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Abstract

Given an observational study with n independent but heterogeneous units and one
p-dimensional sample per unit containing covariates, interventions, and outcomes,
our goal is to learn the counterfactual distribution for each unit. We consider
studies with unobserved confounding which introduces statistical biases between
interventions and outcomes as well as exacerbates the heterogeneity across units.
Modeling the underlying joint distribution as an exponential family and under
suitable conditions, we reduce learning the n unit-level counterfactual distributions
to learning n exponential family distributions with heterogeneous parameters and
only one sample per distribution. We introduce a convex objective that pools all
n samples to jointly learn all n parameters and provide a unit-wise mean squared
error bound that scales linearly with the metric entropy of the parameter space. For
example, when the parameters are s-sparse linear combination of k known vectors,
the error is O(slog k/p). En route, we derive sufficient conditions for compactly
supported distributions to satisfy the logarithmic Sobolev inequality.

1 Introduction

We are interested in the problem of unit-level counterfactual inference owing to the increasing
importance of personalized decision-making in many domains. As a motivating example, consider
a recommender system interacting with a user over time. At each time, the user is exposed to a
product based on observed demographic factors as well as certain unobserved factors, and the user’s
engagement level is recorded. The engagement level at any time can depend sequentially on the prior
interaction in addition to the ongoing interaction (see Fig. 1(a)). The system can also sequentially
adapt its recommendation. Given historical data of many heterogeneous users, the system wants to
infer each user’s average engagement level if it were exposed to a different sequence of products while
the observed and the unobserved factors remain unchanged. This task is challenging since: (a) the
unobserved factors could give rise to spurious associations, (b) the users could be heterogeneous in
that they may have different responses to same sequence of products, and (c) each user only provides
a single interaction trajectory.

In a general problem, we consider an observational setting where a unit undergoes interventions
denoted by a. We denote the outcomes of interest by y, and allow the interventions a and the
outcomes y to be confounded by observed covariates v as well as unobserved covariates z. The
graphical structure shown in Fig. 1(b) captures these interactions and is at the heart of our problem.
We consider n heterogeneous and independent units indexed by i € [n] £ {1,--- ,n}, and assume
access to one observation per unit with v(®, a(i), and y(i) denoting the realizations of v, a, and y for
unit ¢ respectively.

We operate within the Neyman-Rubin potential outcomes framework [21, 24] and denote the
potential outcome of unit i € [n] under interventions a by y(*(a). Given the realizations
{(v(i), al®, y(i))}?zl, our goal is to answer counterfactual questions for these n units, e.g., what
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(a) A graphical model for sequential recommender system  (b) A generic model for our setting

Figure 1: Two graphical models illustrating aspects of our work. The directed and the bi-directed
arrows indicate causation and association respectively. The arrows involving the unobserved
factors/covariates z are colored red. Panel (a) visualizes a sequential recommender system interacting
with a user for 3 time points where v, a;, and y; denote the user’s observed demographic factors, the
product exposed to the user, and the user’s engagement level respectively at time ¢, and z denotes
unobserved factors. The left plot illustrates the dependency of the observed variables (v;, a;, y;) at
time ¢, on the observed variables at time ¢ — 1 via --», and on the unobserved covariates z via «-—-+;
these dependencies for time 1 and 2 are expanded in the right plot. We do not assume any knowledge
of such low-level causal links between elements of z, v, a, and y. Panel (b) exhibits a generic
graphical model depicting the relationship between z, v, a, and y for every unit. Our methodology
works for any graphical model consistent with the graphical model in Panel (b).

would the potential outcomes y(* (a(?)) for interventions @) # a(¥) be, while the observed and
unobserved covariates remain unchanged? Under the stable unit treatment value assumption (SUTVA),
i.e., the potential outcomes of unit ¢ are not affected by the interventions at other units, learning
unit-level counterfactual distributions is equivalent to learning unit-level conditional distributions

n
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Here, the i-th distribution represents the conditional distribution for the outcomes y as a function of

the interventions a, while keeping the observed covariates v and the unobserved covariates z fixed at

the corresponding realizations for unit ¢, i.e., v(® and 2(® respectively.

It is infeasible to answer such questions without any structural assumptions due to two key challenges:
(a) unobserved confounding and (b) heterogeneity in unit-level conditional distributions. First,
the unobserved covariates z introduces spurious statistical dependence between interventions and
outcomes, known as unobserved confounding, which results in biased estimates. Second, the
realizations {(z(i), v(i))}l1 could be different for different units leading to heterogeneity in
conditional distributions across units. The heterogeneity is crucial since we only observe one
realization, namely the outcomes y(*) (a(?)) under the interventions a(?), that is consistent with
the unit-level conditional distribution fy|;,,’zy\,(y|a7 2z v(i)). As a result, one needs to learn n
heterogeneous conditional distributions while having access to only one sample from each of them.

In this work, we model the joint distribution of the unobserved covariates, the observed covariates,
the intervention, and the outcomes of interest as an exponential family distribution in accordance
with the principle of maximum entropy.! With this modeling assumption, we show that both the
aforementioned challenges can be tackled. In particular, we show that the n unit-level conditional
distributions in (1) lead to n distributions from the same exponential family albeit with parameters
that vary across units. The parameter corresponding to the ‘" unit, say ¢*(), captures the effect of
2 and helps tackle the challenge of unobserved confounding. However, the challenge still remains
to learn n heterogeneous exponential family distributions with one sample per distribution. This
has been addressed in two specific scenarios in the literature: (a) if the unobserved confounding
is identical across units, i.e., the parameters {qb*(i)}?:l were all equal, then the challenge boils
down to learning parameters of a single exponential family distribution from n samples which has
been well-studied (see [26] for an overview); (b) if v, a, and y take binary values and have pairwise

"Exponential family distributions are the maximum entropy distributions given linear constraints on
distributions such as bounded moments (see [8, 10]). The exponential family considered in this work arise when
the first and second moments of the joint vector (z, v, a,y) are bounded.



interactions, and the dependencies between them are known, then the challenge boils down to learning
certain parameters of an Ising model with one sample which has been studied in [12, 18]. In this
work, we consider a generalized setting, where v, a, and y can be either discrete, continuous, or both,
and assume no knowledge of the underlying dependencies.

Our contributions. As the main contribution, this work introduces a method to learn unit-level
counterfactual distributions from observational studies in the presence of unobserved confounding
with one sample per unit. Specifically, for every unit ¢ € [n], we reduce learning its counterfactual
distribution to learning ¢*() from one sample (v(¥), a(?), y(?) where ¢*(?) is the parameter of the
exponential family distribution corresponding to unit ¢. Our technical contributions are as follows.
1. We introduce a convex (and strictly proper) loss function (Def. 1) that pools the data
{(v®,al, y(i))}?zl across all n samples to jointly learn all 7 parameters {¢*(V}7_,.

2. For every unit i, we establish that the mean squared errors of our estimates of (a) ¢*(*) (Thm. 1),
and (b) the expected potential outcomes under alternate interventions (Thm. 2) scale linearly with
the metric entropy of the parameter space, i.e., the set ¢*() comes from. In particular, when
#*() is s-sparse linear combination of k& known vectors (see Sec. 4), the error—just with one
sample—decays as O(slog k/p), where p is the dimension of the tuple (v, a,y).

3. As part of our analysis, we (a) derive sufficient conditions for a continuous random vector
supported on a compact set to satisfy the logarithmic Sobolev inequality (Prop. 2) and (b) provide
new concentration bounds for arbitrary functions of a continuous random vector that satisfies the
logarithmic Sobolev inequality (Prop. 3). These results could be of independent interest.

Notation. For a deterministic sequence uy, - , u,, we let w == (uy,--- ,u,). For a random
sequence uy,- - - , U, we let u := (uy,--- ,u,). For a vector u € RP, we use u; to denote its t*"
coordinate and u_; € RP~! to denote the vector after deleting the t*" coordinate. For a matrix
M < RP*P_we denote the element in t** row and u*" column by My,,, the t** row by My, and the
matrix maximum norm by ||M||max-

Related work. We provide an overview of related work that focus either on exponential family
learning or on unit-level counterfactual inference with unobserved confounding. We refer the reader
to [17, 15] for counterfactual inference with no unobserved confounding (as well as closely related
concepts of ignorability in statistics and selection on the observables in economics). Likewise, we
refer the reader to [22, 23] for counterfactual inference when the underlying causal mechanism (i.e.,
the directed acyclic graph) is known unlike our work.

Exponential family learning. There has been extensive work on learning parameters of a single
exponential family distribution from multiple samples (see [26] for an overview). Of particular
interest are the works that focus on learning sparse Markov random fields with (a) discrete variables
[28] and (b) continuous variables [27] which inspire our loss function. Recently, a few works [18, 12]
have focused on learning Ising model, i.e., sparse Markov random fields with binary variables, with
one sample. However, these works focus on special cases where either the dependencies between the
variables or a specific subset of the parameters are already known.

Unit-level counterfactual inference. For unit-level inference with unobserved confounding, prior
work has largely focused on latent factor models, where the interventions and potential outcomes
are assumed to be independent conditional on latent factors. These include popular frameworks of
difference-in-differences [9, 5], synthetic controls [2, 1], synthetic difference-in-differences [6], and
synthetic interventions [3]. A recent work [13] provides a latent factor model based approach for
counterfactual inference in sequential experiments where the treatment mechanism is designed and
known, and there is no confounding by definition. Notably these works allow only for finitely many
interventions, and need multiple units to be simultaneously treated with the same interventions for a
period of time (for their estimation strategies to work). Another key difference is that these works
directly learn the outcomes, and not the distributions like we do.

2 Problem formulation

We consider a counterfactual inference task where units go through p, > 1 interventions. For
every unit, we observe p, > 1 outcomes of interest. The interventions and the outcomes could be



confounded by p,, > 1 observed covariates as well as p, > 1 unobserved covariates. Additionally,
the observed covariates and the unobserved covariates could be arbitrarily associated. We denote
the random vector associated with the interventions, the outcomes, the observed covariates, and the
unobserved covariates by a £ (ay, - - - yap,) € APy = (y1, -+, ¥p,) € VP,V L (v, Vp,) €
VP and z £ (z1, - ,2,.) € ZP: respectively where A,),V, and Z denote the support of
interventions, outcomes, observed covariates, and unobserved covariates respectively. We allow these
sets to contain discrete, continuous, or mixed values. We summarize the causal relationship between
the random vectors z, v, a, and y in Fig. 1(b) where we denote the arbitrary association between z
and v by a bi-directed arrow, and the causal association between (i) (z,v) and a, (ii) (z, v) and y, and
(iii) a and y by directed arrows. Fig. 1(a) provides an example for sequential recommender systems
covered by our work where (i) a;+; depends on a; in addition to v;4; and z, and (ii) y;41 depends on
a; and y; in addition to a; 11, v;+1 and z. We do not assume any knowledge of such low-level causal
links between elements of z, v, a, and y. Our methodology works for any graphical model consistent
with the graphical model in Fig. 1(b).

Data We are interested in answering counterfactual questions regarding n independent but
heterogeneous units in a population. To do so, we assume access to one observation of the observed
covariates, the interventions, and the outcomes per unit, and index it by i € [n],i.e., v, a(¥), and y*)
denote the realizations of v, a, and y for unit 7 respectively. For every realized tuple (v(¥), a(?, y(®),
there is a corresponding realization z(*) of the unobserved covariates z that is unobserved.

Potential outcomes framework We adopt the potential outcomes framework and denote the
potential outcomes of unit i € [n] under interventions @ € AP+ by y(V)(a). We work under the
stable unit treatment value assumption (SUTVA) where the potential outcomes of any unit 7 are
unaffected by the interventions at other units. In fact, we assume independence across units implying
the potential outcomes of any unit ¢ are also unaffected by the covariates and the potential outcomes
at other units. Then, the observations are related to the potential outcomes as y*) = y® (a(®) for
all i € [n]. To establish equivalence between unit-level counterfactual distribution and unit-level
conditional distribution, consider unit ¢ € [n] and fix the observed covariates and the unobserved
covariates at v(9 and z(9 respectively. Then, let () be a realization of y when a = a(?. We
are interested in the distribution of the potential outcomes of unit ¢ for interventions a, ie., the
distribution of y®(a®)|z = 29 v = v(). Under the causal framework considered here (see
Fig. 1(b)), it is equivalent to the distribution of ¥V (a?)|a = a(?,z = 2 v = v since (z,v)
satisfy ignorability [22, 17], i.e., the potential outcomes are independent of the interventions given
(z,v). Further, under SUTVA, it is equivalent to the distribution of §(¥)|a = a(?,z = 2() v = v(®),
ie., fyjazv(y = Ja=a", z® v®). Therefore, our goal is to learn the n unit-level conditional
distributions in (1). To that end, we model the joint distribution of the z, v, a, and y belong to an
exponential family.

Modeling data as exponential family Letp £ p. + p, + po + py. We parameterize the joint
probability distribution f,, of the ﬁ—dimensiongl random vector w £ (z,v,a,y) by natural statistics
w and ww ', and by natural parameters ¢ € RP*! and ® € RP*? as follows

fw(w; ¢, @) x exp (qﬁTw + wT<Pw)7 where w = (2,v,a,y),

and z £ (21, -+ ,2p.), v £ (v1,-+,vp,), @ = (a1, ,ap,), and y £ (y1,--- ,yp,) denote
realizations of z, v, a, and y respectively. Without loss of generality, we can assume ® to be a
symmetric matrix. Then, recognizing that the (unit-level) conditional distribution of y conditioned on
a =a,z = z,and v = v belongs to an exponential family with natural statistics y and ny, we can
write

fy\a7z,v(y|a7 Z,v) xXexp ([Qg(y)T 4+ 22T dEY) 4oy T pvy) 4 QGT@(a’y)]y + yT(I)(y’y)y), (2)

where ¢(¥) € RP*! is the component of ¢ corresponding to y and ®(*¥) € RP«*Py is the component
of ® corresponding to u and y for all u € {z,v,a,y}. We make two key observations: (a) The term
P2 Ty captures the effect of unobserved covariates z on fyja z.v(y = ‘la=-, z,v) in (2). (b) The
task of learning fyja . (¥ = -|a = -, 2,v) in (2) as a function of a reduces to learning

@) oW + 20T 2 4 26 Ty, (i) @Y, and (i) WY, (3)



Now, we argue that learning (i), (ii), and (iii) in (3) is subsumed in learning the parameters of the
(unit-level) conditional distribution fy|, of the random vector x e (v,a,y) conditioned on z = z. To
that end, we recognize that f,|, belongs to an exponential family with natural statistics x and xx " . For
allu € {v,a,y}, let o) € RP=*1 be the component of ¢ corresponding to u, and (**) € RP=*Pu
be the component of ® corresponding to z and u. We parameterize fx‘z as

H0) 4200 .

fxiz(x]2;0(2), ©) ocexp ([H(z)]T:c+wT®w) where 0(z) £ |[¢(@) 4200 T 2| cRPX 22 la] )
W 423ET 5 Y
“)

PEDpy+pa.t Dy, © € RP*P denotes the component of ¢ corresponding to x, and v, a, and y
denote realizations of v, a, and y respectively. Now, if we learn 6(z) and ©, we can obtain (i), (ii),
and (iii) in (3) for any v = v by using the appropriate components of §(z) and ©.

Inference tasks Let f,,(-; ¢*, ®*) denote the true data generating distribution (Sec. 2) of w, and let
fxiz( - |2;60%(2),©*) denote the true distribution of x conditioned on z = z. Then, for all i € [n],
we note that the realization (¥ £ (v(¥, a(?), y*) is consistent with the conditional distribution

fx|z( 2@ 6% (2®), G)*) where we do not observe z(*). Our primary goal is to learn the n unit-level
counterfactual distributions, which, as per our earlier discussion simplifies to estimating

(i) Unit-level parameters §*() £ ¢* (2" for i € [n], and (ii) Population-level parameter ©*.  (5)

Our secondary goal is to estimate the expected potential outcomes for any given unit ¢ (with z =
z(z), V= v(z)) and an alternate intervention a¥. In particular, our estimand of interest is

pD @) £ By (@?)lz = 29, v =0, 6)

Assumptions We now state the assumptions we require to estimate the parameters in (5) and
the expected potential outcomes in (6). For the ease of exposition, we let the sets V, A, and ) be
continuous valued. However, our results apply equally to discrete and mixed cases. Without loss of
generality, we let these sets be equal, and let X =) = A = ) be bounded and symmetric around 0,
i.e., X = {—Zmax, Tmax} Where Zyax < 0.

Assumption 1 (Bounded and sparse parameters). The true model parameters satisfy the following:
(a) 0*D and ©* are bounded for all i € [n],” i.e., max {max;c HG*“) ||OO NO* max } < o

(b) ©* is row-wise sparse and has zeros on the diagonal, i.e., ||©7 ||, < B and O}, = 0 for all
t € [p]. These imply that each x; € x interacts with only a few other x,, € x in (4).

Below, we define the set Ay such that it contains all p x 1 vectors 6 satisfying Assum. 1(a) and the
set Ag such that it contains all p X p symmetric matrices © satisfying Assum. 1(a) and (b).

A £ {0 eRP* 1|10, <} and

Ao 2 {@ ERPP:0=0",0,4 =0forallt € [p],]|O]max < a,rtlé%))]( 10y < ﬂ}. @)

3 Algorithm

We propose a computationally tractable loss function to estimate the unit-level and the population-level
parameters in (5). Our algorithm jointly learns all the parameters of interest by pooling the
observations across all n units and exploiting the exponential family structure of v, a, and y
conditioned on z = z in (4). In particular, our loss explicitly utilizes the fact that the population-level
parameter ©* is shared across units. We defer our estimate of the expected potential outcomes in (6)
to App. A.1.

>This bound is necessary for model identifiability [25].



Loss function and parameter estimate. Consider any ¢ € [p]. Our loss function is inspired by
the conditional distribution f,,|x_, ., of the random variable x; conditionedonx_; = x_; andz = z
which is given by

Foiesa(@eles z:6:(2), 0,) ox exp (wz) 0] w]xt), ®)

where ;(z) is the t* element of §(2), ©; is the t*" row of ©, and z denotes a realization of x.
Definition 1 (Loss function). Given a sample %) for every unit i € [n), our loss function maps
© € RP*("+P) 4o £(O) € R defined as
o/
1 i )G . . n
L£(©)= - Z ZeXp (—[Qt( )+2@:w(z)]m§ )>where 02| 1 [ with©,= {th, - ,Qt( ), O}
telp) ic(n] e,

©))

The loss function defined above has many useful properties. We state one such property below with a
proof in App. B.

Proposition 1 (Proper loss function). The loss function L(-) is strictly proper, ie, ©F =
arg min@eAg wAo E [E(@)} .

Our estimate of ©* (defined analogous to ©) is obtained by minimizing the convex function ,C(@)
overall 09 € Ay foralli € [n] and © € Ag, i.e.,
@E arg min E(@) (10)
O€eAy xAe
We note (10) is a convex optimization problem, and a projected gradient descent algorithm returns

an e-optimal estimate with 7 = O(p/e) iterations® where O, is said to be an e-optimal estimate if
E(@e) < E(@) + € for any € > 0.

4 Main results

In this section, we provide our guarantee on estimating the unit-level and the population-level
parameters in (5). We defer our guarantee on estimating the expected potential outcomes in (6) to
App. A.2. Our guarantees depend on the metric entropy of the set Ag which provides some notion of
the richness of Ay. To that end, we define the notions of e-covering number and metric entropy.

Definition 2 (s-covering number and metric entropy). Given a set V C RP and a scalar € > 0,
we use C(V, ¢) to denote the e-covering number of V with respect to ||||2, i.e., C(V, €) denotes the
minimum cardinality over all possible covers U C V that satisfy

VC UuEUB(U1 6)7

where B(u;e) 2 {v € RP : ||u — v||o < €} denotes a ball of radius ¢ in RP centered at u. Further,

we use M(V, €) to denote the metric entropy of V, i.e., M(V, ) = logC(V,¢). Lastly, we use the
shorthand notation My(e) = M(Ay, €) to denote the metric entropy of Ag.

The following result provides the estimation error for the estimate © obtained in (10). We divide the
proof across App. C and App. D.*

Theorem 1 (Guarantee on parameter estimate). Fixane > 0 and § € (0,1), and define
ce P 160—0|1

, and y= max =
0,0€n, ||0—0|2

R(e,8) 2max{ce?\/loglog(2p/6)) + My(n),ev}, n2 (11)

*This follows from [7, Theorem 10.6] by noting that £(8) is O(p) smooth function of ©.
“To simplify presentation, we use ¢ and ¢’ to denote universal constants or constants that depend on the
model-parameters « and xmax, and can take a different value in each appearance.



Then, with probability at least 1 — 0, the estimates @7 5(1), cee o) defined in (10) satisfy

ce®Plog £

7 and

maXH@tf@t*Hg <e whenever n >
te(p] €

i : “A(log 2 + M
] 169 —0*D||y < R(e,8/n) whenever n > ce "llog ‘;4 o(m)
1EN

Example. Consider the case where 6*() is s-sparse linear combination of k& known vectors for
all i € [n], i.e., *() = Ba(® for a known matrix B € RP*¥ and a() € R**! with ||a®)|o < s
such that [|[#*(||., < a. Then, the parameter set Ay can be re-parameterized as the set A, =
{a e R**!: |a]jp < sand |Ba||x < o} whose metric entropy is given by M, (n) = (1 + %)S(k)

for some constant ¢ [12, Corollary 4]. Using this bound, and substituting the worst case v = /p, the
guarantees in Thm. 1 simplify. We capture this in the following corollary by focusing on the mean

sqaured error.

Corollary 1. Fixane > 0and d € (0,1). Suppose 6*() is s-sparse linear combination of k known

vectors for all i € [n]. Then, with probability at least 1 — ¢, the estimates {5@')};;1 defined in (10)

satisfy

max{e?, cePs log pk} ce® P sp?log "Tpk
—_—

max MSE(§(i),9*(i)) < whenever n >
1€[n] p €

As a result, we see that the unit-wise mean squared error for parameter estimation scale as
O(slogk)/p when (i) the true parameters are s-sparse linear combination of & known vectors
and (ii) n scales as O(sp? log spk).
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Appendix
A Causal estimate and associated guarantees

In this section, we provide our estimate of the expected potential outcomes under alternate intervention
and the corresponding estimation error.



A.1 Causal estimate

Assuming the estimate @ of ©* is given from Sec. 3, we define our estimate of the expected potential
outcome 4(V (~(i)) (see (6)) for any given unit i € [n] under an alternate intervention a() € APa,
First, we 1dent1fy ) € RP«XPy (o be the component of © corresponding to u and y for all
u € {v,a,y}and 6liv) € RPv to be the component of Q) corresponding to y. Then, our estimate of
the conditional distribution of y as a function of the interventions a, while keeping v (observed) and

z (unobserved) fixed at the corresponding realizations for unit 4, i.e., v and z(*) respectively, is as
follows:

fy‘a(y\a) X exp ([Wy) + 20T ) 4 2aT</I;(a’y)]y + yT&)(y’y)y) (12)
Finally, our estimate of 11(¥) (a(?) is given by

A @") £ Exolyla =at). (13)

y\a

A.2 Guarantee on outcome estimate

The following result provides the estimation error for the estimate 7i(*) (a(¥)) (see (13)) of the expected
potential outcomes for any unit i € [n] under an alternate intervention a(”) € AP=. The result
requires the operator norms of the following matrices to remain bounded for minor perturbation in
the parameters: (i) the covariance matrix of y conditioned on a, z, and v and (ii) the cross-covariance
matrix of y and y;y conditioned on a, z, and v for all ¢ € [p,]. We note that the expectation in the
aforementioned covariance matrix and cross-covariance matrices is with respect to the conditional
distribution of y conditioned on a = a, z = z, and v = v which is fully parameterized by 6 and O,
i.e., replace 0(z) by 6 in (4), and we require the operator norms of these matrices to remain bounded
for perturbations in 6 and ©. Formally, for perturbations in 6 and © such that 6, © belong to the set
B, we have

sup max{m(Cove o(y,yla, z,v)|op, max ||Covg o(y, yiyla, z U)H|Op} < M(B), (14)
0,0€B t€[py]

where M (B) is a constant that depends on the set B. For simplicity, we assume p, = p, = p,. See
the proof below for the general case.

Theorem 2 (Guarantee on outcome estimate). Fixane > 0and § € (0,1). Then, with probability
at least 1 — 6, the estimates {[iV) (@)}, defined in (13) for any {a'? € AP«}7_, satisfy

() (@ () (1) <B(1 LUV
- I10(@0) ~ L @a _ e /)1 whenever ns 098 ¢ o(n))

where R(e,0) and n were defined in (11), M (B) was defined in (14), and
B, 2 {0 €Ag:||0—0" |y <R(e,6/n)} x {© € Ao : mﬁu@t—@;nz <e}.
te(p

)

Proof. Fix any unit i € [n] and an alternate intervention a’) € AP, Then, we have

1D @) QED@")|z = 2@,v = D) CEjyla=a®,z = 20,y = v,

where (a) follows because the unit-level counterfactual distribution is equivalent to unit-level
conditional distribution under the causal framework considered as described in Sec. 2. To obtain
a convenient expression for Ely|a = a9,z = 2(9, v = v()], we identify ®*(“¥) € RP«*Pv to be
the component of ©* corresponding to u and y for all u € {v,a,y} and 0*("¥) € RPv to be the
component of #*(*) corresponding to y. Then, the conditional distribution of y as a function of the
interventions a, while keeping v and z fixed at the corresponding realizations for unit 7, i.e., v(*) and
z(%) respectively, can be written as

£ (yla) o exp ([9*<1¥y> + 200 T ) 4 2T p*(@0)]y + nyI)*(y’y)y) (15)

10



Therefore, we have

Elyla=a®,z=2" v=0v"]=E,ulyla=a"].

yla

Now, consider the p, dimensional random vector u supported on AP+ with distribution f,
parameterized by ) € RPv and U € RPv*Pv as follows

fu(u|t), ) ocexp(yp " u + u' Tu). (16)

Then, note that f;rg (yla) in (12) and f;lg (yla) in (15) belong to the set { fu (|1, ) : ¢p € RPv, ¥ €

RPv*Py} for some 1) and W. Now, we consider any two distributions in this set, namely f,(w|¢), U)
and f,(u|y*, U*). Then, we claim that the two norm of the difference of the mean vectors of these
distributions is bounded as below. We provide a proof at the end.

Lemma 1 (Perturbation in the mean vector). For any ¢ € RPv and ¥ € RPv*Py, [et j1y, 3 (u) €
RP» and Covy, w(u, u) € RP+*Pu denote the mean vector and the covariance matrix of u respectively

wzth respect to fu in (16). Then, for any w P* € RPv and \I/ U* € RPv*Py, there exists some
€(0,1), ¥ 2 tih + (1 — t)* and U 2 to) + (1 — )1 such that
l11,3/(w) = g e (W) 2 < ACov g (u, W) op (B —97) |2

+ > ICovg g (u, ) flop | (Wr, =7, ) |2

t3€[p)

Given this lemma, we proceed with the proof. By applying this lemma to ]?y(rz (y|a) in (12) and

f)EIZ; (yla) in (15), we see that it is sufficient to show the following bound

[[(6*¥) — gUiv)y 4 29D T(§*(ww) — Hov)) 4 2g(DT(@*(@v) — law)y,
+ 3 lle; @Y — Y|, < R(e,8/n) + pe.

te(py]

To that end, we have

S e — ), € Zu@ — O4la, (17)

te[l’y] tG[py]

where (a) follows because ¢2 norm of any sub-vector is no more than 5 norm of the vector. Similarly,
we have

| (6* () — §(i»y)) + 20T (@) &,(v,y)) +2aOT (§r(ey) @(avy))”2

(a) . ~ . ~ ) ~

< ||9*(z,y) _pGy) 2 + 2Hv(l)T((I)*(U,y) _ (I)(v,y))”2 + 2”5(1)T(¢*(a,y) _ (I)(a,y))”2

(b) ) ~. ) ~ ) ~

< (|6 — U [y + 20D ||| @* V) — D o, + 2@} (%) — DY)y,

(©) N
< (60— + 2(

[ @1l2 + Ha(i)Hz)N@* — Ollop
@ g0 _ o O, 4 1139, ) [0* — 6
< 170 G0+ 2o+ [a9) 10" ~ Bl

© .
< 0" = 89l2 + 22max (Vo + VPa) 10 — O, (18)

where (a) follows from triangle inequality, (b) follows because induced matrix norms are
submultiplicative, (c) follows because operator norm of any sub-matrix is no more than operator
norm of the matrix and ¢ norm of any sub-vector is no more than ¢, norm of the vector, (d)

follows because ©* — O is symmetric and because matrix operator norm is bounded by square
root of the product of matrix one norm and matrix infinity norm, and (e) follows because

max{Hv(i)Hoo, ||a(i)||oo} < Zmax forall i € [n].

11



Now, combining (17) and (18), we have
[(0*9) —9lEw)) 4 2 (O T(@*(ww) _Gww)) 4 og( (@) _Flaw)|,+ Z @ @Y v,

tE[py]

<6 = 0Dy + 22max (vPo + vPa) 10" = Ol + > 1167 — 64l

te[Py]

(a)
< R(57 5/”) + 2xmax(\/pv + \/Pa)\/}BE + Pyé,
and (a) follows from Thm. 1 by using the relationship between vector norms. The proof is complete

by rescaling ¢ and absorbing the constants in c.

Proof of Lem. 1: Perturbation in the mean vector: Let Z(¢, V) € R, denote the log-partition
function of f,(:|¢, ¥) in (16). Then, from [11, Theorem 1], we have

kg g W) = pyrw (W)l|l2 = V520, ¥) = Ve Z (4", ¥7) 2. (19)
: RVACAD) 9’Z(y,¥) : :
For t1,ta,t35 € [p], consider T and 560,001, 1, Using the fact that the Hessian of the

log partition function of any regular exponential family is the covariance matrix of the associated
sufficient statistic, we have

*2(9, ) *2(9, )

a¢tla¢t2 81/%1 a\:[jtg,tg
Now, for some ¢ € (0,1), ¢ £ e+ (1—c)y* and U 2 ¢ip + (1 — )4, we have the following from
the mean value theorem

0Z(, V) DZ(y*,T¥)

= Covy,w(ug,, u,) and = Covy,w(ug,, U, ty,). (20)

8$t1 6¢Z(1

= Z (W, —¥5) + Z Z Wity — 5, 0,)
t2€(p] 5%25%1 t2€[p] ts€[p] 8\I]t2 t3awt1

(20) T

= Z (COVJ_"I,(UtN Utz) wtz th +Z Z COV Utl ) Uty utz) (\Ijta,tz - \ng,tz )
ta€[p] ts€[plt2€[p]

Now, using the triangle inequality and sub-multiplicativity of induced matrix norms, we have
IV5Z (1, ©) =V Z(4", W) |2 < [|Cov g g (u, u)flop [ (¥ —17) 2
+ > ICovy g (u, ury ) op | (Wey =7, ) 2.

ts€[p]
(21)
Combining (19) and (21) completes the proof. O
B Proof of Prop. 1: Proper loss function
Fix any z € ZP=. For every t € [p], define the following parametric distribution
fxiz(x|2;0%(2), 0%
Uy, (:c|z; 0:(2), @t) o< ! ( | (2) ) (22)

fxt|x,t,z(13t\5’3—t7 z;04(2),0y)

where fx|z(a:|z; 0* (=), @*) is as defined in (4) and f,|x_, .(z¢|® ¢, 2;0:(2), O) is as defined in
(8). Using (8), we can write uy, (z|2; 0,(2), ©;) in (22) as

ux|z(m|z; et(z)a G)t) X fx\z (:L“Z; 9*(,2), @*) exp ( - [et(z) + QGZw]It)
Then, we have

fx|z(sc|z; 0*(z),0*) exp ( — [0:(2) + 2@;15]1‘,5)

uxlz(x|zv 0:(2), @t) - fme/\,’? fx\z(m|Z; 0*(z),0*) exp ( —[0:(2) + 2@;r$]$t)dw

12



(= 0°(2).0) exp (A=) + 207 )
By [exp (—[0:(2) + 2@;39]%)}

(23)

Further, for 6,(z) = 6}(z), and ©, = Oj, we can write an expression for uy, (x|z; 6} (z), ©;)
which does not depend on x; functionally. From (8), we have

ux|z(az|z; 05 (2), @f) o fx_t|z(a:,t|z; 0*(z), @*). (24)

Now, consider the difference between KL (ux,(w|z;0;(2),07) ||ux.(®|2;60:(2),0;)) and
KL (ux‘z (m\z; 07 (=), @;) ||fx|z(a:|z; 0* (=), @*)). We have

KL (ux‘z(~|z;9 (2) @*) ||ux|z( |z;0,(2),© )) KL (ux|z( |z; 07 (= @*) ||fx|z( |z;9*(z),@*))
@ s (2]2: 65(2), 61 log fuia (2|25 0% (2),0%)
_/mexp qa(]2: 07 (2), 7)1 d

Uxjo (|25 04(2), ©;)
Eypz | exp (= [0:(2) + 20/ ]
@3 . N xlz[ p ( [t()+ ; ]t)}
= /wexp Unl (2|25 607 (2), ©7) 1o o0 (= [u(z) + 267 alwy)
= log By, [exp (—[Gt(z)+2®;m}xt)} _/eu?)é; (z|2:0; (2),07) ([0:(2)+20, z|z;)dz

© log Ey |, [exp (- [Gt(z)+2®:m]xt)] , (25)

dx

where (a) follows from the definition of KL-divergence and (b) follows because integral is zero since
(1) ux|, (w|z; 05 (=), @;‘) does not functionally depend on z; as in (24), (ii) 6;(z) 426, = does not
functionally depend on x; as ©;; = 0, and (iii) fxt cx xidr; = 0. Now, we can write

E[ﬁ(@)] = % Z Z ]E{exp ( — [et(z(i)) +2@:m(i)]x§i))}

telp] i€[n]

(25) 1 Z Z [exp ( (ux\z( . |z(l),9:(2(z)),@:>

te [p] i€[n]
fua( - 12050% (=), 07) ) ) .
(26)

iz (- 127 0,(2), 0,))

— KL (e (- 129307 (=), ©7)

We note that the parameters only up in the first KL-divergence term in the right-hand-side of (26).
Therefore, it is easy to see that E[£(©)] is minimized uniquely when 6;(z(") = 6;(2(¥)) and
©, = O; forallt € [p] and all i € [n], i.e., when © = O™.

C Proof of Thm. 1 Part I: Recovering population-level parameter

To analyze our estimate of the population-level parameter, we note that the set Ag in (7) places
independent constraints on the rows of ©°. Therefore, we look at p independent convex optimization

problems by decomposing the loss function £ in (9) and the estimate @ in (10) as follows:

1 . ) ~
Li(e) 2~ 3 exp (—[9&42@[ x_t]mg”) and ©, € argmin £ (8,) forall ¢ € [p], (27)
ic[n] O€eA} xAo

where ©, = {6,51), NS ©;} as defined in (9). Fix any ¢ € [p]. From (27), we have £;(8,) <
L+(9;). Using contraposition, to prove this part, it is sufficient to show that all points ©; that satisfy
|I©: — ©F||2 > e also uniformly satisfy

cexp(cfi)log &

e (28)

Li(9,) > L4(©]) + O(e?) forn >

>To ensure that the final estimate is symmetric, we can take the average of © and © .
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with probability at least 1 — 4, uniformly for all ¢ € [p|. The guarantee in Thm. 1 follows.

To that end, first, we claim that for any fixed ©,, if ©; is far from ©7, then with high probability
Ly (@t) will be significantly larger than £, (@t*) We provide a proof in App. C.1. First, we define

the following constants that depend on model-parameters 7 = (o, 3, Zmax ):

C . 2 a(1+4B2max) and Cs ., 2 exp (Tmax (1 + 2BTmax))- (29)

Lemma 2 (Gap between the loss function for a fixed parameter). Consider any © € A} x Ae.
Fix any § € (0,1). Then, we have uniformly for all t € [p)
2 cexp(cf) log(p/d)

> * max —_ O*12 >
£(0) 2 0D+ sy ey, 19~ Ol Jor n =T

with probability at least 1 — § where C, . was defined in (29).

Next, we claim that the loss function £; is Lipschitz and capture this property via the following
lemma. We provide a proof in App. C.2.

Lemma 3 (Lipschitzness of the loss function). Consider any ©,0 € A} x Ae such that ) = §(%)
foralli € [n]. Fix anyt € [p|. Then, the loss function L, is Lipschitz with respect to the {1 norm
|[l1 and with Lipschitz constant x32,,,Cs ., i.e.,

’Et (ét) — Ly (@t)’ <z 02,T||ét — O¢ll1, (30)

max

where the constant 0277 was defined in (29).

Given these lemmas, we now proceed with the proof.

Proof strategy: As mentioned earlier, the idea is to show that all points ©; € Ag that satisfy
|©: — OF]||2 > ¢ also uniformly satisfy (28) with probability at least 1 — ¢. To do so, we consider

the set of points Agt C Ap whose distance from O7 is at least € > 0 in ¢ norm. Then, using an
appropriate covering set of Agt and the Lipschitzness of £;, we show that the value of L; at all points

in A%’t is uniformly O(&?) larger than the value of £; at ©; with high probability. We ensure that the
failure probability smaller than 4.

Gap between the loss function for all parameters in the covering set: Consider the set of
elements AG' 2 {0; € Ao : |OF — O]z > e}. Let C(AZ', £') be the £’-covering number of the set
Ag' and let U(AG', ') be the associated ’-cover (see Def. 2) where

2

N €
* = SR T 1)L, Gh

Now, we apply Lem. 2 to each element in U/ (Agt, ¢’) and argue by a union bound that the value of £;
at all points in (A%’t, ¢') is uniformly O(£?) larger than the value of £; at ©F with high probability.
We start by considering any ©, € U(Ag',e’). We have

(@)
167 — Otz = &, (32)

Evhere (a) follows because U(AgG', ') C AG'. Now, applying Lem. 2 with 6y = 6/C(Ag', £’), we
ave

L.(0 > L @* xr2nax @* [e) 2 (g)ﬁ @* xrznax€2
(O] 2 L0+ saap Ty, 191~ O = O T s e,

with probability at least 1 — §/C (Agt, ¢’') whenever

S cexp(cB) log (C(Ag’t7 e') - p/d)
n> - )
[CHECH
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Using (32), it suffices to choose n such that
- cexp(cB) log (C(Agt,a’) -p/d)

> = . (33)
By applying the union bound over U/ (Agt, ¢’), as long as n satisfies (33), we have
2172 52 . et
L£.(0,) > L,(0]) + A uniformly for every ©; € U(Ag', '), (34)

2m2e2(B +1)C5

with probability at least 1 — 4.

Generalize beyond the covering set:~ Next, we assume that (34) holds, and generalize from
U(AG', ") to all of AG'. Consider any ©; € Ag' and let ©; be any point in U (Ag', ¢’) that satisfies

|©: — B¢]|2 < &’ (see Def. 2). Then, from Lem. 3, we have

~ -~ (a) -~
L:(9y) = Li(9r) = 23axCa- 06 =04t > Li(0:) — 207,1xCo - Bl1O: — Oz

®
> l:t (@t) — 2I?nax02,7-55/

(31) .'IIQ 52

> E 9 _ max

> £i(6) Ar2e2(B + 1)C5 .
G * xr2nax€2

= Lo a3 s ey,

where (a) follows by using ||©; — ;1 < 28||©; — ;]| which follows from the order of norms on
Euclidean space as well as © € Ag and © € Ag and (b) follows because ||©; — O]z < &’. Recall

that ©; is any point in Agt, ie., ||OF — ét||2 > r. Therefore, we have an inequality that looks like
(28).

Bounding n: To bound 7 in (54), we bound the covering number C(Ag', €) as follows

(a)
C(Ag',€') < C(Ae,e'/2) (35)
where (a) follows from the fact that for any sets &/ C )V and any &, it holds that C(U,e) < C(V,e/2).

Then using (35) in (54) and observing that ¢’ = it is sufficient for

52
cexp(cp)’
cexp(ch) P e
o D) (00D (S ).
e ( 085 Mo cexp(cf)
The proof is complete by noting that Mg (ﬁ%) = O(Blogp) since ©; € RP*! is such that
[1©tllo < 8.

C.1 Proof of Lem. 2: Gap between the loss function for a fixed parameter

Fix any ¢ > 0, any 6 € (0,1), and ¢t € [p]. Consider any direction , = {wgl), e 7%5")’ O} e
R™*P along the parameter Q,,ie.,
0,=0,-9;, and Q,=0,-06;. (36)

Without loss of generality, we let {;; = 0 since O}, = 0. We denote the first-order and the
second-order directional derivatives of the loss function £, in (27) along the direction {2, evaluated
at ©, by dg, L(9,) and 93, L,(6,) respectively. Below, we state a lemma (with proof divided

across App. C.1.1 and App. C.1.2) that provides us a control on dg, £:(©,) and 05, L(©;). The
assumptions of Lem. 2 remain in force.

Lemma 4 (Control on first and second directional derivatives). For any fixed €1,e5 > 0, 61,02 €
(0,1), t € [p], © € A} x Ag defined in (9) with 2, and Y, defined in (36), we have the following:
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(a) Concentration of first directional derivative.: with probability at least 1 — 4,

SC’QTC’QT:E%ﬂaX -log(2p/6
|82t£t(@:)|§61 for n>—bT % = ( /1)’
1

and uniformly for all t € [p].

(b) Anti-concentration of second directional derivative: with probability at least 1 — 5,

Q 3201t . log(2p/d
| tHQ ey for n> 1, e g(2p/ 2)7
2Y2,T

22 > max|
e eI ES Ve

and uniformly for all t € [p].
Given this lemma, we now proceed with the proof. Define a function g : [0, 1] — R"*?
g(a) £ 67 +a(©, - 67).
Notice that g(0) = O} and ¢g(1) = ©, as well as
d*L(g(a))

dLy(g(a)) 2
—ga = 00,L18)g, g, and Tz = 002 Li(@)]g, g0y 37)
By the fundamental theorem of calculus, we have
dLi(g(a)) _ dLi(g(a)) d®L(g(a))
> —_— 38
da - da |“—0 + aag(l(lJnl) da? (38)
Integrating both sides of (38) with respect to a, we obtain
dL(g(a)) a® . d?Li(g(a))
_ > g— I il Z I
Lu(9(@) = Lu(g(0) 2 a==3 == |, o + 5 min —7 3
2
GD a
= a@g ﬁt ’O 79(0) + ? ag%(l)n 892/315 ‘O *g(a)
2
(g) * CLf
ada, £4(87) + 5 agggg)%sﬁt Do,
b
> —aldg,L4(O7) |+ - g%(l)nl)agz,cf e, —g(a) (39)

where (a) follows because g(0) = ©; and (b) follows by the triangle inequality. Plugging ina = 1
in (39) as well as using g(0) = ©} and g(1) = ©,, we find that

* * 1
E (@ ) Et(G) |8Q Et @ )’ 5(12(1%)111) 8Q2£t ’O ,=g(a)’

Now, we use Lem. 4 with

2 e [ ]13 227 19213 8

— max 5§ = — d _ max 2 o = —.

c1 2m2e2(+1)C3 L= g andez m2e2(f +1)C5 7 )

0 1 é
Therefore, with probability at least 1 — § as long as n > O(exp ( T@))' 40 8p/ )) we have

tl2
uniformly for all ¢ € [p]
x €213 1 1€2:113 €213
E @ _ E @ > _ max - nlax _ max
() = £e0) > s e+ 5 (et Ten P e

_ ‘/L.IQHaXHQtH%
325+ )5,
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C.1.1 Proof of Lem. 4 (a): Concentration of first directional derivative

For every t € [p] with , defined in (36), we claim that the first-order directional derivative of the
loss function defined in (27) is given by

0, L4(0;) = —— Z ( R ( ) exp ( - [Ht(i) + 2@:w(i)]mgi)), (40)
ze[n]
. (4) ,
where A{V 2 [‘2"5 } € RPH! and () £ {mh)} € R+ forall i € [n]. We provide a proof in
t
App. C.1.1.

Next, we claim that the mean of the first-order directional derivative evaluated at the true parameter is
zero. We provide a proof in App. C.1.1

Lemma 5 (Zero-meanness of first directional derivative). For every t € [p] with Q, defined in
(36), we have E [8Qt L (@;)] =0.

Given these, we proceed to show the concentration of the first-order directional derivative evaluated
at the true parameter. Fix any ¢ € [p]. From (40), we have

o @0 1 NG (i CT (i) (i
0, £(07) @ == 3 (IA)T@ 02" ) exp (- (67 +20; T2 V]z(?).
i€[n]

Each term in the above summation is an independent random variable and is bounded as follows:
’([Agn]rgg(i)wgi)) X eXp ( — 09 4 2@:%@)}#))‘

@ (wgi)xgi) + QQtTa:(i)in)) X exp ( — [gt*(i) + 2@;T$(i)]x§i))‘

® . ; ;
< o + 207 20| x @ x exp (1077 + 207 Tz )

© G i i X i
< [lwf2 1+ 209l 2P oo | X 2max x ex ((18;7] + 20167 1127 o0 ) ma )

@)
201 TCQ ‘rl'maXa

d)

< (20 + 8aB%max) X Tmax X €Xp ((a + QOéBSEmax)xmax)
where (a) follows by plugging in Aii) and (), (b) follows because ||£()]|o < Tmax for all
i € [n], (c) follows by triangle inequality and Cauchy—Schwarz inequality, and (d) follows because
6*() € Ag foralli € [n], ©* € Ao, w) € 2Aq foralli € [n], Q € 2Ae, and ||| < Tmax for
alli € [n].

Further, from Lem. 5, we have E[fh £t(@§)] = 0. Therefore, using the Hoeffding’s inequality
results in '

P(|00,£(€7)] > 1) < 2exp < w%)

The proof follows by using the union bound over all ¢ € [p].

Proof of (40): Expression for first directional derivative: Fix any ¢ € [p]. The first-order partial
derivatives of £; with respect to entries of ©, defined in (27) are given by

8;;(;)7‘) = 711 ()exp (f[t‘)t(i)JrZ@tTa:(i)}zgi)) forall i€ [n], and
0L(8,) _ {—TQL >icn) mg ') exp ( [Ggi)—l—Z@Im(i)]xgi)) forall wu e [p]\{t}.
004y 0 for u=t
Now, we can write the first-order directional derivative of £; as
O, £1(0,) & i £1@e D) = L181) _ ; S aﬁt %:] g, 202
i€[n u€lp
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1 i ) ; )
= Z ( (@) (z) +2 Z me u)) exp (7[9£1)+2®2—m( )]x£2)>

iE["] uelp]\{t}

S Z ( D2 4 20] 20 a )) exp <_[97£i)+2@;rw(i)]xl(fi))

- ‘% Z[] (18017702 ) exp (- (61" +20] =)o),

where (a) follows from the definitions of Agi) and (%),

Proof of Lem. 5: Zero-meanness of first directional derivative: Fix any ¢ € [p]. From (40), we

have
E[dq,£:(07)] @ —% Z {([A( Tz U) exp( [0; +262Tw(i)]xii))]
1€[n]
DY Y AlE o [E0 exp (- 107=) 20720l
" i) uélpt]

& *% Z Z AL B o) { Dz exp ( — 67 (z") + 2@:%@}@“)},

i€[n] uelp+1]\{i+1}

where (a) follows by linearity of expectation and by plugging in 6; - = 07 (z)) and (b) follows
because A = Qu = 0foru =1+ 1forevery i € [n]. To complete the proof, we show

Egi) 2 [ DY exp ( —[6r(29) + 2®§Tw("’)]x§i))} =0,

forallt € [p],i € [n],u € [p+1]\{t + 1}. Tothatend, fix any ¢ € [p],s € [n],u € [p+1]\{t + 1}.
We have

B [ - 052 5205720

7D exp (— 107(=") + 2@:Tw(">1w£">) for (2D, 20)dz D dz®
XPXxZPz
:/ 5g)m5i)exp (_[9*( ())+29*T ()] )fx t’z( @@ z(i))
XPxZPz
X fuilx_irz (mgi)|w@,z(i);9;(z(i))’@:)dx(i)dz(i)
(a) ~§)x§1 fr tz(w(i)t z(i))dm(i)dz(i)

s zne Ja €D ([9*( D) +207 Ta]z Ei))dxgi)

¢ |t 7 frca(@ly, 20) dadz)
x erXp( 07 (2)) + 207 T 2 ]g”)dxg”

XP—1lx Zpz

© 9

where (a) follows by plugging in fy,x_, - (2; )|:c_t z;05(21), 0F) from (8), (b) follows by
re-arranging and observing that 7. # :chi) forany u € [p+ 1] \ {¢ + 1}, and (c) follows because
Jx 2$9dz{" = 0 when X is symmetric around 0.

C.1.2 Proof of Lem. 4 (b): Anti-concentration of second directional derivative

We start by claiming that the second-order directional derivative can be lower bounded by a quadratic
form. We provide a proof in App. C.1.2.
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Lemma 6 (Lower bound on the second directional derivative). For every t € [p] with Q, defined
in (36), we have

1 DT ~(3) (1)) 2
eL0(©) = —— > (1a]TaVa("),
2,7

1€[n]
. (®) )
where AV 2 [(’2‘%2 € R and () 2 [w%")} € RP*! for all i € [n), and the constant C,  was
t
defined in (29).

Next, we claim that the conditional variance of xg ") conditioned on x_ t = sc( ) and z = 2 is lower

bounded by a constant for every ¢ € [p] and i € [n]. We provide a proof in App. C.1.2.
Lemma 7 (Lower bound on the conditional variance). For everyt € [p] and i € [n], we have
] ] i Lmax
Var(af?Jo0,20) >
where the constant 0277 was defined in (29).
Given these, we proceed to show the anti-concentration of the second-order directional derivative.
Fix any t € [p] and any © € A} x Ag. From Lem. 6, we have
1 AT ()2
2 L4(8,) > 3 ([A§ T30 )) . (41)

n 2,7

1€[n]

. . . . . . 1T ~(i) (1)) 2
First, using the Hoeffding’s inequality, let us show concentration of 1 3~ €[] ([AE’)]Tm(l)xEZ))
around its mean. We observe that each term in the summation is an independent random variable and
is bounded as follows

; ; . . b
([AE ] 7:(1) (1)) ;) (wgz)xgz)_FQQ;rm(z)xgz))? < (w(l)—FQQT:U(l)) 22
C
< (joy” 1+ 2129 0) 2
d
< (2a+8aﬂxmax)2x2

max

—~
=

max

—~

—~
=

@9
401 T maxa

where (a) follows by plugging in Agi) and £, (b) follows because || || oo < Tmax for all i € [n],

(c) follows by triangle inequality and Cauchy—Schwarz inequality, and (d) follows because 2 € 2A g,
w® € 2Ap, and ||2)]|so < Zmax for all i € [n]. Then, from the Hoeffding’s inequality, we have

1 (7) 'V(z) (z T~ ( ) (z) ne?
]P(n.;] ([At ] ) ZE (A ) >5)<2exp 5200 ot )’
Applying the union bound over all ¢ € [p], for any 6 € (0, 1) and uniformly for all ¢ € [p], we have

% > ([Ai")]%“)wﬁ”f > % S E{([AE“]T%U)#))Q} _e 42)

i€[n] i€[n]

with probability at least 1 — § as long as

3204 12 2
n> $ log (p)_
€ 1)

Now, we lower bound E {([Agi)]Ti(i)xf))z} for every ¢ € [p] and every ¢ € [n]. Fix any ¢ € [p] and
i € [n]. We have

(@) . N
[([N NTE® “)) ] > Var[[Ag’)]%(%g”] :Var[ D0 yoalz®z|  43)
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where (a) follows from the fact that for any random variable a, E[a?] > Var[a]. We define the
following set to lower bound Var [w D20 4 20T 20z )]

EO*) 2 {(t,u) € p]* 1 t <u,0}, #0}, (44)

and consider the graph G(©*) = ([p],£(0*)) with [p] as nodes and £(O*) as edges such that
Jfxiz(x]2; 0% (2), ©*%) is Markov with respect to G(©*). We claim that there exists a non-empty set
R C [p] \ {t} such that

(i) R is an independent set of G(©*), i.e., there are no edges between any pair of nodes in R,
and

N . 2
(ii) the row vector Q; satisfies 30, cr, [Qul® > 517 [1Ql3-

Taking this claim as given at the moment, we continue our proof. Denoting R £ [p] \ Ry, and using
the law of total variance, the variance term in (43) can be lower bounded as

Var w,gi)xf) + QQtTa:(i)x,gi)} > ]E{Var[ (Z)xg Dy 20 Wz ch, (Z)}

W 4E[( () Var( Z Qpu ) ch, (’))}
UER:

= 4IE[ Z Q7 Var( :cgz)p,z(z )}

UER
© 4E{ Z 92 Var( z(l))}

UER
@ 4xma ) 2
> “fmax 02 E[ (@) }
= 7T6C22’T UGZR' tu (xt )
(©) 4T max ;
> 7eC2 u; Qtquar( x! t, ())
@ 422 ) 422, )

max Q2 > max 2 45

2 macy 2 %2 matiane @

where (a) follows because (I‘EZ ))ueRf are deterministic when conditioned on themselves, and
t € R, (b) follows because (ng ))uent are conditionally independent given w% and z(Y) which is a

direct consequence of (i), (¢) follows because of the local Markov property (as the conditioning set
includes all the neighbors in G(©*) of each node in R;), (d) and (f) follow from Lem. 7, and (e)

follows because E{(xgz))ﬂ =K [E{(mﬁl)f‘w( ) z(Z)H > Var( )‘ , 20 ))
Combining (41) to (43) and (45), for any § € (0, 1) and uniformly for all ¢ € [p], we have

1 42212
22 > max 2 _
O £e(80) = 7~ <7T262(/3+ 104, )

with probability at least 1 — ¢ as long as

32011 x4 2p
> ,7¥max 1 2L
n -~ 7&‘2 og ( 6 )

Choosing e2 = ¢/C, . and J5 = ¢ yields the claim.
It remains to construct the set R, that is an independent set of G(©*) and satisifies (ii).

20



Construction of the set R;: We select 71 € [p] \ {¢} such that
Q] > Q| forall we [p]\{t,r1}.
Next, we identify ro € [p] \ {¢,71, N (r1)} such that
Q| > [Qp| forall we [p]\ {t,r1,N(r1), 72} .

We continue identifying r3, ..., 75 in such a manner till no more nodes are left, where s denotes
the total number of nodes selected. Now we define R; = {ry,--- ,7s}. Further, for any u € [p),

let V' (u) denote the set of neighbors of u in G(©*). We have |V (u)| < ||©%]lo < 8 from (44) and
Assum. 1(b). We can now see that R, is an independent set of G(©*) as claimed in (i) such that it
satisfies (ii) by construction.

Proof of Lem. 6: Lower bound on the second directional derivative: For every ¢ € [p] with 2,
defined in (36), we claim that the second-order directional derivative of the loss function defined in
(27) is given by
1 DT () ()2 i .G
02:L1(0,) = — > (IaP]78 W) exp (- 07 + 207 2V]af?), (46)

" i€[n]

where A{Y £ {‘;&J € Rl and 2 £ Ljn} € RPF! for all i € [n]. We provide a proof at the

end.

Given this, we proceed to prove the lower bound on the second directional derivative. Fix any ¢ € [p].
From (46), we have

1 T ) ()2 i N1
03eL(©,) = — > (IA)T@02") " x exp (- [0 + 207 2 )a(?)

1€[n]

(a) ) L 2 ) )

> % > (1aP17892(7) " xexp (= 1017 + 26 20|z )
i€[n]

® ; S 2 , _

> 13 (APT@0) xexp (= (6] + 2100l 0 o))
i€[n]

< % Z ([Agi)}‘l'i(i)xgi)y X exp ( —(a+ 2aﬁxmax)$max>

. . i 2
(SRR
i€[n]

where (a) follows because [|2()||oc < Zmax for all i € [n], (b) follows by triangle inequality and
Cauchy—Schwarz inequality, and (c) follows because () € Ay for all i € [n], © € Ag, and
123 || 0o < Tmax forall i € [n].

Proof of (46): Expression for second directional derivative: Fix any ¢ € [p]. The second-order
partial derivatives of £; with respect to entries of ©, defined in (9) are given by
2 1., , N
8[:#)@5) =— [xgl)f exp ( — 0 + 26333(1)]17151)) forall i € [n],
o]
82/3:& (@ ) 4 )12, (3) (i i i ? ;
w == Z [x§ )] 2Dz exp ( — 68 + 20 £D]a! )) for all u,v € [p] \ {i}, and
uty 1€[n]
9?L(© 0?L4(© 2: ; i Ny (i
t(*(?)) = (_t)(*t) == [xg )]2:53) exp (—[Ht( ) 420, 2]a )) foralli € [n],u € [p] \ {t}.
004.0;" 00,0, N
Now, we can write the second-order directional derivative of £; as
Oq, L:(©, + hQ,)—0q L:(O
65212&(@0 2 im Q, t(—t ft) Q, t(ft)
=5t h—0 h
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Z (z) 20? ﬁt Z Z Qt“Qt“g@i;@m +2 Z Z ()Qtua L(9y)

(2)
i€n ] u€[plvelp] i€[n]uelp] @tua
1 7 i i 7 i 7 7 7 [

= Z ([ () § *14 Z Qtuxt xL) Z Qtvxt x£)+4wt )xi Z Qtuxt )xg)>
i€[n] u€[p] v€[p] u€[p]

X exp ( — [Gt(i) + 2@:w(i)]x§i)>

1 i i ; i 2 7 1 7
== Z (wt( )xE ) + Qij(’)xg )) exp ( — [Qt( ) + 2@:w(2)]x§ ))
n
i€[n]
(@ 1 NT =) (D)) 2 i N1 (i
2N (1A)78027) exp (— 0 +20] 2V]af)
1€[n]

where (a) follows from the definitions of Agi) and (%),

Proof of Lem. 7: Lower bound on the conditional variance: For any random variable x, let h(x)
denote the differential entropy of x. Fix any ¢ € [p| and ¢ € [n]. Then, we have

27reVar(xt )|:c z(z)) (Z exp (h [:cﬁ”f:n@a“ﬂ)

= exp ( /f (z) ) log (thlx_t,z(xz(si)W@’ Z(z’); gt*(z(i))7 @:))dw(i)dz(i)>

XPxZPz

exp F(20) + 2@§Tm(i)]m(i)) o
= exp < /fxz (@, 2 log < )dw(z)dz(1)>
[ exp 9; () + 207 T &)z )dxt

XP X ZPz
® .
> exp( /fxz (™, 2) log . o dw(l)dz(z)>
XPxZPz IX eXp ‘0? Z(Z + 2®;Tm(z)‘mmax) dl’t

exp |9§ 2 )) + 2@2‘Tw(i)|xmax> >
)

(e) ) exp *(2D)]+2(|07 || || )Hoo)xmdx -
> exp /fxz ) log - 8 dzx'Vdz
Aoz Jre0xp (= (167 (20) | +210 1|29 foc) T

(d) @ ) exp ((a + 2046xmax)xmax) o
> exp —/fx,z(w ,2'") log — |dxe'\Ydz
XPxZpz fX eXp ( - (a + 2aﬁxmax)xmax) dx,

e . . 027- s y 2 max
© exp (-/fx,z(mm,zm)log <2 2 >da:(’)dz(l> el

2 )
Tmax 0377—

XP X ZPz

where (a) follows from Shannon’s entropy inequality (h(-) < log /27 Var(-)), (b) follows because
12| oo < Zmax for all i € [n], (c) follows by triangle inequality and Cauchy—Schwarz inequality,
and (d) follows because 6*(z2()) € Ay for all i € [n], ©* € Ag, || ]|oe < Zmax forall i € [n],
and (e) follows because [, dxy) = 2T max.

C.2 Proof of Lem. 3: Lipschitzness of the loss function

Fix any ¢ € [p]. Consider the direction 2, = ©, — ©, and note that w = 0 for all i € [n]. Now,
define the function ¢ : [0, 1] — R as follows
a(a) = £:(©; +a(6; — ©,)). )

Then, the desired inequality in (30) is equivalent to [¢(1) — ¢(0)| < 22,,,C5 . [|Q]1. From the mean
value theorem, there exists a’ € (0, 1) such that

a(1) = q(0)] = \

dg(a’) |

Ia (48)
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Therefore, we have

la(1) — q(0)

as) | dg(a’)

o da

@) dct(@ﬁa’(ét—@t))‘

o da

(ﬂ) aﬂtﬁt(@t”@ =0,+a : _

@% PRSRIER (>)exp(—[(9§“+a’(§§“—9§“))+2(@t+a’(ét—et))%<i>}xg"))’
i€[n]

(%) exp (([(1 —dYa+da]+2[(1-d)ap+ a’aﬁ]xmax)xmax)%

l‘m'}xcgq— Z ‘

where (a) follows from triangle inequality, Cauchy—Schwarz inequality, 6(, 00 € Ay, 0,0 € Ao,

and || ||oc < Zmax for all i € [n], (b) follows from (29), the triangle inequality, and because
(4)
=0

> (1807780447
i€[n]
d)

9 QT:B(” (_

CQT

02 -,—||QtH17

II]&X

12|00 < Zmax for all i € [n], (¢) follows from the definitions of A( " and #(9) because w,
for all i € [n], and (d) follows from the triangle inequality, and because ||Z(? ||, < Zmax for all
i€ [n].

D Proof of Thm. 1 Part II: Recovering unit-level parameters

Throughout the proof, ¢ denotes either a universal constant or a constant depending on the
model-parameters o and x,,,x, and may change appearance line by line.

To analyze our estimate of the unit-level parameters, we use the estimate O of the population-level
parameter ©* along with the associated guarantee provided in Thm. 1. We note that the constraints
on the unit-level parameters in (10) are independent across units, i.e., 00 e Ay independently for all
i € [n]. Therefore, we look at n independent convex optimization problems by decomposing the loss
function £ in (9) and the estimate © in (10) as follows:
LO(0D) £ " exp ( — 6% + éjﬂ”]x@) and 6% = argmin £& () forall i€ [n],
telp) OO
(49)

Now, fix any i € [n]. From (49), we have £(*) (5@) < £ (6*(). Using contraposition, to prove
this part, it is sufficient to show that all points #(*) € Ay that satisfy ||§) — 0*( ||y > R(e, §) also
uniformly satisfy

LOOD) > £D(9*D) 4 R2(e,6) forn > %Afcﬁ)

: <log§ + Me(m), (50)

with probability at least 1 — 0 where R(e, ) and 7 were defined in (11), and the metric entropy M
was defined in Def. 2. Then, the guarantee in Thm. 1 follows by applying a union bound over all
i€ [n].

To that end, first, we claim that for any fixed #) € Ay, if 0 is far from 6*(), then with high
probability £ (§() will be significantly larger than £ (6*()). We provide a proof in App. D.1.
Lemma 8 (Gap between the loss function for a fixed parameter). Fix anye; > 0, 61 € (0,1),
and i € [n). Then, for any 0% € Ay such that ||0) — 0*() ||y > g,y (see (11)), we have

2\f aﬁxmax 169 cexp(c) log(p/d1)

1
€1

£O(0) > £0(60) + 0O for nz
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with probability at least 1 — 6, — ¢3? log p-exp(— exp(—cpB)[|0) — 6*()||3) where C,, . was defined
in (29).

Next, we claim that the loss function £(%) is Lipschitz and capture this property via the following
lemma. We provide a proof in App. D.2.

Lemma 9 (Lipschitzness of the loss function). Consider any i € [n). Then, the loss function L) is
Lipschitz with respect to the {1 norm ||-||; and with Lipschitz constant TmaxCs ., ie.,

1LO(0D) = LO(0D)| < 2axCo 0D — 0D |1 forall 69,00 € Ay, (51)
where the constant C’QJ was defined in (29).

Given these lemmas, we now proceed with the proof.

Proof strategy: As mentioned earlier, the idea is to show that all points #() € Ay that satisfy
169 —0*D |y > R(e, 6) also uniformly satisfy (50) with probability at least 1 — 4. To do so, we
consider the set of points A C Ay Whose distance from 8*(9 is at least 7 > 0 in ¢, norm. Then,
using an appropriate covering set of A,"* and the Lipschitzness of L), we show that the value of £()
at all points in Ag’i is uniformly O(rz) larger than the value of £() at *(*) with high probability.
Finally, we choose an r small enough to make the failure probability smaller than 9.

Gap between the loss function for all parameters in the covering set: Consider any r > ey
(where + is defined in (11)) and the set of elements Ay* = {0() € Ag : [|[0*() — @) ||y > r}. Let
C(Ap",€") be the £'-covering number of the set Ay and let U (Ay*, ') be the associated ¢’-cover
(see Def. 2) where

Y N \faﬁxmmx

7eC? 52)

Now, we apply Lem. 8 to each element in U (AQ ,€') and argue by a union bound that the value of
L at all points in U(A}", ') is uniformly O(r?) larger than the value of L) at 6*(¥) with high
probability. We start by considering any 6) € U(A}",¢"). We have

. L ()
165 — 0Dy > r, (53)

where (a) follows because U(Aj", ') C Aj’. Now, applying Lem. 8 with e, = ¢ and §; =
§/2C(Ay",€"), we have

2\/7aﬂwmax

4 )
meCy .

QIQﬁxmaX ||0*(z

) (53 .
9D 12 > @) (grG
7reC§ Iz = ( )

LO(eD) > £O (g0

with probability at least 1 — §/2C(Ay",&’) — ¢82logp - exp(— exp(—c)[|0@) — 6*?)||3) whenever

o cexp(cp) log (QC(Ag’i, e')-p/d) .

> = (54)

By applying the union bound over &/ (Ag’i, '), as long as n satisfies (54), we have

) ) ) ) 24/92 3 2 ) )
£ (9(1)) > LW (9*(1)) + % uniformly for every 0 € U(A}*,€'),  (55)
me 2,7

with probability at least 1 — 6/2 — cﬂzc_(Ag”", ') log p - exp(— exp(—cp)||0® — 6*()|13) which can
lower bounded by 1 — §/2 — ¢32C(Ay", ') log p - exp(— exp(—cfB)r?) using (53).
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Geneljalize beyond the covering seE Next, ‘we assume that (55) holds, and‘generalize from
U(Ay", ') toall of A", Consider any () € A" and let 6(*) be any pointin U/ (A}, ') that satisfies
0@ — 0|y < &' (see Def. 2). Then, from Lem. 9, we have

LOFD) > LD (0D) e Cy 0D — 8Dy 2 L0 (6D) — 2300 Cy 10D — 8D

(a) . )
g £ (9(1)) — TrmaxCy e

(G N V2apx3 12
> @ (g - X225 max”
- (6) meCy

G5 , V2apa3 2
> E(z) 9*(1,) max
- (0" + meCy,

where (a) follows because [0 — (|, < &. Recall that #) is any point in A}, ie.,

[|6*( — 60|, > . Therefore, we have an inequality that looks like (50). It remains to bound n and
the failure probability.

Bounding n: To bound n in (54), we bound the covering number C( g’i, ¢’) as follows

. (a)
C(Ap",€') < C(Ag,€'/2) (56)
where (a) follows from the fact that for any sets &/ C V) and any &, it holds that C(U,e) < C(V,e/2).

Then using (56) in (54) and observing that ¢’ = Lexgw it is sufficient for
D) (s s,

Bounding the failure probability: To bound the failure probability by 4, it is sufficient to chose r
such that

§>6/2 4 cB2C(Ay" &) logp - exp(— exp(—cB)r?)

(526) §/2 + cB%C(ANg, €' /2) log p - exp(— exp(—cB)r?). (57)
Re-arranging and taking logarithm on both sides of (57), and observing that ¢’ = m, we have
logé > ¢ [log (52 logp) + Mg (r*n) — exp(—cB)r?|. (58)
Finally, (58) holds whenever
r > cexp (cf)/log @ + Moy (r2n).

Recalling that the choice of r was such that > ¢y completes the proof.

D.1 Proof of Lem. 8: Gap between the loss function for a fixed parameter
Fix any £; > 0, any 0; € (0,1), and any i € [n]. Consider any direction w(? € RP? along the
parameter 0, i.e.,

w® = @ _ (@) (59)
We denote the first-order and the second-order directional derivatives of the loss function £ in
(49) along the direction w(*) evaluated at #@) by 9, (L (6())) and 8[2w(i)]2£(1) (0©)) respectively.

Below, we state a lemma (with proof divided across App. D.1.1 and App. D.1.2) that provides us a
control on 9,,¢:) (L) (§*(V)) and (:)[2‘”(“]25(1') (61)). The assumptions of Lem. 8 remain in force.

Lemma 10 (Control on first and second directional derivatives). For any fixed 2,63 > 0,
52 € (0,1), 7 € [n], 89 € Ag with w® defined in (59), we have the following:
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(a) Concentration of first directional derivative:

’aw(i)(c(i)(e*(i)m < el |1 +eslw @2 for n> O(exp (0(8)) log(P/éz))

1
€2

with probability at least 1 — 6 (62 log p exp (2 me I3 ))
— 8y — .
exp (0(8))
(b) Anti-concentration of second directional derivative:

16fa5xmax” ) 12
meCs . >

O oL (09) >

|13

with probability at least 1 — O (62 log p exp (
exp (0(8))

(29).

)) where Cy . was defined in

Given this lemma, we now proceed with the proof. Define a function g : [0, 1] — RP? as follows:
gla) = 0" 4+ (0@ — =),
Notice that g(0) = #*() and g(1) = 6 as well as

dL" (g(a)) Y d*L£9 (g(a))
(60)
By the fundamental theorem of calculus, we have
AL (g(a)) _ dLD(g(a)) d*LD (g(a))
da - da ‘“:0 ta agzéfll) da? 1)
Integrating both sides of (61) with respect to a, we obtain
: : AL (g(a)) a’ d*LD (g(a))
(#) _r@ > o= I\ 2 min 4= W\
LO(g(a) = LD(9(0) = a—=—3 ===,y + 5 min —5
(60) i) (p(i i
2 00,0 (LOODN g _y0) + 5 7 i O 2LDOD) g _g(a)
a2
*() il
fa(?()(ﬁ (6 ))+ ag%nla <>2£ '(09) D=g(a)
(b) £ g+ a?
> —a|8 o ( (6 ))| + ?ag%énl)a[w( )]zﬁ ( ) D —g(a)’ (62)

where (a) follows because g(0) = 6*(), and (b) follows by the triangle inequality. Plugging in a = 1
in (62) as well as using g(0) = 6*() and g(1) = 6, we find that

@ (e(i)) _ E(i)(e*(i)) > _’aw(i) (ﬂ(i)(e*(i)))| + - aé%nl 5 ]2 L L0 9(1) ’6() o(a)

Now, we use Lem. 10 with e3 = 220823, e1/meC3 ., e5 = 42023, /meC3 ., and 03 = 4.

N2
Therefore, with probability at least 1 — §; — O(ﬁQ log pexp <w|2>> and as long as
exp (O(B))

n>0 (exp (O(ﬁ)) log(p/01) ), we have

el
N 2 ; 4
E(l) (0(1))—£( )(0*@ ) > Minaxeln () ”1 \f&ﬂ;ﬂmax H ”2 8\[0‘54xmax H )H%
602,7' 602 T 02 T
— _2\/§aﬂx§nax51 ”w(i) ” 4 Yo max 4\[aﬂxmax H )HQ
B ﬂ'eC’iT ' 2
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an 2\/§a5m?nax€17 (@) 4\[aﬁxmax ()12
Z—T”W ll2 + |t [15
e 2,7
@ 2v2apz3 ) 4faﬁxmdx i) 2203 )
e T e A
2,7 2,7

where (a) follows because [lw @]y = [|§() — §*(V||5 > 1 according to the lemma statement.

D.1.1 Proof of Lem. 10 (a): Concentration of first directional derivative

Fix some i € [n] and some 6 € Ay. Let w*) defined in (59). We claim that the first-order
directional derivative of £(*) defined in (49) is given by

Dy (LD (0D)) Z wy ® ,(f) exp ( - [Ggi) + 2(§;rw(i)]x§i)>. (63)
telp)]
We provide a proof at the end. For now, we assume the claim and proceed.

We note that the pair {x,z} corresponds to a 7-SGM (see Def. 8) with 7 £ (a, af3, Tmax, ©). To
show the concentration, we decompose 9, (L) (0*("))) as a sum of L = 1024a?3%x2 . log 4p

max

terms using Prop. 4 (see App. F) with A\ = I ﬂiz and focus on these L terms. Consider the L
subsets S1, - - ,S1 € [p] obtained from Prop. 4 with A =

1
NG and define

Yo (2 w) Z w; () (l exp( [Hf(i) +2(:);—x(i)]m§i)) forevery w € L. (64)
teS,

Now, we decompose 9, (£ (§*(?))) as a sum of the L terms defined above. More precisely, we
have

Dy (LD 9+ (63) Z w)! .Tti exp ( [0:(” + 2@:w(i)]xgi))

tEP]
53 el exp (~ 10 426 20)al?)
ue[L]teS
(64)_7 Z b (Z) (1) (65)

where (a) follows because each ¢ € [p] appears in exactly L' = [L/32v/2a8x2,,.] of the sets
S1,-++, S according to Prop. 4(a) (with A = 4[#2). Now, we focus on the L terms in (65).

Consider any v € [L]. We claim that conditioned on :1:(_1391 and z(), the expected value of

Py (2;w®) can be upper bounded uniformly across all u € [L]. We provide a proof at the
end.

Lemma 11 (Upper bound on expected 1,). Fixes > 0, 05 € (0,1), i € [n] and 6 € Ay. Then,
with W) defined in (59) and given z¥) and :c(f)su Sorall u € [L], we have
O(exp(B)) log(4p/ds)

1
€5

max B[ (20 | 2 2O] < clo@y for n>
ue

with probability at least 1 — 0.

Consider again any u € [L]. Now, we claim that conditioned on sc(l) and 2z, ¢, (D;w®)
concentrates around its conditional expected value. We provide a proof at ‘the end.

Lemma 12 (Concentration of ¢,,). Fixcg > 0, i € [n], u € [L], and 0% € Ag. Then, with w®
defined in (59) and given 29 and :c(l)s , we have

’1/’ m(l Z ) [1/}11.( ; | ‘,B_STN (2)]‘ S €6,
with probability at least 1 — exp ( <6 )
—ex , .
exp (0(8)) lw® |13
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Given these lemmas, we proceed to show the concentration of d,,;) (£ (6*())). To that end, for any

u € [L], given Ilt(j?gu and 2, let F,, denote the event that

Yo (2@ w®) < E[wu(w(i);w(i)ﬂmggwZ(i)] esflw® 2. (66)

32\/> B max
Since E,, in an indicator event, using the law of total expectation results in

P(E.) =E[P(EJal =) £ 1-exp (M>

€3||w @ H%
all u € [L] where L = 1024023222 log 4p, we have

mmx

([)5)21- 0 weven (SH0H))

u€eL

where (a) follows from Lem. 12 with 6 = . Now, by applying the union bound over

Now, assume the event N, ¢, F,, holds. Whenever this holds, we also have

* ()1 % (2)
|aw(i) 9 () | >~ L, Z |1/}u :13( |

u€[L]
(66) 1 ‘ . . . . .
Z E[¢ (Z);w(’))|w(fg,z(”] 753||w(’)||§ (67)
ue[L] 32\/> 6 max
. . . €2
where L' = [L/32v/2aBx2,,.]. Further, using Lem. 11 in (67) with e = —————— and
[L/ Bmax | g (67) > = SovAaprL.
05 = 09, Whenever
0] 1 0
. O(exp( (3)) tos(o/ ),
€2
with probability at least 1 — d5, we have,
1 X .
8, (LD (6D ( WD @ 2)
o< 3 3 32f5m &2 Swﬂmsn I3
L , , (@) . .
I (i) (i) 2) (i) @2
Eal|lw +e3||lw < g9||lw +e3||w ,
= vsnse (IOl el 1) < eall Ol + 2ol

where (a) follows because L' = [L/32v/2a 822, ].

Proof of (63): Expression for first directional derivative: Fix any ¢ € [n]. The first-order partial

derivatives of £(¥) (defined in (49)) with respect to the entries of the parameter vector 0 are given
by

@) (g . At
a‘caegi) _ _mgl) exp ( _ [et(’) + 2@:w(1)]x§1)> forall t € [p].
t

Now, we can write the first-order directional derivative of £ as

(@) (g9 @y — £@) (g . @) (g9
m[l (0" + hw'W) — L1 (0 ):Zwﬁl)ac (6W)

(@) gy &
9 (L (0)) fim, 5 0

telp]

Z w(’) (Z) exp ( — [G,Ei) + 2@)::1:“)]:5,5“).

telp]
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Proof of Lem. 11: Upper bound on expected ¢,,: Fix any i € [n], u € [L], and §) € Agy. Then,

given :c(f)su and z(9, we have

E{wu(az(i);wm) | mg)ng(o}

(a) { Z wy @) (Z exp [9:(1-) + 2@:w(i)]x£i)) ‘ w(f?gu, z(i)}
teS,
® Z wt(i)E[in) exp ( — [0:(1‘) + Q@Ix(i)]x?)) ’ :C(_i)su,z(i)}
teSy

9 5™ OB[RE[a exp (~ 610 + 28T 201ef) | 5, 20]

teSy

2l Z(i)i’ (68)

where (a) follows from the definition of ), (x(";w®) in (64), (b) follows from linearity of
expectation, and (c) follows from the law of total expectation, i.e., E[E[Y|X, Z]|Z] = E[Y|Z]

since o'’ g c "
Now, for every t € S,,, we will bound E[mﬁi) exp (— 10,9 4+ 20, 2]z 2() ‘ ), z(i)}. We
have
Bol? exp (— 0 + 267 2Va(?) | 29, 2]
— [ 2l exp (= 16, + 207 @Ol Fu o (01”0 2007 (=), 07 ol
x
® fX ) exp (- 0;9 420 2]z (Z)) exp ([07(z?) + 2®§Ta}(i)]x§i))dz§i)
[y exp ([07(z) + 205 T ! D!’ ))dxgi)
@ Jx wgi) exp (2[0F — O] w(z)aﬁg ))dxt
[y exp ([07(z0) + 20; T2 @]z darl”
o Szt [1+2([@;—@t]%<i>a:§“) +4([07 -6, Tz’ ))2—1—0([@;—(:),5]Tw(i)x§i))3] dz!?
S exp ([6;(20) + 20; Tz ]z} darf”
© 413,07 — O T L (07 = 80 T0) (1)
3 [yexp (107 (20) + 201 20]af )daf” [ exp (167 () + 267 T2Olaf ) daf””
(69)

where () follows because 6*(?) = 6*(2(")) Vi € [n], (b) follows by using the Taylor series expansion
exp( ) = 1+y+y*+ o(y®) around zero, (c) follows because [, x Dz = o, I ( ) da?

223 /3, fx( ()) d:vgz) =0, and fX( (L)) dzgi) =225 /5.

Now, we bound the numerators in (69) by using ||©} — O < 26107 — Ole < 26107 — Ol

which follows from the order of norms on Euclidean space as well as ©* € Ag and © € Ag. Then,

~ 3
we invoke Thm. 1 to bound [|©F — O||2 by € = ﬁ Therefore, we subsume the second
2,

term by the first term resulting in the following bound:

T "max

4BC, a3 . 1167 — Oll2
3 b

E[ef? exp (- 0/ + 20/ 22" \ 2%,29] < (70)

where we have used the triangle inequality, ||ar;(i) loo < Zmax foralli € [n] as well as ||OF — (:)t||1 <

24||©; — ©4]|2 to upper bound the numerator, and the arguments used in the proof of Lem. 7 as well
as f Py dxgl = 2Zmax to lower bound the denominator.
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365

Using Thm. 1 in (70) with e = and 0 = d5, we have

4602,Tx§nax
E[xgl) exp ( - [Hf(i) + Z@Zw(i)}xy)) ‘ ) (Z)] < &5, (71)

with probability at least 1 — 5 as long as
-, O(exp(p)) log(4p/ds)

= 1
€5

n

(72)
Using (71) and triangle inequality in (68), we have

E[pu(@500) | 2%,,20] < o5 3 |of?] < a5,
teSy

with probability at least 1 — J5 as long as n satisfies (72).

Proof of Lem. 12: Concentration of v),,: To show this concentration result, we use Cor. 2 (140)
for the function go. To that end, we note that the pair {x,z} corresponds to a 7-SGM (Def. 8)
with 7 £ (@, af3, Tmax, ©). However, the random vector x conditioned on z need not satisfy the
Dobrushin’s uniqueness condition (Def. 4). Therefore, we cannot apply Cor. 2 (140) as is. To resolve
this, we resort to Prop. 4 with \ = W to reduce the random vector x conditioned on z to

Dobrushin’s regime.

Fix any u € [L]. Then, from Prop. 4(b), (i) the pair of random vectors {xg,, (x_g,,2)} corresponds
to a 71-SGM with 71 £ (a + 2a8Tmax, 4\/5 —, Tmax, ©s, ), and (ii) the random vector xg,

max

conditioned on (x_g, ,z) satisfies the Dobrushin’s uniqueness condition (Def. 4) with coupling
matrix 2v/222 . O, with 2¢/222 |63, [lop < 2v/222 .\ < 1/2. Now, for any fixed i € [n], we

apply Cor. 2 (140) for the function g2 with € = ¢ for a given a:(f)su and z(*, to obtain

2

_ ) i ) , A e
P(‘wu(w(l);w(”) —E ¢u(m(1);w(z)) ’ :c(_l) ,Z ‘ > cg ‘ :B(f) ,z) < exp < 6 )
[ S } Su exp (O(8)) lw® |13

D.1.2 Proof of Lem. 10 (b): Anti-concentration of second directional derivative

Fix some i € [n] and some () € Ay. Let w®) defined in (59). We claim that the second-order
directional derivative of £(*) defined in (49) is given by

i) (p(i 1), (1))2 i o i)7,..(1
8[w(7>]2£( (W) = Z (wg )a:g )) exp ( - [Ht( )+ 20, ! )]x,(E )). (73)
t€[p]
We provide a proof at the end. For now, we assume the claim and proceed. Now, we lower bound

02 o2 ,LP(0W) by a quadratic form as follows:

(@) ; ~ )
RoopLD(09) = Y (wiaf?)? xexp(wei“w@I 2|2 )

te(p]
Z Wt ><exp (\ 2|+ 2|01 ]| ||00)xmax
te[p]
e 1
> t; w xt XeXp(—(CY'FQOéBfL'max)xmax) = C EZ
Pl

(74)

where (a) follows from (73) because ||V ||oo < Zmax for all i € [n], (b) follows by triangle
inequality and Cauchy—Schwarz inequality, and (c) follows because © € Ag, () € Ay, and
12| o < Tmax for all i € [n].
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Now, to show the anti-concentration of 8[2w<,i)]2£(i)(0(i)), we show the anti-concentration of the

quadratic form in (74). To that end, we note that the pair {x,z} corresponds to a 7-SGM (Def. 8)
with 7 £ (o, af, Tmax, ©). Then, we decompose the quadratic form in (74) as a sum of L =

10240” B2y, log 4p terms using Prop. 4 (see App. F) with A = - \/5; and focus on these L
terms. Consider the L subsets Sy, - -+, Sp € [p] obtained from Prop. 4 anlcrlméeﬁne
P, (2@ 0) 2 Z (wt(i)xgi)y forevery w € L. (75)

teSy

Then, we have

X ) g 3 5 ) g 3 e 0

te(p] [L]tESL w€e[L]
where ( ) follows because each ¢ € [p] appears 1n exactly L' = [L/32v/2aBz2,.] of the sets
S1, -+, S according to Prop. 4(a) (with A\ = I \/5 Py ). Now, we focus on the L terms in (76).

Consider any v € [L]. We claim that conditioned on a:(f)s and 2 the expected value of

P, (£®;w®) can be upper bounded uniformly across all v € [L]. We provide a proof at the
end.

Lemma 13 (Lower bound on expected 1),,). Fixi € [n] and 89 € Ay. Then, with w?) defined in

() ()

(59) and given 2V and =\, , we have given ="' and PAON

. — i i i i Tmax i
min [T (a5) | ol 20] = T Ol

where the constant C, , was defined in (29).

Consider again any u € [L]. Now, we claim that conditioned on zU )S and 2, 4, (2;w®)
concentrates around its conditional expected value. We provide a proof at “the end.

Lemma 14 (Concentration of ). Fixe; > 0, € [n], u € [L], and ) € Ag. Then, with w®
defined in (59) and given z) and m(_l)su we have

‘@u($(l)vw(l)) - E[Eu(w@)vw(l)) | x(j?guv z(z)]’ < €7,

—&
ith probability at least 1 — T .
witn probavoilily at leas exp <exp (O(B))Hw(l)”%)

Given these lemmas, we proceed to show the anti-concentration of the quadratic form in (74) implying
the anti-concentration of 8[2“)“)]25(“ (6). To that end, for any u € [L], given w(f)su and 29 let E,
denote the event that

b (l) >E (1) (Z) (1)1 _ _Tmax (i) 2 77
vu(a! [Vu R R e L (77)

Since F, in an indicator event, using the law of total expectation results in

- CENONRN W)
(2 = E[p(Eulaly, )] 21— e ( s )

xIﬂaX
meC3 .
over all u € [L] where L = 102402 3%z 1og 4p, we have

max

IP( N Eu) >1- O<B2logpexp (%))

u€EL

where (a) follows from Lem. 14 with 7 = lw®||2. Now, by applying the union bound
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Now, assume the event N, <, F,, holds. Whenever this holds, we also have

i), (% 1 A i i
> @) E 5 Y Buew®)

te(p] u€[L]
1 A [ i i Lmax i
2 7 (E[wu<w<>;w<>n B0 20 = 52w >%)
u€[L] 2,7
(@ 1 Tmne . T
S max_ ()12 — L W@ 78
= T 2 arecy, = grepeg, 14 78)

where L' = [L/32v/2afBz2,.] and (a) follows from Lem. 13. Finally, approximating L' =
L/32v/2aBx2,, and using (74), we have

1 i 2 @ 16v2aB3,.
RoopOO) 2 = 3 ()" =2 =omge Ol

3
o meCs .
which completes the proof.

Proof of (73): Expression for second directional derivative: Fix any ¢ € [n]. The second-order

partial derivatives of £® (defined in (49)) with respect to the entries of the parameter vector 0 are
given by

O?LD (91

I [mgi)]Q exp ( - [0?) + Q@Im(i)}xy)) forall te€ [p)].
0[6,"]
Now, we can write the second-order directional derivative of £(%) as

52 £(i)(9(i)) 2 i aw(,i)g(i)(g(i) +hw(i))—8w<i>£(i)(9(")) _ Z w(i) 2325(1')(90‘))
[w®]? h—0 h 9 [ggl)} 2

t€(p]

= Z (Z) (z) exp ( — [H,Ei) + Q@E—w(i)]xf)).

te(p)

Proof of Lem. 13: Lower bound on expected ¥,: Fix any i € [n], u € [L], and 8 € Ag. Then,

given ac@su and z(i), we have

B[R0 20, 20] FE[ 3 G a5

teS,
(@ Z E[(wlgi)x?))z ‘ w@su’z(i)]
teES,
2 5 el ] 4,
teS,
(©) , , ,
< Z E[Var(wt(Z)zEZ) (i) zm) ’mggu’zm}
teESy

@ Tmax i
> w12
2 Ol

where (a) follows from linearity of expectation, (b) follows from the law of total expectation i.e.,

E[E[Y|X, Z]|Z] = E[Y|Z] since z" ) s, C m(_li, (¢) follows follows from the fact that for any random
variable a, E[a?] > Vara], and (d) follows from Lem. 7.

Proof of Lem. 14: Concentration of @u: To show this concentration result, we use Cor. 2 (140)
for the function ¢;. To that end, we note that the pair {x,z} corresponds to a 7-SGM (Def. 8)
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with 7 £ (o, a3, T max, ©). However, the random vector x conditioned on z need not satisfy the
Dobrushin’s uniqueness condition (Def. 4). Therefore, we cannot apply Cor. 2 (140) as is. To resolve
this, we resort to Prop. 4 with A = W to reduce the random vector x conditioned on z to

Dobrushin’s regime.

Fix any u € [L]. Then, from Prop. 4(b), (i) the pair of random vectors {xs,, (x_g,,2)} corresponds
to a 71-SGM with 71 £ (o + 20T max, W,xmax, ©s, ). and (ii) the random vector xg,

conditioned on (x_g,,z) satisfies the Dobrushin’s uniqueness condition (Def. 4) with coupling
matrix 2v/222 . O, with 2¢/222 O3, [lop < 2v222,, A < 1/2. Now, for any fixed i € [n], we

apply Cor. 2 (140) for the function ¢; with € = ¢7 for a given m(igu and z(*, to obtain

P ‘%(wu);w(z))_]E %(w(“;w(”)‘m@ 20 ‘257‘:& ,z@)gexp( T )
( Su } Su exp (O(B))lw®|[3

D.2 Proof of Lem. 9: Lipschitzness of the loss function

Fix any i € [n], any 0), () € Ay. Consider the direction w® = () — () and define the function
q : [0,1] — R as follows:

gla) = LD (0D + a8V — 9y). (79)

Then, the desired inequality in (51) is equivalent to |¢(1) — (0)| < #maxCs ,||w||;. From the
mean value theorem, there exists a’ € (0, 1) such that

dg(a’)
1) —q(0)] = . 80
(1) - a0) = |4 50)
Therefore, we have
0 | dq(a’)
1) — q(0)| €
(1) — q(0)] 22 |22
0y 1AL (69 + /(B0 — 60 ‘
- da
©60) 3 /(s
= &U(i)([:(Z) (0( )))‘e(i):0<i)+a/(§(i)_9(i))’
© Z wfi)x,(f) exp ( - [01‘@ + a'(gt(i) - 01‘@) + 2@Im(i)]x§i))‘
te(p]
(@) i i ~(i ~ i
< @ 3 0k exp ([ |1 = @007 + 08| + 2164]11 2 o | e
te(p]
O] . )
< Zmax €Xp (((1—a’)a+a’a+2aﬁxmax)xmax) > 0| B 2o Gy 1 0D,

telp]

where (a) follows from triangle inequality, Cauchy—Schwarz inequality, and because ||z, <

Zimax for all i € [n] and (b) follows because (), 6() € Ay, © € Ao, and |2 0e < Tmax for all
i€ [n].

E Logarithmic Sobolev inequality and tail bounds

In this section, we present two results which may be of independent interest. First, we show
that a random vector supported on a compact set satisfies the logarithmic Sobolev inequality (to
be defined) if it satisfies the Dobrushin’s uniqueness condition (to be defined). This result is a
generalization of the result in [20] for discrete random vectors to continuous random vectors
supported on a compact set. Next, we show that if a random vector satisfies the logarithmic Sobolev
inequality, then any arbitrary function of the random vector concentrates around its mean. This
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result is a generalization of the result in [12] for discrete random vectors to continuous random vectors.

Throughout this section, we consider a p-dimensional random vector x supported on AP with
distribution fy where p > 1. We start by defining the logarithmic Sobolev inequality (LSI). We use
the convention 0log 0 = 0.

Definition 3 (Logarithmic Sobolev inequality). A random vector x satisfies the logarithmic Sobolev
inequality with constant 02 > 0 (abbreviated as LSI,(0?)) if

Ent, (¢?) < 021Ex[||vxq(x)||§} forall q:XP R, 1)

where Enty (9) = E4[g(x) log g(x)] — Ex[g(x)] log Ex[g(x)] denotes the entropy of the function g :
XP%R+.

Next, we restate the Dobrushin’s uniqueness condition [20].

Definition 4. [20, Dobrushin’s uniqueness condition] A random vector x satisfies the Dobrushin’s
uniqueness condition with coupling matrix © € RP*P with ©y, = 0 for all t € [p), if |Oflop < L,
and for every t € [p],u € [p|\{t}, and x_;, T_; € XP~! differing only in the u'"* coordinate,

||fxt|x,t:m,t_fxt|x,t:57t||TV < ®tu' (32)

From hereon, we let X” be compact unless otherwise specified. Moreover, we define

fmin = te[;jﬂi:IéXP fxt|x_t ($t|w7t)- (83)

Now, we provide the first main result of this section with a proof in App. E.1.

Proposition 2 (Logarithmic Sobolev inequality). If a random vector x with fu, > 0 (see
(83)) satisfies (a) the Dobrushin’s uniqueness condition (Def. 4) with coupling matrix © € RP*P,
and (b) x;|x_; satisfies LSIxt|x,t=m,t(U2) forallt € [p]l and x_; € XP~L, then it satisfies

LSL(20%/(fmin (1 = [[©]|op)?))-

Next, we define the notion of pseudo derivative and pseudo Hessian that come in handy in our proofs
for providing upper bounds on the norm of the derivative and the Hessian.

Definition 5 (Pseudo derivative and Hessian). For a function q : X? — R, the functions 6(1 :

XP — RP' and §2q s XP — RPrXP2 (py py > 1) are respectively called a pseudo derivative and a
pseudo Hessian for q if for all y € XP and p € RP**1, we have

IVa(y)ll2 > IVa@)llz and |lp"V2a(y)]2 > Vo Va(y)] 2. (84)

Finally, we provide the second main result of this section with a proof in App. E.2.

Proposition 3 (Tail bounds for arbitrary functions under LSI). Given a random vector x satisfying

LSIx(0?), any function q : XP — R with a pseudo derivative %q, and pseudo Hessian 62q (see
Def. 5) satisfies a tail bound, namely for any fixed € > 0, we have

Pllg(x)—E|q(x)||>¢e| <ex —cmin — 262 — , ~€ ,
002t ] e (i (o s 0@ IR mrg%nvwnw))

where c is a universal constant.

E.1 Proof of Prop. 2: Logarithmic Sobolev inequality

We start by defining the notion of W5 distance [20] which is useful in the proof. We note that W,
distance is a metric on the space of probability measures and satisfies triangle inequality.
Definition 6. [20, W, distance] For random vectors x and y supported on XP with distributions f
and g respectively, the Wy distance is given by W2(gy, fx) = inf, Zte[p] []P’,r (x # yt)} 2, where
the infimum is taken over all couplings 7(x,y) such that w(x) = f(x) and 7(y) = g(y).
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Given Def. 6, our next lemma states that if appropriate W5 distances are bounded, then the KL
divergence and the entropy approximately tensorize. We provide a proof in App. E.1.1.

Lemma 15 (Approximate tensorization of KL divergence and entropy). Given random vectors x
and y supported on XP with distributions f and g respectively such that f;, > 0 (see (83)), if for
all subsets S C [p] (with S¢ = [p]\ S) and all ysc € XP~19,

2 2
Wy (gyslysc:ysc ) fxslxsc:'ysc) SCZE {”gyt\yft:y,t _fxt\xft:yft HTV’ysc = ysC} (85)
tes

almost surely for some constant C' > 1, then

(gy ||fx) — f Z]E KL g}’t\y t=Y—t foflx t=Y— f)]’ Cll’ld (86)
2C
Entc (¢) < — Z Ex_, [Entyx_, (q)] for any function q : XP — R. (87)

Next, we claim that if the random vector x satisfies Dobrushin’s uniqueness condition, then the
condition (85) of Lem. 15 is naturally satisfied. We provide a proof in App. E.1.2.

Lemma 16 (Dobrushin’s uniqueness implies approximate tensorization). Given random vectors
x and y supported on XP with distributions f and g respectively, if x satisfies Dobrushin’s uniqueness
condition (see Def. 4) with coupling matrix © € RP*P, then for all subsets S C [p] (with S¢ £ [p]\S)
and all ygo € xXP~15,

1
2 2
W3 (gyslysc=ysc s Frslxge=yse )S(lm@m)QZE[Hgyth,t:yt — Fralxoi=y . ||Tv‘y5c :ysc} ,
- op) teS
(88)

almost surely.

Now to prove Prop. 2, applying Lem. 15 and 16 for an arbitrary function f : X? — R, we find that

Enty (¢°) < 5 Y By |:EntXt‘X_t (qQ)}

funin (1= I\I@I\Iop telp)

@ ;SR { ol t{||vxt (xei x—¢) I3 H

h fmin( H|@H|0p te[p]

(b) 202
- x_t X | X Xf ty X
( B [ D 190atxix-0)l3 ]

fmin (1 — |||@|”op) telp]

() 202 2
= Ex| [[Vxg(x)[5 |
Funin (1= 1©llop)” | d

where (a) follows because x;|x_; satisfies LSL,|x_,— ,(0?) forall t € [p] and x_, € XP~1, (b)
follows by the linearity of expectation and (b) follows by the law of total expectation. The claim
follows.

E.1.1 Proof of Lem. 15: Approximate tensorization of KL divergence and entropy

We start by establishing a reverse-Pinsker style inequality for distributions with compact support to
bound their KL divergence by their total variation distance. We provide a proof at the end..

Lemma 17 (Reverse-Pinsker inequality). For any distributions f and g supported on X C R such
that mingex f(x) > 0, we have KL (g || f) < mng—fﬂ%v.

Given Lem. 17, we proceed to prove Lem. 15.
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Proof of bound (86): To prove (86), we show that the following inequality holds using the technique
of mathematical induction on p:

KL (gy 1) <

4C
Z E[Hgyt\yft:yft_fxtlet:yftH'Ql'V . (89)

fmll’l te [p]

Then, (86) follows by using Pinsker’s inequality to bound the right hand side of (89).

Base case: p = 1: For the base case, we need to establish that the claim holds for all distributions
supported on X that satisfy the required conditions. In other words, we need to show that
4C
lgy—fxllrv  forevery ¢ [p].

KL (g, £ < 5

for all random variables x and y supported on X such that fi,;, = mingecx fx(z) > 0. This follows
from Lem. 17 by observing that C' > 1.

Inductive step: Now, we assume that the claim holds for all distributions supported on X~ that
satisfy the required conditions, and establish it for distributions supported on X?. From the chain
rule of KL divergence, we have

KL (gy 1/x) = KL (g, [1fx) + E[KL (gy_,1y, [[fx_ox) | forevery ¢ € [p].
Taking an average over all ¢ € [p] we have

KL (gy 1fx) = Z KL ( g}’t [l fx.) + Z E KL gy tlye ||fx t|Xt)] 90)
p
tE[p] te(p]
Now, we bound the first term in (90). Let 7* be such that
2
o = arg min Z Pr(x # yt)} . 91)

m(x)=f(x),m(y)=g(y) te[p]

Then, we have

LS KL ll) 2 3 Yl =Sl fim 3 [Bete £ w0

te[p] te [p] te([p]

©
= W3 (gy, fx
pfmln 2 (gy f )

®5 4C
< = D Bl s Faleemy ]
T telp]

92)
where (a) follows from Lem. 17 by observing that the marginals are lower
bounded if the conditional are lower bounded, ie., mingp) L ex fx (T) =
Milyepp]oex Jo_,cxrt ok (Ttl@—t) fx_ (®-t)dX—t > fain, (b) follows from the

connections of total variation distance to optimal transportation cost, i.e.,
infw:ﬂ(x):f(x),fr(y):g(y) Pﬂ- (X 75 y), and (C) follows from Def. 6 and (91)

= Kl =

Next, we bound the second term in (90). We have

Z E[KL (gy_t\}/t fo_t\)q Z E l:fmm Z |:||gyu|y_“:y_u _fxu|x_u:y_u 7

TV
te[p] telp)] u€lp\{t}

C
S ) DD DR [T A

te[p] uep\{t}

4C(p —
D %[ Sy AR - 5

fmin uelp]

where (a) follows from the inductive hypothesis and (b) follows from the law of total expectation.
Then, (89) follows by putting (90), (92), and (93) together.

Yt = ytH
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Proof of bound (87): To prove (87), we note that (86) holds for any random vector y supported on

AP, Consider y be such that g(x)/Ex[g(x)] is the Radon-Nikodym derivative of g, with respect to f.
Then, we have

dg —t EXt|X—t [q(X)] dg}/t\ —t Q(x)
df:,,, = “Ea0] and det‘xyit = Eo [e0)] forall € [p]. (94)
We have
KL(gynf;>@Q}Ex[jgjlogfgf}
®) q(x) o q(x)
E{mmmfgmqwﬂ
—# x) lo X)| — x)| lo X —M
= B a0 (Ex[q( )log g(x)] — Ex[q(x)] log Ex[q( )]) ATk (95)

where (a) follows from the definition of KL divergence and () follows from the choice of y. Similarly,
for every ¢ € [p], we have

EY—t {KL (g)/thl—t:y—t fot\x—t:y—t)}

(@) dgy,y_,
=E, , {Emyt [log dfxyt:”
®)

(b) [ dgy,y_,
= E, _log T }
(9 -dg dg}/t|Y—t
= E, Wi log T ]
@ [ ax) q(x) }
2R, 1
_EX [q(X)] o8 ]Ext\x—e [q(x)]
(;) ]Ex_t [EX¢|X4 [Q(x) log q(X)] B ]Ext\x—t [q(X) log IE><t|x—t [q(x)]ﬂ ) Ex—t [Entxtb‘*t (q)]

Ex[q(x)] E[q(x)]

(96)

where (a) follows from the definition of KL divergence, (b) follows from the law of total expectation,
(¢) follows from the definition of Radon-Nikodym derivative, (d) follows from the choice of y and
(94), (e) follows from the law of total expectation, (/) follows from the definition of entropy. Then,
(87) follows by putting (86), (95), and (96) together.

Proof of Lem. 17: Reverse-Pinsker inequality: Using the facts (a) loga > 1 — % forall a > 0,
and (b) mingcx f(x) > 0, we find that

log gg)) >1-— ?((3:13:; forevery x € X. 97

Multiplying both sides of (97) by g(x) > 0 and rearranging terms yields that

g(x) _ g*(x)
A8 ) = )

—g(z) forevery zeX. (98)

Now, we have

KL(gllf) = /exg(x) log ?((2 da (9§8) /ex (“(}((x)) - g(w))dx




®) 1 2

< e 707 (o 90 - T0le2)

. 2

O s (2l ) = o=,

mingex f(x) mingcx f(x

where (a) follows by simple manipulations, (b) follows by using the order of norms on Euclidean
space, and (c) follows by the definition of the total variation distance.

E.1.2 Proof of Lem. 16: Dobrushin’s uniqueness implies approximate tensorization

We start by defining the notion of Gibbs sampler which is useful in the proof.

Definition 7. [20, Gibbs Sampler] For a random vector x with distribution f, define the Markov
kernels and the Gibbs sampler as follows:

I(z|e) 2 1(x_; = x' ) fax_, (@e|x" ;) and T(x|x’) pt Z Ci(z|z'), (99)
t€(p]

forallt € [p| and x,x’ € XP. That is, the kernel T'y leaves all but the tth coordinate unchanged, and
updates the t*" coordinate according to fxi|x_,» and the sampler T selects an index t € [p] at random,
and applies I'y. Further, for a random vector y with distribution g supported on XP, we also define

wI't(y) é/gy(y’)Ft(yly’)dy’ for t € [p], and g,T(y) = /gy( "T(yly')dy' for ye XP.

(100)
We now proceed to prove Lem. 16 and split it in two cases: (i) S = [p], and (ii) S C [p].
Case (i) (S = [p]): Let T be the Gibbs sampler associated with the distribution f. Then,
WQ(gys|yScafxs|xSc) WQ(anfx) W2(gyagy ) +W2(gyr7 fx>7 (10])
where (a) follows from the triangle inequality. We claim that
Wa(gy, gyI') < Z Ey_, [Hgyf\y =y~ frlx =y [Fv|, and (102)
te[p]
1—119]lo
WQ(gyF7 fx) < (1 - (”LM>W2(gya fx) (103)

Putting (101) to (103) together, we have

1— O]
(gyafx = p ZEy t|:||g}/t‘y =Y_¢ fxt\x t=y_ t|| } ( (E'M)WQ(gyafx).

t€[p]

(104)

Rearranging (104) results in (88) for S = [p] as desired. It remains to prove our earlier claims (102)
and (103) which we now do one-by-one.

Proof of bound (102) on W2(gy, g,I'):  To bound W>(gy, gyI'), we construct a random vector y"
such that it is coupled with the random vector y. We select an index b € [p] at random, and define

yqu £ Yo forall wve [p] \ {b}

Then, given b and y_;, = y_;, we define the joint distribution of (yj, be ) to be the maximal coupling
of gy,ly_y=y_, and fi |x_,—y_, thatachieves ||g,, |y ,—y , —fx,|x_»=y_,|ITv- Itis easy to see that the
marginal distribution of y is gy and the marginal distribution of ylis gyI" (see Def. 7). Then, we have

a 2
Wy aT) € 3 [P(b = OP(ys # yF1b = 1) + P(b % O)B(ys # v b # 1)

te(p]
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Us e #yFb=t>r
P t

2
© 1
= 3 Z [ / Py, # vy [b=t,y—¢ = Y—t)9y_ o=t (Y—e[b = t)dy—t:|

te(p] y_rexp—1

2
I A S A T

telPl Yy exn—

2
72 Z [ y- t[lgmy =y~ Fralxi=y_ ,IITVH ; (105)
t€(p)

where (a) follows from Def. 6 and the Bayes rule, (b) follows because P(b = t) = % and P(y; #
vt |b#t) =0, (c) follows by the law of total probability, and (d) follows because gy ,|p—¢(y—¢[b =

t) = gy_,(y—:) and by the construction of the coupling between y and y". Then, (102) follows by
using Jensen’s inequality in (105).

Proof of bound (103) on W5 (g,T', fx): We first show that f, is an invariant measure for I', i.e.,
fx = £, implying Wy (g, T, fx) = Wa(gyI', fxI'), and then I" is a contraction with respect to the
W, distance with rate 1 — U_"L_w, ie., Wa(gyT', fxT) < (1 — %)WQ (gy, fx), implying
(103).

Proof of f, being an invariant measure for I': We have

#I(x) @/ N fu(@)T(z|x)dz’ @/ N ( PR VICIES )
x’' e XP x'cXP

telp]
1
@ 1s~ / Fel@ L@y = &) fp, (wi]z ) da’
p te[p] x’' eXP
=3 fupe (ol / felw—t, z)de
tE p] ,EX
== Z Fapx@lz_) fx_, (m—1) = ().
pte[
]

Proof of I" being a contraction w.r.t the W, distance: Let 7* be the coupling between x and y
that achieves Ws(gy, fx) i.e.,

2
= arg min Z {]P’,r(xt + yt)} . (106)
mr()=f(),7(=90) \| ;e[p]

We construct random variables x” and y’ as well as a coupling " between them such that the marginal
distribution of x’ is f,I' and the marginal distribution of y’ is g,I". We start by selecting an index
b € [p] at random, and defining

Yy, 2y, and ) 2z, forall v#b. (107)

Then, given b, y' , = y_s, and x'_, = x_;, we define the joint distribution of (y;, /) to be the
maximal coupling of fy, |x_, (-|y—s) and fy,|x_, (-|x_p) that achieves || fy, ;x_,—y_» —FrxoIx_s=z_, I TV-

Now, for every ¢ € [p], we bound P/ (y/ # x;) in terms of P« (y: # x;). To that end, we have

Prr(y} # X)) C P = )Pw (v} # xilb = 1) + P(b # )P (v} # X|b# 1)
b 1

/ "y _ 1
2 Pyl # b= 1) + (1 - p)Pﬂ*(yt £ x,), (108)

—~
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where (a) follows from the Bayes rule and (b) follows because P(b = t) = % and (107). Focusing on
P,/ (y{ # x{|b = t) and using the law of total probability, we have

]P)Tl'/(.yt/ 7é X£|b = t)
= / Porly; # xtlb =1y =y-e, Xy =@ i)y o ey (Yt @ o|b = t)dy_rda

Y_,w_€XPL

(a)
= / Hth|X—t:y7t7th\Xft:fC7t”TV’]T;_,,,x_t(y—tam—t)dy—tdm—t

Y_t,@_€XPTL

=Enr:x T s [fodx,t:y,t 7fxf,\x,t=w7t HTV

(b)
SEn t{z 1(ry =2y Fyu=>5u)1(ry =s, =z,Yv <u)
u€[p\{t}
X ]1(7‘1) =Sy :yvVU >’LL) fof,|x,t:r,,, 7fxt\x,t:sfg HTV]
(82)
S int{Z(_)tu _yu#xu:|— thuw Yu#Xu) (109)
u€lp]\{t} u€lp]\{t}

where (a) follows by the construction of the coupling between y’ and x’, and () follows by triangle
inequality. Putting together (108) and (109), we have

1
P (y; # ) S - Z OtuPrx (Yu 7# Xu) + (1 — —)]P,r*(yt £ x). (110)
welpl\{t) P
Next, we use (110) to show contraction of I'. We have

(a)
W;(gyra fo> < Z []P)Tr’ (.yt/ 7& th)}2

telp]
(110) 1 2
§ |: § @tu T* _yj 7é Xj) (1 - 7>P7r* O/t 7é Xt):|
P P
telp] = jelp\{i}
(b) 1 1
§H(1)1+6 E {P yt#xt]
P P llop £
() 1 17 9
Z(1==)T+ =06 Wiy, fx
(- 5)r+ 0] Wi s
(d) 1\ 1 2
< 1 L 2
2((1-3) + 510l ) WHay. £, am

where (a) follows from Def. 6, (b) follows by some linear algebraic manipulations, (¢) follows from
Def. 6 and (106), and (d) follows from the triangle inequality. Then, contraction of I" follows by
taking square root on both sides of (111).

Case (ii) (S C [p]): We can directly verify that the matrix Og = { @tu}t,u cg issuchthat O], <

|©llop- Further, we note that for any ygc € XP~I5|, the random vector xs|xgc = ygc with
distribution fo|XSC —ysc satisfies the Dobrushin’s uniqueness condition (Def. 4) with coupling

matrix ©g. Then, by performing an analysis similar to the one above, we have

1
Wo (gys\yscafxs|xsc) < W ZE{Hgyt\yft:yﬂ_fxt|x,t:y,tH%v‘YSC = ysc}
op tes
(a) 1

< E["Qt —t= —t_th —t= —t||2 ’ysc :ySC:|
(1 _ |||@|||op) ; yely Yy [x Yy TV

1 1 -
where (a) follows because (05T < (ifel.,y- Fhis completes the proof.
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E.2 Proof of Prop. 3: Tail bounds for arbitrary functions under LSI

Fix a function ¢ : X? — R. Fix any pseudo derivative %q for ¢ and any pseudo Hessianizq for
g. To prove Prop. 3, we bound the p-th moment of g(x) — E[g(x)] by certain norms of V¢ and

E«[Vq(x)]. To that end, first, we claim that in order to control the p-th moment of ¢(x) — E[q(x)], it
is sufficient to control the p-th moment of || V¢(x)||,. Then, using (84), we note that the p-th moment

of ||[Vq(x)||, is bounded by the p-th moment of ||6q(x) ||2- Next, we claim that the p-th moment

of |[Vq(x)]|2 is bounded by a linear combination of appropriate norms of V¢ and E [%q(x)} . We
formalize the claims below and divide the proof across App. E.2.1 and App. E.2.2.

Lemma 18 (Bounded p-th moments of ¢(x) — E[q(x)] and ||Vq(x)||2). If a random vector x
satisfies LSI(o?), then for any arbitrary function q : XP — R,

la() = Elg)]]l, < ov2plIVa)ll,ll,, foranyp=2 . (112)
Further, for any pseudo derivative eq(a}) and any pseudo Hessian 62q(m)f0r q, and even p > 2,
19a60lellz, < 200 mae [F20(a) e + vB max [F2a(a)llp) + 4B [Fa0] 2 (113)
where ¢ > 0 is a universal constant.

Given these lemmas, we proceed to prove Prop. 3. Combining (112) and (113) for any even p > 2,
there exists a universal constant ¢’ such that

late) — Efa(a)]]|,, < ¢o? (B max 19%a(@) s + p max 19%0(@) oy + VBIE[Va(0)] ).
(114)

Now, we complete the proof by using (114) along with Markov’s inequality for a specific choice of p.
For any even p > 2, we have

P{[g(x)~E[g()] | > ec'o? (v max IV2g(@)lle + p max 1V%(@) lop + vBIE[Va(x)] |12 |

=P [|a(0~E[a(x)]|"> (e'0?) (VB max V(@) I +» max 192(2) lop+ VBB [Vax)]12) |
E[[a(x) — E[q(x)]|"]

(cc'0?)” (VPmaseers I92a(@)ll + pmasaens 1V29(@)lop + VAIE[Ta()]l2)

INE

(114)
< e?

)

where (a) follows from Markov’s inequality. The proof is complete by choosing an appropriate
universal constant ¢/, and and performing basic algebraic manipulations after letting

1 . g2 €

P o S+ g I g P20
2 xzeXP F xreXP op

We note that a even p > 2 can be ensured by choosing appropriate c”.

E.2.1 Proof of Lem. 18 (112): Bounded p-th moment of ¢(x) — E [¢(x)]

Fix any p > 2. We start by using the following result from [4, Theorem 3.4] since x satisfies
LSI(o?):

lax) —E[a)] [, < [lat0 —E[a)]|[}, +20* (= 2) [IVa@)l7, - (115)

Then, we bound the first term in (115) by using the fact that logarithmic Sobolev inequality implies
Poincare inequality with the same constant:

la(x) ~ E[a(] |7, = Var(a(x)) < 0*B| [Va()ll3 |- (116)

41



Putting together (115) and (116), we have

a0 ~ Blat] |2, < 05,1941} ] + 2020 - 2) Va0, ),
< ot (B[ Ivael3]) " + 2020 - 2) I V4G,

(b)
D02 [19g0ll, 12 +20%(p—2) [IVaGll, 12 < 20% [[Va(x)[l]2, .
(117)

where (a) follows by Jensen’s inequality and (b) follows by the definition of p-th moment. Taking
square root on both sides of (117) completes the proof.

E.2.2 Proof of Lem. 18 (113): Bounded p-th moment of || Vq(x)]|

Fix any even p > 2. Fix any pseudo derivative 6q and any pseudo Hessian §2q. We start by
obtaining a convenient bound on |V¢(z)||2 for every & € X' and then proceed to bound the p-th
moment of ||Vg(x)]|2.

Consider a p-dimensional standard normal random vector g independent of x. For a given x = x €

-
X'P, the random variable M

IVa(@)ll2

where (a) follows from the definition of p-th moment, and (b) follows since ||g|| L, =
standard normal random variable g and even p > 2. Rearranging (118), we have

H%ﬂmNQSQ%@%Vwﬂﬁﬂ@T@ﬂ>ué (119)

is a standard normal random variable. Then, for every x € AP,

= Teo\ P\ 1/P
9 (g [(SE V)T
V()2 2

p
2

we have

bS]

Va(z)'g
[Va(x)]|2

Lp

[

for any

Now, we proceed to bound the p-th moment of ||Vq(x)||2 as follows:
S (@) S L/p
a1z, 2 (Ex[IVa)15])

& (e[ Fa0Te)])

22 (e e

|
LP

Ex[Va()Te] |,

) (120)

P

where (a) and (b) follow from the definition of p-th moment and (c) follows by Minkowski’s
inequality. We claim that

|Vatx) g~ Ex[Vax) g < o (VB max I9%0(@)le + p max [V%a(@)lp ), and(121)
|Ex[VatTe]|| <2vp|

where ¢ > 0 is a universal constant. Putting together (120) to (122) completes the proof. It remains
to prove our claims (121) and (122) which we now do one-by-one.

; (122)

Edﬁﬂﬂwz

Proof of bound (121): We start by obtaining a bound on (Eyg—g [(eq(x)Tg -
~ 1 ~ -
Eve—g[Va(x)Tg])"]) ’? for every g = g. Then, we bound ||Vq(x)Tg — Ey [Va(x)"g]llL,-
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To that end, we define /4 (x) £ Vq(x) g — Exjg—g [Va(x) T g] and observe that Eyjg—g [hg(x)] = 0.
Now, applying Lem. 18 (112) to h4(-), we have

1/ 1/p
g, < o2 (Bxgma [ IV 012 ]) " € /20 (B |V 5™ Fatx] [ ])
(84) 1/p
2 o B J 0] ])
where (a) follows from the definition of hg4(x). Now, to obtain a bound on the RHS of (123), we

further fix x = x. Then, we let g~’ be another p-dimensional standard normal vector and apply an
inequality similar to (119) to g " V2¢(x) obtaining

HQT§2Q($) H2 < 513 (Eg’\x:m,g:g [(9T62q<w)g/)p} ) Up’

which implies

(s ) < 2 (Eugica[ (07 08) ) s

Putting together (123) and (124), and using the definition of h4(x), we have
(Ex\g:g [(%(X)TQ — Eyg—g WQ(X)TQ} )p} ) < avi (Ex,gqg:g [(gT%Qq(X)g’) p] ) v
(125)

Now, we proceed to bound [|Vg(x) Tg — Ex[Vq(x) T g] ||, as follows:

9 (5] (Fut)"s - 5 [Fu0 78] )'])
2 2[0( [(gTﬁzq(x)g’) p] ) v (126)
where (a) follows from the definition of p-th moment. Finally, to bound the RHS of (126), we fix

x = « and bound the p-th norm of the quadratic form gT§2q(:n)g’ by the Hanson-Wright inequality
resulting in

H%(X)Tg — By Wq(X)Tg] ’

Ly

/\

(Egina | (87 V20@)]) " < (VBT a(@)ll + pI20()llr )
< oV max 1V%a(@) I + p max [V2q(@)lop ), (127)

cxr

where ¢ > 0 is a universal constant. Then, (121) follows by putting together (126) and (127).

Proof of bound (122): By linearity of expectation, we have

1B [Va(x) &)1z, = | (Ex[Vax)]) "ellz,- (128)
We note that the random variable (”[WQ((X]); is a standard normal random variable. Therefore,
x X 2
. T < TP\ /P
‘ (E<[Va)]) g @ (Eg K (Ex[Va(x)]) g) D Yosm (129)
X [Va(]ll2 |, [Ex [Va(x)] |2

where (a) follows from the definition of p-th moment, and (b) follows since || g|| , < 2y/p for any
standard normal variable g. Then, (122) follows by using (129) in (128).
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F Identifying weakly dependent random variables

In App. E, we derived (in Prop. 2) that a random vector (supported on a compact set) satisfies
the logarithmic Sobolev inequality if it satisfies the Dobrushin’s uniqueness condition (in Def. 4).
Further, we also derived (Prop. 3) tail bounds for a random vector satisfying the logarithmic Sobolev
inequality. Combining the two, we see that in order to use the tail bound, the random vector needs
to satisfy the Dobrushin’s uniqueness condition, i.e, the elements of the random vector should be
weakly dependent. In this section, we show that any random vector (outside Dobrushin’s regime)
that is a 7-Sparse Graphical Model (to be defined) can be reduced to satisfy the Dobrushin’s
uniqueness condition. In particular, we show that by conditioning on a subset of the random vector,
the unconditioned subset of the random vector (in the conditional distribution) are only weakly
dependent. We exploit this trick in Lem. 12 and Lem. 14 to enable application of the tail bound
in App. E. The result below is a generalization of the result in [12] for discrete random vectors to
continuous random vectors.

We start by defining the notion of 7-Sparse Graphical Model.
Definition 8 (7-Sparse Graphical Model). A pair of random vectors {x, z} supported on XP x ZP=
is a T-Sparse Graphical Model for model-parameters T = (o, {, Tmax, ©) and denoted by T-SGM if
X = {—Zmax, Tmax }>» and
1. for any realization z € ZP=, the conditional probability distribution of x given z = z is
given by fx‘z( |25 0(2), @) in (4) for a vector 0(z) € RP depending on z and a symmetric
matrix © € RP*P (independent of z) with Oy = 0 for all t € [p],

2. max {maxyczr: [|0(2)| ., [|Omax} < o, and
3. 18l < €.

Now, we provide the main result of this section.

Proposition 4 (Identifying weakly dependent random variables). Given a pair of random vectors
{x,2} supported on XP x ZP+ that is a T-SGM (Def. 8) with T = (t, , Tmax, ©), and a scalar
A € (0,¢], there exists L = 32¢?log4p/)\? subsets Sy,--- , Sy C [p] that satisfy the following
properties:

L
(a) Foranyt € [p), we have ),/ 1(t € Sy,) = [AL/(8()].
(b) Forany u € [L],
(i) the pair of random vectors {xs, , (x_s,,2)} correspond to a T{-SGM with 71 = (o +
2ZmaxCs A Tmax, @Su) where esu = {@t” }t,veSu’ and
(ii) the random vector xg, conditioned on (Xx_g, , z) satisfies the Dobrushin’s uniqueness

condition (Def. 4) with coupling matrix 2v/2x2,,. ©s, whenever \ € (0

max
with |93, lop < A

1 }
' 2VE,

Proof of Prop. 4: Identifying weakly dependent random variables. We prove each part one-by-one.

Proof of part (a): From Def. §, for any realization z € ZP=, the conditional probability distribution
of x given z = z is given by fy,( - |2;6(2),©) in (4) where §(z) € R is a vector and © € RP*?
is a symmetric matrix with ©;; = 0 for all ¢ € [p] and ||©|c < (. Consider the matrix A = %@.
Since A has zeros on the diagonal and || Af|o < 1, we can apply [12, Lem. 12] on A with n = %
Then part (a) follows directly from [12, Lem. 12.1].

Proof of part (b) (i): To prove this part, consider the conditional distribution of xs, conditioned on
x_g, = x_g, and z = z for any u € [L]. We have

Jxs, Ix_s, 2(®s, |[T—s,,2;0(2),0) o exp ( Z (Gt(z)—i—Q Z @tvxv)xt—i— Z Z @tvxtxv)

teS, v Sy teS, vESy
(130)
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We can re-parameterize fy; |x_s. 2(Ts,|T—s,,2;0(2),0) in (130) as follows
fXSu ‘X*Suvz(wsu |w_Su7z; U(zv m—Su)v T) X €xp ([’U(ZJ7 m—Su)]TmSu + mgu TmSu)’ where
v(z,x_g,) € RIS with v (z,2_5,) 2 0,(2) +2 Z Ouxy, for teS,, and (131)
k¢S,
T="T e RIS>ISd with T, £ 0, and T;;=0forall t,v € S,. (132)

Thus, to show that the random vector xg, conditioned on x_g, and z corresponds to an 7;-SGM with
71 2 (@ + 2TmaxC, A Tmax, O, ), it suffices to establish that

(i) (i3)
max {mzx loz,@_s,)]l.. ||r||max} <ot 2l and [TJe €A (133)
To establish (i) in (133), we note that

(132) (a)
[Tlmax < IOfmax < o and (134)

(b) (¢) (d)
lv(z,2-s.)lloe < 10(2)]lc +2max[|O¢|1 2]l < 16(2)]loc + 22max|®llcc < 0 + 2TmaxC,
(135)

where (a) and (d) follow from Def. 8, (b) follows from (131) and the triangle inequality, and (c)
follows from the definition of || - || and Def. 8. Then, from (134) and (135), we have

max{ mae oz,

s |||T|||max} < a4 2

as claimed. Next, to establish (ii) in (133), we again apply [12, Lem. 12] on the matrix A = %@ with
n= % Then, [12, Lem. 12.2] implies that

© A
Z Wl <Z forallt € Sy, u e [L]. (136)
vES, C C
Therefore, we have
(136)
Yoo = ( Tv)“i” ( v)< 7 1
IT]oo = max UZ o) =" max UZ [On]) < A (137)

as desired. The proof for this part is now complete.

Proof of part (b) (ii): We start by noting that the operator norm of a symmetric matrix is bounded
by the infinity norm of the matrix. Then, from the analysis in part (b) (i), for any u € S, we have

(132) (137)
1©s.llop < 1©s,llc =" ITloe < A

Therefore, [|2v/222,.0s, [lco < 1 whenever A < 1/2v/222 . It remains to show that for every

uw € [L],t € Sy,v € Su\{t},z=z,andx_;,&_, € XP~! differing only in the v coordinate,
”th,\Xft:mft,,Z:Z_th\X—t=57t7Z=ZHTV S 2\/§x?naX@t”'

To that end, fix any u € [L], any t € S,, any v € S, \{t},anyz = z,and any ¢ _;,z_; € AP~}
differing only in the v*" coordinate. We have

a) 1
”fo,\X—t:m—mZ:Z_th\X—tZE—t,Z:ZH?I'V < ;KL (er,\X—t:m—mZ:Z ||th\X—t:5—t7Z:Z)

- 2
b ~ 22 9y 2
(204p Ty — 204, Ty) Tiax < 8Tpax©

- m max ~ tv?

—~
=

1
2
where (a) follows from Pinsker’s inequality, (b) follows by (i) applying [11, Theorem 1] to
the exponential family parameterized as per fy,|x_, . in (8), (ii) noting that fy, |x ,—z_, ;=2 O
exp ([0:(2) + 20/ x]z;) and fy,x ,—z ,,—» x exp ([0:(z) + 20, &]z,), and (iii) noting that the
Hessian of the log partition function for any regular exponential family is the covariance matrix of the
associated sufficient statistic which is bounded by 22, when X = {—Zmax, Tmax }» and (c) follows
because X, Ty € {—ZTmax, Tmax ;- This completes the proof.
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G Supporting concentration results

In this section, we provide a corollary of Prop. 3 that is used to prove the concentration results in
Lem. 12 and Lem. 14. To show any concentration result for the random vector x conditioned on z via
Prop. 3, we need x|z to satisfy the logarithmic Sobolev inequality (defined in (81)). From Prop. 2,
for this to be true, we need the random vector x; conditioned on (x_¢, z) to satisfy the logarithmic
Sobolev inequality for all ¢ € [p]. In the result below, we show this holds with a proof in App. G.1.

We define a 7 = («, ¢, Tuayx, ©)-dependent constant:
Cy.+ £ exp (Tmax (@ + 20Tmax))- (138)

Lemma 19 (Logarithmic Sobolev inequality for x;|x_;,z). Given a pair of random vectors {x, z}
supported on XP x ZP= that is a T-SGM (Def. 8) with T £ (a,(, Tmax, ©), X¢t|X_¢,2 satisfies

LSL x =2, z== (8:”:—2“0%7) forallt € [p, x_y € XP~, and z € ZP-.

Now, we state the desired corollary of Prop. 3 with a proof in App. G.2. The corollary makes use of
some 7 2 (o, {, Zmax, ©)-dependent constants:

3223 . Cs
Cyr 21+ amax + 422, and Cj; 2 % (139)
Corollary 2. Suppose a pair of random vectors {x,z} supported on XP x ZP= corresponds to a
7-SGM (Def. 8) with T S (o, ¢, Tmax, O), imd X conditioyed on z satisfies the Dobrushin’s uniqueness
condition (Def. 4) with coupling matrix ©. For any 0,0 € Ay and © € Ao, define the functions q;
and qs as

@(x) & Z (wtxt)z and  qo(x Z WXy €XP ( — [0 + 2@1‘/Tx]xt> where w =60 —6.

t€(p] te(p]

Then, for any € > 0

(1= [O]..) 2
P[lai(x) ~ E[ai(x)]2]| = <|e] SeXp< il 15/ 5) for i=12,  (140)

cillwl3

. . A
where c is a universal constant, ¢; = 1602z

C ., and cy = C’%’TC’%TC’;T with C; . defined in
(138) and C, , and Cj . defined in (139).

max

G.1 Proof of Lem. 19: Logarithmic Sobolev inequality for x;|x_;,z

Let u be the uniform distribution on X’. Then, u satisfies LSI,, ( m‘”‘) (see [14, Corollary 2.4]).

Then, using the Holley-Stroock perturbation principle (see [16, Page 31], [19, Lemma 1.2]), for
everyt € [p],x_; € AP~ and z € ZP:, x|x_y = & _4,z = z satisfies the logarithmic Sobolev
inequality with a constant bounded by
82 . exp(sup,, cx (T @ ¢, 2) — infy, cx V(w2 4, 2))
2

where (2 x4, 2) = —[0;(2) + 20, x]x;. We have

exp(sup Y(zy; Ty, z) — Héfx Y(xg; x_y, 2)) (f)exp (2’9t )+20, a:|a:m1x)
Tie€X Tt

(b)
< exp ((204 + 4<xmax)xmax) (133) C3 P

where (a) follows from Def. 8 and (b) follows by using Def. 8 along with triangle inequality and
Cauchy-Schwarz inequality.

46



G.2 Proof of Cor. 2

To apply Prop. 3 to the random vector x conditioned on z, we need x|z to satisfy
the logarithmic Sobolev inequality. From Prop. 2, this is true if (i) fumin =
mingep) ecxr zcxr- fx|x_r,2(Te|T_t, 2) > 0 (see (83)), (ii) x|z satisfies the Dobrushin’s uniqueness
condition, and (iii) x; |x_;, z satisfies the logarithmic Sobolev inequality for all ¢ € [p]. By assumption,
x|z satisfies the Dobrushin’s uniqueness condition with coupling matrix ©. From Lem. 19, x;|x_¢, z

1 8x2 ,XC2 -
satisfies LSy |x_,—z_ .22 (L's

T2

x € XP, and any z € A'P=. We have

). It remains to show that f,;,, > 0. Consider any ¢ € [p], any

a

exp ([Gt(z) + 20, w]wt)
Frapx o (@]T_i, 2) =

Jyexo (10:(2) +20] ], ) do,

© e~ 10u(2) +20] 2l

= Jyesn (10(2) + 20 el )y

@ oxp (= (0 + 20011 o) tmax)
" Jeexp ((18(2)]+ 2001 [@]oc) T )

—~
=

(d) €xp ( — (Oé + 2<$max)xmax) (e) 1
S \€)

- f;( exp ((04 + 2meax)xmax> dmt QImaXCg*T

b

where (a) follows from (8), (b) and (d) follow from Def. 8, (¢) follows by triangle inequality and
Cauchy-Schwarz inequality, and (e) follows because f v dry = 2Tmax. Therefore, Sfmin = ﬁ
maxC3 ,

Putting (i), (ii), and (iii) together, and using Prop. 2, we see that x|z satisfies LSI, (ﬂ—ﬁ%ﬁ)
where C; . was defined in (139).

Now, we apply Prop. 3 to ¢; and g2 one-by-one. The general strategy is to choose appropriate pseudo
derivatives and pseudo Hessians for both ¢; and g2, and evaluate the corresponding terms appearing
in Prop. 3.

Concentration for ¢;: Fix any « € XP. We start by decomposing g; (x) as follows:

q(z) = r(x) (141)
where w £ (wi, -+ ,w2) and r(z) £ (ri(x), - ,rp(x)) with r(x) = x7 for every t € [p]. Next,
we define H : AP — RP*P such that

dry
Hyy(x) = Td (@) for every t,u € [p)]. (142)
Lt

Pseudo derivative: We bound the /5 norm of the gradient of g; () as follows:

2 _ dgi (@) \? q1an w'dr(z)\2 a4) 2
IIVql(m)llz—Z( dr, ) = tez[:} (Tt) =\ H(z)w||2
p

t€lp]

(@)
< 1H(@)lI3, w113

(b) o
< 1H @)1 H (@)l (@], (143)

where (a) follows because induced matrix norms are submultiplicative and (b) follows because the
matrix operator norm is bounded by square root of the product of matrix one norm and matrix infinity
norm. Now, we claim that the one norm and the infinity norm of H (x) are bounded as follows:

H H < 2% max- 144
o s (@)l 1 V@)l | < 20 (144
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Taking this claim as given at the moment, we continue with our proof. Combining (143) and (144),
we have

@
2 —2 2
max [Vay (@)l < 4afu [Bllz = 4o D w0 < dafpmaxes] 3w} < 1627007 [wll,
=" =

where (a) follows because w € 2Agy. Therefore, we choose the pseudo derivative (see Def. 5) as
follows:

Va1 (x) = 4z maxa |w]), - (145)
Pseudo Hessian: Fix any p € R. We bound ||V (p" Vi (x))||3 (see Def. 5) as follows:

V. TV 14
HV(pTvql(w))Hg _ Z (W)Q (:5)0

dx,,
u€lp]
Therefore, we choose the pseudo Hessian (see Def. 5) as follows:
V3¢ (x) = 0. (146)

The concentration result in (140) for ¢; follows by applying Prop. 3 with the pseudo discrete
derivative defined in (145) and the pseudo discrete Hessian defined in (146).

It remains to show that the one-norm and the infinity-norm of H (x) are bounded as in (144).

Bounds on the one-norm and the infinity-norm of H(x): We have

Hy, = . ’ 147
tu (@) {0 otherwise. (147)
Therefore,
(a)
I H ()], = max Z |Hy (22)] < max2|:cu| < 2%max  and
u€[p]
=
1)l S )] < maxale] < 2
Z)[ oo = ma w(T) max 2|z Tmaxs
te[;f]( ! te[)]( ‘
where (a) follows from Def. 8.
Concentration for ¢o:  Fix any x € XP. We start by decomposing gz () as follows:

@(z) =w'r(z) (148)
where r(x) £ (r1(x), - ,rp(x)) with ry(z) = 24 exp ( — [0, + 20, @]z,) for every ¢ € [p]. Next,
we define H : X — RP*P such that

dry,
Hy(z) = Td (@) for every t,u € [p)]. (149)
Lt

Pseudo derivative: We bound the /> norm of the gradient of g2 () as follows:

Vel = Y (12 WWZ( N el

telp]
(a) 2 2
< [[H(@)[I5p llwlls

(®) ,
< [H@)LW I H (@)l [wll; (150
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where (a) follows because induced matrix norms are submultiplicative and (b) follows because the
matrix operator norm is bounded by square root of the product of matrix one norm and matrix infinity
norm. Now, we claim that the one norm and the infinity norm of H(x) are bounded as follows:

o s 17 (@)l g V@)l | < € Cor (st

where C; - and C, , were defined in (138) and (139) respectively. Taking this claim as given at the
moment, we continue with our proof. Combining (150) and (151), we have

max || Vgs(2)|; < O3 ,CF , ||w]f3 -
reEXP
Therefore, we choose the pseudo derivative (see Def. 5) as follows:

6qQ(m) = CB,TC4,T ||w||2 : (152)
Pseudo Hessian: Fix any p € R. We bound ||V (p" Vga())||2 (see Def. 5) as follows:

v TV (z 152
IV Vas(@)]3 = (M)z asy

dx,,
u€lp]
Therefore, we choose the pseudo Hessian (see Def. 5) as follows:
V2g(x) = 0. (153)

The concentration result in (140) for ¢; follows by applying Prop. 3 with the pseudo discrete
derivative defined in (152) and the pseudo discrete Hessian defined in (153).

It remains to show that the one-norm and the infinity-norm of H («) are bounded as in (151).

Bounds on the one-norm and the infinity-norm of /: We have

Hyo() = { [1 — [0, + QGZw]:z:u] exp ( — [0 + 2®Im]xu) if t=u,

154
—204,22 exp (— [0, + 20, x]z,,) otherwise. (154)
Therefore,

(@)l = max 3 [ (@)

t€(p)

(154 s 1= [0, 420 @]a,| exp (—[0.+20] @]z,
ue|p

+2 mzﬁ z2 exp (— [&ﬁ—?@lx]xu) E |Otu]
uelp
t#u

(@) b
S (1 + QTmax + 4m12naxc) exp (xmax(a + QmeaX)) (:) C3,TC4,T

where (a) follows from Def. 8 along with triangle inequality and Cauchy—Schwarz inequality and (b)
follows from (138) and (139). Similarly, we have
IH (2)lloc = max Y |Heu()|
te€[p] welp]

(154 max |1—[0, 420/ @]z | exp (—[0:+20, x]z;)
te(p

+2max Oru|22 exp (— [0, +20, x]2,
te[p]gé:t| t (= Jo)

(@)

< (1 + 0@ + 422,1.C) XD (Tanax (@ + 2C@max)) 2 Cy, C

where (a) follows from Def. 8 along with triangle inequality and Cauchy—Schwarz inequality and (b)
follows from (138) and (139).
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