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Abstract

In this paper, we study a natural policy gra-
dient method based on recurrent neural net-
works (RNNs) for partially-observable Markov
decision processes, whereby RNNs are used
for policy parameterization and policy evalua-
tion to address curse of dimensionality in non-
Markovian reinforcement learning. We present
finite-time and finite-width analyses for both the
critic (recurrent temporal difference learning), and
correspondingly-operated recurrent natural policy
gradient method in the near-initialization regime.
Our analysis demonstrates the efficiency of RNNs
for problems with short-term memory with ex-
plicit bounds on the required network widths and
sample complexity, and points out the challenges
in the case of long-term dependencies.

1. Introduction

Reinforcement learning for partially-observable Markov
decision processes (POMDPs) has been a particularly chal-
lenging problem due to the absence of an optimal station-
ary policy, which leads to a curse of dimensionality as the
space of non-stationary policies grows exponentially over
time (Krishnamurthy, 2016; Murphy, 2000). There has
been a growing interest in finite-memory policies to address
the curse of dimensionality in reinforcement learning for
POMDPs (Yu & Bertsekas, 2008; Yu, 2012; Kara & Yiiksel,
2023; Cayci et al., 2022). Among these, recurrent neural
networks (RNNs) have been shown to achieve impressive
empirical success in solving POMDPs (Whitehead & Lin,
1995; Wierstra et al., 2010; Mnih et al., 2014). However,
theoretical understanding of RNN-based RL methods for
POMDPs is still in a nascent stage.

In this paper, we aim to remedy this by studying a model-
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free policy optimization method based on a recurrent natural
actor-critic (Rec-NAC) framework (Section 5), which

¢ utilizes an RNN-based policy parameterization for effi-
cient history representation in non-stationary policies,

* incorporates an RNN-based temporal difference learning
(Rec-TD) algorithm as the critic (Section 6), and

e performs policy updates by using RNN-based natural
policy gradient (Rec-NPG) as the actor (Section 7),

for large POMDPs. We establish non-asymptotic (finite-
time, finite-width) analyses of Rec-TD (in Theorem 6.3)
and Rec-NPG (Theorem 7.3 and Propositions 7.6-7.8), and
prove their near-optimality in the large-network limit for
problems that require short-term memory. We identify
pathological cases that cause exponentially growing iter-
ation complexity and network size (Remarks 6.5-7.4). Our
analysis reveals an interesting connection between (i) the
memory (i.e., long-term dependencies) in the POMDP, (ii)
continuity and smoothness of the parameters of the RNN,
and (iii) global near-optimality of the Rec-NPG in terms of
the required network size and iterations.

1.1. Previous work

Natural policy gradient method, proposed in (Kakade, 2001),
has been extensively investigated for MDPs (Agarwal et al.,
2020; Cen et al., 2020; Khodadadian et al., 2021), and analy-
ses of NPG with feedforward neural networks (FNNs) have
been established in (Wang et al., 2019; Liu et al., 2019;
Cayci et al., 2024). As these works consider MDPs, the
policies are stationary. In our case, the analysis of RNNs
and POMDPs constitute a very significant challenge.

In (Yu, 2012; Singh et al., 1994; Kara & Yiiksel, 2023;
Cayci et al., 2022), finite-memory policies based on sliding-
window approximations of the history were investigated. Al-
ternatively, value- and policy-based model-free approaches
based on RNNs have been widely considered in the litera-
ture to solve POMDPs (Lin & Mitchell, 1993; Whitehead &
Lin, 1995; Wierstra et al., 2010; Mnih et al., 2014). How-
ever, these works are predominantly experimental, thus there
is no theoretical analysis of RNN-based RL methods for
POMDPs to the best of our knowledge. In this work, we
also present theoretical guarantees for RNN-based NPG for
POMDPs. For structural results on the hardness of RL for
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POMDPs, refer to (Liu et al., 2022; Singh et al., 1994).

1.2. Notation

Foravector® = (0] ,...,01)T e R™ @+ m d e 7,
with ©; = (V;,U;")T € R4 for V; € R,U; € R4

m)

and p = (p1,p2) € R%,, we define Bé’oo(G),p) =
QL (B (Vi £ ) B (Ui, £2)) . where @ s the
Cartesian product, and Bl(jd)(:mpo) ={zeR: |z -
x|, < po}forany p > 1,2 € RY py > 0. M, denotes the
set of all m x m diagonal matrices. [m] := {1,2,...,m}

for any m € Z.. A(Y) is the space of probability distribu-
tions on a set Y. Rad(«) = Unif{—«, a} for & € R>y.

2. Preliminaries on Partially-Observable
Markov Decision Processes

In this paper, we consider a discrete-time infinite-horizon
partially-observable Markov decision process (POMDP)
with the (nonlinear) dynamics

P(S¢+1 € Blo (Sk, Ak, k <t)) =: P((St, At), B),
P(Clo(St)) =: ¢(St, C),

forany B € #A(S) and C € A(Y), where S; is an S-
valued state, Y; is a Y-valued observation, and A; is an
A-valued control process with the stochastic kernels P :
SxAxHBS)—[0,1]]and ¢ : S x B(Y) — [0,1]. We
consider finite but arbitrarily large A C R4, Y C R with
Y x A C Bédﬁ_dz)(O7 1) and S. In this setting, the state
process (St ):en is not observable by the controller. Let

Y. ift =
z=410 L
(thlaAtflaYrt)a ift > 07

be the history process, which is available to the controller at
time ¢ € N, and

Zt = (Ztht) = (Y07A0a .. '7}/;;1425)7

be the history-action process.

Definition 2.1 (Admissible policy). An admissible control
policy m = (7¢)1en is a sequence of measurable mappings
o (Y x A)t x Y — A(A), and the control at time ¢ is
chosen under 7; randomly as

]P)(At = a|Zt = Zt) = Tl't(a|2t),

for any z; € (Y x A)® x Y. We denote the class of all
admissible policies by IInpm.

If an action a is taken at state a, then a reward r(s, a) is
obtained. For simplicity, we assume that the reward is deter-
ministic, and max |r(s, a)| < re < c0.

s,a

Definition 2.2 (Value function, Q-function, advantage func-
tion). Let 7 be an admissible policy, and i € A(Y) be an
initial observation distribution. Then, the value function
under 7 with discount factor v € (0, 1] is defined as

Vi(z) =E" [Z7k7tr(sk,Ak)‘Zt = Zt}, (2)
k=t

forany z; € (Y x A)! x Y. Similarly, the state-action value
function (also known as Q-function) and the advantage
function under 7 are defined as

Of(z) =FE~ {kz_:t’yk_tr(sk,z‘lk))zt = 2t:|7 3)

‘A?(Ztva) = Q?(Ztva) - VZT(Zt)v
for any z; € (Y x A)!*L, respectively.

Given an initial observation distribution 1 € A(Y), the
optimization problem is

maximize /Vg(zo),u(dzo) = V"(u). “4)
Y

mwEllnm

We denote 7* € arg max V™ (u) as an optimal policy.
mEllnm

Remark 2.3 (Curse of history in RL for POMDPs). Note that
the problem in equation 4 is significantly more challenging
than its subcase of (fully-observable) MDPs since there may
not exist an optimal policy which is (i) stationary, or even
Markovian, and (ii) deterministic (Krishnamurthy, 2016;
Singh et al., 1994). As such, the policy search is over non-
Markovian randomized policies of type 7 = (mg, 71, .. .)
where 7; : (Y x A)! x Y — A(A) depends on the history
of observations Z; = (Yp, Ao, Y1,...,A1—1,Y;) fort € N.
In this case, direct extensions of the existing reinforcement
learning methods for MDPs become intractable, even for
finite Y, A: the instantaneous memory complexity of a prob-
abilistic admissible policy m € Ilym at epoch ¢ € N is
O(]Y x A|**1), growing exponentially over .

Recurrent neural networks (RNNs), which involve a para-
metric recurrent structure to efficiently represent the process
history by using finite memory, are universal approximators
for sequence-to-sequence mappings (Schifer & Zimmer-
mann, 2007; Grigoryeva & Ortega, 2018). As such, we
consider using them in an actor-critic framework for approx-
imation in (i) value space (for the critic), and (ii) policy
space (for the actor). In the following section, we formally
introduce the RNN architecture that we study in this paper.

3. Elman-Type Recurrent Neural Networks

We consider an Elman-type recurrent neural network (RNN)
of width m € N with W € R™*™ and U € R™*4 where
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Figure 1. An Elman-type RNN in the reinforcement learning frame-
work.

d = dyi + do2, and the rows of U are denoted as UZT for
i = 1,2,...,m. Given a smooth activation function o :
¢ (R, R) with [lo]lec < 00, [|0]lcc < 01, 10" [|oc < 02, we

o(z1)) v
_ (1t
: . Let Xt = (At> .
o(2m)
which is an R?-valued random variable with d = d; + ds.

The central structure in an RNN is the sequence of hidden
states H; € R™, which evolves according to

denote g : R™ — R™ : z >

Hy(Z; W, U) = §(WH;1(Zi-1; W, U)+UX, ), (5)

with Ho(Zo; W, U) = @'(UXo) and Zt = ()(()7 ... 7)(15)
denoting the history. We denote the i*" element of H; as
H t(z) for i € [m]. We consider a linear readout layer with
weights ¢ € R™, which leads to the output

Fy(Zy; W, U, c) Zt,W U). (6

\/> Z i
The characteristic property of RNNs is weight-sharing:
throughout all time-steps ¢t € N, the same weights are uti-
lized, which enables the hidden state (H; )¢~ to summarize
the entire history Z; compactly with a fixed memory.

We consider diagonal W and general U in the paper, which
simplifies the analysis, yet preserves the essential properties
of RNNs. This diagonal structure for W is common in the
study of deep linear networks for the aforementioned reason
(Gunasekar et al., 2018; Nacson et al., 2022; Even et al.,
2023; Woodworth et al., 2020), while our work also encom-
passes nonlinear activation functions and weight-sharing.
The operation of an Elman-type recurrent neural network is
illustrated in Figure 1. Following the neural tangent kernel
literature, we omit the straightforward task of training the
linear output layer ¢ € R™ for simplicity, and study the
training dynamics of (W, U), which is the main challenge
(Du et al., 2018; Oymak & Soltanolkotabi, 2020; Cai et al.,
2019; Wang et al., 2019). Consequently, we denote the
learnable parameters of a hidden unit ¢ € [m] compactly as

0, = (WU/”> and denote the learnable parameters of an

RNN by © = [Wiy, U, Was, Uy ..., W, Uh] | €
R™(@+1) " Given learnable parameters (W, U), we de-
note the sequence of recurrent neural network outputs as
F(;W,U) = (F;(; W, U))¢en, and use © and (W, U)
interchangeably throughout the paper.

4. Infinite-Width Limit of Diagonal Recurrent
Neural Networks

In this paper, we consider a class of systems that can be
efficiently approximated and learned by the class of large
recurrent neural networks in the near-initialization regime
following (Cayci & Eryilmaz, 2024). To that end, we pro-
vide the following characterization of the infinite-width limit
of RNNs in order to give our results in later sections. Let
wo ~ Rad(a) and ug ~ N(0, I4) be independent random

variables, and 6 := . Given a history-action realiza-

tion 2 = (xg,z1,...) € (Y x A)Z+, define

he(Z;00) = o(wohi—1(Zi—1;00) + (uo, x¢)), t >0,

with h_y = 0 (thus ho(Z0;00) = o({ug,x0))), and
Zi(z;60) == o' (wohi—1(Z¢—1;00) + (uo,x:)). Then, the
neural tangent random feature (NTRF) mapping' at time ¢
is defined as (with Z; ¢ (Z; 60) == [15_o Zi—;(Z1—;: 60)):

t

h 00\ -
(243 600) : Z ( bk 1;: : ! O)> Tt 1 (25 00),

We also define the NTRF matrix as follows:

¥g (203 60)
Y1 (215600)

\I/T(Z; 00) = ) T e Na (7)

Yp_1(2r-1;00)
with U(Zz;0p) := Voo (Z;0p).
Definition 4.1 (Transportation mapping). Let ¢ be the set
of mappings v : R4 — R4 . g 1 vw(wo) with
vy (Up)
2y _ 1 2 2
Ellow (wo) 2] = 5 (Jou(@)? + Jou(-a)[?) < oo,

1 Ll
Bl o)) = oy [, el < oo

We call each v € S a transportation mapping, following
(Ji & Telgarsky, 2019; Ji et al., 2019).

'The feature uses a complicated weighted-sum of all past in-
puts zr, k < t, leading to a discounted memory to tackle non-
stationarity. z,_y is scaled with w§ ~ Rad(a), thus it yields a
fading memory approximation of the history if o < 1.
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Definition 4.2 (Infinite-width limit). We define the infinite-
width limit of Elman-type RNNs as follows:

F = {(Y x A% 3 25 E[U(2;00)v(0)] : v € ).

F consists of fF(zZy;v) = E[{(v(6p), ¥1(Zt;00))] for any
z € (Y x A)%+. The same transportation mapping v is used
to define the mapping f; at each time ¢, which is a character-
istic feature of weight-sharing in recurrent neural networks.
Also, the input Z grows over time in a concatenated nature,
which implies that f* € .7 is a representational assumption
on the dynamical structure of the problem.

For any fixed time ¢ € N, the completion of {z; —
fF(Z;v) v € A} is exactly the reproducing kernel
Hilbert space (RKHS) ¥, associated with the “recurrent”
neural tangent kernel (NTK) «; (Rahimi et al., 2007; Ji et al.,
2019). For any t € N, the inner product of two functions in
9, associated with the transportation mappings v, v’ is

7 (50, F (50 s, = B[ (0(00),0'(00) .

As such, the RKHS norm of any f € 9, is || fllg,, =

VE[v(00)[15 = VE[vu(u0) 13 + Elvw (wo) 2.
Remark 4.3 (Reduction to FNNs). Consider T' = 1:

F = {50 — E [¢J(20;90)U(90)] v E %}

In this case, we exactly recover the NTK (and the associated
RKHS) for single-layer FFNs (Jacot et al., 2018; Wang et al.,
2019; Liu et al., 2019). Furthermore, since the kernel kg is
universal, the associated RKHS ¥, is dense in the space of
continuous functions on a compact set (Ji et al., 2019).

5. Rec-NAC Algorithm for POMDPs

In this section, we present a high-level description of our
Recurrent Natural Actor-Critic (Rec-NAC) Algorithm with
two inner loops, critic (called Rec-TD) and actor (called Rec-
NPG), for policy optimization with RNNs. The details of the
inner loops of the algorithm will be given in the succeeding
sections. We use an admissible policy m = (m;):cn that is
parameterized by a recurrent neural network (F?(-; ®))ien
of the form given in equation 6 with a network width m €
Z . To that end, for any ¢ € N, let

exp (F7((z1, a); @)
2 aren oxp (F7((z,0); @)

forany z; € (Y x A)t x Y and a € A with the parameter
P € RM(d+D),

®

ﬂ?(a\zt) =

Rec-NAC operates as follows:

* Initialization. The actor RNN F™? is randomly initial-
ized with parameter ®(0) ~ (it (see Def. A.1).

* Natural policy gradient. For 0 <n < N,
* Critic. Estimate QA,E”)() = Ff(50M) t < T of
qu)(n) (), t < T viaRec-TD learning in Sec. 6. Fis
initialized independently for each n as Definition A.1.
* Actor. By projected stochastic gradient descent

(SGD), obtain a solution w,, for the compatible func-
tion approximation problem

T-1

min E Y ' |Vinw} (A Z)w — AT
t=0

such that w € By (0, p),

@(n) , =
(Z)P?,

where for any t € N,

AP () = O (zra) — B O (1, A).

Al~mf (]2e)

For information regarding the algorithmic tools, i.e., random
initialization and max-norm regularization for RNNs, we
refer to Section A.

6. Critic: Recurrent Temporal Difference
Learning (Rec-TD)

In this section, we study a value prediction algorithm for
policy evaluation in POMDPs, which will serve as the critic.

Policy evaluation problem. Consider the policy evaluation
problem for POMDPs under a given non-Markovian policy
m € IIym. Given an initial observation distribution p €
A(Y), policy evaluation aims to solve

!

-1

EL > o (Fi(Z:0) - Qf(20)", ©)
t

such that © € Q,,.,, := BY™ (0, p),

min RT(©) :

Il
=]

where T' € N is the truncation level, and {F} : ¢t € N}
is an Elman-type recurrent neural network given in equa-
tion 6 — we drop the superscript a for simplicity throughout
the discussion. The expectation in R7.(©) is with respect
to the joint probability law P of the stochastic process
{(St, Ar,Yz) : t € [0,T]} where Zy ~ p.

6.1. Recurrent TD Learning Algorithm

Given a sample trajectory zZp € (Y x A)TH1, let
0¢(2e4150) =1t + vFi11(2141;©) — Fi(2;0), (10)

be the temporal difference, and let

T

VRr(2r:0) = > 4'01(2141:0)Ve Fi(%;0), (1)
t=0
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be the stochastic semi-gradient. Note that, despite the expo-
nential growth in the dimension of z, € (Y x A)!*! over
t € N, the memory complexity for computing VR (Zr; ©)
is only &(m? + md) thanks to the use of RNNs.

Assumption 6.1 (Sampling oracle). Given an initial state
distribution i, we assume that the system can be indepen-
dently started from Sy ~ u, i.e., independent trajectories
{(S,Ys, Ay) : t € [T]} ~ Pp* can be obtained.

Under Assumption 6.1, for k € N, let {(SF, Y/, AF) .t €
[T]} ~ P7" be an independent trajectory (for each k € N,
i.e., a trajectory with an independent initial sample S% ~ p),
and {ZF : t € [T]} and {ZF : t € [T]} be the resulting
(truncated) history and history-action processes. Starting
from a random initialization (W (0), U(0), ¢), let

O(k+1) = O(k) +n-VRr(Z7;0(k), (12)

for k € N. For Rec-TD, one uses O(k + 1) = ©(k + 1).
For Rec-TD with max-norm regularization, one uses

O(k + 1) = Projq_ , [O(k + 1)],

for parameter p = (py, pu) € RZ,,.

Remark 6.2 (Intuition behind Rec-TD). In a stochastic opti-
mization setting, the loss-minimization for R (©) would
be solved by using gradient descent, where the gradient is
Er S o v (Fi(Z4:©) — QF (Z4)) VE,(Z4;©). On the
other hand, the target function QF is unknown and to be
learned. Following the bootstrapping idea for MDPs in (Sut-
ton, 1988), we exploit an extended non-Markovian Bellman
equation in Proposition B.3, and use 74 + vFy1(Z;11; ©)
as a bootstrap estimate for the unknown Q7 (Z;). Note that,
in the realizable case with Fy(-; ©*) = QT (-), t € Z4 for
some ©* € M,, x R™*¢, we have ET [VRz(Z7;©%)] = 0,
which implies that the stochastic approximation approach
for MDPs can be used for the non-Markovian setting.

6.2. Theoretical Analysis of Rec-TD: Finite-Time
Bounds and Global Near-Optimality

In the following, we prove that Rec-TD with max-norm regu-
larization achieves global optimality in expectation. To char-
acterize the impact of long-term dependencies on the per-
t—1
formance of Rec-TD, let p(z) = >, _, |z[¥, and ¢;(z) =
ok 1))z, z e Rt €N,

Theorem 6.3 (Finite-time bounds for Rec-TD). Assume
that {QF : t € N} € .F with a transportation mapping
v = (Vw, V) € H such that Sup,cpa ||ve(w)|2 < vy and
SUp,er [vw(w)| < vw. Then, for any projection radius
p = v = (Vw, V) and step-size n > 0, Rec-TD with max-

norm regularization achieves the following error bound:

1 s L e o)
E{? ,;)RT(@(M)} =k ((1 —y " a —Tv)3
o) JOKD
Ayt Ak & e (9
(@)

forany K € N, where

of0, 0 = poly (v (e + 22 ) ol vl )

are instance-dependent constants that do not depend on
K, and wip = E[(F.(Zi;0(k)) — QF (ZF))?] for

t,k € N. For the average-iterate Rec-TD with O =
1 K—-1
7 Do O(k), we have

o 10 , ci
E[RT (Ok)] < m <||V||2 + (1_qu)2>

. 10047 L1007 Kilwg
(1-2ym = (1-y)K & ""*

The proof of Theorem 6.3 can be found in Section B.

Remark 6.4 (Truncation level T" and the impact of long-term
dependencies). From Proposition 7.2, we observe that the
exact natural policy gradient update would require a large
T'. In the following, we discuss the impact of T" on the per-
formance of policy evaluation, depending on the inherent
memory (i.e., long-term dependencies) in the system. As
noted in (Goodfellow et al., 2016), the spectral radius of
{W (k) : k € N} determines the degree of long-term de-
pendencies in the problem as it scales H;. Consistent with
this observation, our bounds have a strong dependency on

Ay, = + L\/% 2 )\max(w(k)) = Hw(k)Hoo,oo;

forany k € N.
Remark 6.5 (When is Rec-TD efficient?). Note that both

constants Cf(pl), Ct(f) polynomially depend on pr (010um).
Let € > 0 be any given target error.

¢ Short-term memory. If o, < ?11’ then it is easy to see
that pr(01a,) < . Thus, the extra term ()

— . l-giam
in equation 13 vanishes at a geometric rate as T — oo,
yet m (network-width) and K (iteration-complexity)

are still &'(1/¢2). Rec-TD is very efficient in that case.

* Long-term memory. If o, > g%, as T' — oo, both

m and K grow at a rate & ((010v,,)7 /%) while the
extra term () in equation 13 vanishes at a geometric



Recurrent Natural Policy Gradient for POMDPs

rate. As such, the required network size and iterations
grow at a geometric rate with 7" in systems with long-
term memory, constituting the pathological case for
Rec-TD.

The performance of Rec-TD is studied numerically in
Random-POMDP instances in Section C.

Finally, note that the additional term () in Theorem 6.3
is unique to Rec-TD learning, and stems from the use of
bootstrapping in reinforcement learning.

7. Actor: Recurrent Natural Policy Gradient
(Rec-NPG) for POMDPs

The goal is to solve the following problem:

maximize V™

( ) such that ® € Q, .
O€eRm(d+1) ’

(PO)

for a given initial distribution € A(Y) and p € R2 . 7*
denotes an optimal policy.

Remark 7.1 (Why RNNS for policy parameterization?). Re-
call that an admissible policy 7 € IIyy is a sequence of ele-
ments 7y : YTt x AY — A(A) fort > 0. Thus, the memory
complexity of a complete policy at time ¢ is &/(|Y x A['T1),
which is extremely infeasible to perform policy optimiza-
tion. Restricted hypothesis classes are deployed to address
this in the POMDP setting. The key concept is the use of
internal states to summarize (Zt)tEN with finite memory.
For that purpose, we use RNNs to parameterize policies
with a parameter ® € R™(¢*+1) and use the hidden states
(Hy)¢en to efficiently represent the process history. 7% and
its gradient can be computed recursively, leading to a finite-
memory policy with memory complexity &((d 4+ 1)m). As
we will see in Prop. 7.6, the representation power of the
RNN in the policy parameterization (as measured by an
approximation error) to represent Q-functions will play a
vital role in achieving optimality.

7.1. Recurrent Natural Policy Gradient for POMDPs

In this section, we describe the recurrent natural policy gradi-
ent (Rec-NPQG) algorithm for non-Markovian reinforcement
learning. As proved in Prop. D.2, the policy gradient under
partial observability is

VoV (1) :=EL Y 4'QF (Zy, A)Va In (Al Z).
t=0

Fisher information matrix under a policy 72 is defined as

Gu(®) :=E > 4'Vinal (A Z)VT Inx (A Z,),
t=0

for an initial observation distribution p € A(Y). Rec-NPG
updates the policy parameters by
220
O(n+1) =0(n) +n- G (2(n)VeV™ (1), (14)
for an initial parameter ®(0) and step-size > 0, where
G denotes the Moore-Penrose inverse of a matrix G. This
update rule is in the same spirit as the NPG introduced
in (Kakade, 2001), however, due to the non-Markovian
nature of the partially-observable MDP, it has significant
complications that we will address.

In order to avoid computationally-expensive policy updates
in equation 14, we utilize the following extension of the
compatible function approximation in (Kakade, 2001) to the
case of non-Markovian policies for POMDPs.

Proposition 7.2 (Compatible function approximation for
non-Markovian policies). For any ® € R™*Y and initial
observation distribution u, let

Lo(w; @) =E5" S A (VT Ina (A Zo)w—AF (Z0)),
t=0
(15)

for w € R™*Y) Then, we have

G;(@)V(bvﬂ(b (n) € argmin L, (w; ).

weRmM(d+1)

(16)

Path-based compatible function approximation with
truncation. For MDPs, the compatible function approx-
imation error £,,(w; ®) can be expressed by using the dis-
counted state-action occupancy measure, from which one
can obtain unbiased samples (Agarwal et al., 2020; Konda
& Tsitsiklis, 2003). Thus, the infinite-horizon can be han-
dled without any loss. On the other hand, for general (non-
Markovian) problems as in equation 15, this simplification
is impossible due to the non-stationarity. As such, we use a
path-based method under truncation for a given 7" € N with

T-1
f ’Y Vh’lﬂ't At|Zt)w ./At(Zt,flt))7
t=0

where Ay (24, ar) = Qi(ze,a¢) — Y ep 71 (al2e) Qi (21, a).
Given a policy with parameter ®(n) and the correspond-
ing output of the critic (Rec-TD with the average-iterate

0 = =30 ki, O (K)):
QM () 1= Fi(56™),
the actor aims to solve the following problem:
ngnE[fT (w; o(n), Q(")) ‘@("),@(n), ..., ®(0)

such that w € B(m) (0, p).
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To that end, we utilize stochastic gradient descent (SGD)
— P (n)
to solve the above problem. Let Zp* ~ P5 "

independent random sequence for £k = 0,1, .. .,

Wn(k +1) = @n(k) — 1sga Ve lr (":’n(k); ®(n), QA(H))v
d)nU{? +1)= PrOjBéT';)j(O,p) [&)n(k‘ + 1)],

be an
and let

with @, (0) = 0. Then, a biased stochastic approximation of
the natural policy gradient G:((I)(n))VqN”q)(") (1) is ob-
tained as w,, := Kigd D hi< Ko Wn (k). and the policy update
is performed as

O(n+1) = D(n) + Nnpg - Wn-
In the following, we present a non-asymptotic analysis of
the above approach.

7.2. Theoretical Analysis of Rec-NAC for POMDPs

We establish an error bound on the best-iterate for the Rec-
NPG. The significance of the following result is two-fold: (i)
it will explicitly connect the optimality gap to the compatible
function approximation error, and (ii) it will explicitly show
the impact of truncation on the performance of path-based

policy optimization for the non- stationary case.
D(n),p

Theorem 7.3. Assume that Py, T Pr n < N,
and let
Pﬂ-*ap‘
B ()g}na<N Pﬂ‘i’(") >
o0

We have the following result under Rec-NPG after N € Z
steps with step-size Nnpg = 1/ V'N with projection radius
p€RL:

®(n) In |A‘
min_Eo[V™ 1% —
0<n<N oV () = (1—-9)VN

()] <

N-1 1 T’I’oo
+VrrOE | 3 (el )| + 120
n=0

w vm

121, A2Q2+XtQ1
+ Il o ot 2 e

p
I i s

t<T t<T
where el (®,w) := ]EZCP(”) dot<T VIV Inaf (A Zy)w—
Af‘I’(Zt,At) 2, and the sequence (Ly, Bt, N¢, xt): is de-
fined in Lemma B.1.

Remark 7.4. We have the following remarks.

» The effectiveness of Rec-NPG is proportional to the
approximation power of the RNN used for policy pa-
rameterization, as reflected in €%, in Theorem 7.3. We
further characterize this error term in Prop. 7.6-7.8.

* The terms Ly, B, A, x¢ grow at a rate pi(01cuy,).
Thus, if o, > gfl, then m and N should grow at
arate (o, 01)7, implying the curse of dimensionality
(more generally, it is known as the exploding gradi-
ent problem (Goodfellow et al., 2016)). On the other
hand, if o, < 07", then Ly, By, As, x; are all O(1)
for all ¢, implying efficient learning of POMDPs. This
establishes a very interesting connection between the
memory in the system, the continuity and smoothness
of the RNN with respect to its parameters, and the
optimality gap under Rec-NPG.

T
¢ The term ?L:;‘; is due to truncating the trajectory at
T, and vanishes with large T'.

Remark 7.5. The quantity « in Proposition 7.8 is the so-
called concentrability coefficient in policy gradient methods
(Agarwal et al., 2020; Bhandari & Russo, 2019; Wang et al.,
2019), and determines the complexity of exploration. Note
that it is defined in terms of path probabilities P;-*" in the
non-stationary setting.

In the following, we decompose the compatible function
approximation error €. into the approximation error for
the RNN and the statistical errors. To that end, let

T-1
E€app,n = inf {IE Z 'yt‘VTFt(Zt; ®(0))w — OF

t=0

@ (n)

()|

fwE Bgtﬁi(o,p)},

be the approximation error where the expectation is with
®(n)
respect to P7 - H,

®(n)

ewn = E[RE T (OM™)|®(k), k < n],

be the error in the critic (see equation 9), and finally let

Esgd.n = E[lr(wn; ®(n), Q("))\C:)(”), O(k), k < n]

— inf E[lr(w; ®(n), 0M™)|0M™ &(k), k < n],

be the error in the policy update via compatible function
approximation.

Proposition 7.6 (Error decomposition for ¢

(n))] ‘q)(k
< 8lel 5

t 02
= m ﬁt + 8gappm + 6gtd,n + 255gd,n-
t

). We have

cfa

E[]Ef(") {ZT(wn; ®(n), Q )k < n}

’ﬂ

Il
o

foranyn € Z,.

0(1/VKw),

From Theorem 6.3, we have, for g =

1 1
eran < pol 010m @’(Jr +T),
td,n < POly(pr(010m)) RN R
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and by Theorem 14.8 in (Shalev-Shwartz & Ben-David,
2014), we have, for g = O(1/v/ Kia),

Esgdn < POLy(pr(010m), [[Pll2)O(1// Ksga)-

As such, the statistical errors in the critic and the policy
update (i.€., Etd,n, Esgd,n) Can be made arbitrarily small by
using larger Ky, Kszq and larger meritic. The remaining
quantity to characterize is the approximation error, which is
of critical importance for a small optimality gap as shown in
Theorem 7.3 and Proposition 7.6. In the following, we will
provide a finer characterization of €, ,, and identify a class
of POMDPs that can be efficiently solved using Rec-NPG.

Assumption 7.7. For an index set J and v € ]R2>0, we
consider a class ¢, of transportation mappings

sup [0 (w)|
weR,jeJ )

sup Jlog” (u)]2
ueRd jeJ

v e # el

and also the corresponding infinite-width limit
Frp ={Z—E[¥(z600)v(0)] : v € Conv(H7,)},

where U(; 6p) is the NTRF matrix, defined in equation 7.

We assume that there exists an index set J and v € R,
such that Q=" € .Z,, forall n € N.

This representational assumption implies that the O-
functions under all iterate policies 7®(") throughout the
Rec-NPG iterations n = 0, 1, . .. can be represented by con-
vex combinations of a fixed set of mappings in the NTK
function class .% indexed by J. As we will see, the richness
of J as measured by a relevant Rademacher complexity will
play an important role in bounding the approximation error.
To that end, for z; = (2;,a;) € (Y x A)*F1, et

Git = {p = VJH (25 0)0(0) : v € H,},

and

_ 1 &
Rady (Gi') == E sup — > €ig(®:(0)).
=1

e~Rad™ (1)
2(0)~CGinit 9=

Note that v € 7, above can be replaced more with
v € Conv(.#7,) without any loss. In that case, since
the mapping v') s f(z;vV)) € G7* is linear, G7* is re-
placed with Conv(G7*) without changing the Rademacher
complexity (Mobhri et al., 2018).

The following proposition provides a finer characterization
of the function approximation error.

Proposition 7.8. Under Assumption 7.7, if p = v, then

1 _
€appn < —— (2 max max Rad,, (G7*)

T 1l—x 0<t<T z,€(YxA)t+1

2
In (2T|Y x A|T /6
+ Lrlply/ 220 '/ﬁ,

m

Sfor all n simultaneously with probability at least 1 — § over
the random initialization for any 6 € (0, 1).

Remark 7.9. Two interesting cases that lead to a vanish-
ing approximation error (as m — ©0), thus global near-
optimality, are as follows.

* Finite J. If |J| < oo, then Proposition 7.8 reduces
to (Cayci et al., 2024) (with T" = 1 for FNNs) with

the complexity term & (\/ ln(Jm/é)) by the finite-

class lemma (Mohri et al., 2018). In this case, the
O-functions throughout n = 0,1, ... lie in the con-
vex hull of |.J| basis functions in .# generated by

{vW) e jeJy.

* Linear transportation mappings. For a fixed map w :
RAF — RUEFD*(EAHD) et v(0)(9) = (w(0),b), b €
J where J C R4t is a compact set. Then, the approx-
imation error vanishes at a rate &(1//m).

Remark 7.10. In a static problem (e.g., the regression prob-
lem in supervised learning or the policy evaluation problem
in Section 6) with a target function f € %, the approxima-
tion error is easy to characterize:

|vﬁua@mmfﬁ@n—ﬁ< m%@v,an

by Hoeffding inequality with w* := [\/%Tlci'u(q)i(O))} -

In the dynamical policy optimization problem, the repre-
sentational assumption Q’T@(") € % does not imply an
arbitrarily small approximation error as m — oo since the
target function Q”Q(n) also depends on ®(0). Thus, an
approximation

VTFt(Zﬁ ®(0))w’ = i VTHt(i)(Et; (I)(O))Uq)(")(@i(()))

=1

m
with wr = [ﬁcivq’(")(@i(o))]ie[m] for the trans-

P(n)

portation mapping v € J may not converge to

. P(n
the target function Q7 ™ because of the correlated

VTHt(i)(Zt; ®(0))v®™ (®;(0)) across i € [m] as argued
in (Cayci et al., 2024). To address this, we characterize
the uniform approximation error as in Proposition 7.8 for
the random features of the actor RNN in approximating all

Qﬂ,@(n)

for all n based on Rademacher complexity.
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8. Conclusion

In this work, we have studied RNN-based policy evaluation
and policy optimization methods with finite-time analyses.
An important limitation of Rec-NPG is that it does not pro-
vide an effective solution in POMDPs that require long-term
memory as we point out in Remarks 6.5-7.4. As an exten-
sion of this work, theoretical analyses of more complicated
LSTM- (Hochreiter & Schmidhuber, 1997) and GRU-based
(Chung et al., 2014) natural policy gradient algorithms can
be considered as a future work. Alternatively, the study of
hard- and soft-attention mechanisms to address the limita-
tions of the RNNs (Murphy, 2022) in policy optimization is
also a very interesting future direction.
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A. Algorithmic Tools for Recurrent Neural Networks
A.1. Random Initialization for Recurrent Neural Networks

One key concept is random initialization, which is widely used in practice (Goodfellow et al., 2016) and yields the basis of
the kernel analysis (Jacot et al., 2018; Chizat et al., 2019). In this work, we assume that m is even, and use the following
symmetric initialization (Chizat et al., 2019).

Definition A.1 (Symmetric random initialization). Let ¢; ~ Rad(1), V; ~ Rad(a), U;(0) ~ A (0, I;) independently for
alli € {1,2,...,m/2} and independently from each other, and ¢; = —¢;_,,, /2, Vi = Vi_y,, /2 and U;(0) = U; _, /2(0) for
i€ {m/2+1,...,m}. Then, (W(0),U(0), c¢) is called a symmetric random initialization where W (0) = diag,,,(V') and
U," (0) is the i*"-row of U(0).

The symmetrization ensures that F;(Z;; W (0), U(0), ¢) = 0 for any ¢ > 0 and input Z;.

A.2. Max-Norm Regularization for Recurrent Neural Networks

Max-norm regularization, proposed by (Srebro et al., 2004), has been shown to be very effective across a broad spectrum
of deep learning problems (Srivastava et al., 2014; Goodfellow et al., 2013). In this work, we incorporate max-norm
regularization (around the random initialization) into the recurrent natural policy gradient for sharp convergence guarantees.
To that end, given a random initialization (W(0), U(0), c) as in Definition A.1 and a vector p = (pw, pu)' € RZ, of
projection radii, we define the compactly-supported set of weights €2, ,, C R™(d+1) a5

Qpm = BY(6(0), p). (18)

Given any symmetric random initialization (W (0), U(0), ¢) and p € R%, the set 2, ,,, is a compact and convex subset of
R™@+1) "and for any © € Q, m, we have

121%}5” Wi — Wi (0)] < %7
s |0~ V0] < J
Let
Projg  [0] = arg min |Wii —w;|,  argmin IU; — u;l|2 (19)
weBs (Wii(0)7\‘}%> u; €82 (UVL(O),%)

i€[m]
As such, the projection operator Projg [-] onto €2, ,,, is called the max-norm projection (or regularization).

Note that we have |[W — W(0)|l2 < pw, [[U = U(0)|l2 < pu and ||© — ©(0)|l2 < ||p||2 in the ¢5 geometry for any
© € Q, ;. Therefore, although the max-norm parameter class ©2,,, C {6 € R™@+1) : |© — ©(0)[]2 < ||p|2}, the
£2-projected (Cai et al., 2019; Wang et al., 2019; Liu et al., 2019) and max-norm projected (Cayci et al., 2024) optimization
algorithms recover exactly the same function class (i.e., RKHS associated with the neural tangent kernel studied in (Ji et al.,
2019; Telgarsky, 2021), see Section 4).

B. Proofs for Section 6
An important quantity in the analysis of recurrent neural networks is the following:
r'D(z.0) = w.H"(z:0
MEHCE iHy " (25 0),

for any hidden unit 7 € [m] and © € R™@+1)_ The following Lipschitzness and smoothness results for ©; — Ht(i) (2¢;0)
and ©; - TV (z,;0).
Lemma B.1 (Local continuity of hidden states; Lemma 1-2 in (Cayci & Eryilmaz, 2024)). Given p € R and a > 0, let

(v)

am =a+ \”} Then, for any % € (Y x A)Z+ with SUD; ey

m

<1, teNandie€ [m)
2
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* O;— Ht(i)(zt; ©) is Ly-Lipschitz continuous with Ly = (0% + 1)03 - p? (amo1),
* O, — Ht(i)(it; 0) is Bi-smooth with 5y = O (d - p(ame1) - ¢(mo1)),
¢ O; — I‘gi)(a; O) is A¢-Lipschitz with Ay = v/2(00 + 1 + am L),

e O, — ng)(ét; 0) is x¢-smooth with x; = \/2(Ls + i Bs),

in Qp m. Consequently, for any © € (1, ,,

sup  max_ |Fi(Z:;0)| < Ly - |Ipll2, T €N, (20)
zel 0sts
. 2
sup |FER(2,0) — Fi(7:0)] < ——(02A? + 01x0)]|© — O(O)[3, 1 € N, @
zell. vm

sup (VFi(3:0) — VE(2:0(0)),0 — ) < i lrlz
EGHOC ’ ’ ’ — \/ﬁ i

with probability I over the symmetric random initialization (W (0), U(0), ¢).

(22)

Lemma B.2 (Approximation error between RNN-NTRF and RNN-NTK). Let f* € % with the transportation mapping
v € A, and let

0; = 0,(0) + %

for any symmetric random initialization (W (0), U(0), ¢) in Def. A.1. Let

¢iv(0;(0)),7 € [m]. (23)

F"(0) = Ve Fi(6(0)) - (6 — ©(0)).

If P7" induces a compactly-supported marginal distribution for X¢,t € N such that || Xt|2 < 1 a.s. and {Z; : t € N} is
independent from the random initialization (W (0), U(0), ¢), then we have

E[EZ {(ft*(zt) FLln( C:))) H < 2||v]13(1 + 0§)p7 (04191)7 24)

m

where the outer expectation is with respect to the random initialization (W (0), U(0), ¢).

Proof. For any hidden unit i € [m], let

t (i)
G = <U(9i(0))7ZWiik(0) (Ht i 1(?} kkl’ )Hzt i(Zi—j; ‘(0))>-

k=0
Then, it is straightforward to see that

Ff"(Z;© Z@, (25)

and E[¢;|Z;] = E[f7(Z:)|Z:] almost surely. Note that {¢; : i € [m/2]} is independent and identically distributed and
Gi = Ciymy2 forany i € [m/2]. Also, with probability 1 we have

¢ i)
61 2 (@il - [ 3 Wik (ks O )quzt 0.0)| |

k=0 9

(%

< v(© szak TP+ g,
() .

< vll2 01 -4/1+ 05 - pe(cor),
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where (#) follows from Cauchy-Schwarz inequality, (&) follows from the uniform bound sup,cp |0(2)] < g1 and
almost-sure bounds || X||2 < 1 and |W;;(0)] < o, and (&) follows from v € . From these bounds,

Var(¢;) < E[EJ[IGP]] < 3011 + 00)?pi (cer), i € [m]. (26)

Therefore,

E[E] |(/(20) - F"(2:0))°]| = E} |E mf: E[GIZ))| ||

i=1

9 m/2
=E} |E o Z (¢ —ElG]2) )

=1
i 7r_L/2m/2 N
= CELY S E[(G- ElGIZ]) (G - ElGlZ)
=1 j=1
m/2

4 2
ZVar (6) < — IV + 20)*Pi (cen),

where the first identity is from Fubini’s theorem, the second identity is from the symmetricity of the random initialization,
the fourth identity is due to the independent initialization for ¢ < m/2, and the inequality is from the bound in equation 26.

O

Proposition B.3 (Non-stationary Bellman equation). For m € Ilywm, we have
O (z) =E™ [T(SuAt) +VQ?+1(Zt+1)‘Zt = Zt} =E" {T(StaAt) + 'YVZT+1(Zt+1)‘Zt = ft] ;

foranyt e Z,.

Proof of Theorem 6.3. Since {QT : t € N} € #, let the point of attraction O be defined as in equation 23, and the potential
function be defined as

¥(©) =6 - 6. 27)
Then, from the non-expansivity of the projection operator onto the convex set 2, ,,, we have the following inequality:

T-1
V(O(k+1)) < W(O(K) +20 Y 7612 1; O(k) (VF(ZE; 0(k)), O(k) — ©) + 207 |Rr(ZF; O(K)[3.  (28)

t=0

Let B[] := E[|O(k),...,O0(0), ZF]. Then, we obtain

~

E[W(O(k +1) — W(O(K)] < 2E[ 3 4 BL{o:(ZF,1:0(0)] (T FZE: (k). 6(k) — ©) ]

t

I
=3

()¢
+7°E |VRr(Z5;0(k)[5. (29)
()

Bounding E(#);. By using the Bellman equation in the non-Markovian setting (cf. Proposition B.3), notice that

E%t(zﬁﬁ O(k)) = E [Tt + 'YFt+1(Ztk+17 @(k)] - Ft(Ztk; O(k)),
=B} [Fia(ZE1;0(k) — QF 1 (ZE0)] + OF (Zh) — Fu(Zf;0(k)).
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Secondly, we perform a change-of-feature as follows:

(VF/(Z};0(k)),0(k) — ©) = (VE(ZF;0(0)),0(k) — ©) +errll), (30)
where
errt) .= (VF,(ZF;0(k)) — VF(ZF;0(0)),0(k) — O), and ferr!})| < 25%”3 < 25\%/'1%)5,
by Lemma B.1. Furthermore,
(VF(Zf;0(0)),0(k) - ©) = F"(Z:0(k) — FF"(Zf;8), 31)
= Fi(Z};0(k)) — Q7 (Z)) + err(?) + err!?) (32)
where
e’} .= FE™(ZE;0(k)) — Fi(ZE50(k)),
ey = —F"(ZF:0) + Q7 (Z}).
Thus,

(W) = —(QF (Zf) = F(ZF;0(k)))* + 7B} [Fra(Zf1150(k)) — QT (Zr)] - (QF (Z) — FulZy: ©(k)))

3
+EF6 (27,15 0( Z rrijlz.

By equation 20, we have
sup [0¢(Z141; O(k))| < roo + 2L7||pll2 =1 dmax
zeH
Now, let wy j, := (E[(QF (ZF) — Fy(ZF; G)(k:)))Q])l/Q, where the expectation is over the joint distribution of ©(k) and Z%.

Then,
3

E[(‘)f] < 7wt2,k + YW1 kWi g+ 5max Z]E|err§-’7,2 .
j=1
From equation 21, we have

2
2
E|err§’,3| < ﬁ(ngzT +o1xr) ol

From the approximation bound in Lemma B.2, we get

2 1 2.
Elerr(})| < \/m < 2l —1\_/@ rr(aer).
m

(wf) T wtz 41, ). Putting these together, we obtain the following bound for every t €

1

Also, note that wy 1 g < 5

{0,1,..., T —1}:

vy Cr
E[(#)] < —W?,k + 5(Wt2+1,k + th,k) + Omax - m’

where
= 287110113 + 2(02A% + e1xo)llpll3 + 2vll20/1 + @3 - praoy).

Hence, we obtain the following upper bound:

= Smax - C 1
t (1 _ t 2 max * VT : t+1,,2
;’Y E[(#)] < -(1 ’Y/2)Z’Y Wikt (1—7)\/7n+ QZ’Y Witk

t<T t<T

S%(Et<T’Y ‘*’t p T ‘*’T %)

1—’7 C7 - Omax
< - Z’thk"' 7wTk+ﬁ

t<T

(33)

14
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Bounding E[(&)]. Using the triangle inequality, we obtain:

1Y " A'0:(2E 13 O(R) VEF(Zi; O(k))l2 <> 4 [00(ZF, 15 0(k))| - IV Fi(Ze; O (k) 2.

t<T t<T

Since O(k) € Q,, . for every k € N as a consequence of the max-norm regularization, we have
|5t(Ztk+1§ O(k))| < dmax = 700 + 2L ||pll2,

_ 1 & 0 =
IVE(ZE0R)IE = — 7 Ve, H (ZE: k)3 < LF < 17,

i=1
for every ¢ < T with probability 1 since ©; — Ht(i) (Z¢;©;) is Ly-Lipschitz continuous by Lemma B.1. Hence, we obtain:

= ~ 6maxL
IVR(Z5: 0(k)]2 < 5 ﬁT- (34)

Final step. Now, taking expectation over (ZF, ©(k)) in equation 29, and substituting equation 33 and equation 34, we
obtain:

T-1

1 5max : CZ 52 LT2
E\If@]{?+1 U (O(k < T].*"y E tmz —+ fy(yTz + 2 ax ,

for every k € N. Note that ¥(©(0)) < ||v||3. Thus, telescoping sum over k = 0,1,..., K — 1 yields

K-1 K-1
1 ”VH% 7]62 L% 5max . CT ’YT 2
— Rr(©(k)) < max = + W k- (35)
K 2 WK s Ty T K 2
The final inequality in the proof stems from the linearization result Lemma B.2, and directly follows from
Ri (2 3 00) ) < = 3 Rr(O) + 7 (003 + orxr) 3
K ~ K ym T 2
k<K k<K
which directly follows from (Cayci & Eryilmaz, 2024), Corollary 1. O
In the following, we study the error under mean-path Rec-TD learning algorithm.
Theorem B.4 (Finite-time bounds for mean-path Rec-TD). For K € N, with the step-size choice n = (é;gz) 2, mean-path
T
Rec-TD learning achieves the following error bound:
1 2||v|3 Y wr C10max (Cr)? 2T 14 2 2
E|—= RT(OK))| < : 16v°" L
7 2 RO < ot + P e (S 160 T Ll + ) ).
where C’é« and L are terms that do not depend on K.
Theorem B.4 indicates that if a noiseless semi-gradient is used in Rec-TD, then the rate can be improved from & (\/%) to

0 (). indicating the potential limits of using variance-reduction schemes.
Proof of Theorem B.4. At any iteration k € N, let
VRr(O(k)) i= Ef [ VR(ZE;0(k)) . (36)
be the mean-path semi-gradient. First, note that
IVRr(0(k)|3 < 2IVRr(6(k)) — VR ()| + 2| VRT(©)]3. 37)
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Bounding | VR (0)||3. For any k € N,t < T, we have
E[0:(Zf13©)1Zf,0(0), ] = 1E[F41(Z511:0) — QT (Zi41)1 27, ©(0),c] + QF (ZF) — Fu(Zf:©).
Since ||V F;(2:;©)||2 < Ly, the following inequality holds:
|E[6:(ZF1:©)VE(Z:0)]|, < E|E[6:(Zf1:0)IZF,0(0),c| VE(Zf; 0)|,
< LyE|E[6:(ZF,1;©)|Zf,©(0), ]|,
<Ly (WE |Ft+1(2f+1§ 0) — Qf+1(Zf+1)‘ +E |Q?(ka) — F(Zf; 0)]), (38)

where we used Jensen’s inequality, the law of iterated expectations, and triangle inequality. From the above inequality, we
obtain

®1 o
I9R2(O)]l: £ 3 V|[E[5:(ZE1: 0)VE(ZE: 0] |,
t=0

%LTVZVtMFtH(ZfH;é) — QL (ZE)| + Le Y _Y'BIQF (Zf) — Fi(Zf;©)],
t<T t<T
@L VB Y AHFa(ZE150) — O (ZE )P +E > AF(ZE; ) — QF (ZF))?
— /1 —~ = t+17 t+1 t+1 = t t ’
@ Lt EY 2 Fr(ZE150) — O (ZR)P + | [BY AF(2):6) — QF (ZF))?
— m t+17 t+1 t+1 to t t )

t<T t<T

@ V2(1+7)Lr ||[V]l2v/1 + 05 - pr(e1)
- VJ1—x vm
where @ follows from triangle inequality, Q) follows from equation 38, @) follows from Cauchy-Schwarz inequality and

the monotonicity of the geometric series 7'+ >, ~¢, @ follows from Jensen’s inequality, and finally ) follows from
Lemma B.2. Hence, we obtain

8LT|V[I3(1 + gf)p7(010)

(39)

Bounding | VR (0(k)) — VR (0)||2. First, note that

IVR2(O(k) = VR (O) 2 = [E[ Y- 7" (61(ZE1: O(k) VE(ZE; (k) = 61(Z,1: OV F(ZE:©)) ]
t<T
We make the following decomposition for each ¢ < T
5t(Zf+1§ @(k))VFt(Zfé @(k)) 5t( t415 @)VFt(Zt a@) = 5t( t+15 @(k)) (VFt(Zf§ @(k)) - VFt(ZfQ é))
+ VE(ZE;0(k)) (628115 0) = 6.(Z1:O(K)))  (40)

By Lemma B.1, we have |6;(Zf, 1;0)| < 6max and ||VE,(Z};©)|y < Ly < Ly almost surely for any © € €2, ,,,, which
holds for O (k) (due to the max-norm projection) and ©. As such, by triangle inequality,

PE[O(k) — O|13
max m

IR (O(k) — VR (O) < 3~ 4 LB} (ZE150) ~ 8 ZE 5000 )

t<T
5max 2 2+ v 2 fy — — _
<t PO o | 3 o110, 2100) - 82 00| @D
t=0

of®

m
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Note that
thlé(zﬁl;@(lﬂ)) CHVARE I—Zv (|Ft+1 (Z}1;0) — Fry1(ZF,15© (k))|+|Ft(Zf;@)—Ft(Zf;@(/f))l>7
t<T t<T
<2 A F(Z};0) — Fu(ZF;0(k)| + 4" Lrl|©(k) — Oz, (42)
t<T

where the second line follows from the Lipschitz continuity of © — Fi(+; ©). Then, adding and subtracting QT to each
term, we obtain

Y 162815 0(k)) = 0(Z141:©) <24 (|F(ZE:0) — QF (Z1)] + 197 (ZF) — Fu(Z15 0 (k)

t<T t<T

+ 7" Lr||©(k) = Ol (43)

Taking expectation, we obtain

E27t|5t(2tk+13 k)) — 6 t+1a@)|§

t<T

J lZWIFth, k) — QF (Z)|?

t<T

]

+9" Lr||©(k) — Ol|2.

+
—
]w
2

JE [Z VHF(ZF;©) — QF (ZF)?

t<T

By Lemma B.2 and equation 21, we have

. 4
E|F(Z:0) - QF (Zf)* < *||V||2Q1(1 +00)°p} (cv01) + E(QQA%“ +ouxr)?[loll2.

for any ¢t < T'. Thus,

B3 121300 = M,@nz%JE[;vwFt(zf;e(k»Qg(f)?

\F \/7 (Ivll201(1 + go)pr(cor) + (027 + e1x7)lpl3)) +7" Lt |O(k) — Ol2 .

<llpll2+I¥]l2

::C’;,B)

This results in the following bound:

EY " [416:(ZE, 1 0(k)) — 6u(ZF 13 0)]] <

t<T

2 0(3)
VRO + Sy Lol + ) @)

Substituting the local smoothness result in equation 44 into equation 41, we obtain

(3) (4)
IVR7(©(k)) = VRr(O)l2 < Lr ( \/ )+ —= T Y Lr(lpllz + (v l2 )) “r

Thus, we obtain

2 (3272 (4)\2
16LTRT(@(I<:)) n 4CF ) Ly +4(Cr7)

IVR7(O(k)) — VR ()] < 1 .

+ 8y Lz(lpllz + Iv3)- 45

Using equation 39 and equation 45 together, we obtain
IVRT(O(K))I3 < 2[VR(O(k)) — VR (O)I5 + 2 VR ()13,
< 32L2Rr(0(k))

=< 1—~

(C’}')Q 16 2TL4 2 2 46
+ = 1677 Lr(llellz + lIv12)- (46)
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In the final step, we use equation 29, equation 33 and equation 46 together:

CT(smax
E[T(O(k+1)) — ¥(O))] < —n(1 — v)ER+(O(k T P
[P(O(k+1)) —¥(O(k))] < —n(1 = ERr(O(K)) + nvy WT*’“+"(1—7)\/M
32L2ER(O(k Ch)?
o (PR D a6 T ol + 1)) . @
— m
where the expectation is over the random initialization. Choosing n = (é;L'Q ’ , we obtain
T
"7(1_'7) T CT(Smax
EV(OKk+1)) -¥YOK)] <—""7—FE k —_
2 (C'_/T')2 16 2TL4 2 2 48
+m | = 16y L(llellz + [vll2) ) - (48)
Telescoping sum over k = 0,1,..., K — 1, and re-arranging terms, we obtain:
1 2”””% ’YTWTk C70max <(C,T>2 2T 74 2 2)
E|— Rr(O(k < : + 167" Ly (||pllz + ||lv . (49
[Kgd{j O] < gttt g £ (1ol + Iv13)

O

C. Numerical Experiments for Rec-TD

In the following, we will demonstrate the numerical performance of Rec-TD for a given non-Markovian policy 784,

POMDP setting. We consider a randomly-generated finite POMDP instance with |S| = |Y| = 8, |A| = 4, 7(s,a) ~
Unif[0, 1] for all (s,a) € S x A. For a fixed ambient dimension d = 8, we use a random feature mapping (y,a) —
e(y,a) ~ N(0,1a), ¥(y,a) ~ Y x A.

Greedy policy. Let

t .
j*(t) € arg max 7;,

be the instance before ¢ at which the maximum reward was obtained, and let

1 24t
Wgreedy(CL'Zt) — {|A|’ Ww.p. mln{ 10 7pexp}a (50)

t 24t
La=a,uqy, WP 1—min{55, pexp},

be the greedy policy with a user-specified exploration probability pes, € (0,1). The long-term dependencies in this greedy
policy is obviously controlled by pes,: a small exploration probability will make the policy (thus, the corresponding
Q-functions) more history-dependent. Since the exact computation of (QF )¢y is highly intractable for POMDPs, we use
(empirical) mean-square temporal difference (MSTD) 2 as a surrogate loss.

Example 1 (Short-term memory). We first consider the performance of Rec-TD with learning rate = 0.05, discount
factor v = 0.7 and RNNs with various choices of network width m. For pe, = 0.8, the performance of Rec-TD is
demonstrated in Figure 2. Consistent with the theoretical results in Theorem 6.3, Rec-TD (1) achieves smaller error with
larger network width m, (2) requires smaller deviation from the random initialization ©(0), which is known as the lazy
training phenomenon. Since ||[W (k)||2 0o < 1 due to large enough pe,, that avoids long-term dependencies, the problem

exhibits a weak memory behavior. This is observed in Figures 2d-2f without a visible increase in the MSTD performance
despite a significant 3-fold increase in 7', consistent with the theoretical findings in Theorem 6.3.

Example 2 (Long-term memory). In the second example, we consider the same POMDP with a discount factor v = 0.9.
The exploration probability is reduced to pe,, = 0.3, which leads to longer dependency on the history. This impact can be
observed in Figure 3b-3d, which implies a larger spectral radius compared to Example 1 (in comparison with Figures 2c-2f).
As a consequence of the long-term dependencies, increasing 7" from 8 to 32 leads to a dramatic increase in the MSTD unlike
the weak-memory system in Example 1. The impact of a larger network size (i.e., m) is very significant in this example:
choosing m = 512 leads to a dramatic improvement in the performance.

’the empirical mean of independently sampled {% D s<k RIP(O(s)) : k € N} where R1°(O(k)) = 232_01 Y62 (ZF; O(k)).
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Figure 2. Mean-square TD and parameter movement under Rec-TD for the case pmin = 0.8 and v = 0.7. The mean curve and confidence
intervals (90%) in Figures 2a and 2d stem from 5 trials. The 90% confidence intervals in Figures 2b-2c and 2e-2f correspond to deviations
(i.e., |Ui(k) — Ui(0)]|2 and |W;; (k) — W3 (0)]) across different units ¢ € [m] in a single trial.

D. Policy Gradients under Partial Observability

In this section, we will provide basic results for policy gradients under POMDPs, which is critical to develop the natural
policy gradient method for POMDPs.

Proposition D.1. Let 7' € Ilnwm be an admissible policy, and let Z ~ P}r/’“ . Then, for any t < T, conditional distribution
of S given Zy is independent of T'. Furthermore, for any m € Iy, the conditional distribution of 7(S¢, A¢) + Vi1 (Ziy1)
given Zy is independent of 7'.

Proof of Prop. D.1. Let the belief at time ¢ € N be defined as
bt(S) = P(St = S|Zt). (51)

For any non-stationary admissible policy 7, the belief function is policy-independent. To see this, note that

t—1
P(S,=s,Zr=2)= Y,  P(So=s0[Yo=uy)molaolz0) [ ] Plskrlsr: ar)d(unirlsnr1)mhir(anialzera),
(So,...,Stfl)ESt k=0
t t—1
= (H Wk(ak|2k)> > B(So=s0[Yo =) [] Plssalsr, ar)d(ysilsisr),
k=0 (50,050 1) €St k=0

since HZ:O 7k (ak |2 ) does not depend on the summands (s, . . ., s;—1) — note that we use the notation P(sgt1|sk, ar) :=
”P(s;wak, {Sk+1 = Sk+1}) and (b(yk‘sk) = ¢(Sk, {Yk = yk}) Thus,

Y (eonsnyes P(So = solYo = ) TTi—o P(sks1lsk, ar)d(yeralski1)

t—1 ’
Z(sé,...,s;,l,s;)EStﬂ P(So = 56/Yo = 9) [Temo P($ky1l5%: ar)(Yrs1lshy1)

bt(St) =
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Figure 3. Mean-square TD and parameter deviation under Rec-TD for the case pmin = 0.3 and v = 0.9. The mean curve and confidence
intervals (90%) in Figures 3a and 3c stem from 5 trials. The 90% confidence intervals in Figures 3b and 3d correspond to deviations (i.e.,
|[Wii (k) — W;;(0)|) across different units ¢ € [m] in a single trial.

independent of 7. As such, we have

E™ [ry + WV (Ze1)| Z4) = D be($)E™ [re + W1 (Ze41)| Ze = 2, Si = 5],
seS

= Z Z be(se) (r(se, Ar) +YP(sea1lse, A)dWlser1)Vi 1 (Ze, yerr)) s
st,5t+1ESyEY
=E[ry + W1 (Ze1)| 20 = Z],
in other words, the conditional distribution of r(S;, A¢) + YVF,1(Ze+1) given {Z; = z.} is independent of ’. We also
know from Prop. B.3 that
E™ [r + W1 (Ziy)| 2 = 2] = Blre + WV (Ze)| 2 = 2] = QF ().
O

The next result generalizes the policy gradient theorem to POMDPs. We note that there is an extension of REINFORCE-type
policy gradient for POMDPs in (Wierstra et al., 2010). The following result is a different and improved version as it @D
provides a variance-reduced unbiased estimate of the policy gradient for POMDPs, and more importantly ) yields the
compatible function approximation (Prop. 7.2) that yields natural policy gradient (NPG) for POMDPs.

Proposition D.2 (Policy gradient — POMDPs). For any ® € R™(+1) we have

VoV () =E5 |3 4" QF (Zi, Ar) - Ve Inmf (Al Z4) | (52)
t=0

20



Recurrent Natural Policy Gradient for POMDPs

Sforany p € A(Y).
Proof of Prop. D.2. For any t € N, we have

Vi (z) = 3w (anlz) QF (20 a0), (53)

by Prop. B.3. Thus, we obtain

TV (20) = 3wtz VIn e (@l 20 Q7 (2 a) + >0 m (@l 2) V QT (2, a0),

at at

—E" [V Inn® (A Z) Q7 (Ze, Ay) + VOF (Zy, A)|Zy = 2. (54)
Now, note that

Q" (21, a1) = B[r(Sh, Ay) + Vi1 (Zes1)| Ze = (20, a0)],

= belse) | r(sea) 47D Plsesalsea) D dwesalsei)Vi (ze41) |

St+41 Yt+1
where z;11 = (2¢, at, Ys+1). As a consequence of Prop. D.1, we have Vg ZSt bi(s¢)r(sg, ar) = 0, and also

Ve Q%TCP (2, a¢) = Z be(st) Z P(se+1lst, ar) Z ¢(yt+1Ist+1)V<1>VZf1(zt+1),

St St+1 Yt+1

= AE[V a7y (Ar1|Ze1) QF 1 (Zesr, Avir) + Vo OQFyy (Zert, Avit)| Ze = (21, a0)),

= Py]Eﬂ'q) [ Z ’yk_t_lvcp lnﬁf(AHZk)QZq) (Zk,Ak)‘Zt = (Zt, at)}.
k=t+1

Using the above recursive formula for Vg qu) along with the law of iterated expectations in equation 54, we obtain

VoVi (%) =E™ [ka_tvé 1H7T1?(Ak|Zk)QZ¢(Zk»Ak)‘Zt = Zt] (55)
k=t

Since we have V™ := V7, and also Vo V™ (1) = Ve >z 1w(z)V™ (20) = >z 1(20)Va V™ (z0) by the linearity of
gradient, we conclude the proof.

Note on the baseline. Similar to the case of fully-observable MDPs, adding a baseline qfq) (2¢) to the Q-
function does not change the policy gradients since Y., m:(alz:)V Inmf (alz:)qf (I)(zt) = qF (I)(zt) Y. Vrt(alz) =
aF (2)V'Y, 7®(alz) = 0. Thus, we also have

VoV (u) =L ifytqu) (Zi, A)Va In 72 (Al Z0) | (56)
t=0
which uses ¢ = VI * as the baseline, akin to the fully-observable case. O
The following result extends the compatible function approximation theorem in (Kakade, 2001) to POMDPs.
Proof of Prop. 7.2. The proof is identical to (Kakade, 2001). By first-order condition for optimality, we have
o i AV In 7 ® (A Z,) (vT In7®(A;|Z)w* — AT" (Zt)) —2 (Gu(é)w* B vV (M)) —0,
t=0

which concludes the proof. O
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E. Theoretical Analysis of Rec-NPG

First, we prove structural results for RNNs in the kernel regime, which will be key in the analysis later.

E.1. Log-Linearization of SOFTMAX Policies Parameterized by RNNs

The key idea behind the neural tangent kernel (NTK) analysis is linearization around the random initialization. To that end,
let

Fi"(2;0) == (VF(2:©(0)),© — ©(0)), (57)
for any © € R™4+1) We define the log-linearized policy as follows:

exp(F" (2, a; @)
Yaren exp(FE" (2, a'; @)

72 (alz) == teN. (58)

The first result bounds the Kullback-Leibler divergence between 7§ and its log-linearized version 7. In the case of FNNs
with ReLU activation functions, a similar result was presented in (Cayci et al., 2024). The following result extends this idea
to (i) RNNs, and (ii) smooth activation functions.

Proposition E.1 (Log-linearization error). Foranyt € Nand (2;,a) € (Y x A)'1, we have

6
< 7= (Mot x0) 2~ 2(0)]3, (59)

7t (alz)

In
7Tt<1>(a|2t)

sup
(z¢,a)E(YxA)t+1

for any t € N. Consequently, we have (| z:) < 74(+|z¢) and 7 (+|z¢) < 7t (+|2¢), and

max { D (77 (|20) |77 (|20)), Do (7L Clze) 7 (l2e)) } < (Afo2 + xt01) |2 — ®(0)[3, (60)

6
vm
forall z; € (Y x A)**landt € N.

Proof. Fix (24,a) € (Y x A)'*1. By the log-sum inequality (Cover & Thomas, 2006), we have

>, exp(FH" (2, a; @)
1 D) — F, 1 D)) .
" >, exp(Fy(ze, a; @)) %”t alz) ( M (2, a3 ®) — Fy(2, a; )
Using the same argument, we obtain
exp(FH" (2, a; @ ~ N
’ln 20 EXP(F" (2 ))‘ < Z (72 (alze) + 7 (alz)) - | FE" (24, a5 ®) — Fy(20, a; )| . 61)

Y exp(Fi(ze,a; P)) =
Thus, we have
7y (alz)

% < (L+77(alze) + 77 (alz0)) |[FE" (20, 0; @) = Fy(21, ;@)
T (alz)

‘hl

By using Lemma B.1, we have sup;, ¢ (v a)t+1 |FHn(z;; @) — Fy(z;@)| < f(Afgz + x:01)||® — ®(0)||3. By using the
last two inequalities together, and noting that 1 + 7 (a|z;) + 7 (a]z;) < 3, we conclude that

7P (alz) 6
In -2 < ——(AZ00 + ® — &(0)]3.
i T2 < e+ a0 - o)
Since the righthand-side of the above inequality is independent of (z;, a), we deduce that the result holds for all (z;, a), thus
concluding the proof. O

The following result will be important in establishing the Lyapunov drift analysis of Rec-NPG.
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Proposition E.2 (Smoothness of In 7 (a|z;)). For anyt € N, we have

sup |V Ina¥(alz) — Vlnfrf’/ (alz)||2 < LE|® — @2,
(z¢,a)E(YxA)t+1

for any &, &' € R™(d+1),

Proof. Consider a general log-linear parameterization
pol)  exp(¢y 0), = € X.

Then, if sup,cx ||¢z[l2 < B < oo, then § — In py(x) has B?-Lipschitz continuous gradients for each x € X (Agarwal
et al., 2020). The remaining part is to prove a uniform upper bound for |V F;(Z;; ®(0))||2. To that end, notice that

1 .
V<I>iFt(2t; (P(O)) = ﬁcith(Z)(Zt; @(0)), Z: € (Y X A>t+1,i S [m]

From the local Lipschitz continuity result in Lemma B.1, we have Supz, .max; _, (3, .a,)l2<1 || Vs H (zt; D(0))]]2 < Ly
for any ¢ € [m]. Thus, for any Z;, we have
. 2 2
Ve Fi(z; 2(0)]I5 = Z Ve, H{" (2; ®(0))[13 < L2, (62)
O
E.2. Theoretical Analysis of Rec-NPG
For any 7 € IIym, we define the potential function as
T-1
ZL(m) =E] [Z V' D (77 (1 Z) | me(-1 20)) (63)
t=0

Then, we have the following drift inequality.
Proposition E.3 (Drift inequality). For any n € N, the drift can be bounded as follows:

®(n)

L) = L) < (V7 (1) =V (1)) g lZv (VT Az, — A7 (22)

@
T - t gm® — P(n) ®(n) T
+pgEl S A AT (Z0) —nipEE Y A (v1mr (Ad|Z) — Vinn! (At|Zt)) wn
t=T t=0
@ ©),
T—1
1 12|p||2
+ grilol Y122+ 2 Z (Ao2 + vic1).
t=0 =
Proof. First, note that the drift can be expressed as
L)~ ) =B 3 i) T )
t=0  aeh L (AclZ4)
Then, with a log-linear transformation,
A Az m Az A (42
L (@)L (x? 27 D i (Al Zy) ( ~‘i’t(n+1) ot ) 4 rTewsy =
=0 ach g (AelZ4) 7 (Al Zy) L (AelZ4)
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By using the log-linearization bound in Prop. E.1 twice in the above inequality, we obtain

= 724 Zy)
L) - 2@ <EF YA Y w (AZ)In N@(Wﬁ(;"tz Z (A2oa + xio0)lol (64
t=0 acA

By the smoothness result in Prop. E.2, we have
- . - 1
I alz) = w ™ (alz) = VIna " (aglz) (@0 +1) = B(n))| < SLE|(n + 1) = 2(n)]3.
Thus, we obtain

wr ™ (ag|2)

‘I’(n)(
7 (ay)z)

_ngng?HPH% < _ngng;l”Wn”% <—In - nnpgv—r ln,ﬁ-t a’t|zt)w’ﬂ7

because of the max-norm gradient clipping that yields ||wy, ||2 < ||p]|2 and ®(n+ 1) = ®(n) + Nnpgws, for any n € N. Using
this in equation 64, we get

T—1 T—
n n T* ~ 1
L) = L (7)) < —ppgBE > AV T A (a2 )wn + Z Afoz + xeo)lIpll3 + g Lt 1113

t=0 t=0

(65)
An important technical result that will be useful in our analysis is the pathwise performance difference lemma, which was
originally developed in (Kakade & Langford, 2002) for fully-observable MDPs.

Lemma E.4 (Pathwise Performance Difference Lemma). Let ®, &' € R™4+1) be two parameters. Then, we have

V() = VT () = EX S ACAT (Z, Ag).

t=0

The proof of Lemma E.4 is an extension of (Agarwal et al., 2020) to non-stationary policies, and can be found at the end of
this subsection.

Using Lemma E.4 in equation 65, we obtain

T-1
@ (n) o _®(n 2
(1) = NnpgEy; Z yt (VT In7, ( )(at|zt)w - AT (Z ))

t=0

g(ﬂ‘b(”""l)) — f(ﬂ'q)(n)) < —Nnpg(V™ ( )= V"

0o T—
o ﬂ_@(n) 12 1
+ nog Y A; TZ A2 o2+ xeon)pll3 + Saeg Liloll3-  (66)

t=T t=0

Finally, we replace the term V In T, E(n )(at|zt) with VIn TF;I) (”)(at\zt) by including the corresponding error term, and
conclude the proof by considering the telescoping sum, and noting that £ (7®(®)) = log |A| since F;(-; ®(0)) = 0 by
symmetric initialization. O

Proof of Theorem 7.3. We prove Theorem 7.3 by bounding the numbered terms in Prop. E.3.
Bounding (D in Prop. E.3. Recall that pr(y) = >, ;7" Then, by using Jensen’s inequality,

T—1
n 4 2
r(EE > [V ! (A Zown — AT (20
t=0

IA

T-1
* n W(n)
B3t (Ve O (A Zown — A7 (20)
t=0
= V/pr(v)y/ reda(R(n), wn),
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. * ®(n)
where £ yields a change-of-measure argment from P ' to Py~ "

Bounding  in Prop. E.3. sup, , [7(s,a)| < 7o, therefore | A7 (z;)| < % foranyt € N,z; € (Y x A)!*L and 7 €
1IINIVE

Bounding @ in Prop. E.3. For any ¢ € N, Cauchy-Schwarz inequality implies
T
(VI (ailz) = Vina ™ (ail2)) - wa < IV (@ilz) = Vinm? ™ (adlz) o]z
Recall that

Vin 7P (atz) = VFi(2t, a; @ Zﬂ't "2t)VEFy(zt,a"; ©(0)),

Vlnw?(at|zt) VEi(z,a1; P Zﬂ't "20)V (2, a5 ®).

First, from local /3;-Lipschitzness of ®; — VHt(i) (Z4; ;) for & € Q, ,, by Lemma B.1, we have

1 i) Oy
V0, Fi(z1: (n) = Vo iz @Ol = = [V 7 (213 @) = Y, Hy (23 24(0) 2
_ Billellz

m

for any n € N since max; ||®;(n) — ©;(0)|2 < le

\F

Bullell2

Ve Fi(z; ®(n)) — Va Fy(z; 2(0))[2 < Jm

teN. (67)

Thus,

IV 72 @] 2) — VI (ar] 2]l < B’f”””2+2|‘”"’ (ale) — 72 (al2) IV (2 2(0))]
3 mal)IFi 0590 = TFi 90

From equation 62, we have

2B:llpll2
v

where Y1y denotes the total-variation distance between two probability measures. By Pinsker’s inequality (Cover & Thomas,
2006), we obtain

IV 7 (afze) = Vinm ™ (as]z0)]l2 < + 2Ly (mf " (L) |7 (=)

~ n n 2 n ~ n
IV 172 (ar)z0) — VIt (ag]z) 2 < %ﬁ” + mt\/@ﬂ (RO lF O (). 68)

By the log-linearization result in Prop. E.1, we have

~®(n n 2 A2 +
IV 172 (ay)z0) — ¥ Inr® (a]22) 2 < 5%” VL o | S (69)

~®(n o(n T 2 VALo2 + xi01
(Vlnwt( )(at|zt) —Vinm, ( )(at|zt)) wn < ol <\/ﬁt + \/ﬁLt% .

Thus, we have
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Proof of Lemma E.4. For any yg € Y, we have:

o0

% (yo) = V" (yo) [Z vy

Zy = yo] 4 (3/0),

= EZ/ [i’yt (Tt + V[ (Z¢) - VZT(Zt)) ‘Zo = yo} = V™ (Yo),

=E; [ZWt(Tt + WV (Zi) — VZT(Zt)‘ZO = yo},
t=0
where r; = r(S¢, A;) and the last identity holds since

D AVE(z) = V5 (20) + 7D YV (i)

t=0

Then, letting r, = r(s¢, a;) and by using law of iterated expectations,

V™ (o) = V™ (o) [if(ﬂfﬁ [re + Wi (Ze1)| 20, St = VI (2, )‘Zo—yo} (70)
=0

which holds because ) - , -
E™ [ry + W (Zt41)|Ze] = BT 1 + V™ (Zi11)| 21, Zo).-

The conditional expectation of r; + YV, | given {Z; = %} is independent of 7':

E™ [r + WV (Ze1)| 24 = D ()BT [re + Wi (Ze41)| 20 = 2, i = 5],
seS

= D> bulse) (s, A) + VP (seralse, A)d(ylsea) Vi (Ze,yesn))

St,5t4+1E€ESYEY
=E[re + W1 (Ze1)| 21 =z,

based on Prop. D.1. We also know from Prop. B.3 that

E™ [ry + 4V (Zep1)| 2 = 2] = Elre + Wi (Zes1)|Ze = 2] = OF (2).
Using the above identity in equation 70, we obtain
(o)
V™ (yo) — [ZVt(Qt Z) V”(Zt)> ‘Zo = yo} (71)
t=0

which concludes the proof. O

Proof of Prop. 7.6. For any w, we have

@ (n)

Cr(w; ®(n), Q") < 20p(w; B (n), Q) +2Z 7 (2 A) = AT (2 A (72)

Let G, := o(®(k),k <n)and H,, := o(0™ &(k),k < n). Then, since

esgdin = Ellr(wn; @(n), Q™) Hy] = inf  Ellr(w; ®(n), Q")[H.],
wEB(m> (0,p)

we obtain
()

Eltr(wn; ®(n), @) [Ha] < 2E | inf Eler (w; ®(n), Q")[H,]

gn:| + 2(<€td7n + 5sgd,n)a (73)
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which uses the fact that Var(X|G,) < E[|X|?|G,] for any square-integrable X . We also have

inf B[l (w; ®(n), 0")|M,] < 2inf Ellr(w; @(n), @ )[H,] +zz AT (2, &) = AT (2, AP (T4

t=0

which further implies that

I’(n)

E[igf]E[éT(W; (n), Q(n))|Hann] < 2E[igf]E[€T(W; ®(n), Q )|Hn]|gn] + 2¢td,n-

o Eltr(wn; ®(n), @) [Ho) < 4E | inf E[er(w; @(n), @)yl [Gn] + 65ta.n + 220, (75)
For any w € B (0 p),
Eltr(w; ®(n), Q" )Ml < B[ A (VEF(Ze;®(n)w — QF " (Ze))* Mo,
t<T
<2E[Y A (VEFUZi 2(0)w — QF " (Z0))? + (VE(Z4: () — VF(Z; D(0)) T w)?[H],
t<T
which implies that
2

inf E[fr(w; ®(n), Q) |Hn] < 2eappn + 2PIBED_ Y IVF(Zs; B(n) — VE(Ze; R(0) |3 Ha],

t<T
2|13 t 52
< 2e —_
> app,n + m Z Y /Bt ’
t<T

using equation 67. Hence,

<I>(71)

IR
)lH ] ||,rn||2 Z 'Ytﬂz + 8<C~‘app,n + 6<C~‘td,n, + 2€sgd,n7
t<T

E[llr(wn; ®(n), Q
concluding the proof. O

Proof of Prop. 7.8. Under Assumption 7.7, consider f7) (%) := E[ib] (Z; ¢0)v9) ()] for v € 75 ,,. Let

K3

. 1 )
w9 = ﬁci'vm(@i(O)), i=1,2,...,m, (76)

for any j € J. Since ||w) ||y < ||v||2 and p > v, we have

inf VTR @0)w - £7(z)] < [T Rz @) — £7(z)|. )
wEBzTZO(O,p)

Thus, we aim to find a uniform upper bound for the second term over 5 € J. For each z;, we have
, 1 — i ,
VI F (2 9(0)w? = — 37 Vg Hy (2 24(0)0) (2:(0)),
i=1
thus B[V " Fy(Z; ®(0))wW)] = ft(j)(zt). Furthermore, from Lemma B.1, since ®(0) € 2, ,,, obviously, we have

max (Vg Hy (2 8:(0) 0 (:(0)) 2 < Lellwllo < Lellpla, as..

Thus, by McDiarmid’s inequality (Mohri et al., 2018), we have with probability at least 1 — 4,

. log(2/¢
sup |V Fy(z; D(0)w?) — £ ()| < 2000,0(G7*) + Lillplla %’

VISV

(78)
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for each ¢ < T and z;. By union bound,

DL . log(2T|Y x A[+1/6
sup max VTFt(Et;(I)(O))w(j) — ft(j)(ét) < ZmEaXi)‘iaDm(Gft) + Lt||p|2\/ 0g(27] ;L [/ ), (79)
JjET *t t

_ log(2T|Y x A|T/§
<2 max max%abm(Gf‘)+LT|p||2\/0g( [V < AT/0) (g
0<t<T 2z m

simultaneously for all ¢ < 7" with probability > 1 — §. Therefore,

. a®(n) = 1 &) _ . .
mf B S A VT F(Z 9(0)w — PP <ER S At sup VT F(Zy @(0)w) — £,
t<T t<T J€T

2
1 . log(2T|Y x A[T /6
<— (2 max maxiﬁabm(fo)+LTp||2\/ og(2T|Y x AT/ )> .
0<t<T 2z m

O

28



