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Abstract

Sampling from constrained statistical distributions is a fundamental task in various
fields including Bayesian statistics, computational chemistry, and statistical physics.
This article considers sampling from a constrained distribution that is described
by an unconstrained density, as well as additional equality and/or inequality con-
straints, which often make the constraint set nonconvex. Existing methods struggle
in the presence of such nonconvex constraints, as they rely on projections, which
are computationally expensive or intractable, are specialized to either inequality
or equality constraints, and often lack rigorous quantitative convergence guaran-
tees. In this paper, we introduce Overdamped Langevin with LAnding (OLLA), a
new framework that can design overdamped Langevin dynamics accommodating
both nonlinear equality and inequality constraints. The proposed dynamics also
deterministically corrects trajectories along the normal direction of the constraint
surface, thus obviating the need for explicit projections. We show that, under suit-
able regularity conditions on the target density and the feasible set ¥ C R¢, OLLA
converges exponentially fast in 2-Wasserstein distance to the constrained target
density px(z) o exp(—f(z))doy. Lastly, through experiments, we demonstrate
the efficiency of OLLA compared to known constrained Langevin algorithms and
their slack variable variants, highlighting its favorable computational cost and fast
empirical mixing.!

1 Introduction

Sampling from complex, constrained statistical distributions is a fundamental problem in machine
learning, with applications ranging from Bayesian inference under structured priors to training
generative models with safety or fairness constraints. When there is no constraint, a prominent
class of sampling techniques is centered around (overdamped) Langevin dynamics, where the drift
is set to the gradient of the log-target density. These have gained significant traction due to their
strong theoretical guarantees: for example under log-concave target densities [1-8] or more general
densities that satisfy relaxed conditions such as isoperimetric inequalities [9, 10] one can obtain fast,
non-asymptotic convergence rates. Langevin dynamics can even be generalized, via a Riemannian
Langevin approach, to sample under convex constraints [e.g., 11, 12]. However, extending Langevin-
based approaches to sample from distributions supported on nonconvex sets ¥ C R? remains a
major challenge. Existing techniques typically rely on projection steps, which are computationally
expensive and require convexity to ensure convergence. Moreover, most methods offer limited
or no quantitative convergence guarantees in this case; in fact, even if the density is log-concave,
a nonconvex constraint can easily make the target distribution much harder to sample from, also
rendering the analysis more difficult. This is a critical bottleneck for many emerging machine learning
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applications — such as imitation learnirig] or constrained generative modeling — where the feasible
set is implicitly de ned by complex equality and inequality constraints.

In this article, we introduce OLLA (Overdamped Langevin with LAnding), a suite of projection-free
stochastic dynamics that could serve as the foundation for sampling from constrained distributions.
OLLA avoids projections by combining two key ideas: (1) relying on local approximations of the
feasible set to guide the sampling and (2) introducing a restitution mechanism called “landing" that
guarantees convergence to the feasible set. These techniques build on ideas previously developed in
the context of nonconvex optimization, where they have been shown to provide scalable and effective
algorithms [L4-16], and share close connection to several powerful constrained sampling approaches
in the literature 1 7-21]. We adapt and extend the ideas to the sampling setting, which makes OLLA
both computationally ef cient and theoretically grounded. Our main contributions are summarized as
follows:

* (Uni ed treatment of constraints) OLLA is described by a stochastic differential equation
(SDE) that, in contrast to related prior works, enforces both equality and inequality constraints.
This is achieved by constructing the tangent space to the constraint manifold and projecting the
overdamped Langevin drift and diffusion terms onto the tangent space resulting in a simple least-
squares problem. OLLA recovers the classical equality-only constrained Langevin dynamics
as a special case, yet seamlessly accommodates arbitrary smooth inequality constraints without
resorting to slack variables or projections.

* (Exponential convergenceWe prove that the continuous version of OLLA converges to the
constrained target distribution at an exponential rate under appropriate regularity assumptions.
Our convergence results are non-asymptotic and characterized by the 2-Wasserstein distance in all
scenarios (equality constraints only, inequality constraints only, and mixed).

« (Ef cient SDE discretization with trace-estimation) We introduce OLLA-H, a computationally
ef cient Euler-Maruyama (EM) discretization of the aforementioned SDE that features a Hutchin-
son trace estimatoRP] for approximating the It6-Stratonovich correction term arising from the
diffusion. As a result, OLLA-H has low computational cost per iteration, even in high dimensions,
and it achieves relatively accurate sampling and empirical mixing, an aspect that we demonstrate in
various numerical experiments.

2 Related Works

We rst focus our literature review on recent works that consider Langevin sampling under nonlinear
constraints. One of the closest touching point4.ig,[which describes a gradient descent approach

on the KL divergence. The algorithm shares some similarities to ours in that projections are avoided,
but the work focused on equality constraints only, whereas OLLA covers both equality and inequality
constraints. The work?3] proposes the use of slack variables to incorporate inequality constraints
to change a mixed problem into an equality-only problem, which comes at the cost of additional
spurious dimensions. In a similar veiig designs a particle-based variational inference method to
incorporate inequality constraints. The method is effective at sampling under inequality constraints
only, suffers, however, from high computational cost in high dimensions due to the estimation of
associated boundary integrals.

OLLA is inspired by recent methods in nonlinear optimizatits,[L4, 16] that use a similar landing
mechanism and avoid projections onto the feasible set. There has also been important work by
[19-21] who introduced a constrained Langevin dynamics based on numerical schemes such as
SHAKE, RATTLE [24-26], and including Metropolis-Hastings correctior]. These works mainly

focus on equality-only constraints, although inequality constraints can be incorporated via including
slack variables or applying re ection at the boundary. We use these algorithms as baselines and refer
them to Constrained Langevin (CLangevig@)], Constrained Hamiltonian Monte Carlo (CHMC)

[20], and Constrained generalized Hybrid Monte Carlo (CGHMC) [21].

In the present work, constraints are handled through a careful decomposition of the stochastic
dynamics on the boundary into normal and tangential parts, thereby avoiding projections and even
enabling infeasible initialization. There have also been alternative algorithm designs that, however,
do not share these features, for exam@@, 28] (based on projection)2p, 30] (barrier functions),

[31] (re ections), or [11, 32, 12] (mirror maps). Other works by3B, 34] introduce penalties for
constraint violations or relax the notion of constraint satisfact&gh. [In addition, we note that,
although closely related, constrained sampling is not the same as sampling on manifolds [36—39].



3 Preliminaries & Notations

We consider sampling from a target density supported on the compact and connected Riemannian
submanifold ofRY dened by = x2RYjh(x)=0;9(x) 0 whereh : R¢! R™ and

g:RY! R are smooth functions. To guarantee that all constraint-related constructions are well-
posed, we impose the Linear Independence Constraint Quali cation (LICQ) conditthn [

De nition 1. The functionsh; g satisfy LICQ iffr hi(x);::ir hm (X)g[fr @i (X)g;,, arelinearly
independent for every 2 , wherel, denotes the set of active inequality constraints, i.e.,

Ix:=fi2[1jg(x) Og.

As a result of LICQ, the tangent space ofitx 2 can be de ned as

Te = V2RYjr h(x)v=0;r g(x)v=0; 8i 2 I,
and its orthogonal projector onfb, is ( x) = | r J(X)TG(x) r J(x), whereJ(x) :=
hi(x); s hm (X); 6, (X) + 55 gy, (X) + T; i1;:505,; = Ix denotes the stacking of con-

straint functions for some> 0andG(x) := r J(x)r J(x)" is its associated Gram matrix.

For any smootd : | R and a smooth vector el : | R9Y, the intrinsic gradient and
divergence on are given byr f (x) = ( x)r f(x),div X(x) = Tr(( x)r X(x)), wherer
denotes the usual Euclidean gradient or Jacobid®finOur target density is set to be (x) /
exp( f(x))d on withd being the induced Hausdorff measure onWe write {, ~ be the
law of OLLA and the projected process of OLLA ontoat timet. On , the natural extension of KL
divergence and Fishe&information take the form: 2

KL (i )= n — d and | (jj ):= kr In — kid

We now streamline notations appearing in Section 4. A complete list of symbols and precise technical
de nitions are included in Appendix A. In particular, le{x) denote the nearest-point (Euclidean)
projection onto , and let s be the log-Sobolev constant f; ). We then assume the existence
of the following constants.

Mp =  sup kh(xg)k; Mg:= sup kg(xo)ko;

Xo02supy( o) Xo02supy( o)

over the support of the initial lawy. The constant (Lemma C.1, Lemma C.3) andcaptures
the regularity of andQ denotes the tubular neighborhood of widthith a special “recovery”
property (see Theorem C.1, Theorem C.2 for the precise de nitionsaofi0 ).

4 Main results

4.1 Construction of OLLA via Least Squares

We now derive the continuous-time dynamics of OLLA by choosing the drift vegptamnd the
symmetric diffusion matriXQ to be the closest—in a least-squares sense—to the unconstrained
usual Langevin coef cients, subject to enforcing both the equality constn‘:lh)(:x)gi";l and

the active inequality constraints; (x)gj 20, This is achieved by applying Ité's lemma to each
constraint functiorh; andg; and splitting the change in, for example, into a martingale term

r hi(X)TQ(X)dW; and adrifttermr hij(X)Tq(X¢)+ 3Tr r 2hij(X)Q(X{)Q(X)T dt. By
choosingQ so thatQ(x)r h;(x) = Q(x)r g (x) =0, the martingale piece vanishes exactly in the
normal directions. Simultaneously, we pick the drift vedao satisfy the linear equation

1 1
rhTa+ ST r2hQQT + hi=0; rglgr ;T r?gQQT + (g+ )=0 ()

sothath(X¢) = hi(Xo)e ' andg (Xi)+ =(g(Xo)+ )e ', where hyperparameters > 0

denote the landing or boundary repulsion rate, respectively. This enigreeg) to hit0in nite

timet = < In(( g (Xo) + )=), after whichg; (Xy) Oremains forever. As a result, this approach
removes any noise and drift direction in the normal of constraints and implants a pure drift normal to
constraints, guaranteeing exponential decay of both equality and active-inequality constraints at a
rate . This yields the closed-form SDE in Proposition 1 and Lemma 1.



Proposition 1 (Construction of OLLA and its closed form SDE)Consider the following SDE:
dX¢ = q(X¢)dt + Q(X)dW, (2

where

. P Qr h; =0; 8i 2 [m];
:=argmink 2l k2 st ! )
Q Qngd Qe Qrg =0; 8 2ly;
. rhig+ 3Tr r 2hiQQT + h; =0; 8i 2 [m];
:=argminkg+ r fk3 st : 2 ' : : ) '
L AL rgTg+ LT r2gQQT o+ (g+ )=0; 8 21

Then, there exists a closed form SDE (OLLAj)fgiven by:
dXc= [(XOr F(X0+ rIX0TE HX)IXIdt+ HX)dt+ | 2( X)dw, (3)

where

Hi=1r J'G*'Trr?h ;u5Trr?hg Trr?g, ;uTrr’g, T 4)

is the associated mean curvature correction termgf:= x 2 R4jh(x)=0;g,(x)=0 .

Remark 1 (Mean curvature = It6-Stratonovich correction) By technical stochastic-calculus identi-
ties on manifolds (see, e.g., Rousset ef8], Lemma 3.19), the It6-Stratonovich correction arising
from the Stratonovich SDE

dXe = [( XOr f(Xo)+ rI(X)TG H(X)I(Xp)]dt + pé( X¢) dW (5)
coincides exactly with the mean-curvature tefirfx) of = x2RYjh(x)=0;g,(xX)=0

|><
Remark 2 (Relation to orthogonal direction samplers from variatiokh). Zhang et al]17]
introduced an overdamped-Langevin sampler for equality constraints by minimizing the constrained
KL divergence via an orthogonal-space variational formulation, and Zhang[@éBhhlso used a
similar approach to handle single inequality constraint. In the absence of inequality constraints, our
OLLA dynamics coincide with the equality constrained sampled@f {ip to a modi ed potential

()= f(x)+ 3 Indet(G), since the mean curvature correction satis es
H(x)= div( x)+ ( X)r In (detG(x))? ©)

(see Rousset et 4l19], Lemma 3.21). Correspondingly, whereas their framework yields a stationary
measure proportional ® f %) (dx) under the coarea formula, OLLA converges to the Riemannian
volume-weighted density F*)d (x) on (see Rousset et 4lL9], Lemma 3.2). In addition to
this, the work L8] enforces a single inequality constraint via a purely deterministic normal drift

r g=kr gk,, without any stochastic component in the tangential direction. OLLA instead projects
noise and drift vectors tangentially even during the landing phase, thereby preserving exploration on
the evolving manifold ' := x 2 R%j h(x) = h(Xg)e ! andimproving mixing.

Lemma 1 (Exponential decay of constraint functions]he dynamics induced I{8) satisfy the
following properties almost surely f@& 2 [m]; 8] 2 Ix,:

hi(Xy)=hi(Xg)e '; t 0 @
and 8
3g(Xi)= +(g(Xo)+ )e '; ot 1, 9Xo)+
24X 0 ¢ L 9Xo*

withg(X:) 0;8t Oforj 2 Ix,,wherel, := fk2 [I]j g(x) 0Ogis the index set of active
inequality constraints.

4.2 Non-asymptotic Convergence Analysis of OLLA

In this subsection, we establish non-asymptotic convergence guarantees for OLLA in three scenarios
— equality only case, inequality only case, mixed case — by recognizing that OLLA has a rapid landing



property driven by landing rate and natural mixing on the landed manifold induced by the LSI
constant. For the detailed notations and proofs, we refer to the Appendix A and related Appendices.

Equality-Only Scenario. When the constraints consist of only smooth equalhigg = 0, the
continuous-time OLLA dynamics (3) can be written as

dX; = ( Xor f (X)) + rh(X)TG *(X)h(Xy) dt+ pé( Xy) dw, 8

The drift term naturally decomposes into a tangential term, which moves along the constraint surface,
and a normal landing term, which forces each coordiha{¥ ;) to decay exponentially fast, as
summarized in Lemma 1.

OnceX, ¢ lies within a tubular neighborhood of, the nearest projection maponto becomes
available, and the projected procés= (X:;) -~ can be de ned (Theorem C.1). Then, the
regularity of naturally implies thakX; Y;k» . kh(X{)ko = O(e ') holds (Lemma C.1),
leading to the contraction ol,( ;<) = O(e ') (Lemma E.1), where;; ~ are the laws of
XYy, respectively. Furthermore, the combination of LipschitznessarfdkX; Yik, = O(e !)

enable us to write the projected proc&sas overdamped Langevin dynamics omvith noisy drift

vector and diffusion matrix whose norm is bounded®e ! ) (Corollary E.1). Therefore, the effect

of noisy terms can be dominated by the effect of the LSI constant, which leads to the exponentially
fast convergence &L (~jj ) (Lemma E.3). Arigorous combination of these insights gives the
following theorem.

Theorem 1 (Convergence result for equality-constrained OLLA§uppose assumptions (C1) to
(C4) hold. LetX be the stochastic process following the equality-constrained OLLA and;let
be the law oK, and its projectiony; = (X;)on fort teyte:=max 2In;1InCs ,
respectively. Then, for> 2 g forallt tgy, it holds that

M 2 .
Wo( s ) e t 4+ EKL (=i )

where

2 1siCs

KL (=i ) exp 2 st tew (e ' e ') [KL (=i )+ C7l

2 t cul

1Cqi= Ceo ™

LaMn CL 5 Ls.t > Owith C_, being

+ aMn

©
for some constant€s = O 1+

the Lipschitz constant of (x) ( x) on0 () .

Inequality-Only Scenario.  With smooth inequalitieg(x) 0, we introduced a small boundary
repulsion parameter> 0 so that each initially violated constraigt > 0is driven to the boundary
within a nite landing timete, = 1 In((g (Xo) + )=).

From the Fokker-Planck perspective, the normal probability ux at the boundary satis;8si =

+ whereJ; is the probability current density of andn is the outward unit normal vector of.
The boundary repulsion enforces the outward probability ow to become zero after the landing time
tcut, @and the normal probability ux vanishes to zero after titgg (Lemma F.1). This enables us to
ignore the boundary integral appearing on the time derivatid ¢f ;jj ) guaranteeing exponential
decay driven by the effect of the LSI constant. Therefore, the following theorem comes by directly
analyzing the time derivative &€L( jj ) after timetcy:.

Theorem 2 (Convergence result for inequality-constrained OLLASuppose assumptions (C1) to
(C4) hold. LetX; be the stochastic process following the inequality-constrained OLLA and let

be the law ofX ;. Then, fort  teygtey:= £ In Mt

r
2 .
Wo( ¢, ) EKL (i )

where
KL (qji ) e 2w Rkl (i )



Mixed Scenario. In the mixed setting, OLLA's dy-
namics are sensitive to the boundary repulsion fgom
It is noteworthy that remains unchanged for different
inequality functiong), as long as the boundary of the
feasible set, wherg(x) = 0 intersectsh(x) = 0, is
identical. Nevertheless, the choice of functigraf-
fects the landing dynamics, which in turn can alter the
convergence rate of OLLA.

To quantify this, we de ne the projected manifold
p = (x2R%jh(x)=p;g(x) 0) and as-
sume the norm of boundary velociwg of @ , is reg-

ulated byVkpk, for someV; > 0 (Assumption (M2)). Additionally, we assume, lies inside

int() for0< kpk, < to avoid stopping behavior of on@ (Assumption (M1)). Under these
assumptions, the trajectory ¥f;, can be illustrated as in Figure 1 and the proof ideas of equality-only
and inequality-only can be seamlessly combined. The following theorem arises from a rigorous inte-
gration of previous high-level ideas. We also provide a theorem with a relaxed version of Assumption
(M1) in the appendix; see Remark 3 (wh¥g (X0)), Remark 4, and Corollary A.1 for the detalils.

Figure 1: OLLA trajectory in mixed case

Theorem 3(Convergence result for mixed-constrained OLLA$uppose assumptions (C1) to (C4)
and (M1) to (M3) hold. De neX; to be the stochastic grocess following OLLA dynamics (3) and

~ bethelawofy; i=  (X) aftert tegte:i=max Lln Mot - ljp Mo - 1in(cy) .
Then, for > 2 g and 1, the following non-asymptotic convergence rat8\6f( (; ) can
be obtained as follows

M 2 .

Wo( ;) —e '+ ——KL (xji )
LSI

where '

2 1S ' )

=(e ' e '#) [KL (wui )+ Cr+ Cal

KL (=) ) exp 2 st tew)

t cut

for some constantS,; Gs; Gg;Cs > 0,C7 .= (Cs + G 4GsMp) <
0 1
2

CL.M CLMp e t o
Cs=0@+ Ztahy AR A: iz (GeVM,) ———;

2 s’

2 s’
and withC, , being the Lipschitz constant of (x) ( X) on0 () .

4.3 Euler-Maruyama Discretization & Hutchinson Trace Estimation

To implement OLLA in practice, we discretize the continuous-time SDE by the Euler-Maruyama (EM)
update. At each iteration, we compute three components for the drift vector: the projected gradient
drift, the landing drift, and the mean curvature correctibnin particular,H (4) requires forming the
full Hessian of each constraint and computing traces of the formr 2h; andTr r 2g , an
O(d grad-cost operation that quickly becomes infeasible in high dimensions. We therefore employ
the Hutchinson trace estimator [22], which gives the following approximation:
1 X 1 X
Torth 5 (vt g Torfg o ()T Pgv) (9)
k=1 k=1
for eachi 2 [m];j 2 Iy wherevy N (0;l4) are independent standard normal samples. Each
Hessian-Vector Product (HVP)2h;vi (orr 2g; vk) can be computed at a cost similar to one gradient
evaluation, sdN probes incur onfO(N grad-cost computational cost rather th&yd grad-cos},
saving signi cant computational cost in high-dimension circumstances. In our experimients,
suf ces to achieve low variance estimates that match the performance of the full Hessian computation.

By combining these numerical schemes, we arrive at the full algorithm of OLLA in Algorithm 1.



Figure 2: Scatter plots of 200 samples from OLLA (top row) and CGHMC (bottom row) on four 2D
synthetic examples. Solid lines show equality constraints, dashed lines show inequality boundaries,
and green shaded areas mark feasible region by inequality constraints. OLLA closely matches the
CGHMC samples in each scenario.

5 Experiments

To demonstrate the sampling accuracy and ef ciency, we compare OLLA and its Hutchinson-
accelerated variant (OLLA-H) against three standard constrained samplers: CLa2ggvCHMC

[20], and CGHMC PR1]. While the three baselines were originally designed for equality constraints,
we introduce one slack variable per inequality constraingyv(x) + % J-2 =0 for eachj 2 [l] so that

g (x) Ois enforced. CGHMC, meanwhile, does not rely on slack variables, but instead uses a
Metropolis-Hasting correction step not only to reject samples based on the energy of the proposed
samples, but also based on the inequality constraint violation. Therefore, CGHMC allows more
accurate and unbiased sampling from the constrained distribution than CHMC and CLangevin in the
long run, and we use it as a ground truth for measuring the accuracy of our methods.

5.1 Synthetic 2D Examples

We rst evaluate sampling on two-dimensional manifolds: (1) star-shaped equality manifold, (2) two-
lobe inequality manifold both with uniform density, (3) manifold de ned by quadratic-polynomial
equality and inequality constraints with a standard Gaussian target, (4) Gaussian mixture with nine
components restricted to a seven lobes manifold by a nonlinear inequality (both for mixed scenario).

For each problem, we ran 200 independent chains in parallel with 5,000 steps, and collected the
last 200 samples. We then computed ‘g distance and energy distance between the empirical
distribution of the samples and the target distribution, as well as the constraint violation de ned
by E[jh(x)j]; E[maxg(x)* ], respectively. The results are shown in Figure 2 and Figure 3. Further
details of example setups and additional results are included in Appendix H.1.

Sampling Accuracy & Constraint Violation of OLLA.  Table 1: Effect of onW2; E[jhj]
As shown in Figure 3, OLLA and OLLA-H match the per-

formance of CHMC and CLangevin in both Wasserstein w2 E[jh(x)j]

and energy-distance metrics, demonstrating that our landing- 0:363 0062 0:682 0017
based approach attains sampling accuracy on par with estaby 01200 0.035 01130 0.001
lished methods. Also, constraint violations for OLLA and 0:159 0032 0:017 0001

OLLA-H remained at low levels without computationally 509  0:121 0019 0:008 0.001
expensive projection steps. i : i :

Effect of Hyperparameters and . We further examine Tapje 2: Effect of onW2; E[maxg* |
the in uence of the landing rate and boundary repulsion > "
on sampling accuracy and constraint satisfaction. As shown W3 E[maxg" (x)]
in Tables 1 and 2, increasing accelerates convergence,g 1 0:151 oo2  0:082 0.017
yielding smalleW# values and reduced equality constraint 1 0108 o011 0:067 0.027
violations, consistent with our theoretical prediction thats  0:123 0018 0:040 o0.015
larger enhances the landing and contraction rates toward 10  0:112 0034  0:019 0.006
However, excessively large leads to numerical instability,




Figure 3: Convergence diagnostics on the Gaussian mixture of 9 components on the 7 lobes manifold
with  =100; = 1. From leftto right: (1) energy distance to CGHMC samples, (2) squatéd
distance to CGHMC samples, and (3) mean constraint viol&][@nj]. Solid lines and shaded bands
show the mean 1 SD over ve independent runs. Both OLLA and OLLA-H rapidly decre&§dj]

down to small values and maintain it there, which achieving the lowest energygretrors.

Figure 4. Sampling performance and accuracy as the dimedsimreases (wittm = | = 5) . From
left to right: (1) CPU time per ESS versds (2) Estimated probability? (x; > 0) versusd, (3)
Estimated value oK (x) versusd. Shaded bands shows1SD over ve runs.

causingW? to rise and the sampler to collapse (Table 7). A similar trend is observed &tronger
repulsion lowers inequality violations, but beyond a certain raWggremains nearly unchanged,
aligning with the continuous-time theory thaprimarily affects the nite landing time rather than
the asymptotic convergence rate. Overly largalues can again destabilize the dynamics and lead to
numerical breakdown (Table 8).

5.2 Scaling of OLLA under High-Dimensionality and Large Number of Constraints

We assess the robustness and scalability of OLLA and OLLA-H using a synsiretis-tesproblem

that enables explicit control over the ambient dimensi@md the numbers of equality and inequality
constraintym;1). Samples are drawn from a uniform distribution on a constrained manifold

de ned by linear and quadratic constraints. Each algorithm runs for 1,000 iterations with burn-in and
thinning, and we vary one af, m, or| while xing the others to disentangle their individual effects.

We evaluate two key metrics: (1) CPU time per effective sample (CPU/ESS), and (2) the accuracy
of representaale test function estimates sucR @s > 0) andK (x) = sin( x;)€*2 +log(jxsj +
9

1)tanh(x4) + ~,_5 cosf;). Detailed experimental setups are provided in Appendix H.2.

Scaling under Dimension.  Figure 4 illustrates the sampling performance of algorithms as

d increases froni0to 700 (with m = | = 5). On the left, CPU time/ESS of OLLA-H remains

essentially at around:05s/sample while OLLA grows linearly (reaching 1:1s/sample atl = 700),

and CHMC and CLangevin stay @2 0:3s/sample an@:1s/sample respectively. In the center,

both OLLA-H, CHMC, and CGHMC maintaiR (x; > 0) 0:5, whereas CLangevin collapses to
0:2in high dimensions, indicating severe bias. On the right, the estimate of nonlinear test function

K (x) shows that OLLA, OLLA-H, CHMC, and CGHMC all produce virtually identical estimates



Figure 5: Sampling performance and accuracy as the number of inequality constiainéases

(with d =100; m =5) . From left to right: (1) CPU time per ESS verdy$2) Estimated probability

P (xy > 0) versud, (3) Estimated value df (x) versus. Shaded bands shows1SD over ve

runs. Note that OLLA and CGHMC results on CPU time/ESS overlap almost perfectly, suggesting
their comparable performance on this metric.

even asl grows, while CLangevin lags behind. Overall, the results indicate that OLLA-H scales,
maintaining reliable performance as the dimenslancreases.

Scaling under the Number of Constraints. With d = 100, we separately increased the number
of equalitiesm (with | = 5) and the number of inequalitiégwith m = 5). In the presence of a large
number of equalities, OLLA and OLLA-H may lose their edge over equality constrained specialized
baselines. In these situations, the maximuniat is stable in the discrete algorithm becomes limited
to prevent signi cant discretization error. However, we observe that even, at near limit valye of
E[jhj] may remain relatively high unless the step sizeis further reduced. We add an additional
study for this on Appendix H.2. By contrast, when adding more inequalities, OLLA-H stays relatively
accurate and shows very low CPU time/ESS (Figure 5).

5.3 Molecular System with Realistic Potential

We further evaluate samplers on a molecular system with realistic potentials and geometric constraints.
The system incorporates equality constraimtéxed bond lengths and angles) and inequality
constraintg (steric hindrance), alongside torsion and Weeks-Chandler-Anderson potential terms.
Experiments were conducted for increasing dimenstbas3 N 5tom by varying the number of atoms.
Detailed experimental details are provided in Appendix H.3 and Table 3 summarizes the results.

Table 3: Estimates of radius of gyration squar‘é@)(and total CPU time for sampling (in brackets)
on the molecular system with realistic potential (complexsmalljl «j, largeN newtor). The average
constraint violation for OLLA-H was belovd:007 (equality), while projection-based samplers
maintained violations belo®.0001 Inequality violations were observed to 8éor all algorithms.
The(d; m; ) con gurations are(15; 7; 6), (30; 17; 36), (45; 27;91), (60; 37, 171), (90; 57, 406).

method=dim (d) 15 30 45 60 90

_ 1:392 o026 5:414 o0:.047 12240 o0:102 21:820 o0:.008 49.080 0:223

OLLA-H (N =0) (78s) (1515s) (2545s) (334s) (704s)
_ 1:370 0032 5:424 0045 12200 o0:155 21780 o0:008 48940 o0:273

OLLA-H (N =5) ™ 1 g5 (400s) (6565) (916s) (173)
CLangevin 1:396 o0:.012 5:526 0015 12400 o0:000 22:140 o0:049 49960 o0:049

9 (421s) (36205) (10940s) (22600s) (522205)
CHMC 1:410 o:000 5:580 o0:000 12500 o0:000 22:200 o0:000 49:960 o0:049

(147s) (468s) (1012) (1712%%) (3660s)
CGHMC 1:410 o:000 5:580 o0:000 12500 o0:000 22:200 o0:000 49:940 o0:049

(1358) (282s) (467s) (652s) (11168)

As dimensiord grows, the feasible set becomes increasingly complex, while the number of active
inequality constraintfl «j remains small. However, the numerous equality constraints make each
projection step demanding for projection-based methods (CHMC, CLangevin, CGHMC), resulting in
substantial Newton iteratioN hewtonand increased computational costs. Particularly, CLangevin is
signi cantly affected from this, whereas CGHMC is faster but still slower than OLLANH= 0) .



In contrast, increasing the Hutchinson prdbdrom N =0 toN =5 improves the mean equality
constraint violation across all dimensiathgeducing it from a range of 0:0055downto 0:00035
Despite this, both OLLA-H con guration@N = 0; N = 5) yield comparable test function estimation
accuracy. This suggests that the constraint violatidd & 0 was already suf ciently low, rendering

the improvement's impact on the nal sampling accuracy negligible. Consequently the0
variant—where HVP evaluations are completely skipped—achieves signi cantly lower computational
cost. This behavior aligns with ndings in Zhang et fl7], suggesting that omitting the It6-
Stratonovich (mean curvature) correction term has negligible practical impact on sampling accuracy,
while markedly improving ef ciency.

5.4 Bayesian Logistic Regression with Fairness and Monotonicity Constraints

We evaluate the samplers on a high-dimensional Bayesian logistic regression task using a two-layer
neural network trained on the German Credit dataé#t [The setup enforces fairness through
equality constrainth ensuring parity in true positive rate and false positive rate between demographic
groups, along with monotonicity constrairg®n selected input data. Further details of experimental
setup are provided in Appendix H.3.

This problem poses signi cant challenges for projection-based samplers. Step sizes effective in
unconstrained scenarios led to projection failures for CLangevin and CHMC, and to acceptance rates
below5% for CGHMC. To maintain stability, their step sizes were substantially reduced. In contrast,
the projection-free OLLA-H remained stable across all settings and, for fairness, was also evaluated
with the same reduced step size as CLangevin.

As summarized in Table 4, OLLA-IN = 0) consistently attains the lowest test negative log-
likelihood (NLL) while being orders of magnitude faster than projection-based baselines. Although
the projection-based methods achieve tighter feasibility, OLLA-H maintains small violations without
noticeable degradation in accuracy. These results highlight OLLA-H's robustness and computational
advantage in high-dimensional constrained Bayesian logistic regression task.

Table 4: Test NLL and total CPU time for sampling (in brackets) on the Bayesian logistic regression
with fairness and monotonicity constraints (high-dimensionjalThe average constraint violations

for OLLA-H were below0:005 (equality) andd:15 (inequality), while projection-based samplers
(CLangevin, CHMC, CGHMC) maintained feasibility beld0008 (equality) and no inequality
violation.

method=dim (d) 1986 4994 9986 49986 100002
OLLA-H (N =0) 0:514 o0:013 0:521 o0:008 0:524 o0:014 0523 o011 0:520 o0:015
(63s) (70s) (70s) (81s) (82s)
OLLA-H (N =5) 0:520 o0:013 0:524 0008 0:505 0:004 0:517 o0:011 0:516 o0:004
(15%) (180s) (2058) (18%) (197s)
CLangevin 0:573 o0:004 0:568 o0:013 0:564 0022 0:580 o0:005 0:570 o0:011
(1162) (1176s) (1194s) (14285) (1370s)
CHMC 0:599 0015 0:595 o0:020 0:599 o0:.017 0:606 0:004 0:605 0:004
(526s) (532) (561s) (586s) (611s)
CGHMC 0:600 o0:007 0:600 o0:000 0:606 o0:003 0:598 o0:020 0:601 0:007
(76s) (77s) (82s) (83s) (88s)

6 Conclusion & Future works

We have presented Overdamped Langevin with Landing (OLLA), a projection-free SDE sampler
that enforces nonlinear equality and inequality constraints by deterministically “landing” trajectories
onto the feasible set while retaining full tangential noise, and proved that its continuous dynamics
converge exponentially fast in 2-Wasserstein distance under appropriate regularity. Building on this,
we proposed OLLA-H, an EM discretization that uses a Hutchinson trace estimator for approximating
the It6—Stratonovich correction at onf(N grad-cosy per step, and showed in both 2D and high-
dimensional tests that it matches the accuracy of established constrained samplers while drastically
reducing runtime. Future work will include non-asymptotic convergence guarantees for the discrete
algorithm—closing the gap between SDE theory and implementation—and developing OLLA variants
that remain stable even with many equality constraints in very high dimensions, further extending its
scope to large-scale constrained probabilistic inference.
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NeurlPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re ect the
paper's contributions and scope?

Answer: [Yes]
Justi cation: Summarized contributions in Section 1.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

» The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

» The claims made should match theoretical and experimental results, and re ect how
much the results can be expected to generalize to other settings.

* Itis ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justi cation: Section 5.2 and Section 6 illustrates a limitation.

Guidelines:

» The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

» The authors are encouraged to create a separate "Limitations" section in their paper.

» The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci cation, asymptotic approximations only holding locally). The authors
should re ect on how these assumptions might be violated in practice and what the
implications would be.

» The authors should re ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

« The authors should re ect on the factors that in uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

» The authors should discuss the computational ef ciency of the proposed algorithms
and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justi cation: Appendix A, C to G and Section 2, 4 address theoretical results.
Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justi cation: Section 5 and Appendix H covers experiment setting to reproduce results.
Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of

whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken

to make their results reproducible or veri able.

Depending on the contribution, reproducibility can be accomplished in various ways.

For example, if the contribution is a novel architecture, describing the architecture fully

might suf ce, or if the contribution is a speci ¢ model and empirical evaluation, it may

be necessary to either make it possible for others to replicate the model with the same

dataset, or provide access to the model. In general. releasing code and data is often

one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurlPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with suf cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justi cation: Code is provided. Running .ipynb les can reproduce the results.
Guidelines:

« The answer NA means that paper does not include experiments requiring code.

» Please see the NeurlPS code and data submission guiddiites/(nips.cc/
public/guides/CodeSubmissionPolicy ) for more details.

» While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

» The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurlPS code and data submission guidetpes (
/Inips.cc/public/guides/CodeSubmissionPolicy ) for more details.

» The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

» The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

» At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

» Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justi cation: Section 5 anb Appendix H illustrates the experimental setting and details.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detall
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical signi cance

Question: Does the paper report error bars suitably and correctly de ned or other appropriate
information about the statistical signi cance of the experiments?

Answer: [Yes]

Justi cation: All the plots and tables have 1 SD and mean values and trial numbers are
speci ed.

Guidelines:

» The answer NA means that the paper does not include experiments.

» The authors should answer "Yes" if the results are accompanied by error bars, con -
dence intervals, or statistical signi cance tests, at least for the experiments that support
the main claims of the paper.

» The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

» The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

» The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« |t should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis
of Normality of errors is not veri ed.

» For asymmetric distributions, the authors should be careful not to show in tables or
gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding gures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide suf cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justi cation: Appendix H illustrates the computing resources for experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethicsttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi cation: The research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethicsttps://neurips.cc/public/EthicsGuidelines

Guidelines:

* The answer NA means that the authors have not reviewed the NeurlPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

» The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justi cation: The paper covers theoretical analysis and introduces an algorithm, which does
not relate to societal impacts.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

« If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

« Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci ¢
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

» The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef ciency and accessibility of ML).

11. Safeguards

12.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.qg., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justi cation: The paper does not pose such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety lters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

» We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justi cation: The paper does not use existing assets from another parties.
Guidelines:

» The answer NA means that the paper does not use existing assets.

» The authors should cite the original paper that produced the code package or dataset.

» The authors should state which version of the asset is used and, if possible, include a
URL.

» The name of the license (e.g., CC-BY 4.0) should be included for each asset.

» For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

« If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datagetserswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

« For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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13.

14.

15.

« If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justi cation: The paper does not introduce new assets.
Guidelines:

« The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

» The paper should discuss whether and how consent was obtained from people whose
asset is used.

« At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip le.

Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper

include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justi cation: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

« Including this information in the supplemental material is ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

» According to the NeurlPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justi cation: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

» Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

» We recognize that the procedures for this may vary signi cantly between institutions
and locations, and we expect authors to adhere to the NeurlPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti ¢ rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi cation: LLM was not involved during the development of the research.

Guidelines:

» The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

» Please refer to our LLM policyhttps://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.

21



TABLE OF CONTENTS

A WD

O W >» o

Introduction 1
Related Works 2
Preliminaries & Notations 3
Main results 3
4.1 Construction of OLLAvia LeastSquares . ... ... ... ....... 3
4.2 Non-asymptotic Convergence Analysisof OLLA . . . . ... ... ... 4
4.3 Euler-Maruyama Discretization & Hutchinson Trace Estimation . . . . . 4
Experiments 7
5.1 Synthetic2D Examples . . . . . . . . . . . ... e 7
5.2 Scaling of OLLA under High-Dimensionality and Large Number of Con-
StraintS . . . . . . 8
5.3 Molecular System with Realistic Potential . . . . ... ... ... .... 9
5.4 Bayesian Logistic Regression with Fairness and Monotonicity Constraints 1
Conclusion & Future works 10
Table of Key Notations, Assumptions, and Remarks 23
Algorithms of OLLA, OLLA-H, and baselines 30
Proof of Basic Properties on 33
C.1 Intrinsic Gradienton . . .. .. .. ... .. ... 33
C.2 IntrinsicDivergence on . . . . . . . . ... e 33

[d%]

C.3 Recoverable Tubular Neighborhood of Boundaryless Riemannian Manifold
C.4 Recoverable Tubular Neighborhood of Riemannian Manifold with Boundsy

Construction of SDE with Exponentially Fast Decaying Constraints 37
Proof of Theoretical Results - Equality-constraint OLLA 39

E.1 UpperBound oWo( ¢;~) .« - - v v o o o o 39
E.2 UpperBound oKL (~jj ). . . oo vt 40
Proof of Theoretical Results - Inequality-constrained OLLA 47

F.1 Convergence Result for Inequality-constrained OLLA . . . . . . . .. .. 47
Proof of Theoretical Results - Mixed-constrained OLLA 48
G.1 UpperBound oWo( ;) - -« « v v o e e 48
G.2 UpperBound oKL (~jj ). -« v v v v it 49
Experiment Settings and Supplementary Results 54

H.1 Experiment Settings and Supplementary Results for Synthetic 2D Exarbgles
H.2 Experiment Settings and Supplementary Results for High-dimensional

Manifold with Large Number of Constraints . . . . . ... ... ... .. 58
H.3 Experiment Settings for Molecular system and Bayesian logistic regression
task . .. e 60

22

10



A Table of Key Notations, Assumptions, and Remarks

Table 5: Table of Key Notations

Symbol  De nition Descriptions
h h(x) =[hy(x);:: hn(X)]7 Equality constraints
g gx) =[g(X); ;0. ()T Inequality constraints
fx2RYjh(x)=0;9(x) Og Constraint manifold
Iy fi2[lljg(x) 0g= i1, Active index set of inequalities
g, g, (x)=[g,(x);:=g,,, (x)]" Active inequality constraints
J(x) h(x)T; g, (x)+ ;i g, (X)+ Constraint-correction vector
( x) I r JX)TG(x) *r J(x) Orthogonal projector ont®,
Ty fv2RYjr h(x)v=0;r g, (x)v=0g Tangent space of atx
r f ( X)r f(x) Intrinsic gradient on (C)
div X Tr(( xX)r X(x)) Intrinsic divergence on (C)
d Induced surface (Hausdorff) measure of Surface measure on
G(x) rJx)rJx)’ Gram matrix, full rank assumed
U () Tubular neighborhood of with reach Usual tubular neighborhood
0 () Recoverable tubular neighborhood with width See details in (C.1, C.2)
Mp SUP,2 sup o) KN(Xo)k2 Initial bound ofh(x)
My SUP,2 sup o) KA(X0) k2 Initial bound ofg(x)
(x) argminy, kx  yk; Nearest point projection onto
Boundary repulsion rate Controls effect of repulsion.
Landing rate Controls constraint decay
LSl Log—Sobolev constant of on EnableKL %LSII
t Density of the procesX; at timet Law of X, (following OLLA)
~ Density of the projected proce¥s at timet LawofY; :=  (Xy)
'IR'arget (stationary) density on Proportional teexp( f)d
KL ( k) In —-d KL-divergence on
I (k) kr  In —k3d Fisher information on
Regularity constant of See details in (C.1, C.3)
p p:= ( X2RYjh(x)= p;gx) 0) Projected manifold fokpk,
vo Boundary velocity of@ | See details in Theorem 3
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Assumption 1 (Assumptions for exponential convergence of OLLAJhe followings are assump-
tions used for proving the convergence results of OLLA:

(C1) LICQ. The linear independence constraint quali cation holds oif, for everyx 2
fr h; (X)grll [fl’ g (X)gj 21
is a set of linearly independent vectors.

(C2) Manifold regularity .  The Riemannian manifold is compact and connected. Also, the
equality constraint functioh(x) is coercive, i.e.kh(x)k, '1  askxk, !'1 . Assume
r h(x) 60; 8 2 anddin() = dwhen there are only inequality constraints.

(C3) Initial constraints bounds.  The initial distribution ( satis es

Mp:= sup Kkh(xo)kz<1l; Mg:= sup Kkg(Xo)k<1:
X02 supy( o) X02 Supf( o)

(C4) Log-Sobolev constant  The stationary distribution (x) / exp( f(x))d satis es
a Log-Sobolev Inequality (LSI) with constants, so that

. 1 .
KL (i) ot (i)
LSI
Note: Compactness of with non-negativity of Ricci curvature guarantees the LSI
condition. See [42—-47] or Remark 6 for detailed description.

(M1) Regularity of ,. The projected manifold, := ( x 2 RYjh(x)= p;g(x) 0)
lies inside the interior of for 0 < kpk, < , where is the width of recoverable tubular
neighborhood) () .

(M2) Regularity of @ ,. The boundary velocityg of @ , appearing on Leibniz integral
rule satis essup,, g pkv,E’kz Vkpk, for someV > 0; > 0. Also, assumél =
SlJprk2< @ p(@ p) <1l.

(M3) Bound on ; .  There exists the constan®;; G,; Gs > 0 such thatG; :=
SUR gx2 < 1 and0< G, G3 for everyx 2

Remark 3 (Comments on the assumptions (M1) and (M3))

« Although the assumption (M1) is stated for all small perturbai@R™ ;0 < kpk, < ,inour
anaylsis on Theorem 3, we only require:

= ( x2RYjh(x)= h(Xg)e ';g(x) 0) int()
n [0}

fort tew tew:=max 2ln Me* ;1lin Mo - 1i5(Cg) . Hence, wheiXo  (Xo) for

somexo 2 RY, we can replace the global requirement “forglkith 0 < kpk, < ” by a weaker,
one-dimensional condition:

(M19 1f Xg  (xo) for somexg 2 RY, letu = khh((xxo"))kz and assume

= (x2RYjh(x)=su;g(x) 0) int(); foralls2(0; ):

» For the uniform boundednessip, ., -~ < 1 inthe assumption (M3), we recall from the
proof of Lemma G.2 that; satis es the following Fokker-Planck equation:

xd
@<= dv (=(r In +by)+ div (div (=(fe+ )+ «):

k=1

Sincek ko = O(e '), the second-order differential operator of the Fokker-Planck equation
becomes uniformly elliptic for suf ciently largé. In the absense of boundary conditions (equality-
only case), the result from Saloff-Cogt8] would then guarantesup, 4., -~ < 1 .However,
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the non-standard boundary conditions imposed an our setting preclude a direct application of
those results. We therefore retain the uniform boundednessasf an explicit assumption.

Remark 4 (Relaxed assumption ¢M1)). We remark that the assumpti@lil) can be strong in
practice. To mitigate this issue, we propose the following assumidi¥y which is a milder
assumption thar(M1). It assumes

n 0
(M1%9 Lett; :=max Lin Me* ) L|n Mu  anddenep = P( (X;)2 @ fort t;.

Suppose there exish; Cp > O;t,  ty suchthap; @ Cpe ' 1=2fort tp.
We note that this assumption is a necessary condition of the previous assumption (M1), and the
landing property guaranteéim;;;  p; = 0. Also, this assumption ensures that bpth@p; decays

exponentially fast, which can be satis ed depending on how fast the sticking behavi@X of at
the bounadry is attenuated tamcreases.

Corollary A.1 (Convergence result for mixed-constrained OLLA with milder assumpttoum)-
pose assumptions (C1) to (C4) atid1° to (M3) hold. De neX; to be the stochastic pro-
cessfollowing OLLA dynamics (3) and to (pe the law ofY; := (Xy) aftert  teyg teu =

max iin Mot :ljn Mo :1in(Cs);t, . Then, the following non-asymptotic convergence
rate of W,( ; ) holdsfor > 2 g, 1, andt >t o

M
The t

r
Wal ;) v 2KL (4 ji )+ Cpe o diam () ?)
LSI

where

2 1siCs

(e t e tcut) & e Dt e ptcut
p

KL (~t i) exp 2 st tew

KL (wd )+ G +GCg ]

for some constants, ;Gs;Gg ;C¢> 0,C, =(Cs+ G, GsMp)e
0 1
LAMh CLAMh A - — R .
+ o Cy =(Gg VM, ) ————;
8 (Ge h) 2 5

2 s’

Cs=0@1+ £

and withC_, being the Lipschitz constant of (x) ( x) on0 () , v being the conditional
laws ofY; givenY; 2 int() .

Proof. We slightly adjust the argument in the proof of Theorem 3 to show this statement, and the
de nitions of constants are shared with Theorem 3. We rst observe that the probability measure
can be decomposed as follows:

=0 Py PPt tew
wherep; .= ~ (@) and
- U . e . le.
t T l p[, t Ca p[ )
are the conditional laws of, restricted on and@ , respectively.

Because is the convex combination of and~2 , the convexity of the 2-Wasserstein distance
implies
Wy (i )2 (1 pdW, (5 )P+ W (05 )%

Here, we note that ;

W, (< 5 ) %KL ~ i )
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by Lemma E.6 and the fact that has its support on if) . Also, we note that

1
@< = 1 o @~ +(@p)~
becauset = (1 pi)~ holdsforx 2 int() . Then, the same approach used in Lemma G.2 gives
7 !
@KL (v j )=@ ~ In - d
‘s ! 7 " L #
:11pt @+ - d v n 1 hinid @,
| —{z b= {z }
Term (1) 7 Term (2)
+1@ptptK|- w1l +@ ~d
I {z b —{z—}
Term (3) =0

where the last equality holds from the Leibniz integral rule wittbeing the velocity vector of the
boundary of ; := ( x2 R4jh(x)= h(Xo)e ';g(x) 0 ). Therefore, the expression @
implies that Term (1) becomes

# !
xd -
Term (1)= ~ (r In  +hy) div (v (fx+ W)(fe+ &) r In  d
|— = {z }
" Term (1-1)
7 v # _ !
h~ (r In +hy) div (v (fu+ )(fe+ &) In - ;nid @,
@ t =
| k=1 {Z }
Term (1-2)

using~ =(1 pt)~ . Therefore, Lemma G.2 implies Term (1) can be bounded by

jTerm (1) (1 Cse ')l (v ji )*+Cse ' + G, GsMpe !
with G, = GsM max Gelz In % andG; =sup; , x2 2G4, and the

1.

2

Term (2) can be bounded by
jTerm (2) Gg VM, e ' :

withGg = G, + G; M . Also, Term (3) is upper bounded by
Term (3) Cpe *'KL (~ ji )
Therefore, combining the bounds with the LSI condition gives the following inequality:

; C ;
@KL (~ jj ) 2.s 1 Cse'! 5 Pe ot KL (~ jj )+ Cst G, GsMy e !
LSI

+Gg VMe '
Hence, applying the Gronwall-type inequality recovers the following inequality:

2 LSICS(e t e tcut) & e pt e pteut
p

KL (~t JJ ) exp 2 LSI(t tcut)

Z,

) 2 15C C
KL (¢, )+ ep 2s(s twdt =2 5 e To)+ 2 e o5 g plw
teut . p

h i
Ce+t G, GsMp, e ° +Gg VM, e ° dg

which can again be summarized as follows:
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2 LSICS(e t e tcut) & e pt e pteut
p

KL (= jj ) exp 2 isi(t tew

KL (=, )+ G + Gy ]

whereC;, =(Ces+ G, GsMh)%andcs =(Gs VM;)-= 205;.-

Lastly, we observe that

N
™

W (£ )= it d (pi” (dpidd " diam ()

wherediam () := sup fd (x;y)jx;y2 g < 1 due tothe compactness of Therefore,
combining the above upper bounds, we recover the following inequality:

;
2 . .
W, (¢ ) GKL (w ji )+ Cpe » diam () 2?)

Therefore, applying the same reasoning as in Theorem 3 completes the proof. O

Remark 5 (Effect of number of Hutchinson prob&s on the decaying speed of constraint functions)
In this remark, under the single equality case, we demonstrate that exponential décaiaof
OLLA-H and analyze the effects of the number of Hutchinson prdbe$Vhen there is only a single
equality constraint, we recall that the OLLA-H update rule is given as

X1 = X+ (b(Xk) + (X)) t+pﬁ( Xk) ki« N (0;1q)
whereb(x) ;= ( x)r f(x) r h(x)G(x) *h(x) r h(x)G *(x)Tr ( x)r 2h(x) and

X
= v () (v k(X)) = 1 h(X)G((X) T S(x)  Tr(S(x))
i=1

with S(x) := ( x)r 2h(x) andvx; N (0;14). Also, we note thaE [ «(Xk) j Xx] =0 and

8(x)

. h h T .
E (Xi) k(XK Xk =+ I((>r(;;])(er§|>(<4k) Var($(Xi)jX k) =

2r h(Xy)r h(Xy)T"

2.
Nkr h(X)k* KS(XiK

Proposition A.1 (Exponential decay of constraint function under OLLA-HAssume the single
equality constraint scenario and the following conditions:

* (Dissipativity ofb(x))  hx; b(x)i mkxk? + ¢ for somem > 0;c 0.
« (Linear growth oft(x))  kb(x)k? A + Bkxk® for someA;B 0.

2 2
* (Boundedness of tangential Hessian-gradient ratiocfy = SUp,, ra % <1.

* (L1-smoothness df) Forsomel; > 0, kr 2h(x)k L; foranyx 2 RY.

+ (Lo-Lipschitzness af 2h)  For someL, > 0, kr 2h(x) r 2h(y)k Lakx yk for any
x 2 RY.

* (Stepsizecontrol) 0<  t< min 1; 0t .

Then, the OLLA-H dynamics with Hutchinson probes have the following decaying property:of

Eh(X<)] (@ HYEMXe]+ O — d+Ni

forK 0.
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Proof. We rst prove thatsup, oEk Xyk? < 1 where Xy := X1 Xk. To show this, we
deneFy = (Xm; m:;Vmj Jm K;j N)tobe thek th canonical Itration and observe that
E kX s1 K2jFr = kKX k2 +2 thX;b(X )i+ t2kb(X, )kZ+ t2E Kk (X )K? | Xk

+2 tE k( Xk) kkszk

. : P—
becausé& [ « j Xk] = E[ «(Xk) J Xk] =0 and Xy = (b(Xk)+ k(X)) t+ 2 t( Xk) k-
Applying the disspativity and linear growth assumption, we have

E KXk K2 jFe (1 (2m B 1) DkXk*+ 2c+2(d l)+(A+2N&)t ¢

because

2 k( Xk)l’ 2h(Xk)k|2: 2Ch

N kr h(X)k2 N

holds from the tangential Hessian-gradient ratio assumptionEakd Xy) «k®jXx =d 1.

Because the step size control assumption guarafteeg2m B t) t) 2 (0;1), we have the
following inequality:

E K k(Xk)k?j Xk

2c+2(d 1)+ (A+ FEny ot
2m B t
by taking expectations and iterating the recursion. Therefore, it holds that
E k Xkk?jFx = E k X¢k?jXk = t2%kb(X)k?+ t2E k (XK )Kk?j Xk +2 t(d 1)
2C, t2
N

=My <1

SupE[kX  k?]
k 0

t2 A+ BkXK? +

+2 t(d 1)

and
2 2 2Ch — 2
SupEk Xk t? A+BMy+ TF 42 t(d 1):= My P4 M, t< ]
k 0
withMy := A+ BMy + 22 andM, =2(d  1).
Similarly, let us de neB (Xk) := (b(Xk)+ k(X)) t. Then, under the similar proof, it holds that
E kB(XW K2 jFk = E kB(X)k?j X = k(X )k?®+ t2E Kk (Xk)Kk?j Xk

2
t2 A+ BkXck? + ZC*I‘\I t
and
2 2 2Cy _ 2 .
supE kB (X )k t° A+ BMy + ~N - t“Mq: (20)
k 0

Next, we prove the decaying propertytof RY ! R. From the 2nd order Taylor expansion lojithe
following holds almost surely:

M(Xke1) = WX+ 1K) Xick 5 XTT 200X Xy
=@ DhX) T (X)r fh(X) e X P (X kot
¢ 3 XIPRORY X T (X0 2hK) (X Kt

whereX, is some poin2 RY betweenX, andX+1 and Xy := Xws1  Xk. Therefore, by
applying thet previous observations, we get the following:

E[h(Xx+1)jFk] (1 t)h(X ) + %E kKB(XK)k?j X +L tE k Xyk?j Xy

which implies

L t2(My(1+2 t)+2My).

Elh(Xk+1)] (1 DE[h(X)] + 5
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By applying the telescoping sum with expectation, we recover the following formula:

Elh(Xk) (@ K Ef(xXg)+ o Mil+2 §+2Ma).

2
Finally, we note that
My = O d+t1+i ; Mp=0 d+t1+i +i'M—O(d)
N — N l 1- N N ) 2=
and, therefore,
1

Eh(X«)] (I OSEMXo]+0 — d+ o

As we can see in the above proposition, the effed afcales withO(1=N) and vanishesad !1 .
Therefore, the usage of the Hutchinson estimator does not affect the convergence speed of constraint
functions under the single-equality scenario with suf ciently reghlandf .

Remark 6 (Geometric control of | 5). We state the following result from geometric analysis that
provides a lower bound for,g;:

Theorem A.1(Informal, [49, 47]). Let be a compact Riemannian manifold with diamddeand
non-negative Ricci curvature. Then,g) WDlp:l, or g ﬁ holds, where ; is the
rst eigenvalue of the Laplace-Beltrami operator on

This theorem implies if the constraints shrink the diam&gpor increase 1) of , the lower bound

of |gincreases, so the on-manifold dedély (~jj ) accelerates (dominated by its exponential
rate 2 g appearing in Theorem 1 or Theorem 3).
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B Algorithms of OLLA, OLLA-H, and baselines

Algorithm 1 Euler—Maruyama discretization of OLLA & OLLA-H

1: Input: initial point xq 2 RY, step size t, number of stepK , landing rate , boundary
repulsion rate, potentialf , constraintg h; g2, ; f g; g} -1 ,» Hutchinson probe numbeh$, mode

2 f OLLA;OLLA-Hg
2: Output: sample trajectoryx, g,

3:fork=0;:::;K 1do

4: Evaluate constraints:h; (xx)g; ; f g (xk)g} -1
5: Computer f (Xk), J(Xk),r J(Xk)
6.
7
8

Compute:G(xx) r J(xk)r J(x)T

if rank(G) <m + I,:thenG * GYelseG ! G !

if mode= OLLA:

ComputeTr  [Tr ( xi)r ?hy ;5T (xi)r 2g;,, 17

9: else Py
Compute:Tr =1 Ve Cxi)r 2havic v (Cxidr 2, ™, e N (05 1q)
10 ComputeH(xx) r J(x)TG Y(x)Tr
11:  Compute:q(Xk) ( xK)r f(xkb r J(xk)"G (xk)JI(xk) + H(xk)
12: Update:Xy+1 Xk + q(Xk) t+ ﬁ( Xk) k Where y N (0;14)
13: end for
14: return fxygh=g

Remark 7 (Pseudo-inverse of Gram matrix when LICQ fail#) second issue of OLLA arises

if the Gram matrixG = r Jr JT becomes singular. This may happen when the LICQ condition
momentarily fails near the neighborhood of In that case, we replace the inveiGe! with

the Moore-Penrose pseudo-invefSe BecausedsY still projects onto the row space ofJ and
annihilates its null space, it enforces the same exact orthogonality to constraint gradients, preserving
the exponential landing behavior and numerical stability of OLLA.

Algorithm 2 Constrained Langevin (CLangevin) with slack variables [19, 20]
1: Input: initial positionxg 2 , step size t, number of stepK , potentialf , constraints h; gL, ,
fg g} -1, projection iterations , tolerance , regularization
2: Output: sample trajectoryx, g,

. Initialize slack variablesso; P maxf 2g; (Xo); 0gforj 2 [I]
: Setthe extended statg;  (So:1;::5S01) 2 R, Yo (Xo0;S0:1; 52 Soy) 2 RI*!
fork=0;:::;K 1do

Draw « N (0;lg+1)

Compute the augmented constraint vector:

Noarw

IO = M0t ()i XKD+ 2Shai a6+ 35T

8: Constrained update:

pi
Yerr Yk T fea(Vk) t+ 2 t+r1 Iy «

wheref o (X; ) = f (X) and g is chosen such th&t) (yi+1 )ka by Newton's
method with regularization and max iteration

9: Set:xx  yk[1:d],sk yk[d+1:1]

10: end for

11: Output: fxk g,
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Algorithm 3 Constrained HMC (CHMC) with slack variables [19, 20]

1: Input: initial positionxg 2 , step size t, number of stepK , potentialf , constraints

fhighl, fg g} -1 , projection iterations , tolerance , regularization , friction
2: Output: sample trajectoryxx g-,

. Initialize slack variableso; " maxt 2g; (Xo0); 0gforj 2 [I]
: Setthe extended statg&  (So:1;::5S01) 2 R\, Yo (Xo0;S0:1;::; So;) 2 RI*!
Sample momentumpy N (O; 14+) such thar J(yo)po =0
fork=0;:::;K 1do
Draw i; k+1=2 N (0;1g+1)
Compute the augmented constraint vector:

NGO R®

J(Yk) = ha(xk)i:::shm (Xi); gr(Xk) + %sﬁ;l;:::;g|(xk)+ %SE” T

9: Midpoint Euler step:

t p
Pesr=a = P (P + Pr+1=a) + t o+ IV ke1=a

such thatr J(yk)pk+1=4 =0
10: Verlet step - (1)

t
Perr=2 = Prri=a T fext (Vi) + T I(Vk)T ke1=2

Yk+1 = Ykt Perr=2 1

such thatkJ (yk+1 )kz by Newton's method with regularizationand max iteration
11 Verlet step - (2}
t
Pesa=a = P2 S f fext (Vo1 )+ 1 I(Yi+1) k+3=4

such that J(Yk+1 )" Pxsg=a =0
12: Midpoint Euler step:

t p—
Pst = Preg=a (Px+3=4 + Pr+1) + toker + 1 I(Yke1) k+1
suchthatr J(yk+1 )" pxsz =0
13: Set:xx  Yk[l:d,sk yk[d+1:1]
14: end for
15: Output: kagfzo
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Algorithm 4 Constrained generalized HMC (CGHMC) with MH correction [19, 21]

1: Input: initial positionxg 2 , step size t, number of stepK , potentialf , equality constraints
fhigl,,fg g} -1 , projection iterations , tolerance , regularization , friction
2: Output: sample trajectoryxxg-,

3: Sample momenturmpy N (0; 14) such that J(Xo)po =0
4: fork=0;:::;K 1ldo

Midpoint Euler step:

t p—
Pest=a = P - (Px + Pr+1=a) + t o+ I ke1=a

such thatr J(Xx)px+1=4 =0
8:  Compute the Hamiltoniartd (Xi; Pt =a) = f (Xk) + SKPcs1 =ak3
9: Verlet step - (1)
t
Pst=2 = Prr=a Sf f)+ 1 I’ k=2

Xk+1 = Xk + Prer=2 ¢

such thatkJ (xx+1 ) k1 by Newton's method with regularizationand max iterationk
10: Verlet step - (2)
t
Peeg=a = Pai=2 5 f fOtker )+ 1 J(%ke1) k4324

such that J(%x+1 )" Prig=4 =0
11:  Compute the Hamiltoniar (%y+1 ; Pera=a) = f (%is1 ) + FKPis3 =ak3
12: Metropolis-Hasting Correction: With probability
min exp  (H(%k+1:Pez=a) H(Xk;Prs1=4)) 31
set
(Xi+1 3 Per 2) = (Kwn 1P+ 2)5 i 90%1) O

Otherwise, reject and ip momentuiXy+1 ; Py %) = (Xk;  Pes %)
13: Midpoint Euler step:

t p—
st = Pres=a (Pc+z =4 + Pr+1) + toer + 1 IJ(Xk+1) ket

suchthatr J(Xx+1 )" p+r =0
14: end for
15: Output: fx, g,
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C Proof of Basic Properties on

C.1 Intrinsic Gradient on

Recall that our target manifold isde ned by :=  x2 R%jh(x)=0;g(x) 0 .Forasmooth
functionf : ! R, the Riemannian gradient f is de ned by the relation

hr f(x);vi = dx(v); foreveryv2 Ty

To check ( x)r f(x) = r f(x), observe that( x)r f(x) 2 Tx and ( x)r f(x) reproduces
dx on every tangent vector. This is because 8 T, , h( x)r f (x);vi = hrf (x); ( x)vi =
hr f (x);vi = dx(v) due to the symmetric nature ¢f x). Therefore, the intrinsic gradient on
can be extrinsically de ned by f(x) = ( x)r f (x).

C.2 Intrinsic Divergence on

Recall that ifX 2 X () Where)ﬁ:() is a set of smooth vector elds on, then the divergence of

on isde nedbydiv X (x)= ?zl(m”'xj)hr g, X;Eii wherer is Levi-Civita connection on
and Ej;:Eqg (m+ji,j) isan orthonormal frame df, . To check its extrinsic formula, rst

observe that the induced Levi-Civita connection is givem RyX (x) := (r v X)> = ( xX)r y X(x)

whereX;Y 2 X () ,> indicates tangential component onandr is the Levi-Civita connection

(or usual directional gradient) RY. Then, ifX and Ei;::Eq4 (m+1,) areextended to the ambient

spaceRY, it holds that

d (R+ilxi) d (g+ilx)
div X = hregXEji= h r XEi;Eji = Tr( r X)
i=1 i=1
where the last equation is obtained by taking a bakis; ::Eq (m+ji,j); 15 me+ji,; Of R4 with
1;% me+ji,j beingthe orthonormal basis 0Ty ) ? , and applying the de nition of trace.

C.3 Recoverable Tubular Neighborhood of Boundaryless Riemannian Manifold

LetU () = x 2 RYjdist(x; ) < be a tubular neighborhood of with reach , whose
existence is guaranteed by the compactness [#0]. In the proof of Theorem 1, we require a
property that enables us to recover the unigueU () suchthaly = (x) andh(x) = p, given
the information ofy 2 andp2 R™.

The following theorem indicates the existence of such a nice neighborhooga¢h that anyk
in this neighborhood can be recovered from the informatioy; pf In addition to this, we need
a regularity lemma to connect the decreaskhdfi)k, with the decrease dafist(x; ) , which is a
crucial property to show the convergence of Wig distance.

Lemma C.1 (Regularity lemma) Assumér 2 C? and LICQ condition is satis ed on . Then,
there exist constants > 0 such that for allx 2 Ua() U()

kh(x)ka kx (X)kz
where = Iminy,  min (r h(y)) > O.
Proof. For eachy 2 , r h(y) has full rank by the LICQ condition, so its smallest singular value

y := min(r h(y)) > 0. Since, anyx 2 U () can be decomposed into= y + v for some
y2 ;v2Ny():=( Ty) ?, Taylors theorem gives

h(x) = h(y + v) = r h(y)v+ Ry(v)

where the norm of the remainder tefRy (v) is bounded above biRy (v)k> %M kvkZ for
M :=supy,y.() kr 2h(y)ks < 1 . Hence,

kh(x)ka = kh(y + v)ko kr h(y)vka k Ry(v)kz yKkvka %M kvk3:
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Furthermore, because2 C? andy 7! min (r h(y)) is a continuous function on, the compactness
of impliesthere exists = miny>  min (r h(y)) > 0. Also, choos® < * such thai ~
Then whenevex 2 Un() so thatkvk, < # we get

kh(x)kz kvk, %M kvks  ( %MA)kag Ekvkz = Ekx (X)ka:
O

Lemma C.1 shows that an upper boundkifx)k, yields an upper bound dix (x)k2; however,
this guarantee holds only oneehas entered)~. Therefore, to ensure thatindeed enterga
wheneveikh(x)k; is suf ciently small, we appeal to Lemma C.2.

Lemma C.2(Entrance cutoff ofJ~() interms ofkh(x)ky). Assuméh is continuous and coercive,
i.e. kh(x)ko 'l whenevekxk, ! 1 . Then, there exists > 0 such thatist(x; ) < ~if
kh(x)ko <  where”> 0is the constant de ned in Lemma C.1.

Proof. First, we show thah is a proper map. Le€ be a compact set iR™ so that it is closed

and bounded. Therh %(C) is closed becausk is continuous. Also, suppose *(C) were
unbounded so that there is a sequeinqeg, , 2 h 1(C) with kxkk, !' 1. Then, by coercivity

of h, kh(xyx)k2 ' 1 while everyh(xy) lies in C, which is bounded and leads to a contradiction.
Thereforeh 1(C) is bounded and closed and therefore is compact by the Heine-Borel theorem. This
provesh is a proper map.

Now, de ne aseS: := x 2 RYj dis(x; ) A and assum@fy, s . kh(x)kz, = 0. In this case,

there must be a sequenteg,,, S with kh(xk)kz ! 0. This impliesxx 2 h (B (0;1))

for 8k K for someK 2 N. Sinceh (B(0;1)) is a compact set, there is a subsequence
Xk, of fxxg converging to some& from the Bolzano-Weierstrass theorem. Subsequently, the

continuity ofh impliesh(x ) =lim ji;  h(x,,) =0 andx 2 . However, becauss is closed

and everyxy, 2 Ss, it should satisfyx 2 S+) dist(x ;) A, which is a contradiction that

X 2 , dist(x; ) = 0 . Therefore, :=infyos.kh(x)k, > 0 holds anddist(x; ) < ~if
kh(x)k, < . O
Theorem C.1(Recoverable tubular neighborhood)et := x2 RYjh(x)=0 be acompact
and boundaryless Riemannian manifold with LICQ condition. Then, there existogerable
tubular neighborhoodof ~ with width , 0 ():=  x 2 R%jkh(x)k; < Ur() for some
> 0such that
1. The nearest-point projection map: 0 () ! ; (x) = argmin, kx ykp is
well-de ned.

2. The following recovery magy; p) is well-de ned

y;ip: B )! 00 ; mp=y+rhy)'Ly;p (1)
wherelL : B(0; ) !' R™ is theC?! function such thah( (y;p)) = p and
((y;p)=y for8(y;p2  B(O; ).

In this case, we refer td) () as therecoverable tubular neighborhoodf

Proof. De ne F((y;p);L) : R@m™*m 1 RM by F((y;p);L) = h(y+ r h(y)"L) p. Then, for
eachy 2, F((y;0);0) = h(y) 0=0. Also,r (F((y;p);L) = r h(y+ r h(y)"L)r h(y)"
impliesr | F((y;0);0) = r h(y)r h(y)", which is invertible due to full rank assumptionoh(y).

Therefore, by the implicit function theorem, there exisjs > 0 and an open set), :=
f(y%pd 2 R™jd (y;y9 < y;kpke < yg R% ™ such that there exists a uniq@é func-
tionL : Uy, ! R™ satisfyingL (y; 0) = 0 andF ((y;p);L(y;p)) =0 for 8(y;p) 2 Uy.

Now, observe thaf y, Uy is the open cover of f 0g, which is a compact set. Therefore,
using its nite subcovers, we can pic’k> 0 such that for8y 2 andkpk, < " L(y;p) is
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well-de ned C* function on B(0;") and the recovery map(y;p) : B(;") ! RY,
(y:p)= y+ r h(y)TL(y;p) is also well-de ned andC* on B(0; ") such thah( (y;p)) = p
holds (fromF ((y; p); L(y; ) = 0).
n 0
Finally, setting = min " (where the constant comes from Lemma C.2) ard () :=
x 2 R4 jkh(x)ks < U~() enables the well-de ned nearest-point projection mapn

0 () . Byapplying to (y;p), we recover the formula( (y;p)) = (y+r h(y)"L(y;p)) =
y; 8(y;p) 2 B(O; ). O

C.4 Recoverable Tubular Neighborhood of Riemannian Manifold with Boundary

The following results generalize the proceeding lemmas and theorems by incorporating inequality
constraints alongside the equality constraints.

Lemma C.3(Regularity lemma with boundary)Let = x 2 RYjh(x)=0;g(x) 0 .As-
sumeh; g 2 C2? and LICQ condition is satis ed on . Then, there exist constarffs> 0 such
that for all x 2 Ua() U ()

khOOkz + kg, (0kz  kx (ke

where = iming, mn rh(y)";rg,(y)" >0

Proof. For every subsdt  [l], consider | := fy2 jly,=1g. Thenfory2 ,r Ji(y):=
[r h(y)T;r g (y)T]" 2 R(M*i1) d has full rank due to the LICQ condition, so its smallest singular

value | = min(r Ji(y)) > 0. Becausey 7! | is continuous on |, we also have :=
lmi“n] iznf 'y > 0 by Lemma C.4. Also, since angy2 U () can be decomposed into= y + v for
ye

somey 2 ;v 2 Ny() , Taylor's theorem gives
h(x) = h(y+v)=r h(y)v+ Rn(v); a,(x)= a,(y+Vv)=rag,(y)V+ Rg(v)
where the norm of the remainder terRy(v); Rg(v) is bounded above bkRh(v)ko

M kvk3; kRg(V)kz M kvks for M = Zgnua>(<) kr 2h(z)kz; kr ?g(z)ka < 1 . Now, we

setw = r J(y)v, which satis eskwk; kvk, by the de nition of . Then, we observe

()
kKh(x)kz + kg, (X)k2 = kwkz  kwkz k h(x)kz k g, (X)k2 kvkz M kvk3
where( ) comes from the following observation:
kwky  (kh(x)kz + kgi, (X)k2) k wka k [h()T;0, () TTka k w  [h(x)";9, ()] ke
= KRn(V)T;Rg(V)T]"ka k Rn(V)kz + kRg(V)ka
M kvka:

Now, choose smal < » suchthaM” 5. Then whenevex 2 U~() so thatkvk; < 7, we
get
kh(x)kz + kg ,, (X)kz Ekvkz = Ekx (xX)kz:

O
Lemma C.4. For every subset  [I], consider | := fy2 jl,=1g Fory 2 |, de-
ner Ji(y) == [rh(y);rg(y)']" 2 RMID dand | ==, (r Ji(y)) > 0. Then,
inf >', > 0holds.
y2
Proof. Suppose i2nf >', = 0, then there exists a sequenge 2 | with nin (r J; (yk)) !
yz

0. Because is compact, the sequence has a subsequengg obnverging toy 2 by
Bolzano—Weierstrass theorem. In this case, there are two possibilities:
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1. Whenly, =1, min (J1 (y )) > 0by LICQ, contradicting the assumptio'gnf =0.
Yz

|

y

2. Whenly = 1 [ K for some non-empty sé¢ [11, the LICQ condition implies
rdigk(y) = [rh(y)5ra(y) ;roa(y)]" has afull rank, thereby, imposing

r J; (y ) to have full rank. This again imp|i6$2’lf {, > 0, a contradiction.
yz

Note thatly, does not deactivate already activated inequality ird2x . This is becausg; (yx) = 0
for 8i 2 | and continuity ofg; impliesg; (y ) = 0. Thus, the previous argument on two possibilities
completes the proof. O

Lemma C.5 (Entrance cutoff ofU.() in terms of kh(x)k, and g(x)). Let :=
x2RYjh(x)=0;g(x) O .Assumé;qg are continuous and is coercive, i.ekh(x)ks !
whenevekxk, ! 1 . Then, there exists > 0 such thatdist(x; ) < ~if kh(x)k, < and

g(x) < fori 2 [l], where®> 0Qis de ned in Lemma C.3.

Proof. Dene S» := x 2 RYj dist(x; ) A and let (x) := max fkh(x)kz; g1 (x);:::59(x)g.
Assumenf,,s. (x)=0. Inthis case, there must be a sequeinagy,,,, S~ with kh(xx)ko ! 0
andg; (xk) (xk) ! Ofor8i 2 [l].

This impliesxx 2 h 1(B(0;1)); 8k K and for some&< 2 N. Sinceh 1(B(0;1)) is a compact
set due to the propernessto{Lemma C.2), there exists a subsequencg of f xx g converging
to somex from the Bolzano-Weierstrass theorem. Subsequently, the continutyioplies
h(x )=limji1 h(xg)=0;g(x) 0;8i2 [l], thereforex 2

However, becaus8s is closed and everyy 2 S», it should satisfyx 2 Sa) dist(x ;) N
which is a contradiction that 2, dist(x; ) =0 . Therefore, :=inf,,s, (X) > 0holds
and disfx; ) < 7if (x) <

Theorem C.2 (Recoverable tubular neighborhood with boundary) Let =
x2RYjh(x)=0;9(x) O be a compact Riemannian manifold with boundary. As-
sume LICQ condition on. Then, there exists @ecoverable tubular neighborhoodf with

width ,0 ():= x2 RYjkh(x)kz < ;g (x) < Us() forsome > O such that
1. The nearest-point projection map: O () ! ; (x) = argmin, kx ykp is
well-de ned.

2. The following recovery mag(y; p;q, ) is well-de ned

(v;pa,):  Bm(0; ) Bjij0 ) 0(); (v;pa,)=y+r Iy Ly;p;a,)
wherely is the index set of active inequalitiesat2 , J(y) := [h(y); g, (Y)] 2
R™ I, andL : Bm(0; ) Bj,j(0; )! RM™*ilvis the function such that
a( (yipia,))=g; i2ly
G( (yipa,)) <0 121y

8(y;p;q,) 2 Bm(0; ) Bj.yj(O; ). Furthermore, whery 2 int() ,L = L(y;p)
isaC? functionon By, (0; ).

h( (y;p;a,)) = p; (y;pia,)=y

Proof. Letus rstde neF((y;p;q,);L) : RE@m*ilyirtm+ily) p RM*ibvi F((y;p;q,);iL):
hy+rJ(y)"L) pig,(y+rJd()'L) g, 2 R™IY and consider the stratum,
fy2 jly = I gforeach subsdt of inequality indices.

Then fory 2 |, we observe thaf ((y;0;0);0) = 0 andr | F((y;0;0);0) = r J(y)r J(y)"
which is invertible by the LICQ condition. Therefore, the implicit function theorem ensures the ex-
istence of y >0,Uy == (Y%p%g”)2 1 R™ R'jd (y;¥9< yikpke < yikPka <
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such that there exists a uniqg@ mapL : Uy ! R™*1 satisfyingF ((y; p;q);1(y;p;q)) =
0; 8(y;p;q) 2 Uy.

Now, observe thaf > | Uy is the open cover of | f Og, f Og,, which is a compact set.
Therefore, using the nite subcovers of , we can pick’\| > OsuchthatfoBy 2 |, kpk, < A,
andkg ko < N, L(y;p;q) is well-de nedC* functionon | By, (0; A|) Bji;(0; A.) and the
recovery map (y;p;q):  Bm(0;") Bji;(0;)! R (yipig)=y+r I(y) L(yip:q)
is also well-de nedC! mapon |  Bn(0;")) Bji;(0; ") such thath( (y;p;q)) = p and
Gi( (y;p;a)) = g fori 2 1, which comes from the properfy(y; p;q);I(y;p;d)) = 0.
Furthermore, from the continuity of;i 2 |, there exists, > 0 such thag;(z) | forallz 2
B(y; 1) andthe compactnessOf() givesG-Lipsghitzness ofi onU~() foralli 2 [I], for sorge
G > 0. Also, we recall that. (y;p;q) isC*mapon (y;p;q)jy2 ;kpko< " ;kgks <’
with L(y;0;0)=0.

Hepce, the Taylor expansionbfy; p; g ) with hpundedness & L (y; p; g )ka; kr  L(y; p;q)kz
on (y;p;q)jy2 1:kpk.< “\:kgks,< " andboundedness &f J(y)k, on gives

KL(y;p;q)k  Ci(kpko+ kg ko) ) kr J(y)TL(y;p;g)ke  CP(kpkz + kg ko)
n (0]

" ac’e concludes that whenevépk, <

for someC, ;CP > 0. Then, choosing; := min
7 kg ke < 7, the inequality

a( (ipia) = aly+rIMTLy:pa) g+ Gk IWLEipalke 5 <0
n 0
holds for alli 2 I. Finally, setting = min  min, p;7; (where the constant comes from
Lemma C.5)and) () := x 2 RYjkh(x)ks < ; kg(x)ks < U~() enable well-de ned

nearest-point projection mapon 0 () . By applying to (Yy;p;g,), we recover the formula
((ipa,)= (y+rIMTIy:p;a,)=y; 8y;pa,)2  Bm(0; ) B0 ). O

D Construction of SDE with Exponentially Fast Decaying Constraints
Proposition 1 (Construction of OLLA and its closed form SDE)Consider the following SDE:
dX¢ = g(X¢)dt + Q(X)dW, (12)

where

. P Qr h; =0; 8i 2 [m];
= k 2 k2 st ! .
Q %rgg]”l Qks s Qrg =0; 8 2 Iy:

. rhlg+ 3Tr r 2hiQQT + h; =0; 8i 2 [m];
:=argminkg+ r fk3 s.t : 2 : ' : . ’
e e rgTg+ i r26QQT + (g + )=0;8 21,

Then, there exists a closed form SDE®2) given by:

dX, [( X)r f(X)+ rIX)TG Y(X)I(X)dt + H(X)dt + pi( X); (Ito)
dX¢ = [( XOr f(X)+ rIX)TG H(X)I(X)]dt + pé( Xi) dW; (Strato.)

where denotes the Stratonovich integral and
Hi=1r J'G*'Tr?h ;uTrr?h, Trrg, unTrr’g,

is the related Ito-Stratonovich correction, or mean curvaturexf RYj h(x)=0;g, (x) =0 .

Proof. Dene J(x) :=[h(x)";g" + 1j, ;1" 2 R™* " andr J(x):=[r h(x)";r g, (X)"T]" 2
R(M*ix) d Then, the Lagrangian function associated with the optimization proble@ f@comes
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L(Q;) := kp 2l Qk2+Tr TrJQ where 2 R(M*ilx) dis a Lagrangian multiplier.

Then, the stationarity condition with respectQaives

@L p_ T 1

- — = + = —

0 2020 Q) rJ ) Q 2l 5
Also, the constraint condition implies

0:QrJT:(p§I %TrJ)rJT ) T:zpérJT(rJrJT) L

Y_yrlerer Jr J7 is invertible due to the LICQ condition. Therefore, we get optiQaE :=
21 r JT(rJrJd7) r J . Fortheqpart, we set

bi= 2 T r%MmQQT + hymiTr r2g, QQT + (g, + )

and the associated Lagrangian functiao; ) := kg+r f (x)k?+ T(r Jg+ b with 2 R™*ilxi
being an Lagrangian multiplier. Then, the stationarity with respegtgives

Oz%L:Z(q+rf)+rJT y qgq=r fr J7:

Again, the constraint condition implies
O=rJg+b=1r1 Jrf (rJrd") +b ) =(rJrd") Ybr Jrf]

using the invertibility ofr Jr JT. By plugging this expression iy we recover the optimal :=
rf r J7(rJrJ7) b Therefore, the Ito version of closed form SDE is given by

dXi = [( XOr f(Xo)+r I(X)TG(Xy) h(X)ldt + pi( X)W,

whereG := r Jr JT is the associated Gram matrix. Also, some tensor-calculus computation
(Equation 3.46 in [19]) gives

r 3Gt Trr?hy unTrrthy Teorlg, sunTror g T=r1 (x)(x)

which is the Ito-Stratonovich correction term. Furthermore, applying the techniq@é]i(Remark
3.17), we can recover that this expression is equal to the mean curvaturd (gjrof a manifold
denedby |, = x2RYjh(x)=0;g,(x)=0 . Therefore, we get the following closed form
expression of the SDE:

dX¢ = [( XOr f(X)+ rIX)TG HX)I(X)ldt + H(X)dt + pé( X¢); (Ito)

p_
dX¢ = [( XOr f(X)+ rJIX)TG YX)I(X)dt+ 2 ( Xy) dW; (Strato.)
whereH = r JTG * Tr r?hy ;u;Trr?hy  Tror2g,  unTeor?g) " is the
associated Ito-Stratonovich correction term (or mean curvature term, of O

Lemma 1 (Exponential decay of constraint functionsThe dynamics induced I§§2) satis es the
following properties almost surely f& 2 [m]; 8] 2 Ix,:

hi(X:)= hi(Xo)e '; t O (13)
and 8
3g(X)=  +(g(Xo)+ Je t; ot —p ST
g0 0 1, 800t

withgj (X¢) 0;8t Oforj 2 Ix,, wherel, := fk 2 [I]jg«(x) Ogis the index set of active
inequality constraints.
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Proof. Observe that, for eadh 2 [m], the Stratonovich chain rule implies
h i
p_
dhe(X) = 1 he(Xo)T ( (XOr f(Xo)  rIX)TG HX)I(X)dt+  2( Xy) dw,

Q@ hie(Xe)Tr J(X0)TG H(X)I (Xy)dt

I
[GX)I[G (X0l hj (Xdt= " h ((Xy)dt;
ij =1

where (1) holds due to the facthy (x)T ( x) = 0. By integrating both side with respectttowe
recoverh(Xt) = h(Xo)e ';t 0almostsurely. Repeating the same calculatiorgfdior k 2 1,
we obtain

Ix
dgc(Xy) = [GXO)Ii [G *(X0)]j (g (X)) + ddt= (% (Xe)+ )dt
ij =1
which again recovergg(X:) = +((Xo) + )e '. Furthermore, oncg(X;) O, itis

instantaneously re ected into interior of whenever it hits the bounda@® . Thereforeg; (X;) 0
holds for8t 0;j 2 Ix,. O

E Proof of Theoretical Results - Equality-constraint OLLA

Observe that when the constraints are only equality constraints, the equality-constraint OLLA (3) is
given by

dXi = [( X)r f(Xo)+ 1 h(X)G *(X)h(Xy)]dt + pé( Xt) dWi: (14)

The high-level proof idea of Theorem 1 is to decompose the convergence analysis into two parts: (1)
Convergence dfV, distance between and~, (2) Convergence dfL between~ and where

t; ¢ are the law ofX¢; Yi(:= (Xy)) respectively and is the law of the target distribution, which
satisesd / exp( f(x))d

E.1 Upper Bound of W( ¢; )

Lemma E.1 (Upper bound oMW,( ;~)). Let  be the law ofX; which follows equality-
constrained OLLA (14) anddeng = 1In 1 . Fort to, thelaw~ of Yy := (X;)is
well-de ned and it holds that

Mp .

Wa( ;1) —e (15)

Proof. Fort tg, observe thakX; Yiko = kX; (X¢)kz 1kh(X )k Mhg t by
Lemma C.1 and Lemma 1. Then, by integrating both sides with respect to optimal couplingraf
~, we get

7 () M
Wo( ;) E[KX:e Ykl ERX: Yikg] —e '

where( ) holds by Jensen's inequality. O
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E.2 UpperBound ofKL (~jj )

Lemma E.2 (SDE representation of projected procestpt X ; be the stochastic process following
the SDE: p_
dXt = b(Xt,t)dt+ 2( Xt) th

whereX; 2 0 () ; 8t 0. Then, the stochastic proce¥sde ned byY; = (X;) follows the
SDE below:
p_
dy; = ‘g YoOb(Ye;t)dt+ - 2(Yy) dWe+[r (Xob(Xe;t) r (Ye)b(Ye;t)] dt
+02 (X)X r o (YD) ( Yl dw,

Proof. From the the Stratonovich chain rule, we obsgrve that
dY;=d (X¢) =1 (X)X t)dt+ 2r (X ( Xi) dW;:
This expﬁession can be re-written as follows

dYe= 1 (YOBYGOdE+ D2 (V) (Y dWe +[r (XobXet) r o (Y)B(Yet)] dt

+ph2[r ()X T (WYL aw

= (Yt)b(Yt;t)dt+p§( Yo dWe +[r (XObXet) 1o (Y)Yt dt

P20 xo(X0 T (Y dw,
where( ) holds because (y)= ( y), ( y)2= ( y) (idempotent)fo8y 2 andY;2 . O

Corollary E.1 (SDE representation of projected process from equality-constrained OLL&{)X ;

be the stochastic process following equality-constrained OLLA (14). Then, fap(:= LIn %),

the projected procesg := (X;) follows the following SDE:
p_
dYe =[ ( Yor f(Y)+ by (Y t)dt+ 2( Y)( + An(Yi5t)  dW

wherekby (Yi;t)ko = Cpoe ' kAN (Yit)k = Caye ' fort 0 almost surely for some
constantCp, ; Ca, = CeaMn 5 0 with C., being the Lipschitz constant of (x) ( x) on

0()

Proof. By applying Lemma E.2 to the SDE (14), it holds that
d¥i = (YO ndt+ 2(Y) dWe+[r (X)bXyt) 1o (Y)b(Y;t]dt
+02fr (X (X)) r (YO ( Yl dw,

for b(x;t) = b(x) := r(x)rf(x)+ rhx)TG *(x)h(x) . By using Lemma 1, Theo-
rem C.1, we can seX; = (Y¢;h(Xo)e ') where : R™ 1 0 () isthe recovery map.
Now, sinceX;Y; 2 O () and the closure df () is compacty (x)b(x) andr (x)( X) is
C.,:C., -Lipschitz on0 () , respectively for som€, ,;C., > 0. Therefore, it holds that

KDy (YiDke  CLk (%ih(Xole ©) Yk, CteliXoeq o CuMng

whereby (Yi;t) == 1 ( (Y;;h(Xo)e Y)b( (Yi;h(Xo)e ') r (YY) and the second
last inequality comes from Lemma C.1. Similarly, we obtain the bound®@{Y;;t) =
r ( (Yph(Xo)e ') ( (Yi;h(Xo)e ) r (V) (V) as follows:

CLA kh(XO)kZe t CLAMh t

kAN (Yoika  Cr k (Yo h(Xo)e ') Yiko e
Finally, we complete the proof by settir@,, = CrpMn ;Cay = CaMi and observing that
ro x)=( (x)r (x)for8x2 0 () ,whichimpliesAy (Y;;t) = ( Y)AN (Yi;t). O

The following theorem is a Fokker-Planck equation of a Stratonovich SDE de ned on a Riemannian
manifold. We will rely on this theorem to describe the time derivative;of
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Theorem E.1(Fokker-Planck equation on Riemannian manifdd,[52]). LetX; 2 bea
stochastic process following the SDE:

xd
dX; = Vodt+ V¢ dBf;
k=1
whereVy; Vi are smooth vector elds on for eachk 2 [d] and Bf are kth components of

Brownian motiorB;. Then, the law; of the stochastic process; satis es the following Fokker-
Planck equation:

1 X
@:= dv (V)+ 5 div(div (M)W
k=1

Lemma E.3 (Upper bound oKL (~jj )). Assume that satis es the LSI condition with
constant |g. LetX; be the stochastic process following equality-constrained OLLA (14)-and
be the law ofY; := (X;) aftert teygte:=max LIn; 1In(Cs) . Then,for 62 g, the

following non-asymptotic convergence ratekdf (~jj ) can be obtained as follows
- 2 |_S|C5 t - -
KL (=i ) exp 2 st ted ———(e e ") [KL (=i )
Z t
+Ce exp 2 (s tet

teut

In particular, if > 2 g, it becomes

L etts LSIC5(e S e ey e Sdg

2 LSICS(e t

KL (=i ) exp 2 st tew e ') [KL (mqdi )+ Ci]

for some constant8s = O(1+ Ca, + CZ );Ce;C7 1= CG%’S‘

> 0.

Proof. By Theorem E.1, Corollary E.1, and the choicerof = r In , we know that the
projected procesy; is given by
p_
dY;=[ (YO)r f(Y)+ by (Y )ldt+ 2( Y)( + Ax (Y1) dW,
and its associated Fokker-Planck equation can be written as follows:

xd
@<= div (=(r In  +by)+ div (div (=(fx+ (Fc+ «)

k=1
wheref, = e; « = Apne, ande is kth standard basis vector f&“. Now observe the
following equations:
Z Z Z
@KL (~jj )= @I + d +@ ~d = @i - d
z" xd #
. . . ~t
= div (xr In )+ div (div (=f)fxk) In — d
| < {2 }
7 Term (1)
+ [ div (xb)ln = d
| {z }
Term (2)
Z x
+ [div (div (= e+ div (=fi) c+div (= ) «ln -~ d
f= {z }

Term (3)
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Analysis of Term (1) - induced by the main SDE From integration by parts, we obtain

Z Z
T . x . S
Term (1)= ~hr In ;r In — id div (fi)hf;r In — id
k=1
Z - xd Z -
= ~hr In ;r In — id hr ~;fgihf;r In — id
k=1
Z
~div (Fcr In 4 id
“Z z
@) ~hr In ;r In 2 id ~hr In~;r In 2 id
Z
= ~kr In 2 Kd = 1 (= )

where(4 ) holds using Lemma E.4 (the third term = 0) and the fact that In~ =r ~.

Analysis of Term (2) - induced by the noise drift by. Again, using the integration by
parts, we obszerve that

z
jTerm 2j = div (b)) —+ d =  ~Hy;r In L id
z z
1 t ~t
~kby kokr In — kod Ch € ~ 1 kr In — kyd
z
) Co, 1 ~ ) Cou ot
Che '~ 4+CbN|<r n — kX d =e 'l (~j )+%et,

where( ) inequality holds using the AM-GM inequality.

Analysis of Term (3) - induced by noise diffusionAy . To analyze Term (3), we apply
integration by parts and the chain rule of the divergencedie.,(~ax) = hr ~;aki +~div (ax)
for a vector elday on

x Z x Z
. 1 . . 1 .
Term (3)= ~hdiv ) xr In — id ~hdiv )feyr In — id
k=1 k=1
x Z x Z
~h(div fg) x;r In 2 id hr ~; gihfi;r In 2 id
k=1 k=1
xi Z xi Z
hr ~feihr In — id hr ~; «ih r In —& id
k=1 P P k=1 P
Now, note that ol = Ay, L fkd = AL Land [ k= ANA]
Then it holds that
xd Z Z
hr = «ihficr In —~ id =~ In=)T Av(r In —+)d
k=1
z
Caye ' ~kr In~kkr In -1 kud
z
() ¢ . ¢ ~
Caye "I (wjj )+ Ca,Cse ~kr In — kyd
z
()
Caye 'l (mji )+ CayCse '~ %+Cikr n —+ Kk d
3
2
2Cace U1 () )+ PuSe

4 ’
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whereCs ;= maxyx, kr In k; < 1 by compactness of, and( ) holds using the triangle
inequality; kr  In~k, kr In = ko + kr In  Kks. Also, ( ) comes from the AM-GM
inequality. By following the same reasoning, the following inequalities are obtained:

x Z 2
hr ~feihr In % id 2Ca e U1 (mii )+ CAZCSe t
k=1
z
c2 c?
hr ~; «ih;r In —* id 2C2 e 2U1 (~ji )+ AZ S 2t
k=1
2 C2
2CE, e 1 (i )+ Py Te
Next, we observe that the following terms decay exponentially fast :
xd Z Z
~hdiv (f) ;r In - id <k div (i) kkokr In —4 kod
k=1 k=1
( )Z
~+k Ankokdiv () kekr  In - kod
z
CayCse ' =1 kr In & kod
z
Ca, Cs 1 ~
Ca, Cse R CANC4kr n —+ K& d
c2 cz
e ' (ni )+ e

P
whereC4 :=maxy, kdiv (( x))ko < 1 ,( ) holds because E=1 div (fy) xk=div () T Ay
oncediv () isgivenby(div ) ¢ := div (f) for eachk 2 [d]. Similarly, we obtain the following
bound by using LemmaE.5:

xi 2 z
~Hiv ()ficr In L id ~+k kokdiv( An)kokr In b kd
k=1 7
LemE: 5 2‘
ewe U wkr 0 L ked e "l (=i )+ Lf{ve t
and
xi Z z
~hdiv () Gr In L id ~k Ankokdiv( An)kokr In L kd
k=
LerrTE:S z 2 ~2
Caiv Cay € 2t ~kr In 2 kd e U] (=ii )+ %e t;

wherediv ( Ay ) is similarly de ned by(div = Ay )k := div ( k) for eachk 2 [d].
Applying Gronwall-type inequality . By summing all the bounds, we arrive at

LsI
@KL (~=jj ) 2 s Cse ")KL (mji )+ Cee '

. c? C c2 c2 c? c? c? 2 c2 c?
— 2 . by An L3 AN ~3 AN 4 Cg div “Ay
Wltl C5 — (4+4 CAN +2 CQ N ), C6 — 2 + 7 + 4 + Z + —4" + —

Therefore, the Gronwall-type inequality gives fof t g tey ;= max  L1n ; 11In(Cs) :

218050t o tey KL (v )

KL (=] ) exp 2 si(t tew)
Z,
+ Cs exp 2 (si(s tew)t

teut

2 LSIC5(e S e ta) e S(g]:
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In particular, if > 2 g, it holds that
2 1siCs

KL (=] ) exp 2 si(t  tew (e ' e ') [KL (mu.i )+ C7l

whereC, := % from the fact that
exp 2 1sis ta)t —> (e * e '®) e Sds  exp2 isi(s ta))e °ds

teut teut

etcut
= ——<1:
2 Lsi

O

Lemma E.4. Letffkgﬂ:1 be a set of vectors de ned By = ( x)ex, where ( x) is the
orthogonal projector ontd, ande is thekth standard basis vector &Y. Then, it holds that

(div fi)fx =0:
k=1
Proof. Recalling that ( x) = | r h(xX)"(r h(x)r h(x)T) *r h(x), we dene N(x) =
r h(x)T(r h(x)r h(x)T) z 2 RY M sothatN (X)TN(x) = Impand ( x) = I  NNX)T.

If we let the columns oN (x) to bef ni(x);:::; nm (X)g, then these produce an orthonormal basis
of Ny . This is becausém(N (x)) = Im(r h(x)") (from the invertibility (r h(x)r h(x)T) %)

impliesfny(x); :::nm (X)g spanN,  andN (x)T N (x) = | guarantees the orthonormality.
Next, we de ne a vector eldF(x) by F(x) = ( x)div (( x)) where (div ( X))k

dip gk(x)) for eachk 2 [d]. With this de nition, we havediv = div (NNT)
vep div (ngnl). Now observe that for 2 [d],

xd xd
(div (nkng))i = Tr 1 ((nkng))) = i @(nkng )i = [ i @ning +  j Nk @ni]
=1 5]

xd
= (div n)ng + Nk ) § @n = (div ng)ng
j:1 f—gg—}

whereny, is thelth component of. From this fact, we have the following result:
xd xd
div = div (ngn}) = (div ng)ng ) F= div ()=0 :

k=1 k=1

P
Finally, the de nition of F gives ‘kal div (fx)fx = F, which is zero by the above argument

Lemma E.5. Let ~ be the law of the projected proce¥sof X, whereX; follows equality-
constrained OLLA. De ney (t;x) := ( x)Ay (X;t)ec and denotadiv ( Ay ) as a vector irR¢
such that(div Ay )k := div ( k) for eachk 2 [d]. Then, it holds almost surely

kdiv (( Y)An (Yi;t)ke  Cave !

fort to(:= XIn 1) andsome constaigy, > O.

Proof. First, for eachk 2 [d], observethat  =r ( y)An(Y;t)ex + ( y)r Ay (y;t)e and

div («(y)) = I"f(( y)r ({;)AN (y;t)ng"' il'r(( y)r {A\7N (y;t)ek; (16)

Term (1) Term (2)
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where, for a matrix-valued functidB(y), r G(y) is the third-order tensor de ned iy Gj (y))ik =
@g}iy(y) fori;j;k 2 [d], and the gradient is taken ovey.

For the Term (1), we know that whegn= Y;;t to,
jiTerm (1) k (r ) Avedke k (r )( Anedke KikAyek:, KiCaye ' as:
whereK 1 :=supy, k=1 KI ( Y)Vke < 1.

For the Term (2), recall thay (y;t) ;= 1 ( (y;h(Xo)e ) ( (y;h(Xo)e P) r (W(Y)
conditionally onXg, from Corollary E.1. For the notational convenience, we de Ifg;t) :=
(y;h(Xo)e ). Then, it follows that

FANGY;D =12 () () o)+ (o (e ()
rE2meyyr or(y)
2 ) DC D+ (o ( Gor (o 1)
+r2 ()0 ) T 2 MmN+ (o C o) oo (y):
At this moment, from the recovery magn Theorem C.1, the integral form of the remainder gives
ke (yit) Tke=kr ((y;p)  (v;0)kz=kry (yip) r y (yiOka Kazkpks;
wherep := h(Xp)e ', Ky := SUP(y:py2 B KM ply (YsP)ka< 1.

By combining these results with the previous expressian Af; (y;t), we get
kr An (Yt;t)kz D4e t

for someD, > 0, using the boundednesskif 2 ky;kr  ky;kr  k, on 0 , the Lipschitzness of
(r2) ,r r on0,andthe contraction & (Y;;t) Yk, Mee t . Finally, wheny = Y;,
we get the following upper bound of Term (2) by applying the previous result:

(op—— -
jiTerm (2) k r Ayeke pd mkr Ay ecks = pd mDse ' = Dse ' as:

here( ) comes from the fact th&k( y)k2 = Tr(( y)) = rankK( y)) = d m andDs :=

d mDy. Therefore, by combining results for Term (1) and Term (2), we obtain
v
idi i t i ﬁ)@ i t
jdiv. («(M))j Dee ) kodiv (( Y)AN (Yiit)ke = (div (k(\)))? Dve
k=1

fort toandDg := K1Ca, *+ D5;D7 = paDG. Because the nal result holds without any
dependency oKX g, the result holds almost surely without conditioningXg. O
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Lemma E.6 (LS| implies Talagrand inequalitylB, 53, 19]). For the probability measures
de ned on a smooth complete Riemannian manifoldie ne theW, distance betweenand in

by 7 ,
Wp (i )= inf d (p;d)? (dp;dd
where ( ; ) denotes the set of coupling probability measures of, andd denotes the geodesic
distance on so that forp;q2
( z, )
d (p;0) :=inf k_(kidt j 2CY[0;1]); (0)=p; (1)=q
0

(N

with k kg being the induced metric on. Then, the probability is said to satisfy the Talagrand
inequality(T) with constant + >0 if for all probability measures with , it holds that
r

W, (; ) iTKL(,-,- ):

Particularly, if satis es a Logarithmic Sobolev Inequality (LSI) with constapy), then satis es
the Talagrand inequality with constantsg;.

Theorem 1 (Convergence result for equality-constrained OLL/Auppose assumptions (C1)
to (C4) hold. LetX; be the stochastic process following the equality-constrained OLLA (14)
and let ; + be the law ofX; and its projectionY; = (X{) on fort e lap =

max 21In; 1InCs ,respectively. Then, for all tey, it holds that

r—_...
2 )

+ —KL (=] )
LSI

M
Wo( ¢, ) et

where

2 LSICS(e toe teny [KL (=i )

2 1siCs (

KL ("‘IJJ ) exp 2 LSI(t tcut)
z t
+ Cg exp 2 (s te)t

teut

e s e 'wa) e S(g

In particular, if > 2 g, it holds that

2 1siCs

KL (=i ) exp 2 st tew (e ' e ') [KL (=i )+ C7l

LaMn CL,Mn

+

;Cq;Cy = S "™ > gwithC,,

C
for some constant€s = O 1+ e

being the Lipschitz constant bf (x) ( x) on0 () .

Proof. First, observe thad,(p; ) = kp agka d (p;0); 8p;q2 because isthe submanifold
of RY with Euclidean metric. Thusl>(~; ) W, (~; ) holds and we have

Wal i ) Wal )t Walm ) Wal 6 )+ Wy (=) )

Now, recallthat :=  x 2 RYj h(x) =0 is asmooth compact and connected Riemannian mani-
fold. Therefore, it is complete by the Hopf-Rinow theorem. Thus, Lemma E.6 implies
r e E— r e —
Wy (= ) EKL (=i )) Wa(; ) Wo( )+ EKL (=i )

Hence, we conclude the proof by borrowing the results of Lemma E.1 and Lemma E.3 [
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F Proof of Theoretical Results - Inequality-constrained OLLA

In this section, we analyze the non-asymptotic convergence rate of inequality-constrained OLLA.
Note that Proposition 1 gives

dX; = r f(Xy)dt+ pEth; if g(X{) <0
dXy ( Xr f(Xdt  rg G(Xy) Yo, + 1;,)dt+ pé( Xi) dW;; otherwise

as the closed form SDE of inequality-constrained OLLA.

F.1 Convergence Result for Inequality-constrained OLLA

Lemma F.1 (Boundary behavior of; of inequality-constrained OLLA) LetX be the stochastic
process following the inequality-constrained OLLA ande the law ofX ;. Also, denotd; be the

probability current density de ned b@ = r  J. Then, fort  teu, teu:= L1In Me* it

holds that
m(x);Ji(x)i =0; (x)=0; 8x2@;

wheren is the unit normal vector of and g is the surface measure @ .
Proof. From the Fokker-Planck equation of the inequality-constrained OLLA, we know that
1 1 1
Ji=0q+ 5" [QQT 1= ¢q 5" (QQ") EQQTr t

where the last equality comes from the chain rule of the matrix divergence. Then, for gach
j 2 Iy, observe that

xd xd
rg'(r (QQT)= (@g)r (QQ") , = (@g)@QQT )i
k=1 ik =1
2 3
Q) X X T X T 2 T
= @ (QQ)ik @g (QQHk@@g = T r “gQQ

i=1 \(=1 ig } ik =1

holds forx 2 @ , where( ) holds due to the gl Q = 0 condition of Proposition 1 an@? = Q.
Therefore, for each 2 |, we have

: . T — T 1 2 T (4) - .
Wergi=rgde= rga+;TrgQR = (9+ )= t 0

where(4 ) holds from ther g q+ %Tr r 2gQQT + (g+ ) =0 condition of Proposition 1.
Finally, we conclude the proof by observing the following:
z z

@ d z

+

0= — d = roJud = n'Jd @ = d =0;

dt t t @ td @ @ |{ZO} @ ) t
wherengs the outward unit normal vector @ and(+) holds becaussupg ) fort teu
implies td =1fort teu. O
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Theorem 2 (Convergence result for inequality-constrained OLLAYssume that satis es
the LSI condition with constant s;. LetX; be the stochastic process following the inequality-

constrained OLLA and let; be the law ofX;. Then, fort  tey tewe ;= LIn Mot the
following holds
r
2 .
Wo(t; ) —KL (4 )
LSI
where
KL (oji ) e sl KL (i )
Proof. Observe that
z z z
@KL (di )= @i — d +@ d = @l — d
Z Z Z
= r J)ln d = Jrin —+ d njin -4 d
( t) t o E{z_i @
Q) z (4) .
= Jrin L d 20 (i) 2 tsiKL (4f )
where( ) holds due to Lemma F.1 far tg and(4 ) comes fromthe factthdy = r In  (X)
r In ¢ = tr In —+ almost everywhere in. Therefore, we recover the upper bound of
KL ( ¢jj ) by applying the Gronwall-type inequality as follows:
KL (i ) e 2wt fedkl (,j )
Also, we recall that ;= x 2 R%jg(x) 0 isasmooth compact and connected Riemannian
manifold, thereby it is complete by the Hopf-Rinow theorem. Thus, Lemma E.6 implies
r
2 ..
Wo(es ) Wo(r ) —KL (4 ):
LS
Hence, we conclude the proof by applying the previous upper boukd of jj ). O

G Proof of Theoretical Results - Mixed-constrained OLLA

G.1 Upper Bound of Wy( ¢; )

Lemma G.1 (Upper bound ofW( ¢;+)). Lgt « be the law ofX; which follows mixed-
constrained OLLA (12) and deng := max 1In Me* -1|np Mo Fort  ty, the
law ~ of Y; := (X) is well-de ned and it holds that

Wol ) he (17)

Proof. Fort t;, observe that
1

1 M
KXe  (Xi)ko —%kh(xt)kﬁrg. (x{)z(xt)kfﬁ Mg t
=0

by Lemma C.3 and Lemma 1. Then, by integrating both side with respect to optimal coupling of
and~, we get

L0 M
Wo( ;)  EKRX: Yk ©  E[KX: Yik] —te !

where( ) holds by Jensen's inequality. O
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G.2 Upper Bound of KL (~jj )

Corollary G.1 (SDE representation of projected process from mixed-constrained OLLA)
Let Xt be the stochastic prgcess following mixed-constrained O(12). Dene t; :=

max Lin Mt :lin Ma gndassumd, = (X) 2 int() fort t; viathe assumption
(M1). Then, the projected proce¥sfollows the following SDE:

dY; =[  ( YOr f(Y)+ by(Y;t)]dt+ pé( YO + An (Y1) dW;

wherekby (Yi;t)k, = Cpy e ' ;KAN (Yi;t)k = Cay,e ' fort  t; almost surely for some
constantCp, ; Ca, = CeaMn 5 o with C., being the Lipschitz constant of (x) ( x) on

0() .

Proof. By applying Lemma E.2 to the SDE (3), it holds that
p_
dYt:[g Yob(Yetydt+ - 2(Y) dWi +[r  (X)b(X¢;t) 1 (Yo)b(Ye;t)] dt
+02fr (X (X)) r (YO ( Yl dw,

for b(x;t) = b(x) := (x)r f(x)+ rJx)TG (x)I(x) . Now note that (X;) 2 int()
fort t; and the recovery map(Theorem C.2)i€! for (x) 2 int() ,x 2 O () . Therefore, we
canseX; = (Y;;h(Xo)e ') by using Lemma 1 and Theorem C.2. Again, siXgeY; 2 O ()
and the closure d () is compactr (x)b(x) andr (x) ( x)isC.,;Ci, -Lipschitz on0 () ,
respectively for som€y ,; C., > 0. Therefore, it holds that

Kby (Y Dko  CLk (Yoh(Xo)e ') Yikp CreKNXoke oo CLMn

where by (Yi;t) = 1 ( (Yi;h(Xo)e 1) (Ye;h(Xo)e ') r (Y)(Y;) and the last
inequality comes from Lemma C.1. Similarly, we obtain the boundAgf(Y;;t) :=
r ((Y;h(Xo)e “))( (Ye;h(Xo)e ©)) 1 (Vi) ( Vi) as follows:

CLAkh(XO)kZe t CLAMh [

KAn (Yist)ke  Cik (Ye;h(Xo)e ') Yiko ——e

CLth CLAMh

Hence, we complete the proof by setti@g, := 1Cay = and noting that  (x) =
( ))r x)for (x)2int() ;x2 0 () ,whichimpliesAy (Y;;t) = ( Yo)An (Yi;t). O

49



Lemma G.2 (Upper bound oKL (~jj )). Assume that satis es the LSI condition with
constant s . LetX; be the stochastic process folljpwing mixed-constrained OLLA (}2) and

~ bethelawofy; :=  (X.) aftert tegtew:=max Lin Mot ljp Mo - 1ncy) .
Suppose

* (Regularity of ) pi= (x2 RIjh(x)= p;g(x) 0) int() for0< kpky

* (Regularity of@ )  The boundary velocity; of @ ,, satis essup,, g ,kvika  Vkpk, for
someV > 0; > 0. Also, assumM =sup,p,« @ ,(@p)< 1.

* (Boundony; ) Gp:i=sup; gx» t<1 and0<G; Gsforx 2

Then, for 6 2 g, the following non-asymptotic convergence ratekaf (~jj ) can be
obtained as follows

!
2 1sCs

KL (=ji ) exp 2 st tew (e' et
Z,

KL (=l )+ exp 2 s(s  teu) +
teu .

h t i
Cs+ G 4,GsMy, e S+ G4V Mh e S dS]:

|
2 1sCs

(e S e tcut)

In particular, if > 2 g, 1, the inequality becomes
|

%(e t e te) [KL (muii )+ Cr+ Csl

KL (=) ) exp 2 st tew)

for some constant€s = O(1 + Ca, + CﬁN);G4;G5;GG;CB;C7 > 0,andC; = (Cg +
G 4GsMp) "% andCq := (GeV M, ) ==

2 s 2 1s1”

Proof. First, Corollary G.1, and the choice off = r In  gives the following SDE of the
projected procesy; of X fort  teue

dY; =[ ( Yor f(Yy)+ by(Yi;t)]dt+ pé( Yi)(I + An(Yy; 1) dW;

where by (x;t) = 1 ( (xh(Xo)e " )b (x;h(Xo)e ') r ()b(x), Ay(xt) :=
r ( (x;h(Xoe ')( (x;h(Xo)e ') r (x)( x)forx 2 ,conditionally onXg.

Hence, from Corollary G.1, its associated Fokker-Planck equation can be written as follows:

xd
@<= div (=(r In +by)+ div (div (=(fk+ O)(fk+ «)):
k=1

Dening {:= ( x2RYjh(x)= h(Xg)e ';g(x) 0 ) conditionally onX,, we observe

Z
@KL (~jj )= @ ~mh —*+ d
Z ! Z Z
= @< L d + ~ I X 1 hniid @, +@  ~d
| {z p & {z b —fz—)
Term (1) Term (2) =0

where the last equality holds from the Leibniz integral rule wittbeing the velocity vector of the
boundary of ; andn; being the outward unit normal vector @ ;. Therefore, the expression of
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@~ implies that Term (1) becomes

Z xd #
Term (1)= h ~(r In +hy) div (=w(fx + O)(fk+ &) ;r In * id
|- = {z }
" Term (1-1)
Z > #
h~(r In +b) div (=(fc+ O)(fk+ ) In -~ ;nid @,
@ ¢ _
| = {z }
Term (1-2)
by integration by parts, whefg := e; x := An k. Now, we observe that Term (1-1) can be
bounded as

Term(1-1) (1 Cse ')l (~jj )+ Cee !

following the same proof of Lemma E.3 with different constaBis= O(1+ Ca, + CKN );Ce>0
(note that we ignored the integrand@t which is measure zero with respectdo ).

For the analysis of Term (1-2), we rst observe the following fact:

Z

~ G: G:1

In — d Gzmax —; —In —=
®. t @ ¢ 3 e GZ G2 @ 1(@ t)

1 G, G,
GsM max —-; —In — =G
3 e G G, 4
from the assumptions @; := sup; ¢4, < 1,0<G: G3, and the regularity o®

suchthasup, , @ . (@¢) M <1.
Next, from Corollary G.1, we note that the following holds conditionallyXog1

fk)+ k()= ( )0+ An(tx)Dec=r ( (xh(Xo)e ') ( (xh(Xo)e ')e:

Because( (x;h(Xo)e !))e is a tangent vector onx 2 RY j h(x) = h(Xg)e ':g(x) O,
fkxX)+ k(X)) =71 ((xxhXoe "N (xh(Xo)e ') e becomes a tangent vector of.
Similarly, it also becomes a tangent vector@f; on the boundary becauseis the orthogonal
projector induced b and activeg. Hencelf ¢ + ; n:i =0 holds, where, is the outward unit
normal vector of@ ;.

Therefore, Term (1-2) becomes
z

(1)
jTerm (1-2) = G sMpe ! ~In £ dg, G4GsMpe';
@ ¢

where (1) holds because Corollary G.1 gives
roln ()+bu(st)=r ((xh(Xo)e ")) (th(Xo)e ')
with b(x) := (X)rfx)+ rIxT'G Y(x)I(x) and, therefore,
jhr In )+ by (xt);ne(¥)if - G skd( (xh(Xo)e '))ka G sMpe !
forx 2 @  with Gs := SUPyy kpk,< KI ( OGPDF I (PTG 1 (x;p)ka< 1.

Also, similarly, Term (2) is bounded as follows:
z

jTerm (2] sup kvPk, ~Ih L +j4j d@, GeVM,e !
X2@ t @ ¢

with Gg := G4+ G3M . Therefore, combining the results with the LSI condition gives the following
inequality:

@KL (=jj ) 2 1si(1 Cse ")KL (wjj )+ Cs+ G aGsMp e ' + GgVM e !
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where the last inequality comes from the LSI condition. Finally, applying the Grénwall-type inequality

recovers the following inequality:
!

e ") [KL (~tedi )
!
(e S e tcul)
i
Cs+ G 4,GsMy, e s +GsVMhe s dS]:

. 2 C
KL () exp 2 st te) —22(e !
Z,
+ exp 2 LSI(S tcul)+

teut

2 1siCs

Also, similarly in the last argument of Lemma E.3, we observe thatif 2 |5 and 1
!

exp 2 155 ta)t — (e 5 e 'w) e Sds exp(2 si(s tew)e °ds
teut teut
e tt:ut
- < 1
2 s
and |
Z 4 :
2 C e U et
exp 2 1si(S te)* — (e S e '=) e Sds IR
teut

Therefore, there exis87; Cg < 1 such that
|

) 2 1sC ' )
KL (m) ) exp 2wt taw) —2(e ' e ') [KL (= )+ Cr+ Cal;
whereCy := (Cg + G 4GsMp)- 5= andCs = (GgV M, )&= O
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Theorem 3 (Convergence result for mixed-constrained OLLAj)sume that satis es
the LSI condition with constant;s. Let X; be the stochastic process following mixed-
consffained OLLA (3) and~ be the oIaw ofY; = (Xt) after t teut teur =

max Lin Me* 1)y Mao-lin(Cy) . Suppose
* (Regularity of ) p= ( X2RY4jh(x)= p;g(x) 0) int() for0< kpky

* (Regularity of@ p)  The boundary velocityy of @ ,, satis essup,, g , kvika  Vkpk, for
someV > 0; > 0. Also, assumM =sup,p,« @,(@p)<1.

* (Boundony; ) Gri=sup; gx2 t<1 and0<G; Gz forx 2

Then, for 6 2 g the following non-asymptotic convergence rat&\6f( ;; ) can be obtained
as follows

r——_.
M 2 -
Wo( ¢ ) —e '+ ZKL (i )
LSI
where '
} D 1S '
KL (~ii ) exp 2 st ta) —0 ' et
Z, !
. 2 1sC
KL (~teadi )+ exp 2 is(s tew)+ ﬁ(e S e tc“‘)

teut
h i
Cs+ G 4GsMy, e S 4+ GgV Mhe s dS]

In particular, if > 2 ;g and 1, the previous bound simpli es to
|

2 1sCs

KL (=i ) exp 2 st tew) (e ' e ') [KL (i )+ Cr+ Csgl

for some constant8s = O 1+ ZtaMn 4 CraMn :Gy4; Gs; Gg; Cs;C7 > 0, andCy :=

(Ce+ G 4GsMp)-=2 ;w andCg := (GgV M) £ M with C_, being the Lipschitz constant

Lsl 2 5’

ofr (x)( x)on0 () .

Proof. We note thaty(x) =0 on@ fort tcy holds from the regularity of the , assumption.
Therefore, by the same approach in Theorem 1 and Lemma E.6, it holds that
r r

Wy (w0 ) 2KL (mff ) Wl ) Wa( )+ KL (njf )
LSI LSI

Therefore, we conclude the proof by combining the results of Lemma G.1 and Lemma G.Z]
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H Experiment Settings and Supplementary Results

Settings. The rst two experiments were executed on a desktop with an AMD Ryzen 9 7900X CPU
(12 cores) with 32 GB RAM. Runs were implemented in WSL2 (Ubuntu) environment (CPU-only),
using the Python and the PyTorch [54] framework.

H.1 Experiment Settings and Supplementary Results for Synthetic 2D Examples

Experiment Settings. In this experiment, we compare four samplers (OLLA, OLLA-H, CLangevin,
CHMC) on the following synthetic 2D examples:

1. (Star) a star-shaped equality manifold with uniform density:

q
f(x)=0; h(x)=  x2+x% (1:5+0:3cos(5)); =arctan2(xz;X1):

2. (Two Lobes) a two-lobe inequality manifold (from [18]) with uniform density:

2
2()(1 3)2+ e 2(x1+3)

f(x)=0;9(x)= Inqg(x) 2 qx)= e2(kxkz 3)2

3. (Quadratic Poly) a quadratic curve de ned by mixed polynomial equality and inequality
under a standard Gaussian target:

f(x)= %kxkz; h(x)= xx5+ x5+ x 1,gx)=x3 x3 L

4. (Mixture Gaussian) a nine-Gaussian mixture restricted by a seven-lobe manifold:
I
X ' q
f(x)= In exp B5kx k3 ;h(x)= x}+x3 (3+cos(7)):
i=1

gx)=(x1 2)* 5x;x3+0:5x3 40, =arctan2(xXo;Xy):
with f ¢; gig=1 =f 2,0;2¢°.
wherex = [x1;x2]" 2 R2. For each 2D example, we r@00independent chains fda¢ = 5000
steps each. From each chain, we retain only the state aKstgjelding 200 samples per sampler.

To provide a xed target distribution for distanceTable 6: Hyperparameter settings for 2D synthetic
calculation, we generat200 samples using examples (t =5 10 %)
CGHMC. This reference is held constant across

all comparisons. For each sampler, we comput ethod Hyperparameters

W2, energy distance as well as the mean con-

straint violationsE[jh(x)j] andE[maxg(x)*], OLLA =200; =1

over the 200 samples. OLLA-H =200; =1;N=5

The hyperparameter setup is provided in Table 6cLangevin L =3; =10 4 = f1;0:1g
To mitigate ill-conditioning in the Newton solver CHMC =1:L=3 =10 %+ =0

of CLangevin, we add Tilghonov regularization .

with Tikhonovmatrix = 1, =1:0forthe CGHMC =1;L=3 =107 =0

Mixture Gaussian example, and= 0:1 for the

other three. For the CLangevin, CHMC, CGHMX; is initialized exactly on to ensure the stability

of algorithms while OLLA and OLLA-H have noisy initializatioéo = Yo+ N (0;1); Yo 2 and

X progressively approaches toby the landing mechanism.

Remark 8. The results shown in Figure 2 and Figure 3 were obtained under a different setup
described above: a larger step sizewas used; all methods were initialized from the same initializa-
tion pointXo 2 , rather than via random sampling negrand the regularization parametem
CLangevin was increased for improved numerical stability under large step size.
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