-
tice, one can verify whether this condition holds by ex-
amining the singular values of the matriz X} Xt con-
structed from observed data. By Proposition [5, if the
minimum singular value is large, convergence is fast
and pure exploitation performs well. Conversely, if the
minimum singular value is small, the diversity condi-
tion may not hold in practice, and the principal should
introduce explicit exploration into the algorithm. An
interesting direction for future work is to design a fully
adaptive algorithm that monitors the observed singu-
lar values and automatically transitions between ex-
ploration and exploitation. Such an algorithm would
combine the efficiency of pure exploitation when agent
diversity is sufficient with the robustness of explicit ex-
ploration when it is not.

6 CONCLUSION

In this work, we studied the multitasking princi-
pal-agent problem under moral hazard. We first es-
tablished a uniformity result, showing that the optimal
contract depends only on the degree of homogeneity.
We then demonstrated how an instrumental regres-
sion approach, leveraging the generalized method of
moments (GMM) estimator, can be used to recover
the unknown parameters and identify the optimal con-
tract.

Beyond this specific setting, our results suggest that
instrumental methods can be applied more broadly in
interactive scenarios whenever moral hazard is present.

In policy-making scenarios where hidden actions influ-
ence true outcomes, the policy itself may serve as a
valid instrumental variable. Such interactions can also
be modeled as Stackelberg games, where the leader is
the policy-maker, and the follower is an individual or
population of the policy target. This perspective opens
the door to developing a more general framework for
data-driven decision-making in the presence of moral
hazard.

Finally, we highlight the broader connection between
machine learning and econometrics. While both fields
are fundamentally concerned with analyzing data,
they have evolved with different emphases and de-
veloped complementary methodological toolkits. Our
work demonstrates how classical econometric tools—
specifically, instrumental variable regression and the
generalized method of moments—can be integrated
into online learning algorithms to address moral haz-
ard.
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A CONCENTRATION TOOLS

The below lemma gives a deviation bound on random vectors.

Lemma 1 (Adapted from [Kannan et al., 2018]). Let v1,...,yr be independent o-subgaussian random variables.
Let vy, ...,vp be vectors in RY with each vy chosen arbitrarily as a function of (vi,7v1),- .., (vi_1,%v—1) subject
to ||ve]| < C. Then with probability at least 1 — 0,

T

Z Yevg|| < \/2dCO’T log(Td/(5).

t=1

The below lemma bounds the eigenvalues of random matrices; it is adapted from [Tropp, 2012].

Lemma 2 (Matrix Chernoff, adapted from [Tropp, 2012]). Consider a finite sequence {Xy} of independent,
random, symmetric matriz with dimension d. Assume that each matriz satisfies

)\minXk > 07 Amax)(k: < R.
Define

Hmin = )\min(z ]EXk>7
k

Hmax = )\max(z ]EX]C)
k

Then

676 Nmin/R
Pr )\min(z Xk) < (1 - 5)/~Lmin <d- [(1_5)1—51 ’
k

The following Corollary may be easier to use than the above Lemma.

Corollary 1. Using the same setup as above, we have
Pr | Auin(Y Xe) < (1= ) ptmin | < dexp(=0%umin/ (2R) ).
k

B PROOF OF PROPOSITION

Proof. We focus on lower bounding the quantity omin (B, X, ). To start, note
O'min(B:X'r) Z UIIlin<BT)O.IIIiII(XT)'
Further,

Omin(Br) = Amin(D_ Bi5)
t=1

Urznin(XT) = Amin(z xfsz)
t=1
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By Corollary [[]and Condition [, with probability 1 — 25, we have

0%n(Br) > Q(rlog(1/8)/d),
02n(X,) > Q7 log(1/8) /d).

Hence, we have
omin(Bl X;) > Q(r/d) = Q(VT).

|

Therefore with probability 1 — 9,

0—0*

< \/dlog(1/6)/VT.

C PROOF OF THEOREM 2

Recall the estimator in each epoch

~ ~ 1 -
0, — (XJX6> X.V..

Denote v; = yr — {2+, 0), and collect 7; into the column vector T'.. Recall that by Proposition |5, we have

To bound the estimation error, the following will lower bound o’min()? J X.) and upper bound H)?J‘e

(4)

O P e
2 Umin(XJXe)

separately.

Lemma 3. With high probability &, Anin(}_,c,. ara ) > |7e|Ao/2.

Proof. The matrices {W;}, where W; = a;a, satisfies the condition in the Lemma with \yaW; = ||at||§ < Kp.

By the diversity condition,

AIrlin (EWt) Z )\O .

By corollary

Pr [ Amin(Y_ Wi) < |7e[Xo/2| < d - exp(—|7e|ho/(8K0))
k

<94

when SK
0
|Te| = o ~In(d/9)
O
Lemma 4. With probability 1 — 20, for each epoch e with length as specified in Algorithm @ Umin()N(eTXe) >
|Te| Ao /4.

Proof. In the following denote e, = x; — as, &y = Ty — ay.

X[ Xe=> xa
tETe

= (a+e)(a+8)"

teTe

§ T T T~
= ay at+€t at+at€t+€t Et
tETe
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The previous lemma showed that with probability 1 — 4,

Amin(D_ af ar) > |7e[Xo/2.

teETe

The remaining term

E eta:—katg;r—&—ng
tETe

is a random matrix with mean 0. By a standard concentration inequality, the absolute value of each entry in the

matrix can be upper-bounded as |/|7|0 In (d2 / 6) with probability . Then, since the minimum singular value
must be upper bounded by the Frobenius norm:

Omin Zatw;r +wiE, 48 | < \/|7'e|00d2 In(d?/6).

tETe

The conclusion is that with probability 1 — 26,

O-min()?JXe) > |Te|No/2 — \/|7’e‘0'0d2 ln(dz/é)
> [Te|Ao/4.

This finishes the proof. U

Lemma 5. With probability 1 — 9,

< \J200 Kod|e| In(|7|d/5) .

Proof. Recall v = y; — (x4,0), and T, is the column vector collecting the variables «;. Note that vz, is a
zero-mean, oo Kp-subgaussian random vector and independent conditioned on all previous steps. The result then
follows from the standard concentration inequality (see Section . O

Theorem 3. With probability 1 — 1/T, the total regret is O(d/A2).

Proof. By Lemma Lemma and Equation , with probability 1 — 34, the regret in each epoch can be upper
bounded as |7| - O(d/(|7|]\2)) = O(d/)%). Choose some appropriate §, e.g., § < O(1/T?). Since there are at
most log T epochs, the total regret will be O(d/)\%). O

D NUMERICAL EXPERIMENTS

We perform numerical simulations that test the performance of the generalized method of moments based esti-
matorﬂ We choose d = 5 and 0* = [1,2,3,4,5]. We choose the agent’s cost function as

d

2

a) = E Kia3,
i=1

where each k; is sampled uniformly from the set {1,10}. We study how the estimation error decreases as more
samples are received.

In the first setting, we use the contract as the instrumental variable and use the estimator as in Eq. Equation (2)).
In the second setting, we assume repeated observations are available and use the estimator as in Eq. Equation (3))

0 — 0*|| decreases at a rate around

We plot the relationship in Figure As we can observe, the estimation error

O(1/VT).

3Code can be found at https://anonymous.4open.science/r/GMM_learning-8E3F/README . md.
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Figure 2: The estimation error as sample size increases. (a): Using the contract as the instrumental

‘é _ ¢
variable and estimating 0 as 6 = (BrXr) '*XrYr. (Proposition . (b): Using repeated observations as the

instrumental variable and estimating 6 as 6 = (X7 X7) "' X7Yr (Proposition [5). In both cases, we observe the
estimation error decreases at a rate around O(1/v/T) (where T is the sample size).
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