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ABSTRACT

Time series forecasting (TSF) remains a challenging and largely unsolved problem
in machine learning, despite significant recent efforts leveraging Large Language
Models (LLMs), which predominantly rely on Transformer architectures. Em-
pirical evidence consistently shows that even powerful Transformers often fail to
outperform much simpler models, e.g., linear models, on TSF tasks; however, a
rigorous theoretical understanding of this phenomenon remains limited. In this pa-
per, we provide a theoretical analysis of Transformers’ limitations for TSF through
the lens of In-Context Learning (ICL) theory. Specifically, under AR(p) data,
we establish that: (1) Linear Self-Attention (LSA) models cannot achieve lower
expected MSE than classical linear models for in-context forecasting; (2) as the
context length approaches to infinity, LSA asymptotically recovers the optimal
linear predictor; and (3) under Chain-of-Thought (CoT) style inference, predictions
collapse to the mean exponentially. We empirically validate these findings through
carefully designed experiments. Our theory not only sheds light on several pre-
viously underexplored phenomena but also offers practical insights for designing
more effective forecasting architectures. We hope our work encourages the broader
research community to revisit the fundamental theoretical limitations of TSF and to
critically evaluate the direct application of increasingly sophisticated architectures
without deeper scrutiny.

”

“The only thing we know about the future is that it will be different.

— Peter Drucker

1 INTRODUCTION

Time series forecasting (TSF), a fundamental and longstanding challenge in machine learning,
involves predicting future observations based on historical data (Brockwell & Davis, 2002; Box et al.,
2015; De Gooijer & Hyndman, 2006; Hamilton, 2020). TSF has broad applicability across diverse
fields such as electronic health records, traffic analysis, energy consumption, and financial market
predictions (Montgomery et al., 2015; Masini et al., 2023). In contrast, Transformers (Vaswani et al.,
2017) have emerged as a cornerstone architecture in modern deep learning, achieving groundbreaking
success across a wide array of sequence modeling tasks, including language modeling (Hurst et al.,
2024; Jaech et al., 2024; Grattafiori et al., 2024; Yang et al., 2025; Guo et al., 2025), computer vision
(Dosovitskiy et al., 2021; Peebles & Xie, 2023; Ma et al., 2024), visual-language modeling (Liu et al.,
2023; Jin et al., 2024d), and video modeling (Deng et al., 2025; Jin et al., 2024c).

Encouraged by their remarkable performance in language modeling, substantial efforts have been
dedicated to adapting Transformers and Large Language Models (LLMs) to TSF (Zhou et al., 2021;
Liu et al., 2022; Wu et al., 2021; Zhou et al., 2022; Gruver et al., 2023; Cao et al., 2024; Pan et al.,
2024; Jin et al., 2024a;b). Nevertheless, empirical evidence consistently reveals that Transformer-
based models frequently underperform compared to simpler, linear forecasting methods, despite
their quadratic time complexity and significantly larger parameter counts (Zeng et al., 2023; Tan
et al., 2024; Eldele et al., 2024; Li et al., 2025). Such findings have prompted the development of
lightweight linear models and frequency-domain approaches that typically outperform Transformers
on long-horizon forecasting tasks (Xu et al., 2024; Li et al., 2023b; Yue et al., 2025; Wang et al.,
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2024; Eldele et al., 2024). However, a comprehensive theoretical understanding of why Transformers
exhibit such limitations remains scarce.

Existing theoretical studies on Transformer for TSF mainly relied on Neural Tangent Kernel analyses
or generic In-Context Learning (ICL) theory, yielding theoretical bounds often disconnected from
practical relevance and failing to provide clear representational insights (Ke et al., 2025; Cole
et al., 2025; Sander et al., 2024; Li et al., 2023a; Wu et al., 2025). In sharp contrast, our work
uniquely addresses the core representational limitations of Transformers through a rigorous theoretical
examination grounded explicitly in classical Auto-Regressive (AR) models, fundamental frameworks
dominating traditional TSF (Hamilton, 2020). By adopting Linear Self-Attention (LSA), a simplified
yet powerful abstraction that eliminates the Softmax function for analytical tractability (Ahn et al.,
2023; Mahankali et al., 2024; Zhang et al., 2024a; Ahn et al., 2024; Yang et al., 2024), we uncover
novel and essential constraints inherent in the attention mechanism itself.

Despite AR models’ inherent linearity rendering linear methods optimal, assessing the representational
gap between optimal linear models and Transformers is a highly non-trivial endeavor. Under minimal
assumptions—specifically, only assuming data adheres to a stable AR(p) process—we establish
substantial theoretical results that clearly delineate the representational boundaries of Transformers.
A related setting was studied in Cole et al. (2025), which analyzes LSA on a one-dimensional linear
dynamical system (a special case of AR(2)), while we generalize to AR(p) under minimal stability
assumptions, significantly increasing difficulty and scope. Our findings indicate that even optimally
parameterized LSA Transformers cannot outperform classical linear predictors in terms of expected
MSE. With infinitely long historical context their predictions can theoretically converge to those
of linear regression if training is sufficiently good, yet even this convergence arises not from any
structural advantage of LSA but from the inherent stability of time series, which collapses their
representational space to that of linear models on AR processes. In contrast, for any finite context
length there exists a provable strictly positive gap, which diminishes at a rate no faster than 1/n as
the context length grows. We further analyze how predictions evolve and how errors accumulate
under iterative Chain-of-Thought (CoT) inference.

Our theoretical analyses are complemented by empirical validations, providing practical insights
into Transformer architectural design and clarifying their fundamental limitations in TSF contexts.
Ultimately, our work calls for a reconsideration of the suitability and effectiveness of naively applying
complex Transformer-based architectures to TSF. We advocate for deeper theoretical exploration
to systematically unravel the foundational differences driving Transformers’ divergent performance
across domains, bridging the gap between representational capability and practical efficacy.

Our primary contributions are summarized as follows:

* We show that linear self-attention is essentially a restricted/compressed representation of linear
regression, so it cannot outperform linear predictors (Section 3.1).

* We establish a strictly positive performance gap between LSA and linear predictor, and proves that
this gap vanishes at a rate no faster than 1/n as context length increases (Section 3.2).

* We characterize prediction behavior and error compounding rate in Chain-of-Thought inference,
highlighting fundamental limitations of iterative Transformer predictions (Section 3.3).

* We empirically corroborate our theoretical findings, offering insights into architectural implications
and emphasizing the inherent representational limitations of Transformers for TSF (Section 4).

1.1 RELATED WORK

Negative Results of Transformers on TSF. Empirical studies consistently find Transformer- and
LLM-based models struggle to surpass simpler linear baselines for time series forecasting. Language
modeling components add minimal value (Tan et al., 2024), and linear variants (NLinear, DLinear)
outperform Transformers on long-horizon benchmarks (Zeng et al., 2023). Analyses further question
the utility of self-attention (Kim et al., 2024), show limited gains from scaling model size (Li et al.,
2025), and motivate lightweight methods such as FITS (Xu et al., 2024), RLinear (Li et al., 2023b),
OLinear (Yue et al., 2025), TimeMixer (Wang et al., 2024), and CNN-based TSLANet (Eldele et al.,
2024). Beyond forecasting, Transformers also struggle with zero-shot temporal reasoning (Merrill
et al., 2024) and anomaly detection tasks (Zhou & Yu, 2025).
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Existing theoretical explanations remain limited. Kernel-based analyses attribute Transformer failures
to asymmetric feature learning within a Neural Tangent Kernel regime (Jacot et al., 2018), but their
synthetic assumptions and lack of universal lower bounds restrict their practical applicability (Ke et al.,
2025). Similarly, recent In-Context Learning theory for linear dynamical systems provides a data-
dependent lower bound largely reflecting intrinsic noise rather than representational shortcomings
(Cole et al., 2025). In contrast, our work studies general AR(p) processes, employs distinct analytic
techniques, and explicitly identifies representational constraints of Transformers relative to classical
linear forecasters. Due to the space constraint, we leave more related work to Appendix A.

2 PRELIMINARIES

Notations. We write [n] := {1,2,...,n}. Fora € R% leta = (aj,...,aq)". For X =
[1,...,2,] € R™*™, z; € R™ is the i-th column; X; . and X, ; denote the i-th row and j-th
column; X, . and X, ..4 denote row/column submatrices. 14,04 and 1% 4, 04xq are all-ones/all-
zeros vectors and matrices; I is the d-identity. || - || denotes certain norm for a vector or matrix.
For symmetric A, B € R¥*? A = B (A = B)iff A — B is positive semidefinite (definite). For a
sequence {a;}, a; /" a means a; increases monotonically to a. For A € R™*™ and B € RP*Y, the
Kronecker product A ® B € R™P*"4 satisfies (A ® B) (i—1)ptk, (j—1)q+¢ := Aij Bre (i€[m], j€
[n], k € [p], £ € [q]). For X € RP*P symmetric, vech(X) € RP(P+1)/2 stacks the lower triangle
(including diagonal); for X € R™*" vec(X) € R™" stacks columns.

2.1 TIME SERIES

We begin by formally defining the notion of time series considered in this paper.

Definition 2.1 (Time Series). A time series is a finite sequence of random variables {x;}1-_,, indexed
by discrete time t € {1,...,T}. We write x1.7 := (1, ..., x7) for the full sequence. The process is
called multivariate if each x; € R? with d > 1, and univariate if d = 1.

In this work, we primarily focus on univariate Auto-Regressive processes, particularly the AR(p)
model, a cornerstone of classical time series analysis (Hamilton, 2020; Box et al., 2015).

Definition 2.2 (AR(p) Process (Hamilton, 2020)). A real-valued stochastic process {x;}1_, follows

an autoregressive model of order p, denoted AR(p), if there exist coefficients p1,...,p, € R and
white noise €; e N(0,02) such that for all i > 0,

P
Tiy1 = ij Ti—j+1 + Eit1;
j=1
with fixed initial values {x_p41, . .., xo}. Assuming the characteristic polynomial 1—pyz—- - -—pp, 2P
has all roots outside the unit circle, i.e. |z| > 1, to ensure weak stationarity, the process satisfies: (1)
E[z;] = 0, (2) E[22] = 0, and (3) E[z;2n11] = Ynt1—i, where vy := Elx;2:4 1] and v, == i /0.

Further classical results—including the ordinary least squares (OLS) solution for AR models, as well
as the formulation and properties of linear predictors—are deferred to Appendix D.

2.2 TRANSFORMER ARCHITECTURE

For theoretical tractability, we adopt the Linear Self-Attention (LSA), which omits Softmax and has
been widely used in prior theoretical works (Von Oswald et al., 2023; Ahn et al., 2023; Zhang et al.,
2024a; Mahankali et al., 2024; Vladymyrov et al., 2024; Gatmiry et al., 2024; Giannou et al., 2025;
Sun et al., 2025; Zhang et al., 2025), with growing empirical interest (Katharopoulos et al., 2020;
Schlag et al., 2021; Ahn et al., 2024; Dao & Gu, 2024; Yang et al., 2024).

Definition 2.3 (Linear Self-Attention (LSA)). Ler H € RUTDX(m+D) be the input matrix and
define the causal mask M = {16” 8} e RmADXm+1) "We denote the attention weights P, Q €

RADXA+Y)  Then the linear self-attention output is defined as

1
LSA(H) := H+ —PHM(H " QH) € RUFTDx(m+1),
m
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Throughout this paper, we focus on LSA-only Transformers.
Definition 2.4 (L-Layer LSA-Only Transformer). Let LSA1,...,LSAL be a sequence of L linear

self-attention layers as defined in Definition 2.3. The L-layer Transformer is defined recursively via
function composition:

TF(H) := LSAL o LSA;_ 0--- 0 LSA (H) € RUFTDx(m+1),

2.3 IN-CONTEXT TIME SERIES FORECASTING

Given a univariate sequence 1., of AR order p (Definition 2.2), we build a Hankel matrix H,, €
R(P+1)x(=p+1) (Definition 2.5) whose final column is zero-padded in its last entry as a label slot
for x,,11. Setting d = p and m = n — p, we feed H,, into the L-layer LSA-only Transformer TF
(Definition 2.4) and read the forecast directly from the label slot:

/.’E\n+1 = [TF(Hn)](p+1, n—p+1) eR.

The Hankel construction (Definition 2.5) encodes the autoregressive structure in context: identifying
an AR(p) process requires at least p lags, and each column of the Hankel matrix provides exactly this
information. Unlike raw token sequences, the Hankel layout already fixes the relative order of obser-
vations, so it implicitly carries position encoding. This both respects the time-series autoregressive
dependencies and avoids the need for additional positional embeddings that can make Transformers
harder to train. The formal justification is given in Appendix E.3.

Definition 2.5 (Hankel Matrix). For (z1,...,2,) € R™ and p < n, define

T €2 e Tp—p Tp—p+1
T2 T3 et xn7p+1 -/I:nfp+2
H, = c R(p-i—l)x(n—p-‘rl)’
Tp Tp+1 = Tn—1 Ln
Tpt1l Tppo - T 0

where each column is a sliding window of length p+1, with the last zero marking the prediction.

3 MAIN RESULTS

We organize our theoretical contributions into three parts. First, in Section 3.1 we provide a high-level
feature-space perspective: By Hankelizing the input and analyzing the induced o-algebra, we show
that one-layer linear self-attention (LSA) effectively compresses history into a restricted cubic feature
class which asymptotically collapses to the last p lags, thereby anticipating a structural disadvantage
relative to linear regression (LR). Building on this intuition, Section 3.2 establishes our core result:
for autoregressive (AR) and more generally linear stationary processes, the optimal one-layer LSA
predictor suffers a strict finite-sample excess risk over LR, quantified by a positive Schur—complement
gap that vanishes only asymptotically at an explicit 1/n rate. While stacking additional LSA layers
yields monotone improvements, LR remains the fundamental benchmark that cannot be surpassed.
Finally, Section 3.3 turns to multistep forecasting: we prove that chain-of-thought (CoT) rollout,
in stark contrast to its benefits in language tasks, compounds errors exponentially and collapses
forecasts to the mean, with LSA uniformly dominated by LR at every horizon. All formal proofs are
deferred to Appendices E, F, G and H. In contrast to prior work that mainly studies LR in ICL settings
(Ahn et al., 2023; Zhang et al., 2024a), time series settings introduce intrinsic temporal dependencies
among input variables, making the analysis substantially more complex and non-trivial.

3.1 FEATURE-SPACE VIEW

Restricted feature class. We first reparameterize P, @ in Definition 2.3 to A,b to obtain the
simplified form of the LSA prediction (Lemma E.3). Let ® = ®(H,,; A, b) denote the one-layer LSA
features induced by query—key weighting and value aggregation. The predictor admits a cubic lifting:

Lemma 3.1 (Cubic lifting for one-layer LSA). There exist coefficients {3; 1.} such that

e (A) = Z Bjrk <p§7pr))k(x1m), gpgpr)k are degree-3 monomials in {x,}.
Jirik
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Hence one-layer LSA is a linear functional over a cubic feature space ’Héps) A

Proof deferred to Appendix E. Lemma 3.1 shows that the LSA readout lives in a cubic feature space
of the raw inputs. By the Lo-projection property of conditional expectation (orthogonality onto
sub-o-algebras), we obtain Proposition 3.2: any predictor operating on ¢ cannot achieve lower
MSE than the optimal predictor operating on the full context x;.,. In short, the attention-derived
representation is informationally coarser than the raw context; adding architectural complexity does
not reveal additional predictive signal beyond the last p lags, but only reweights existing information.

Proposition 3.2 (Information monotonicity). o(®) C o(x1.,). Hence, by conditional orthogonali-
ty/Jensen,

ir}f E[(xn+1 - f($1:n))2] < igf E[($n+1 - g((I)))Q] .

Proof deferred to Appendix E. Furthermore, Proposition 3.3 formalizes the asymptotic picture:
as the number of observed contexts n — oo, the (p+1)-row Hankel design ensures access to
exactly the p relevant lags; by ergodicity, empirical Hankel Gram blocks converge to their Toeplitz
limits, cross-row correlations stabilize, and the cubic coordinates concentrate onto the last-p-lag
subspace. Consequently, one-layer LSA cannot outperform LR and can at best match it asymptotically
(Proposition E.14). See Appendix E for an optimal LSA parameter choice achieving this limit.

Proposition 3.3 (Asymptotic collapse of LSA features). As n — oo for a stable AR(p), the coordi-

nates @Spr) i (1) converge in Ly to scaled copies of {xp—p11, ...,y }. Thus the optimal one-layer

LSA readout asymptotically reduces to a linear function of the last p lags.

Takeaway 1: Attention is Not All You Need for TSF

Feature-Space. LSA operates on a strictly coarser o-algebra than the raw context; it can at best
reweight the last-p lags and cannot unlock signal beyond them. For time series with pronounced
linear structure (e.g., AR/ARMA), this is a fundamental representational limitation. This aligns
with empirical findings that simple linear models often outperform Transformers in TSF (Zeng
et al., 2023; Kim et al., 2024; Tan et al., 2024).

3.2 A STRICT FINITE-SAMPLE GAP (CORE RESULT)

In this section we rigorously establish and quantitatively characterize the fundamental representational
limitation of one-layer LSA. Our main technical device is a Kronecker-product lifting of the Hankel-
derived features: the one-layer LSA readout can be written as

~LSA ﬁT Z

T = , Z = (vech G) ® T, T:=Tp_ptinm €RP,

where G = G(z1.y,) is the Hankel Gram matrix, vech(-) denotes half-vectorization, and 7] is an
affine reparameterization of (A,b) (see Appendix F.2). This lifts the cubic dependence of LSA
into an ordinary linear regression in the lifted space. Let Z € R?% with ¢ := dim(vech G). We
further define S := E[ZZ "], 7 := E[Zz "], T}, := E[zx "], and the induced Schur complement

is A, := T, — 7' S~I7. Intuitively, A,, captures the component of the linear signal in the last p
lags that remains orthogonal to the span of lifted LSA features—namely, the exact representation
gap characterized in Theorem 3.4. Moreover, we prove in Theorem 3.4 that A,, > 0 for any
finite n, establishing a strict finite-sample gap. We then derive an explicit first-order expansion
A, = LB, + o(1/n) under Gaussianity in Theorem 3.5, and show in Theorems H.3 and H.5
and Lemma H.4 that both the strictness and the 1/n rate persist for general linear stationary processes,
with the leading constant adjusted by cumulant spectra (Appendix H).

Theorem 3.4 (Strict finite-sample gap: AR(p)). For any n > p and stable AR(p),
min E[ZL34 — 2ns1)?] > min E[(w' Zn—piim — Tns1)?] + p Anp, A, = 0.
What this says. Even after optimizing over all one-layer LSA parameters, the best-in-class LSA risk

is strictly larger than the best-in-class linear risk by the explicit quadratic form p" A,, p; the gap is
structural (positive definite), not an estimation or optimization artifact.



Under review as a conference paper at ICLR 2026

Proof Sketch. (i) Since the lifted loss is a strictly convex quadratic in 77, it has the unique minimizer
" = S~1F, p, yielding the class optimum ming £(7) = 02 4 p” A,.p. (i) Under AR(p), the optimal
linear predictor attains the Bayes one-step risk o2, so the excess risk equals p " A, p. (iii) Strictness
follows from block positive definiteness of the joint covariance

OO]-(5 1)

Specifically, we reduce the claim to showing that the (non-lifted) joint covariance of (vech G, z)
is positive definite. We prove this via an innovation-based elimination from the newest to older
indices, establishing that no nontrivial linear combination can have zero variance. Using the Schur-
complement property then yields A, > 0. All blocks admit closed forms as Hankel-Toeplitz
moments up to orders 4 and 6 (from earlier definitions of S, 7 in this section). Hence, A, is
computable from process moments; in the Gaussian case these moments follow from Isserlis’ theorem.
A warm-up AR(1) calculation is given in Appendix F.1. See Appendix F.2 for the complete proof. [

E

First-order gap rate under Gaussianity. We now quantify the finite-n excess risk in Theorem 3.4.
For zero-mean stationary Gaussian AR(p), we expand the lifted moments around their population
(rank-one) limit and evaluate the Schur complement via a singular block inverse.

Theorem 3.5 (Explicit 1/n rate: Gaussian). For Gaussian AR(p),
T N1~ 1
A, =T, - 7S, = —B, +o(1/n), B, > 0 (generically B, > 0).
n

Consequently, for any fixed ||p|| > r > 0 there exists ¢, > 0 such that

. BN . c
Iﬂll?E[(xkﬁﬁ - xn+1)2] > Hg)nE[(wanprrlm _$n+1)2] + =

Proof Sketch. The argument proceeds in two steps: (1) Moment expansions. We first expand the
lifted covariance quantities using standard tools (Isserlis’ theorem for Gaussian moments and Toeplitz
summation for time averages). This shows that the main term has a simple block-diagonal structure
determined entirely by the process autocovariances, while the finite-sample corrections appear at
order 1/n. (2) Singular block inversion. Because part of the leading block vanishes in the limit, the
inverse matrix develops a component that scales linearly with n. Applying a first-order block-inverse
expansion reveals that the excess-risk matrix A,, itself scales like 1/n, with a computable correction
term depending on the second-order moment structure of the process.

In short, the proof shows that after separating the dominant block structure and carefully controlling
the inverse, the residual term A, has an explicit 1/n-expansion governed entirely by process moments.
A complete proof is provided in Appendix F.3. O

Remark 3.6 (Why the rate is 1/n). Let u = vech(yy1). At the population limit Sa = (uu” ) @ T,
is rank-one along u. Finite n introduces ©(1/n) perturbations that regularize the orthogonal
directions, so the Schur complement T, — 7.} S;-7,, is ©(1/n). The overlap of Hankel windows is
the source of these first—order terms.

Beyond Gaussianity: strict gap and 1/n rate. We work under linear stationarity with Wold repre-
sentation z; = Y, <o VkEt—k» p_j, [¥r| < 00, and i.i.d. symmetric innovations {e,} with E[e;] = 0,
possessing finite fourth and sixth moments. Replacing Isserlis’ theorem by the moment—cumulant
formula preserves positive definiteness of the joint covariance, so the strictly positive gap still holds
(Theorem H.3); furthermore, the convergence rate remains 1/n via the non-Gaussian expansions
(Lemma H.4) culminating in the rate result (Theorem H.5).

Multi-layer LSA yields monotone improvement. Because the stacked Kronecker feature set
enlarges with depth, the optimal LSA risk is monotone nonincreasing in L by projection isotonicity
(Proposition F.18, using the Moore—Penrose formulation Equations (12) and (13) and the residual-
covariance view Lemma F.17). Moreover, if the (L+1)-st layer contributes any Ly-nonredundant
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direction—equivalently Var(Py,1 (9% @ x)) > 0 for Hy, = span{¢® @z, ..., g* "V @z} —then
the Moore—Penrose Schur complement strictly decreases (Proposition F.18), yielding

E@0 —20n)’] < omin E[@E) —wa)?].

min
{6, AOY_ {b“),A“)}sz_Ol

Remark 3.7. A potential misinterpretation is that we claim Transformers cannot solve or fit time
series at all. This is NOT the case. Rather, our result shows that Transformers cannot outperform
simple linear models beyond a certain extent. While they may be capable of solving time series tasks
to some degree, their performance does not substantially exceed that of linear models.

Takeaway 2: Strictly Positive Gap between LSA and Linear Predictor

Strictness. For any finite 7, one-layer LSA has a strict excess risk over p-lag LR equal to p" A, p
with A,, >0 (Theorem 3.4).

Rate. The gap admits an explicit 1/n expansion with PSD leading constant B,, (generically PD)
(Theorem 3.5).

Robustness. Under linear stationarity with finite moments, strictness and the 1/n rate persist;
non-Gaussianity only alters the constant via cumulants (Theorems H.3 and H.5 and Lemmas H.4
and H.6).

Depth. Stacking layers enlarges the feature span, so risk is monotone nonincreasing in L; generi-
cally it strictly improves when the new layer adds a nonredundant direction (Proposition F.18),
yet the LR baseline remains unbeatable at finite n (Equations (12) and (13)).

3.3 CHAIN-OF-THOUGHT ROLLOUT: MULTI-STEP COLLAPSE

In this section, we show that under CoT-style inference, LSA collapses to the mean with an error rate
that grows exponentially. We first define CoT in Definition 3.8.

Definition 3.8 (Chain-of-Thought (CoT) Inference). Given a time series (x1, ..., x,) and context
length p, initialize the Hankel matrix H,, € RWTD>x(n=p+1) 45 in Definition 2.5 with the last

column zero-padded. Let TF be the L-layer LSA-based Transformer in Definition 2.4. For each step
t=1,2,...,T:

1. Predict the next value: Tp 1t := [TF(Hpyt—1)](p41, n—p+t)-
2. Overwrite the zero in the last column of Hy 11 With Ty .
3. Append the column (T —pt41s - -+ Tny Tt 1y -« Tnit) | to form H, iy with last entry set to 0.

Repeating yields CoT rollouts Ty 1, . .., TniT by feeding model outputs back into the Hankel input.

Theorem 3.9 (Collapse and error compounding for CoT). Under AR(p), the Bayes h-step forecast
equals the noise-free recursive rollout of the one-step Bayes predictor. Any stable linear CoT recursion
Si41 = A(w)S; collapses exponentially to 0. For Bayes w = p,

h—1
MSE*(h) = E[(2ntn — Tpip)?] = 02 Zwi /" Var(zy), Var(zy) — MSE"(h) < lc,gi B,
k=0

Thus, even for the optimal predictor, CoT error compounds to the unconditional variance at an
exponential rate governed by the spectrum of A(p). Here 8 < 1 and C' > 0 are constants depending
only on the AR(p) process.

Proof deferred to Appendix G. Because conditional expectation is the Lo projection, for any measur-
able g = g(x1.,) (including any L-layer LSA CoT rollout) one has

E[(@ntn — 9)*] = MSE"(h) + E[(T; 4, — 9)°] > MSE"(h),
with strictness unless g = 11, as. (Equations (16) and (17)). Since one-layer LSA already has a
strict finite-sample gap at h = 1 (Theorem 3.4), equality fails generically for all A.
Corollary 3.10 (Earlier failure of LSA CoT). Define the failure horizon H.(g) := inf{h > 1 :
E[(@nyn — gn)?] > 7 Var(zy)}. Then H,(2Y54) < H,(Z*) for all T € (0, 1), with strict inequality
on a set of T of positive measure. In words: LSA CoT reaches the large-error regime no later than
(and generically earlier than) Bayes linear regression.
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Proof deferred to Appendix G. Quantitatively, Var(z;) — MSE*S4(h) < Var(z,) — MSE*(h),
so whenever the gap to variance remains positive, LSA’s CoT error approaches Var(zx;) at least
exponentially fast; if it overshoots (the left side becomes negative), Corollary 3.10 still guarantees
earlier threshold crossing. For AR(1), closed forms make the compounding explicit: MSE*(h) =
o?(1 — p") with half-life k5 = log(1/2)/log(p?).

Takeaway 3: CoT Collapse in TSF

TSF. CoT rollout forms a stable linear dynamical system that collapses to the mean and whose
error compounds exponentially to Var(x;); Bayes/LR is horizonwise optimal and LSA CoT is
uniformly dominated at each horizon (Proposition G.1, Lemma G.2, Theorem G.3, Equation (17),
and Corollary G.4).

Contrast. Notably, CoT behaves very differently in TSF compared to other domains: in language
tasks, test-time scaling shows longer inference chains improve problem solving (Li et al., 2024;
Snell et al., 2025), and CoT can help in in-context linear regression (Huang et al., 2025); in stark
contrast, in TSF, CoT leads to rapidly compounding forecast errors.

4 NUMERICAL VERIFICATION

We defer experimental details, including datasets, model configurations, and the Softmax attention vs.
LSA comparison, to Appendix C.

4.1 EVALUATION

To comprehensively assess model performance in TSF, we employ two complementary inference
modes for evaluation and visualization:

* Teacher-Forcing (TF) TSF: This method evaluates the model under idealized conditions by
providing ground-truth historical values as inputs at each time step. It is commonly used to measure
predictive accuracy and to visualize the model’s capacity to fit the true data distribution.

* Chain-of-Thought (CoT) TSF: This iterative inference approach simulates real-world deployment
by using the model’s own past predictions as inputs for future steps. It enables the evaluation of
long-horizon stability and the extent of error accumulation during rollout.

Evaluation Metrics. Let {z1,23,...,27} denote a ground-truth test time series and
{Z1,T9,...,Z7} the corresponding model predictions. We evaluate forecasting accuracy using

the Mean Squared Error (MSE): MSE := 1 ZtT:l(xt — 7). In rollouts where predictions are
generated via TF or CoT, we further compute the cumulative MSE up to step k: CumMSE(k) :=

3 Zle (x; — @;)?, k € [T). This captures how errors accumulate as inference progresses.

4.2 EXPERIMENTS

For all experiments, we adopt a common set of hyperparameters. Synthetic AR series are generated
with Gaussian noise of zero mean and standard deviation o, = 0.05 and total length 50,000, split into
training/validation/test with proportions 0.70/0.15/0.15. Models are trained on 10 RTX 2080 GPUs
for up to 100 epochs, using a batch size of 512 and the Adam optimizer with learning rate 10~3.

Teacher Forcing vs. Chain-of-Thought. We compare 50-step predictions under Teacher-Forcing
(TF) and Chain-of-Thought (CoT) rollout (Section 4.1) using a one-layer LSA with n = 8 on AR(5).
Figures 1(a—b,c—d) show trajectories and cumulative MSEs. Under TF, both LSA and OLS track the
AR(5) process, but OLS consistently yields lower MSE, indicating LSA fits yet never exceeds the
linear baseline. Under CoT rollout, errors accumulate: both methods collapse to the mean, with LSA
failing earlier, consistent with Section 3.3.

Context and Layers Scaling. We vary history length n and LSA layers L with p € {3,5,7},
averaging over 5 seeds with 95% ClIs. For context scaling, n = p + {5, 25, 50, 100, 200} with one
LSA layer; for layer scaling, L € {1,...,6} with n = 100. Figures 1(e—f) show Teacher-Forcing
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(¢) TF Cumulative MSE (e) Context Scaling
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(b) CoT Values (d) CoT Cumulative MSE (f) LSA Layer Scaling

Figure 1: Experimental results. (a—b) Predictions under Teacher-Forcing (TF) and Chain-of-Thought
(CoT). (c—d) Cumulative MSE for TF and CoT rollouts. (e—f) Scaling experiments varying the history
length and the number of LSA layers. Overall, LSA tracks AR(p) but never surpasses the OLS
baseline, confirming its representational limits.

MSE: larger n improves LSA but never closes the gap to OLS, and more layers give diminishing
gains saturating at the OLS level, consistent with Section 3.2.

5 DISCUSSION

Architectural Considerations. Beyond LSA, several components may influence Transformer
performance. The Softmax in standard attention may enhance expressivity by exponentiating inputs,
effectively expanding the representation space and approximating an infinite series to capture richer
dependencies (see experimental results in Appendix C). Given the limitations of single-head LSA,
simply aggregating multiple heads over the same data source is unlikely to improve expressivity;
however, allocating different heads to distinct modalities may offer benefits through data fusion.
Additionally, the role of feedforward MLP layers deserves closer scrutiny. Although not the focus of
our analysis, prior work (Zeng et al., 2023; Tan et al., 2024; Kim et al., 2024) suggests that MLPs
play as key contributors in time series tasks—potentially explaining the performance of LLMs in
TSF. We leave these directions to future work.

Difference Between Language and Time Series. Attention serves as a learned compression
mechanism, essential in language modeling where meaning depends on long-range, abstract depen-
dencies (Delétang et al., 2024; Sutskever, 2023; Goldblum et al., 2024; Huang et al., 2024b). In
contrast, time series with low-order dynamics (e.g., AR(p)) hinge on local, position-specific patterns,
where such compression can obscure predictive signals. Because attention applies fixed contextual
weights, it often fails to capture these direct dependencies, explaining the locality-agnostic behavior
noted in (Li et al., 2019). When compression is misaligned with the data-generating process, classical
models typically outperform attention.

6 CONCLUSION

We study the limits of Transformers in time-series forecasting via in-context learning theory. For
autoregressive (AR) processes, we prove that Linear Self-Attention (LSA) cannot beat the optimal
linear predictor, yielding a strictly positive gap in expectation. Our analysis further shows that
although LSA asymptotically recovers the linear predictor under teacher-forcing, errors compound
under Chain-of-Thought rollout, ultimately causing collapse-to-mean behavior. Experiments across
teacher-forcing, CoT, and scaling corroborate our theory: LSA matches but never exceeds the linear
baseline. These findings clarify the inherent limits of attention in time-series forecasting and highlight
the need for architectures beyond self-attention to capture temporal structure.
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LLMS USAGE STATEMENT

We disclose that LLMs were employed exclusively as auxiliary tools, limited to refining the exposition
of the manuscript for clarity and conciseness.
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Appendix

Roadmap. In Appendix A, we review related work on Transformers for time series forecasting,
in-context learning theory, and representational limitations of attention. Appendix B provides
further discussion on our perspective of TSF. In Appendix C, we include more experiment details.
Appendix D reviews classical results on time series. Appendix E analyzes the expressivity of LSA
Transformers for TSF. Appendix F establishes the finite-sample gap between LSA and linear models,
with detailed proofs. Appendix G extends our analysis to Chain-of-Thought rollout, characterizing
collapse-to-mean and error compounding. Finally, Appendix H relaxes Gaussian assumptions and
generalizes our results to linear stationary processes.

A MORE RELATED WORK

A.1 TRANSFORMERS FOR TIME SERIES FORECASTING

Early adaptations of Transformers for time series forecasting primarily modified attention mechanisms
to capture long-term dependencies efficiently. Informer introduced ProbSparse attention to mitigate
quadratic complexity (Zhou et al., 2021), while Pyraformer employed hierarchical pyramidal attention
for multi-scale modeling (Liu et al., 2022). Autoformer and FEDformer further integrated domain-
specific inductive biases, utilizing auto-correlation and frequency decomposition, respectively, to
model seasonal-trend components explicitly (Wu et al., 2021; Zhou et al., 2022). Additional variants
include locality-enhanced attention (Li et al., 2019), inverted architectures (Liu et al., 2024b),
and tokenization-based representations treating sequences as textual patches (Nie et al., 2023). A
comprehensive overview is presented in (Wen et al., 2023).

More recent studies leverage pretrained Large Language Models (LLMs) to transfer NLP-style
capabilities to forecasting tasks. Zero-shot forecasting was initially demonstrated using pretrained
LLMs without task-specific tuning (Gruver et al., 2023). Subsequent works explored specialized
prompt-based strategies (Cao et al., 2024; Pan et al., 2024), reprogramming pretrained LLMs directly
(Jin et al., 2024a), and unified, dataset-agnostic training paradigms (Woo et al., 2024; Lu et al., 2025).
Broader frameworks proposed foundational-model perspectives for time series tasks (Goswami et al.,
2024), discrete vocabulary tokenization (Ansari et al., 2024), multi-patch prediction (Bian et al.,
2024), and generalized decoder-only architectures (Das et al., 2024; Zhou et al., 2023; Liu et al.,
2024c). Recent surveys systematically summarize these emerging paradigms and highlight open
challenges and opportunities in deploying LLMs for time series analysis (Zhang et al., 2024b; Liang
et al., 2024; Liu et al., 2025; Jin et al., 2024b).

A.2 IN-CONTEXT LEARNING THEORY

Recent work theoretically interprets in-context learning (ICL) as a Transformer forward pass implicitly
performing variants of gradient descent (GD). Early studies empirically demonstrated Transformers
can closely approximate ordinary-least-squares predictors (Garg et al., 2022), while subsequent
constructive analyses showed one linear self-attention (LSA) layer corresponds exactly to one GD
step, with the global training objective implementing a preconditioned, Bayes-optimal GD step
(Von Oswald et al., 2023; Akyiirek et al., 2023; Ahn et al., 2023; Mahankali et al., 2024). Further
training-dynamics analyses establish gradient flow convergence of LSA to learn the class of linear
models (Zhang et al., 2024a), provide finite-time convergence guarantees and parameter evolution for
multi-head Softmax attention (Huang et al., 2024a; He et al., 2025), and identify phase transitions
revealing when linear-attention mimics full Transformer behaviors (Ahn et al., 2024; Zhang et al.,
2025). Extensions include multi-step GD via chain-of-thought prompting (Huang et al., 2025) and
kernelized polynomial regression through gated linear units (Sun et al., 2025). Other works establish
positive approximation guarantees for ICL in dynamical and autoregressive settings but lack universal
lower bounds or explicit representational constraints (Li et al., 2023a; Sander et al., 2024; Wu et al.,
2025; Cole et al., 2025).
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A.3 REPRESENTATIONAL LIMITATIONS OF TRANSFORMERS

Despite their success, Transformers exhibit fundamental limitations in expressivity. Pure self-attention
without MLPs suffers doubly exponential rank collapse with depth, severely constraining represen-
tational capacity (Dong et al., 2021). Self-attention cannot model periodic finite-state languages
unless the depth or number of heads scales with input length (Hahn, 2020). Complexity analyses
show that log-precision Transformers are no more powerful than TC® circuits, implying provable
failure on linear systems and context-free languages under standard complexity separations (Merrill
& Sabharwal, 2023). Communication-complexity arguments further reveal that Transformers cannot
compose functions over sufficiently large input domains (Peng et al., 2024), and their performance
is task-dependent, achieving logarithmic complexity in input size for sparse averaging tasks, but
requiring linear complexity for triple-detection (Sanford et al., 2023). (Chen et al., 2024) establish
unconditional depth—width trade-offs, proving that solving sequential L-step function composition
tasks over input of n tokens requires either (L) layers or ‘(1) hidden dimensions. Empirically,
Transformers struggle with compositional generalization (Dziri et al., 2023) and fail to outperform
RNNs in modeling Hidden Markov dynamics (Hu et al., 2024a). While chain-of-thought prompting
and positional embeddings can recover arithmetic and step-wise reasoning (Feng et al., 2023; McLeish
et al., 2024), these function as external aids, underscoring the architecture’s inherent limitations.

B MORE DISCUSSION

Other Data Distributions. Although our analysis focuses on AR processes, similar considerations
apply more broadly. The difficulty for attention arises from its misalignment in capturing input
dependencies, as seen in AR(p). We further discuss Moving Average (MA) processes and, more
generally, ARMA models in Appendix H.

Multivariate Time Series. In the case of uncorrelated multivariate time series, each dimension
evolves independently, reducing training to separate LSA models. This eliminates the opportunity
to exploit cross-variable dependencies and limits the potential of learning shared structure. Conse-
quently, pretraining on a collection of uncorrelated time series may fail to produce useful shared
representations. For the correlated case, one could impose structural assumptions on inter-variable
dependencies to enable tractable analysis. We leave the investigation of such multivariate models,
such as Vector Auto-Regression (VAR) (Hamilton, 2020), to future work.

Optimization Dynamics. While our analysis primarily addresses representational limitations of
attention mechanisms, future work could explore optimization dynamics and training difficulties of
Transformers for time series forecasting. Understanding these issues might yield complementary
insights into observed empirical shortcomings.

Real-World Complexities. Real-world forecasting tasks include many complexities not modeled
in this study, such as data randomness, intricate temporal dependencies, training instability, noisy
signals, and external factors like market sentiment (Liang et al., 2024; Liu et al., 2025). Exploring
these practical challenges could help bridge theoretical findings with real-world performance.

Architectural and Framework Varieties. Our framework intentionally abstracts away practical
components such as Rotary Position Embeddings (RoPE) (Su et al., 2024) and Mixture-of-Experts
(MoE) (Fedus et al., 2022). Future work may assess whether these enhancements alleviate the
representational limitations we identify. State Space Models like Mamba (Gu & Dao, 2024; Dao &
Gu, 2024) also present a promising alternative for time series forecasting (Wang et al., 2025). Beyond
architectural changes, generative modeling paradigms such as diffusion models (Ho et al., 2020) and
flow matching (Lipman et al., 2023) offer alternative approaches for time series (Tashiro et al., 2021;
Yuan & Qiao, 2024; Hu et al., 2024b; Liu et al., 2024a; Fan et al., 2024), potentially overcoming the
limitations of Transformer-based Next-Token Prediction objectives.

C EXPERIMENTAL DETAILS

This section provides additional details for Section 4.
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C.1 DATASET AND MODEL CONFIGURATION

Synthetic data. We generate stable AR(p) processes (Definition 2.2) by sampling coefficient
vectors (roots outside the unit circle), adding Gaussian noise, discarding a short burn-in, and retaining
a long sequence. Each sequence is split into train/validation/test segments.

From long sequences to training examples. We fix a history length n > p. For each series x1.7, a
sliding window of length n with stride 1 defines training pairs with input history x;_,,41.; and target

x¢41. Bach history is transformed into a Hankel matrix HY e Re+Dx(=p+1) (Definition 2.5),
which serves as the input to the LSA model.

Models. Our main model is an L-layer LSA-only Transformer TF (Definition 2.4) with feature
dimension d = p. We read prediction from the label slot: Z;11 = [TF(H,(f))] (pt1n_pr1) AS 2
baseline, we fit a classical AR(p) predictor by OLS on the same training series used for LSA.

Training. All windows are shuffled and batched. Models are trained with teacher forcing using
MSE loss and Adam. We sweep p, n, and L, while keeping the noise level and optimization
hyperparameters fixed. Performance is reported on the held-out test split.

C.2 SOFTMAX ATTENTION VS. LSA

Teacher-Forcing Prediction (Predict 50 Steps) Teacher-Forcing Cumulative MSE over Steps

ruth —— Linear AR (TF)
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Figure 2: Experimental results on comparison of LSA and Softmax Attention. (a-b) Predictions
under Teacher-Forcing (TF) and Chain-of-Thought (CoT). (c—d) Cumulative MSE for TF and CoT
rollouts. Overall, both LSA and Softmax Attention tracks AR(p) but never surpass the OLS baseline.
Moreover, Softmax Attention is slightly better than LSA.

Though theoretically more challenging, we could examine the experimental behavioral comparison
between Softmax attention and LSA. We define Softmax attention as follows:

Definition C.1 (Softmax Attention). Ler H € R+ pe the input matrix and define the
causal mask

— Im O (m+1)x (m+1)
M := |:O O:| cR .
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We denote the reparameterized weights P,Q € R(HDXHD)  Then the (masked) softmax attention
output is defined as
Attn(H) := PHM Softmax(H ' QH),

where the Softmax(-) is applied column-wise to ensure attention weights are normalized. Thus
Attn(H) € R(d+1)x(m+1),

We compare 1-layer LSA and softmax attention models under identical settings (Adam optimizer
and hyperparameters as in Section 4), differing only in architecture. Empirically, Softmax Attention
performs slightly better than LSA (Figure 2), which is unsurprising given the greater expressivity un-
derlying the strong performance of Transformers. However, the analytical complexity of the Softmax
operator makes theoretical understanding more challenging, and we leave a deeper investigation of
this gap to future work.

D TIME SERIES FUNDAMENTALS

We first recall classical results for stationary autoregressive (AR) processes, which form the theo-
retical backbone for our later analysis. These results connect population-level covariances to model
coefficients, show how consistent estimates can be obtained from finite data, and establish a natural
linear performance baseline.

Definition D.1 (Yule-Walker Equations (Hamilton, 2020)). Let {xi}iTzl follow a stationary AR(p)
process as in Definition 2.2. Define the Toeplitz autocovariance matrix ', € RP*P as

Yo Al o Tp—1 ga!

71 Yo o p—2 72

r,:= . . . . , Y= .
Yp—1 Vp—2 Yo Tp

Then the AR coefficient vector p := (p, . . ., pp)T satisfies the Yule—Walker system:

Lpp=1.
This moment-matching condition links the autocovariance structure to the autoregressive coefficients.

Theorem D.2 (OLS Consistency for AR(p) Estimation (Hamilton, 2020)). Let {z;}’_, be generated
by an AR(p) process as in Definition 2.2. Let p,, := (X " X)~'X Ty be the ordinary least squares
estimator obtained from

xp ‘,I:pfl “en xr1
x +1 ij cee To
— T N
Y= (Tpt1,--,2n) , X:= . :
Tp—1 Tp—2 - Tn—p
Then, as n — oo,
-~ a.s.
Pn — p-

Hence, in the large-sample limit, OLS recovers the Bayes-optimal linear predictor in mean squared
error.

Theorem D.3 (Linear Baseline under AR(p) Dynamics). Let {z;}1 ; be generated by an AR(p)

process as in Definition 2.2. Fix a context window x1., € R" with n > p. For any linear predictor

E%El = w' 1., we have

urjrel%}l E [(wal;n — an)Z] < Var(x,41),

where the expectation is over the stationary joint distribution of (x1, ..., Zn41)-

Proof. By Definition 2.2, E[z;] = 0 and the noise variance is o2. The Bayes-optimal (and hence
optimal linear) predictor is

p

~LR

LTpt1 = IE[537L+1 ‘ JCl:n] = E PiTn—j+1-
Jj=1
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Its mean squared error is
~ 2
E [(m%ﬁl - :cnﬂ) } =0 < 0?4 Var(x,,) = Var(z,41),

which is strictly below the variance baseline. O

E TRANSFORMERS EXPRESSIVITY FOR TSF

E.1 FUNDAMENTALS OF LINEAR SELF-ATTENTION

We work with Hankelized inputs for time-series forecasting. For context length p and total length
n > p, define the Hankel matrix

H = [I(l) 22 x(n*zﬂrl)} € R+ x(n—p+1)

where each 2(*) € RP*! stacks a length-p window and a (p + 1)-st label slot; we reserve the last
column z(™~P+1) a5 the prediction token (see Definition 2.5 for construction details).
Definition E.1 (Linear Self-Attention (single layer)). Ler P,Q € RWTVX®+Y) pe trainable. Define
S = H'QH e Rir—pt)x(n—ptl) M = diag(ln_p, 0) € R(n—p+1)x(n—p+1)
The one-layer LSA update is
1
LSA(H) := H + — P(HMS) € RwHDx(m=ptl) (1)
n

where M masks the prediction token to avoid self-use during the update.

The multi-layer variant is defined by composing L residual bilinear updates.
Definition E.2 (L-layer LSA Transformer). For parameters { Py, QZ}ZL:P define each layer as

1
LSA,(H) := H + - Py(HM (H"Q.H)),
and the overall L-layer LSA Transformer as

TF(H) := LSAo---oLSA;(H).

We now formalize the readout at the prediction slot for a single LSA layer, which will later serve as
the basic building block in our theoritical analysis.

Lemma E.3 (Closed-form readout of one-layer LSA on Hankel input (Ahn et al., 2023)). Following
the construction in Definition 2.5 and Definition E.1, the final column of H is the prediction token,

— T p— 1:n
gn—pt+l) — [ n g+ n:|’ Tp_pi1n € RY.

Suppose
0
P = [ be(_Zr'+1):|’ Q = [A O(P+1)><1]7

with b € RPT! and A € R®HVXP Then the prediction-slot entry satisfies
[LSA(H)] = 0" Gp AT pitin,

p+1,n—p+1
where we define the empirical Gram matrix
1«
G, = = QMO

Proof. Let S = HT QH. Since the last column of M is zero,
HM = [z% ... 2" o).
Because [H]pi1,n—p+1 =0ande) ;P =b",

1 1 <= 1 (i
[LSA(H)] pHLn—p+l — o bT(HMS)e"*P“ ~n Z bla? Sj n—p+1-
Jj=1
For j <n —p, ‘ ‘
S n—pt1 = x(])TQx(n—p-s-l) — 3;(J)TAxykaer
which gives the stated expression. O
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E.2 FUNCTION SPACE CONSTRAINTS OF LINEAR SELF-ATTENTION

In this subsection we take a function-space perspective on linear self-attention. Rather than analyzing
specific computations, we characterize the class of functions that a one-layer LSA readout can realize
on Hankelized inputs. This higher-level view makes explicit that LSA predictions are confined to a
restricted polynomial feature space, and thus—despite the nontrivial attention mechanism—cannot
achieve fundamentally lower risk than classical linear regression on AR(p) processes.

Lemma E.4 (Doob-Dynkin (Kallenberg, 2006)). Let f : Q@ — S and g : Q0 — T be measurable
mappings between measurable spaces. Then f is o(g)-measurable if and only if there exists a
measurable h : T — S such that f = h o g.

Theorem E.5 (Projection Monotonicity in L?). Let H be a Hilbert space and My C M, C H be
closed subspaces. For any Z € H, letting Py, denote the orthogonal projection onto M;, we have

12 = Pa 2| < |12 = Par, 2]

Functional form of the one-layer readout. Let H = [z(1) ... z(»=P+D] ¢ REPHDX(n=p+1) pe
the Hankel matrix from Definition 2.5. Following Definition E.1, the one-layer LSA update is
1
LSA(H) = H + — P(HM (H"QH)).
n

Following Definition 2.5, the final column of H is the prediction token,

(n—p+1) _ T n—pt+ln
. o

:| s Tp—ptln € RP.

By Lemma E.3, for suitable trainable P, @),

LSA(H)]

1«2 o
— T o i) . (0)T
plneptil b Gn AT p_piim, G, = ﬁi OMONS
i=1

Definition E.6 (LSA feature space). For j,r € [p+ 1] and k € [p), define the cubic coordinates
1

(p) .
¢j,r7k(~"31:n) = n Litj—1Titr—1Ln—ptk-
i=1

Collect them into the feature map
P (arn) = (O 1n) e nepy ER™ M= p0+ 1),

and define the linear self-attention feature space
'Hg)S)A = span{¢§f’g7k(-) s jrelp+1), ke [p]}

Since each coordinate is a finite sum of degree-3 monomials, ®®) is continuous.

Theorem E.7 (Representation of one-layer LSA readout). There exist coefficients {3, . }, depending
on the trainable parameters in P, Q, such that

p+1p+1l p
Tni1 = [LSA(H)] p+l,n—ptl Zzzﬁjmk (bg'f?,k(xlin) € HIEIDS)A'
j=1r=1k=1

Proof. By Lemma E.3, for suitable trainable P, (),
n—p ) )

= bTGnAZ‘ n—p+1:n;, Gn = % x(l)x(l)—r
i=1

[LSA(H)] p+1,n—p+1

Expanding the product gives

p+1lp+1l p

bTGnAxn—p—&-l:n = ZZ Z(bjAr,k> ng’pr))k(xl:n))

j=1r=1k=1

where we define 3; .1, := b; A, ;. This matches the claimed representation. O
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Theorem E.8 (Risk monotonicity under LSA features). Lef (x1.y,, Tpnt1) be jointly defined random
variables. Under squared loss,

. 2 . 2
n}f E {(Janrl — f(xln)) } < 1rg1f E {(:cnﬂ - g(q)(P)(xl:n))) } .
Equality holds if and only if x,, 11 1L x1., | o) (T1.n)-

Proof. By optimality of conditional expectations, the minimizers are E[x,, 1 | ©1.,] and E[zy,41 |
®®)(z1.,)]. Since &) is a deterministic function of z.,, Doob—Dynkin (Lemma E.4) gives
J(CD(”) (71.n)) € o(21.n). Conditional expectation is the L? projection, so Theorem E.5 yields the
inequality; the equality condition is standard. O

Theorem E.9 (Single-layer LSA cannot beat the linear predictor under AR(p)). Suppose {x} follows
a stationary AR(p) process with context x1., and n > p. Let 551;% denote any one-layer LSA readout
as in Theorem E.7. Then

. ~ 2 . 2
inf E {(x{fﬁ — 93n+1) } > wlélﬂgnﬂﬂ [(walm — $n+1) } .
Proof. By Theorem E.7, a?lfﬁ} is a measurable function of ®()(z1.,,), hence its best risk is at least

that of the Bayes predictor given ®()(z1.,,); Theorem E.8 then lower-bounds this by the Bayes risk
given x1.,. Under AR(p), E[xy 41 | 1.0 is linear in 1., so the Bayes risk equals the optimal linear
risk. Hence the claim. O

E.3 NESTED TRANSFORMER FEATURE SPACES AND RISK MONOTONICITY IN TIME SERIES
PREDICTION

We take a function-space perspective: with Hankel inputs and a masked label slot, the one-layer LSA
readout operates in a restricted feature class. As the sequence length grows, these features collapse to
scaled copies of the last p lags, which clarifies both our Hankel design (p+1 rows) and why one-layer
LSA cannot fundamentally beat linear regression on AR(p).

Setup. Throughout this subsection we work under the AR(p) model in Definition 2.2, the Hankel
construction in Definition 2.5, the one-layer LSA update in Definition E.1, and the cubic coordinates
in Definition E.6. Let M be the mask from Definition E.1.

Theorem E.10 (Ergodic Theorem, Birkhoff (Kallenberg, 2006)). Let & be a random element in a
measurable space S with distribution u, and let T : S — S be a p-preserving transformation with
invariant o-field Z. Then for any measurable function f > 0 on S, we have

LS srve = Elp©) |2
k=0

where the convergence is almost surely.
Lemma E.11 (Asymptotic feature collapse). Define the normalized masked Hankel Gram

G, = EHMHT.
n

Then, entrywise, G, <= Lpy1, where [Ty i1]ij = v)i—j) and vy, = Elz2444). Moreover, for the

cubic coordinates ¢5p7) i in Definition E.6,

(by’)r)’k(xln) ﬂ> Vi—r| Tn—p+k, j,’f‘ S [p+1], ke [p]
Hence,
span{@ﬁz’k(ajlm)} L2 span{T,_pi1,-- ., Tnl-

Proof. Each entry of G, is a time average of x;1,_12;15—1; by Birkhoff’s ergodic theorem (Theo-
rem E.10), G,, — I',41 almost surely. For qbg.p 2 x> factor out x ,,_,4 1 and apply the same theorem to

1
7 i Titj—1T ir—1- O

25



Under review as a conference paper at ICLR 2026

Corollary E.12 (Nested spaces). Let ﬁips) A =span{Zn_pi1,...,2n}. Then 7-l£ps) A C ﬁ%&l) for
all p.

Theorem E.13 (Risk plateau on AR(p)). Under AR(p), the Bayes predictor is linear in the last p lags:
Tpal = Z§:1 Pi% n—j+1 + ent1 with Elen11 | ®1.,] = 0. By Lemma E.11 and Corollary E.12,
any one-layer LSA based on Hankel features operates (as n — 00) on span{=,_p41,...,Tn}.
Therefore, the minimal achievable MSE equals the linear Bayes risk o2 and does not decrease for
q=p:
irfle {(azn_,_l — f(LSA features of order q))*| = o2, Yq>p.

Proposition E.14 (Asymptotic exact recovery: a constructive parameter choice). Let the one-layer
readout at the prediction slot be written as in Lemma E.3:

[LSA(H)] p+1, n—p+1 = bTGnA Tn—pt+ln,

with b € RPH! and A € RPHUXP Define

Jl“;1

b* = (0,...,0,1)" € RPHL, A* = {
lep

1
:l c R(p+ )Xp’
where J € RP*P s the anti-diagonal permutation (reversal) matrix and Iy, is the p X p autocovariance
Toeplitz matrix. Then, as n — 00,
T a.s. T
b* GnA* xn7p+1:n — P xnprrl:n»

i.e., the one-layer LSA readout exactly recovers the Bayes-optimal linear predictor in the limit.

Proof. By Lemma E.11, G,, — T'p41. Since b* 'Tp i1 = [, - - -, 71, Y0), We get
Vo A" = [y, ]I = [yl T = ol

using the Yule-Walker relation p = I') 'y with y = (71, .. ) T O
Why exactly p+1 Hankel rows. The first p rows are necessary to capture the true p lags of the
AR(p) process, while the (p+1)-st row serves as the masked prediction slot. With fewer than p+1

rows, the model cannot access all p relevant lags. With more than p+1 rows, the extra rows are
asymptotically redundant, since the optimal predictor ultimately depends only on the last p lags.
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F CLOSED-FORM GAP CHARACTERIZATION BETWEEN LSA AND LINEAR
MODELS

F.1 WARM UP VIA AR(1)

Warm-up, not global optimum. Motivated by the asymptotic constructive choice in Proposition E.14
(where b has the last entry 1 and the last row of A is 0), we study the univariate AR(1) case and
restrict (b, A) to the one-dimensional ray induced by that limiting structure. This gives a computable
warm start that illustrates how Isserlis’ theorem (Theorem F.3) enters the calculation; it is not the
global optimum over all (b, A), but it tends to linear regression as n — oc.

Proposition F.1 (AR(1) warm start along the asymptotic ray). Let {x;} be the stationary Gaussian
AR(1) process of Definition 2.2:

Tt = PTt—1 +€t7 |p| < 1a €t 1}\(} N(O,U?),

and set 02 := 02 /(1 — p?) = var(z;). For context p = 1 and n > 3, let H,, be the Hankel matrix
(Definition 2.5) with mask M = diag(I,,—1,0) and define the normalized Gram

1 1= x2 T,
G, :=—H,MH, = - : v
|

2
n i—1 Tili+1 Tiyq

Let Sy, := 1 S°" " Va0, Restrict (b, A) to

0 «
Bl e

so the one-layer LSA readout at the prediction slot is
Un(a) = (bTGnA) Ty =Sy, Ty
Consider the surrogate loss against the AR(1) linear term:

L(a) = E[(Hn(a) = prn)?] = Ela7,(aSn — p)*] = o D = 20pN, + p*0”.

Define the geometric sums (form > 1)

m 2 1— me) m p2(1 _ (m + 1)p2m + mp2(7n+1))
K= 2= P00 g S ,

Then, with Ty, := Cov(xy, 244 %) = o2pl¥l,

9 ot 2
N, := E[z25,] = —[(n— 1)p + 7K,H}, )
n p
2 @2 o 2
D, :=Ela2S2] = % [(n D+ (n—1)+ (4n—1) - 2)K,_,
+(4n—1)+2) Ky o +8H, 1 + 4Hn,2} . 3)
Consequently the unique minimizer along this ray and its value are
N, 2N
* pDn , moinﬁ(a):p2027pDnn.
Equivalently,
2 A72
moin E[(ﬂfﬁ —ny1)?] =02+ pP0? — /’Din’
and, by the law of large numbers and dominated convergence,
1
at —— —, min £(a) — 0,
n—oo g [0} n—oo

i.e., this warm start tends to the linear-regression limit.
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Proof. Step 1: N,,—pairwise expansion (4th order).

1 n—1
n i=1

For the zero-mean Gaussian quadruple (z,, T, Z;, ;11 ), by Isserlis (Theorem F.3) the three pairings
give
(J?n, l‘n)(l‘i, xi+1) = F0F1 = 0'4[)7
(T, 23) (Tn, Tiv1) = Ty ilp_iq = otp?n=2-1
(Tp,Tig1)(@p, ) = Ty 1D,y = otp?n=2i- 1

Hence E[z2z;x;41] = 0*(p + 2p*"~2"1), and summing over i yields (2).

Step 2: D,,—pairwise expansion (6th order).

n—1ln—1

D, = n2 E E E[2? 2; i1 5T 41]

=1 j=1
splits into diagonal (¢ = j) and off-diagonal (¢ < j7) parts.
Diagonal i = j. With X :=x,,, Y :=z;, Z :=x;41,
E[X?Y?2Z% =T} + 2I'% YFO +2I% T + 2% ;T + 8T xyTxzly 2.

Substltutmg Iy = 02, IT'xy = 02p" %, I'xz = o2p" 1, T'yy = 02p and summing over
i=1,...,n—1gives the diagonal Contrlbution
n—2 n—1
o ((n—1)+2p2(n—1)+2 DIV AESUNY p2k) = 4% ((n—1)+2p2(n—1)+2Kn,2+10Kn,1).
k=1 k=1

Off-diagonal i < j. LetY) := x;, Yo 1= xj41, Z1 := x5, Z2 := x;41. Grouping the 15 pairings by
how the two copies of x,, are paired gives the per—(4, j) contributions listed below (the factor “x2”
indicates the symmetric counterpart):

(wnﬂxn)(yla}/é)(zl,ZQ) = UGpQ ‘
(xnuxn)(}/l721)(}/27z2) = 2(-7_1)
(n, 2n) (Y1, Z2) (Y2, Z1) = 6p2(j_i)
{(xnﬂ Yl)? (l'na )/2)}7 (Zlv ZQ) (X2) = 20.6p2(n7i‘)
{(@n, Z1), (xn, Z2)}, (Y1,Y2) (x2) = 206p2(”_])
{(33n7Y1)» (xnazl)}7 (Yz,Z2) (><2) = 206/)2(”_1?
{(xna }/1)7 (l‘n, ZQ)}, (5/2, Zl) (X2) = 20’6p2(n_1)
{20, Ya), (zn, Z1)}, (Y1, Z2) (x2) = 20%p2(n=i=1)
{(zn,Y2), (xn, Z2)}, (Y1, 21) (X2) = 206p2("*’*1)
Summing over 1 < i < j < n — 1 and reindexing,
> Eldemiazia]
1<i<j<n—1
n—1
-1
:06((n2 ) +22 n—l—]{:)p2k—|—62 n—1-—1i)pr=9
=1

+4Z 2(n 1— z)+2z 2k>

1
- 0—6((” 5 )p2 (20— 8)Kp_y +AH, 1 +2(n— 1) Kp_s + QHH,Q).
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Finally, we obtain the final expression of D,

n—1ln—1

1
§ § : 2
Dn = ﬁ E[{Enxixi+1.%'j$j+ﬂ
i=1 j=1
1 2
— § 2 E 2
= ﬁ E[l’n.’ﬂil’i+1$j1'j+1] + ﬁ E[xn:ciaci+1wjxj+1]
1<i=j<n—1 1<i<j<n—1
0_6

-5 ((n 1) +20%(n — 1) + 2Kp_s + 10K,H)

206 1 /n— 1
+ ;((” ) )p2 4 (20— 8) K1 + AHp_1 +2(n — 1) Kp_s + 2Hn,2).

B

=5 [(n —Dnp?+ (n— 1)+ (4 —1) = 2) Kpoy + (4(n — 1) +2) Kn_g + 8Hy1 + 4Hn,2} :
Adding the diagonal part and multiplying by 1/n? yields (3).

Step 3: Limit and conclusion. Since D,, > 0, L is strictly convex, so the minimizer and value follow.
As S,, — E[zyx441] = po? almost surely and 22 is integrable, a* — 1/0? and min, £(a) — 0. O

Remark F.2 (Warm start vs. global optimum). The optimization above is restricted to the asymptotic
ray b = [0,1]7, A = [a,0]". It serves as a computational warm-up to practice Isserlis-based
moment calculations and to quantify the finite-sample gap. The global optimum over all (b, A) may
differ, but this warm start already converges to the linear-regression limit as n — o0.

AUXILIARY LEMMAS USED IN APPENDIX F.1

Theorem F.3 (Isserlis’ Theorem (Wick’s Formula) (Isserlis, 1918)). Let (X1,...,X,) be a zero-
mean multivariate normal random vector.

* Ifnisodd, ie., n =2m + 1, then
E[X1 X5 Xom41] = 0.

e Ifniseven, i.e., n = 2m, then
EX1Xa- Xom] = > ] EIX:X],
PEPn {i,j}E€D

where P, denotes the set of all possible pairwise partitions (perfect matchings) of
{1,2,...,2m}.

F.2 A FINITE-SAMPLE OPTIMALITY GAP FOR ONE-LAYER LSA

Goal. We prove that for any fixed sample size n, the best one-layer LSA readout on Hankel inputs
cannot match linear regression on the last p lags. The argument rewrites the readout as a quadratic
form in a Kronecker-lifted feature, solves the induced convex problem in closed form, and identifies
a strictly positive Schur—complement gap. In other words, this section provides the first rigorous
separation between LSA and linear regression: the gap is not an artifact of optimization, but a
structural property of the linear self attention.

Setup (recalled). Let {x;} be a zero-mean stationary AR(p) process as in Definition 2.2. For n > p,
let H,, be the Hankel matrix from Definition 2.5 and put

1 1N )
G = LHMET = 13 0007 ¢ ROV 0 ding(T, 0.
n n
Denote the prediction window z := 2 ,,_p41., € RP and y := 2,11 = p' @ + €11 With E[e,,11] =
0,E[e2,,] =c2ande,11 L (G, ). Given parameters b € RP! and A € R(P+D*P_ the one-layer
LSA readout at the prediction slot is

Tny1(b,A) = bTGAz. “
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Kronecker reparameterization. Let D, ; be the (p+1)-dimensional duplication matrix so that
vec(@) = D11 vech(@). Using vec(AX B) = (BT ® A) vec(X) and the mixed—product rule,

z" (ATGb) = ((vech G)TD;H @z') (bevec(A")) = ((vechG)" @z ") 7,

where

7= (D;_H ®1I,) (b@vec(AT)) € R, q:= 7(”“)2(”*2).

Introduce the lifted feature and its moments

Z:=(vechG)@z eR®, ~ S:=E[zZ'], 7F:=E[Zz'], T,:=E[zz'].

Then the mean—squared error decomposes as a strictly convex quadratic in 7:
‘C(b7 A) =E [(-/fn-l-l (b7 A) - y)ﬂ
=024+ p Top+7' SH—27"7p. 5)
Two technical facts we will establish and use.

(F1) The block second-moment matrix

()

Equivalently, S+ 0 and the Schur complement I'), — 71 )

T .—F
a »

= < 5T ) is strictly positive definite.

(F2) The unconstrained minimizer of (5) is 7* = e p with minimum value
Lonin =02+ p'Tpp — p 7S p.
Because the original parameters (b, A) satisfy the rank-one Kronecker constraint 77 =

(D;_l ® I,)(b @ vec(AT)), their achievable risk is no smaller than L.

The core of the proof is thus (F1); (F2) is elementary convex optimization once (F1) holds.

STEP 1: STRICT POSITIVE DEFINITENESS OF A BASIC BLOCK

We begin by showing that the basic statistics at time n already enjoy strict nondegeneracy.

Lemma F.4 (Strict covariance of (vech G, z)). Let g := vechG € R? and © := & ,—_p41.:n € RP.
Then the covariance matrix
Cov([g",z"]") = 0.

Proof. Write Zy := | gT, xT ]T and suppose, for contradiction, that there exists a nonzero vector v
with Var(v" Zy) = 0. We will force all coordinates of v to be zero by an innovation-by-innovation
elimination. Let F; := o(es : s < t). Proceed by traversing the rearranged vector Z; as shown
below, in a row—wise from bottom to top, eliminating coefficients accordingly.

- n—p .
2
2%
m=1
n—p n—p
2
TmTm+1 Lim+1 Ln—p+1
m=1 m=1
~ n—p n—p n—p
Z(): 2
TmTm+4-2 Tm+1Tm+42 Timi2 T n—p+2
m=1 m=1 m=1
n—p n—p n—p n—p
2
E TmTm-+p E Tm+1Tm+p E Tm+2Tm+p " E Lin4p Ln
L m=1 m=1 m=1 m=1 -
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Bottom block (involving x.,,). The last row of the Hankel Gram contributes, among others, the terms
Yo @r,and Yo 2y, 1 &y, Whose final summands are 2 and 2, _12,,. Collecting the
coefficients in v that multiply {22, 2,,—1Zp, ..., Tn_pTn, Tp}, We can write

’UTZO = (terms F,,_1-measurable) + (uTxn_pm_l +ax, + c) Ty,
for some reals a,c and a vector u € RP determined by v. Since x,, = pTxn_p;n—l + &, with
€n L Fn—1 and €, independent of all earlier innovations, the conditional variance is

Var(vTZo | ]-'n_l) = Var((uTacn_p;n_l +c)en, +ae? ‘ fn_l).

If a # 0 on a set of positive probability and &,, has finite fourth moment (true e.g. for Gaussian
innovations), then this conditional variance is > 0 on that set; hence Var(vTZo) > (), a contradiction.
Thus @ = 0 a.s. With a = 0, the conditional variance reduces to Var((uTxnfp;nA + c)ep, |
Fn-1) = (0" Tn—pim—1 + ¢)?02, forcing u' &, _p.p—1 + ¢ = 0 a.s. By Lemma F.10, this implies
u = 0 and ¢ = 0. Hence all coefficients of v that touch x,, vanish.

Induction upward. Assume we have eliminated all coefficients attached to x,,, x,—1, ..., Zn—r4+1 and
to every Gram entry that involves these variables (this means we have removed the last r block-rows
of the lower-triangular tableau of the sums defining g). Focus on the remaining first time that appears,
Zy—r. Exactly the same conditioning on F,,_,_1, Writing x,,_, = QSTxn,r,p:n,r,l + €p_r, Shows
that the coefficient of 22 . must be 0, and then the linear coefficient of x,_,. must be 0. By
Lemma F.10 again, all coefficients in v that touch x,,_,. vanish.

Proceeding for r = 1, ..., p removes all entries of v associated with = and with the last p block-rows
of g. Finally, the block that involves no recent z’s also collapses by the same argument (conditioning
on JF; at the appropriate times). We conclude v = 0, contradicting the assumption. Therefore
COV(Z()) = 0. O

Lemma F.5 (Two linear—algebra tools). (i) If ¥ = @gi ggg) € Rm+n)x(m+n) s positive

definite, then the Schur complement ¥ 4 4 — EABZ;BZBA > 0. (ii) If X is square—integrable with
Cov(X) = 0 then, for every nonzero v, Var(v' X) > 0.

Proof. (i) is standard; see, e.g., any matrix analysis text. (ii) is immediate from v " Cov(X)v =
Var(v' X). O

STEP 2: LIFTING TO THE KRONECKER LEVEL

We now show that the lift Z = (vech G) ® x is also strictly nondegenerate in the block sense.
Lemma F.6 (Strict PD of the Kronecker-lifted block). With g := vechG, z := x,_pi1.n, and

Z:=g®uz,
® _ g T —F Z Z
> = | = v N

Proof. Take any (u,w) # (0,0) with u € R?%, w € RP, and reshape v into a matrix U € R?*? so
that w = vec(U). Consider the scalar

> 0.

P q
Y = uw' Z+w'z = sz(ws+ZUgsgg) = IT(w+Ug).
s=1 =1

Condition on z. Using the tower property,
Var(Y) = E[Var(Y | z)] + Var(E[Y | 2]) > E[Var(z' (Ug) | z)].
Given z, x is a deterministic vector and g is still random. Hence
Var(z" (Ug) | z) =" U Cov(g |z)U"x.
By Lemma F.4 and the Schur—complement Lemma F.5(i),
Cov(g | z) = Cov(g) — Cov(g,z) T, " Cov(z,g) > 0.
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Therefore, for any U # 0, 2"U Cov(g | ) Uz > 0 on a set of positive probability (because
I', > 0 and z is non-degenerate); taking expectations yields Var(Y") > 0. If instead U = 0 then

u=0andY = w'z; since I') > 0, Lemma F.5(ii) implies Var(Y") > 0 unless w = 0. Thus no
nonzero (u, w) can make Var(Y') = 0, which proves £ = 0. O

STEP 3: THE GAP VIA A SCHUR COMPLEMENT

We are ready to state and prove the main result.

Theorem F.7 (Finite-sample optimality gap of one-layer LSA). Let the setup above hold. Define
A =T, - FrSTIF.

Then

min E[(Znt1(b, A) —2n41)?] > 02 + p'Ap, A = 0.

Equivalently,

min E[(Znt1(b, A) — 2n41)?] > min E[(w' 2 — 2,41)%] + p" Ap,

so one-layer LSA has a strictly positive excess risk over linear regression for any finite n.

Proof. By LemmaF.6, S - 0 and its Schur complement in ©% is r,—7" S—17 » 0. Minimizing (5)
over 7] gives 7" = S™17 p and

min £ = o2 +p'Tpp — p TS p = o2+ pT Ap.
7

Because (b, A) can realize only the rank—one Kronecker set of 77, min; 4 £ > ming £, proving the
bound. Strict positivity of the excess term follows from A > 0. O

Remark F.8 (Population limit and order of limits). If G is replaced by the population covariance
Tpt1, then g = vech(T'p41) is deterministic. Writing u := g,

S=(uu")®T,, F=u®l, = 7 S*F=T,,

so A = 0 and the gap vanishes. For finite n, S is strictly PD and A > 0; taking n — oo before
inverting collapses the gap, illustrating an order-of-limits effect. As shown in Proposition E.14,
in the asymptotic regime we can indeed prove that the one-layer LSA readout exactly recovers the
Bayes-optimal linear predictor in the limit.

Theorem F.9 (Uniform excess-risk over a parameter family). Fix0 < r < Rand R := {p € RP :
r < |pll2 < R}. Set Amin 1= inf yer Amin(A(p)). Then, uniformly for all p € R,

Il?gl E[(’:Enﬂ(b, A) — an)Q] > O'? + Apmin 72

Proof. By Theorem F.7, the excess is pT A(p)p with A(p) = 0 for each p. Continuity of p — A(p)
and compactness of R = {p : © < [p|l < R}, the Extreme Value Theorem (Theorem F.11)
ensures that Ay, (A(p)) attains a strictly positive minimum on R. Hence p" A(p)p > Aminllp||3 >
)\min’f‘z.

AUXILIARY LEMMAS USED IN APPENDIX F.2

Lemma F.10 (No non-trivial zero-variance combination of consecutive samples). For any integers 1
and k > 1 and any coefficients cy, . . . , c,

k
Y::g Cjil?i-i-j—l:()a.s. = c=--=c¢ =0
Jj=1
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Proof. Let Fijp—o =0 : t < i+ k—2). Write @451 = ¢ Tisr—2:—1 + Eiph—1 With
€ith—1 L ]:i-i-k—2~ Conditioning,

Var(Y | Fiyn_2) = ci Var(eirr_1) = cioZ.
IfY = 0as., then Var(Y | Fi1x—2) = 0 a.s., hence ¢ = 0. Iterate backwards on k to conclude
cp=---=c=0. O]

Theorem F.11 (Extreme Value Theorem (Rudin, 2021)). Let K C R™ be a nonempty compact set,
and let f : K — R be continuous. Then f is bounded on K, and there exist points Xy, Tmax € K
such that

f(@min) = inf f(z), f(@max) = sup f(z).

reK zeK

F.3 ORDER OF THE FINITE-SAMPLE GAP

Goal. We quantify the finite—sample excess risk in Theorem F.7 and show it decays at rate 1/n. The
proof expands the lifted second moments to first order around their population (rank-one) limit and
evaluates the Schur complement via a singular block inverse.

Setup (recalled). Let {x;} be a zero-mean stationary Gaussian AR(p) process as in Defini-
tion 2.2, with absolutely summable autocovariances ), ., |vn| < co. For n > p, let H,, =

[z ... 2("=P+1D)] be the Hankel matrix from Definition 2.5, mask M = diag(I,_,,0), and

n—p
e =g oupr =1t S almgmT g RE+DX (),
n "oon =
Letz := 2, pi1m € RP,Tppy = Efz™z(™T| T := E[zz "], and u := vech(T',41) € R? with

_ (p+1)(p+2)

5 . Define the lifted moments

S, = ]E[(vec G, ® x)(vecG,, ® a?)T], Ty = E[(vec Gp®x) xT],
and their half-vectorized versions

S, = E[(vech G, ® z)(vechG, @ )|, 7, :=E[(vechG, ®@z)z"].

Lemma F.12 (First-order expansions of §n and 7). Let L,+1 be the elimination matrix with
vech(A) = L,41 vec(A) for symmetric A. Then, as n — oo with p fixed,

1 (v
Sp = (vecTpp1)(vecT,1)T @ T, + ﬁcg ) 4 o(1/n), (6)
1
rn = (vecTpi1) @) + EC£Vec) + o(1/n), (7

(vec)

for deterministic Cg, C,(-VCC) depending only on {~p}, p. Consequently
~ 1 . 1
Sn:(uuT)®FP+ECs+0(1/n), rn:u@)l“p—l—;cr—&—o(l/n),

with Cs = (Lp+1 ® Ip)cévec) (Lpt1 ® 1,)" and C, = (Lpi1 @ Ip)C'T(avec). Moreover; for any
orthonormal Q = [u/||ul|, Q1] and P := Q ® I, writing ¢ := ||ul|?,

& ._ptap_lclp 0  1]Cyy BT
Sp =P SnP—[O 0]—1—” B C +o(1/n),

e [T 1
Tni=P'T, = [ 0 + ~la +o(1/n), 8)
where [Cél BCT] =PTCsPand ] = P'C,.
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Proof. Stationarity gives (I'p41);; = vj—; and (I'p)st = v, forindices ¢, j, k, £ € {1,...,p+ 1}
and s,t € {1,...,p}. All variables are jointly Gaussian with zero mean; Isserlis’ theorem is used
throughout.

Computation of r,. By linearity and G,, = L Y7 z(m) g (m), T

m=1

3\'—‘

Ty = Z E[Gij zszi] (e ® €; ® es)e;r, E[Gi; zsz4]

(VIR

n—p
S E™e 0 2],
m=1

with xl(»m) = Tinti-1. Let @ = Tppii1,b = Tij—1,C = Tp_pis, d = Tp_piy. Isserlis yields
Elabcd] = Elab]Eed] + Elac]E[bd] + Elad]E[bc]

= Yj=i(Tp)st + Vn—pts)—(m+i=1) Vn—p+t)—(m+j—1)
+ Y(n—p+t)—(m+i—1) V(n—p+s)—(m+j—1)-
Withk:=n—p—-m+1€{l,...,n—p},
E[xﬁm)xﬁm)msxt] =Yj—i(Tp)st + Vhtrs—i Vhrt—j + Vhrt—i Vhts—j-

Summing over m,

n—p

1 _
E[G;j xsx] = Yi—i(Tp)st E ; Vit s—iVh-tt—j + Vett—iVhts—j)-

The first term equals v;_;(I'p)ss + =2v;—i(Ip)se.  Since ), |yn| < oo, the partial sums
Zz;f Yk+aVk+b are uniformly bounded for fixed a, b, and hence

n—p

1
" Z (’Yk+s—i’7k+t—j + ’Yk+t—i7k+s—j) = n g)st +o(1/n),
k=1
where
o0
E;?st : Z (’Yk+s—i7k-+t—j + ’Yk+t—wk+s—j)
k=1

converges absolutely. Note that

Z’YJ i St€]®€l®€s>—r

%,7,8,t

=3 (Tpr1)ij(Tp)stle; @ ) @ (ese])

1,358t

= Z(Fp+1)i'je'j Qe ® (Z(Fp)stesetT)

i, s,t

= vee(Tpi1) © T,

Therefore

1 r

= (vecTpi1) @ T, + - Z ( —pvi—i(Tp)st + ng}g) (ej ®e; ®eg)e) +o(1/n),
1,7,8,t
which is (7) with C{"*®) defined by the bracketed coefficients.
Computation of Sy,. By definition,
S, = Z ZE[GijGstxt] ((ej ®e; @es) (60 @ e @ et)T),
0,5,k € st

where

E[Giijgxsmt] = ﬁ
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Leta = Zm4i—1,0 = Tm4j—1, € = T/ 4k—1, & = T/ 44—1, € = Tp—pts, | = Tn_p¢. Isserlis for
six variables decomposes into the term E[e f]E[abcd] and the 12 cross pairings where e and/or f pair
with {a, b, ¢, d}. For the four-variable factor,

Elabed] = vj—i Yo—k + Yimi—1)—(m’+k—1) V(m+j—1)—(m'+£—1)
t Y(mti-1)—(m/+-1) V(m+j—1)—(m/+k—1)-
Let h = m — m/. Then
Elabed] = vj—i Yo—k + Yiek+h Vi—t+h + Vietth Vik+h-
Averaging over m, m/,

1 (n—p)?
n2 Z Elabed] =vj—ive-r + (1 = T)%‘—ﬂe—k
m,m’
n—p—1
n—p-—|h
+ Z TH (’Yi—k+h’Yj—e+h + ’Yi—e+h,’Yj_k+h).
h=—(n—p-1)
Because (n—p = [H)/n* = (1)) (1 = b/ ) - 252 and 5, o] <
0) S,0
nz Z labed] = 7yj—i Ve kJF E_] MJFO(l/”) ng,ke) :Z (%‘—k+h,’yj_e+h+'yi_g+wj_k+h).
m, m/’ hGZ

Multiplication by (I',)s gives the leading block ~j_;ve—k (I'p)st» Which matches
(vecTpi1) (vecTpi1) " ®T, entrywise.
Each cross pairing contributes a product of three covariances with at most linear dependence on
m, m’. For instance, the pairing {e, a}, {f, b}, {c, d} yields

Y(n—p+s)—(m+i—1) V(n—p+t)—(m+j—1) V(m'+k—1)—(m/+£—1) = Vs—i+k Vt—j+k Vi—k;
after setting k = n—p—m-+1. Summing over m, m’ produces + (>}~ Yo itk Ve—jtk ) Ve—k» Which
equals % times a finite constant plus o(1/n) by absolute summability through Toeplitz summation
(see Lemma F.16). Enumerating all 12 cross pairings and collecting like terms gives the absolutely
convergent series

o0
S,1
CEJ k/) st Z ['7871'+q7t7j+q Ye—k + Vs—itqVi—k Vi—t+q T Vs—itqVe—t Vj—k+q

g=1

T Vs—j+qVi—itq Ve—k T Vs—jtqVe—k Yi—t+q + Vs—j+qVi—t %‘—k+q}

o
+ Z [%—i+q%—j+q Ve—k T Vi—itqVs—k Vi—ttq T Vi—itqVs—t Vj—k+q
qg=1
+ Ve—jtqVs—itq Ve—k T Vt—j+qVs—k Vi—t+q T Vi—j+qVs—t 7i—k+q} .

Boundary corrections of order 1/n proportional to ; —;v¢—k(I'p) s+ are absorbed into the final constant.
Consequently,

]E[Giijg Ismt} = ’yj_ifw_k(r )st + — ( ff;?g) (F )st + Cgfké st) + 0(1/n)

Substituting into the tensor expansion of S,, yields (6) with

Vi S, S,
5 = 3 3 (e + i) (@ esen) (cewen@en)).
1,5,k 0 85t

Passing to vech. Since vech(A) = Ly y;vec(A) for symmetric A, it follows that
§n = (Lp+1 ® Ip) Sn (Lp41 ® Ip)—rv Tn = (Lpt1 @ Ip) Tn,

which, together with (6)—(7), gives the stated expansions with S, = (uuT) @Tpandreo =u®T,
and with the indicated Cg, C,.. Finally, for any orthonormal @ = [u/||u||, Q1] and P = Q ® I,,, the

block forms for §n =PTS,Pand7, = PT7, follow by inserting the expansions and collecting the
top/orthogonal components; the leading block equals diag(cT',,0) and the 1/n blocks are those of

PTCgP and P C,. Dominated convergence (using |y,| < C3!"!) justifies all o(1/n) remainde [
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Lemma F.13 (Singular block inverse and first-order Schur complement). In the basis of Lemma F.12,

let
PN Ay 0] , 1[4, BT S |r L1
S, = [00 0} + - {Bl C] +o(l/n), T, = {(ﬂ + - M + o(1/n),
with Ag = ¢TI, = 0 and ro = ||u||Tp. Then, for all large n,
~ 1
P S T =Tyt [ 11+ 1BTCT B = 2 BT+ dT O+ 2y Sym(9)] +o(1/n),

Tull

where Sym(M) = (M + MT). Equivalently, in the original coordinates,

e~ 1
’/’;LFS,;LI”” :Fp+ﬁ8p+0(1/n)7
By:=—tAi+1BTCTB— BT d+d CT d+ 2y Sym(6).  (9)

flwll

Proof. Write the block decomposition of §n from Lemma F.12 as
~ T
Sp = [é ED } , A=A+ %Al +o(l/n), E= %B +o(l/n), D= %C’ + o(1/n),
with Ag = cI',, > 0. For large n, D > 0, and the block inverse formula gives
ATV 4+ AT'E(D-ETAT'E)'ETA™! —A'E(D-ETA'E)~!
—(D—-ETA'E)"IETA! (D—-ETA7'E)~!
Since A~ = Ay — LA A1 AT +o(1/n) and ETATYE = L BTAS B + o(1/n?),
D—ETAT'E=1C+o(1/n), (D-ETAT'E)"' =nC ! +o(n).
Substituting and collecting orders yields
(S = Ayt = AT AAT + LA BTCTIB A + o(1/n),
(Sp )12 = —Ag'BTC™! +o(1),
(S22 =nC~ ' +o(n).

St =

n

Now expand 7, = [70;0] + 2[8;d] + o(1/n) with rg = [ju|| T, and Ag"' = (1/¢)T;*. Then
Py S, =g (SyHro + 279 (Sy)i2d + L d " (S; )aad + 2 Sym(8T Agtro) + o(1/n).

Each term is explicit:
rg Ay'ro =T, 19 Ay'A1Ag'ro=1A4:, rJ AJ'BTCT'BA;'rg=1BTC'B,
2rg Sy )i2td=-2. L. BTCcd, % dT(S Yood = 1dTC7d + o(1/n),

nolull
%Sym((STAO_lro) 2. HuH Sym(9).
Combining yields
1
P18, =)+ — [ LA +1BTCT B — (2 BTC T d+dT O d+ 12 Sym(8)] +o(1/n).

Since the orthogonal basis change preserves the Schur complement, the same expansion holds in the
original coordinates, giving (9). O

Theorem F.14 (First-order gap). With A, :=T", — FT S T,

1 1
An=—Byto(l/n),  By:=_A- —BTC 1B+Wsym(BTc 'd—0)—d"Cd.

Hence the optimal one-layer LSA excess risk satisfies
~ 1
min E[(Zni1(b, A) — 2n1)?] 2 02+ p  App =02 + - p' Bpp +o(1/n).

Moreover, B, = 0; if B,, = 0 (a generic nondegeneracy), then for any r > 0 there exist ng and
¢r > 0 such that for all n > ng and all p with ||p|| > r,

B[~ 2an)?) 2 B[GH — 0] + &
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Proof. By Lemma F.13, we have
_ 1r 1 1
PS4, =T+ — [—EAl—i-EBTC 1B—WBTC ld+d"C~ 1d+WSym( )| +o(1/n).
Thus .
Ay =T, -7 S %, = = B, +o(1/n),
n
with

B, = }Al _ EBTC lpy 2 Sym(BTC’*ld —8)—d'ca.
c c [

By Lemma F.6, each A,, > 0, hence B, = lim;,_,o, nA,, >= 0. The excess—risk bound follows from
Theorem E.7:

~ 1
minB[(Zy 1 = ont1)?] > 02+ p" Anp =02+ —p" Byp+o(1/n).
If B, = 0,let A\g = Amin(Bp) > 0. For large n, — (1/n)B,|| < Xo/(2n), hence p" A,,p >

%”npw‘? Therefore, for any 7 > 0, there exist ng and ¢, = $Aor? > 0 such that for all n > ng and
all ||p|| > 7,

~ Cr
E[(#:3) — on1)?] 2 E[(@5% — 2ni1)’] +
O

Remark F.15 (Why the rate is 1/n). At the population limit S+ = (uu™) @ T, is rank-one along w.
Finite n introduces O(1/n) perturbations Cg, C, that regularize the orthogonal directions, so the

Schur complement '), — TTS T is O(1/n). The overlap of Hankel windows is the source of these
first—order terms.

AUXILIARY LEMMAS USED IN APPENDIX F.3

Lemma F.16 (Toeplitz-type summation). Let a : Z — R (or C) be absolutely summable,
> nez lan| < 0o. Forn > 1 define

n n
1

Sn = - § § A m—m'-
n

m=1m'=1

Then
s :12(1—“”) an Zah+0<12|h||a |):12a + o(1/n)
n n n ) h n h .
heZ " ez heZ heZ
Proof. Count the number of pairs (m,m’) € {1,...,n}? with difference m — m’' = h; it equals

n — |h| if |h| < n and 0 otherwise. Hence

n—1

Z A —m! = Z (n_|h| _’I’LZ( ‘h|)
m,m’=1 h=—(n—1)

Divide by n? and use absolute summability to obtain the stated bound.

F.4 A FINITE-SAMPLE GAP FOR L STACKED LSA LAYERS (WITH MONOTONE IMPROVEMENT)

Goal. For any fixed sample size n and depth L > 1, we show that the best L-layer linear
self—attention (LSA) readout on Hankel inputs has a finite—sample excess risk over linear regression
on the last p lags. To avoid unnecessary technicalities about duplicate features across layers, we work
with the convex relaxation of the LSA parameters and allow singular second—moment matrices; the
Moore—Penrose inverse then gives a clean positive—semidefinite (psd) gap. We also prove that the
optimal risk is monotone nonincreasing in depth L.
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Setup (layered). Let {x;} be a zero-mean stationary AR(p) process (Definition 2.2). For n > p,
let H,, be the Hankel matrix (Definition 2.5), M = diag(I,,—p,0), and

GO = L g MET ¢ REFDXGH).
n
Write  := 2, pi1.n € RP and y := 741 = p' @ + 541 With g1 L (GO z), Elepy1] = 0,
Ele2,,] = o2. Initialize y©) = 0 and HY .= H,.For ¢ =0,...,L — 1 define the layer update
1

YD = (O 4 pOT GO g0, QU+ — EHT(ZZ-H)M(Hr(Lé-Q—l))T’ (10)

where H, ﬁ“l) coincides with H,, except that the last row uses the current layer’s vector of entries
whose last coordinate is 3(*1) (the mask M remains unchanged). The L—layer predictor is

L-1
2B = y» = 3 TGO AO,, (11
£=0

A one-shot convex relaxation for depth L. Let () := vech G() € RY with ¢ = &P+ 4pg
set the stacked Kronecker lift
RN
zI = : e R, dr, = Lqp.
g(L_l) ® x

For each layer, b)) TG A®)z can be written as )T (¢(©) @ 2) with n¥) = (Dyyy © 1) (b9 ®
vec(A®)T)), and hence

(L - T
B0 = Tz gl = (O ()T

Relaxing the rank—one Kronecker constraint on parameters leads to a linear regression of i on Z[Z1,
Define the second moments

Sy :=E[zWHzHT) 7 =E[zW2T],  T,:=Ezz'].

We allow S 1, to be singular (duplicates across layers are harmless). The standard normal-equation
calculation with the Moore—Penrose inverse gives

min BT 2 —y)?) =02 4+ p"Tpp — p' 7] S L, (12)

so the L-layer LSA family (which is a subset of the relaxed linear models) obeys the lower bound

{b(f)ngb)}la[(@;@l —xn11)?] > 024 p Aprp,  Anpi=T, -7 SfF = 0. (13)

Lemma F.17 (Why A,, 1, > Oeven if Sy is singular). Let Xp, := E[ [Z[L} ; ] [Z[L]; x]T] = [“?’T‘ ?L ]

L lp
Then Y1, = 0, and the Moore—Penrose Schur complement '), — ?—LFSZFFL is psd. Equivalently,
Ay, 1, = 0 and equals the covariance of the best linear—prediction residual of x on Z (Z],

Proof. ¥, is a covariance hence psd. For any matrix B, the prediction Z!X — BT Z[ yields

residual covariance I'), — B'F, -7 B+ BTS 1. B. Minimizing over B (in the least-squares sense

on the range of Sp) gives B* = S} 7, and residual covariance T, — 7}, 5} 71, which is psd by
definition of a covariance. ]

Depth helps: a simple embedding argument. We now show that the optimal risk is monotone in
L; the proof does not rely on invertibility nor on strictness.
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Proposition F.18 (Monotone improvement with depth). For every L > 1,

G5V —2,0? < min E[@ER) - 2041)?,

min
{0,400}, (b, A0} ]

where 5531 is defined in (11) under the update rule (10). In particular, the best two-layer risk is no
worse than the best one—layer risk:
. ~2) 2 . ~(1) 2
b(O),Aé?,llf%l),A(l) E[('%‘n—&-l xn-i—l) ] S b((g}g}[]) E[(xn—'rl xn-i—l) ]

Proof. Fix any parameter set {b(*), A}~ ! for the L-layer model (11). Construct an (L+1)-layer
model by keeping the first L layers unchanged and appending a zero layer: b(F) = 0, A(L) = 0.
Then 3“1 = y(£) and thus fﬁﬁ:l) = Egﬁl, so the (L+1)-layer loss equals the L-layer loss.
Taking minima over the respective parameter sets yields the displayed inequality. The L =1 — 2
case is immediate, and the general case follows identically. O

What we have (and what we do not claim). Equation (13) gives a finite—sample, depth—L gap
E[(/fﬁ_)1 - I7l+1)2] Z E[(Ekﬁl - xn—&-l)Q} + pTAn,Lpa A'rL,L i 0

When duplicate features across layers make S;, singular, the bound remains valid via SZF and
interprets p " Ay, rp as the linear—projection residual variance. Under additional nondegeneracy, one
can strengthen A,, 1, > 0 (strict gap) by proving that the stacked covariance X, has a strictly positive
Schur complement; this requires tracking how each layer injects new ¢,—directions into the last
Hankel row and is omitted here for clarity.

Remarks. (i) The relaxation (12)—(13) can be written with a deduplicated stacked feature ZI =
(¢ @z, sV, ...,s& D @z]T, where s() keeps only the new last—row/column monomials

created at layer /; then Sy, := E[Z[L1 ZILIT] is typically invertible at finite n. All formulas remain

the same with S . (ii) In the population limit n — oo, G (©) concentrates around I’y 41, the stacked
feature collapses to a rank—one Kronecker line, and A,, ;, — 0; the order of limits matters, exactly as
in the one—layer analysis.
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G CHAIN-OF-THOUGHT (COT) ROLLOUT IN TSF: COLLAPSE-TO-MEAN AND
ERROR COMPOUNDING

We study the “free—running” (a.k.a. CoT) rollout where a predictor feeds its own outputs back as
inputs instead of conditioning on future ground truth. For linear time—series models this produces a
clean, analyzable dynamical system that (i) collapses to the mean and (ii) accumulates prediction
error to the unconditional variance at an exponential rate. We also show that, for every forecast
horizon, the Bayes (linear-regression) forecast is pointwise optimal, hence any linear self—attention
(LSA) CoT rollout is uniformly worse and thus reaches a large—error regime no later than linear
regression.

Setup. Let {z;} be a zero—mean, stable AR(p) process as in Definition 2.2, and let A(p) denote
the p X p companion matrix,

p1 P2 Pp—1  Pp

1 0 0 0
Apy=|0 1 00

0 0 ... 1 0

with spectral radius o(A(p)) < 1. Write s; := (24, ..., Z4—p41) . Then s;1 = A(p)s; +1ni41 with
= (£441,0,...,0)7
M+1 t+1,Y, ) .
CoT rollout. Given an initial state s,, = (zp,,. .., xn_p+1)T, a linear predictor with coefficients
w € RP produces, in CoT mode, a noiseless recursion
§t+1 = A(w) §t, 50 = Snsy
with forecast Z,, 1+ = €] 5.

Proposition G.1 (Bayes multi—step forecast equals recursive rollout). For any horizon h > 1, the
Bayes forecast conditional on the history satisfies

A~ ~

T
x;+h = E[mn+h | xl:n] = P Tn+h—pn+h—1,
where the rolled—out state zy, is defined recursively by
~ Tk, k S n,
T = g <
x5, k>n.

Equivalently, the optimal h—step forecast is obtained by repeatedly applying the one—step predictor
with coefficients p and feeding predictions back in place of future observations.

Proof. Base case (h = 1). By the AR(p) definition,

T
Tp+1 = P xn—p—&-l:n + En+1, En+1 L T1:n, E[5n+l] = 0,
SO
T T~
]E[Zn—&-l | xl:n} =p L]S'n—p+1:n =p xn—p—i—l:nn

Induction step. Assume the claim holds up to horizon h. Then

T
Tpthtl =P Tnth—pitlinth + Enthil-
Taking conditional expectation on 1., yields

E[In+h+1 | xl:n] = PT ]E[zn—&-h,—p-&-l:n-&-h, | xl:n]-

By the induction hypothesis, for indices < n the conditional expectation equals the observed value,
while for indices > n it equals the Bayes forecasts Z*, i.e. the recursively defined Z. Therefore

E[xn-i-h-i-l | xl:n] - pTin-‘rh—p-‘rl:n-i-h-
Conclusion. By induction, the identity holds for all horizons A~ > 1. Thus the Bayes multi—step

forecast is exactly the recursive rollout of the one—step predictor with weight vector p. [
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Lemma G.2 (Exponential decay for any stable CoT). If o(A(w)) < 1, then for every consistent matrix
norm there exist C > 0 and 3 € (0, 1) such that ||5;|| < CBt||sn|| and T+ — O exponentially fast.

Proof. Unrolling the linear recursion gives s; = A(w)'s,. Because o (A(w)) < 1, Lemma G.6
applies to A(w): for any consistent operator norm there exist C' > 0 and 8 € (0,1) such that
[|A(w)t]| < C B forall t € N. By submultiplicativity of the induced norm,

IS¢l = [[AQw)"snll < [IA@)" [ snll < C 8" [lsnll-

For the scalar forecast, Z,,,+ = €] 5y. Let || - || denote the dual norm of the chosen vector norm. Then
[Zhae] = lef S < |leall« I5e]] < lleall« C Bt ||sn|]- Since 8 € (0,1), the right-hand side decays
exponentially in ¢, establishing the claim. O

Thus, any stable linear model (including the Bayes predictor and any LSA fit) collapses to the mean
under CoT; the only question is how quickly its error compounds.

Bayes multi-step error (ground truth model). Let ¢, be the impulse response of the AR(p), i.e.,
Ty = Y w0 VkEi—k With g = L and >, 1/1,3 < 00. The h—step Bayes forecast 7}, = Elzpin |
Z1.) equals the linear recursion with w = p (no noise injected). The forecast error is classical:

h—1
MSE*(h) 1= B[(zpsn — Thyp)?] = 02> 93, (14)
k=0

Hence MSE*(h) 02>, %? = Var(z;) by Lemma G.7, and by Lemma G.8 the tail decays
exponentially: B

2 2
CUE 2h

Var(z;) — MSE*(h) = 02 Y "4} < e

k>h

for some C' > 0, 8 € (0,1). (15)

For AR(1) this is exact: MSE*(h) = o2 ZZ;(l) p*F = o%(1 — p?h), where 02 = 02 /(1 — p?).
Theorem G.3 (CoT collapse and compounding error). For any stable AR(p),

EZH m 0, E[(xn+t — §;+t)2] / Va]f'((Et),

with exponential tail (15). Thus CoT error accumulates to the process variance at an exponential
rate determined by the spectrum of A(p).

LSA (or any alternative) is uniformly dominated at every horizon. Fix a horizon h and let f%iﬁ
be the CoT forecast delivered by any trained one—layer LSA model (or an L-layer stack run in CoT;
the argument is identical). Since CoT is noiseless, i’ﬁi‘z is a deterministic measurable function of the

history x1.,,. By the L? projection property of the conditional expectation,

E[(xnﬂz - g(mlrn))Q] = MSE"(h) + EI:(EL.\:L+}L - g(xlrn))Q] vg. (16)

Plugging g = EkiAh yields the horizonwise dominance

MSE™A(h) := E[(wp4n — Tuin)?] > MSE*(h), (17)
with strict inequality unless ’f%_sﬁ}l coincides with 7, almost surely. Because one—layer LSA has
a strict finite—sample gap (Section F.2), equality fails generically already at i = 1, and thus for all
horizons.

Corollary G.4 (Earlier threshold crossing for LSA). Fix any T € (0, 1) and define the failure horizon
H,(9) ==inf{h > 1: E[(znsn — gn(21:0))?] > 7 Var(zy)}.

Then H,(z%SA) < H.(Z*) for every T, with strict inequality for all T on a set of positive measure
(whenever (17) is strict at some h). In words: for any error threshold, LSA under CoT reaches the
large—error regime no later than the Bayes linear predictor.
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Quantitative rates. Combining Lemma G.2 with the orthogonality identity (16) shows that

02 2

Var(z;) — MSE"SA(h) < Var(e,) — MSE*(h) < 1 "52 2h
Hence whenever the left-hand side remains positive, it must also collapse to zero at least exponentially
fast; if it turns negative (overshoot), Corollary G.4 guarantees that LSA in CoT still reaches the
large—error regime strictly earlier and more severely than linear regression.

Remark G.5 (AR(1): closed forms and “rapid compounding”). For AR(I1), MSE*(h) = o2(1 — p*")
so that the residual to the variance decays like p*". The “half-life” to reach 50% of the unconditional
variance is hy 5 = log(1/2)/log(p?); e.g., with p = 0.9 one already has MSE*(5) ~ 0.65 0>
and MSE*(10) =~ 0.88 02. This quantifies the rapid accumulation of CoT error even for the Bayes
predictor; by (17), LSA CoT is uniformly worse at every horizon.

for some C' > 0, 8 € (0,1).

Takeaways. (i) Any linear CoT rollout collapses to the mean (Lemma G.2), so its long—horizon
RMSE saturates at the unconditional standard deviation of the process. (ii) The Bayes/lin-
ear—regression forecast is horizonwise optimal (Theorem G.3 and (16)); any LSA CoT forecast
is uniformly dominated at each horizon (17). (iii) Consequently, for any fixed error threshold, LSA
reaches the large—error regime at least as early as linear regression (Corollary G.4). (iv) Both ap-
proaches exhibit exponential convergence of the error to the variance, with a rate governed by the
spectral radius of the corresponding companion matrix; for AR(1) the entire trajectory is explicit.

AUXILIARY LEMMAS USED IN APPENDIX G

Lemma G.6 (Exponential Decay from Spectral Radius Bound). Let A € RP*? be a square matrix
with spectral radius strictly less than one, i.e., o(A) < 1. Then for any consistent matrix norm || -
there exist constants C > 0 and 8 € (0, 1) such that

|AY| < CB"  forallt €N.

>

Proof. By the Gelfand formula (see, e.g., (Horn & Johnson, 1994, Chapter 5)), we have
o(A) = lim ||A"|"/*,

t—o0

for any sub-multiplicative (i.e., consistent) matrix norm || - ||. Thus, for any ¢ > 0 such that
0(A) 4+ € < 1, there exists ¢y € N such that

IAY]] < (o(A) + €)' =: B, ¥t > to.

Define
.f 1A
C:= max{l,orgntzi)%o 5i .
Then for all ¢ € N, we have || A?|| < C3" as claimed. O

Lemma G.7 (Wold variance identity). For a stable AR(p) with Wold expansion x+ =, k>0 VEEL_k,

iid. iy . .
where g, "~ N (0, 02), the unconditional variance satisfies

Var(z;) = o2 Zwi

k>0

Proof. From the Wold representation x; = >, ¢¥x&¢—, We have E[z,] = 0 and

Var(z;) = E[z?] = E (Z 1/Jk€t7k>2

k>0

Cross terms vanish because the ;_, are independent with mean zero, leaving Y, -, V7 E[e?_,] =
2 2 B
O¢ Zkzo V.- [
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Lemma G.8 (Exponential tail bound). Let A(p) be the AR(p) companion matrix with spectral radius
0(A(p)) < 1. Then the impulse response coefficients obey || < CB* for some C > 0 and

B € (0,1). Consequently,
22 2 C%02 on
13 L
O¢ wk < 1 7B2 .
k>h

Proof. By state recursion, ¥, = e A(p)¥e;. Because o (A(p)) < 1, Lemma G.6 applies to A(p):
for any consistent operator norm there exist C' > 0 and 3 € (0, 1) such that | A(p)*|| < C " for all
t € N. Hence || < CB*. Thus,

IR LD e iy

_ a2
k>h k>h 1-8

and multiplying by o2 yields the claim. O
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H DE-GAUSSIFYING THE GAP: LINEAR STATIONARY PROCESSES

Goal. We remove the Gaussian assumption and establish the same finite—sample excess—risk gap
for one—layer LSA under a broad linear—stationary model. The strict gap requires only independence
of innovations and finite moments; with absolutely summable autocovariances we also recover the
1/n first-order expansion.

Model. Let {z;}:cz be a zero—mean linear stationary process with Wold representation

wo= Y ek, Y|kl < oo, (18)

k>0 k>0

where {&;} are i.i.d. with E[g;] = 0, E[¢?] = 02 > 0, and with a symmetric distribution. We assume
Elef] < oo and Var(e}) < oo. Let v, := Elzy2¢45], 50 D) oy [70] < 0.

All Hankel/masking notation follows Section F.2:

G:

S

n—p

T L —
§ x(m)l'(m) , xr = xnprrlZn S Rp, Y = Tn+1,
m=1

with the one—layer LSA predictor
4 = b"GAr,  beRPFL, A REPTDXP,
As in Section F.2, introduce

Z:=(vech@G) @z, S:=E[ZZ"], 7:=E[Zz'], T,:=E[zz'].

Linear regression predictor. For consistency with the Hankel construction, we restrict attention to
the last p lags © := z,_p11:n € RP as regression covariates. The best linear predictor of y := 41
from x is
T
y=w""z+ e, E[zent1] =0,

where w* € RP is the least—squares coefficient vector and e,,y; is the linear prediction error. We
denote the corresponding fitted value by

LR T
Ty i=w T

Lemma H.1 (Strict covariance of (vech G, z) without Gaussianity). Let g := vechG and x :=
T p—pi1m. Under (18), Cov([g", " ]T) = 0 for every finite n.

Proof. Let Zy = [g",z"]". Suppose Var(v'Zy) = 0 for some nonzero v. Traverse

the tableau of Hankel-Gram sums from bottom (time n) upward. Collect coefficients of
{22, X 1Tp, .. Ty pTn, T} tO write

v Zy = U+Va, + Wxi,
with U, V, W measurable w.r.t. 7,1 :=o(es : s <n —1).

Write x,, = £ +oe,,, where £ is F,,_j-measurable and €,, 1. F,,_;. By symmetry, Cov(e,,&2) = 0.
Thus

Var(v' Zo | Fu_1) = Var(Vpoen + Wip2e2 | Fro1) = (V)22 + W2 Var(e?).

Since both coefficients are strictly positive, this vanishes only if V' = W = 0. Inductively repeating
the elimination for x,,_1,Z,_2, ... forces v = 0, a contradiction. Hence the covariance is strictly
positive definite. O

Lemma H.2 (Kronecker lift remains strictly PD). With Z = (vechG) ® z and x =  p—p11:n,

s [ 1]
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Proof. By Lemma H.1, Cov([g, z]) > 0; hence the conditional covariance Cov(g | z) = Cov(g) —
Cov(g,z)T',;* Cov(z,g) > 0. For any nonzero u = vec(U) € R?” and w € R?, put Y :=

u'Z+w's = 2T (Ug + w). Then Var(Y) > E[z"U Cov(g | 2) U 2] > 0 unless U = 0; if
U = 0 then Var(Y") = Var(w'z) > 0 since I', = 0. Thus £% > 0. O

Theorem H.3 (Strict finite—sample gap under linear stationarity). Under the model above, for every
finite n,
min E[(#5} - 757 = o TAw, A, - 0.

Proof. As in (5), the LSA risk relative to the regression predictor can be written
L) =E @3 - 7:5)7]
=w*"Tw* + n'Sn—2n Fuw.
The minimizer is n* = ST1Fw*, giving the optimal value
w (0, — 7 ST w* = w* T A,w*.
By Lemma H.2, S - 0, hence A,, > 0 by the Schur complement. O

Remarks. (i) The gap above is defined relative to the best linear regression predictor 5%51- (i) If

in addition the regression residual e, 1 is independent of (G, x) (as in an exact AR(p) model with p
lags), then the same gap translates directly to a strict excess risk gap relative to y.

Cumulant identities for linear processes. Let x,. := cum,.(¢g) denote the order—r cumulant of &
(finite for the orders we use). For any ¢4, ..., %,

cum (24, @e,) = e D W Pr (19)
u€eZ

This follows from multilinearity of cumulants and independence of {e;} (see, e.g., (Brillinger, 2001,
Theorem 2.3.2))

Lemma H.4 (Moment expansions via cumulants). Assume Y, o, |[va] < 00, Ele¢|® < 00 (50 K4, kg
are finite). Let u := vech(T'p 1) and set S, = (") ® T, 7o 1= u ® [',. For n — oo with fixed

b
. 1 1
Sn = Soo+—Cs+o(l/n),  Tn = rec+—Crto(l/n), (20)

for finite matrices Cs, C,. determined by {yy} and k4, Ke.
Proof. We work entrywise. Write indices 4, j, k, £ € {1,...,p+1},s,t € {1,...,p}, and
&= Tm4i—1, b= Tm+j—1, C = Tm/4+k-1, d= Tm/44—1y € = Tn—p+s, f = Tn—p+t-

Recall Gij = L 3" 2 @yt i 1@pqj—1. We analyze

_ 1«

(Fu) (ij.s) .0 = E[Gij wsa4] = - ZlE[abef]7 (21)
. 1 =P

(Sn)(ij,s),(ket) = E[GijGrewsxy] = ) Z Elabede f]. (22)

m,m’=1

(I) The r,, expansion. By the moment—cumulant formula (see Lemma H.6), for four variables,
Elabef] = Elab]E[ef] + E[ae]E[bf] + E[af]E[be] + cum(a, b, e, f).
The pairwise terms equal

Vj—i(Tp)st + V(neps)—(mti=1)V(n—p+t)—(m+j—1) T Vn—p+t)—(m+i—1)Y(n—p+s)—(m+j—1)-
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Summing over m gives

n—p

’Yj—i(rp)st + " Z (’Yk+s—ﬂk+t—j + 7k+t—i’7k+s—j)-
k=1

n—p

n

Because ), |yx| < oo, Toeplitz summation (see Lemma F.16) implies that the convolutions are
uniformly bounded and converge; thus

n—p p
Yi—i(Tp)st = vj—i(Lp)st — =vj—i(Lp)st
n n
and
1 e 1 r,2
o Z (’Yk+s—i7k+t—j +7k+t—ﬂk+s—j) =€ EJ st) +o(1/n),
k=1

for some absolutely convergent constant

o]
2
Cgst) = Z ('YkJrsfi Vett—j T Vett—i 7k+sfj)~
k=1

For the fourth—order cumulant, (19) with r = 4 yields

cum(a, b, e, f) = Ky Z Umti-1—uWm+j—1—u Vn—pt+s—uPn—ptt—u-
UEZL

Summing over m (equivalently k = n — p — m + 1) and using

ZZ ‘wi7u+k'¢j7u+k"/}87uwt7u| < ||"/)H2}1 < oo

k>1 u

gives
1« 1 (9
- Z cum(a, b, e, ) = — Cijlst +o0(1/n)
m=1

with an absolutely convergent constant cgg = K4 sy ZUEZ Vi—ut bV j—ut kWs—ut—vy. Col-

lecting pieces and reorganizing in tensor form yields
1
= (vecTpy1) @ T + =C) 1 0(1/n),
n

and therefore 7, = (Lp11 @ ) 1y = roe + 2Cp + 0(1/n).
(II) The S,, expansion. For

Sn = Z ZE[GZ‘ijeCESIt] ((Bj Xe; R 65) (6@ ®er ® Et)T)~

1,5,k 0 s,t
Then

1 &«
]E[GijGstxt} = 2 Z Z [abede f].

Sixth—order moment decomposition. By the moment—cumulant formula in Lemma H.6,

Elabede f] = Z H Eluv] + Z cum4 E(W(z)) + cumg(a, b, c,d, e, f), (23)

PeMms (u,v)eP melly 2

where 913 is the set of the 15 perfect matchings of {a, b, ¢, d, e, f}, I14 2 is the set of the 15 partitions
into a 4-block and a 2-block, 7(*) denotes the 4—tuple in the 4-block and 7(?) the paired variables.
Write yp, := E[xixe14).
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(a) Triple—pairings. The three pairings that keep (e, f) together are
PO = {(avb)v(c7d)7(€7f)}7 Pl z{(a,c),(b,d),(e,f)}, P2 :{(avd)a(b7c)a(evf)}'

The leading pairing Py contributes

1 1 (s,bd
n2 Z Yj—i Ve—k (Up)st = vj—ive—k(Tp)st + n CEj,kE;zt +o(1/n),
with (Sbd)
Cij:ké;’st = _2]9 Vi—i Ye—k (Fp)st~ (24)

The two additional pairings Py, P, yield, after the change of variable h = m — m’ and Toeplitz
summation (see Lemma F.16),

1 1 (s0
n2 Z (’Yi—k+h Vj—t+h + Yi—t+h ’Yj—k+h) (Tp)st = " ng’kg);st +o(1/n),
where
S,
ng}lgg);st = Z (%—k+h Vi—t+h + Yietth ’Yj—k+h) (Up)st  (absolutely convergent).  (25)
hezZ

Therefore, the total contribution of the three pairings with (e, f) paired is
1/ (sbd 5,0
Yi-ive-r(Tp)t + (b5 + eyt ) +0(1/n).

All other 12 pairings necessarily contain at least one cross—pair between {a, b, ¢, d} and {e, f}. After
the change of variable ¢ :=n —p—m + 1 (or g := n — p — m’ + 1 as appropriate) and absolute
summability of {7, }, each such term equals 1 times a finite constant plus o(1/n). Collecting the 12
distinct cross—pairings (those where e or f pairs with one of a, b, ¢, d) gives the explicit constant via
Toeplitz summation (see Lemma F.16)

oo
S,2
cz('j,kf);st = Z [7577;+q'yt7j+q Ve—k + Vs—itqVe—k Yj—t+q T Vs—itqVt—L Vi—k+q
g=1
+ Vs—j+qVt—itq Ve—k T Vs—j+qVt—k Vi—t+q T Vs—j+qVt—L Vi—k+q

+ Ve—itqVs—j+q Ve—k t+ Vt—i+qVs—k Vi—t+q T Ve—itqVs—€ Vi—k+q
+ Vi—jt+qVs—itq Ve—k + Vi—j+qVs—k Viml+q T Ve—jt+qVs—t %‘%ﬂ} .
Therefore the total contribution of triple—pairings is
1 spay ;1 (50 1 (52

Vi—ive—k(Tp)st + o Ciaktist ¥ 0 Cijktist T o Cijktist T o(1/n). (26)

(b) {4, 2} partitions. For linear processes x; = ., €, Withi.i.d. innovations, the fourth cu-

mulant satisfies cumy (@4, , Tty , Tty Tey) = Ka Y ez Yty —rVty—rVts—rt,—r, Where ky = cumy(e)
and ), |1| < oco. Define the absolutely convergent series

Sab(r) = Z wq+i—1—r ¢q+j—1—r7 Scd(T) = Z wq-‘rk—l—r wq+€—1—r~
q€L q€L

By stationarity and Toeplitz summation, only the three families of partitions in which the 4-block
contains either {a, b} or {c, d} contribute at order 1/n; all other {4, 2} partitions are o(1/n). The
non-vanishing 1/n constants are

Cgiﬁf);st = kg Z |:fyt*3 Sab(T) Scd<r) + Ye—k Sab(r) wsfrwt—r
reZ

+ Vi Sea(r) Ys—rbr—r|. 27)
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(c) Sixth—order cumulant. Using cumg(zy,,...,2t5) = K6 ,cy H?_lwtu,r with kg =
cumg (), the double sum over (m, m’) reduces (by Toeplitz summation) to

1

= o(/n), T = Ko D Sub(r) Sealr) Yomrtir. (28)

rez
(d) Collecting the pieces. Combining (26), (27) and (28) in (23) yields
1/ (s,ba 5,0 5,2 5,4 5,6
E [GiijeIs‘rt] = Vj—iVe—k (Fp)st“i’ﬁ (Cz(j,kf;zt+C§j,kl);st+cz(j,kl);st+Cz(‘j,kl);st+cl(‘j,kl);st) +0(1/n)

Therefore 1
S, = (vec Fp+1) (vec FPH)T @'y + - Cgvec) +o(1/n),

with the explicit block

(vec) ,_ (S;bd) | (5,0 (5,2) (5,4) (5,6) T
O =30 ) (Cij,ké;st+cij,k€;stJrcij,ké;st+Cij,ké;st+cij,ké;st) ((€j®€i®€s) (ee®er®er) )
ivjik,l s,t

Finally, since S,, = (Lpy1 ® 1) Sy (Lpi1 © I,) T, we obtain S, = S + 1Cs + o(1/n), where

Soo = (uu")®@T, and Cg = (Lpy1 @ 1) Cévec) (Lp+1 ®1,)". Absolute summability of {v;,} and
{%r}, and finiteness of x4, g, ensure that all series above converge absolutely and justify the o(1/n)
remainder.

Theorem H.5 (Order of the non-Gaussian gap). Under Lemma H.4, let Q = [u/||u|, Q1] and
P := Q ® I,. Then the block—inverse expansion of Lemma F.13 applies verbatim, and

PO 1
A, =T, 7187, = = B, +o(1/n),
n

with By, = 0 given by the same closed form as in (9) after replacing the Gaussian Cg, C,. by those
from Lemma H.4. Generically B, >~ 0.

Remarks. (i) No Gaussianity is needed for strict PD and the positive Schur—complement gap:
independence of innovations with finite fourth moment (and Var(g?) > 0) suffices. (ii) If in addition
> Ivm| < 0o and E|e]® < oo, the exact 1/n order persists for general linear stationary processes;
Gaussianity only simplifies the constants via Wick pairings.

Discussion on AR/MA/ARMA models. Stable AR, MA, and ARMA processes satisfy the as-
sumptions above, so Theorems H.3 and H.5 apply directly. Nevertheless, caution is warranted in
interpreting the result. For MA or ARMA models, the one—step prediction error e, still carries
dependence on portions of the past beyond the last p lags. This prevents a direct characterization of
the mean—squared error gap between LSA and linear regression with respect to the true target x,, 1.
Hence the finite—lag linear regression predictor fﬁﬁl does not coincide with the globally optimal
(infinite—order) linear predictor. In particular, for MA models there may exist richer linear predictors
that exploit the entire past more effectively. Our analysis should therefore be understood not as a
claim of global optimality across all linear predictors, but rather as an insight into the structural gap
that persists even when comparing LSA against the natural p—lag linear regression benchmark.

AUXILIARY LEMMAS USED IN APPENDIX H

Lemma H.6 (Moment—cumulant formula). For random variables X1, . .., X, with finite moments
up to order r, the joint moment can be expressed in terms of cumulants as

E HXi] = > [ eum(x;:j€B),
i=1 neP, Bem
where P, denotes the set of all partitions of {1,...,r}, and cum(-) denotes the joint cumulant.
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