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Abstract

Current computational models have not been able to account for the effect of
reward in confidence reports among humans. Here we propose a mathematical
framework of confidence that is able to generalize across various decision making
tasks involving varying prior and reward distributions. This framework proposes a
formal definition of “decision confidence” through the concept of soft optimality.
We further show that the objective function in this framework is jointly maximising
the reward and information entropy of the policy. We confirm the validity of our
framework by testing it on data gathered under various task conditions.

1 Introduction

Self-assessment of one’s choices, i.e. decision confidence, plays a key role in long-term decision
making and learning [[1]]. This assessment helps the decision maker improve their model of the outside
world and consequently gain higher utility in the future [2| 3]. Therefore, it is important to come to
an understanding of how these confidence approximations are internally calculated and especially
how given information about a decision making scenario is incorporated into these approximations.

Despite our general understanding of the word “confidence” in day-to-day life, posing a formal
definition of confidence is very challenging. Specifically, confidence is only mathematically defined
for scenarios where different choices have exactly the same amount of (potential) reward. In these
situations the goal is to find and pick the “correct” choice as opposed to all other equally “incorrect”
ones. Consequently, confidence is defined as the probability of choosing the correct option, which is
basically the posterior probability of the most probable choice given the received sensory/cognitive
information and the decision maker’s prior knowledge of the environment [4)}, (1} 15 |6]]. This definition,
sometimes referred to as the “Bayesian confidence hypothesis”, does not consider the utility of
different choices, which is not required given the equality of these values.

In many real life situations, however, different actions lead to different utilities. This difference often
plays a key role in the decision making process. A rustling sound is more likely to be because of
the wind rather than a predator approaching, but everyone becomes more vigilant when hearing that
sound as one of the possibilities is potentially life threatening despite being unlikely. Moreover,
everyone would be certain about the rationality of this decision. The current definition of confidence
is incapable of modeling this certainty/confidence.

Here we present a mathematical framework to formally define and assess confidence in a general
decision making scenario involving uncertainty about the outside world, prior knowledge of the
decision maker about the world, and different utility functions for available choices. In order to
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incorporate the utility function into the confidence calculation, we model confidence as “probability
of making the best decision”. Formally, confidence is defined as probability of being optimal over a
sequence of states and actions given the policy.

We further show that our approach to modelling subjects’ confidence in their decision equals to a
planning as inference framework [[7, 8l]. This framework maps to a reinforcement learning agent
whose objective function is to jointly maximize the reward and the information entropy of the policy
(also called maximum entropy reinforcement learning) [9}|10]]. We validated our normative approach
by testing it on an open data set with various task conditions involving asymmetries in the task prior
and choice rewards.

2 Background

A Partially Observable Markov Decision Process (POMDP) is a mathematical framework for
planning and decision making under uncertainty in the field of Artificial Intelligence [11]. It is
formally defined as a tuple (S, A, Z, P, O, R) where S is the set of states, A is the set of actions, Z
is the set of observations, P = p(s’|a, s) is the transition function between states, O = p(z|s, a) is
the observation function, and R = r(s, a) is the reward function expressing the reward/utility of the
agent given the state and action. A POMDP agent does not know the current state of the environment.
Therefore, starting from a prior, called the initial belief state b, it updates the posterior probability
distribution over the states with each observation and action:
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The goal of the POMDP agent is to gain maximum accumulated reward within the horizon H. The
recipe for action selection, called policy m, can be represented as a mapping from belief states to
actions with the optimal policy 77* being the mapping that maximize the expected total reward:
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Models of decision making in Cognitive Neuroscience: POMDPs and similar Bayesian approaches
have been shown to be extremely successful in modelling behaviour of subjects across various
decision making tasks and species [5} 12} [13]. One of the main applications of POMDPs is modelling
“perceptual decision making” where the subject should select the “correct” choice based on some
sensory observations to get reward [[14]. As the term “correct” suggests, the reward function is
symmetrical among different choices. In other words, all choices have the same “value”. In these
studies, the subject’s confidence closely matches the probability of choosing the correct option, i.e.
the posterior probability of the most probable choice [1} 6.

Currently, there is no normative model of confidence for situations where the reward value of options
differs, which in fact, happens more frequently in real life compared to symmetric reward situations.
There are some confidence experiments with asymmetries in the reward function. Models and
methods of these studies, however, are all descriptive/statistical, e.g., positive correlation between
confidence report and reward value [15, (16} [17]. Here we present a unifying framework about the
“decision confidence” which models the confidence of the subject in their decision. In other words,
we present the mathematical model for the following question the subject might ask themselves:
“What is the probability that I made the best decision?”

3 Model

To formally model “the best decision”, we include the idea of optimality to the POMDP framework,
where optimality is a binary variable that is reflective of receiving the maximum reward. The
probability of optimality is used to describe a subject’s confidence (or their internal sense of whether
the decision they made was optimal). Importantly, the decision making process might involve
multiple actions. Therefore, what we refer to as a “decision” is in fact a sequence of actions, given an
observation after each action (which updates the belief), shown by 7 = by, ag, b1, a1, ...,ay and
called a trajectory. Consequently, the probability of being optimal is p(O = 1|7). This probability
should be maximal for a trajectory that is generated by the optimal policy 7*.
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Figure 1: Left: Graphical model of the framework that measures the probability of making the
optimal decision as confidence. Right: Experimental setup of a perceptual decision making task with
varying prior and reward distribution (picture from [17]]).

Given the fact that the system is Markovian and each policy is a mapping from belief states to
actions, the probability of optimality can be expressed for each action given the belief state, i.e.
p(or = 1|as, by) (Fig. |1} left plot). With this representation the probability of optimality for the whole
trajectory can be expressed as p(o1.y = 1|7). Consequently, the probability of a trajectory being
optimal is:

H
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The above distribution should reflect the expected accumulated reward, i.e. higher total reward should
mean a higher probability of optimality. One straightforward way to satisfy this, is to set probability
of optimality for each single action as following:

plor = )by, ar) e’ (beae) )
Since many functions other than exponentiation might reflect the accumulation of reward (at least in

specific cases), it is important to examine the driven policy from maximizing p(7|og.;r) when we
define the probability of being optimal with Eq. 4}
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(5)
One way to derive such a policy is to approximate p(7|og.fr). If the approximation of the optimal
policy p(at|o; = 1, b;) is expressed with 7(a¢|b;), the approximation of optimal trajectory will be:

H

p(7) = p(bo) Hp(bt+1|bt>at)77(at|bt)- (6)

t=0
and the desired policy 7(a:|b;) is obtained by minimizing the KL-divergence between the approximate
(Eq. [6) and the true distribution (Eq. [3):
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This means that an agent with this definition of optimality jointly maximizes (minimizes the negative
of) the total reward and the information entropy of the policy, which is also soft Q-learning on the
belief state [9,[10]. This derivation is known as “planning as inference” in the literature [7, |8]]. The
policy derived through this process is “soft optimal”.



Table 1: AIC values by subject for different confidence prediction models

Model 1 2 3 4 5 6 7 8 9 10

Observation 1359 1670 1793 1293 1439 1368 1710 1737 1654 2413

Posterior 1418 1677 1751 1293 1439 1394 1676 2032 1791 1369

Expected Value 1414 1675 1687 1289 1439 1385 1680 1943 1730 2409

Decision 1199 1806 1676 2111 2347 1779 1924 1666 1652 1357
4 Results

We tested our model on a perceptual decision making experiment measuring confidence in different
conditions including asymmetric priors and reward [17]. In this experiment, 10 subjects were shown
a Gabor filter tilted left or right and asked to maximize their score by reporting the direction of the
Gabor filter (left or right) and their confidence (low or high). Each subject completed 7 session of this
task where the prior probability distribution and the reward (score) distribution for correction choices
across the two direction was varied (prior probability was either 3:1, 1:1, or 1:3; rewarded score were
either 2:4, 3:3, or 4:2). The subjects were told the exact prior and reward distribution before each
session and every 50 trials during the session. Importantly, while subjects wanted to maximize their
score, they were explicitly asked to report their perceptual confidence. This means that the reward
was not supposed to be included in confidence report. Despite this explicit direction, confidence of
many subjects were affected in sessions with asymmetric reward function as reported in the original
paper of this study[17].

To approximate the generative function for perception of each subject, we fit a mixture of 2 Gaussian
distributions, N’ (1,0,) and N'(—1, o,) (1 free parameter), to their performance in the fully symmetric
session. Then we fit another mixture, A'(1,0,.) and N'(—1, 05,) where o2, represented sensory
observation variance according to the subject’s internal model, to the subject’s performance in the
session with asymmetric priors. Moreover, the confidence criterion, the threshold at which confidence
is binarized into “low” or “high”, was fit to the subjects’ confidence reports in both fully symmetric
and asymmetric prior sessions by using grid search and a maximum likelihood estimation with a
Bernoulli likelihood function.

We compared the fit of our model, labelled “Decision” in Table|l} to subjects’ behavioural data to the
fit of 3 other baseline models in the Bayesian framework. These baseline models were the observation
model, which predicts confidence as proportional to the likelihood of a subject’s observation (p(z|s));
the posterior model, which predicts confidence as proportional to the posterior probability (p(s|z));
and the expected value model, which predicts confidence as proportional to the expected value
(Ep(s|z)[r(s)]). Since this experiment includes only one action the confidence measured by our
framework was basically the ratio of exponentiation of the expected reward. The parameters related
to the performance, i.e. o, and o,,, were the same in all of the 4 models. On the other hand, the
threshold that binarized the confidence were fitted separately for each confidence model.

Table[I]shows the AIC values of each model tested on the session with asymmetric reward. These
values show that 5 out of 10 subjects reported their decision confidence. This is especially interesting
since the subjects were explicitly asked to report the posterior belief (perception confidence) and
ignore the reward in their confidence report. This phenomena suggests that in the self-assessment
mechanism of the brain, prior and reward are not easily separable. Such inseparability itself is a
signature of the planning as inference framework where all aspects of the environment are put together
in the probability of being optimal.

5 Conclusion

Here we presented a generalizable framework that measures “decision confidence”. This confidence
is basically the probability of a trajectory being optimal, considering the probability distribution of
the current state, and reward of each action. Our framework suggests that decision confidence reflects
“soft optimality” which includes maximizing both reward and information entropy of the policy, also
called maximum entropy reinforcement learning. We validated our framework by testing it on an
experiment with varying prior and reward distributions.
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