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Abstract

Sampling from constrained statistical distributions is a fundamental task in various
fields including Bayesian statistics, computational chemistry, and statistical physics.
This article considers sampling from a constrained distribution that is described
by an unconstrained density, as well as additional equality and/or inequality con-
straints, which often make the constraint set nonconvex. Existing methods struggle
in the presence of such nonconvex constraints, as they rely on projections, which
are computationally expensive or intractable, are specialized to either inequality
or equality constraints, and often lack rigorous quantitative convergence guaran-
tees. In this paper, we introduce Overdamped Langevin with LAnding (OLLA), a
new framework that can design overdamped Langevin dynamics accommodating
both nonlinear equality and inequality constraints. The proposed dynamics also
deterministically corrects trajectories along the normal direction of the constraint
surface, thus obviating the need for explicit projections. We show that, under suit-
able regularity conditions on the target density and the feasible set Σ ⊂ Rd, OLLA
converges exponentially fast in 2-Wasserstein distance to the constrained target
density ρΣ(x) ∝ exp(−f(x))dσΣ. Lastly, through experiments, we demonstrate
the efficiency of OLLA compared to known constrained Langevin algorithms and
their slack variable variants, highlighting its favorable computational cost and fast
empirical mixing.1

1 Introduction

Sampling from complex, constrained statistical distributions is a fundamental problem in machine
learning, with applications ranging from Bayesian inference under structured priors to training
generative models with safety or fairness constraints. When there is no constraint, a prominent
class of sampling techniques is centered around (overdamped) Langevin dynamics, where the drift
is set to the gradient of the log-target density. These have gained significant traction due to their
strong theoretical guarantees: for example under log-concave target densities [1–8] or more general
densities that satisfy relaxed conditions such as isoperimetric inequalities [9, 10] one can obtain fast,
non-asymptotic convergence rates. Langevin dynamics can even be generalized, via a Riemannian
Langevin approach, to sample under convex constraints [e.g., 11, 12]. However, extending Langevin-
based approaches to sample from distributions supported on nonconvex sets Σ ⊂ Rd remains a
major challenge. Existing techniques typically rely on projection steps, which are computationally
expensive and require convexity to ensure convergence. Moreover, most methods offer limited
or no quantitative convergence guarantees in this case; in fact, even if the density is log-concave,
a nonconvex constraint can easily make the target distribution much harder to sample from, also
rendering the analysis more difficult. This is a critical bottleneck for many emerging machine learning

1All code is provided in the following repository: https://github.com/KraitGit/OLLA
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applications – such as imitation learning [13] or constrained generative modeling – where the feasible
set is implicitly de�ned by complex equality and inequality constraints.

In this article, we introduce OLLA (Overdamped Langevin with LAnding), a suite of projection-free
stochastic dynamics that could serve as the foundation for sampling from constrained distributions.
OLLA avoids projections by combining two key ideas: (1) relying on local approximations of the
feasible set to guide the sampling and (2) introducing a restitution mechanism called “landing" that
guarantees convergence to the feasible set. These techniques build on ideas previously developed in
the context of nonconvex optimization, where they have been shown to provide scalable and effective
algorithms [14–16], and share close connection to several powerful constrained sampling approaches
in the literature [17–21]. We adapt and extend the ideas to the sampling setting, which makes OLLA
both computationally ef�cient and theoretically grounded. Our main contributions are summarized as
follows:

• (Uni�ed treatment of constraints) OLLA is described by a stochastic differential equation
(SDE) that, in contrast to related prior works, enforces both equality and inequality constraints.
This is achieved by constructing the tangent space to the constraint manifold and projecting the
overdamped Langevin drift and diffusion terms onto the tangent space resulting in a simple least-
squares problem. OLLA recovers the classical equality-only constrained Langevin dynamics
as a special case, yet seamlessly accommodates arbitrary smooth inequality constraints without
resorting to slack variables or projections.

• (Exponential convergence)We prove that the continuous version of OLLA converges to the
constrained target distribution� � at an exponential rate under appropriate regularity assumptions.
Our convergence results are non-asymptotic and characterized by the 2-Wasserstein distance in all
scenarios (equality constraints only, inequality constraints only, and mixed).

• (Ef�cient SDE discretization with trace-estimation) We introduce OLLA-H, a computationally
ef�cient Euler-Maruyama (EM) discretization of the aforementioned SDE that features a Hutchin-
son trace estimator [22] for approximating the Itô-Stratonovich correction term arising from the
diffusion. As a result, OLLA-H has low computational cost per iteration, even in high dimensions,
and it achieves relatively accurate sampling and empirical mixing, an aspect that we demonstrate in
various numerical experiments.

2 Related Works

We �rst focus our literature review on recent works that consider Langevin sampling under nonlinear
constraints. One of the closest touching points is [17], which describes a gradient descent approach
on the KL divergence. The algorithm shares some similarities to ours in that projections are avoided,
but the work focused on equality constraints only, whereas OLLA covers both equality and inequality
constraints. The work [23] proposes the use of slack variables to incorporate inequality constraints
to change a mixed problem into an equality-only problem, which comes at the cost of additional
spurious dimensions. In a similar vein, [18] designs a particle-based variational inference method to
incorporate inequality constraints. The method is effective at sampling under inequality constraints
only, suffers, however, from high computational cost in high dimensions due to the estimation of
associated boundary integrals.

OLLA is inspired by recent methods in nonlinear optimization [15, 14, 16] that use a similar landing
mechanism and avoid projections onto the feasible set. There has also been important work by
[19–21] who introduced a constrained Langevin dynamics based on numerical schemes such as
SHAKE, RATTLE [24–26], and including Metropolis-Hastings corrections [21]. These works mainly
focus on equality-only constraints, although inequality constraints can be incorporated via including
slack variables or applying re�ection at the boundary. We use these algorithms as baselines and refer
them to Constrained Langevin (CLangevin) [20], Constrained Hamiltonian Monte Carlo (CHMC)
[20], and Constrained generalized Hybrid Monte Carlo (CGHMC) [21].

In the present work, constraints are handled through a careful decomposition of the stochastic
dynamics on the boundary into normal and tangential parts, thereby avoiding projections and even
enabling infeasible initialization. There have also been alternative algorithm designs that, however,
do not share these features, for example, [27, 28] (based on projection), [29, 30] (barrier functions),
[31] (re�ections), or [11, 32, 12] (mirror maps). Other works by [33, 34] introduce penalties for
constraint violations or relax the notion of constraint satisfaction [35]. In addition, we note that,
although closely related, constrained sampling is not the same as sampling on manifolds [36–39].
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3 Preliminaries & Notations

We consider sampling from a target density supported on the compact and connected Riemannian
submanifold ofRd de�ned by � :=

�
x 2 Rd j h(x) = 0 ; g(x) � 0

	
whereh : Rd ! Rm and

g : Rd ! Rl are smooth functions. To guarantee that all constraint-related constructions are well-
posed, we impose the Linear Independence Constraint Quali�cation (LICQ) condition [40].

De�nition 1. The functionsh; g satisfy LICQ iffr h1(x); :::r hm (x)g[fr gi (x)gi 2 I x
are linearly

independent for everyx 2 � , whereI x denotes the set of active inequality constraints, i.e.,
I x := f i 2 [l ] j gi (x) � 0g.

As a result of LICQ, the tangent space of� at x 2 � can be de�ned as

Tx � :=
�

v 2 Rd j r h(x)v = 0 ; r gi (x)v = 0 ; 8i 2 I x
	

and its orthogonal projector ontoTx � is �( x) = I � r J (x)T G(x) � 1r J (x), whereJ (x) :=
�
h1(x); :::; hm (x); gi 1 (x) + �; :::; g i j I x j (x) + �

� T
;
�

i 1; :::; i j I x j
	

= I x denotes the stacking of con-
straint functions for some� > 0 andG(x) := r J (x)r J (x)T is its associated Gram matrix.

For any smoothf : � ! R and a smooth vector �eldX : � ! Rd, the intrinsic gradient and
divergence on� are given byr � f (x) = �( x)r f (x), div� X (x) = Tr (�( x)r X (x)) , wherer
denotes the usual Euclidean gradient or Jacobian inRd. Our target density is set to be� � (x) /
exp(� f (x))d� � on � with d� � being the induced Hausdorff measure on� . We write� t , ~� t be the
law of OLLA and the projected process of OLLA onto� at timet. On� , the natural extension of KL
divergence and Fisher information take the form:

KL� (� jj � � ) :=
Z

�
� ln

�
�

� �

�
d� � and I � (� jj � � ) :=

Z

�
� kr � ln

�
�

� �

�
k2

2d� �

We now streamline notations appearing in Section 4. A complete list of symbols and precise technical
de�nitions are included in Appendix A. In particular, let� (x) denote the nearest-point (Euclidean)
projection onto� , and let� LSI be the log-Sobolev constant of(� ; � � ). We then assume the existence
of the following constants.

M h := sup
x 0 2 supp( � 0 )

kh(x0)k2; M g := sup
x 0 2 supp( � 0 )

kg(x0)k2;

over the support of the initial law� 0. The constant� (Lemma C.1, Lemma C.3) and� captures
the regularity of� andÛ� denotes the tubular neighborhood of width� with a special “recovery”
property (see Theorem C.1, Theorem C.2 for the precise de�nitions of� andÛ� ).

4 Main results

4.1 Construction of OLLA via Least Squares

We now derive the continuous-time dynamics of OLLA by choosing the drift vectorq and the
symmetric diffusion matrixQ to be the closest—in a least-squares sense—to the unconstrained
usual Langevin coef�cients, subject to enforcing both the equality constraintsf hi (x)gm

i =1 and
the active inequality constraintsf gj (x)gj 2 I x

. This is achieved by applying Itô's lemma to each
constraint functionhi andgj and splitting the change in, for example,hi , into a martingale term
r hi (X t )T Q(X t )dWt and a drift term

�
r hi (X t )T q(X t ) + 1

2 Tr
�
r 2hi (X t )Q(X t )Q(X t )T

��
dt. By

choosingQ so thatQ(x)r hi (x) = Q(x)r gj (x) = 0 , the martingale piece vanishes exactly in the
normal directions. Simultaneously, we pick the drift vectorq to satisfy the linear equation

r hT
i q +

1
2

Tr
�
r 2hi QQT �

+ �h i = 0 ; r gT
j q +

1
2

Tr
�
r 2gj QQT �

+ � (gj + � ) = 0 (1)

so thath(X t ) = hi (X 0)e� �t andgj (X t ) + � = ( gj (X 0) + � )e� �t , where hyperparameters�; � > 0
denote the landing or boundary repulsion rate, respectively. This enforcesgj (X t ) to hit 0 in �nite
time t = 1

� ln(( gj (X 0) + � )=�), after whichgj (X t ) � 0 remains forever. As a result, this approach
removes any noise and drift direction in the normal of constraints and implants a pure drift normal to
constraints, guaranteeing exponential decay of both equality and active-inequality constraints at a
rate� . This yields the closed-form SDE in Proposition 1 and Lemma 1.
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Proposition 1 (Construction of OLLA and its closed form SDE). Consider the following SDE:

dX t = q(X t )dt + Q(X t )dWt (2)

where

Q := argmin
�Q2 Rd � d

k
p

2I � �Qk2
F s.t

� �Qr hi = 0 ; 8i 2 [m];
�Qr gj = 0 ; 8j 2 I x ;

q := argmin
�q2 Rd

k�q + r f k2
2 s.t

�
r hT

i �q + 1
2 Tr

�
r 2hi QQT

�
+ �h i = 0 ; 8i 2 [m];

r gT
j �q + 1

2 Tr
�
r 2gj QQT

�
+ � (gj + � ) = 0 ; 8j 2 I x :

Then, there exists a closed form SDE (OLLA) of(2) given by:

dX t = � [�( X t )r f (X t ) + � r J (X t )T G� 1(X t )J (X t )]dt + H(X t )dt +
p

2�( X t )dWt (3)

where

H := �r J T G� 1 �
Tr

�
r 2h1�

�
; :::; Tr

�
r 2hm �

�
; Tr

�
r 2gi 1 �

�
; :::; Tr

�
r 2gi j I x j �

�� T
(4)

is the associated mean curvature correction term of� I x :=
�

x 2 Rd j h(x) = 0 ; gI x (x) = 0
	

.

Remark 1 (Mean curvature = Itô-Stratonovich correction). By technical stochastic-calculus identi-
ties on manifolds (see, e.g., Rousset et al.[19], Lemma 3.19), the Itô-Stratonovich correction arising
from the Stratonovich SDE

dX t = � [�( X t )r f (X t ) + � r J (X t )T G� 1(X t )J (X t )]dt +
p

2�( X t ) � dWt (5)

coincides exactly with the mean-curvature termH(x) of � I x :=
�

x 2 Rd j h(x) = 0 ; gI x (x) = 0
	

.
Remark 2 (Relation to orthogonal direction samplers from variationalKL). Zhang et al.[17]
introduced an overdamped-Langevin sampler for equality constraints by minimizing the constrained
KL divergence via an orthogonal-space variational formulation, and Zhang et al.[18] also used a
similar approach to handle single inequality constraint. In the absence of inequality constraints, our
OLLA dynamics coincide with the equality constrained sampler of [17] up to a modi�ed potential
f̂ (x) = f (x) + 1

2 ln det(G), since the mean curvature correction satis�es

H(x) = div�( x) + �( x)r ln
�

(det G(x))
1
2

�
(6)

(see Rousset et al.[19], Lemma 3.21). Correspondingly, whereas their framework yields a stationary
measure proportional toe� f (x ) � � (dx) under the coarea formula, OLLA converges to the Riemannian
volume-weighted densitye� f (x ) d� � (x) on � (see Rousset et al.[19], Lemma 3.2). In addition to
this, the work [18] enforces a single inequality constraint via a purely deterministic normal drift
� � r g=kr gk2, without any stochastic component in the tangential direction. OLLA instead projects
noise and drift vectors tangentially even during the landing phase, thereby preserving exploration on
the evolving manifold� t :=

�
x 2 Rd j h(x) = h(X 0)e� �t

	
and improving mixing.

Lemma 1(Exponential decay of constraint functions). The dynamics induced by(3) satisfy the
following properties almost surely for8i 2 [m]; 8j 2 I X 0 :

hi (X t ) = hi (X 0)e� �t ; t � 0 (7)

and 8
>><

>>:

gj (X t ) = � � + ( gj (X 0) + � )e� �t ; t �
1
�

ln
�

gj (X 0) + �
�

�

gj (X t ) � 0; t �
1
�

ln
�

gj (X 0) + �
�

�

with g(X t ) � 0; 8t � 0 for j =2 I X 0 , whereI x := f k 2 [l ] j gk (x) � 0g is the index set of active
inequality constraints.

4.2 Non-asymptotic Convergence Analysis of OLLA

In this subsection, we establish non-asymptotic convergence guarantees for OLLA in three scenarios
– equality only case, inequality only case, mixed case – by recognizing that OLLA has a rapid landing
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property driven by landing rate� and natural mixing on the landed manifold induced by the LSI
constant. For the detailed notations and proofs, we refer to the Appendix A and related Appendices.

Equality-Only Scenario. When the constraints consist of only smooth equalitiesh(x) = 0 , the
continuous-time OLLA dynamics (3) can be written as

dX t = �
�
�( X t )r f (X t ) + � r h(X t )T G� 1(X t )h(X t )

�
dt +

p
2�( X t ) � dWt (8)

The drift term naturally decomposes into a tangential term, which moves along the constraint surface,
and a normal landing term, which forces each coordinatehi (X t ) to decay exponentially fast, as
summarized in Lemma 1.

OnceX t � � t lies within a tubular neighborhood of� , the nearest projection map� onto� becomes
available, and the projected processYt = � (X t ) � ~� t can be de�ned (Theorem C.1). Then, the
regularity of� naturally implies thatkX t � Yt k2 . kh(X t )k2 = O(e� �t ) holds (Lemma C.1),
leading to the contraction ofW2(� t ; ~� t ) = O(e� �t ) (Lemma E.1), where� t ; ~� t are the laws of
X t ; Yt , respectively. Furthermore, the combination of Lipschitzness of� andkX t � Yt k2 = O(e� �t )
enable us to write the projected processYt as overdamped Langevin dynamics on� with noisy drift
vector and diffusion matrix whose norm is bounded byO(e� �t ) (Corollary E.1). Therefore, the effect
of noisy terms can be dominated by the effect of the LSI constant, which leads to the exponentially
fast convergence ofKL� (~� t jj � � ) (Lemma E.3). A rigorous combination of these insights gives the
following theorem.

Theorem 1(Convergence result for equality-constrained OLLA). Suppose assumptions (C1) to
(C4) hold. LetX t be the stochastic process following the equality-constrained OLLA and let� t ; ~� t
be the law ofX t and its projectionYt = � (X t ) on � for t � tcut, tcut := max

�
1
� ln �; 1

� ln C5
	

,
respectively. Then, for� > 2� LSI for all t � tcut, it holds that

W2(� t ; � � ) �
M h

�
e� �t +

r
2

� LSI
KL� (~� t jj � � )

where

KL� (~� t jj � � ) � exp
�

� 2� LSI(t � tcut) �
2� LSIC5

�
(e� �t � e� �t cut)

�
[KL� (~� t cutjj � � ) + C7]

for some constantsC5 = O
�

1 +
CL A M h

� +
�

CL A M h

�

� 2
�

; C7 := C6 e� �t cut

� � 2� LSI
> 0 with CL A being

the Lipschitz constant ofr � (x)�( x) on Û� (�) .

Inequality-Only Scenario. With smooth inequalitiesg(x) � 0, we introduced a small boundary
repulsion parameter� > 0 so that each initially violated constraintgj > 0 is driven to the boundary
within a �nite landing timetcut = 1

� ln(( gj (X 0) + � )=�).

From the Fokker-Planck perspective, the normal probability �ux at the boundary satis�eshn; J t i =
� ��� t whereJt is the probability current density of� t andn is the outward unit normal vector of� .
The boundary repulsion enforces the outward probability �ow to become zero after the landing time
tcut, and the normal probability �ux vanishes to zero after timetcut (Lemma F.1). This enables us to
ignore the boundary integral appearing on the time derivative ofKL(� t jj � � ) guaranteeing exponential
decay driven by the effect of the LSI constant. Therefore, the following theorem comes by directly
analyzing the time derivative ofKL(� t jj � � ) after timetcut.

Theorem 2(Convergence result for inequality-constrained OLLA). Suppose assumptions (C1) to
(C4) hold. LetX t be the stochastic process following the inequality-constrained OLLA and let� t

be the law ofX t . Then, fort � tcut; tcut := 1
� ln

�
M g + �

�

�
,

W2(� t ; � � ) �

r
2

� LSI
KL� (� t jj � � )

where
KL� (� t jj � � ) � e� 2� LSI( t � t cut) KL� (� t cutjj � � ):
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Figure 1: OLLA trajectory in mixed case

Mixed Scenario. In the mixed setting, OLLA's dy-
namics are sensitive to the boundary repulsion fromg.
It is noteworthy that� remains unchanged for different
inequality functionsg, as long as the boundary of the
feasible set, whereg(x) = 0 intersectsh(x) = 0 , is
identical. Nevertheless, the choice of functiong af-
fects the landing dynamics, which in turn can alter the
convergence rate of OLLA.

To quantify this, we de�ne the projected manifold
� p := � (

�
x 2 Rd j h(x) = p; g(x) � 0

	
) and as-

sume the norm of boundary velocityvb
p of @� p is reg-

ulated byVkpk�
2 for someV; � > 0 (Assumption (M2)). Additionally, we assume� p lies inside

int(�) for 0 < kpk2 < � to avoid stopping behavior ofYt on@� (Assumption (M1)). Under these
assumptions, the trajectory ofX t can be illustrated as in Figure 1 and the proof ideas of equality-only
and inequality-only can be seamlessly combined. The following theorem arises from a rigorous inte-
gration of previous high-level ideas. We also provide a theorem with a relaxed version of Assumption
(M1) in the appendix; see Remark 3 (whenX 0 � � (x0)), Remark 4, and Corollary A.1 for the details.

Theorem 3(Convergence result for mixed-constrained OLLA). Suppose assumptions (C1) to (C4)
and (M1) to (M3) hold. De�neX t to be the stochastic process following OLLA dynamics (3) and

~� t be the law ofYt := � (X t ) after t � tcut; tcut := max
n

1
� ln

�
M g + �

�

�
; 1

� ln
� M h

�

�
; 1

� ln( ~C5)
o

.

Then, for� > 2� LSI and� � 1, the following non-asymptotic convergence rate ofW2(� t ; � � ) can
be obtained as follows

W2(� t ; � � ) �
M h

�
e� �t +

r
2

� LSI
KL� (~� t jj � � )

where

KL� (~� t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)

!

[KL� (~� t cutjj � � ) + ~C7 + ~C8]

for some constantsG4; G5; G6; ~C6 > 0, ~C7 := ( ~C6 + �G 4G5M h ) e� �t cut

� � 2� LSI
,

~C5 = O

0

@1 +
~CL A M h

�
+

 
~CL A M h

�

! 2
1

A ; ~C8 := ( G6V M �
h )

e� ��t cut

�� � 2� LSI
;

and with ~CL A being the Lipschitz constant ofr � (x)�( x) on Û� (�) .

4.3 Euler-Maruyama Discretization & Hutchinson Trace Estimation

To implement OLLA in practice, we discretize the continuous-time SDE by the Euler-Maruyama (EM)
update. At each iteration, we compute three components for the drift vector: the projected gradient
drift, the landing drift, and the mean curvature correctionH . In particular,H (4) requires forming the
full Hessian of each constraint and computing traces of the formTr

�
� r 2hi

�
andTr

�
� r 2gj

�
, an

O(d � grad-cost) operation that quickly becomes infeasible in high dimensions. We therefore employ
the Hutchinson trace estimator [22], which gives the following approximation:

Tr
�
� r 2hi

�
�

1
N

NX

k=1

(� vk )T (r 2hi vk ); Tr
�
� r 2gj

�
�

1
N

NX

k=1

(� vk )T (r 2gj vk ) (9)

for eachi 2 [m]; j 2 I x wherevk � N (0; I d) are independent standard normal samples. Each
Hessian-Vector Product (HVP)r 2hi vk (or r 2gj vk ) can be computed at a cost similar to one gradient
evaluation, soN probes incur onlyO(N � grad-cost) computational cost rather thanO(d � grad-cost),
saving signi�cant computational cost in high-dimension circumstances. In our experiments,N = 5
suf�ces to achieve low variance estimates that match the performance of the full Hessian computation.

By combining these numerical schemes, we arrive at the full algorithm of OLLA in Algorithm 1.
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Figure 2: Scatter plots of 200 samples from OLLA (top row) and CGHMC (bottom row) on four 2D
synthetic examples. Solid lines show equality constraints, dashed lines show inequality boundaries,
and green shaded areas mark feasible region by inequality constraints. OLLA closely matches the
CGHMC samples in each scenario.

5 Experiments

To demonstrate the sampling accuracy and ef�ciency, we compare OLLA and its Hutchinson-
accelerated variant (OLLA-H) against three standard constrained samplers: CLangevin [20], CHMC
[20], and CGHMC [21]. While the three baselines were originally designed for equality constraints,
we introduce one slack variable per inequality constraint viagj (x) + 1

2 � 2
j = 0 for eachj 2 [l ] so that

gj (x) � 0 is enforced. CGHMC, meanwhile, does not rely on slack variables, but instead uses a
Metropolis-Hasting correction step not only to reject samples based on the energy of the proposed
samples, but also based on the inequality constraint violation. Therefore, CGHMC allows more
accurate and unbiased sampling from the constrained distribution than CHMC and CLangevin in the
long run, and we use it as a ground truth for measuring the accuracy of our methods.

5.1 Synthetic 2D Examples

We �rst evaluate sampling on two-dimensional manifolds: (1) star-shaped equality manifold, (2) two-
lobe inequality manifold both with uniform density, (3) manifold de�ned by quadratic-polynomial
equality and inequality constraints with a standard Gaussian target, (4) Gaussian mixture with nine
components restricted to a seven lobes manifold by a nonlinear inequality (both for mixed scenario).

For each problem, we ran 200 independent chains in parallel with 5,000 steps, and collected the
last 200 samples. We then computed theW2 distance and energy distance between the empirical
distribution of the samples and the target distribution, as well as the constraint violation de�ned
by E[jh(x)j]; E[maxg(x)+ ], respectively. The results are shown in Figure 2 and Figure 3. Further
details of example setups and additional results are included in Appendix H.1.

Table 1: Effect of� onW 2
2 ; E[jhj]

� W 2
2 E[jh(x)j]

1 0:363� 0.064 0:682� 0.017

10 0:200� 0.035 0:130� 0.001

100 0:159� 0.032 0:017� 0.001

200 0:121� 0.019 0:008� 0.001

Table 2: Effect of� onW 2
2 ; E[maxg+ ]

� W 2
2 E[maxg+ (x)]

0.1 0:151� 0.026 0:082� 0.017

1 0:108� 0.011 0:067� 0.027

5 0:123� 0.018 0:040� 0.015

10 0:112� 0.034 0:019� 0.006

Sampling Accuracy & Constraint Violation of OLLA.
As shown in Figure 3, OLLA and OLLA-H match the per-
formance of CHMC and CLangevin in both Wasserstein
and energy-distance metrics, demonstrating that our landing-
based approach attains sampling accuracy on par with estab-
lished methods. Also, constraint violations for OLLA and
OLLA-H remained at low levels without computationally
expensive projection steps.

Effect of Hyperparameters� and � . We further examine
the in�uence of the landing rate� and boundary repulsion�
on sampling accuracy and constraint satisfaction. As shown
in Tables 1 and 2, increasing� accelerates convergence,
yielding smallerW 2

2 values and reduced equality constraint
violations, consistent with our theoretical prediction that
larger� enhances the landing and contraction rates toward� .
However, excessively large� leads to numerical instability,
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Figure 3: Convergence diagnostics on the Gaussian mixture of 9 components on the 7 lobes manifold
with � = 100; � = 1 . From left to right: (1) energy distance to CGHMC samples, (2) squaredW 2

2
distance to CGHMC samples, and (3) mean constraint violationE[jhj]. Solid lines and shaded bands
show the mean� 1 SD over �ve independent runs. Both OLLA and OLLA-H rapidly decreaseE[jhj]
down to small values and maintain it there, which achieving the lowest energy andW 2

2 errors.

Figure 4: Sampling performance and accuracy as the dimensiond increases (withm = l = 5) . From
left to right: (1) CPU time per ESS versusd, (2) Estimated probabilityP(x1 > 0) versusd, (3)
Estimated value ofK (x) versusd. Shaded bands shows� 1SD over �ve runs.

causingW 2
2 to rise and the sampler to collapse (Table 7). A similar trend is observed for� . Stronger

repulsion lowers inequality violations, but beyond a certain range,W 2
2 remains nearly unchanged,

aligning with the continuous-time theory that� primarily affects the �nite landing time rather than
the asymptotic convergence rate. Overly large� values can again destabilize the dynamics and lead to
numerical breakdown (Table 8).

5.2 Scaling of OLLA under High-Dimensionality and Large Number of Constraints

We assess the robustness and scalability of OLLA and OLLA-H using a syntheticstress-testproblem
that enables explicit control over the ambient dimensiond and the numbers of equality and inequality
constraints(m; l ). Samples are drawn from a uniform distribution on a constrained manifold�
de�ned by linear and quadratic constraints. Each algorithm runs for 1,000 iterations with burn-in and
thinning, and we vary one ofd, m, or l while �xing the others to disentangle their individual effects.

We evaluate two key metrics: (1) CPU time per effective sample (CPU/ESS), and (2) the accuracy
of representative test function estimates such asP(x1 > 0) andK (x) = sin( x1)ex 2 + log( jx3j +
1) tanh(x4) +

Q 9
i =5 cos(x i ). Detailed experimental setups are provided in Appendix H.2.

Scaling under Dimension. Figure 4 illustrates the sampling performance of algorithms as
d increases from10 to 700 (with m = l = 5 ). On the left, CPU time/ESS of OLLA-H remains
essentially �at around0:05s/sample while OLLA grows linearly (reaching� 1:1s/sample atd = 700),
and CHMC and CLangevin stay at0:2 � 0:3s/sample and0:1s/sample respectively. In the center,
both OLLA-H, CHMC, and CGHMC maintainP(x1 > 0) � 0:5, whereas CLangevin collapses to
� 0:2 in high dimensions, indicating severe bias. On the right, the estimate of nonlinear test function
K (x) shows that OLLA, OLLA-H, CHMC, and CGHMC all produce virtually identical estimates
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Figure 5: Sampling performance and accuracy as the number of inequality constraintsl increases
(with d = 100; m = 5) . From left to right: (1) CPU time per ESS versusl , (2) Estimated probability
P(x1 > 0) versusl, (3) Estimated value ofK (x) versusl. Shaded bands shows� 1SD over �ve
runs. Note that OLLA and CGHMC results on CPU time/ESS overlap almost perfectly, suggesting
their comparable performance on this metric.
even asd grows, while CLangevin lags behind. Overall, the results indicate that OLLA-H scales,
maintaining reliable performance as the dimensiond increases.

Scaling under the Number of Constraints. With d = 100, we separately increased the number
of equalitiesm (with l = 5 ) and the number of inequalitiesl (with m = 5 ). In the presence of a large
number of equalities, OLLA and OLLA-H may lose their edge over equality constrained specialized
baselines. In these situations, the maximum� that is stable in the discrete algorithm becomes limited
to prevent signi�cant discretization error. However, we observe that even, at near limit value of� ,
E[jhj] may remain relatively high unless the step size� t is further reduced. We add an additional
study for this on Appendix H.2. By contrast, when adding more inequalities, OLLA-H stays relatively
accurate and shows very low CPU time/ESS (Figure 5).

5.3 Molecular System with Realistic Potential

We further evaluate samplers on a molecular system with realistic potentials and geometric constraints.
The system incorporates equality constraintsh (�xed bond lengths and angles) and inequality
constraintsg (steric hindrance), alongside torsion and Weeks-Chandler-Anderson potential terms.
Experiments were conducted for increasing dimensionsd = 3Natom by varying the number of atoms.
Detailed experimental details are provided in Appendix H.3 and Table 3 summarizes the results.

Table 3: Estimates of radius of gyration squared (R2
g) and total CPU time for sampling (in brackets)

on the molecular system with realistic potential (complex� , smalljI x j, largeNnewton). The average
constraint violation for OLLA-H was below0:007 (equality), while projection-based samplers
maintained violations below0:0001. Inequality violations were observed to be0 for all algorithms.
The(d; m; l ) con�gurations are:(15; 7; 6), (30; 17; 36), (45; 27; 91), (60; 37; 171), (90; 57; 406).

method= dim (d) 15 30 45 60 90

OLLA-H (N = 0)
1:392 � 0:026

(78s)
5:414 � 0:047

(151s)
12:240 � 0:102

(254s)
21:820 � 0:098

(334s)
49:080 � 0:223

(704s)

OLLA-H (N = 5)
1:370 � 0:032

(182s)
5:424 � 0:045

(400s)
12:200 � 0:155

(656s)
21:780 � 0:098

(916s)
48:940 � 0:273

(1732s)

CLangevin
1:396 � 0:012

(421s)
5:526 � 0:015

(3620s)
12:400 � 0:000

(10940s)
22:140 � 0:049

(22600s)
49:960 � 0:049

(52220s)

CHMC
1:410 � 0:000

(147s)
5:580 � 0:000

(468s)
12:500 � 0:000

(1012s)
22:200 � 0:000

(1712s)
49:960 � 0:049

(3660s)

CGHMC
1:410 � 0:000

(135s)
5:580 � 0:000

(282s)
12:500 � 0:000

(467s)
22:200 � 0:000

(652s)
49:940 � 0:049

(1116s)

As dimensiond grows, the feasible set� becomes increasingly complex, while the number of active
inequality constraintsjI x j remains small. However, the numerous equality constraints make each
projection step demanding for projection-based methods (CHMC, CLangevin, CGHMC), resulting in
substantial Newton iterationNnewtonand increased computational costs. Particularly, CLangevin is
signi�cantly affected from this, whereas CGHMC is faster but still slower than OLLA-H(N = 0) .
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In contrast, increasing the Hutchinson probeN from N = 0 to N = 5 improves the mean equality
constraint violation across all dimensionsd, reducing it from a range of� 0:0055down to� 0:00035.
Despite this, both OLLA-H con�gurations(N = 0 ; N = 5) yield comparable test function estimation
accuracy. This suggests that the constraint violation atN = 0 was already suf�ciently low, rendering
the improvement's impact on the �nal sampling accuracy negligible. Consequently, theN = 0
variant—where HVP evaluations are completely skipped—achieves signi�cantly lower computational
cost. This behavior aligns with �ndings in Zhang et al.[17], suggesting that omitting the Itô-
Stratonovich (mean curvature) correction term has negligible practical impact on sampling accuracy,
while markedly improving ef�ciency.

5.4 Bayesian Logistic Regression with Fairness and Monotonicity Constraints

We evaluate the samplers on a high-dimensional Bayesian logistic regression task using a two-layer
neural network trained on the German Credit dataset [41]. The setup enforces fairness through
equality constraintsh ensuring parity in true positive rate and false positive rate between demographic
groups, along with monotonicity constraintsg on selected input data. Further details of experimental
setup are provided in Appendix H.3.

This problem poses signi�cant challenges for projection-based samplers. Step sizes effective in
unconstrained scenarios led to projection failures for CLangevin and CHMC, and to acceptance rates
below5%for CGHMC. To maintain stability, their step sizes were substantially reduced. In contrast,
the projection-free OLLA-H remained stable across all settings and, for fairness, was also evaluated
with the same reduced step size as CLangevin.

As summarized in Table 4, OLLA-H(N = 0) consistently attains the lowest test negative log-
likelihood (NLL) while being orders of magnitude faster than projection-based baselines. Although
the projection-based methods achieve tighter feasibility, OLLA-H maintains small violations without
noticeable degradation in accuracy. These results highlight OLLA-H's robustness and computational
advantage in high-dimensional constrained Bayesian logistic regression task.

Table 4: Test NLL and total CPU time for sampling (in brackets) on the Bayesian logistic regression
with fairness and monotonicity constraints (high-dimensional� ). The average constraint violations
for OLLA-H were below0:005(equality) and0:15 (inequality), while projection-based samplers
(CLangevin, CHMC, CGHMC) maintained feasibility below0:0008(equality) and no inequality
violation.

method= dim (d) 1986 4994 9986 49986 100002

OLLA-H (N = 0) 0 :514 � 0:013

(63s)
0:521 � 0:008

(70s)
0:524 � 0:014

(70s)
0:523 � 0:011

(81s)
0:520 � 0:015

(82s)
OLLA-H (N = 5) 0 :520 � 0:013

(159s)
0:524 � 0:008

(180s)
0:505 � 0:004

(205s)
0:517 � 0:011

(189s)
0:516 � 0:004

(197s)
CLangevin 0:573 � 0:004

(1162s)
0:568 � 0:013

(1176s)
0:564 � 0:022

(1194s)
0:580 � 0:005

(1428s)
0:570 � 0:011

(1370s)
CHMC 0:599 � 0:015

(526s)
0:595 � 0:020

(532s)
0:599 � 0:017

(561s)
0:606 � 0:004

(586s)
0:605 � 0:004

(611s)
CGHMC 0:600 � 0:007

(76s)
0:600 � 0:009

(77s)
0:606 � 0:003

(82s)
0:598 � 0:020

(83s)
0:601 � 0:007

(88s)

6 Conclusion & Future works

We have presented Overdamped Langevin with Landing (OLLA), a projection-free SDE sampler
that enforces nonlinear equality and inequality constraints by deterministically “landing” trajectories
onto the feasible set while retaining full tangential noise, and proved that its continuous dynamics
converge exponentially fast in 2-Wasserstein distance under appropriate regularity. Building on this,
we proposed OLLA-H, an EM discretization that uses a Hutchinson trace estimator for approximating
the Itô–Stratonovich correction at onlyO(N � grad-cost) per step, and showed in both 2D and high-
dimensional tests that it matches the accuracy of established constrained samplers while drastically
reducing runtime. Future work will include non-asymptotic convergence guarantees for the discrete
algorithm—closing the gap between SDE theory and implementation—and developing OLLA variants
that remain stable even with many equality constraints in very high dimensions, further extending its
scope to large-scale constrained probabilistic inference.
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Question: Do the main claims made in the abstract and introduction accurately re�ect the
paper's contributions and scope?

Answer: [Yes]

Justi�cation: Summarized contributions in Section 1.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and re�ect how
much the results can be expected to generalize to other settings.

• It is �ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justi�cation: Section 5.2 and Section 6 illustrates a limitation.
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• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci�cation, asymptotic approximations only holding locally). The authors
should re�ect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should re�ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should re�ect on the factors that in�uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational ef�ciency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
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tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci�cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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a complete (and correct) proof?
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referenced.
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• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi�cation: Section 5 and Appendix H covers experiment setting to reproduce results.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or veri�able.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suf�ce, or if the contribution is a speci�c model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with suf�cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Justi�cation: Code is provided. Running .ipynb �les can reproduce the results.
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• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy ) for more details.
• While we encourage the release of code and data, we understand that this might not be

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy ) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi�cation: Section 5 anb Appendix H illustrates the experimental setting and details.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical signi�cance

Question: Does the paper report error bars suitably and correctly de�ned or other appropriate
information about the statistical signi�cance of the experiments?

Answer: [Yes]

Justi�cation: All the plots and tables have� 1 SD and mean values and trial numbers are
speci�ed.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, con�-

dence intervals, or statistical signi�cance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).

17



• It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

• It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not veri�ed.

• For asymmetric distributions, the authors should be careful not to show in tables or
�gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding �gures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide suf�cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justi�cation: Appendix H illustrates the computing resources for experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethicshttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi�cation: The research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethicshttps://neurips.cc/public/EthicsGuidelines

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justi�cation: The paper covers theoretical analysis and introduces an algorithm, which does
not relate to societal impacts.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake pro�les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci�c
groups), privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef�ciency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justi�cation: The paper does not pose such risks.
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• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety �lters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justi�cation: The paper does not use existing assets from another parties.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets,paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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• If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justi�cation: The paper does not introduce new assets.

Guidelines:
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14. Crowdsourcing and research with human subjects
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well as details about compensation (if any)?

Answer: [NA]

Justi�cation: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is �ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
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Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justi�cation: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
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• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary signi�cantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti�c rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi�cation: LLM was not involved during the development of the research.

Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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A Table of Key Notations, Assumptions, and Remarks

Table 5: Table of Key Notations

Symbol De�nition Descriptions

h h(x) = [ h1(x); : : : ; hm (x)]T Equality constraints
g g(x) = [ g1(x); : : : ; gn (x)]T Inequality constraints
� f x 2 Rd j h(x) = 0 ; g(x) � 0g Constraint manifold
I x f i 2 [l ] j gi (x) � 0g =

�
i 1; ::; i j I x j

	
Active index set of inequalities

gI x gI x (x) = [ gi 1 (x); :::gi j I x j (x)]T Active inequality constraints

J (x)
�

h(x)T ; gi 1 (x) + �; :::; g i j I x j (x) + �
	 T

Constraint-correction vector
�( x) I � r J (x)T G(x) � 1r J (x) Orthogonal projector ontoTx �
Tx � f v 2 Rd j r h(x)v = 0 ; r gI x (x)v = 0g Tangent space of� at x
r � f �( x)r f (x) Intrinsic gradient on� (C)

div� X Tr (�( x)r X (x)) Intrinsic divergence on� (C)
d� � Induced surface (Hausdorff) measure of� Surface measure on�
G(x) r J (x)r J (x)T Gram matrix, full rank assumed
U� (�) Tubular neighborhood of� with reach� Usual tubular neighborhood
Û� (�) Recoverable tubular neighborhood with width� See details in (C.1, C.2)

M h supx 0 2 supp( � 0 ) kh(x0)k2 Initial bound ofh(x)
M g supx 0 2 supp( � 0 ) kg(x0)k2 Initial bound ofg(x)
� (x) arg miny2 � kx � yk2 Nearest point projection onto�

� Boundary repulsion rate Controls effect of repulsion.
� Landing rate Controls constraint decay

� LSI Log–Sobolev constant of� � on � EnableKL� � 1
2� LSI

I �

� t Density of the processX t at timet Law of X t (following OLLA)
~� t Density of the projected processYt at timet Law of Yt := � (X t )
� � Target (stationary) density on� Proportional toexp(� f )d� �

KL� (� k� )
R

� � ln �
� d� � KL-divergence on�

I � (� k� )
R

� � kr � ln �
� k2

2d� � Fisher information on�
� Regularity constant of� See details in (C.1, C.3)

� p � p := � (
�

x 2 Rd j h(x) = p; g(x) � 0
	

) Projected manifold forkpk2 � �
vb

p Boundary velocity of@� p See details in Theorem 3
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Assumption 1(Assumptions for exponential convergence of OLLA). The followings are assump-
tions used for proving the convergence results of OLLA:

(C1) LICQ . The linear independence constraint quali�cation holds on� if, for everyx 2 � ,

fr hi (x)gm
i =1 [ fr gj (x)gj 2 I x

is a set of linearly independent vectors.

(C2) Manifold regularity . The Riemannian manifold� is compact and connected. Also, the
equality constraint functionh(x) is coercive, i.e.,kh(x)k2 ! 1 askxk2 ! 1 . Assume
r h(x) 6= 0 ; 8x 2 � and dim(�) = d when there are only inequality constraints.

(C3) Initial constraints bounds. The initial distribution� 0 satis�es

M h := sup
x 0 2 supp( � 0 )

kh(x0)k2 < 1 ; M g := sup
x 0 2 supp( � 0 )

kg(x0)k2 < 1 :

(C4) Log-Sobolev constant. The stationary distribution� � (x) / exp(� f (x))d� � satis�es
a Log-Sobolev Inequality (LSI) with constant� LSI so that

KL� (� jj � � ) �
1

2� LSI
I � (� jj � � ):

Note: Compactness of� with non-negativity of Ricci curvature guarantees the LSI
condition. See [42–47] or Remark 6 for detailed description.

(M1) Regularity of � p. The projected manifold� p := � (
�

x 2 Rd j h(x) = p; g(x) � 0
	

)
lies inside the interior of� for 0 < kpk2 < � , where� is the width of recoverable tubular
neighborhood̂U� (�) .

(M2) Regularity of @� p. The boundary velocityvb
p of @� p appearing on Leibniz integral

rule satis�essupx 2 @� p
kvb

pk2 � Vkpk�
2 for someV > 0; � > 0. Also, assumeM � :=

supkpk2 <� � @� p (@� p) < 1 .

(M3) Bound on � t ; � � . There exists the constantsG1; G2; G3 > 0 such thatG1 :=
supt � 0;x 2 � ~� t < 1 and0 < G 2 � � � � G3 for everyx 2 � .

Remark 3 (Comments on the assumptions (M1) and (M3)).

• Although the assumption (M1) is stated for all small perturbationp 2 Rm ; 0 < kpk2 < � , in our
anaylsis on Theorem 3, we only require:

� t := � (
�

x 2 Rd j h(x) = h(X 0)e� �t ; g(x) � 0
	

) � int(�)

for t � tcut, tcut := max
n

1
� ln

�
M g + �

�

�
; 1

� ln
� M h

�

�
; 1

� ln( ~C5)
o

. Hence, whenX 0 � � (x0) for

somex0 2 Rd, we can replace the global requirement “for allp with 0 < kpk2 < � ” by a weaker,
one-dimensional condition:

(M10) If X 0 � � (x0) for somex0 2 Rd, let u = h(x 0 )
kh(x 0 )k2

and assume

� su := � (
�

x 2 Rd j h(x) = su; g(x) � 0
	

) � int(�) ; for all s 2 (0; � ):

• For the uniform boundednesssupt � 0;x 2 � ~� t < 1 in the assumption (M3), we recall from the
proof of Lemma G.2 that~� t satis�es the following Fokker-Planck equation:

@t ~� t = � div� (~� t (r � ln � � + bN )) +
dX

k=1

div� (div� (~� t (f k + � k ))( f k + � k )) :

Sincek� k k2 = O(e� �t ), the second-order differential operator of the Fokker-Planck equation
becomes uniformly elliptic for suf�ciently larget. In the absense of boundary conditions (equality-
only case), the result from Saloff-Coste[48] would then guaranteesupt � 0;x 2 � ~� t < 1 . However,
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the non-standard boundary conditions imposed on� in our setting preclude a direct application of
those results. We therefore retain the uniform boundedness of~� t as an explicit assumption.

Remark 4 (Relaxed assumption of(M1)). We remark that the assumption(M1) can be strong in
practice. To mitigate this issue, we propose the following assumption(M100) which is a milder
assumption than(M1). It assumes

(M100) Let t1 := max
n

1
� ln

�
M g + �

�

�
); 1

� ln
� M h

�

� o
and de�nept := P(� (X t ) 2 @�) for t � t1.

Suppose there exist
 p; Cp > 0; tp � t1 such thatpt ; @t pt � Cpe� 
 p t � 1=2 for t � tp.

We note that this assumption is a necessary condition of the previous assumption (M1), and the
landing property guaranteeslim t !1 pt = 0 . Also, this assumption ensures that bothpt ; @t pt decays
exponentially fast, which can be satis�ed depending on how fast the sticking behavior of� (X t ) at
the bounadry is attenuated ast increases.

Corollary A.1 (Convergence result for mixed-constrained OLLA with milder assumption). Sup-
pose assumptions (C1) to (C4) and(M100) to (M3) hold. De�neX t to be the stochastic pro-
cess following OLLA dynamics (3) and~� t to be the law ofYt := � (X t ) after t � tcut; tcut :=

max
n

1
� ln

�
M g + �

�

�
; 1

� ln
� M h

�

�
; 1

� ln( ~C5); tp

o
. Then, the following non-asymptotic convergence

rate ofW2(� t ; � � ) holds for� > 2� LSI, � � 1, andt > t cut:

W2(� t ; � � ) �
M h

�
e� �t +

r
2

� LSI
KL� (~� � �

t jj � � ) + Cpe� 
 p t � diam� (�) 2)

where

KL� (~� � �

t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)�

Cp


 p

�
e� 
 p t � e� 
 p t cut

�
!

�

[KL� (~� � �

t cut
jj � � ) + ~C � �

7 + ~C � �

8 ]

for some constantsG� �

4 ; G5; G� �

6 ; ~C6 > 0, ~C � �

7 := ( ~C6 + �G � �

4 G5M h ) e� �t cut

� � 2� LSI
,

~C5 = O

0

@1 +
~CL A M h

�
+

 
~CL A M h

�

! 2
1

A ; ~C � �

8 := ( G� �

6 V M �
h )

e� ��t cut

�� � 2� LSI
;

and with ~CL A being the Lipschitz constant ofr � (x)�( x) on Û� (�) , ~� t
� �

being the conditional
laws ofYt givenYt 2 int(�) .

Proof. We slightly adjust the argument in the proof of Theorem 3 to show this statement, and the
de�nitions of constants are shared with Theorem 3. We �rst observe that the probability measure~� t
can be decomposed as follows:

~� t = (1 � pt )~� � �

t + pt ~� @�
t ; t � tcut

wherept := ~� t (@�) and

~� � �

t :=
~� t j � �

1 � pt
; ~� @�

t :=
~� t j@�

pt
;

are the conditional laws of~� t restricted on� and@� , respectively.

Because~� t is the convex combination of~� � �

t and~� @�
t , the convexity of the 2-Wasserstein distance

implies

W �
2 (~� t ; � � )2 � (1 � pt )W �

2 (~� � �

t ; � � )2 + pt W �
2 (~� @�

t ; � � )2:

Here, we note that

W �
2 (~� � �

t ; � � ) �

r
2

� LSI
KL� (~� � �

t jj � � )
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by Lemma E.6 and the fact that~� � �

t has its support on int(�) . Also, we note that

@t ~� � �

t =
1

1 � pt

�
@t ~� t + ( @t pt )~� � �

t

�

because~� t = (1 � pt )~� � �

t holds forx 2 int(�) . Then, the same approach used in Lemma G.2 gives

@t KL� (~� � �

t jj � � ) = @t

Z

� t

~� � �

t ln

 
~� � �

t

� �

!

d� �

=
1

1 � pt

Z

� t

@t ~� t ln

 
~� � �

t

� �

!

d� �

| {z }
Term (1)

+
Z

@� t

~� � �

t

"

ln

 
~� � �

t

� �

!

� 1

#

hvb
t ; nt i d� @� t

| {z }
Term (2)

+
@t pt

1 � pt
KL�

�
~� � �

t jj � �

�

| {z }
Term (3)

+ @t

Z

� t

~� � �

t d� �

| {z }
=0

where the last equality holds from the Leibniz integral rule withvb
t being the velocity vector of the

boundary of� t := � (
�

x 2 Rd j h(x) = h(X 0)e� �t ; g(x) � 0
	

). Therefore, the expression of@t ~� t
implies that Term (1) becomes

Term (1)=
Z

� t

"

~� � �

t (r � ln � � + bN ) �
dX

k=1

div� (~� � �

t (f k + � k ))( f k + � k )

#

r � ln

 
~� � �

t

� �

!

d� �

| {z }
Term (1-1)

�
Z

@� t

h

"

~� � �

t (r � ln � � + bN ) �
dX

k=1

div� (~� � �

t (f k + � k ))( f k + � k )

#

ln

 
~� � �

t

� �

!

; nt i d� @� t

| {z }
Term (1-2)

using~� t = (1 � pt )~� � �

t . Therefore, Lemma G.2 implies Term (1) can be bounded by

jTerm (1)j � � (1 � ~C5e� �t )I � (~� � �

t jj � � ) + ~C6e� �t + �G � �

4 G5M h e� �t

with G� �

4 := G3M � max
�

1
e ;

�
�
�
�

G � �
1

G2
ln

�
G � �

1
G2

� �
�
�
�

�
andG� �

1 := sup t � t cut ;x 2 � ~� � �

t � 2G1, and the

Term (2) can be bounded by
jTerm (2)j � G� �

6 V M �
h e� ��t :

with G� �

6 := G� �

4 + G� �

1 M � . Also, Term (3) is upper bounded by

Term (3)� Cpe� 
 p t KL� (~� � �

t jj � � )

Therefore, combining the bounds with the LSI condition gives the following inequality:

@t KL� (~� � �

t jj � � )�� 2� LSI

�
1 � ~C5e� �t �

Cp

2� LSI
e� 
 p t

�
KL� (~� � �

t jj � � ) +
�

~C6+ �G � �

4 G5M h

�
e� �t

+ G� �

6 V M �
h e� ��t :

Hence, applying the Grönwall-type inequality recovers the following inequality:

KL� (~� � �

t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut) �

Cp


 p

�
e� 
 p t � e� 
 p t cut

�
!

�

[KL� (~� � �

t cut
jj � � ) +

Z t

t cut

exp

 

2� LSI(s � tcut) +
2� LSI ~C5

�
(e� �s � e� �t cut) +

Cp


 p

�
e� 
 p s � e� 
 p t cut

�
!

�

h�
~C6 + �G � �

4 G5M h

�
e� �s + G� �

6 V M �
h e� ��s

i
ds]

which can again be summarized as follows:
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KL� (~� � �

t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut) �

Cp


 p

�
e� 
 p t � e� 
 p t cut

�
!

�

[KL� (~� � �

t cut
jj � � ) + ~C � �

7 + ~C � �

8 ]

where ~C � �

7 := ( ~C6 + �G � �

4 G5M h ) e� �t cut

� � 2� LSI
and ~C � �

8 := ( G� �

6 V M �
h ) e� ��t cut

�� � 2� LSI
.

Lastly, we observe that

W �
2 (~� @�

t ; � � ) :=
�

inf
� 2 �(~� @�

t ;� � )

Z

� � �
d� (p; q)2� (dp; dq)

� 1
2

� diam� (�)

wherediam� (�) := sup f d� (x; y) j x; y 2 � g < 1 due to the compactness of� . Therefore,
combining the above upper bounds, we recover the following inequality:

W �
2 ( ~� t ; � � ) �

r
2

� LSI
KL� (~� � �

t jj � � ) + Cpe� 
 p � diam� (�) 2)

Therefore, applying the same reasoning as in Theorem 3 completes the proof.

Remark 5 (Effect of number of Hutchinson probesN on the decaying speed of constraint functions).
In this remark, under the single equality case, we demonstrate that exponential decay ofh via
OLLA-H and analyze the effects of the number of Hutchinson probesN . When there is only a single
equality constraint, we recall that the OLLA-H update rule is given as

X k+1 = X k + ( b(X k ) + � k (X k )) � t +
p

2� t�( X k )� k ; � k � N (0; I d)

whereb(x) := � �( x)r f (x) � � r h(x)G(x) � 1h(x) � r h(x)G� 1(x)Tr
�
�( x)r 2h(x)

�
and

Ŝ(x) =
1
N

NX

i =1

vT
k;i �( x)r 2h(x)vk;i ; � k (x) := �r h(x)G(x) � 1

�
Ŝ(x) � Tr (S(x))

�

with S(x) := �( x)r 2h(x) andvk;i � N (0; I d). Also, we note thatE [� k (X k ) j X k ] = 0 and

E
�
� k (X k )� k (X k )T j X k

�
=

r h(X k )r h(X k )T

kr h(X k )k4 �Var(Ŝ(X k )jX k ) =
2r h(X k )r h(X k )T

N kr h(X k )k4 kS(X k )k2
F :

Proposition A.1 (Exponential decay of constraint function under OLLA-H). . Assume the single
equality constraint scenario and the following conditions:

• (Dissipativity ofb(x)) hx; b(x)i � � mkxk2 + c for somem > 0; c � 0.

• (Linear growth ofb(x)) kb(x)k2 � A + B kxk2 for someA; B � 0.

• (Boundedness of tangential Hessian-gradient ratio)Ch = supx 2 Rd
k�( x ) r 2 h(x )k2

F
kr h(x )k2 < 1 .

• (L 1-smoothness ofh) For someL 1 > 0, kr 2h(x)k � L 1 for anyx 2 Rd.

• (L 2-Lipschitzness ofr 2h) For someL 2 > 0, kr 2h(x) � r 2h(y)k � L 2kx � yk for any
x 2 Rd.

• (Step size control) 0 < � t < min
�

1; m
B ; 1

2m

	
.

Then, the OLLA-H dynamics withN Hutchinson probes have the following decaying property ofh:

E [h(X K )] � (1 � � � t)K E [h(X 0)] + O
�

� t
�

�
d +

1
N

��

for K � 0.
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Proof. We �rst prove thatsupk � 0 Ek� X k k2 < 1 where� X k := X k+1 � X k . To show this, we
de�ne F k := � (X m ; � m ; vm;j j m � k; j � N ) to be thek th canonical �ltration and observe that

E
�
kX k+1 k2 j F k

�
= kX k k2 + 2� thX k ; b(X k )i + � t2kb(X k )k2 + � t2E

�
k� k (X k )k2 j X k

�

+ 2� tE
�
k�( X k )� k k2 j X k

�

becauseE [� k j X k ] = E [� k (X k ) j X k ] = 0 and� X k = ( b(X k ) + � k (X k ))� t +
p

2� t�( X k )� k .
Applying the disspativity and linear growth assumption, we have

E
�
kX k+1 k2 j F k

�
� (1 � (2m � B � t)� t) kX k k2 +

�
2c + 2( d � 1) + ( A +

2Ch

N
)� t

�
� t

because

E
�
k� k (X k )k2 j X k

�
�

2
N

k�( X k )r 2h(X k )k2
F

kr h(X k )k2 �
2Ch

N

holds from the tangential Hessian-gradient ratio assumption, andE
�
k�( X k )� k k2 j X k

�
= d � 1.

Because the step size control assumption guarantees(1 � (2m � B � t)� t) 2 (0; 1), we have the
following inequality:

sup
k � 0

E[kX k k2] �
2c + 2( d � 1) + ( A + 2Ch

N )� t
2m � B � t

:= M N < 1

by taking expectations and iterating the recursion. Therefore, it holds that

E
�
k� X k k2 j F k

�
= E

�
k� X k k2 j X k

�
= � t2kb(X k )k2 + � t2E

�
k� k (X k )k2 j X k

�
+ 2� t(d � 1)

� � t2 �
A + B kX k k2�

+
2Ch � t2

N
+ 2� t(d � 1)

and

sup
k � 0

Ek� X k k2 � � t2
�

A + BM N +
2Ch

N

�
+ 2� t(d � 1) := M 1� t2 + M 2� t < 1

with M 1 := A + BM N + 2Ch
N andM 2 = 2( d � 1).

Similarly, let us de�neB (X k ) := ( b(X k ) + � k (X k ))� t. Then, under the similar proof, it holds that

E
�
kB (X k )k2 j F k

�
= E

�
kB (X k )k2 j X k

�
= � t2kb(X k )k2 + � t2E

�
k� k (X k )k2 j X k

�

� � t2 �
A + B kX k k2�

+
2Ch � t2

N
and

sup
k � 0

E
�
kB (X k )k2�

� � t2
�

A + BM N +
2Ch

N

�
= � t2M 1: (10)

Next, we prove the decaying property ofh : Rd ! R. From the 2nd order Taylor expansion onh, the
following holds almost surely:

h(X k+1 ) = h(X k ) + r h(X k )� X k +
1
2

� X T
k r 2h( ~X k )� X k

= (1 � � � t)h(X k ) � Tr
�
�( X k )r 2h(X k )

�
� t +

�
� T

k �( X k )r 2h(X k )�( X k )� k
�

� t

+
1
2

� X T
k r 2h( ~X k )� X k �

�
� T

k �( X k )r 2h(X k )�( X k )� k
�

� t

where ~X k is some point2 Rd betweenX k andX k+1 and� X k := X k+1 � X k . Therefore, by
applying thet previous observations, we get the following:

E[h(X k+1 )jF k ] � (1 � � � t)h(X k ) +
L
2

E
�
kB (X k )k2 j X k

�
+ L � tE

�
k� X k k2 j X k

�

which implies

E[h(X k+1 )] � (1 � � � t)E [h(X k )] +
L � t2(M 1(1 + 2� t) + 2 M 2)

2
:
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By applying the telescoping sum with expectation, we recover the following formula:

E [h(X K )] � (1 � � � t)K E [h(X 0)] +
L � t(M 1(1 + 2� t) + 2 M 2)

2�
:

Finally, we note that

M N = O
�

d + � t
�

1 +
1
N

��
; M 1 = O

�
d + � t

�
1 +

1
N

�
+

1
N

�
; M 2 = O (d)

and, therefore,

E [h(X K )] � (1 � � � t)K E [h(X 0)] + O
�

� t
�

�
d +

1
N

��
:

As we can see in the above proposition, the effect ofN scales withO(1=N) and vanishes asN ! 1 .
Therefore, the usage of the Hutchinson estimator does not affect the convergence speed of constraint
functions under the single-equality scenario with suf�ciently regularh andf .
Remark 6 (Geometric control of� LSI). We state the following result from geometric analysis that
provides a lower bound for� LSI:

Theorem A.1(Informal, [49, 47]). Let � be a compact Riemannian manifold with diameterD and
non-negative Ricci curvature. Then,� LSI � � 1

1+2 D
p

� 1
, or � LSI � � 2

(1+2 � )D 2 holds, where� 1 is the
�rst eigenvalue of the Laplace-Beltrami operator on� .

This theorem implies if the constraints shrink the diameterD (or increase� 1) of � , the lower bound
of � LSI increases, so the on-manifold decayKL� (~� t jj � � ) accelerates (dominated by its exponential
rate� 2� LSI appearing in Theorem 1 or Theorem 3).
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B Algorithms of OLLA, OLLA-H, and baselines

Algorithm 1 Euler–Maruyama discretization of OLLA & OLLA-H

1: Input: initial point x0 2 Rd, step size� t, number of stepsK , landing rate� , boundary
repulsion rate� , potentialf , constraintsf hi gm

i =1 ; f gj gl
j =1 , Hutchinson probe numbersN , mode

2 f OLLA; OLLA-Hg
2: Output: sample trajectoryf xk gK

k=0

3: for k = 0 ; : : : ; K � 1 do
4: Evaluate constraints:f hi (xk )gm

i =1 ; f gj (xk )gl
j =1

5: Compute:r f (xk ), J (xk ), r J (xk )
6: Compute:G(xk )  r J (xk ) r J (xk )T

7: if rank(G) < m + I x : then G� 1  Gy elseG� 1  G� 1

8: if mode= OLLA:
Compute:Tr  [Tr

�
�( xk )r 2h1

�
; :::; Tr

�
�( xk )r 2gi j I x j

�
]T

9: else
Compute:Tr  

P N
k=1 [vT

k �( xk )r 2h1vk ; :::; vT
k �( xk )r 2gi j I x j vk ]T , vk � N (0; I d)

10: Compute:H(xk )  r J (xk )T G� 1(xk )Tr
11: Compute:q(xk )  � �( xk )r f (xk ) � � r J (xk )T G� 1(xk )J (xk ) + H(xk )
12: Update:xk+1  xk + q(xk ) � t +

p
2� t�( xk )� k where� k � N (0; I d)

13: end for
14: return f xk gK

k=0

Remark 7 (Pseudo-inverse of Gram matrix when LICQ fails). A second issue of OLLA arises
if the Gram matrixG = r J r J T becomes singular. This may happen when the LICQ condition
momentarily fails near the neighborhood of� . In that case, we replace the inverseG� 1 with
the Moore-Penrose pseudo-inverseGy. BecauseGy still projects onto the row space ofr J and
annihilates its null space, it enforces the same exact orthogonality to constraint gradients, preserving
the exponential landing behavior and numerical stability of OLLA.

Algorithm 2 Constrained Langevin (CLangevin) with slack variables [19, 20]

1: Input: initial positionx0 2 � , step size� t, number of stepsK , potentialf , constraintsf hi gm
i =1 ,

f gj gl
j =1 , projection iterationsL , tolerance� , regularization�

2: Output: sample trajectoryf xk gK
k=0

3: Initialize slack variables:s0;j  
p

maxf� 2gj (x0); 0g for j 2 [l ]
4: Set the extended state:s0  (s0;1; :::; s0;l ) 2 Rl , y0  (x0; s0;1; :::; s0;l ) 2 Rd+ l

5: for k = 0 ; : : : ; K � 1 do
6: Draw � k � N (0; I d+ l )
7: Compute the augmented constraint vector:

J (yk ) =
�
h1(xk ); : : : ; hm (xk ); g1(xk ) +

1
2

s2
k; 1; : : : ; gl (xk ) +

1
2

s2
k;l ]T

8: Constrained update:

yk+1  yk � r f ext (yk )� t +
p

2� t� k + r J (yk )T � k

wheref ext (x; s) = f (x) and� k is chosen such thatkJ (yk+1 )k1 � � by Newton's
method with regularization� and max iterationsL

9: Set :xk  yk [1 : d], sk  yk [d + 1 : l ]
10: end for
11: Output: f xk gK

k=0
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Algorithm 3 Constrained HMC (CHMC) with slack variables [19, 20]

1: Input: initial position x0 2 � , step size� t, number of stepsK , potentialf , constraints
f hi gm

i =1 ,f gj gl
j =1 , projection iterationsL , tolerance� , regularization� , friction 


2: Output: sample trajectoryf xk gK
k=0

3: Initialize slack variable:s0;j  
p

maxf� 2gj (x0); 0g for j 2 [l ]
4: Set the extended state:s0  (s0;1; :::; s0;l ) 2 Rl , y0  (x0; s0;1; :::; s0;l ) 2 Rd+ l

5: Sample momentump0 � N (0; I d+ l ) such thatr J (y0)p0 = 0
6: for k = 0 ; : : : ; K � 1 do
7: Draw � k ; � k+1 =2 � N (0; I d+ l )
8: Compute the augmented constraint vector:

J (yk ) =
�
h1(xk ); : : : ; hm (xk ); g1(xk ) +

1
2

s2
k; 1; : : : ; gl (xk ) +

1
2

s2
k;l ]T

9: Midpoint Euler step:

pk+1 =4 = pk �
� t
4


 (pk + pk+1 =4) +
p

� t
� k + r J (yk )T � k+1 =4

such thatr J (yk )pk+1 =4 = 0
10: Verlet step - (1):

pk+1 =2 = pk+1 =4 �
� t
2

r f ext (yk ) + r J (yk )T � k+1 =2

yk+1 = yk + pk+1 =2� t

such thatkJ (yk+1 )k1 � � by Newton's method with regularization� and max iterationsL
11: Verlet step - (2):

pk+3 =4 = pk+1 =2 �
� t
2

r f ext (yk+1 ) + r J (yk+1 )� k+3 =4

such thatr J (yk+1 )T pk+3 =4 = 0
12: Midpoint Euler step:

pk+1 = pk+3 =4 �
� t
4


 (pk+3 =4 + pk+1 ) +
p

� t
� k+1 + r J (yk+1 )� k+1

such thatr J (yk+1 )T pk+1 = 0
13: Set :xk  yk [1 : d], sk  yk [d + 1 : l ]
14: end for
15: Output: f xk gK

k=0
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Algorithm 4 Constrained generalized HMC (CGHMC) with MH correction [19, 21]

1: Input: initial positionx0 2 � , step size� t, number of stepsK , potentialf , equality constraints
f hi gm

i =1 , f gj gl
j =1 , projection iterationsL , tolerance� , regularization� , friction 


2: Output: sample trajectoryf xk gK
k=0

3: Sample momentump0 � N (0; I d) such thatr J (x0)p0 = 0
4: for k = 0 ; : : : ; K � 1 do
5: Draw � k ; � k+1 =2 � N (0; I d)
6: Compute the augmented constraint vector:J (xk ) = [ h1(xk ); : : : ; hm (xk )]
7: Midpoint Euler step:

pk+1 =4 = pk �
� t
4


 (pk + pk+1 =4) +
p

� t
� k + r J (xk )T � k+1 =4

such thatr J (xk )pk+1 =4 = 0
8: Compute the Hamiltonian:H (xk ; pk+1 =4) = f (xk ) + 1

2 kpk+1 =4k2
2

9: Verlet step - (1):

pk+1 =2 = pk+1 =4 �
� t
2

r f (xk ) + r J (xk )T � k+1 =2

~xk+1 = xk + pk+1 =2� t

such thatkJ (~xk+1 )k1 � � by Newton's method with regularization� and max iterationsL
10: Verlet step - (2):

~pk+3 =4 = pk+1 =2 �
� t
2

r f (~xk+1 ) + r J (~xk+1 )� k+3 =4

such thatr J (~xk+1 )T ~pk+3 =4 = 0
11: Compute the Hamiltonian:H (~xk+1 ; ~pk+3 =4) = f (~xk+1 ) + 1

2 k~pk+3 =4k2
2

12: Metropolis-Hasting Correction: With probability

min
�

exp
�
� (H (~xk+1 ; ~pk+3 =4) � H (xk ; pk+1 =4))

�
; 1

	

set
(xk+1 ; pk+ 3

4
) = (~xk+1 ; ~pk+ 3

4
); if g(~xk+1 ) � 0

Otherwise, reject and �ip momentum(xk+1 ; pk+ 3
4
) = ( xk ; � pk+ 1

4
)

13: Midpoint Euler step:

pk+1 = pk+3 =4 �
� t
4


 (pk+3 =4 + pk+1 ) +
p

� t
� k+1 + r J (xk+1 )� k+1

such thatr J (xk+1 )T pk+1 = 0
14: end for
15: Output: f xk gK

k=0
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C Proof of Basic Properties on�

C.1 Intrinsic Gradient on �

Recall that our target manifold� is de�ned by� :=
�

x 2 Rd j h(x) = 0 ; g(x) � 0
	

. For a smooth
functionf : � ! R, the Riemannian gradientr � f is de�ned by the relation

hr � f (x); vi = df x (v); for everyv 2 Tx �

To check�( x)r f (x) = r � f (x), observe that�( x)r f (x) 2 Tx � and�( x)r f (x) reproduces
df x on every tangent vector. This is because ifv 2 Tx � , h�( x)r f (x); vi = hr f (x); �( x)vi =
hr f (x); vi = df x (v) due to the symmetric nature of�( x). Therefore, the intrinsic gradient on�
can be extrinsically de�ned byr � f (x) = �( x)r f (x).

C.2 Intrinsic Divergence on�

Recall that ifX 2 X (�) whereX (�) is a set of smooth vector �elds on� , then the divergence ofX
on � is de�ned bydiv� X (x) =

P d� (m + j I x j )
i =1 hr �

E i
X; E i i wherer � is Levi-Civita connection on

� and
�

E1; :::Ed� (m + j I x j )
	

is an orthonormal frame ofTx � . To check its extrinsic formula, �rst
observe that the induced Levi-Civita connection is given byr �

Y X (x) := ( r Y X )> = �( x)r Y X (x)
whereX; Y 2 X (�) , > indicates tangential component on� , andr is the Levi-Civita connection
(or usual directional gradient) inRd. Then, ifX and

�
E1; :::Ed� (m + I x )

	
are extended to the ambient

spaceRd, it holds that

div� X =
d� (m + j I x j )X

i =1

h� r E i X; E i i =
d� (m + j I x j )X

i =1

h� r XE i ; E i i = Tr (� r X )

where the last equation is obtained by taking a basis
�

E1; :::Ed� (m + j I x j ) ; � 1; :::; � m + j I x j
	

of Rd with�
� 1; :::; � m + j I x j

	
being the orthonormal basis of(Tx �) ? , and applying the de�nition of trace.

C.3 Recoverable Tubular Neighborhood of Boundaryless Riemannian Manifold

Let U� (�) :=
�

x 2 Rd j dist(x; �) < �
	

be a tubular neighborhood of� with reach� , whose
existence is guaranteed by the compactness of� [50]. In the proof of Theorem 1, we require a
property that enables us to recover the uniquex 2 U� (�) such thaty = � (x) andh(x) = p, given
the information ofy 2 � andp 2 Rm .

The following theorem indicates the existence of such a nice neighborhood of� such that anyx
in this neighborhood can be recovered from the information ofy; p. In addition to this, we need
a regularity lemma to connect the decrease ofkh(x)k2 with the decrease ofdist(x; �) , which is a
crucial property to show the convergence of theW2 distance.

Lemma C.1(Regularity lemma). Assumeh 2 C2 and LICQ condition is satis�ed on� . Then,
there exist constantŝ�; � > 0 such that for allx 2 U�̂ (�) � U� (�)

kh(x)k2 � � kx � � (x)k2

where� = 1
2 miny2 � � min (r h(y)) > 0.

Proof. For eachy 2 � , r h(y) has full rank by the LICQ condition, so its smallest singular value
� y := � min(r h(y)) > 0. Since, anyx 2 U� (�) can be decomposed intox = y + v for some
y 2 � ; v 2 Ny (�) := ( Ty �) ? , Taylor's theorem gives

h(x) = h(y + v) = r h(y)v + Ry (v)

where the norm of the remainder termRy (v) is bounded above bykRy (v)k2 � 1
2 M kvk2

2 for
M := supy2 U �̂ (�) kr 2h(y)k2 < 1 . Hence,

kh(x)k2 = kh(y + v)k2 � kr h(y)vk2 � k Ry (v)k2 � � y kvk2 �
1
2

M kvk2
2:
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Furthermore, becauseh 2 C2 andy 7! � min (r h(y)) is a continuous function on� , the compactness
of � implies there exists� = min y2 � � min (r h(y)) > 0. Also, choose0 < �̂ � � such thatM �̂ � � .
Then wheneverx 2 U�̂ (�) so thatkvk2 < �̂ , we get

kh(x)k2 � � kvk2 �
1
2

M kvk2
2 � (� �

1
2

M �̂ )kvk2 �
�
2

kvk2 =
�
2

kx � � (x)k2:

Lemma C.1 shows that an upper bound onkh(x)k2 yields an upper bound onkx � � (x)k2; however,
this guarantee holds only oncex has enteredU�̂ . Therefore, to ensure thatx indeed entersU�̂
wheneverkh(x)k2 is suf�ciently small, we appeal to Lemma C.2.

Lemma C.2(Entrance cutoff ofU�̂ (�) in terms ofkh(x)k2). Assumeh is continuous and coercive,
i.e. kh(x)k2 ! 1 wheneverkxk2 ! 1 . Then, there exists� � > 0 such thatdist(x; �) < �̂ if
kh(x)k2 < � � where�̂ > 0 is the constant de�ned in Lemma C.1.

Proof. First, we show thath is a proper map. LetC be a compact set inRm so that it is closed
and bounded. Then,h� 1(C) is closed becauseh is continuous. Also, supposeh� 1(C) were
unbounded so that there is a sequencef xk gk2 N 2 h� 1(C) with kxk k2 ! 1 . Then, by coercivity
of h, kh(xk )k2 ! 1 while everyh(xk ) lies in C, which is bounded and leads to a contradiction.
Therefore,h� 1(C) is bounded and closed and therefore is compact by the Heine-Borel theorem. This
provesh is a proper map.

Now, de�ne a setS�̂ :=
�

x 2 Rd j dist(x; �) � �̂
	

and assumeinf x 2 S �̂ kh(x)k2 = 0 . In this case,
there must be a sequencef xk gk2 N � S�̂ with kh(xk )k2 ! 0. This impliesxk 2 h� 1( �B (0; 1))
for 8k � K for someK 2 N. Sinceh� 1( �B (0; 1)) is a compact set, there is a subsequence�

xk j

	
of f xk g converging to somex � from the Bolzano-Weierstrass theorem. Subsequently, the

continuity ofh impliesh(x � ) = lim j !1 h(xk j ) = 0 andx � 2 � . However, becauseS�̂ is closed
and everyxk j 2 S�̂ , it should satisfyx � 2 S�̂ ) dist(x � ; �) � �̂ , which is a contradiction that
x � 2 � , dist(x; �) = 0 . Therefore,� � := inf x 2 S �̂ kh(x)k2 > 0 holds anddist(x; �) < �̂ if
kh(x)k2 < � � .

Theorem C.1(Recoverable tubular neighborhood). Let � :=
�

x 2 Rd j h(x) = 0
	

be a compact
and boundaryless Riemannian manifold with LICQ condition. Then, there exists arecoverable
tubular neighborhoodof � with width� , Û� (�) :=

�
x 2 Rd j kh(x)k2 < �

	
� U�̂ (�) for some

� > 0 such that

1. The nearest-point projection map� : Û� (�) ! � ; � (x) = argmin y2 � kx � yk2 is
well-de�ned.

2. The following recovery map� (y; p) is well-de�ned

� (y; p) : � � B (0; � ) ! Û� (�) ; � (y; p) = y + r h(y)T L(y; p) (11)

whereL : � � B (0; � ) ! Rm is the C1 function such thath(� (y; p)) = p and
� (� (y; p)) = y for 8(y; p) 2 � � B (0; � ).

In this case, we refer tôU� (�) as therecoverable tubular neighborhoodof � .

Proof. De�ne F ((y; p); L ) : R(d+ m )+ m ! Rm by F ((y; p); L ) = h(y + r h(y)T L) � p. Then, for
eachy 2 � , F ((y; 0); 0) = h(y) � 0 = 0. Also, r L F ((y; p); L ) = r h(y + r h(y)T L)r h(y)T

impliesr L F ((y; 0); 0) = r h(y)r h(y)T , which is invertible due to full rank assumption ofr h(y).

Therefore, by the implicit function theorem, there exists� y > 0 and an open setUy :=
f (y0; p0) 2 � � Rm j d� (y; y0) < � y ; kp0k2 < � y g � Rd+ m such that there exists a uniqueC1 func-
tion L : Uy ! Rm satisfyingL(y; 0) = 0 andF ((y; p); L (y; p)) = 0 for 8(y; p) 2 Uy .

Now, observe that[ y2 � Uy is the open cover of� � f 0g, which is a compact set. Therefore,
using its �nite subcovers, we can pick̂� > 0 such that for8y 2 � andkpk2 < �̂ , L (y; p) is
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well-de�ned C1 function on� � B (0; �̂ ) and the recovery map� (y; p) : � � B (0; �̂ ) ! Rd,
� (y; p) = y + r h(y)T L(y; p) is also well-de�ned andC1 on � � B (0; �̂ ) such thath(� (y; p)) = p
holds (fromF ((y; p); L (y; p)) = 0 ).

Finally, setting� = min
n

�̂; � �
o

(where the constant� � comes from Lemma C.2) and̂U� (�) :=
�

x 2 Rd j kh(x)k2 < �
	

� U�̂ (�) enables the well-de�ned nearest-point projection map� on
Û� (�) . By applying� to � (y; p), we recover the formula� (� (y; p)) = � (y + r h(y)T L(y; p)) =
y; 8(y; p) 2 � � B (0; � ).

C.4 Recoverable Tubular Neighborhood of Riemannian Manifold with Boundary

The following results generalize the proceeding lemmas and theorems by incorporating inequality
constraints alongside the equality constraints.

Lemma C.3(Regularity lemma with boundary). Let � =
�

x 2 Rd j h(x) = 0 ; g(x) � 0
	

. As-
sumeh; g 2 C2 and LICQ condition is satis�ed on� . Then, there exist constants�̂; � > 0 such
that for all x 2 U�̂ (�) � U� (�)

kh(x)k2 + kgI � ( x ) (x)k2 � � kx � � (x)k2

where� = 1
2 miny2 � � min

��
r h(y)T ; r gI y (y)T

��
> 0.

Proof. For every subsetI � [l ], consider� I := f y 2 � j I y = I g. Then fory 2 � I , r JI (y) :=
[r h(y)T ; r gI (y)T ]T 2 R(m + j I j ) � d has full rank due to the LICQ condition, so its smallest singular
value � I

y := � min(r JI (y)) > 0. Becausey 7! � I
y is continuous on� I , we also have� :=

min
I � [l ]

inf
y2 � I

� I
y > 0 by Lemma C.4. Also, since anyx 2 U� (�) can be decomposed intox = y + v for

somey 2 � ; v 2 Ny (�) , Taylor's theorem gives

h(x) = h(y + v) = r h(y)v + Rh (v); gI y (x) = gI y (y + v) = r gI y (y)v + Rg(v)

where the norm of the remainder termRh (v); Rg(v) is bounded above bykRh (v)k2 �
1
2 M kvk2

2; kRg(v)k2 � 1
2 M kvk2

2 for M := max
z2 U � (�)

�
kr 2h(z)k2; kr 2g(z)k2

	
< 1 . Now, we

setw = r J (y)v, which satis�eskwk2 � � kvk2 by the de�nition of � . Then, we observe

kh(x)k2 + kgI y (x)k2 = kwk2 �
�
kwk2 � k h(x)k2 � k gI y (x)k2

� ( � )
� � kvk2 � M kvk2

2

where(� ) comes from the following observation:

kwk2 � (kh(x)k2 + kgI y (x)k2) � k wk2 � k [h(x)T ; gI y (x)T ]T k2 � k w � [h(x)T ; gI y (x)T ]T k2

= k[Rh (v)T ; Rg(v)T ]T k2 � k Rh (v)k2 + kRg(v)k2

� M kvk2
2:

Now, choose small0 < �̂ � � such thatM �̂ � �
2 . Then wheneverx 2 U�̂ (�) so thatkvk2 < �̂ , we

get
kh(x)k2 + kgI � ( x ) (x)k2 �

�
2

kvk2 =
�
2

kx � � (x)k2:

Lemma C.4. For every subsetI � [l ], consider� I := f y 2 � j I y = I g. For y 2 � I , de-
�ne r JI (y) := [ r h(y)T ; r gI (y)T ]T 2 R(m + j I j ) � d and � I

y := � min (r JI (y)) > 0. Then,
inf

y2 � I

� I
y > 0 holds.

Proof. Suppose inf
y2 � I

� I
y = 0 , then there exists a sequenceyk 2 � I with � min (r JI (yk )) !

0. Because� is compact, the sequence has a subsequence ofyk converging toy� 2 � by
Bolzano–Weierstrass theorem. In this case, there are two possibilities:
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1. WhenI y � = I , � min (JI (y� )) > 0 by LICQ, contradicting the assumptioninf
y2 � I

� I
y = 0 .

2. WhenI y � = I [ K for some non-empty setK � [l ], the LICQ condition implies
r JI [ K (y� ) = [ r h(y� )T ; r gI (y� )T ; r gK (y� )T ]T has a full rank, thereby, imposing
r JI (y� ) to have full rank. This again impliesinf

y2 � I

� I
y > 0, a contradiction.

Note thatI y � does not deactivate already activated inequality indexi 2 I . This is becausegi (yk ) = 0
for 8i 2 I and continuity ofgi impliesgi (y� ) = 0 . Thus, the previous argument on two possibilities
completes the proof.

Lemma C.5 (Entrance cutoff ofU�̂ (�) in terms of kh(x)k2 and g(x)). Let � :=�
x 2 Rd j h(x) = 0 ; g(x) � 0

	
. Assumeh; g are continuous andh is coercive, i.e.kh(x)k2 !

wheneverkxk2 ! 1 . Then, there exists� � > 0 such thatdist(x; �) < �̂ if kh(x)k2 < � � and
gi (x) < � � for i 2 [l ], where�̂ > 0 is de�ned in Lemma C.3.

Proof. De�ne S�̂ :=
�

x 2 Rd j dist(x; �) � �̂
	

and let (x) := max fk h(x)k2; g1(x); :::; gl (x)g.
Assumeinf x 2 S �̂  (x) = 0 . In this case, there must be a sequencef xk gk2 N � S�̂ with kh(xk )k2 ! 0
andgi (xk ) �  (xk ) ! 0 for 8i 2 [l ].

This impliesxk 2 h� 1( �B (0; 1)); 8k � K and for someK 2 N. Sinceh� 1( �B (0; 1)) is a compact
set due to the properness ofh (Lemma C.2), there exists a subsequence

�
xk j

	
of f xk g converging

to somex � from the Bolzano-Weierstrass theorem. Subsequently, the continuity ofh implies
h(x � ) = lim j !1 h(xk j ) = 0 ; gi (x) � 0; 8i 2 [l ], therefore,x � 2 � .

However, becauseS�̂ is closed and everyxk 2 S�̂ , it should satisfyx � 2 S�̂ ) dist(x � ; �) � �̂ ,
which is a contradiction thatx � 2 � , dist(x; �) = 0 . Therefore,� � := inf x 2 S �̂  (x) > 0 holds
and dist(x; �) < �̂ if  (x) < � � .

Theorem C.2 (Recoverable tubular neighborhood with boundary). Let � :=�
x 2 Rd j h(x) = 0 ; g(x) � 0

	
be a compact Riemannian manifold with boundary. As-

sume LICQ condition on� . Then, there exists arecoverable tubular neighborhoodof � with
width � , Û� (�) :=

�
x 2 Rd j kh(x)k2 < �; g (x) < �

	
� U�̂ (�) for some� > 0 such that

1. The nearest-point projection map� : Û� (�) ! � ; � (x) = argmin y2 � kx � yk2 is
well-de�ned.

2. The following recovery map� (y; p; qI y ) is well-de�ned

� (y; p; qI y ) : � � Bm (0; � )� B j I y j (0; � ) ! Û� (�) ; � (y; p; qI y ) = y+ r J (y)T L(y; p; qI y )

whereI y is the index set of active inequalities aty 2 � , J (y) := [ h(y); gI y (y)] 2
Rm + j I y j , andL : � � Bm (0; � ) � B j I y j (0; � ) ! Rm + j I y j is the function such that

h(� (y; p; qI y )) = p;

(
gi (� (y; p; qI y )) = qi ; i 2 I y

gi (� (y; p; qI y )) < 0; i =2 I y ;
� (� (y; p; qI y )) = y

8(y; p; qI y ) 2 � � Bm (0; � ) � B j I y j (0; � ). Furthermore, wheny 2 int(�) , L = L(y; p)
is aC1 function on� � Bm (0; � ).

Proof. Let us �rst de�ne F ((y; p; qI y ); L ) : R(d+ m + j I y j )+( m + j I y j ) ! Rm + j I y j , F ((y; p; qI y ); L ) :=�
h(y + r J (y)T L) � p; gI y (y + r J (y)T L) � qI y

�
2 Rm + j I y j and consider the stratum� I :=

f y 2 � j I y = I g for each subsetI of inequality indices.

Then fory 2 � I , we observe thatF ((y; 0; 0); 0) = 0 andr L F ((y; 0; 0); 0) = r J (y)r J (y)T

which is invertible by the LICQ condition. Therefore, the implicit function theorem ensures the ex-
istence of� y > 0, Uy :=

�
(y0; p0; q0

I ) 2 � I � Rm � RI j d� (y; y0) < � y ; kp0k2 < � y ; kq0
I k2 < � y
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such that there exists a uniqueC1 mapL : Uy ! Rm + j I j satisfyingF ((y; p; qI ); l (y; p; qI )) =
0; 8(y; p; qI ) 2 Uy .

Now, observe that[ y2 � I Uy is the open cover of� I � f 0gm � f 0gI , which is a compact set.
Therefore, using the �nite subcovers of� I , we can pick̂� I > 0 such that for8y 2 � I , kpk2 < �̂ I ,
andkgI k2 < �̂ I , L (y; p; qI ) is well-de�nedC1 function on� I � Bm (0; �̂ I ) � B j I j (0; �̂ I ) and the
recovery map� (y; p; qI ) : � � Bm (0; �̂ ) � B j I j (0; �̂ ) ! Rd, � (y; p; qI ) = y + r J (y)T L(y; p; qI )
is also well-de�nedC1 map on� I � Bm (0; �̂ I ) � B j I j (0; �̂ I ) such thath(� (y; p; qI )) = p and
gi (� (y; p; qI )) = qi for i 2 I , which comes from the propertyF (y; p; qI ); l (y; p; qI )) = 0 .

Furthermore, from the continuity ofgi ; i =2 I , there exists
 I > 0 such thatgi (z) � � 
 I for all z 2
B (y; 
 I ) and the compactness of�U�̂ (�) givesG-Lipschitzness ofgi onU�̂ (�) for all i 2 [l ], for some

G > 0. Also, we recall thatL (y; p; qI ) is C1 map on
n

(y; p; qI ) j y 2 � I ; kpk2 < �̂ I ; kgI k2 < �̂ I

o

with L(y; 0; 0) = 0 .

Hence, the Taylor expansion ofL (y; p; qI ) with boundedness ofkr pL(y; p; qI )k2; kr qI L(y; p; qI )k2

on
n

(y; p; qI ) j y 2 � I ; kpk2 < �̂ I ; kgI k2 < �̂ I

o
and boundedness ofkr J (y)k2 on � gives

kL(y; p; qI )k � CI (kpk2 + kqI k2) ) kr J (y)T L(y; p; qI )k2 � C0
I (kpk2 + kqI k2)

for someCI ; C0
I > 0. Then, choosing~� I := min

n
�̂ I ; 
 I

4C 0
I G

o
concludes that wheneverkpk2 <

~� I ; kqI k2 < ~� I , the inequality

gi (� (y; p; qI )) = gi (y + r J (y)T L(y; p; qI )) � gi (y) + Gkr J (y)T L(y; p; qI )k2 � �

 I

2
< 0

holds for alli =2 I . Finally, setting� = min
n

minI � [l ]
~� I ; � �

o
(where the constant� � comes from

Lemma C.5) and̂U� (�) :=
�

x 2 Rd j kh(x)k2 < �; kg(x)k2 < �
	

� U�̂ (�) enable well-de�ned
nearest-point projection map� on Û� (�) . By applying� to � (y; p; gI y ), we recover the formula
� (� (y; p; qI y )) = � (y + r J (y)T l (y; p; qI y )) = y; 8(y; p; qI y ) 2 � � Bm (0; � ) � B j I y j (0; � ).

D Construction of SDE with Exponentially Fast Decaying Constraints

Proposition 1 (Construction of OLLA and its closed form SDE). Consider the following SDE:

dX t = q(X t )dt + Q(X t )dWt (12)

where

Q := argmin
�Q2 Rd � d

k
p

2I � �Qk2
F s.t

� �Qr hi = 0 ; 8i 2 [m];
�Qr gj = 0 ; 8j 2 I x :

q := argmin
�q2 Rd

k�q + r f k2
2 s.t

�
r hT

i �q + 1
2 Tr

�
r 2hi QQT

�
+ �h i = 0 ; 8i 2 [m];

r gT
j �q + 1

2 Tr
�
r 2gj QQT

�
+ � (gj + � ) = 0 ; 8j 2 I x

Then, there exists a closed form SDE of(12)given by:

dX t = � [�( X t )r f (X t ) + � r J (X t )T G� 1(X t )J (X t )]dt + H(X t )dt +
p

2�( X t ); (Ito)

dX t = � [�( X t )r f (X t ) + � r J (X t )T G� 1(X t )J (X t )]dt +
p

2�( X t ) � dWt ; (Strato.)

where� denotes the Stratonovich integral and

H := �r J T G� 1 �
Tr

�
r 2h1�

�
; :::; Tr

�
r 2hm �

�
Tr

�
r 2gi 1 �

�
; :::; Tr

�
r 2gi j I x j �

�� T

is the related Ito-Stratonovich correction, or mean curvature of
�

x 2 Rd j h(x) = 0 ; gI x (x) = 0
	

.

Proof. De�ne J (x) := [ h(x)T ; gT
I x

+ � 1 j I x j ]T 2 Rm + j I x j andr J (x) := [ r h(x)T ; r gI x (x)T ]T 2
R(m + j I x j ) � d. Then, the Lagrangian function associated with the optimization problem forQ becomes
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L ( �Q; �) := k
p

2I d � �Qk2
F + Tr

�
� T r J �Q

�
where� 2 R(m + j I x j ) � d is a Lagrangian multiplier.

Then, the stationarity condition with respect to�Q gives

0 =
@L
@�Q

= � 2(
p

2I � �Q) + � T r J ) �Q =
p

2I �
1
2

� T r J:

Also, the constraint condition implies

0 = �Qr J T = (
p

2I �
1
2

� T r J )r J T ) � T = 2
p

2r J T (r J r J T ) � 1;

wherer J r J T is invertible due to the LICQ condition. Therefore, we get optimalQ = � :=p
2

�
I � r J T (r J r J T ) � 1r J

�
. For theq part, we set

b :=
1
2

�
Tr

�
r 2h1QQT �

+ �h 1; :::; Tr
�
r 2gi j I x j QQT �

+ � (gi j I x j + � )
� T

and the associated Lagrangian functionL(�q; � ) := k�q+ r f (x)k2 + � T (r J �q+ b) with � 2 Rm + j I x j

being an Lagrangian multiplier. Then, the stationarity with respect to�q gives

0 =
@L
@�q

= 2(�q + r f ) + r J T � ) �q = �r f � r J T �:

Again, the constraint condition implies

0 = r J �q + b = �r J r f � (r J r J T )� + b ) � = ( r J r J T ) � 1[b� r J r f ]

using the invertibility ofr J r J T . By plugging this expression to�q, we recover the optimalq :=
� � r f � r J T (r J r J T ) � 1b. Therefore, the Ito version of closed form SDE is given by

dX t = � [�( X t )r f (X t ) + r J (X t )T G(X t ) � 1b(X t )]dt +
p

2�( X t )dWt

whereG := r J r J T is the associated Gram matrix. Also, some tensor-calculus computation
(Equation 3.46 in [19]) gives

�r J T G� 1 �
Tr

�
r 2h1�

�
; :::; Tr

�
r 2hm �

�
; Tr

�
r 2gi 1 �

�
; :::; Tr

�
r 2gi j I x j �

�� T
= r �( x)�( x)

which is the Ito-Stratonovich correction term. Furthermore, applying the technique in [19] (Remark
3.17), we can recover that this expression is equal to the mean curvature termH(x) of a manifold
de�ned by� I x :=

�
x 2 Rd j h(x) = 0 ; gI x (x) = 0

	
. Therefore, we get the following closed form

expression of the SDE:

dX t = � [�( X t )r f (X t ) + � r J (X t )T G� 1(X t )J (X t )]dt + H(X t )dt +
p

2�( X t ); (Ito)

dX t = � [�( X t )r f (X t ) + � r J (X t )T G� 1(X t )J (X t )]dt +
p

2�( X t ) � dWt ; (Strato.)

whereH = �r J T G� 1
�
Tr

�
r 2h1�

�
; :::; Tr

�
r 2hm �

�
; Tr

�
r 2gi 1 �

�
; :::; Tr

�
r 2gi j I x j �

�� T
is the

associated Ito-Stratonovich correction term (or mean curvature term of� I x ).

Lemma 1 (Exponential decay of constraint functions). The dynamics induced by(12)satis�es the
following properties almost surely for8i 2 [m]; 8j 2 I X 0 :

hi (X t ) = hi (X 0)e� �t ; t � 0 (13)

and 8
>><

>>:

gj (X t ) = � � + ( gj (X 0) + � )e� �t ; t �
1
�

ln
�

gj (X 0) + �
�

�

gj (X t ) � 0; t �
1
�

ln
�

gj (X 0) + �
�

�

with gj (X t ) � 0; 8t � 0 for j =2 I X 0 , whereI x := f k 2 [l ] j gk (x) � 0g is the index set of active
inequality constraints.
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Proof. Observe that, for eachk 2 [m], the Stratonovich chain rule implies

dhk (X t ) = r hk (X t )T
h
(� �( X t )r f (X t ) � � r J (X t )T G� 1(X t )J (X t ))dt +

p
2�( X t ) � dWt

i

(1)
= � � r hk (X t )T r J (X t )T G� 1(X t )J (X t )dt

= � �
m + I xX

i;j =1

[G(X t )]ki [G� 1(X t )] ij hj (X t )dt = � �h k (X t )dt;

where (1) holds due to the factr hk (x)T �( x) = 0 . By integrating both side with respect tot, we
recoverh(X t ) = h(X 0)e� �t ; t � 0 almost surely. Repeating the same calculation forgj for k 2 I x ,
we obtain

dgk (X t ) = � �
m + I xX

i;j =1

[G(X t )]ki [G� 1(X t )] ij (gj (X t ) + � )dt = � � (gk (X t ) + � )dt;

which again recoversgk (X t ) = � � + ( gk (X 0) + � )e� �t . Furthermore, oncegj (X t ) � 0, it is
instantaneously re�ected into interior of� whenever it hits the boundary@� . Therefore,gj (X t ) � 0
holds for8t � 0; j 2 I X 0 .

E Proof of Theoretical Results - Equality-constraint OLLA

Observe that when the constraints are only equality constraints, the equality-constraint OLLA (3) is
given by

dX t = � [�( X t )r f (X t ) + � r h(X t )G� 1(X t )h(X t )]dt +
p

2�( X t ) � dWt : (14)

The high-level proof idea of Theorem 1 is to decompose the convergence analysis into two parts: (1)
Convergence ofW2 distance between� t and~� t , (2) Convergence ofKL� between~� t and� � where
� t ; ~� t are the law ofX t ; Yt (:= � (X t )) respectively and� � is the law of the target distribution, which
satis�esd� � / exp(� f (x))d� � .

E.1 Upper Bound ofW2(� t ; ~� t )

Lemma E.1 (Upper bound ofW2(� t ; ~� t )). Let � t be the law ofX t which follows equality-
constrained OLLA (14) and de�net0 := 1

� ln
�

1
�

�
. For t � t0, the law ~� t of Yt := � (X t ) is

well-de�ned and it holds that

W2(� t ; ~� t ) �
M h

�
e� �t : (15)

Proof. For t � t0, observe thatkX t � Yt k2 = kX t � � (X t )k2 � 1
� kh(X t )k2 � M h

� e� �t by
Lemma C.1 and Lemma 1. Then, by integrating both sides with respect to optimal coupling of� t and
~� t , we get

W2(� t ; ~� t ) �
�

E [kX t � Yt k]22
� 1

2 ( � )
� E [kX t � Yt k2] �

M h

�
e� �t ;

where(� ) holds by Jensen's inequality.
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E.2 Upper Bound ofKL � (~� t jj � � )

Lemma E.2(SDE representation of projected process). LetX t be the stochastic process following
the SDE:

dX t = b(X t ; t)dt +
p

2�( X t ) � dWt

whereX t 2 Û� (�) ; 8t � 0. Then, the stochastic processYt de�ned byYt = � (X t ) follows the
SDE below:

dYt = �( Yt )b(Yt ; t)dt +
p

2�( Yt ) � dWt + [ r � (X t )b(X t ; t) � r � (Yt )b(Yt ; t)] dt

+
p

2 [r � (X t )�( X t ) � r � (Yt )�( Yt )] � dWt

Proof. From the the Stratonovich chain rule, we observe that

dYt = d� (X t ) = r � (X t )b(X t ; t)dt +
p

2r � (X t )�( X t ) � dWt :
This expression can be re-written as follows

dYt =
h
r � (Yt )b(Yt ; t)dt +

p
2r � (Yt )�( Yt ) � dWt

i
+ [ r � (X t )b(X t ; t) � r � (Yt )b(Yt ; t)] dt

+
p

2 [r � (X t )�( X t ) � r � (Yt )�( Yt )] � dWt

( � )
=

h
�( Yt )b(Yt ; t)dt +

p
2�( Yt ) � dWt

i
+ [ r � (X t )b(X t ; t) � r � (Yt )b(Yt ; t)] dt

+
p

2 [r � (X t )�( X t ) � r � (Yt )�( Yt )] � dWt

where(� ) holds becauser � (y) = �( y), �( y)2 = �( y) (idempotent) for8y 2 � andYt 2 � .

Corollary E.1 (SDE representation of projected process from equality-constrained OLLA). LetX t
be the stochastic process following equality-constrained OLLA (14). Then, fort � t0(:= 1

� ln
�

1
�

�
),

the projected processYt := � (X t ) follows the following SDE:

dYt = [ � �( Yt )r f (Yt ) + bN (Yt ; t)] dt +
p

2�( Yt )( I + AN (Yt ; t)) � dWt

wherekbN (Yt ; t)k2 = CbN e� �t ; kAN (Yt ; t)k = CA N e� �t for t � 0 almost surely for some
constantCbN ; CA N :=

CL A M h

� > 0 with CL A being the Lipschitz constant ofr � (x)�( x) on
Û� (�)

Proof. By applying Lemma E.2 to the SDE (14), it holds that

dYt = �( Yt )b(Yt ; t)dt +
p

2�( Yt ) � dWt + [ r � (X t )b(X t ; t) � r � (Yt )b(Yt ; t)] dt

+
p

2 [r � (X t )�( X t ) � r � (Yt )�( Yt )] � dWt

for b(x; t ) = b(x) := �
�
r �( x)r f (x) + � r h(x)T G� 1(x)h(x)

�
. By using Lemma 1, Theo-

rem C.1, we can setX t = � (Yt ; h(X 0)e� �t ) where� : � � Rm ! Û� (�) is the recovery map.
Now, sinceX t ; Yt 2 Û� (�) and the closure of̂U� (�) is compact,r � (x)b(x) andr � (x)�( x) is
CL b ; CL A -Lipschitz onÛ� (�) , respectively for someCL b ; CL A > 0. Therefore, it holds that

kbN (Yt ; t)k2 � CL b k� (Yt ; h(X 0)e� �t ) � Yt k2 �
CL b kh(X 0)k2

�
e� �t �

CL b M h

�
e� �t

wherebN (Yt ; t) := r � (� (Yt ; h(X 0)e� �t )b(� (Yt ; h(X 0)e� �t )) � r � (Yt )b(Yt ) and the second
last inequality comes from Lemma C.1. Similarly, we obtain the bound ofAN (Yt ; t) :=
r � (� (Yt ; h(X 0)e� �t ))�( � (Yt ; h(X 0)e� �t )) � r � (Yt )�( Yt ) as follows:

kAN (Yt ; t)k2 � CL A k� (Yt ; h(X 0)e� �t ) � Yt k2 �
CL A kh(X 0)k2

�
e� �t �

CL A M h

�
e� �t

Finally, we complete the proof by settingCbN :=
CL b M h

� ; CA N :=
CL A M h

� and observing that
r � (x) = �( � (x)) r � (x) for 8x 2 Û� (�) , which impliesAN (Yt ; t) = �( Yt )AN (Yt ; t).

The following theorem is a Fokker-Planck equation of a Stratonovich SDE de�ned on a Riemannian
manifold. We will rely on this theorem to describe the time derivative of~� t .
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Theorem E.1(Fokker-Planck equation on Riemannian manifold [51, 52]). Let X t 2 � be a
stochastic process following the SDE:

dX t = V0dt +
dX

k=1

Vk � dB k
t ;

whereV0; Vk are smooth vector �elds on� for eachk 2 [d] and B k
t are kth components of

Brownian motionB t . Then, the law� t of the stochastic processX t satis�es the following Fokker-
Planck equation:

@t � t = � div� (� t V0) +
1
2

dX

k=1

div� (div� (� t Vk )Vk ):

Lemma E.3 (Upper bound ofKL� (~� t jj � � )). Assume that� � satis�es the LSI condition with
constant� LSI. LetX t be the stochastic process following equality-constrained OLLA (14) and~� t
be the law ofYt := � (X t ) after t � tcut; tcut := max

�
1
� ln �; 1

� ln(C5)
	

. Then, for� 6= 2 � LSI, the
following non-asymptotic convergence rate ofKL� (~� t jj � � ) can be obtained as follows

KL� (~� t jj � � ) � exp
�

� 2� LSI(t � tcut) �
2� LSIC5

�
(e� �t � e� �t cut)

�
[KL� (~� t cutjj � � )

+ C6

Z t

t cut

exp
�

2� (s � tcut) +
2� LSIC5

�
(e� �s � e� �t cut)

�
e� �s ds]

In particular, if � > 2� LSI, it becomes

KL� (~� t jj � � ) � exp
�

� 2� LSI(t � tcut) �
2� LSIC5

�
(e� �t � e� �t cut)

�
[KL� (~� t cutjj � � ) + C7]

for some constantsC5 = O(1 + CA N + C2
A N

); C6; C7 := C6 e� �t cut

� � 2� LSI
> 0.

Proof. By Theorem E.1, Corollary E.1, and the choice ofr f = �r ln � � , we know that the
projected processYt is given by

dYt = [ � �( Yt )r f (Yt ) + bN (Yt ; t)] dt +
p

2�( Yt )( I + AN (Yt ; t)) � dWt

and its associated Fokker-Planck equation can be written as follows:

@t ~� t = � div� (~� t (r � ln � � + bN )) +
dX

k=1

div� (div� (~� t (f k + � k ))( f k + � k ))

wheref k = � ek ; � k = � AN ek , andek is kth standard basis vector forRd. Now observe the
following equations:

@t KL� (~� t jj � � ) =
Z

�
@t ~� t � ln

�
~� t

� �

�
d� � + @t

Z
~� t d� � =

Z

�
@~� t ln

�
~� t

� �

�
d� �

=
Z

�

"

� div� (~� t r � ln � � ) +
dX

k=1

div� (div� (~� t f k )f k )

#

ln
�

~� t

� �

�
d� �

| {z }
Term (1)

+
Z

�
[� div� (~� t bN )] ln

�
~� t

� �

�
d� �

| {z }
Term (2)

+
Z

�

dX

k=1

[div� (div� (~� t � k )f k + div� (~� t f k )� k + div� (~� t � k )� k ] ln
�

~� t

� �

�
d� �

| {z }
Term (3)

:
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Analysis of Term (1) - induced by the main SDE. From integration by parts, we obtain

Term (1)=
Z

�
~� t hr � ln � � ; r � ln

�
~� t

� �

�
i d� � �

dX

k=1

Z

�
div� (~� t f k )hf k ; r � ln

�
~� t

� �

�
i d� �

=
Z

�
~� t hr � ln � � ; r � ln

�
~� t

� �

�
i d� � �

dX

k=1

Z

�
hr � ~� t ; f k ihf k ; r � ln

�
~� t

� �

�
i d� �

�
dX

k=1

Z

�
~� t div� (f k )hf k ; r � ln

�
~� t

� �

�
i d� �

(4 )
=

Z

�
~� t hr � ln � � ; r � ln

�
~� t

� �

�
i d� � �

Z

�
~� t hr � ln ~� t ; r � ln

�
~� t

� �

�
i d� �

= �
Z

�
~� t kr � ln

�
~� t

� �

�
k2

2d� � = � I � (~� t jj � � )

where(4 ) holds using Lemma E.4 (the third term = 0) and the fact that~� t r � ln ~� t = r � ~� t .

Analysis of Term (2) - induced by the noise drift bN . Again, using the integration by
parts, we observe that

jTerm (2)j =

�
�
�
�

Z

�
div� (~� t bN ) ln

�
~� t

� �

�
d� �

�
�
�
� =

�
�
�
�

Z

�
~� t hbN ; r � ln

�
~� t

� �

�
i d� �

�
�
�
�

�
Z

�
~� t kbN k2kr � ln

�
~� t

� �

�
k2d� � � CbN e� �t

Z

�
~� t � 1 � kr � ln

�
~� t

� �

�
k2d� �

( � )
� CbN e� �t

Z

�
~� t

�
CbN

4
+

1
CbN

kr � ln
�

~� t

� �

�
k2

2

�
d� � = e� �t I � (~� t jj � � ) +

C2
bN

4
e� �t ;

where(� ) inequality holds using the AM-GM inequality.

Analysis of Term (3) - induced by noise diffusionAN . To analyze Term (3), we apply
integration by parts and the chain rule of the divergence, i.e.,div� (~� t ak ) = hr � ~� t ; ak i + ~� t div� (ak )
for a vector �eldak on � :

Term (3)= �
dX

k=1

Z

�
~� t h(div� � k )� k ;r � ln

�
~� t

� �

�
i d� � �

dX

k=1

Z

�
~� t h(div� � k )f k ;r � ln

�
~� t

� �

�
i d� �

�
dX

k=1

Z

�
~� t h(div� f k )� k ; r � ln

�
~� t

� �

�
i d� � �

dX

k=1

Z

�
hr � ~� t ; � k ihf k ; r � ln

�
~� t

� �

�
i d� �

�
dX

k=1

Z

�
hr � ~� t ; f k ih� k ; r � ln

�
~� t

� �

�
i d� � �

dX

k=1

Z

�
hr � ~� t ; � k ih� k ; r � ln

�
~� t

� �

�
i d� � :

Now, note that
P d

k=1 � k f T
k = � AN � ,

P d
k=1 f k � T

k = � AT
N � , and

P d
k=1 � k � T

k = � AN AT
N � .

Then it holds that
�
�
�
�
�
�

dX

k=1

Z

�
hr � ~� t ; � k ihf k ; r � ln

�
~� t

� �

�
i d� �

�
�
�
�
�

=

�
�
�
�

Z

�
~� t (r � ln ~� t )T � AN �( r � ln

�
~� t

� �

�
)

�
�
�
� d� �

� CA N e� �t
Z

�
~� t kr � ln ~� t k2kr � ln

�
~� t

� �

�
k2d� �

( � )
� CA N e� �t I � (~� t jj � � ) + CA N C3e� �t

Z

�
~� t kr � ln

�
~� t

� �

�
k2d� �

( � )
� CA N e� �t I � (~� t jj � � ) + CA N C3e� �t

Z

�
~� t

�
C3

4
+

1
C3

kr � ln
�

~� t

� �

�
k2

2

�
d� �

� 2CA N e� �t I � (~� t jj � � ) +
CA N C2

3

4
e� �t ;
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whereC3 := max x 2 � kr � ln � � k2 < 1 by compactness of� , and(� ) holds using the triangle

inequality; kr � ln ~� t k2 � kr � ln
�

~� t
� �

�
k2 + kr � ln � � k2. Also, (� ) comes from the AM-GM

inequality. By following the same reasoning, the following inequalities are obtained:
�
�
�
�
�
�

dX

k=1

Z

�
hr � ~� t ; f k ih� k ; r � ln

�
~� t

� �

�
i d� �

�
�
�
�
�

� 2CA N e� �t I � (~� t jj � � ) +
CA N C2

3

4
e� �t

�
�
�
�
�
�

dX

k=1

Z

�
hr � ~� t ; � k ih� k ; r � ln

�
~� t

� �

�
i d� �

�
�
�
�
�

� 2C2
A N

e� 2�t I � (~� t jj � � ) +
C2

A N
C2

3

4
e� 2�t

� 2C2
A N

e� �t I � (~� t jj � � ) +
C2

A N
C2

3

4
e� �t

Next, we observe that the following terms decay exponentially fast :
�
�
�
�
�

dX

k=1

Z

�
~� t hdiv� (f k )� k ; r � ln

�
~� t

� �

�
i d� �

�
�
�
�
�

�
Z

�
~� t k

dX

k=1

div� (f k )� k k2kr � ln
�

~� t

� �

�
k2d� �

( � )
�

Z

�
~� t k� AN k2kdiv� (�) k2kr � ln

�
~� t

� �

�
k2d� �

� CA N C4e� �t
Z

�
~� t 1 � kr � ln

�
~� t

� �

�
k2d� �

� CA N C4e� �t
Z

�
~� t

�
CA N C4

4
+

1
CA N C4

kr � ln
�

~� t

� �

�
k2

2

�
d� �

� e� �t I � (~� t jj � � ) +
C2

A N
C2

4

4
e� �t ;

whereC4 := maxx 2 � kdiv� (�( x))k2 < 1 , (� ) holds because
P d

k=1 div� (f k )� k = div� (�) T � AN
oncediv� (�) is given by(div� �) k := div� (f k ) for eachk 2 [d]. Similarly, we obtain the following
bound by using Lemma E.5 :

�
�
�
�
�

dX

k=1

Z

�
~� t hdiv� (� k )f k ; r � ln

�
~� t

� �

�
i d� �

�
�
�
�
�

�
Z

�
~� t k� k2kdiv(� AN )k2kr � ln

�
~� t

� �

�
kd� �

LemE: 5
� Cdiv e� �t

Z

�
~� t kr � ln

�
~� t

� �

�
k2d� � � e� �t I � (~� t jj � � ) +

C2
div

4
e� �t

and
�
�
�
�
�

dX

k=1

Z

�
~� t hdiv� (� k )� k ; r � ln

�
~� t

� �

�
i d� �

�
�
�
�
�

�
Z

�
~� t k� AN k2kdiv(� AN )k2kr � ln

�
~� t

� �

�
kd� �

LemE: 5
� Cdiv CA N e� 2�t

Z

�
~� t kr � ln

�
~� t

� �

�
kd� � � e� �t I � (~� t jj � � ) +

C2
div C2

A N

4
e� �t ;

wherediv� (� AN ) is similarly de�ned by(div� � AN )k := div� (� k ) for eachk 2 [d].

Applying Gronwall-type inequality . By summing all the bounds, we arrive at

@t KL� (~� t jj � � )
LSI
� � 2� LSI(1 � C5e� �t )KL� (~� t jj � � ) + C6e� �t ;

with C5 := (4+4 CA N +2C2
A N

), C6 :=
�

C 2
bN
4 +

CA N C 2
3

2 +
C 2

A N
C 2

3

4 +
C 2

A N
C 2

4

4 + C 2
div
4 +

C 2
div C 2

A N
4

�
.

Therefore, the Grönwall-type inequality gives fort > t cut; tcut := max
�

1
� ln �; 1

� ln(C5)
	

:

KL� (~� t jj � � ) � exp
�

� 2� LSI(t � tcut) �
2� LSIC5

�
(e� �t � e� �t cut)

�
[KL� (~� t cutjj � � )

+ C6

Z t

t cut

exp
�

2� LSI(s � tcut) +
2� LSIC5

�
(e� �s � e� �t cut)

�
e� �s ds]:
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In particular, if� > 2� LSI, it holds that

KL� (~� t jj � � ) � exp
�

� 2� LSI(t � tcut) �
2� LSIC5

�
(e� �t � e� �t cut)

�
[KL� (~� t cutjj � � ) + C7]

whereC7 := e� �t cut

� � 2� LSI
from the fact that

Z 1

t cut

exp
�

2� LSI(s � tcut) +
2� LSIC5

�
(e� �s � e� �t cut)

�
e� �s ds �

Z 1

t cut

exp(2� LSI(s � tcut))e� �s ds

=
e� �t cut

� � 2� LSI
< 1 :

Lemma E.4. Let f f k gd
k=1 be a set of vectors de�ned byf k = �( x)ek , where�( x) is the

orthogonal projector ontoTx � andek is thekth standard basis vector ofRd. Then, it holds that

dX

k=1

(div� f k )f k = 0 :

Proof. Recalling that�( x) = I � r h(x)T (r h(x)r h(x)T ) � 1r h(x), we de�ne N (x) =
r h(x)T (r h(x)r h(x)T ) � 1

2 2 Rd� m so thatN (x)T N (x) = I m and�( x) = I � N (x)N (x)T .
If we let the columns ofN (x) to bef n1(x); :::; nm (x)g, then these produce an orthonormal basis
of Nx � . This is becauseIm(N (x)) = Im(r h(x)T ) (from the invertibility (r h(x)r h(x)T ) � 1

2 )
impliesf n1(x); :::nm (x)g spanNx � andN (x)T N (x) = I guarantees the orthonormality.

Next, we de�ne a vector �eldF (x) by F (x) = �( x)div� (�( x)) where (div� �( x)) k :=
div� (f k (x)) for eachk 2 [d]. With this de�nition, we havediv� � = � div� (NN T ) =
�

P m
k=1 div� (nk nT

k ). Now observe that forl 2 [d],

(div� (nk nT
k )) l = Tr

�
� r ((nk nT

k ) l )
�

=
dX

i;j =1

� ij @j (nk nT
k ) il =

dX

i;j

[� ij @j nki nkl + � ij nki @j nkl ]

= ( div� nk )nkl +
dX

j =1

(nk �) j| {z }
=0

@j nkl = ( div� nk )nkl

wherenkl is thel th component ofnk . From this fact, we have the following result:

div� � = �
dX

k=1

div� (nk nT
k ) = �

dX

k=1

(div� nk )nk ) F = � div� (�) = 0 :

Finally, the de�nition ofF gives
P d

k=1 div� (f k )f k = F , which is zero by the above argument.

Lemma E.5. Let ~� t be the law of the projected processYt of X t , whereX t follows equality-
constrained OLLA. De�ne� k (t; x ) := �( x)AN (x; t )ek and denotediv� (� AN ) as a vector inRd

such that(div� � AN )k := div� (� k ) for eachk 2 [d]. Then, it holds almost surely

kdiv� (�( Yt )AN (Yt ; t))k2 � Cdiv e� �t

for t � t0(:= 1
� ln

�
1
�

�
) and some constantCdiv > 0.

Proof. First, for eachk 2 [d], observe thatr � k = r �( y)AN (y; t)ek + �( y)r AN (y; t)ek and

div� (� k (y)) = Tr (�( y)r �( y)AN (y; t)ek )
| {z }

Term (1)

+ Tr (�( y)r AN (y; t)ek )
| {z }

Term (2)

(16)

44



where, for a matrix-valued functionG(y), r G(y) is the third-order tensor de�ned by(r Gij (y)) ijk =
@Gij (y )

@yk
for i; j; k 2 [d], and the gradientr is taken overy.

For the Term (1), we know that wheny = Yt ; t � t0,

jTerm (1)j � k �( r �)( AN ek )kF � k (r �)( AN ek )kF � K 1kAN ek k2 � K 1CA N e� �t a:s:

whereK 1 := supy2 � ;kvk2 =1 kr �( y)vkF < 1 .

For the Term (2), recall thatAN (y; t) := r � (� (y; h(X 0)e� �t ))�( � (y; h(X 0)e� �t )) � r � (y)�( y)
conditionally onX 0, from Corollary E.1. For the notational convenience, we de�ne� (y; t) :=
� (y; h(X 0)e� �t ). Then, it follows that

r AN (y; t) = r 2� (� (y; t)) r � (y; t)�( � (y; t)) + r � (� (y; t)) r �( � (y; t)) r � (y; t)

� r 2� (y)�( y) � r � (y)r �( y)

= r 2� (� (y; t))( r � (y; t) � I )�( � (y; t)) + r � (� (y; t)) r �( � (y; t))( r � (y; t) � I )

+ r 2� (� (y; t))�( � (y; t)) � r 2� (y)�( y) + r � (� (y; t)) r �( � (y; t)) � r � (y)r �( y):

At this moment, from the recovery map� in Theorem C.1, the integral form of the remainder gives

kr � (y; t) � I k2 = kr (� (y; p) � � (y; 0))k2 = kr y � (y; p) � r y � (y; 0)k2 � K 2kpk2;

wherep := h(X 0)e� �t , K 2 := sup (y;p )2 � � B (0 ;� ) kr pr y � (y; p)k2 < 1 .

By combining these results with the previous expression ofr AN (y; t), we get

kr AN (Yt ; t)k2 � D4e� �t

for someD4 > 0, using the boundedness ofkr 2� k2; kr � k2; kr � k2 on Û� , the Lipschitzness of
(r 2� )� , r � r � on Û� , and the contraction ofk� (Yt ; t) � Yt )k2 � M h

� e� �t . Finally, wheny = Yt ,
we get the following upper bound of Term (2) by applying the previous result:

jTerm (2)j � k � r AN ek kF

( � )
�

p
d � mkr AN ek k2 =

p
d � mD 4e� �t = D5e� �t a:s:

where(� ) comes from the fact thatk�( y)k2
F = Tr (�( y)) = rank(�( y)) = d � m andD5 :=p

d � mD 4. Therefore, by combining results for Term (1) and Term (2), we obtain

jdiv� (� k (Yt )) j � D6e� �t ) k div� (�( Yt )AN (Yt ; t))k2 =

vu
u
t

dX

k=1

(div� (� k (Yt ))) 2 � D7e� �t

for t � t0 andD6 := K 1CA N + D5; D7 :=
p

dD6. Because the �nal result holds without any
dependency onX 0, the result holds almost surely without conditioning onX 0.
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Lemma E.6(LSI implies Talagrand inequality [43, 53, 19]). For the probability measures�; �
de�ned on a smooth complete Riemannian manifold� , de�ne theW �

2 distance between� and� in
� by

W �
2 (�; � ) :=

�
inf

� 2 �( �;� )

Z

� � �
d� (p; q)2� (dp; dq)

� 1
2

where�( �; � ) denotes the set of coupling probability measures of�; � , andd� denotes the geodesic
distance on� so that forp; q 2 �

d� (p; q) := inf

( � Z 1

0
k _
 (t)k2

gdt
� 1

2

j 
 2 C1([0; 1]; �) ; 
 (0) = p; 
 (1) = q

)

with k�kg being the induced metric on� . Then, the probability� is said to satisfy the Talagrand
inequality(T) with constant� T >0 if for all probability measures� with � � � , it holds that

W �
2 (�; � ) �

r
2

� T
KL� (� jj � ):

Particularly, if � satis�es a Logarithmic Sobolev Inequality (LSI) with constant� LSI, then� satis�es
the Talagrand inequality with constant� LSI.

Theorem 1 (Convergence result for equality-constrained OLLA). Suppose assumptions (C1)
to (C4) hold. LetX t be the stochastic process following the equality-constrained OLLA (14)
and let � t ; ~� t be the law ofX t and its projectionYt = � (X t ) on � for t � tcut, tcut :=
max

�
1
� ln �; 1

� ln C5
	

, respectively. Then, for allt � tcut, it holds that

W2(� t ; � � ) �
M h

�
e� �t +

r
2

� LSI
KL� (~� t jj � � )

where

KL� (~� t jj � � ) � exp
�

� 2� LSI(t � tcut) �
2� LSIC5

�
(e� �t � e� �t cut)

�
[KL� (~� t cutjj � � )

+ C6

Z t

t cut

exp
�

2� (s � tcut) +
2� LSIC5

�
(e� �s � e� �t cut)

�
e� �s ds]

In particular, if � > 2� LSI, it holds that

KL� (~� t jj � � ) � exp
�

� 2� LSI(t � tcut) �
2� LSIC5

�
(e� �t � e� �t cut)

�
[KL� (~� t cutjj � � ) + C7]

for some constantsC5 = O
�

1 +
CL A M h

� +
�

CL A M h

�

� 2
�

; C6; C7 := C6 e� �t cut

� � 2� LSI
> 0 with CL A

being the Lipschitz constant ofr � (x)�( x) on Û� (�) .

Proof. First, observe thatd2(p; q) = kp � qk2 � d� (p; q); 8p; q 2 � because� is the submanifold
of Rd with Euclidean metric. Thus,W2(~� t ; � � ) � W �

2 (~� t ; � � ) holds and we have

W2(� t ; � � )
4� ineq

� W2(� t ; ~� t ) + W2(~� t ; � � ) � W2(� t ; ~� t ) + W �
2 (~� t ; � � ):

Now, recall that� :=
�

x 2 Rd j h(x) = 0
	

is a smooth compact and connected Riemannian mani-
fold. Therefore, it is complete by the Hopf-Rinow theorem. Thus, Lemma E.6 implies

W �
2 (~� t ; � � ) �

r
2

� LSI
KL� (~� t jj � � ) ) W2(� t ; � � ) � W2(� t ; ~� t ) +

r
2

� LSI
KL� (~� t jj � � ):

Hence, we conclude the proof by borrowing the results of Lemma E.1 and Lemma E.3
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F Proof of Theoretical Results - Inequality-constrained OLLA

In this section, we analyze the non-asymptotic convergence rate of inequality-constrained OLLA.
Note that Proposition 1 gives

dX t = �r f (X t )dt +
p

2dWt ; if g(X t ) < 0

dX t = � �( X t )r f (X t )dt � � r gT
I x

G(X t ) � 1(gI x + � 1I x )dt +
p

2�( X t ) � dWt ; otherwise

as the closed form SDE of inequality-constrained OLLA.

F.1 Convergence Result for Inequality-constrained OLLA

Lemma F.1(Boundary behavior of� t of inequality-constrained OLLA). Let X t be the stochastic
process following the inequality-constrained OLLA and� t be the law ofX t . Also, denoteJt be the

probability current density de�ned by@t � t = �r � Jt . Then, fort � tcut, tcut := 1
� ln

�
M g + �

�

�
, it

holds that
hn(x); Jt (x)i = 0 ; � t (x) = 0 ; 8x 2 @� ;

wheren is the unit normal vector of� and� @� is the surface measure of@� .

Proof. From the Fokker-Planck equation of the inequality-constrained OLLA, we know that

Jt = q� t �
1
2

r � [QQT � t ] =
�
q �

1
2

r � (QQT )
�

� t �
1
2

QQT r � t ;

where the last equality comes from the chain rule of the matrix divergence. Then, for eachr gj ,
j 2 I x , observe that

r gT
j (r � (QQT )) =

dX

k=1

(@k gj )
�
r � (QQT )

�
k =

dX

i;k =1

(@k gj )@i (QQT ) ik

( � )
=

dX

i =1

@i

2

6
6
6
4

dX

k=1

(QQT ) ik @k gj

| {z }
=0

3

7
7
7
5

�
dX

i;k =1

(QQT ) ik @i @k gj = � Tr
�
r 2gj QQT �

holds forx 2 @� , where(� ) holds due to ther gT
k Q = 0 condition of Proposition 1 andQ2 = Q.

Therefore, for eachj 2 I x , we have

hJt ; r gj i = r gT
j Jt =

�
r gT

j q +
1
2

Tr
�
r 2gj QQT �

�
� t

(4 )
= � � (g + � )� t = � ��� t � 0;

where(4 ) holds from ther gj q + 1
2 Tr

�
r 2gj QQT

�
+ � (g + � ) = 0 condition of Proposition 1.

Finally, we conclude the proof by observing the following:

0
(+)
=

d
dt

Z

�
� t d� � = �

Z

�
r � Jt d� � = �

Z

@�
nT Jt d� @� =

Z

@�
��� t| {z }

� 0

d� @� ) � t = 0 ;

wheren is the outward unit normal vector of@� and(+) holds becausesupp(� t ) � � for t � tcut
implies

R
� � t d� = 1 for t � tcut.
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Theorem 2 (Convergence result for inequality-constrained OLLA). Assume that� � satis�es
the LSI condition with constant� LSI. LetX t be the stochastic process following the inequality-

constrained OLLA and let� t be the law ofX t . Then, fort � tcut, tcut := 1
� ln

�
M g + �

�

�
, the

following holds

W2(� t ; � � ) �

r
2

� LSI
KL� (� t jj � � );

where
KL� (� t jj � � ) � e� 2� LSI( t � t cut) KL� (� t cutjj � � ):

Proof. Observe that

@t KL� (� t jj � � ) =
Z

�
@t � t ln

�
� t

� �

�
d� � + @t

Z
� t d� � =

Z

�
@�t ln

�
� t

� �

�
d� �

=
Z

�
(�r � Jt ) ln

�
� t

� �

�
d� � =

Z

�
Jt r ln

�
� t

� �

�
d� � �

Z

@�
hJt ; ni
| {z }

=0

ln
�

� t

� �

�
d� @�

( � )
=

Z

�
Jt r ln

�
� t

� �

�
d� �

(4 )
= � I � (� t jj � � ) � � 2� LSIKL� (� t jj � � );

where(� ) holds due to Lemma F.1 fort � tcut and(4 ) comes from the fact thatJt = r ln � � (x)� t �

� t r ln � t = � � t r ln
�

� t
� �

�
almost everywhere in� . Therefore, we recover the upper bound of

KL� (� t jj � � ) by applying the Gronwall-type inequality as follows:

KL� (� t jj � � ) � e� 2� LSI( t � t cut) KL� (� t cutjj � � ):

Also, we recall that� :=
�

x 2 Rd j g(x) � 0
	

is a smooth compact and connected Riemannian
manifold, thereby it is complete by the Hopf-Rinow theorem. Thus, Lemma E.6 implies

W2(� t ; � � ) � W �
2 (� t ; � � ) �

r
2

� LSI
KL� (� t jj � � ):

Hence, we conclude the proof by applying the previous upper bound ofKL� (� t jj � � ).

G Proof of Theoretical Results - Mixed-constrained OLLA

G.1 Upper Bound ofW2(� t ; ~� t )

Lemma G.1 (Upper bound ofW2(� t ; ~� t )). Let � t be the law ofX t which follows mixed-

constrained OLLA (12) and de�net1 := max
n

1
� ln

�
M g + �

�

�
; 1

� ln
� M h

�

� o
. For t � t1, the

law ~� t of Yt := � (X t ) is well-de�ned and it holds that

W2(� t ; ~� t ) �
M h

�
e� �t (17)

Proof. For t � t1, observe that

kX t � � (X t )k2 �
1
�

0

B
@kh(X t )k2 + kgI � ( X t ) (X t )k2

| {z }
=0

1

C
A �

M h

�
e� �t

by Lemma C.3 and Lemma 1. Then, by integrating both side with respect to optimal coupling of� t
and~� t , we get

W2(� t ; ~� t ) �
�

E [kX t � Yt k]22
� 1

2 ( � )
� E [kX t � Yt k2] �

M h

�
e� �t

where(� ) holds by Jensen's inequality.
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G.2 Upper Bound ofKL � (~� t jj � � )

Corollary G.1 (SDE representation of projected process from mixed-constrained OLLA).
Let X t be the stochastic process following mixed-constrained OLLA(12). De�ne t1 :=

max
n

1
� ln

�
M g + �

�

�
; 1

� ln
� M h

�

� o
and assumeYt = � (X t ) 2 int(�) for t � t1 via the assumption

(M1). Then, the projected processYt follows the following SDE:

dYt = [ � �( Yt )r f (Yt ) + bN (Yt ; t)] dt +
p

2�( Yt )( I + AN (Yt ; t)) � dWt ;

wherekbN (Yt ; t)k2 = ~CbN e� �t ; kAN (Yt ; t)k = ~CA N e� �t for t � t1 almost surely for some

constant ~CbN ; ~CA N :=
~CL A M h

� > 0 with ~CL A being the Lipschitz constant ofr � (x)�( x) on
Û� (�) .

Proof. By applying Lemma E.2 to the SDE (3), it holds that

dYt = �( Yt )b(Yt ; t)dt +
p

2�( Yt ) � dWt + [ r � (X t )b(X t ; t) � r � (Yt )b(Yt ; t)] dt

+
p

2 [r � (X t )�( X t ) � r � (Yt )�( Yt )] � dWt

for b(x; t ) = b(x) := �
�
�( x)r f (x) + � r J (x)T G� 1(x)J (x)

�
. Now note that� (X t ) 2 int(�)

for t � t1 and the recovery map� (Theorem C.2) isC1 for � (x) 2 int(�) , x 2 Û� (�) . Therefore, we
can setX t = � (Yt ; h(X 0)e� �t ) by using Lemma 1 and Theorem C.2. Again, sinceX t ; Yt 2 Û� (�)
and the closure of̂U� (�) is compact,r � (x)b(x) andr � (x)�( x) is ~CL b ; ~CL A -Lipschitz onÛ� (�) ,
respectively for some~CL b ; ~CL A > 0. Therefore, it holds that

kbN (Yt ; t)k2 � ~CL b k� (Yt ; h(X 0)e� �t ) � Yt k2 �
~CL b kh(X 0)k2

�
e� �t �

~CL b M h

�
e� �t ;

where bN (Yt ; t) := r � (� (Yt ; h(X 0)e� �t ))b(� (Yt ; h(X 0)e� �t )) � r � (Yt )b(Yt ) and the last
inequality comes from Lemma C.1. Similarly, we obtain the bound ofAN (Yt ; t) :=
r � (� (Yt ; h(X 0)e� �t ))�( � (Yt ; h(X 0)e� �t )) � r � (Yt )�( Yt ) as follows:

kAN (Yt ; t)k2 � ~CL A k� (Yt ; h(X 0)e� �t ) � Yt k2 �
~CL A kh(X 0)k2

�
e� �t �

~CL A M h

�
e� �t :

Hence, we complete the proof by settingCbN :=
~CL b M h

� ; CA N :=
~CL A M h

� and noting thatr � (x) =
�( � (x)) r � (x) for � (x) 2 int(�) ; x 2 Û� (�) , which impliesAN (Yt ; t) = �( Yt )AN (Yt ; t).
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Lemma G.2 (Upper bound ofKL� (~� t jj � � )). Assume that� � satis�es the LSI condition with
constant� LSI . Let X t be the stochastic process following mixed-constrained OLLA (12) and

~� t be the law ofYt := � (X t ) after t � tcut; tcut := max
n

1
� ln

�
M g + �

�

�
; 1

� ln
� M h

�

�
; 1

� ln( ~C5)
o

.
Suppose

• (Regularity of� p) � p := � (
�

x 2 Rd j h(x) = p; g(x) � 0
	

) � int(�) for 0 < kpk2 � � .

• (Regularity of@� p) The boundary velocityvb
p of @� p satis�essupx 2 @� p

kvb
pk2 � Vkpk�

2 for
someV > 0; � > 0. Also, assumeM � := supkpk2 <� � @� p (@� p) < 1 .

• (Bound on� t ; � � ) G1 := sup t � 0;x 2 � ~� t < 1 and0 < G 2 � � � � G3 for x 2 � .

Then, for� 6= 2 � LSI, the following non-asymptotic convergence rate ofKL� (~� t jj � � ) can be
obtained as follows

KL� (~� t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)

!

�

[KL� (~� t cutjj � � ) +
Z t

t cut

exp

 

2� LSI(s � tcut) +
2� LSI ~C5

�
(e� �s � e� �t cut)

!

�

h�
~C6 + �G 4G5M h

�
e� �s + G4V M �

h e� ��s
i

ds]:

In particular, if � > 2� LSI, � � 1, the inequality becomes

KL� (~� t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)

!

[KL� (~� t cutjj � � ) + ~C7 + ~C8]

for some constants~C5 = O(1 + ~CA N + ~C2
A N

); G4; G5; G6; ~C6; ~C7 > 0, and ~C7 := ( ~C6 +

�G 4G5M h ) e� �t cut

� � 2� LSI
and ~C8 := ( G6V M �

h ) e� ��t cut

�� � 2� LSI
.

Proof. First, Corollary G.1, and the choice ofr f = �r ln � � gives the following SDE of the
projected processYt of X t for t � tcut:

dYt = [ � �( Yt )r f (Yt ) + bN (Yt ; t)] dt +
p

2�( Yt )( I + AN (Yt ; t)) � dWt

where bN (x; t ) := r � (� (x; h(X 0)e� �t ))b(� (x; h(X 0)e� �t )) � r � (x)b(x), AN (x; t ) :=
r � (� (x; h(X 0)e� �t ))�( � (x; h(X 0)e� �t )) � r � (x)�( x) for x 2 � , conditionally onX 0.

Hence, from Corollary G.1, its associated Fokker-Planck equation can be written as follows:

@t ~� t = � div� (~� t (r � ln � � + bN )) +
dX

k=1

div� (div� (~� t (f k + � k ))( f k + � k )) :

De�ning � t := � (
�

x 2 Rd j h(x) = h(X 0)e� �t ; g(x) � 0
	

) conditionally onX 0, we observe

@t KL� (~� t jj � � ) = @t

Z

� t

~� t ln
�

~� t

� �

�
d� �

=
Z

� t

@t ~� t ln
�

~� t

� �

�
d� �

| {z }
Term (1)

+
Z

@� t

~� t

�
ln

�
~� t

� �

�
� 1

�
hvb

t ; nt i d� @� t

| {z }
Term (2)

+ @t

Z

� t

~� t d� �

| {z }
=0

where the last equality holds from the Leibniz integral rule withvb
t being the velocity vector of the

boundary of� t andnt being the outward unit normal vector of@� t . Therefore, the expression of
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@t ~� t implies that Term (1) becomes

Term (1)=
Z

� t

h

"

~� t (r � ln � � + bN ) �
dX

k=1

div� (~� t (f k + � k ))( f k + � k )

#

; r � ln
�

~� t

� �

�
i d� �

| {z }
Term (1-1)

�
Z

@� t

h

"

~� t (r � ln � � + bN ) �
dX

k=1

div� (~� t (f k + � k ))( f k + � k )

#

ln
�

~� t

� �

�
; nt i d� @� t

| {z }
Term (1-2)

by integration by parts, wheref k := � ek ; � k := � AN � k . Now, we observe that Term (1-1) can be
bounded as

Term (1-1)� � (1 � ~C5e� �t )I � (~� t jj � � ) + ~C6e� �t

following the same proof of Lemma E.3 with different constants~C5 = O(1 + ~CA N + ~C2
A N

); ~C6 > 0
(note that we ignored the integrand at@� which is measure zero with respect tod� � ).

For the analysis of Term (1-2), we �rst observe the following fact:
Z

@� t

�
�
�
� ~� t ln

�
~� t

� �

� �
�
�
� d� @� t � G3 max

�
1
e

;

�
�
�
�
G1

G2
ln

�
G1

G2

� �
�
�
�

�
� @� t (@� t )

� G3M � max
�

1
e

;

�
�
�
�
G1

G2
ln

�
G1

G2

� �
�
�
�

�
:= G4

from the assumptions ofG1 := sup t � 0;x 2 � ~� t < 1 , 0 < G 2 � � � � G3, and the regularity of@� t

such thatsupt � t cut
� @� t (@� t ) � M � < 1 .

Next, from Corollary G.1, we note that the following holds conditionally onX 0:

f k (x) + � k (x) = �( x)( I + AN (t; x ))ek = r � (� (x; h(X 0)e� �t ))�( � (x; h(X 0)e� �t ))ek :

Because�( � (x; h(X 0)e� �t ))ek is a tangent vector on
�

x 2 Rd j h(x) = h(X 0)e� �t ; g(x) � 0
	

,
f k (x) + � k (x) = r � (� (x; h(X 0)e� �t ))�( � (x; h(X 0)e� �t ))ek becomes a tangent vector of� t .
Similarly, it also becomes a tangent vector of@� t on the boundary because� is the orthogonal
projector induced byh and activeg. Hence,hf k + � k ; nt i = 0 holds, wherent is the outward unit
normal vector of@� t .

Therefore, Term (1-2) becomes

jTerm (1-2)j
(1)
� �G 5M h e� �t

Z

@� t

�
�
�
� ~� t ln

�
~� t

� �

� �
�
�
� d� @� t � �G 4G5M h e� �t ;

where (1) holds because Corollary G.1 gives

r � ln � � (x) + bN (x; t ) = r � (� (x; h(X 0)e� �t ))b(� (t; h(X 0)e� �t ))

with b(x) := �
�
�( x)r f (x) + � r J (x)T G� 1(x)J (x)

�
and, therefore,

jhr � ln � � (x) + bN (x; t ); nt (x)ij � �G 5kJ (� (x; h(X 0)e� �t ))k2 � �G 5M h e� �t

for x 2 @� t with G5 := supx 2 � ;kpk2 <� kr � (� (x; p)) r J (� (x; p))T G� 1(� (x; p))k2 < 1 .

Also, similarly, Term (2) is bounded as follows:

jTerm (2)j � sup
x 2 @� t

kvb
t k2

Z

@� t

� �
�
�
� ~� t ln

�
~� t

� �

� �
�
�
� + j ~� t j

�
d� @� t � G6V M �

h e� ��t

with G6 := G4 + G1M � . Therefore, combining the results with the LSI condition gives the following
inequality:

@t KL� (~� t jj � � ) � � 2� LSI(1 � ~C5e� �t )KL� (~� t jj � � ) +
�

~C6 + �G 4G5M h

�
e� �t + G6V M �

h e� ��t
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where the last inequality comes from the LSI condition. Finally, applying the Grönwall-type inequality
recovers the following inequality:

KL� (~� t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)

!

[KL� (~� t cutjj � � )

+
Z t

t cut

exp

 

2� LSI(s � tcut) +
2� LSI ~C5

�
(e� �s � e� �t cut)

!

�

h�
~C6 + �G 4G5M h

�
e� �s + G6V M �

h e� ��s
i

ds]:

Also, similarly in the last argument of Lemma E.3, we observe that if� > 2� LSI and� � 1
Z 1

t cut

exp

 

2� LSI(s � tcut) +
2� LSI ~C5

�
(e� �s � e� �t cut)

!

e� �s ds �
Z 1

t cut

exp (2� LSI(s � tcut)) e� �s ds

�
e� �t cut

� � 2� LSI
< 1

and
Z 1

t cut

exp

 

2� LSI(s � tcut) +
2� LSI ~C5

�
(e� �s � e� �t cut)

!

e� ��s ds �
e� ��t cut

�� � 2� LSI
< 1 :

Therefore, there exists~C7; ~C8 < 1 such that

KL� (~� t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)

!

[KL� (~� t cutjj � � ) + ~C7 + ~C8];

where ~C7 := ( ~C6 + �G 4G5M h ) e� �t cut

� � 2� LSI
and ~C8 := ( G6V M �

h ) e� ��t cut

�� � 2� LSI
.
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Theorem 3 (Convergence result for mixed-constrained OLLA). Assume that� � satis�es
the LSI condition with constant� LSI. Let X t be the stochastic process following mixed-
constrained OLLA (3) and~� t be the law of Yt := � (X t ) after t � tcut; tcut :=

max
n

1
� ln

�
M g + �

�

�
; 1

� ln
� M h

�

�
; 1

� ln( ~C5)
o

. Suppose

• (Regularity of� p) � p := � (
�

x 2 Rd j h(x) = p; g(x) � 0
	

) � int(�) for 0 < kpk2 � � .

• (Regularity of@� p) The boundary velocityvb
p of @� p satis�essupx 2 @� p

kvb
pk2 � Vkpk�

2 for
someV > 0; � > 0. Also, assumeM � := supkpk2 <� � @� p (@� p) < 1 .

• (Bound on� t ; � � ) G1 := sup t � 0;x 2 � ~� t < 1 and0 < G 2 � � � � G3 for x 2 � .

Then, for� 6= 2 � LSI the following non-asymptotic convergence rate ofW2(� t ; � � ) can be obtained
as follows

W2(� t ; � � ) �
M h

�
e� �t +

r
2

� LSI
KL� (~� t jj � � )

where

KL� (~� t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)

!

�

[KL� (~� t cutjj � � ) +
Z t

t cut

exp

 

2� LSI(s � tcut) +
2� LSI ~C5

�
(e� �s � e� �t cut)

!

�

h�
~C6 + �G 4G5M h

�
e� �s + G6V M �

h e� ��s
i

ds]

In particular, if � > 2� LSI and� � 1, the previous bound simpli�es to

KL� (~� t jj � � ) � exp

 

� 2� LSI(t � tcut) �
2� LSI ~C5

�
(e� �t � e� �t cut)

!

[KL� (~� t cutjj � � ) + ~C7 + ~C8]

for some constants~C5 = O
�

1 +
~CL A M h

� +
� ~CL A M h

�

� 2
�

; G4; G5; G6; ~C6; ~C7 > 0, and ~C7 :=

( ~C6 + �G 4G5M h ) e� �t cut

� � 2� LSI
and ~C8 := ( G6V M �

h ) e� ��t cut

�� � 2� LSI
, with ~CL A being the Lipschitz constant

of r � (x)�( x) on Û� (�) .

Proof. We note that~� t (x) = 0 on @� for t � tcut holds from the regularity of the� p assumption.
Therefore, by the same approach in Theorem 1 and Lemma E.6, it holds that

W �
2 (~� t ; � � ) �

r
2

� LSI
KL� (~� t jj � � ) ) W2(� t ; � � ) � W2(� t ; ~� t ) +

r
2

� LSI
KL� (~� t jj � � ):

Therefore, we conclude the proof by combining the results of Lemma G.1 and Lemma G.2.
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H Experiment Settings and Supplementary Results

Settings. The �rst two experiments were executed on a desktop with an AMD Ryzen 9 7900X CPU
(12 cores) with 32 GB RAM. Runs were implemented in WSL2 (Ubuntu) environment (CPU-only),
using the Python and the PyTorch [54] framework.

H.1 Experiment Settings and Supplementary Results for Synthetic 2D Examples

Experiment Settings. In this experiment, we compare four samplers (OLLA, OLLA-H, CLangevin,
CHMC) on the following synthetic 2D examples:

1. (Star) a star-shaped equality manifold with uniform density:

f (x) = 0 ; h(x) =
q

x2
1 + x2

2 � (1:5 + 0:3 cos(5� )) ; � = arctan 2( x2; x1):

2. (Two Lobes) a two-lobe inequality manifold (from [18]) with uniform density:

f (x) = 0 ; g(x) = � ln q(x) � 2; q(x) =
e� 2(x 1 � 3) 2 + e� 2( x 1 +3) 2

e2(kx k2 � 3) 2 :

3. (Quadratic Poly) a quadratic curve de�ned by mixed polynomial equality and inequality
under a standard Gaussian target:

f (x) =
1
2

kxk2
2; h(x) = x4

1x2
2 + x2

1 + x2 � 1; g(x) = x3
1 � x3

2 � 1:

4. (Mixture Gaussian) a nine-Gaussian mixture restricted by a seven-lobe manifold:

f (x) = � ln

 
9X

i =1

exp
�
� 5kx � ci k2

2

�
!

; h(x) =
q

x2
1 + x2

2 � (3 + cos(7� )) :

g(x) = ( x1 � 2)2 � 5x1x3
2 + 0 :5x5

2 � 40; � = arctan 2( x2; x1):

with f ci g
9
i =1 = f� 2; 0; 2g2.

wherex = [ x1; x2]T 2 R2. For each 2D example, we run200independent chains forK = 5000
steps each. From each chain, we retain only the state at stepK , yielding 200 samples per sampler.

Table 6: Hyperparameter settings for 2D synthetic
examples (� t = 5 � 10� 4)

Method Hyperparameters

OLLA � = 200; � = 1
OLLA–H � = 200; � = 1 ; N = 5
CLangevin L = 3 ; � = 10 � 4; � = f 1; 0:1g
CHMC 
 = 1 ; L = 3 ; � = 10 � 4; � = 0
CGHMC 
 = 1 ; L = 3 ; � = 10 � 4; � = 0

To provide a �xed target distribution for distance
calculation, we generate200 samples using
CGHMC. This reference is held constant across
all comparisons. For each sampler, we compute
W 2

2 , energy distance as well as the mean con-
straint violationsE[jh(x)j] andE[maxg(x)+ ],
over the 200 samples.

The hyperparameter setup is provided in Table 6.
To mitigate ill-conditioning in the Newton solver
of CLangevin, we add Tikhonov regularization
with Tikhonov matrix� =

p
�I , � = 1 :0 for the

Mixture Gaussian example, and� = 0 :1 for the
other three. For the CLangevin, CHMC, CGHMC,X 0 is initialized exactly on� to ensure the stability
of algorithms while OLLA and OLLA-H have noisy initializationX 0 = Y0 + N (0; I ); Y0 2 � and
X t progressively approaches to� by the landing mechanism.
Remark 8. The results shown in Figure 2 and Figure 3 were obtained under a different setup
described above: a larger step size� t was used; all methods were initialized from the same initializa-
tion pointX 0 2 � , rather than via random sampling near� ; and the regularization parameter� in
CLangevin was increased for improved numerical stability under large step size.
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