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Abstract

Dense-to-sparse gating mixture of experts (MoE)
has recently become an effective alternative to a
well-known sparse MoE. Rather than fixing the
number of activated experts as in the latter model,
which could limit the investigation of potential
experts, the former model utilizes the temperature
to control the softmax weight distribution and the
sparsity of the MoE during training in order to
stabilize the expert specialization. Nevertheless,
while there are previous attempts to theoretically
comprehend the sparse MoE, a comprehensive
analysis of the dense-to-sparse gating MoE has re-
mained elusive. Therefore, we aim to explore the
impacts of the dense-to-sparse gate on the max-
imum likelihood estimation under the Gaussian
MOoE in this paper. We demonstrate that due to
interactions between the temperature and other
model parameters via some partial differential
equations, the convergence rates of parameter es-
timations are slower than any polynomial rates,
and could be as slow as O(1/log(n)), where n
denotes the sample size. To address this issue, we
propose using a novel activation dense-to-sparse
gate, which routes the output of a linear layer to an
activation function before delivering them to the
softmax function. By imposing linearly indepen-
dence conditions on the activation function and
its derivatives, we show that the parameter esti-
mation rates are significantly improved to polyno-
mial rates. Finally, we conduct a simulation study
to empirically validate our theoretical results.

1. Introduction

Mixture of experts (MoE) (Jacobs et al., 1991; Jordan &
Jacobs, 1994) is a statistical machine learning framework
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that aggregates the power of multiple expert networks using
softmax as a gating function (weight function) to create a
more sophisticated model than a single network. To scale
up the model capacity (the number of model parameters)
given a fixed computational cost, (Shazeer et al., 2017) have
introduced a sparse variant of the MoE model, which turns
on only one or a few experts for each input. Thanks to its
scalability, sparse MoE models have been widely used in
several applications, namely large language models (Lep-
ikhin et al., 2021; Du et al., 2022; Fedus et al., 2022; Zhou
et al., 2023; Jiang et al., 2024), computer vision (Dosovit-
skiy et al., 2021; Liang et al., 2022; Riquelme et al., 2021),
multi-task learning (Hazimeh et al., 2021) and speech recog-
nition (Gulati et al., 2020; You et al., 2021).

In sparse MoE models, gating functions are concurrently
trained with expert networks to route inputs effectively.
However, early in training, gating networks may exhibit
instability in expert selection due to their inexperience. Ad-
ditionally, pre-determining the number of activated experts
per input can limit exploration of potential experts. To ad-
dress this, (Nie et al., 2022) introduced a dense-to-sparse
gate, initially routing inputs to all experts and gradually
becoming sparser. This approach strategically controls the
temperature of a softmax-based gating function to adjust
weight distribution among experts and regulate sparsity in
MoE models, promoting stability in expert specialization.

From a theoretical perspective, there have been attempts to
comprehend the properties of MoE models. Firstly, (Chen
et al., 2022) studied how sparse MoE layers enhanced the
efficacy of neural network learning and explained why they
would not collapse into a single model. Another line of
work tried to understand the effects of gating functions on
the convergence rates of maximum likelihood estimation
under Gaussian MoE models. In particular, when the gating
function was independent of input, (Ho et al., 2022) showed
an interaction among expert parameters, which made those
rates inversely proportional to the number of over-specified
experts. Next, (Nguyen et al., 2023) considered a dense
softmax gating function, and demonstrated that parameter
estimation rates were determined by the solvability of an
intricate system of polynomial equations due to another
interaction between gating and expert parameters. Subse-
quently, (Nguyen et al., 2024b) explored a general Top-K
sparse softmax gating function. They revealed that acti-



Is Temperature Sample Efficient for Softmax Gaussian Mixture of Experts?

vating only one expert, i.e., K = 1, makes the previous
interaction between expert and gating parameters disappear,
and thus, improved the parameter estimation rates signifi-
cantly. However, a comprehensive theoretical analysis of the
dense-to-sparse gate has remained missing in the literature.

In this work, we focus on investigating whether the tem-
perature in the dense-to-sparse gate is sample efficient or
not under the parameter estimation problem of the Gaus-
sian MoE model. For that purpose, we now present the
formulation of that model formally.

Problem setup. Suppose that the data {(X;,Y;)}", C
R? x R are i.i.d sampled from the dense-to-sparse gating
Gaussian mixture of experts, which is associated with the
conditional density function g¢, (Y| X)) defined as:
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where G, = Zf;l exp(B3;/77)0(x, 7+ az br vy 1S @
true but unknown mixing measure (i.e., a weighted sum
of Dirac measures ¢§) associated with true parameters
(8BS, Bri T, af, b, vf) for i € {1,2,...,k.}. Here, 7*
is the softmax temperature which adjusts the sparsity of
the MoE models. When 7* increases, the weight distribu-
tion becomes more uniform. On the other hand, when 7*
approaches zero, that distribution turns into one-hot. Mean-
while, f(-|u,v) stands for a univariate Gaussian density
function with mean g and variance v. For ease of presenta-
tion, we consider k. linear experts of the form a'X +bas
the results for general expert settings, including deep neural
network, can be achieved in a similar fashion. Addition-
ally, we define for any vector v = (vy,. .., vy, ) € R** that

Softmax(v;) := exp(vi)/Zf*:l exp(v;).

Maximum likelihood estimation. To estimate the parame-
ters of model (1), we propose using the maximum likelihood
method as follows:

~ 1 ¢
Gy = arg max Zlog(gg(YdXi)) @)
i=1

When the true number of expert &, is known (exact-specified
settings), the above maximum is taken over the set of all
mixing measures of order k. denoted by &, (0) := {G =
S exp(Boi /T)8(Bus s b+ (Bois Bris T @iy by ;) €
©}. Conversely, when k, is unknown and the true model (1)
is over-specified by a Gaussian mixture of k experts where
k > k. (over-specified settings), the maximum is subject
to the set of all mixing measures of order at most k, i.e.,
Gr(©) = {G = Z?:l exp(/BOi/T)a(ﬂuJ,aubi,Vi) s 1<
K <k, (Boi,Bri, T, ai, bi, vi) € OF.

Assumptions. In our analysis, we have four main assump-
tions on the parameters:

(A.1) The parameter space © is a compact subset of R x
R? x Ry x R? xR x R, and the input space X is bounded;

(A2) 5?1@ =04 and ﬂf)kk* =0
(A3) (a7, b7,v7), ..., (aj_,b;_, vy ) are pairwise distinct;

(A.4) At least one among (37, ..., 3]}, is non-zero.

Above, the first assumption helps ensure the convergence of
parameter estimation, while the second guarantees that the
dense-to-sparse gating Gaussian MoE model is identifiable
(see Appendix C). Next, the third one is to make experts
in model (1) pairwise distinct. Finally, the last assumption
makes sure that the gating function hinges on the input X.

Technical challenges. The softmax temperature leads to
two fundamental challenges in theory:

(C.1) Temperature’s interaction with other parameters.
To establish a parameter estimation rate given a density
estimation rate, we need to decompose the density discrep-
ancy gg (Y[X)—ge. (Y]X) into a combination of linearly
independent terms. This can be done by applying Tay-
lor expansions to the softmax’s numerator F(Y | X, w) :=
exp(BlTTX)f(YmTX + b,v), where w := (1, 7,a,b,v).
However, we realize that the temperature interacts with both
gating and expert parameters via two following partial differ-
ential equations (PDEs), which induce a number of linearly
dependent terms:

OF 1 1 0F
E‘?'ﬁlﬂ’ (3)
#PF 1 _LOF
orob 2 Mg @

Intuitively, the first PDE reveals that there is an intrinsic
interaction between the temperature 7 and the gating pa-
rameter 3;. Meanwhile, the second PDE indicates that the
temperature also interacts with the expert parameters a and b.
Although parameter interactions expressed in the language
of PDEs have been observed in (Nguyen et al., 2023), the
structures of the above interactions are Furthermore, these
interactions are substantially more serious than those in (Ho
et al., 2022; Nguyen et al., 2023; 2024b). More specifically,
we will show in Section 2 that due to the above PDEs, the
parameter estimation rates are slower than any polynomial
rates, and thus, could be as slow as 1/log(n), where n de-
notes the sample size. Such phenomenon has never been
observed in previous work.

(C.2) Rate improvement. From the previous observation, it
is essential to propose a method to accelerate the parameter
estimation rates. To enhance slow rates caused by the inter-
action between gating and expert parameters, (Nguyen et al.,
2024a) suggested transforming the inputs using a *'modified’
function M, e.g. log(| - |), cos(+), prior to delivering them

* \ T *
to the gating network, i.e. Softmax(%).
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However, it can be verified that the PDEs (3) and (4) still
holds true with the corresponding function F(Y|X,w) :=

exp(w) (Y|a" X + b,v). Therefore, we have to
come up with a novel solution in this work.

Main contributions. In this paper, we conduct a conver-
gence analysis of density and parameter estimations under
the dense-to-sparse gating Gaussian MoE. Our contributions
are two-fold and can be summarized as follows:

1. Dense-to-sparse gating function: Equipped with this
gating function, we first establish the convergence rate
of density estimation under the Total Variation distance
Ex[V(g5, (1X). g6. (1X))] = O(n~1/2), which is para-
metric on”the sample size n. Given this result, we then
demonstrate that under the exact-specified settings, the
estimation rates for 37;, 7" are slower than any polyno-
mial rates owing to the PDE (3), and therefore, could be
1/log(n). Meanwhile, those for a}, b}, v} are significantly
faster, standing at O( ~1/2), Under the over-specified set-
tings, we show that the rates for estimating 7;, 7* remain
unchanged, whereas that for a] becomes slower than any
polynomial rates due to the PDE (4). Additionally, the esti-
mation rates for b}, v depend on the solvability of a system

1771

of polynomial equations.

2. Activation dense-to-sparse gating function. To en-
hance the previous slow rates, we propose a novel class
of gating functions called activation dense-to-sparse given
by Softmax(%). Here, o(-) is an activation
function satisfying conditions in Definition 3.2 (resp. Defi-
nition 3.4), which make the interactions of temperature with
other parameters in equations (3) and (4) vanish under the
exact-specified (resp. over-specified) settings. As a con-
sequence, we rigorously prove that 85;, 7* and a share
the same considerably improved estimation rates of orders
O(n='/?) and O(n~1/%) under those settings, respectively.

Outline. The paper proceeds as follows. In Section 2, we de-
rive the convergence rates of density estimation and param-
eter estimation under the dense-to-sparse gating Gaussian
MoE. Subsequently, we carry out the previous analysis for
the Gaussian MoE with the novel activation dense-to-sparse
gate in Section 3. Then, we run some numerical experiments
in Section 4 to empirically verify our theoretical results be-
fore concluding the paper in Section 6. Finally, rigorous
proofs and further details of experiments are provided in the
supplementary material.

Notations. We denote [n] := {1,2,...,n} for any pos-
itive integer n. Additionally, the notation |S| indicates
the cardinality of any set S. For any vectors v :=

(v1,v9,...,v9) € R? and a := (ay,ao,...,0q) € N9,
we let v& —v?lv‘;z. 094, | i==v1 + v+ ...+ vg and
al = ajlas!. .. ay!, while ||v|| stands for its 2-norm value.

Given any two positive sequences {ay, }n>1 and {by, }rn>1,

we write a,, = O(b,) or a, < b, if a, < Cb, for all
n € N, where C > 0 is some universal constant. Further-
more, we write a,, = O(b,) to indicate a,, < b, up to
some logarithmic factors. Finally, for any two probability
density functions p, ¢ dominated by the Lebesgue measure

1/2
., we denote h(p,q) = (% J(/p— \/Q)Qdu) as their
Hellinger distance and V(p,q) = %f |p — g|du as their
Total Variation distance.

2. Dense-to-sparse Gating Function

In this section, we characterize the density and parameter es-
timation rates for the dense-to-sparse gating Gaussian MoE
under both the exact-specified and over-specified settings.

We start with providing the convergence rate of the den-
sity estimation gg = to the true density g, under the Total
Variation distance in the following theorem:

Theorem 2.1. Under the Total Variation distance, the den-
sity estimation gz (Y'|X) converges to the true density
gc, (Y| X) at the following rate:

Ex[V(gg, (1X), 96.(1X))] = O(n~/?).

We leverage fundamental results on density estimation for
M-estimator in (van de Geer, 2000) to prove Theorem 2.1
in Appendix A.l. It follows from the above bound that the
density estimation rate is parametric on the sample size n.
This results also indicates that if the Total Variation lower
bound Ex [V (gg (1|X), 9. (-|X))] 2 D(Gn,G+), where
D is some loss function among parameters, then we ob-
tain the parameter estimation rate 'D(Gn, G.) = O(n~1/2).
Now, we are ready to precisely capture those rates under
the exact-specified and over-specified settings in Section 2.1
and Section 2.2, respectively.

2.1. Exact-specified Settings

Before diving deeper into the parameter estimation problem
under the exact-specified settings, let us introduce a notion
of Voronoi cells (Manole & Ho, 2022), which are then used
to construct our loss functions.

Voronoi cells. Assume that a mixing measure G has &’ com-
ponents w; := (B4, T, a;, b;, v;). Then, we distribute these
components to the Voronoi cells A; = A;(G) generated by
the components w} := (87,, 7" ,aj,bj, v;) of G, which
are defined as

Aj={i € [}]: |wi — wj|l < [lwi —wil,VE# 5} (5)

For instance, since the MLE é has k. components un-
der this setting, each Voronoi cell A;(G () has exactly one
element when the sample size n is sufﬁc1ently large.

Voronoi loss. Let us define K;j(k1, ke, K3, K4, K5) =
[ABL; 1" + [AT[™2 + [|Aag; [ + [Aby|™ + [Avi|™,
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Table 1. Summary of density estimation rates and parameter estimation rates under the (activation) dense-to-sparse gating Gaussian MoE.
In this table, the function 7(-) represents for the solvability of the system of polynomial equations (11) with #(2) = 4 and 7#(3) = 6.

Additionally, .A; denotes a Voronoi cell given in equation (5).

Dense-to-sparse gating Gaussian MoE

Setting | gc. (V|X) BT a b v
Exact-specified | O(n~1/2) | Slower than O(n=/27),vr > 1 | O(n=1/2) O(n=1/2) O(n=1/2)
Over-specified | O(n~1/2) Slower than O(n~1/27) \r > 1 O(n=12r (4D | O(n=1/T(AD)

Activation Dense-to-sparse gating Gaussian MoE

Setting e, (YX) By, T a; b; vy
Exact-specified | O(n~1/2) O(n=1/2)

Over-specified | O(n=1/2) O(n~1/4) O(n=1/2(ADY | O(n-1/m(AD)

where Aﬂlij = Bli _Blj’ AT = ’7'—7'*, Aaq;j =a;—a
Abij = bz — b;k and Al/ij =V; —
loss of interest is given by

*
j ]
1/]*. Then, the Voronoi

D166 = 3| 3 o () —exn ()
j=1 i€A;
+ZZeXp( ) j(rryrr,r) (6)
j=1licA;

Next, let us recall that when using the dense-to-sparse gate,
there are two interactions of the softmax temperature 7 with
gating parameter (31 and expert parameters a, b:

OF 1 +0F 9*F 1 10OF
or 1 "YoB arob 72 "' da’

where F(Y|X,w) = exp(22X)f(Y]aTX + b,v). Un-
fortunately, such interactions are so serious that the To-
tal Variation lower bound Ex [V (95 (-|X),gc. (1X))] 2
Dl}r(@n,G*) does not hold true, and thus, we cannot
achieve the bound DLT(@”, G.) = O(n~1/2) as discussed
below Theorem 2.1. Instead, we show in Appendix B.1 that

Ex[V(ge(1X), ga. (1X))]
D1, (G,Gy)

B

B @)

inf
GEE, (0):D1.,.(G,G\)<e

— 0,

as € — 0, for any r > 1. This result leads to the following
minimax lower bound of parameter estimation:

Theorem 2.2. Under the exact-specified settings, the fol-
lowing minimax lower bound of estimating G holds true
foranyr > 1:

inf sup By [D1,(Gn,G)] = n~ Y2
G €8, (O) GeEy, (©)

Here, the notation By, indicates the expectation taken w.r.t
the product measure with mixture density gg.

Proof of Theorem 2.2 is in Appendix B.1. The above min-
imax lower bound suggests that the rates for estimating
parameters (3],, 7", a}, b}, v; are slower than any polyno-
mial rates @(nil/ 2”), and therefore, could be as slow as
1/log(n). This convergence behavior has never been cap-
tured in previous work on Gaussian MoE models, including
(Ho et al., 2022; Nguyen et al., 2023; 2024c;b). Neverthe-
less, in our arguments, since the true number of experts
k, is known, it is sufficient to apply the first-order Taylor
expansion to the gating numerator F'. Therefore, the sec-
ond PDE in equation (7) should not affect the parameter
estimation rates under this setting. In other words, parame-
ters a}, by, v should enjoy faster estimation rates than their
counterparts 37;, 7*. To illustrate this point, let us take into
account another Voronoi loss function.

Voronoi loss. To capture the rates for estimating a7}, b}
and v more accurately, it is essential to consider the pro-
jections of previous mixing measures onto the space of
those parameters ¥ := R? x R x R,. In particular,
for each G = Zle exp(Boi/T)d(8,,,7,a,b,v)> We define
GV = Zle exp(Boi/T)d(a;,bi,v:)- Then, the loss func-
tion between these projected mixing measures is given by:

| e () e (1))

j=1 i€A;

+i§}w@%MMMHMUHm4¢@

j=1i€A;

Dy (G, G :

Theorem 2.3. Under the exact-specified settings, the fol-
lowing Total Variation lower bound holds true for any

G € &.(0):

Ex[V(9a(-1X), g6 (1X))] 2 D2(G!Y, GL).
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This bound together with Theorem 2.1 leads to the paramet-
ric convergence rate of MLE: Do (Gln\p7 GL\P) = O(n~1/?).

Proof of Theorem 2.3 is in Appendix B.2. It follows from
the above result that a7, b;*, v; share the same estimation
rate of order O(n~'/2), which are significantly faster than
those resulting from Theorem 2.2.

2.2. Over-specified Settings

Analogous to the previous section, we first need to design a
Voronoi loss function used for the over-specified settings.

Voronoi loss. Let us define for each » > 1 that

ke Boi Bs;
D3(G.G) = 30| 3 e () —exn (72))]
j=1 iE.Aj
b Boi
+j:1 i€A; o <70)K”(r’ rrr)- 6)

Recall that under this setting, the true number of experts k.
is unknown, and we assume that the MLE G, belongs to
the set of mixing measures with at most £ > k.. components
Gr(0). Thus, from the definition of Voronoi cells, there
could be some cells A; (@n) having more than one element.
On the other hand, each Voronoi cell Aj(én) under the
exact-specified settings has exactly one element. This is the
main difference between the Voronoi losses D3 . and Dy ..

Theorem 2.4. Under the over-specified settings, the follow-
ing minimax lower bound of estimating G .. holds true for
anyr > 1:

_inf sup Ey. (D3, (Gn, G)] 2 n=1/2,
Grn€Gr(©) GEGL(O)\Ok, —1(O)

Here, the notation B, indicates the expectation taken w.r.t
the product measure with mixture density g¢.

Proof of Theorem 2.4 is in Appendix B.3. The above min-
imax lower bound indicates that the estimation rates for
parameters (7, 7*, a}, b5, v are all slower than O(n~1/2r)
for any » > 1. This means that those rates cannot be faster
than polynomial rates and could be as slow as 1/log(n).
Such slow rates are caused by the interaction between the
softmax temperature and other parameters via the PDEs in
equation (7). Despite the issue, not all parameters are nega-
tively impacted. Specifically, our constructed loss function,
detailed in Theorem 2.5, demonstrates polynomial estima-
tion rates for b7 and v}

Voronoi loss. Similar to Section 2.1, for each mixing mea-
sure G = Zf 1exp(B0i/T)0(8ys,7,a,b,)» WE consider its
projection on the space T := R x R of parameters b7, v,

that is, GIT := 21:1 exp(Boi/T)d(s,,,)- Then, the loss

function of interest is defined as

=30 S e ()

Bo;
—ew (2]
j=1 1i€A; T

n Z ZeXP<502>[|Ab 04D 4 (A, |7(IA \)]

JlA; > 1iEA;

£ e () [lavgl 4 1avgl a0

JiAj|=1 i€EA;

(G\T GlT

Here, 7(|.A;|) stands for the smallest positive integer 7 such
that the following system does not have any non-trivial
solutions for the unknown variables {p;, ¢17, g1 }" 4. :

‘-Aj| no

Z Z pl 4] o

ni! na!
=1 ni,no€N: 1 2
ni+2ns=s

=0, s=1,2,...,r, (11

A solution is called non-trivial if all the values of p; are
different from zero, whereas at least one among qy; is non-
zero. (Ho & Nguyen, 2016) demonstrate that 7(2) = 4,
7(3) = 6 and #(m) > 7 when m > 4.

Theorem 2.5. Under the over-specified settings, the fol-
lowing Total Variation lower bound holds true for any

G € Gi(9):
Ex[V(96(1X), 96, (1X))] 2 Da(G'T,GL).

This bound together with Theorem 2.1 leads to the paramet-
ric convergence rate of MLE: 7)4(6"37 GLT) =0O(n~12).

Proof of Theorem 2.5 is in Appendix B.4. The above result
reveals that the MLE G, converges to the true mixing mea-
sure GG, under the loss D, at the parametric rate O(n’l/ 2),
which implies the followings:

(i) The rates for estimating parameters ﬂf], v} which are

|A; (G,)| = 1, are of the
same order O(n~'/?). Compared to the rates resulted from

Theorem 2.3 under the exact-specified settings, those rates
remain unchanged under the over-specified settings.

fitted by one component, i.e.

(ii) For parameters (i, v}

more than one component, i.e.

which are approximated by
|A;(G,)| > 1, their
estimation rates are of orders (’3(n’1/ 2r(1A; (é"”)) and
O(n~V/ F(M"(é")')) respectively. For instance, if those pa-
rameters are fitted by two components, that is, |.A; ( n)| =
2, then the previous rates become O(n~1/8) and O(n=1/4).
On the other hand, if |Aj(én)| = 3, then the rates for

estimating 3};, v} are of orders (5(n*1/12) and (’3(71*1/6).

3. Activation Dense-to-sparse Gating Function

In this section, we propose a novel class of gating functions
named activation dense-to-sparse in order to improve the
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slow parameter estimation rates when using the dense-to-
sparse gate in Section 2.

To begin with, let us present the formulation of a Gaussian
MoE with the activation dense-to-sparse gating function.

Problem setup. Suppose that the data {(X;,Y;)}7; C
R? x R are i.i.d sampled from the activation dense-to-
sparse Gaussian MoE, whose conditional density function
pa, (Y]X) is defined as:

Z Softmax( ((B7) ') + 56})

7.*
X f(Y](a)TX +b5,v7).  (12)

In the model’s gating network, the output of a linear layer
undergoes an activation function o before entering the soft-
max function. The activation function ¢ : R — R must
satisfy the conditions in Definition 3.2 and Definition 3.4
for exact-specified and over-specified settings, respectively.
These conditions mitigate the interaction of the softmax
temperature with other parameters in equation (7), address-
ing the slow rates discussed in Section 2. We maintain the
assumptions on the parameters outlined in Section 1, unless
explicitly stated otherwise.

Maximum likelihood estimation. According to the change
of gating function, let us re-define the MLE corresponding
to the model (12) as follows:

1 n
G 1= argmax - > log(pa(YilXi).  (13)
=1

Subsequently, we provide in the following theorem a con-
vergence rate of density estimation under the Gaussian MoE
model with the activation dense-to-sparse gate.

Theorem 3.1. Under the Total Variation distance, the den-
sity estimation pg (Y|X) converges to the true density
pa. (Y|X) at the following rate:

Ex[V(pg, (1X),pa.(|X))] = O(n~'/?).

Proof of Theorem 3.1 is in Appendix A.2. The above bound
confirms that the density estimation rate under the Gaussian
MoE with the activation dense-to-sparse gate is of the same
order as that with the standard dense-to-sparse gate in The-
orem 2.1, which is O(nil/ 2). Next, we utilize this result
to derive the parameter estimation rates for the model (12)

under the exact-specified and over-specified settings.

3.1. Exact-specified Setting
First of all, we introduce the conditions on the activation
function o in the model (12) under this setting.

Definition 3.2 (First-order Independence). Let o : R — R
be a differentiable function, and (X, w) := o(w' X). We

say that o is first-order independent if the set
0a

is linearly independent w.r.t X for any w € R

{1, 7(X, w), (X,w):1<u< d} (14)

Example. It can be verified that the functions sigmoid(-)
and Gaussian error linear units GELU(-) (Hendrycks &
Gimpel, 2023) are first-order independent. On the other
hand, the function z — 2P for p > 1 does not satisfy the
first-order independence condition in Definition 3.2.

Denote F(Y|X,w) := exp(@)f(YmTX + b,v).
Then, the first-order independence condition on the acti-
vation function o guarantees that the interaction between 7
and (31 in equation (7) no longer holds true, that is,

OF T OF
# Bl g

or "7
As a result, the estimation rates for parameters §7; and 7
should be improved in comparison with those in Section 2.
To certify this point, we design the following Voronoi loss
function, and then provide in Theorem 3.3 the convergence
rate of the MLE under the exact-specified settings.

Voronoi loss. The Voronoi loss of interest is given by
ks

D5(G.G) =" | 3 exp (*370) ~exp (ioj)‘

j=1 €A,

K
+Z Z eXp(»BTOz)K”(LLl 1,1). (15)
J=li€A;

Theorem 3.3. Under the exact-specified settings, the fol-
lowing Total Variation lower bound holds true for any

G € &, (0):
Ex[V(pc(-1X),pc.(-|X))] Z Ds(G, Gx).

This bound together with Theorem 3.1 leads to the paramet-
ric convergence rate of MLE: Ds (G, G,) = O(n1/2).

Proof of Theorem 3.3 is in Appendix B.5. Theo-
rem 3.3 implies that all the rates for estimating parameters
Bij, T, aj, b;‘, v are parametric on the sample size, stand-
ing at order O(n1/2). It can be seen that the estimation
rates for 37; and 7% when using the activation dense-to-
sparse gate become substantially faster than their counter-
parts when using the standard dense-to-sparse gate, which
are slower than O(n~'/?") for any r > 1. This highlights
the benefits of our proposed activation dense-to-sparse gate.

3.2. Over-specified Setting

In this section, we continue to characterize conditions for
the activation function o under the over-specified settings
for the sake of enhancing the parameter estimation rates.
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Definition 3.4 (Second-order Independence). Leto : R —
R be a twice differentiable function and (X, w) :=
o(w' X). We say that o is second-order independent if
the set

{17 6(X;W), 5’2(X7w) aa(u (X w)
_ 0o 95 9
(O"W)(wa)a <mm>(X;1U),
0%c
Fuwaem ) <u7v<d}

is linearly independent for almost surely X for any w € R,

Example. We can validate that the function sigmoid(-) and
Gaussian error linear units GELU(-) (Hendrycks & Gimpel,
2023) also meet the second-order independence condition.
Additionally, since the second-order independence condition
implies the first-order one, the function z +— 2P, for p > 1,
is still not second-order independent.

The second-order independence condition on the activation
function o ensures that there are no interactions of the soft-
max temperature with other parameters as in equation (7),
ie.
OF +OF  0°F , 1 _[OF
P o’ oran” 2 P e

Consequently, not only the rates for estimating 57; and
7* should be improved under the over-specified settings
as in Section 3.1 but also those for parameters a;f. Now,
it is necessary to build a Voronoi loss function to give a

theoretical guarantee for that claim in Theorem 3.5.

Voronoi loss. Then, the Voronoi loss of interest is given by

P (7)o ()

j=1 i€

- zexp(fi) (2.2.2.74,), ZLD)

JilAj|>14i€A;

+ Z Zexp(%) 5(1,1,1,1,1). (16)

Jl A |=1iEA;

*

Theorem 3.5. Under the over-specified settings, the fol-
lowing Total Variation lower bound holds true for any

G € G,(0):
Ex[V(pc(1X),pe. (1X))] 2 Ds(G, Gx)

This bound together with Theorem 3.1 leads to the paramet-
ric convergence rate of MLE: Dg(Gp, G,) = O(n~1/2).

Proof of Theorem 3.5 is in Appendix B.6. The above para-
metric convergence rate O(n~/2) of the MLE G to G,
under the loss function Dy gives us the followings:

(i) Under the over-specified settings, parameters
BT a;, by, j* which are fitted by one compo-
nent, i.e. \.A (Gn)| = 1, enjoy the same estimation rate
of order O(n~'/2). This result aligns with that under the

exact-specified settings in Theorem 3.3.

(i) On the other hand, those for parameters approximated
by more than one component, i.e. |A;(G,)| > 1, are no
longer homogeneous In particular, the rates for estimating
Bi;, 7", a} are of order O(n~'/*). At the same time, the

estimation rates for b% and v} become O(n=1/27(14; (G
and O(n~1/7(14;(Ga)D)  respectively.

4. Numerical Experiments

In this section, we perform numerical experiments to empiri-
cally confirm the theoretical convergence rates of maximum
likelihood estimation (MLE) in both standard and activa-
tion dense-to-sparse gating MoE models. We employ an
Expectation-Maximization (EM) algorithm (Dempster et al.,
1977) for parameter estimation, utilizing synthetic datasets
generated from the true models in equation (1) and equation
(12). Further details on the experimental setups are deferred
to Appendix D due to the space limit.

Throughout the experiments under the over-specified setting,
we set true number of experts k, = 2 and the estimated num-
ber of experts k = k. + 1 = 3. We perform 40 experiments
for each sample size n in different setups, encompassing a
range of 20 distinct sample sizes whose values vary from
n = 10* to n = 10°. Moreover, we use the sigmoid func-
tion as an activation for the activation dense-to-sparse gate.
The graphs in Figure 1 illustrate that the empirical conver-
gence rates of the MLE G,, to the true mixing measure G
under different Voronoi metrics.

4.1. Standard Dense-to-sparse Gating Function

Exact-specified setting. As illustrated in Figures la
and 1b, the convergence rate of D, 2(Gn7 G.,) is signifi-
cantly slow as indicated by Theorem 2.2. Additionally,
that of D3(G,,, G«) admits a much faster rate of order
O(n=1/2), which aligns with the result in Theorem 2.3.

Over-specified setting. Similar to the exact-specified
setting, as depicted in Figures 1d and le, the conver-
gence rate for D3 2(G,,, G,) is notably slower than that
of D4(G,,G,.), where Dy(G,,, G,) exhibits a parametric
rate of order O(n~1/2) per Theorem 2.4 and Theorem 2.5.

4.2. Activation Dense-to-sparse Gating Function

Ilustrated in Figures 1c and 1f, the use of sigmoid activation
in the softmax gate leads to an enhanced rate of O(n~'/?)
for both exact-specified and over-specified settings. These
results totally match those in Theorem 3.3 and Theorem 3.5.
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Figure 1. Log-log scaled plots for the empirical convergence rates of the MLE G, for exact and over-specified settings. In these figures, the
corresponding empirical discrepancies are illustrated by the blue curves, while the orange dash-dotted lines represent for the least-squares
fitted linear regression lines. The error bars represent two times the empirical standard deviation under the exact-specified setting.

5. Practical Implications

In this section, we provide four main practical implications
from our theoretical results:

1. Expert Selection: An important application of the dense-
to-sparse MoE is to select the important experts (similar to
the popular top-K sparse MoE for large language models
in the literature). Our theory for parameter estimation have
direct indications for the sample efficiency of choosing the
important experts. In particular, it suggests that we need an
exponential number of data (roughly exp(1/€") for some
n > 0 where € is the desired approximation error) to esti-
mate the softmax gating function with temperature, which
directly implies that we need an exponential number of data
to select the important experts. This is undesirable in prac-
tice and would lead to potential wrong choice of important
experts when we only have a finite number of data. On the
other hand, for the proposed activation dense-to-sparse gate,
we can reduce that exponential number of data to only a
polynomial number of data (roughly ¢~7 for some 77 > 0)
to select the important experts, which is a considerable im-
provement in practice.

2. Expert Estimation: Apart from the benefit of sam-
ple complexity from dense-to-sparse to activation dense-
to-sparse models, the parameter estimation rates also di-

rectly imply the convergence behavior of estimating expert
networks, which is of practical interest. In particular, we
consider linear experts of the form a'z + b in our work,
and show that the estimation rate of the expert a ' = + b is
the slowest between the estimation rates of its parameters a
and b. For instance, it can be seen from Table 1 that under
the over-specified setting of the dense-to-sparse gate MoE
model, the rate for estimating b;f is faster than that for a}f.
Consequently, the expert estimation rate is equal to the rate
for estimating a7, which is slower than any polynomial rates.
By contrast, under the over-specified setting of the activa-
tion dense-to-sparse gate MoE model, since the estimation
rate of a} is improved to be faster than that of b7, the expert
admits the same estimation rate as b;’f, which is of order

(5(71*1/ 2), faster the previous one. From this observation,
we see that the parameter estimation problem also provides
useful insights in designing the gating mechanism of MoE
models, which helps enhance the performance of expert
networks significantly.

3. Misspecified settings: In this paper, we consider a
well-specified setting where the data are assumed to be
sampled from the (activation) dense-to-sparse gating Gaus-
sian MoE in order to lay the foundation for a more real-
istic yet challenging misspecified setting where the data
are not necessarily generated from these models. Under
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that misspecified setting, we assume that the data are gen-
erated from the true but unknown conditional distribution
Q(Y'|X), which is not either dense-to-sparse or activation
dense-to-sparse mixture of experts. Then, we can demon-
strate that the MLE G,, converges to a mixing measure
G € argmingg, o) KL(Q(Y|X)|[gc(Y|X)) where KL
stands for the Kullback-Leibler divergence, and g (Y|X)
is the conditional density of the (activation) dense-to-sparse
gate Gaussian MoE. As Q(Y|X) does not belong to the (ac-
tivation) dense-to-sparse MoEs, the optimal mixing measure
will be in the boundary of the parameter space, namely, the
number of experts in G is k. Therefore, as n is sufficiently
large, G, also has k experts.

The insights from our theories in the well-specified setting
indicate that the Voronoi losses can be used to obtain the
estimation rates of individual parameters of the MLE G, to
those of G. From Table 1 in the manuscript, we can see that

(3.1) Dense-to-sparse MoE: the worst parameter estimation
rate of G, to G could be as slow as 1/ log” (n) for some 7 >
0. It indicates that we still need exponential number of data
(roughly exp(1/€") where ¢ is the desired approximation

error) to estimate G.

(3.2) Activation dense-to-sparse MoE: Under the misspec-
ified setting, the parameter estimation rate of G,, to G is
n~1/2_ Tt indicates that we only need roughly ¢ 2 where ¢
is the desired approximation error to estimate G.

As a consequence, under the misspecified settings, the pa-
rameter estimation rates achieved when we use the acti-
vation dense-to-sparse gate MoE in the above KL diver-
gence should be faster than those obtained when we use the
dense-to-sparse gate MoE. This explains why the activation
dense-to-sparse gate is a solution to the parameter estima-
tion problem, or more generally, the expert estimation and
selection problem of the MoE models.

4. Model design: From the benefits of the activation dense-
to-sparse gate for the expert estimation of MoE models
when using the temperature to smooth the expert selection
process, we deduce that it would be better to use a gating
network with sufficiently sophisticated activation functions
(e.g. sigmoid, GeLU, etc) rather than a simple linear gating
network.

6. Concluding Remarks

In this paper, we investigate the effects of the dense-to-
sparse gate on the convergence rates of maximum likelihood
estimation under the Gaussian mixture of experts. We dis-
cover that the density estimation rate is parametric on the
sample size. On the other hand, due to the interactions of
the temperature with both gating and expert parameters via
two partial differential equations, the rates for estimating
them are slower than any polynomial rates, and therefore,

could be as slow as O(1/log(n)). To enhance the sample
efficiency of the temperature for the Gaussian mixture of
experts, we design a novel gating function called activation
dense-to-sparse, which routes the outputs of a linear layer
to an activation function before sending them to the softmax
function. We demonstrate that if the activation function
meets the first-order (second-order) independence condi-
tion, then the aforementioned interactions disappear, and
the parameter estimation rates become polynomial under
the exact-specified (over-specified) settings.

Following from the results in this work, there are a few
promising directions that we leave for future development:

Firstly, the convergence analysis of maximum likelihood
estimation in this paper is carried out under the assump-
tion that the data are sampled from the (activation) dense-
to-sparse gating Gaussian mixture of experts. How-
ever, when the data are not necessarily generated from
that model, such theoretical analysis has remained miss-
ing in the literature. More concretely, under that set-
ting, the MLE converges to a mixing measure G €
arg mingeg, (0) KL(Q(Y|X)|lgo(Y|X)) where Q(Y]X)
stands for the true conditional distribution of Y given X and
KL denotes the Kullback-Leibler divergence. It is worth
noting that current techniques for analyzing the convergence
of the MLE apply only for the setting when the space of
mixing measures is convex. Since the space G (©) is non-
convex, it is essential to develop further technical tools to
establish the convergence rate of the MLE to the set of G.

Secondly, the current theories are for probabilistic settings
of dense-to-sparse gating mixture of experts, namely, when
the expert functions are means of the Gaussian distribution.
In practical applications, we usually consider the determin-
istic settings of dense-to-sparse gating mixture of experts of
the form: Zf;l Softmax (w) h(X,n}) where
h(.,n¥) are general expert functions for all ¢ € [k] and
utilize the least square loss function to estimate the true
parameters. Therefore, extending the current theories under
the probabilistic settings to those under the deterministic
settings is also practically important.
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Supplementary Material for
“Is Temperature Sample Efficient for Softmax Gaussian Mixture of Experts?”’

In this supplementary material, we provide rigorous theoretical guarantee for the convergence rate of density estimation in
Appendix A, while we leave that for parameter estimation in Appendix B. We study the identifiability of the (activation)
dense-to-sparse gating Gaussian mixture of experts (MoE) in Appendix C. Finally, additional experiment setups are presented
in Appendix D.

A. Proofs for Density Estimation Rates
A.1. Proof of Theorem 2.1

In this proof, we will leverage results regarding the convergence rates of density estimation from MLE in [Theorem 7.4,
(van de Geer, 2000)]. Prior to presenting those result here, it is necessary to introduce some notations. Firstly, we denote by
G (©) the set of conditional densities of all mixing measures in O (0), that is, G(0) := {ga(Y|X) : G € Gi(©)}. Next,
we define

Gr(0) = {g(c+a.)2(Y|X) : G € Ok(O)},
=1/2 1/2
Gr2(0) =gl (Y IX) : G € Ox(O)}.
Additionally, for each § > 0, the Hellinger ball centered around the conditional density g, (Y| X) and intersected with the
set g,i”(@) is defined as
G*(©,0)={g"? € G/*(©) : hlg.90.) < 6} .

In order to measure the size of the above set, Geer et. al. (van de Geer, 2000) suggest using the following quantity:
5
Ta(0.6*©.0) = [ HY(.G*®.0,] ) dt v, (7)

52/213

where Hp(t,G ;/ %(©,1),]| - ||) stands for the bracketing entropy (van de Geer, 2000) of G, ;/ *(©,u) under the £5-norm, and
t V § := max{t,d}. Now, let us recall the statement of Theorem 7.4 in (van de Geer, 2000) with notations being adapted to
this work.

Lemma A.1 (Theorem 7.4, (van de Geer, 2000)). Take ¥(8) > Jp(0, 6;/2 (©,6)) that satisfies ¥(5) /62 is a non-increasing
function of 8. Then, for some universal constant ¢ and for some sequence (3, such that /nd2 > c¢¥(5,,), we achieve that

P(Exlhlo, (1X).gc. (10)) > 5) < cexp (5.

1/2
Sorall § > 6, where h(g1, g2) := (% J (Vo — @)Qdu) is the Hellinger distance w.r.t Lebesgue measure 1.

Proof of Lemma A.1 can be found in (van de Geer, 2000). Subsequently, we provide below a result on the bound for the
bracketing entropy, which is essential for the proof of Theorem 2.1.

Lemma A.2. Assume that © is a bounded set, then the following inequality holds true for any 0 < & < 1/2:

Hp(e,Gk(0), h) < log(1/e).

Proof of Lemma A.2 is deferred to Appendix A.1.2. Equipped with the results in Lemma A.1 and Lemma A.2, we present
the proof of Theorem 2.1 in Appendix A.1.1.

A.1.1. MAIN PROOF

It is worth noting that

Hp(t,G/*(0,0),]| - I) < Hp(t,Gr(©.1), h),

12
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for any ¢ > 0. Then, we deduce from equation (17) that
5

Hy*(t.Gu(O,1),h) dt\/5§/ log(1/t)dt V
62/213

)
T5(5,G2(0,5)) < /

52 /213
where the second inequality occurs due to the upper bound of a bracketing entropy in Lemma A.2.

Denote ¥(§) = § - [log(1/6)]/2, it is clear that ¥(§)/62 is a non-increasing function of #. Furthermore, it follows the
above inequality that ¥(§) > Jp(9, Q;/Q(@, §)). Additionally, let 6, = +/log(n)/n, we get that \/nd2 > c¥(4,,) for some
universal constant c. Now, by applying Lemma A.1, we obtain that

P(Ex[h(gg, (-1X), ga. (1X))] > C(log(n)/n)"/2) S exp(—clog(n)),

for some universal constant C' that depends only on ©. Since the Hellinger distance is lower bounded by the Total Variation
distance, i.e. h > V, we also achieve that

P(Ex[V(gg, (1X), g0 (1X))] > Cllog(n)/n)/2) S exp(—clog(n)).
Hence, we reach the conclusion that E x [V(gén (1X),96.(-1X))] = (5(n*1/2).

A.1.2. PROOF OF LEMMA A.2

First of all, we aim to derive an upper bound for the Gaussian density f(Y|a™ X + b, v). As both X’ and © are bounded sets,
we can find positive constants x, u, £ that satisfy —x < a' X +b < kand ¢ < v < u. Therefore, we have that

(Y—aTX—b)Q) 1

1
Y|e"X +b,v) = e — .
S ) V2T P ( 2v 27l

For any |Y'| > 2k, we get that (Yﬂ;+b)2 > g—j, implying that

f(Y|a"X +b,v) <

V;Wexp(;j).

Putting the above results together, it follows that f(Y|a" X + b,v) < B(Y|X), where we define

ﬁexp(—g—;), Y] > 2k;
B(Y|X) =
1 .
NorTk otherwise.
Let n < ¢, we assume that the set G,(©) has an 7-cover (under ¢;-norm) denoted by {7y,...,7n}, where N :=
N(n,Gr(©),] - |l1) is the n-covering number of the metric space (G (0), || - ||1). Then, we construct the brackets of the

form [L;(Y]X),U;(Y|X)] for all i € [N] as follows:

Li(Y|X) := max{m;(Y|X) —n,0},
Us(Y|X) == min{m;(Y|X) + n, B(Y]X)}.

We can verify that G, (0) C Uﬁil[Li(Y|X), U;(Y|X)] with a note that 0 < U;(Y|X) — L;(Y|X) < min{2n, B(Y|X)}.
Next, for each ¢ € [N], the term ||U; — L;||1 is upper bounded as follows:

U= Ll = [ @10 - LX) A + [ @) - LY dexY)
[Y|<2x Y |>2k
2
< R77+6Xp(* ]ziu) < R'n,

13
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in which R := max{2x, v8u}log(1/n) and R’ > 0 is a universal constant. From the definition of bracketing entropy,
Hg(R'n,Gk(©),] - ||1) is the logarithm of the smallest number of brackets of size R’n necessary to cover G, (©), which
leads to

Hp(R'n,Gi(©), ] - |l1) <log N =log N(1,Gk(©), | - [l1)- (18)

As we demonstrate at the end of this proof, the covering number is bounded as log N (1, Gr(©), || - [|1) < log(1/n). This
bound together with the result in equation (18) implies that

Hp(R'n,Gx(©),] - 1) < log(1/n).

By choosing n = ¢/ R’, we obtain that Hg (e, G,(0), || - ||1) < log(1/e). Moreover, since the Hellinger distance is upper
bounded by the ¢1-norm, we reach the desired conclusion that

Hp(e,Gk(0), h) < log(1/e).
Upper bound of the covering number. For completion, we establish the following upper bound for the covering number:
log N (1, Gk(©), [| - [l1) < log(1/n).

Since © is a compact set, it follows that A := {(B8g, 81, 7) € RxRY xR, : (Bo, B1,7,a,b,v) € O} and Q := {(a,b,v) €
R? x R x Ry : (Bo, 1,7, a,b,v) € O} are also compact. Therefore, there exist 7-covers A, and §,, for A and Q,
respectively. Additionally, we can validate that |A,| < O(n~(4T2¥) and |Q, | < O(n~(@+2)k),

T

Subsequently, for each mixing measure G = Zle exp (ﬁ ol ) 8(81s,mai.0,01) € Or(©), we consider another one denoted

by G := Zle exp (Bm )6(/31%7@“5“@), where (@;, b;, 7;) € Q, such that (a;, b;, 7;) are the closest to (a;, b;, v;) in that

7
set for all i € [k]. Besides, we also take into account the mixing measure G := Y% exp (ﬂ o ) 05, 7.a:b;7:)» Where

(Bois B1i»T) € A, are the closest to (Boi, 814, 7) in that set. It can be verified that the conditional density g belongs to the
following set:

R = {gc € Gr(©) : (Boi, Bri,T) € Ay, (@i, bi,vi) € Qy, Vi € [k]}.

Tt follows from the formulation of G that

T

k
”gG _96”1 < Z/Softma)((WW) . ‘f(Y|(aZ)TX +bi7Vi) _ f(Yl(Ez)TX “"gi,ﬁi) d(X, Y)
k
< Z/ ’f(Y\(ai)TX+ bivi) — F(Y|(@) " X +b;,7:)|d(X,Y)
k

< Z(”ai — @l + b — bi| + [vi — 7il)
=1

S 19)

Since Softmax is a Lipschitz function with Lipschitz constant L > 0, we get

k — _
lga — gall < ;/ ’softmax(w) - Softmax(wﬂ F(Y|(@)TX + b, 7)d(X,Y)

k
ﬁlz’ 14 BOZ’
o (B
se X [(15 -2mie |
where the second inequality follows from the fact that the Gaussian density f(Y'|(@;) " X + b;, ;) is bounded. Note that

H% o th = Hﬁu(% — i) + P ;Blz

T T

)d(X, Y)

07
7

TT T

14
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Similarly, we also get that ’670 — % < 1. Moreover, since X is a bounded set, there exists a constant B > 0 such that

[IX|| < Bforany X € X. As aresult,

k
Iz~ 9l S L+ [0 B+ md(X.Y) < Lin(B+ 1) 20)
=1

Putting the bounds in equations (19) and (20) together with the triangle inequality, we receive that

lgc — g9zl < llga — 95l + llgg — g1l S,

which means that R is an n-cover (not necessarily smallest) of the metric space (G, (©), || - ||1). By definition of the covering
number, we know that

N(,G1(0), || 1) < IR = [Ag] x [$y] < O~ H+2E) - O(n=H+DK) < Oy~ B4k,
which implies that

log N'(n,G1(©), [| - l) < log(1/n).

Hence, the proof is completed.

A.2. Proof of Theorem 3.1

Based on the proof of Theorem 2.1 in Appendix A.1, it suffices to establish the following upper bound for the covering
number of the metric space (Pr(0O), || - ||1), where Pi(0) := {pa(Y|X) : G € Or(0©)}, while other results can be
demonstrated in a similar fashion:

log N'(1, Pe(©), || - 1) < log(1/n).

Recall that © is a compact set, it follows that A := {(Bo,81,7) € R x R x Ry : (Bo, 1,7, a,b,v) € O} and
Q:={(a,b,v) € RTX R x Ry : (Bo, B1,7,a,b,v) € O} are also compact. Therefore, there exist 7-covers A,, and €2,, for
A and ©, respectively, with a note that |A, | < O(n~(@+2k) and |Q,)| < O(n~(4+2)F),

BUi

T

Next, for each mixing measure G = Ele exp ( )5(5“77,,11.,1,1.’,,1.) € 0x(©), we consider another one denoted by

G = Zle exp (50i )6(5“,7@ 5.7,y Where (@i, b;, 7;) € Q, such that (@;, b;, ;) are the closest to (a;, b;, ;) in that set

-
for all i € [k]. Additionally, we also take into account the mixing measure G := Zle exp (ﬂ o )5(51_ = @b, Where

(BW Eli, 7) € A, are the closest to (5o;, f14, 7) in that set. It can be verified that the conditional density pe belongs to the
following set:

R = {pa € Gx(O) : (Boi, B1i, T) € Ay, (i, b5,v5) € Q, Vi € [k]}.

From the formulation of é, we have that

e —relli <3 [ Softmane( ZWIL 2D E00Y | p(y 10,y T 48, 00) — (130X + 87 [a(x,v)

k
k

S (las = a@il| + [bi = bs| + [vi — 7))

i=1

S 2n

15
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Since Softmax is a Lipschitz function with Lipschitz constant L; > 0, we get

HPG - p@‘h < i/ ‘Softmax(a((ﬂli)iX) + ﬁ0i> — Softmax(a((31i>—:() +50i)’ : f(Y\(Ei)TX +5i7?i)d(Xa Y)

<oy f (PO AT T

)d(x, Y)

where the second inequality follows from the fact that the Gaussian density f(Y'|(@;)" X + b;, 7;) is bounded. Note that

‘d(ﬂu)TX) _ 0((311-)TX)’

B ‘U((ﬂ“)TX)(l - i) + o((b1i) " X) - o((B1:) T X)
< w -+ o ((B1i) " X) - g((Bli)TXﬂ-

Since the function o is differentiable, it is also Lipschitz with some Lipschitz constant Ly > 0 and |o((31;) " X)| is bounded.
Furthermore, as X is a bounded set, it follows that || X || is also bounded. Thus, we get

o((1:) " X) _ a((B1,) " X)

T T
)X i — Byl - IX
< |U((512 )‘ . |7__?| + Lo - Hﬁl 6iz|| || ||
T T
AT
<o) X1 0+ Ly IIXH
TT
S
Analogously, we also have that 601 - 370
k
I = pall S Lo Y [+ md(x.Y) < 2Likn @)

Putting the bounds in equations (21) and (22) together with the triangle inequality, we receive that

Ipe —palli < llpe =zl + lpg — pall S,

which means that R is an 7-cover (not necessarily smallest) of the metric space (P (©), || - ||1). By definition of the covering
number, we know that

N, Pu(©), 11 1) < IR| = [Ay] x [2y] < O~ %) - O(n=H+DF) < O(n~CHHR),
which implies that

log N'(1, Pe(©), || - 1) < log(1/n).

Hence, the proof is completed.

B. Proofs for Parameter Estimation Rates
B.1. Proof of Theorem 2.2

Before going to the main proof of Theorem 2.2 in Appendix B.1.1, let us introduce a key lemma for that proof as follows:

16
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Lemma B.1. For any r > 1, if the following holds :

lim in Ex[V(gc(1X),9¢. (1X))]
e—0Ge&y, (0):D1,-(G,Gy)<e Dl,r(G7G*)

:07

then we achieve that

inf sup By [D1,(Gn, ()] = n~ V2
G, €8k, (©) GEE, (©)

Proof of Lemma B.1 is deferred to Appendix B.1.2. Now, we are ready to present the main proof of Theorem 2.2.

B.1.1. MAIN PROOF

Based on the result of Lemma B.1, it is sufficient to construct a sequence of mixing measures G,, such that D1 ,.(G,,, Gs) — 0
and
Ex[V(9a..(1X), 9. (1X))]
Dl,r (Gn ) G* )

-0, (23)

as n — oo. For that purpose, we choose the following sequence: G,, = Zk 1 €Xp (B‘“)(S(Blmn’an br 1), Where

e al =al, b =bf, v =S forany i € [k.];

o B = B, + Sn., forany i € [k.];

e TN =T+t

tn . . . n *
o B = (1 + = ),6’82», which implies that exp (f?f) = exp (ﬂ ) for any i € [k.]
p

where s, ; 1= (35327 ce 51‘[2) € R?and t,, € R will be chosen later such that 3( ) — Oand ¢, — 0asn — oo for any

u € [d] and ¢ € [k.]. Then, the loss function D; ,. is reduced to

k.. N
i (G, Ga) = > _exp (%)(Hsn,illr +13). (24)
i=1

It is clear that D; (G, G.) — 0 as n — oco. Now, we will show that Ex [V (ga,, (-|X), 9¢. (-1X))]/DP1,+(Gn, Gx) — 0 as

, . [ ke (B "X + B3 i
n — oo. Let us consider the quantity Q,, :== | > ;" exp " g9, (Y|X) — ga. (Y|X)|, which can be
T

decomposed as follows:

Q.= e (2 s (PL) sy o+ 11 = (P2 vty " 00

— Z*:exp (%) {exp (%#)ggn (Y[X) —exp (@)9(& (Y|X)}

$ o0 (55) o (28] o (2225 165,00~ s (B0 1)
i=1
=A,— B, + E,.

Given the formulation of G,,, the term A,, can be simplified as
ZGXP( ){QXP (T) —eXP(T)] (Y(a7) X +b7,v])

17
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By means of first-order Taylor expansions, we can rewrite A,, as

I (%) [() = BB 0 ey (PN i) T 4070+ Ra(X,Y),

T (7%)? T
where R;(X,Y) is a Taylor remainder such that Ry (X,Y")/D1 (G, Gx) — 0 as n — oo. Then, by choosing
_ 1 s — tn(ﬂfz’)(u) (/Biki)(u)

tn = n’ ni T* e

we obtain that A,, /D1 (G, Gy) = 0as n — oo.

i=1 u=1

9

Next, we consider the term B,,:
.= S (25) [ (V1) o (P g, v
i=1

By arguing similarly, we also get that B,,/D; (G, Gx) — 0 as n — oo. Since we have E,, = 0, it follows that

b ((BL)TX + B

Qn/D1,(Gr, Gy) — 0asn — oo. Moreover, as the term [Zf;l ex ~

lgc., (1 X) — 9. (1 X)|/D1,7(Gn, Gs+) — 0 as n — oo for almost surely X. As a consequence, we satisfy the condition in
equation (23). Hence, the proof is completed.

B
7.*
)} is bounded, we can deduce that

B.1.2. PROOF OF LEMMA B.1

For a sufficiently small ¢ > 0 and a fixed constant C; > 0 that we will choose later, it follows from the assumption that
we can find a mixing measure G, € &, (O) that satisfies D (G, G,) = 2¢ and Ex [V (ga (|1 X), 9c. (|1 X)) < Che.
Additionally, for any sequence G, € &, (©), we have

2 GE?CIJ%),(G*} Egc [Dl,r(énv G)] 2 Egc* [Dl,r<ém G*)] + EQG; [Dl,r(ém G;)],

where E,, stands for the expectation taken w.r.t the product measure with density g¢. Furthermore, since the loss Dy -
satisfies the weak triangle inequality, we can find a constant C'y > 0 such that

Dl,r(ana G*) + Dl,r(én7 G;) Z 02D1,T‘(G*7 G;) = 2025-

Consequently, it follows that

_ 1 _ _
G B Eoi[D1(Cn, G 2 5 (Byc. (P11 (Cns Gl + By [Pr (G, GL)))

> Cye - flln}f;z (Egc* [f1] + ]Egc:; [fﬂ) '

Here, f1 and f5 in the above infimum are measurable functions in terms of X1, X5, ..., X, that satisfy f; 4+ fo = 1. By
the definition of Total Variation distance, the above infimum value is equal to 1 — Ex [V (g, (| X), g¢& (-|X))]. Therefore,
we obtain that

max | Fyo[D10(Gn, G)) > Coe (1= Bx V(g8 (1), g8, (1))

Ge{G.,G.}
> 026[1 —J1ioa- cf;;?)n]

By choosing e = n~1/2/Cy, we have CZe? = 1, which implies that

sup Ey.[D1,+(Gn,G)] >  max E, [D1,(Gn, G Zn_l/z,
e o o g [D1.r( )] G, g [D1,r( )]

for any mixing measure G, € &k, (©). Hence, we reach the conclusion of Lemma B.1, that is,

_inf sup Ego (D10 (Gn, G)) 2 012,
Gn €k, (©) GEE, (O)\Ok, —1(0)

forany r > 1.

18
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B.2. Proof of Theorem 2.3

In this proof, our main goal is to prove the following inequality:

pont | Ex[V(ga(1X).g6. (1X))/Do(G, G) > 0. ©5)

For that purpose, we divide the above inequality into local and global parts as below.

Local part: In this part, we aim to establish the following inequality:

lim inf Ex[V(ga(|X), gc.(1X))]/D=(GY,GY) > 0. (26)
20 geg,, (0):Dy(G17,GlY)<e
Assume by contrary that the above inequality does not hold true, then there exists a sequence of mixing measures
G, € &, (O©) such that Gl = Zf;l exp(Bh; /7" )0(ar pr v») Which satisfies Doy, := Do (G‘nqj, GL‘Il) — 0 and
Ex[V(ga,(|X), 9. (:|X))]/D2n — 0, 27)

as n — oo. Recall that under the exact-specified settings, each Voronoi cell A? = A;(G,,) has only one element. Therefore,
we may assume without loss of generality (WLOG) that A? = {4} for any i € [k.]. Thus, the loss function Dy, is reduced
to

= Yo (58) [raapl + o + 1wz }@\exp( ) e (22)) 28)

i=1

Since Dy, — 0, we get that (a?, b1, v]") — (af, bf,v}) and exp(B;/7™) — exp(f5g;/7*) as n — oco. Now, we separate

1’172 [ 7,71

the proof of local part into three steps as follows:

ﬁ*i TX + B*i )
i) XA - g (1) — g (¥1)] into
a linear combination of linearly independent terms. For the ease of presentation, let us denote F(Y; X, 81, 7,a,b,v) :=

Bl X T : — 7 (6] X) .
exp (2= )f(Y|a' X +b,v)and H(Y; X, 31,7) := exp = gc,, (Y| X). Then, it can be checked that

Step 1. In this step, we decompose the quantity Q,, := [Zf;l exp (

Q"‘iexp (28 [ (v, g, b vp) — POV X B 7 a0
_ieXp (%) [H(Y;X75{Li,7'n)—H(Y§X75fi77*)]
=1
&T[exp (28— exp (2] - enp (P2 2) 1ty 4 82,00)

5 o (28) o (2] o (B2 1
1=1
L= An - Bn + En,l - En,2-

Next, by means of the first-order Taylor expansion, we get that

k. n
Ao =S exn (2B) 3 (s (armyer(aa)es (At (avg)e
=1 |a]=1
oF

¥ G Gren das Ges Gues 0 P T a5 B V) Ra(X T,

s Wiy Y Mg

where R;(X,Y) is a Taylor remainder such that Ry (X,Y") /D3, — 0 as n — oo. Let us denote

(@E)TX) onf

a1 X +b1,07),

FO(Y; X, w}) := exp (

7—*
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for any n € N, where w} := (57;, 7%, af, b, v}). Then, the first derivatives of function F' w.r.t its parameters are given by

sy Wi Vi Mg

(u) *\T

O vixw)=2orvixe),  Ewixwe)=-U Xpyx ),
28" ) or (7*)

OF (w) (1) o OF PO o OF e "
B ( )(YXW) XYF (Y;Xawi)’ ab(YXw) (Y;Xvwi)v v (YXW) §F (Y;Xawi)'
a u

(29)

From this result, we can rewrite A,, as

k d d
_ - Bo; (Aﬂni)(u) (ATn)(ﬁ*z‘)(u) (u) . * ny (w) v (u) (1) (1. «
An= 3o (T[22 (50— = S ) XOR 0 Xt + 3 @a) XY X

+ (A FO(Y; X, W) + = (A FO (Y X, w] )} + Ry(X,Y),

| —

Analogously, we also apply the first-order Taylor expansion to the term B,, and get that

k

= ) % LARE ny\Y2 | 87]{ . *

Bn - ZGXP (7-71> Izl:l(Aﬁlz) (AT ) 85’1}/1 87’72 (Yva /BliaT )+ R2(Xa Y)v
= yl=

- Zex (50’) Z (Aﬁ“ - (f“)) )X(“)H(Y X, B, 7) + Ra(X,Y)

where R(X,Y) is a Taylor remainder such that Ry(X,Y") /D3, — 0asn — oo.

As a result, we can represent @, as

ZZC i (X) (Y X, w? chol H(Y; X, B, 7))+ Ri(X,Y) - Ro(X,Y),  (30)
i=1 n=0

where we define

o () e ()] o () 5 (2 U)o

Cn,O,i(X) : (T*)z

u=1

Cn,Li(X) :

I
[¢]
]
o
VN
=
S
N—
| —
<
M-
—
>
N—
£
+
—~
>
o
3
N—
| I

From the above results, we can treat [Q,, — R1(X,Y) + R2(X,Y)]/Day, as a combination of elements from the following
set:

{F(Y;X,w;‘), XWEY; X, W), FOY; X, 0, XWFOY; X wf), FOY; X,w):ueld,ic [k:*]}
U {H(Y;X, B ), XWH(Y; X, B, 7) u e [d]i [k*]}.
Step 2. In this step, we demonstrate that at least one among the coefficients in the representation of [@,, — R1(X,Y) +

R5(X,Y)]/Da, does not converge to zero when n — oo. Assume by contrary that all of them go to 0 as n — oco. By
taking the summation of the absolute values of the coefficients of F(Y; X, w}), we get that

a5 o () o ()] 0

Next, by taking the summation of the absolute values of the coefficients associated with
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« XWFW(Y; X, wf): we have that 51— - Sk exp (ﬁ01> |Aa?|; — 0;

« FO(Y; X, w}): we have that 55— - Sk exp (f&)lﬁb?\ -0

F®\(Y; X,w): we have that f . Zf 1 exp <B°1)|AV¢n| — 05

Due to the topological equivalence between ¢1-norm and ¢-norm, it follows that

Bo; n n n
;ex p(22) (Idaz ] + 28] + |Ave]) -0, (32)

which is a contradiction. Consequently, not all the coefficients in the representation of [Q,, — R1(X,Y) + Ro(X,Y)]/D2n
converge to zero when n — oo.

Step 3. In this step, we leverage the Fatou’s lemma to show a result contradicting to that in Step 2. In particular, by the
Fatou’s lemma, we have

g 196, (710 = g (V1)

lim
n— oo D2n

Moreover, recall from the hypothesis in equation (27) that Ex [V (g9¢,, (-] X), 9c. (| X))]/D2n — 0 as n — oco. Therefore,

we deduce that
l9c, (Y|X) — g, (Y[X)]

—0
DQn ’
* TX *
for almost surely (X,Y). Since the term {Zf; exp (M)} is bounded, we also have that g” — 0 as
T 2n
n — oo. Following from the results in equation (30), Q,, can be represented as
Qn = ZZCW (X)FO(Y; X, wi ZC,LO (X)H(Y; X, 85;,7%) + Ri(X,Y) — Ry(X,Y).

i=1 n=0
Since R1(X,Y)/Dsy, — 0 and Ry(X,Y)/Ds, — 0asn — oo, we can deduce that C,, ,; ;(X)/D2, must be bounded
for any n € {0, 1, 2}. Indeed, if at least one among them is not bounded, then that ratio will go to infinity, implying that
Qn /D2y, # 0, which is a contradiction. Thus, for each n € {0, 1,2}, we can replace C,, ,, ;(X) by one of its subsequences
such that the ratio C,, ,, ;(X /D2y, has a finite limit as n — oo. Let us denote,

Di%. {exp (50z) —exp (%)] = G0, Dl% exp (?_ (D) = ¢,

v

Dlzn exp (501)(A7") = G2, Dlzn exp (fn )(Aa Y s g,
Dl2n exp (501>(Ab?) — Pai, Dlzn . exp (f_ﬁ)(Ay ) dns.

Then, we have

D2n ZZ YXW ZOOz YXﬁlm )7

i=1 n=0
as n. — oo, for almost surely (X,Y"), where we define

d (u)

* K ¢ K *\ (u u
CoalX) = dua+ ) [T = (22 - (B0 W] - X, (33)
u=1
d
CraX) =687 - X 4 ¢, (34)
u=1
1
C3,(X) = 395 (35)
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for any i € [k.]. In other words, we have

ke 2
SN Cr(X) - POV X, ) ZC(” H(Y; X, 85,7 =0,

i=1n=0
for almost surely (X,Y). Since the set {F("(Y; X,w?), H(Y;X,B;;,7*) : n € {0,1,2}, i € [k.]} is linearly inde-
pendent, we achieve that Cy ,(X) = 0 for almost surely X for any n € {0,1,2}. As C7,(X) = 0, we deduce that
(“) = ¢3, =0forany u € [d] and i € [k.]. Next, since C3 ;,(X) = 0, we have that ¢5 ; = 0 for any i € [k.]. However,
it follows from the results in Step 2 that at least one among qzﬁgfi), ¢4,; and @5 ; must be different from zero, which is a

contradiction. Hence, we achieve the local inequality in equation (26). Therefore, we can find a constant ¢’ > 0 such that

inf Ex[V(9a(-1X), g6 (-1X))]/D=(G1Y, GLY) > 0.
GEEy, (©):Dy(G1Y,GIY)<e

Global part. As a consequence, it suffices to demonstrate the following inequality:

in Ex[V(ga(-1X), go. (1X))]/Da(G1, 1Y) > 0. (36)
GEE, (0):D2(G1Y .Gl )>e
Assume by contrary that the above claim does not hold true, then we can seek a sequence of mixing measures G/, € &, (2)
such that Dy ((G?)IY, GLY) > ¢ and
1 Ex(Vi(ge, (1X),96. (1)) _
im @ =
nmee Dy((G). G

which directly implies that Ex [V (g¢: (+|X), gc. (-|X))] — 0 as n — oco. Recall that © is a compact set, therefore,
we can replace the sequence G, by one of its subsequences that converges to a mixing measure G’ € &, (2). Since

Dy((GI)IY, GL\P) > ¢/, this result induces that Dy((G")Y, GL‘I’) > el

Next, by invoking the Fatou’s lemma, it follows that
0= lim Ex[2V(ga, (1X), 6. (-1X))] > / lim inf |ga, (V]X) = ge. (V]X)| d(X,Y),

Thus, we get that per (Y| X) = gg. (Y| X) for almost surely (X,Y"). From Proposition C.1, we know that the model (1) is
identifiable, which indicates that G’ = G.. As a consequence, we have that Dy ((G")!", G‘*\P) = 0, contradicting the fact
that Do ((G)¥,GLY) > & > 0.

Hence, the proof is completed.

B.3. Proof of Theorem 2.4
First of all, we provide a useful lemma that will be utilized for this proof as follows:
Lemma B.2. For any r > 1, if the following holds :

- o Ex[V(g9c(1X),gc.(-|X))]
€0 GEGL(O): D;T(GG )<e Ds (G, G.)

:O’

then we achieve that

_inf sup Eyi (D30 (G, G)] = 0712,
Gn€Gk(©) GeGr(0)\Ok, —1(O)

The proof of Lemma B.2 can be done similarly as in Appendix B.1.2. Following from this lemma, it suffices to build a
sequence of mixing measures G,, that satisfies D3 ,-(G,,, Gs) — 0 and

Ex[V(ge, (1X), gc. (1X))]
DB,T(Gn; G*)

— 0, 37)

as n — oo. To this end, we take into account the mixing measure sequence G,, = Zf;l exp (f 01 )6( n rnan b o), Where
we define for any j € [k,] that
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. n o__ px ni * - .
ap = aj, b = b5, v]' =vj foranyi € Aj;
* Bl = By + sn,j, forany i € Aj;

e T =T 4+t

o B =1". {iﬂf — log(|.A;])|, which implies that >, icA; CXP (ﬁm) = exp (ﬁo]), forany i € Aj,

where s, j 1= (sgllg, NN dez) € R and t,, € R will be chosen later such that s

u € [d] and j € [k.]. Then, the loss function Ds ,. is reduced to

()—>0andt — 0 as n — oo for any

ko *

D3 (G, Go) = Y 4] - exp (ﬁ

j=1

Y lsn " +1£5)-

Obviously, we have that D3 ,.(G,,, G.) = 0 as n — oo.

Now, we will show that Ex [V (g¢, (-|X), 9c.(1X))]/Ds3,(Gn,G+) — 0 as n — oo. Let us consider the quantity

Qn = {Z?;l exp (M)} : [an (Y|X) — ga. (Y\X)} , which can be represented as as follows:
0u=3" 5 exp (28 [ep (LY vy + o) — e (B vy x4 5,0)]
j=1li€A;
-3 e (2 [ (B0 g (1) — e (525 g 1)
j=14icA,
5[ e () = (2] oo (L0100 s (P2 s 000
=A,—B,+E,

Following from the formulation of G,,, we can rewrite the term A,, as
K T * \T
n n\T x b)) X
=30 3 exp () exp (P - oo (L5 1) 05,00,
i=11€A;

By means of first-order Taylor expansions, we can rewrite A,, as

A=y Zexp(fé}‘)[sflu,;W}.X(“)exp<(ﬁfi)*—r )(Y|( DX + b

e (7_*)2 30 g)+R1(X Y)

where R;(X,Y) is a Taylor remainder such that Ry (X,Y")/D; »(Gy, Gx) — 0 as n — oo. Then, by choosing

t = l s (5;})(“) _ (ﬁfj)(u)
" ’I’L7 2 T* nr*

i

we obtain that A,, /D3 (G, Gx) — 0 as n — oo.

By arguing in the same fashion, we also get that B,, /D3 (G, G+x) — 0 as n — oco. As we have E,, = 0, it follows that

* TX 4 Bx.
Qn/Ds(Gp,G.) — 0as n — co. Moreover, since the term [25;1 exp (W—*ﬁw
j

that |g¢, (Y|X) — 9. (Y| X)|/Ds..(Gr, G+) — 0 as n — oo for almost surely (X,Y"). As a consequence, we satisfy the
condition in equation (37). Hence, the proof is completed.

)} is bounded, we can deduce
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B.4. Proof of Theorem 2.5

Analogous to the proof of Theorem 2.3 in Appendix B.2, we aim to prove the following inequality:

Geiaf(@EX[V(ga('lX%gc*(-IX))]/D4(G‘T,GLT) > 0. (38)

Moreover, we also divide the above inequality into local and global parts. Since the global part can be argued in the same
fashion as in Appendix B.2, we will demonstrate only the local part, that is

lim inf Ex[V (96 (-1X), ge. (-1X)]/Da(GIY, GLY) > 0. (39)
€20 Geg,(0):Dy(GIT,Gl ) <e

Assume by contrary that the above claim does not hold true, then we can find a sequence of mixing measures G,, =
Z']::;l eXp(ﬁ(T)Li/Tn)(s(ﬁﬁ,T"’,a;L,b;L,V;L) in gk((‘)) that Satisﬁes D4n = D4(G‘7LT, GLT) —0 and

Ex[V(9a,(1X), 9. (:|X))]/Dan — 0, (40)

as n — oo. Let us denote A} = A; (Gy), then the loss function D, is reduced to

Dinim 303 e () [Jaby o+ Avl 2]

j:l.A]‘|>li€.Aj
k *
P n n - Boi Bo;
w30 Sew(C)[anir i+ 3] 3 ew () —en ()] @
JilAj|=1i€A; J=1 Q€A

As Dy, — 0, we get that (b7, v;") — (b}, v}) and ZieAj exp(By; /") — exp(By;/7*) as n — oo for any i € A; and

j € [k«]. Now, we divide the proof of local part into three steps as follows:

Step 1. In this step, we decompose the quantity ), := [Zf*zl exp (M

- )} 96, (Y[X) — gc. (Y]X)] into a
linear combination of linearly independent terms. Firstly, let F/(Y; X, 51,7, a,b,v) := exp (ﬂlTX)f(YlaX +b,v) and

H(Y;X,B:1,7) :=exp (ﬁlTX>an (Y| X). Then, it can be verified that

k. "

— 01 . n n o .n n .n . * * * 1k *
Qn - Z Z exXp (F) [F(YvaﬁlivT , @ 7bi Vi ) _F(YaX761jaT 7a'jaijyj):|

j=11i€A;
k. n

-~ exp (%) {H(Y;X, gr ) — H(Y; X, ﬁfj,T*)}
j=1licA; T
k n B

0D e (22) —exp (22 | exp(81,20) £ (Y|} X +b5.v)
J=1 icA;
k 8 B

=SS e (22— exp (22 ] exn(85, X)gar, (Y1)
- ; T T
Jj=1 1EAJ

:=Ap —Bp+Ep1— Epo. (42)

Next, we continue to separate A,, into two terms as follows:
Boi
Api= 30 exp (20 [PV XL B 7l b2 07) — F(Y X B, 755,67, 07)) |
Gi| A |=14€A4;

+ Z ‘Zexp<T—n)[F(Y;X,ﬁli,T ,ai,bi,vi)—F(Y;X,ﬁlj,T,aj,bj,uj)}
A [>1iEA;
L= An,l + An’g.
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Let us denote

pi; X
)

for any 1 € N, where w7 := (B’fj, T, a3, b}, v v¥). Then, by applying the first-order Taylor expansion as in equation (57), the
term A,, ; can be decomposed as

A= % exp(ﬁoz) 3 %(Aﬁﬁj)al(AT”)az(Aa?j)%(Ab%)a“(Az/?j)aE’

JilA;|=1iEA; lal=1

(Yla; X +b3,v7),

3077

F(")(Y;X, w;) :=exp (

" oF
0BTt 012 da®3s b Juos

_ Z Z exp (fm) Z %(Aﬁﬁj)al(AT")O‘Q(Aa%)as(Ab%)m(Al/?j)as

JilA |=11€A,; lee|=1

(V3 X, wj) + B (X, Y)

a2

X* Cw,B* j
= . 71)(1” - X s plastaatas)cy. x Ri(X,Y
X (7)o (wz_:l (7+)az ) ( w;) + Ra( )s

where R;(X,Y) is a Taylor remainder such that R;(X,Y)/Dy, — 0as n — oo. By letting {1 = a3 + w + a3 and
ly = a3 + ay + 2a5, we obtain that

A=Y Y Y Y e (5)(32()‘1( By (AT")°2 (Aafy)™ (AbY)* (Avfy)™
Gl A =1 L1+la=1i€A; a€Ts, 4,
x X0 F®)(Y; X, wh) + Ri(X,Y), (43)
where
Toy oy = {(a1,02,a3,04,a5) €EN° 1y + g + a3 > by, a3+ ag + a5 = L2}

Regarding A,, o, for each j : |A;| > 1, by means of Taylor expansion of order 7;, we have

275

Bz Ce @ O"ﬁlJ"’— 1 2 3 7 7 5
Aa= 303 3 30 ew () mpemar (AR (A7) (B (b (Av)

JilAj|>1 bi+Lle=1i€A; a€Ly; 4y
x XU POV X, w)) + Ry(X,Y), (44)

where R2(X,Y) is a Taylor remainder such that Ry(X,Y")/D4, — 0 as n — oco. From the results in equations (43), (44)
and the definition of E,, ;, we get

k. 275

A+ Eny =" > Zp 4, - XOF"R(YV X w)) + Ri(X,Y) + Ry (X,Y), (45)
G=1414+£2=0

where
Bni Cli—an—o BT n \a n\a n\a n \a n\a
ZieAj Zaezglh €xXp (T?, )—a!20‘5 (T*;O‘11+a2 (Aﬂlij) L(AT") 2(Aaij) 3(Abij) 4(Ayij) %,
n — (61762) # (070)5
£1,l2,5 "

ﬁ 7 ﬁ*l
Dica, X p( O>_QXP(T?.<)7 (41, £2) = (0,0).
Subsequently, we also separate ,, into two terms:

= > > exp (60’) [ (Y X, B, ™) —H(Y;Xvﬂfjﬁ*)]

JilA;[=1ieA;

£ e (B [Hvsx gy - HOV X B )

Jil A [>1i€A4;
= Bn,l + Bnﬁg.
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By applying the first-order Taylor expansion to B, 1, we have

/BOZ 1 n 1 n\vyz 871+’Y2H . * *
Bna = Z Zexp( ) Z ﬁ(Aﬂlij)‘y (Ar™)7 'W(Yv)(vﬁljﬂ' )+ R3(X,Y)

JilA|=1ie A, vI=1
@ l AB N (AT)Y2
Z ZeXp —n Z F(ABL) T (AT™)
JilA =€ A, =1

X = w,B7,,7* [ * *
* Gy (Z ﬁX U>H(Y§X751j77 )+ Rs(X,Y),

where R3(X,Y) is a Taylor remainder such that R3(X,Y)/Dy, — 0 as n — oco. By letting £ = v, + w, we rewrite B, 1
as

w=1

B Z Z Z Z -~ iﬁlw Xp(fm)(mm)%(m )2 XPH(Y; X, B, 7%) + Rs(X,Y).  (46)

JilAj|=1£=14€A; ’yEJe

Regarding B,, o, by means of the second-order Taylor expansion, we get

Bua= Y ZZ > “on il;m xp(ﬁol)mﬂm)%(m V- XCH(Y; X, 815, 7) + Ra(X,Y),  (47)

Ji|Aj|>1L=11i€A; 76.7@

where R4(X,Y) is a Taylor remainder such that R4(X,Y")/Da4, — 0 as n — oco. From the results in equations (46), (47)
and the definition of F,, 2, we obtain that

ko 1TLia,>1

Bu+En2=Y Y. Zo; X'H(Y;X,B};,7")+ Rs(X,Y) + Ri(X.Y). (48)
j=1  ¢=0

Combine equation (45) with equation (48), we have

ko 27§ ko 1tLia,>1
Q=Y zp,, X'FOy:xw)-Y Y Zp, X'H(Y; X, 8i577)
Jj=14£1+£>=0 j=1 =0
+R1(X,Y) + Ro(X,Y) — R3(X,Y) — Ry(X,Y). (49)

As a consequence, we can view [Q, — R1(X,Y) — Ro(X,Y) 4+ R3(X,Y) + R4(X,Y)] /Dy, as a combination of elements
from the following set:

S = {XhF(fz)(Y;X,w;), XKH(Y;X,ﬁfﬁT*) 1j € [ki*}, 0<l+06,<27;,0<0<1+ 1|.Aj|>1}'

Step 2. In this step, we show that at least one among the ratios Zy; ,, /Dy, does not converge to zero as n — 0o. Assume
by contrary that all of them go to zero. Then, by taking the summation of the absolute values of

. Z&OJ/Déln for j € [k,], we have i D " ‘ EZGA exp (ﬁ&) — exp (’803)‘ — 05

. Z&Lj/DMforj:\Aﬂ:l,wehave%hk-z 1A= 1216,4 exp(ﬂo’)mb | — 0;

. Z&z)j/Dzlnforj:\Aﬂzl,wehavei'zj 14, ]= 121€Ajexp<601)|Az/ | — 0.

From the above limits and the formulation of Dy, in equation (41), we deduce that

D4n Z Z exp (601>(\Ab |+ Ay |> 1.

JilAj|>19€A;
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This implies that there exists an index j* : |4, > 1 (WLOG assume that j* = 1) such that

€ 3 exp (BOZ)OA() |+|Auﬂ|) 0.

D
n e

Moreover, since

A4S VAS 1 1
0,02,1 1,42,1 (Abn )a4(A n\oas
s B . E _ 4 v =0,
D D D aglagl2es i il
an an A A ast2as=ty, 200
1<ay+as<7

for any 1 < ¢5 < 71, we obtain that

216A1 Z ag+2a5=Lz, a4la5l2a (Ab?l)a4 (Al/“)
1<ay+as<ry
atas< 0. (50)

Siea exp (5) (jaon |+ avg))

Ba:

Tn

Let us define M, := max{|AbY|,|AvE |2 ;i € Ay} and 7, := max;e 4, exp(222). Since the sequence exp (é‘?)/ﬁn

is bounded, it is possible to replace it by its subsequence that has a positive limit ¢3; := limy,—, exp(Z2 B 1) /7. Thus, at
least one among qgi, for i € Ay, is equal to one.

In addition, we also define
(Abznl)/ﬁn — q4i, (AVZ"I)/[QM“] — g5i-

It is worth noting that at least one among g4; and gs; for i € A; is equal to either 1 or —1. Subsequently, we divide both the

numerator and the denominator of the ratio in equation (50) by fnﬁff, and then obtain the following system of polynomial
equations:

2« s
Z Z q3i dai U5i 0
la=l
€A1 ag+2as5=~, Q4> Q5
1<ay+as<7

for all 1 < ¢5 < 71. However, from the definition of 7(|.4;]), the above system does not have any non-trivial solutions,
which contradicts to the fact that at least one among q4; and ¢s; for i € A; is non-zero. Therefore, not all the ratios
Z} 4,/ Dan converge to zero as n — oo.

Step 3. In this step, we leverage the Fatou’s lemma to show a result contradicting to that in Step 2. In particular, by the
Fatou’s lemma, we have

i i 196 (Y1) — 96, (Y| X))
n—0o0 2D4n

d(X,Y).

iy B0 (000, (N f

n—oo D4n
Moreover, recall from the hypothesis in equation (40) that Ex [V (9¢,, (-] X), 9¢. (| X))]/Dan — 0 as n — oco. Therefore,
we deduce that
96, (YIX) — gc. (Y]X)]

—0
D4n ’
for almost surely (X,Y"). Since the term [Zle exp (M)} is bounded, we also have that @ — 0asn — oo.
T 4n
Following from the results in equation (49), we have
27, ko 1TLliai>1 .,
f1 Ty, lo,j 01 1(L2) £,0,5 e . O
Z > XUFE(Y X w0 =Y Z D XCH(Y; X, B;;,7) = 0. (51)
J=141+42=0 j=1 £=0

Therefore, ZZ Lo /D4y, must be bounded for any j € [k,] and 0 < £; + {5 < 27;. Indeed, if at least one among them is not
bounded, then the ratio Z;' ,, /D4y, will go to infinity, implying that the left hand side of equation (51) does not go to zero,
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which is a contradiction. Thus, for each j € [k,] and 0 < ¢; 4+ {5 < 2r;, we can replace £ 01,02, by one of its subsequences
such that the ratio ZZ 02, /Dy, has a finite limit as n — co. Let us denote ZZ 5. /Dy — Ze 0.5 then it follows from
the results in Step 2 that at least one among them is non-zero. Additionally, equation (51) indicates that

ke 27; ke 11 >1
NNz, XOFO(Y X W) =Y Y Zpy - XTH(Y X, 85,77 =0,
=1 £1+0>=0 j=1  ¢=0

for almost surely (X, Y). Since the set
S = {XKIFW(Y;X, W), XCH(Y; X, 855,7%) i € [k], 0< 46 <275, 0< €< 1+ 1|Aj|>1}

is linearly independent, we deduce that Z, 2‘17 G = 0 forany j € [ki] and 0 < 41 4 45 < 27;, which contradicts the fact that
at least one among them is different from zero. Hence, the proof is completed.

B.5. Proof of Theorem 3.3
In this proof, our main goal is to demonstrate the following inequality:

pint | ExIV(a(1X).p6. (1X)]/Ds(G.G.) >0, (52)

For that purpose, we separate the above inequality into local and global parts.

Local part: In this part, we aim to show that

li inf X 1XN/D . .
B e o < x[V(pa(-|X),pa. (-1X))]/Ds(G,Gx) >0 (53)

Assume by contrary that the above claim does not hold true, then we can find a sequence of mixing measures G,, =
Z 21 exp(Bg;/T")d(pn 7 an b wmy in k., (O) that satisfies Ds,, := D5(Gp, Gx) — 0 and
Ex[V(pe, (1X), pe. (1X))]/Dsn — 0, (54)

as n — oo. Recall that under the exact-specified settings, each Voronoi cell A? = A;(G,,) has only one element. Therefore,
we may assume without loss of generality (WLOG) that A7 = {i} for any i € [k.]. Thus, the loss function Ds,, is reduced
to

Zexp (265 [l + 18] + g+ |abg] + o] +Z\exp (B) ~en ()] 9

Since D5, — 0, we get that (87, 77, al*, b, vl") — (B85, 7, al,bf,v}) and exp(5F; /") — exp(Bg;/7°) as n — oc.

3231,71 77,71’1

Now, we divide the proof of local part into three steps as follows:

* TX *
Step 1. In this step, we decompose the quantity @), := [Zf;l exp (J((ﬂh) * )+ 56 )} Ipa, (Y1X) — pa, (Y]X)]
T

into a linear combination of linearly independent terms. Firstly, let 7(X, 31) = o(B{ X), F(Y; X, 1,7,a,b,v) :=
exp (%)f(ywx 4 b,v)and H(Y; X, B1,7) := exp (@)pgn (Y'|X). Then, it can be verified that

:iexp (%) [F(Y§X,51“T ya; b)) = F(Y; X, By, 775 a7, bf, z*)]
- iexp (E*U:) (Y3 X3 7 = HY X B 7]

=1
55 (25) oo (5] cm (P 0

:Zl [exp <%> — exp ([ﬁz)} - exp (@)pcn(Y\X)

:=A, —Bp+ Eny — Ens.
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Next, by means of the first-order Taylor expansion, we get that

k
. ﬁnz 1 n a1 n\az n\o: 7\ g nyo
Ap = exp (S DT —(ABR)™ (AT)* (Aa})™ (Ab})™ (Avf)
i=1 al=1
o oF
Op7* 012 a3 Qs Jys

(Y;Xvﬁlza’r a;,b; V)—’_Rl(XvY)a

y P Y Y

where R;(X,Y) is a Taylor remainder such that Ry (X,Y")/Ds,, — 0 as n — oo. Let us denote

Py wf) = exp (TSP T 0 X )

for any € N, where w; := (81;, 7", a, b}, v;). Then, the first derivatives of function F’ w.r.t its parameters are given by

OF N 1 oG "
ﬁ(YaXawz) - = P) (X ﬁlz) (Y;Xawi)a
0] T 9B
aF (X7611) . *
. (V; X, w!) = e F(Y; X,w)),
VX ) = XOFOY: X, u),
a ’U.
O v X o) = POV X)),
ZF(Y X, wj) = %F@)(Y;X,wz‘), (56)

for any u € [d] and i € [k,]. Then, the terms A,, and E,, ; can be represented as

2
Z i (X)F D (Y X,0) + Ri(X,Y), (57)

H
H'Mf

where we define for any ¢ € [k,] and X € X that

ﬁ”)[imﬁmw 00 gey_ (AT")

Cn70,i(X) e <7_7(7): T* 86(u) X7 li) o (T*)2 . 6'(X7 B]TZ) )
u=1 1
B [
O a(X) = exp (Z20) | 37 (M) X 4+ (Ab7)].
u=1
Ch.2,i(X) :=exp (% . % -

Thus, we can view the terms [A,, — R1(X,Y)]/Ds,, and E,, 1/Ds, as a linear combination of elements from the set
F = Uz, U2, F;, in which

oo
o™
Fiq = {X(“) CFOY X wh) iue [d}} U {F<1>(Y; X, w;‘)},

Fio = {25 (B F(YVi X)) su e [d} U{a(X, B F(Ys X)) p U {F(Ys X)) |

Fin = {F<2> (Y: X, w;‘)},

where w; = (85, 7", a},bf,v}), for any ¢ € [k.]. Subsequently, we apply the first-order Taylor expansion to B, as
follows:

k

_ - ﬁglll 1 n\v1 n\y2 oH . %

—zexp (7.7) ||Z17!(A/BM) (AT™) 'W(YaX>Bli7T )+ Ra(X,Y),
1= yI=
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where Ry(X,Y) is a Taylor remainder such that Ry(X,Y")/Ds,, — 0 as n — oo. Then, the term B,, can be represented as

k.
Bn=> Cooi(X)H(Y; X, B, 77) + Ra(X,Y), (59)

where C,, ¢ ;(X) is defined in equation (58). Therefore, the terms [B,, — R2(X,Y")]/Ds,, and E,, 2/Ds,, can be treated as a
linear combination of elements from the set H := Uf;ﬂ-li, where we define for ¢ € [k, ] that

Hi = {gg (X,B5)H(Y; X, 85, 7) tu e [d]} U {a(X, BIVH(Y; X, /6’12,7*)} U {H(Y;X, @J*)},

Step 2. In this step, we prove by contradiction that at least one among the coefficients in the representations of [A,, —
R (X,Y)]/Dsn, [Bn, — R2(X,Y)]/Dsy, En.1/Dsy and E,, o /Ds,, does not converge to zero when n — co. Assume by
contrary that all of them go to 0 as n — co. In the term E,, 1 /Ds,,, by taking the summation of the absolute values of the
coefficients of F'(Y; X,w]), we get that

LY b B3,
D5n';’exp(w)‘e"p(ﬁ)’*0~ (60)

Next, by taking the summation of the absolute values of the coefficients associated with

0c
op")

(X, 587, F(Y; X,w)) in Fy: we have that D%m : Zf 1 €Xp (ﬁm)HAﬁﬁ-Hl —0;

« 5(X, 1) F(Y; X, wf) in Fo: we have that 7 — - Sk exp ( >|AT”| - 0;

« XWFW(Y; X, w;) in Fi: we have that 51— - Y1 exp (%)\\Aaﬂll —0;
o F(Y; X,w}) in F;: we have that D%m . Zf;l exp (%) |Ab | — 03
o F)(Y; X,w}) in Fy: we have that ﬁ . Zf 1 €Xp (ﬁm)\AVi"\ — 0;

Due to the topological equivalence between ¢1-norm and ¢s-norm, it follows that

k
Doy 2O (222) (1a8il + A" + |l Aa?] + b+ |AvP]) = o. (61)

Putting the results in equations (60) and (61) and the formulation of the loss D5, in equation (55) together, we deduce that
1 = D5, /D5, — 0 as n — oo, which is a contradiction. Consequently, not all the coefficients in the representations of
[A, — R1(X,Y)]/Dsy, [Br, — R2(X,Y)]/Dsn, En1/Dsy and E,, 2/ Ds,, converge to zero when n — oo.

Step 3. In this step, we utilize the Fatou’s lemma to demonstrate a result contradicting to that in Step 2. In particular, let
us denote m,, as the maximum of the absolute values of the coefficients in the representations of [A,, — R1(X,Y)]/Ds,,
[Bn, — R2(X,Y)]/Dsy, En.1/Dsy, and E,, 2/Ds,,. From the conclusion of Step 2, we know that 1/m,, /4 oco. Next, we
denote

o {exp (%) exp (601)} — $0,i mném exp (ﬁol)(Aﬁ{’i)(“) - ¢§1f¢)a
mﬂ;)Em €xXp (7_07 ) (AT") = @2, mn1DSn exp (501 )( )(U) - qb:(s%i)v
mn]bSn exp (501>(Ab?) — Dai, mn;)m exp (f—g) (AV?) — 5.4,
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asn — oo forany u € [d] and ¢ € [k,]. Note that at least one among the terms ¢ ;, QSgui), b2, ;(3“1-), ¢4, and ¢ ; is different
from zero. By means of the Fatou’s lemma, we have that

Ex|V X X YX) - Y|X
n—o0 My Dsyn n—oo 2my, Dy,
Recall from equation (54) that the limit the left hand side is equal to zero, which implies that P, W'il;’; i* W01 0. as
n — oo for almost surely (X,Y"). Thus, we also have that — Q" — 0 as m — oo. On the other hand, we have
(m)
manm_);;J CFO(Y X w)) Zcol H(Y; X,35,7),
for almost surely (X,Y"), where we define
d (u) _
i 0 o (X, B:)
Coa(X) 1= g0+ D —5 - (X, B7) = 62 - it (62)
; R Tl
d
Cra Z ¢%) X 4 gy, (63)
N 1
CQ,i(X) = §¢5,i, (64)

for any i € [k.]. As aresult, we achieve that
yye; V5 X, ) ZCOZ H(Y; X, 8, 7) = 0,
i=17=0
for almost surely (X, Y). Since the following set is linearly independent w.r.t Y:
{F<n>(y;x,w;), H(Y; X, p1;,77):0<n <2, i€ [k*]} )
itleads to Cy ;(X) = 0forany 0 <7 < 2and i € [k.] for almost surely X.

* When Cj ;(X) = 0 for almost surely X as the function o satisfies the conditions in Definition 3.2, i.e. the set

is linearly independent w.r.t X, it follows from equation (62) that ¢ ; = Yf} = ¢9, =0forany u € [d] and i € [k.].

* When C7 ;(X) = 0 for almost surely X: since the set { X () 1 : 4 € [d]} is linearly independent w.r.t X, equation (63)
indicates that gbz(;fi) = ¢4, =0forany u € [d] and i € [k,].

* When C3 ;(X) = 0 for almost surely X: it can be seen from equation (64) that ¢;5 ; = 0 for any i € [k.].

However, the above results contradict the fact that at least one among the terms ¢y ;, c/)%ifi), D245 ¢§7§), @4,; and ¢s ; is non-zero.
Hence, we reach the conclusion of the local part in equation (53), which means that there exists a constant &’ > 0 such that

e o o) BX V(G (1X).p6. (1X))/D3(G. G.) > 0

Global part. As a consequence, it suffices to demonstrate the following inequality:

inf E | X X))/ D . .
e oMo BX V(G (1X).p6. (1X))/D3(G.G.) > 0 (65)
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Assume by contrary that the above claim does not hold true, then we can seek a sequence of mixing measures G/, € &, ()
such that D5(G.,,G.) > ¢ and

i Ex[V(pa, (1X), pa. (| X))] _o

n—+00 D5(G1, Gy)

which directly implies that Ex [V (pg: (-|X),pa, (-|X))] — 0 as n — oo. Recall that © is a compact set, therefore,
we can replace the sequence G/, by one of its subsequences that converges to a mixing measure G’ € &, (Q). Since
Ds5(Gh,, G,) > €, this result induces that D5 (G, G,) > €'

Next, by invoking the Fatou’s lemma, it follows that
0= lm Ex[2V(pe, (1X),pe. (1) 2 / timinf |pa, (V1X) — pe. (V]X)| d(X, V),

Thus, we get that pg/ (Y| X) = pe, (Y| X) for almost surely (X, Y"). From Proposition C.2, we know that the model (12) is
identifiable, which indicates that G’ = G,. As a consequence, we have that D5(G’, G,.) = 0, contradicting the fact that
D5(G',Gy) > > 0.

Hence, the proof is completed.

B.6. Proof of Theorem 3.5
Similar to the proof of Theorem 3.5 in Appendix B.5, we aim to prove the following inequality:

Geignkf(@) Ex[V(pa(-1X), pe. (1X))]/Ds(G, Gy) > 0. ©6)

Moreover, we also divide the above inequality into local and global parts. Since the global part can be argued in the same
fashion as in Appendix B.5, we will demonstrate only the local part, that is

lm o nt B V061X, pe. (1X))/De(G. G) > 0. (©7)

Assume by contrary that the above claim does not hold true, then we can find a sequence of mixing measures G,, =
Zf; exp(Bh; /")y, 7n ar br w1y 0 Gi(©) that satisfies Dgy, := Dg (G, Gi) — 0 and

Ex[V(pa,(1X),pc.(-1X))]/Den — 0, (68)

as n — oo. Let us denote A}l = A;(G5,), then the loss function D, is reduced to

Bni n n n n |7, n |7,
Doni= 3. > exp (22) [IA85 17 + A7 2 + | Adk | + [Ab5I7 + |Avs|™2]
Jil A > 1i€A;

K " *
+ Z Z exp (%) {HAB{LUH + AT+ [[Aad || + [AbS] + [Avy; } + Z‘ Z exp (%) — exp (%)‘
jilAj|=14€A; J=1 €A,
(69)

As Dg,, — 0, we get that (57, 77, al*, b, V") — (ﬂ’fj,T* ak, b, v) and ZieAj exp(By; /") — exp(ﬁgj/T*) asn — 00

Yy Wi oY o My [t R R |

forany i € A; and j € [k.]. Now, we divide the proof of local part into three steps as follows:

B exp (U((ﬂfj)TX) + Bg;

j=1

Step 1. In this step, we decompose the quantity Q,, := [Z = )} [pa, (Y|X) — pa, (Y] X))

into a linear combination of linearly independent terms. Firstly, let 7(X,w) = o(w'X), F(Y; X, f1,7,a,b,v) :=
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exp (%) F(Y]aTX +b,v)and H(Y; X, B1,7) := exp (%)pgn (Y| X). Then, it can be verified that

k. n
Q=33 oo () [rovsx, g r b o) — (V5 B3y, 87, )

j=1 iE.Aj

;2_*: > exp (%) {H(Y;X, A" —H(Y; X, f”fﬂ*)}

1i€A;j
#3]3 o (2) - e ()] xpto .80 0100 5150
j=1 i€A;
S S e (B8) - exp (58] - explo X, 81 e (V10
j=1 i€A;

L= An - Bn + En,l - En,?- (70)

Next, we continue to separate A,, into two terms as follows:

A, = Z Z exp (T—n) [F(Y;X,Bli,T a0t vlt) — F(Y; X, By, ,aj,bj,l/j)}
jilAj|=14€A;
+ Y ,Z exp (T—n) [F(Y;X,BM,T La b ) — F(Y; X, By, 7 7aj,bj,uj)}
JilAj|>19€A;
L= An,l + An,2-
Let us denote
c‘f(X,ﬂi‘j))anf

. * * * * *Y L T * x
F(”)(Y,X,Blj,T ,a5,bi,vr) = exp( —~ W(YKCL]-) X +b5,v5),

for any n € N. Then, by applying the first-order Taylor expansion as in equation (57), the term A,, ; can be decomposed as

A, 1= Z Z exp <%) Z é(Aﬁﬁj)al (AT")(ﬂ (Aa?])as (Ab%)%x(AV’?j)as

3 A |=14€4; lo=1
oF * * ok 1k %
X 86?1 O122 Ha®s Hha Hras (Y;X761j7’r )a’jvijyj)+Rl(XﬂY)
2
= Y ) Copi(X)F(Y; X, By, 7 a), b5, v7) + Ri(X,Y), (71)
Jil A1 =17=0
(72)
where Ry (X,Y) is a Taylor remainder such that R, (X,Y) /D¢, — 0 as n — oo and
BN TABL,; 0o AT
Cn,O,j<X) = Z exp 77; * = 7u(X76rj) - * 20<X76Tj) )
oy (T >{ T 3ﬁ§ ) (%)
6ni n u n
Cri1(X) = Z exp (T—EL) {Aaij X Abij],
i€A;
Boi\ Avi
Crz(X) = 3 exp (T—On> =2, (73)
i€A;

forany j € [k,] : | A;| = 1. Meanwhile, for each j : |A;| > 1, by means of the Taylor expansion of order 7;, we can rewrite
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Ay 2 as

/Bni i 1 n \ai n\ao n\as n 0\ 0y n\as
Apa = Z ZGXP (T%) Z E(Aﬂuj) (AT") (Aaij) ‘(Abij) (AVU)‘
JilA|>14€A; lal=1
glail+ast|as|+astas g

" DB 9oz dacs dbos duas

-y ¥ exp(ﬂ()’) Z %(Aﬂﬁ-j)“l(AT”)”(A@)M(Ab;)“(&g)%

Jl A [>1iEA; jal=1

(Y5 X, 815,77, 05,05, v7) + Ra(X,Y),

VR R

Xxoas  gloaltaz ., 6\a3|+a4+2asf
Br. %) -

X San " g e X B (Y3 X, 85,7 b, 0, v%) + Ro(X,Y).

6h|a3\+a4+2a5 L R R |
1

where L(X, 51,T) := exp (U(X A1) ) and R(X,Y) is a Taylor remainder such that Ry(X,Y")/De,, — 0 as n — oo. For

each j : | A;| > 1, by letting |ay | + a2 = s, where 0 < s < 7, then we have 1 — s < |az| + g + a5 < 7j — s. Next, we
denote ay + 2a5 = ¢, where 0 < ¢ < 2(7; — s — |ag|). Then, A,, o can be represented as

7; Tj—s 2(Tj—s—|as])

Apa= DY >N Z T 05,05 (X) - X FUSIHO (Y, X8 7%, a3, b%,07) + Ro(X,Y),  (74)

3 A [>1 5=0 |az]=0

where

Tosared(X) = S Y ew (501) L (Ao (AR (A

225 yaloyg s !
ag+2as5=¢, i€A; 3:04 s
1-s<ay+tas<7;j—s

x[ Z 1 (AB o (Arm)es a|a1\+a2L(X Br ) 1
arlag! 1 AR e e VP T e ey ]

lar|+az=s

Now, we provide the explicit formulations of T, s a,.¢,;(X) for s € {0, 1,2}. First, the term T}, ¢ o ¢,;(X) is given by:

T = % S e ()L (aapean) @)

295 aglaylas!
ayg+2a5=¢, ’LEA 3 4
1§C¥4+a5§ﬁ'

For the term 7, 1 o4,¢,;(X), let us derive the first derivatives of function L w.r.t its parameters as

oL 1 0o .
ol b aﬁ@( BEL(X, By, ),
E(X,ﬁuﬂ' ):—T)QUL(XﬁmT )-

Thus, the formulation of T}, 1 4, ¢ ;(X) reads as

601 1 n\a n\a n\o

E E exp( )7, 1 |(Aaij) B(Abij) 4(Ayij) ’
ag+2a5=V, i€A; 2% aglaglas

171§a4+a5§F171

Tnyl»asyﬂj(X)

d

(ABE)™ oz . AT") o o

8 [Zl 71-*] aﬁ(u)(Xvﬂlg)i ( 2) 'U(Xaﬂlj):|'
u= 1
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Similarly, for the term T}, 2 ., ¢, ;, Wwe derive the second derivatives of function L w.r.t its parameters as

9L s 1 0%c . v x
959 (X, B, m7) = — - W((ﬁu)TX)L(XﬂuJ )
1 87 8 * *
+ W [aﬁlu)( /Blj):| {aﬁlv ((ﬁl]) ):|L(X761j77 )7
82LXB _ 2 (X, B1)L(X, B, 7" ! 52 (X, B1)L(X, B, T
82( 15T )—(T*)g'g( ) lj) (X, 1ja7)+W'J( ) lj) (X, ljaT)v
82 * * 1 6 * *
aﬂgu)aT(X’ﬂlj’T ):_(T*)2 aﬂ(u)( /81]) (XvﬁljvT)

(T*)S. ( /Blj) ﬁ ( /Blj) <X76Tj’7-*)'

1

Then, T}, 2 o,.¢,; can be written as

Tn,2,o¢3,£,j(X) — Z Z exp (ﬁ()z) 1 (Aa?j)% (Ab%)om (Aylnj)om

295 aglaylas!
ast+2a5=~L, 1€EA; 3104 5!
0<ay+as<r;—2

x{ Z (Aﬁﬁj)(“)(Aﬂﬁ»j)(”){ fale

— (u) x (v) T
Tl b opos | & e XX (g0 |

1<u,v<d

n 2 — * 1 — *
+§(AT )2[(7_*) 'U(X’ﬂlj)—"w 02(X>51j)]
d _
- et e[ 323 TS %Z . ﬁlﬂﬂ}

Thus, the term [A,, — R1(X,Y) — R2(X,Y)]/Dg,, can be viewed as a linear combination of elements from the union of
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the following sets:

0o
08"
Fia= {XOFO X wp) ueld, j: 14l =1 U {FOW X w)) )0 14 =1},

Fro={ S (X BF(YVi X)) sue ld), j: |4y = 1} U {a(X B PV X,wf) 15 1A = 1],

Fopi= { X FUSsHO (Y X 0) 1t |41 > 1, 0 < |ag| <75, 0< €< 2, — |a3|)},
95

o
;"

155
{
Fio= {FOW X)) 14 =1},
{
{

Fou: X, B U0 (v X wt), X - (X, 87, FUosIH0 (v X, )

ue[d],j:|,4j|>1,og|a3|gfj—1,ogzgz(fj—1—\a3|>},

Fop = {X“3 P ((B1) T X)Flealt0(y; X, w?),
aﬁiu)aﬁlv) J J
oG
Xos .
L?ﬂw)
X6 (X, B FUtO(v; X, wh), X62(X, B1,) FU T (Y X, w)),
ol 00

g *
Xazaﬁ(u)( B PO (v X wr), X*25(X, Bu)aﬁ(u) (X, 85, FU 0 (v X, wt)

%359 [ o (BT P00 ),

ww € d), 5 Al >1, 0<]az] <7 —2, 0 <0< 2(7, _2_|a3‘)},
glailtaz 1
s = X3 * ok _7F(\(x3|+€) Y X, w¥)
]:2, { +Z 8/80118 a2( 751]77—) L(X,/BTJ,T*) ( 3 ,w])
(o5 a2=S8
j:|Aj|>1,0§|a3|§7j—s,0§€§2(7’j—5—|a3|)}.

for any s > 3, where w? := (B}, 7, a}, b}, vf) for any j € [k.]. Additionally, it is also worth noting that £, 1 /Dg,, can

be seen as a linear combination of elements from the set {F'(Y; X, w?) : j € [k.]}.

Similarly, we also decompose B,, into two terms as follows:

b Y Y e (8) [roix. g - mvix. )]

Gil A |>19€A;
= Bn,l + Bn,2c

Subsequently, we apply the first-order Taylor expansion to B,, ; as in equation (59), and get that

oH
YD exp(ﬁ(”) ) %(Aﬁwl(m"w 7 g VX B )+ R(XY)

JiI A =1 i€ A, AL
= Y Cuoy(X)-H(Y;X,85;,7) + Rs(X,Y), (75)
]‘AJ‘ 1

where C, o ;(X) is defined in equation (58) and R3(X,Y) is a Taylor remainder such that R3(X,Y")/Ds, — 0 asn — oo.
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On the other hand, by means of the second-order Taylor expansion, we rewrite B, o as

2
n 1 olml+r g .
Buz= Y Y ew (%) 3 (AR AT e (VXL B ) + Ra(XY)

71 2
G A >1iEA; y=1 opy* o
Z Snj (Y X ﬁl]a ) + R4(Xa Y)a (76)
i A [>1

where R4(X,Y) is a Taylor remainder such that R4(X,Y")/Dg,, — 0 as n — oo and

A12] 0 T _
sn,j<X>:Zexp(5m){Z( 00 () - AT (X, 1)

i€ A, ™= T (95 u) (7%)?

—i(Aﬁn-W(AT")[ (XL B (X )
— 1ij (7%)2 aﬂ§u) (T*)3 1y 61 15

Z (Aﬂﬁj)(“)(Aﬂﬁj)(”) [ 1 0%z 1 00

(X, B7;) 5”>(X 85)]

_ +
1<u.0<d 1+ 1{u:v} T* aﬁyb)aﬁgv) (7—*)2 86 (u)
1 ny\2 2 = * 1 =2 *
+5(Ar ){<Tw3 OXBi) + g 0 LXJ%Q}}, (77)

for any j : |A;| > 1. Therefore, the term [B,, — R3(X,Y) — R4(X,Y)]/Dg, can be treated as a linear combination of
elements from the following set:

0o
H:={aﬁf (X, 85 H (Y3 X, By, 7), (X, 1) H(Y3 X, 815,77 s w € [d], 5 € (k] ]
1

ol
u{ox, ﬁ“)aw(X BIVH(YX, B, 7). 02X, BL)H(Y: X, 81y, 7) tu e [d), 5 |4 > 1}
0a

{ 0%G oo
aﬁiu)

D05 X B H Y X6, 7). [ B [ (X B2 | HOY: X, 81, 7)

cuyv e [d, \A|>1}

In addition, we can view the term E,, 2 /Dgy, as a linear combination of elements from the set { H(Y; X, 87, 77) : j € [ki]}.

Step 2. In this step, we prove by contradiction that at least one among the coefficients in the representations of [A,,
Ri(X,)Y) — Ro(X,Y)]/Den, [Bn — R3(X,Y) — R4(X,Y)]/Dgn> En1/Dern and E,, 2/ Dg,, does not converge to zero
when n — oo. Assume that all of them go to 0 as n — oco. By using the same arguments for showing the results in
equations (60) and (61), we get that

S 5 e (B) e (B)| 0

j=1 1i€A;
and
6 1 n
Dﬁ T e (22 (HABE I + A7 + [ Aal | + 865 + |AvE]) - 0. (79)
" JilAj|=14€A;

Next, by taking the summation of the absolute values of the coefficients associated with

820' . n
. W(X, B H(Y; X, 7, 7") in H: we have that Dls ZJ 14,51 ZZGAJ exp (BO’)HA,BWHQ — 0;
1

. aQ(X,B{j)H(Y;X,ﬁL-,T*) in H: we have that Di Z] Ay [>1 ZZGA exp( )|AT 12 — 0;
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. [X(U)]2F(2)(Y;X,w;‘) in F o: we have that Di E; |A;]>1 ZleA exp( >||Aa 1> = 0.

Tn

As a result, we obtain that

oot 3 e (B s+ 1R + aa 7] 0 (50)

JilA;|>1 €4,
From the results in equations (78), (79) and (80), we deduce that

Dﬁn Z Z exp (ﬂoz> “Ab NIEE Ay, |7‘]/2:|

Jil A [>1i€A4;
which means that there exists an index j : |.4;| > 1, which can be assumed WLOG to be j = 1, such that

1

Do . Z exp (502) [|Abmfl + ‘Ayﬁ‘r’l/ﬂ 20, .

€A

Moreover, since the coefficients of elements F'(Is|+6) Y; X, w;f), forj =1, a3 = 04and 0 < ¢ < 27; in the set o g
converges to zero, i.e.

IS
n
(Ab)* (Ayj)* — 0, (82)
a5 yalavalovs! v v
A cutzan—t, 295 aglaylas!
1<ag+as<ry

for any 1 < ¢ < 7. Then, we divide the left hand side of equation (82) by that of equation (81), and achieve that

exp P
Dic Ay 2o aut2as= H(Ab”)a“(ﬁv i)

1<a4+a5<r1 295 aglars!
Siea, oxp (2) [1abyIm + A /2]

-0, (83)

forany 1 </ < 7.

Let us define M, := max{|AbY |, |AvL|/? ;i € A} and 7, := maxje 4, exp(ﬁf”

). Since the sequence exp (

e
is bounded, it is possible to replace it by its subsequence that has a positive limit Q3i = lim,, 00 exp( ’f_ 9) /70,,. Thus, at
least one among q§i, for i € Ay, is equal to one.

In addition, we also define
(DY) /My, = quis  (AVR)/[2M ] = gsi.

It is worth noting that at least one among g4; and gs; for i € A; is equal to either 1 or —1. Subsequently, we divide both the

numerator and the denominator of the ratio in equation (83) by 7, M ,,, and then obtain the following system of polynomial
equations:

Z Z a3 947 050 -0

I ’
€A1 agt+2as5=¢, Q4 Qs

1<astas <7

forall 1 < ¢ < 7;. However, from the definition of 7(].4;|), the above system does not have any non-trivial solutions,
which contradicts to the fact that at least one among qy4; and gs; for i € A; is non-zero. Therefore, not all the coefficients in
the representations of [A,, — R1(X,Y) — R2(X,Y)]/Den, [Bn — R3(X,Y) — Ra(X,Y)]/Den, En,1/Den and E,, 2/ Dey,
converge to zero as n — 00.

Step 3. In this step, we use the Fatou’s lemma to show that all the coefficients in the representations of [4,, — R1(X,Y) —
Ry (X,Y)]/Den, [Bn — R3(X,Y) — Ry(X,Y)]/Den, En,1/Dsn and E,, 2/Dg,, converge to zero as n — oo, which leads
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to a contradiction to the results in Step 2. In particular, let us denote m,, as the maximum of the absolute values of those
coefficients. It follows from the claim in Step 2 that 1/m,, /4 co. Next, we denote

e (S e () e ()] s o e (B ol
n=n Sica; nDPen 5
m1D6 .Ze}q:)</f)—0z)(A7'")—)(;52’]-7 m1D6. 'ZGXP(B )(Aa )(u)_>¢3]7
nebn i€A; nt6n icA,
o Sew (B son S e (B ) - o
n=6n 1€A; MnLén ieA,

asn — oo for any u € [d] and j € [k.]. By means of the Fatou’s lemma, we have that

Ex[V(pe, (1X), pe. (1X))] 2/. pe, (Y1X) —pa. (Y]X)|

lim inf d(X,Y).

lim
n—oo 2my,Den,

n—oo mnDGn

Y1X)—pe, (Y|X)
mnDen

— 0. as

Recall from equation (68) that the limit the left hand side is equal to zero, which implies that P,

n — oo for almost surely (X, Y"). Thus, we also get that - — 0 as n — oo, which implies that

lim . [An,l + An)g — Bn,l — Bn72 + En,l — En,g] = lim Qn = 07 (84)

n—o00 My Dep, n—o00 My Den,

for almost surely (X, Y'). Now, we derive the limits of terms in the above right hand side. In particular, from the formulations
of

* E, 1 and E,, » in equation (70), we have

%Zm] (Vi X, w)), —>Z¢0,g (Vi X, 875, 77). (85)

mnDGn mnDGn

* A, i in equation (71), we deduce that

- > Z ) - FO(Y; X, w)), (86)

mnD6" J:|Ajl=11=0
where
d i (uw) _ _ .
j do U(Xvﬁl')

C (X)) = Li (X, B1)) — - Aty
" 2T g ) — e o

d
Cr(X) = Zﬂﬁgf} LX) gy

u=1

N 1
Cz,j(X) = §¢5,j7

forany j : |A;| = 1.

* B, 1 in equation (75), we get

> o (X)HY; X, B, T). (87)

JilAj|=1
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* A, o in equation (74), we have

T; Tj—s 2(7j—s—|as|)

_ Z Z Z Z nhﬁrrgoﬂz%m 'XaBF(IaSHZ)(Y;X,W;).

J:1A;1>1 5=0 |ag|=0 on

hm
n—o0 D67L

From the arguments in Step 2, we deduce that the value of m,, is the ratio between one element of the following set
and the loss D, :

{exp (ﬁ01>|A51w\ exp <ﬂ01>|AT”|,exp (501)\Aalj|,exp (BOZ)\Ab |, exp <ﬁ01)|Aym|,z € Aj, i Al > 1}

U DT @85 D (A2 Y (a4l > 1.

i€A; i€A; i€A;
(88)

Thus, the associated coefficients T}, s o, ¢,/ Der in the representation of A,, »/Dg,, converge to zero as n — oo for
any s > 3. Therefore, we consider only the limits of T}, s o, ¢.;/Den for s € {0, 1,2}. In particular, let us denote

/BO’L 1 n\o n o (5
DY eXP( )m(A i5) 7 (Ab5)* (Av) ™ = Po.as,0.45

1€A; ast2as5=L,
1<y +as5<7;

§ : E 507, 1 a ) n \a n\a n \(uw) (u)
¢ p<77l)2asa3!a4!a5!(A i) (AL (Av) (AP = Ui g 050
i€A; ast2as5=C,
1<a4+a5<rJ

mnDGn

mnDGn

1 BO? 1 n\o n\Q n\o n
e 2 2o () gy (A5 AR AV (AT 5 e

i€A; ou+2a5=C,
1<as+as <7

/BOZ 1 n\a n o\ Qg @ (u) (v) (u,v)
X e (5 gy () (A (A (A8 W (A8 = v

mnDGn i€EA; ast+2as5=/,
1<ayg+as5<r7;
Bai ) 1
Sy i Aal)* (AL (A (A} )W (A7) —
mnDGn exp( 20‘“(13'054'065'( az]) ( z]) ( Vz ) ( ﬂl’b]) ( T ) ¢4 ,as, b5

i€A; oy+2a5=Y,
1<a4+a5<TJ

B 1
Y X e (B g () (AR AV AT > U
1€EA; ast2as5=C,
1<y +as5<7;

mnDGn

forany j : |A;| > 1 and u,v € [d]. Then, we have that

Tj—s 2(Fj—s—laal)

”2 - Z Z Z Z :704374,]' 'XQBF(‘QBHZ)(Y;XaW;)a (89)

311 4;1>1 5=0 |a3|=0

where

* I .
TO,ag,Z,j = 1/10 as, Z,Ja

* wl ag, b a 1/12,(1 R - *
Tl,a;s,l,j = Z Ti = 851u)( ﬂlj) ?3.)2] : U(Xa Blj)v

u=1
. o wé“a’;)z 1 Foates T 1 95 9o .
T2,0c3,2,j = 1§§,;§d 1+ l{u:J,U} |:T7* . aBYJ,)aBYJ) ((61j) X) + (7_*)2 . (86 u)( ﬁl])) ( Bl ((51]) X))]

1 2 _ N 1 _ "
+ 7¢5,a3,£,j W ’ J(Xa Blj) + W : UQ(Xa 61j)i|

(9 1 *
—Z%m[”g 550 5B+ g X.87) 61“( B2)].

40




Is Temperature Sample Efficient for Softmax Gaussian Mixture of Experts?

* B, 2 in equation (76), by denoting

1 A Z exp (f_(h)(Aﬁl”)(u)(Aﬁn )(v) - @(u )

mnDGn iG.A
1 u
oy 2 o () (48, e = o5,
1
mpr 2 o ()4 = g
n+6n €A,
we have
Bn * * *
D72_> > SHX)-H(Y; X, B, (90)
6n il A >1
where
d (u) _ d
# 25 _ * W[ 1 0o
{ ; (u) ﬁl]) - (T*)]Q U(X; 617) - uz::lgpl 7 [(T*)2 aﬂ(u)( ﬁlj)
(u,v
! ' 0.5 1 9% o
+ (T*) o(X, B1;) ﬁ(u)( aﬁlj):| + 1§§§d o 1zu=1)} {F . 655“)855”) ((B1;) X)
1 80' ao’ 1 2 B . 1 ~ .
" (7%)? (65(u)( 613))( B(v)((ﬁlﬂ) )ﬂ + 5%02’]4[&*)“3 KB+ (%) X 6”)} }

Recall that not all the ratios between elements in the set (88) and the loss Dg,, converge to zero as n — oo. Thus, at least
one element of the following set union is non-zero:

{¢07J7¢1 ¢2,j)¢3]7¢4])¢5,] [ ]’j:|"4j|:1}u{¢0j,1/}02eu, Jv@(()j )aWQ,]ue[d]vj‘Aj|>1} (91)

Now, we show that all elements in the union (91) must be zero. Indeed, putting the results in equations (84), (85), (86), (87),
(89) and (90), we obtain that

k.
D b0 P X W)+ Y ZC* X)F(Y; X,wi) = > (Cg5(X) + o) H(Y; X, By, 77)
j=1 j:lA;|=1n=0 JilAj1=1

7j—s 2(fj—s—|as|)

+ > Z > Z T o0y (X) - X3 U310 (v X o)

J:lA;1>1 8=0 |az|=0
— D (Si(X)+ o) HY; X, Bi;,7%) =0, (92)
JilAj|1>1

for almost surely (X, Y"). It can be verified that the set
{F(")(Y;X, W), H(Y; X, B55,7) 0 << 2,51 |Ay] = 1}
U {X%F“%‘“)(Y;X,w;), H(Y; X, 8,7) 151 |4 > 1, 0< ag <75, 0< £ < 275 — |a3|)}.

is linearly independent w.r.t Y. Thus, in the left hand side of equation (92), the coefficients associated with the following

terms must be zero.
s F(Y;X,wy), where j : [Aj| = 1: ¢o,; + C’(’)‘j(X) = 0. More explicitly, we have

= 8ﬁ(“) X i) =~ =0

¢Og

u=1
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forany j : |.A | = 1, for almost surely X . Since the function o satisfies the conditions in Definition 3.4, we deduce
that ¢ j = ¢1 j = ¢2,=0,forany j: |A;| = 1.

« FA(Y; X, wy), where j : |A;| = 1: C7 ;(X) = 0. More explicitly, we have

d

D05 XMWt gu; =0,

u=1

for almost surely X. Since the set {X G TS [d]} is linearly independent, the above equation implies that
‘bgug) = ¢a; = 0forany j:|A;| = 1.

s FO(Y; X, w}), where j : |A;| = 1: C3 ;(X) = 0, or equivalently, ¢5 ; = 0 forany j : |A;| = 1.
* H(Y; X, B3;,7"), where j : |A;] > 1: S7(X) + ¢o,; = 0. More explicitly, we have

90,5 + {i‘i) .az (X, 85)) — (fi’)ﬂ 7(X, 57;) i o9 |y 1 E 62 (X, 51)
’ (71)3 o, B”)azl (x.515)] + 1<§<d 1 f%u)_v} [Ti ' aﬁlfjgﬂlw ((51;)"X)
+ e qu x.51)) (-7 S (i)T0)] + g7 [y OO0 BL) + (X, /3;;)}} ~0,
for almost surely X. As the function ¢ meets the conditions in Definition (3.4), i.e. the set
{1 008800, 20031, 85 0630, (X051 5 (K51
S )0 (53 0081) (2 (03 ™0) s e )

is linearly independent, the coefficients associated with 1, &*(X,f7;), (X, ,8’1*]) (X, B7;) and

85(“)
((b’fj)TX) must be zero, i.e. ¢ ; = @2, = <p§“j = @Eﬁ‘f) =0 forany u,v € [d]and j : |A;| > 1.

82

0 g
66?")655“)

o XospllealtO(y: X, 81, 7%), where ag = 2e,, £ = 0,5 : | A;] > 1: Ty (X)+ T} oy 0, (X)+T5 4, (X) = 0.

More explicitly, we have

), 3,4,

d (u)

, (3 0o asz,l,j  — *
1/)0 ,a3,0,5 + Z 1 — b : al@(u) ( /61]) w?;_*)éd . O'(Xa 61]’)7
(u v)
V30505 [ 1 Po T 1 o
M= [T o5 0+ - (5 (1) (=2 550 (%) %))
1 2 1
s [0 )
. 95 1 9
_ZU&(; 0)437 7]|: )2 aﬂ;u) (X 51]) (T*)3 O'(X761J)8/8((7u) (X Bl]):| = 7

for almost surely X. Since the function o satisfies the conditions in Definition 3.4, we deduce that ©g a,.¢; =
10,2e,,,0,; = 0, forany w € [d] and j : | 4,] > 1.

Gather the above results, we see that all elements in the set (88) are equal to zero, which is a contradiction. Hence, we reach
the conclusion of the theorem.
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C. Identifiability of the (Activation) Dense-to-sparse Gating Gaussian Mixture of Experts

Proposition C.1. Assume that G is a mixing measure in O (0) that satisfy go(Y|X) = ga, (Y|X) for almost surely
(X,Y). Then, we obtain that G = G, (\), where G.(\) := Zk 1€XP(B3: /T )O(Ax, Ar+ az b w2, Jor some A 7 0.

Proof of Proposition C.1. Firstly, let us recall that two mixing measures G and G.. admit the following forms:

G= Zexp ( )5(61“7 a;,bi i) G, = Zexp (

where k&’ < k. Since g¢ (Y| X) = g¢, (Y] X) for almost surely (X,Y), we have

) (Bth ala *)’

k K * *
3 softmax(w) f(Y]al X + by, i) = ; Softmax(w) POV a)T 05,0, (93)

T* g
i=1

As the mixture of location-scale Gaussian distributions is identifiable (Teicher, 1960; 1961; 1963), it follows that &’ = k,
and

(Bri) "X + Boi\ . N _ (Br) "X + B85\ ..
{Softmax(f) (i€ [k ]} = {Softmax(T—*) (i€ [k‘*}},
for almost surely X. WLOG, we may assume that
AT . *\T *
Softmax(w) _ Softmax(w), 94)
T T

for almost surely X for any ¢ € [k.]. It is worth noting that the Softmax function is invariant to translations, then
equation (94) indicates that 31;/7 = 87, /7* + v1 and Bo; /T = B%;/7* + vo for some v; € R? and vy € R. However, from
the assumptions B, = 7, = 04 and Sor, = 35, = 0, we deduce that v; = 04 and vy = 0. Consequently, we get that
Bri/T = B3;/7" and Bo; /T = B§; /7" for any i € [k]. Thus, we deduce that 51, = A5}, and 7 = A7, for some A # 0.

Then, equation (93) can be rewritten as
k Kk
- 60i (ﬁli)—r T - /867. (ﬁTZ)T T * *
;exp (?) exp( = ) (Y(a;)' X +b;,v3) = ZZ:;exp (F) exp( = ) (Y|(al)' X +b;,v]), (95)

for almost surely (X,Y’). Next, we denote Ji, Ja, ..., J,, as a partition of the index set [k,], where m < k, such that
exp(Boi/T) = exp(By; /T*) forany i,4" € J;j and j € [k,]. On the other hand, when ¢ and ¢’ do not belong to the same set
J;, we let exp(fBo; /T) # exp(Boir /T*). Thus, we can reformulate equation (95) as

3 % e () exp (P ()T 4 ) :ZZeXp(ﬂol) o (L2 pov ) T+ 07,0,
j=lieJ; j=14i€J;

for almost surely (X, Y"). This results leads to {((a;) " X + b;,v;) 1 i € J;} = {((a}) "X + b}, v]) : i € J;}, for almost
surely X for any j € [m]. Therefore, we have

{(ai, bi,v) i e Jj} = {(a], b}, v]) 1 i € J;},
for any j € [m]. As a consequence,
G= Z > exp ( ) (Brismsai,bivi) = Z > exp ( )5(>\/31L s b ) = Ga(A).
j=lield; j=lielJ;
Hence, we reach the conclusion of this proposition. [

Proposition C.2. Assume that G is a mixing measure in O(0) that satisfy pc (Y |X) = pa, (Y|X) for almost surely
(X,Y). Then, we obtain that G = G.,.
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Proof of Proposition C.2. Firstly, let us recall that two mixing measures G and G’ admit the following forms:

k
o
G- ZeXP( onimmiir Go= D esp (2
=1

- )5(51‘,“7*@;“,1)27”{)7

where k' < k. Since pe(Y|X) = pg. (Y| X) for almost surely (X,Y"), we have

K2

ZSoftmax( ((Bri) " )+60i) £

f(Y]a] X +b;, 1) ZSOf‘cHlax( ((B1)* HBS")-f(YI(a;‘)Wb;‘,V*).

T T*

(96)

As the mixture of location-scale Gaussian distributions is identifiable (Teicher, 1960; 1961; 1963), it follows that k&’ = k,
and

i TX + i ' , *i TX + *7; )
{Softmax(g((ﬂ1 ) . )+ o ) (i €k ]} = {Softmax(a((ﬁ1 )7_* )+ 5 ) ti € [k*]}7
for almost surely X. WLOG, we may assume that
AT i * \ T *
Softmax(g((ﬁ“) TX) * 601) = Softmax(g(w”) Ti() + B ), 97)

for almost surely X for any ¢ € [k,]. It is worth noting that the Softmax function is invariant to translations, then
equation (97) indicates that [o((81;) " X) + Boi] /7 = [0((85;) T X) + Bg;]/7* + v for some v € R. However, from the
assumptions o (57, )" X) + ;. = 0, we deduce v = 0. Consequently, we get that

[0((B1) " X) + Boil /7 = [o((B1) T X) + Bi:l /7",

for almost surely X for any ¢ € [k]. Thus, when X = 04, we deduce that By;/7 = S§,;/7*, which implies that
o((Bri) " X) /7 = o((B};) T X)/7* for almost surely X. Again, when X = 0y, since o(0) # 0, we obtain that 7 = 7*, and
therefore, 31; = 07, for any ¢ € [k.].

Then, equation (96) can be rewritten as

kz*exp (@) exp (w) F(Y (@) "X + biy i) Zexp ('60’) exp ( ((61’)TX)) f(Y|(a}) X + b}, v)),
- (98)

for almost surely (X,Y’). Next, we denote .Jy, Ja, ..., Jp, as a partition of the index set [k.], where m < k, such that
exp(Boi/T) = exp(Bg;/7*) for any 4,¢' € J; and j € [k,]. On the other hand, when ¢ and ¢’ do not belong to the same set
J;, we let exp(Boi/T) # exp(Boi /7*). Thus, we can reformulate equation (98) as

>3 e (22 exp (220 v T 4 )

j=1ieJ;
oxp () e (2120 e
—ZZ p (2 exp (ALY p(v (@) TX + 07,

for almost surely (X,Y"). This results leads to {((ai)TX +bi,v) i€ J;j} ={((a))T X + b}, vF) i € J;}, for almost
surely X for any j € [m]. Therefore, we have

{(ai, b, vy) i e Jj} = {(a], b}, v]) 1 i € J;},
for any j € [m]. As a consequence,

G= Z Z exp (@)&Bun’,ai,bl vi) = Z Z exp ( )5(511 Tt b ) = G,.

j=1liel; j=liel;

Hence, we reach the conclusion of this proposition. O
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D. Experimental Details

In this appendix, we provide additional details regarding the experimental setups.

D.1. Expectation-Maximization (EM) Algorithm

Our approach for parameter estimation in the dense-to-sparse gating Gaussian MoE model employs an Expectation-
Maximization (EM) algorithm. We present the Expectation-Maximization (EM) algorithm used for parameter estimation in
the context of a Mixture of Experts (MoE) model. The derivation and formulation closely follow (Jordan & Xu, 1995).

The EM algorithm is an iterative optimization technique used for finding maximum likelihood estimates of parameters in
models with latent variables. In the context of MoE, the latent variables correspond to the assignment of data points to
specific experts. Denote the latent variables as Z;j, indicating whether expert k is responsible for the observation 4, i.e.,

7 _ 1 ifY] is generated from the jth expert,
Y10 Otherwise.
The algorithm alternates between two key steps: Expectation and Maximization.

D.1.1. EXPECTATION STEP

In the E-step, the algorithm estimates the posterior probabilities of the latent variables given the observed data and the current
parameters. This involves calculating the responsibility of each expert for each data point. We denote the responsibility of
the jth expert for (X;, Y;) at iteration ¢ by

) = EZ;;|(X:,Yi): 0]

OT x4 5(0)
Softmax (W) - f (Yi

(t)
S Softmax (6”) 1 (v

o1 ® @
aj Xi+bj ’Vj )

AT, 4000

Here, ©(*) represents the set of all parameters in the Mixture of Experts (MoE) model at iteration .

D.1.2. MAXIMIZATION STEP

In the Maximization step, the model parameters are updated to maximize the expected log-likelihood obtained from the
latent variable distribution derived in the Expectation step. This involves updating the parameters of both the expert models
and the gating network based on the responsibilities computed in the E-step.

M-step for expert parameters. The update equations for expert parameters are given by:

V](t+1)_ - (t)z ( (t) X; +b(t))) ,

Zz 1 zg i=1

S\~ n ~

(t+1) (t) XiXi ) YiX;

0; _< Tij ® > (Z% ENONE
i=1 v; i=1 v;

where X, = (X7, 1), and 6”7 = (a7, for j = 1,2, ..., k.

M-step for gating parameters. Finally, the update for gating parameters can be viewed as a specific form of a generalized
linear model, specifically a multinomial logit model, as observed by (Jordan & Jacobs, 1994). Efficient fitting of such
models is achieved through iteratively reweighted least squares (IRLS), a variant of Newton’s method. First, let’s denote

t)T : (B 50 (1)), Then, the update rule for the gating network parameters is given by:

t+1 t t)\— t
0 =0+ ()
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where

T (1)
) = ® Bij X+ By, ()
Z Z ( — Softmax ((t) i

1=1 j=1
n )T (t) ®T (t)
BUTX + B, BT X, + Bt .

R => Z Softmax (T(t) 1 — Softmax TOJ 955) gfj) ’

=1 j=1

)T t HT HN\ |

vy, (B (g, X )

gz] 901 T(t) [ a (T(t))2

These two steps are iteratively repeated until convergence, providing a framework for estimating the model parameters that
maximize the likelihood of the observed data. Furthermore, it is noteworthy to highlight that we choose the convergence
criterion as ¢ = 1079 and execute a maximum of 1000 iterations for the EM algorithm, with an 100 iterations for the
Iteratively Reweighted Least Squares (IRLS) algorithm at each EM iteration, employing a learning rate of = 0.01.

D.2. Experimental Setup

Synthetic Data. We conducted experiments using synthetic datasets generated with the true mixing measure G, =
Z?Zl exp(B5;/77)0(sz, 7+ az br vy OF order k* = 2. We generated i.i.d samples {(X;, Y;)}{ by initially sampling X,
values from a zero-mean Gaussian distribution with unit variance, followed by sampling Y; values from the true conditional
density g, (Y| X) of a Gaussian mixture with softmax gating, comprising k, = 2 experts:

i Vi
T*

2 * \T *
gG*(Y\X):ZSOftmaX(M) FOYV)(@)TX + b7, 7). (99)
=1

The values corresponding to the true parameters are detailed in Table 2.

Gating parameters Expert parameters

Expertl (ﬂglv/@iklaT*) = (07_10a05) (aT7b>{ayf) = (_172703)
Expert 2 (Bsas Bie, ™) = (0,0,0.5) (a3,b5,v3) =(1,2,0.4)

Table 2. Parameter values of the true model.

..

Figure 2. A visual illustration depicting the correlation between variables X and Y, along with their individual marginal distributions.
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Initialization. For each k € {k., k. + 1}, elements from the set {1,2, ..., k} are randomly distributed among k.. Voronoi
cells denoted as Cy,Ca, . .., Ck, ensuring that each cell contains at least one element. This process is repeated for each
replication. Subsequently, for each j € [k], all parameters are initialized by sampling from a Gaussian distribution centered
around their true counterparts with a small variance, where ¢ € C;.
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