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ABSTRACT

Large Reasoning Models (LRMs) have demonstrated remarkable performance on
complex tasks but suffer from high computational costs and latency. While selec-
tive thinking strategies improve efficiency by routing easy queries to non-thinking
models, existing approaches often incur uncontrollable errors, especially in on-
line settings where the performance loss of a non-thinking model is only partially
observed and data are non-stationary. To address this, we propose Betting Proba-
bly Approximately Correct (B-PAC) reasoning, a principled method that enables
anytime safe and efficient online reasoning under partial feedback. Specifically,
we utilize inverse propensity scoring estimators to construct test supermartingales
for candidate thresholds, and then dynamically adjust the routing threshold based
on the accumulated statistical evidence of safety. Theoretically, we establish the
anytime-valid performance loss control and the efficiency of B-PAC reasoning.
Extensive experiments demonstrate that B-PAC reasoning significantly reduces
computational overhead, decreasing thinking model usage by up to 81.01%, while
controlling the performance loss below the user-specified level.

1 INTRODUCTION

Large reasoning models (LRMs) have exhibited remarkable capabilities on a range of challenging
reasoning tasks, typically associated with generating long chain-of-thoughts (CoTs) (Guo et al.,
2025; Yang et al., 2025; Jaech et al., 2024). Despite their powerful performance, LRMs tend to gen-
erate excessively long reasoning chains even for simple questions, referred to as the phenomenon of
overthinking (Chen et al., 2024; Sui et al., 2025), resulting in substantial computational overhead.
More crucially, overthinking directly leads to increased end-to-end latency, which is often the dom-
inant factor for user satisfaction in interactive applications (Zhang et al., 2022; Roller et al., 2021).
These considerations highlight the necessity of inference acceleration in a query-adaptive manner.

Several approaches have been proposed to improve reasoning efficiency, among which a practical
direction is selective thinking: switching LRMs between non-thinking and thinking modes based
on the difficulty of queries (Cheng et al., 2025; Fang et al., 2025; Li et al., 2025; Liang et al.,
2025). While these methods reduce computational demands, their decision rules are often heuristic,
which may route complex queries to the non-thinking model, resulting in significant performance
degradation (Dekoninck et al., 2024). Such failure is particularly concerning in challenging and
high-stakes settings, such as mathematical reasoning, where a small fraction of misrouted cases
can dominate overall quality. Therefore, it is essential to provide efficient reasoning methods with
rigorous statistical guarantees on performance loss relative to the thinking model.

To achieve reliable, efficient reasoning, Probably Approximately Correct reasoning (Zeng et al.,
2025) provides a solution by controlling the performance loss below a user-specified level with high
probability for the efficient reasoning model. However, their method is designed for offline settings
and requires a calibration dataset that is i.i.d. with the test data. This is excessively restrictive for an
online setting where queries arrive sequentially, and access to a calibration dataset can be imprac-
tical. Even with a calibration set, such a method often leads to uncontrolled risk or low efficiency
for non-stationary data. Another significant challenge for risk control in efficient online reason-
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ing is partial feedback, where potential performance loss is observed only if the thinking model is
invoked. This partial observation makes standard empirical risk estimators biased, preventing the
direct application of existing offline safety guarantees. Together, these motivate a foundational chal-
lenge: how to construct an anytime-valid selection rule to switch between the thinking model and
the non-thinking model.

To address the above challenge, we propose Betting PAC (B-PAC) reasoning, a method that ensures
anytime-valid performance loss control for efficient online reasoning under partial feedback. Specif-
ically, for query Xt, B-PAC computes the uncertainty score of the non-thinking model f̃(Xt), and
accepts f̃(Xt) with high probability if the score is below a carefully designed time-varying thresh-
old ût−1; otherwise, the thinking model is taken for reliability. The key to the safety of B-PAC lies
in modeling threshold determination as a betting game, where evidence of safety is accumulated as
virtual wealth (Shafer & Vovk, 2019; Ramdas et al., 2023; Waudby-Smith & Ramdas, 2024). To
address the partial observability of performance loss, B-PAC leverages inverse propensity scoring
(IPS) (Horvitz & Thompson, 1952) to construct a risk estimator, based on which the wealth process
is constructed. The threshold is then determined by fixed sequence testing (Angelopoulos et al.,
2025), which can also be roughly regarded as the maximal value such that the associated wealth
exceeds the designated safety level. In addition, we develop an adaptive betting strategy to maxi-
mize reasoning efficiency. Finally, we extend the application of B-PAC to non-stationary data by
leveraging the technique of mixture of martingales.

In theory, we establish the distribution-free, anytime-valid performance loss control of B-PAC rea-
soning for both i.i.d. and non-stationary data by leveraging the tools of (super)martingales and fixed
sequence testing. We also prove that the proposed adaptive betting strategy achieves logarithmic
regret against the optimal fixed strategy, ensuring that the wealth process grows at a near-optimal
rate to rapidly identify the most efficient safe threshold.

We extensively evaluate B-PAC reasoning across benchmarks including MATH (Hendrycks et al.,
2021), MMLU-Pro (Wang et al., 2024), BIG-Bench Hard (Srivastava et al., 2023), and Magpie (Xu
et al., 2025b). Results demonstrate that B-PAC reasoning outperforms existing methods by ensuring
anytime-valid performance loss control while significantly reducing inference cost. For example, on
Magpie with a loss tolerance of ϵ = 0.08, B-PAC routes only 18.99% queries to the thinking model
and achieves 41.37% token savings, while keeping the empirical loss below ϵ.

We defer a detailed discussion of related work to Appendix A. Our contributions are as follows:

1. We propose B-PAC reasoning, a method for efficient online reasoning under partial feed-
back, without any access to the offline calibration dataset. To the best of our knowledge,
B-PAC reasoning is the first safe, model-agnostic, efficient reasoning method in online and
non-stationary settings.

2. We establish rigorous statistical properties of B-PAC reasoning, including anytime-valid
performance loss control for both i.i.d. and non-stationary data, as well as the efficiency of
the threshold-updating strategy.

3. We provide comprehensive experiments on diverse reasoning benchmarks, demonstrating
that B-PAC reasoning is anytime safe and efficient.

2 PROBLEM SETUP

Let X and Y denote the query and response spaces, respectively. We consider a framework with
two LRMs: a thinking model f : X → Y , which offers superior performance at a higher com-
putational cost, and a non-thinking model f̃ : X → Y , which is computationally efficient but
potentially less accurate. Consider the online setting where data arrive in a stream. That is, the test
sample (Xt, Yt) ∈ X × Y arrives sequentially for t = 1, 2, . . . , where (Xt)t≥1 are independent
and identically distributed, and the response (Yt)t≥1 is unobservable. Note that Yt does not need to
be identically distributed. The aim of this paper is to build a sequence of more efficient composite
models, denoted by (f̂t)≥1, that provide probably approximately correct anytime-valid guarantees
for their performance loss while improving efficiency relative to the thinking model f .

2



Published as a conference paper at ICLR 2026

Formally, when Xt arrives, we compute f̂t(Xt) ∈ {f(Xt), f̃(Xt)}, which determines whether the
non-thinking model output f̃(Xt) can be taken as the final answer of Xt to reduce inference costs.
Given an error tolerance ϵ > 0 and a confidence level 1 − α ∈ (0, 1), our goal is to determine
composite models (f̂t)t≥1 that always control the performance loss below the level ϵ at any time t
with probability at least 1 − α, while improving efficiency as much as possible. We formalize the
anytime (ϵ, α)-PAC efficiency as follows.

Definition 2.1 (Anytime (ϵ, α)-PAC efficiency). A sequence of models (f̂t)t≥0 is said to be anytime
(ϵ, α)-PAC efficient with respect to a loss l ∈ [0, 1] if, for any given ϵ > 0 and α ∈ (0, 1),

P(∀t ≥ 1 : Rt(f̂t) ≤ ϵ) ≥ 1− α, (1)

where Rt(f̂t) = EX∼PX
[l(f̂t(X), f(X))] is the risk function at time t, measuring the performance

loss with respect to the thinking model, l(·, ·) is a loss function, and X ∼ PX . The probability is
taken over the randomness of the streaming data and internal randomization of the procedure that
generates (f̂t)t≥1.

Remark 2.2 (Data Assumption). The i.i.d. assumption ofXt is mainly adopted to present the B-PAC
reasoning more clearly and to leverage fixed sequence testing to obtain a highly efficient model f̂t.
In Section 5, we show that the B-PAC reasoning can handle non-stationary data.
Remark 2.3 (Loss Function). B-PAC reasoning works for any bounded loss function, such as 0-1
loss for verifiable tasks. We assume l(·, ·) ∈ [0, 1] without loss of generality, since any bounded
loss can be scaled to this interval. The performance loss is measured relative to f , not to the ground
truth Yt, which is reasonable and necessary in efficient reasoning; see Appendix B for a detailed
discussion.

3 BETTING PAC REASONING

This section introduces the method of B-PAC reasoning in three steps. We first introduce its working
principle under a given threshold, and then explain how to update the threshold through the betting
process. Finally, we provide an adaptive betting strategy to maximize reasoning efficiency.

3.1 UNCERTAINTY-BASED ROUTING MECHANISM

At time t, we first use the non-thinking model f̃ to produce f̃(Xt), and compute its uncertainty
score Ut ∈ [0, 1]. For example, we can use verbalized confidence scores (Xiong et al., 2024; Tian
et al., 2023; Yang et al., 2024) from a non-thinking model or scores based on prediction logits (Hao
et al., 2023; Huang et al., 2025). In line with intuition, these uncertainty scores should be posi-
tively correlated with the likelihood of inconsistency with the thinking model f . Therefore, if Ut is
small, B-PAC reasoning tends to take f̃(Xt) as a proxy of f(Xt). For f̃(Xt) with large Ut, B-PAC
reasoning invokes the thinking LRM to produce f(Xt).

Formally, denote the calculated threshold at time t− 1 by ût−1 (the construction will be introduced
later). Given Xt and the threshold ût−1, B-PAC calls thinking model with probability of πt, where

πt = π(Ut; ût−1, ρt) = I{Ut ≥ ût−1}+ ρtI{Ut < ût−1},

where ρt ∈ (0, 1) is an exploration probability at time t, which can be either a constant or a time-
varying parameter determined by a specific strategy; see Section 3.3. More specifically, let ξt ∼
Bernoulli(πt). The composite model is constructed by

f̂t(Xt) = (1− ξt)f̃(Xt) + ξtf(Xt). (2)

For Ut ≥ ût−1, we have f̂t(Xt) = f(Xt). If Ut < ût−1, then f̂t(Xt) = f̃(Xt) holds with a
probability 1− ρt.
Remark 3.1 (Uncertainty Score). Practitioners can utilize various existing uncertainty scores since
the safety of B-PAC holds for any types of scores; see Theorem 4.2 in Section 4. But to gain
reasoning acceleration, scores Ut correlated with the likelihood of disagreement with the f(Xt) are
preferred. For detailed discussions, see Appendix B.
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3.2 THRESHOLD SELECTION AS A BETTING PROCESS

It remains to provide the strategy of constructing adaptive threshold {ût}∞t=1, which is a key step to
achieve the anytime (ϵ, α)-PAC efficiency. At a high level, we achieve this goal by (a) constructing
an IPS estimator for the realized risk; (b) constructing a supermartingale based on IPS estimator;
and (c) leveraging the fixed sequence testing.

Step 1: IPS estimator. Denote the loss of the non-thinking model by lt = l(f̃(Xt), f(Xt)), which
is observable only if the thinking model is utilized (i.e., ξt = 1). Note that lt is not the realized loss
l(f̂t(Xt), f(Xt)) of B-PAC reasoning. To estimate the risk associated with threshold u given partial
feedback, we construct the IPS estimator for the risk by

Zt(u) = (1− ρmin)
lt
πt
ξtI{Ut < u}, (3)

where ρmin = inft≥1 ρt. Here, the term ξt/πt corrects the selection bias inherent in the partial
feedback while the coefficient (1 − ρmin) accounts for the time-varying ρt, jointly ensuring that
Zt(u) serves as a tight upper bound of the true risk under threshold u.

Step 2: Supermartingale. Define the filtration Ft as the σ-algebra that

Ft = σ({(Xi, f̃(Xi), liξi, Ui)}ti=1). (4)

Intuitively, Ft represents all information available before t+ 1. For ϵ ∈ (0, 1) and u ∈ [0, 1], let

Dt(u) = ϵ− Zt(u). (5)

Set K0(u) = 1. We construct a process (Kt(u))t≥0 adapted to (Ft)t≥0 by

Kt(u) = Kt−1(u)(1 + λt(u)Dt(u)), (6)

where λt(u) ∈ Ft−1 is a non-negative random variable satisfying 1 + λt(u)Dt(u) ≥ 0. In Section
4, we show that (Kt(u))t≥0 is a nonnegative supermartingale (Lemma 4.1).

Step 3: Threshold selection. We complete the description of B-PAC reasoning by introduc-
ing how to update threshold ût based on Kt. Denote the search space of threshold by U =
{u(1), . . . , u(N)}, where 0 = u(1) < u(2) < · · · < u(N) = 1. The threshold ût is updated by

ût = max

{
u(i) ∈ U : ∀j ≤ i,Kt(u

(j)) ≥ 1

α

}
, (7)

where the maximum is to obtain a most efficient model, since a large value ût leads to a higher
probability that ξt+1 = 0. If {u(i) ∈ U : ∀j ≤ i,Kt(u

(j)) ≥ 1/α} = ∅, we set ût = 0. The
motivation behind Eq. (7) relies on our insights to Ville’s inequality (Howard et al., 2020) and fixed
sequence testing (Angelopoulos et al., 2025); see the proof of Theorem 4.2 in Appendix C. Here,
we provide an intuitive explanation for Kt(u) and ût as follows.

Betting explanation. We interpret (Kt(u))t≥0 as the accumulated capital of a gambler testing the
null hypothesis that threshold u is unsafe. In this game, the predictor λt ∈ Ft−1 acts as the wager,
which should be determined prior to round t. The term Dt(u) represents the payoff of each unit,
comprising the risk tolerance ϵ against the estimated loss Zt(u). Under the null hypothesis (unsafe
threshold u), (Kt(u))t≥0 forms a supermartingale, implying that the expected wealth decreases over
time; see Lemma 4.1. Conversely, if u is truly safe, the capital is expected to grow. Consequently, a
large value of Kt(u) serves as strong evidence of safety, motivating the selection rule in Eq. (7).
Remark 3.2 (Non-trivial setting). We only need to consider the case that ϵ < 1 − ρt such that
Dt(u) < 0 when ξtI{Ut < u} = 1. For ϵ ≥ 1− ρt, the risk control becomes trivial.

3.3 HYPERPARAMETER SELECTION

The choices of (ρt)t≥0 and (λt)t≥1 do not influence the anytime (ϵ, α)-PAC efficient guarantee (see
Theorem 4.2), but can have an impact on the reasoning efficiency. We first provide an efficient
betting strategy of (λt)t≥1 as follows.
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Algorithm 1 Betting PAC Reasoning

1: Input: Queries (Xt)t≥1; thinking model f , non-thinking model f̃ , loss function l, error toler-
ance ϵ, confidence level α, exploration probability ρt given by Eq. (9), search space U .

2: Output: response sequence (f̂t(Xt))t≥1.
Initialize: û0 = 0, K0 = 1, D0 = 0.

3: for t = 1, 2, . . . do
4: Compute f̃(Xt) and uncertainty score Ut.
5: Compute πt = I{Ut ≥ ût−1}+ ρtI{Ut < ût−1}.
6: Sample ξt ∼ Bernoulli(πt).
7: if ξt = 0 then
8: f̂(Xt)← f̃(Xt)
9: else

10: f̂(Xt)← f(Xt)
11: end if
12: Compute Zt(u) as in Eq. (3), u ∈ U .
13: Compute Dt(u) = ϵ− Zt(u), u ∈ U .
14: Compute the predictor λt(u) as in Eq. (8), u ∈ U .
15: Update Kt(u) = Kt−1(u)(1 + λt(u)Dt(u)), u ∈ U .
16: Update the threshold ût as in Eq. (7).
17: end for
18: Return (f̂t(Xt))t≥1.

Choice of λt. To gain maximum efficiency, the predictor λt(u) should maximize wealth Kt(u),
or equivalently, maximize logKt(u). By Eq. (5), we have Dt(u) ∈ [ϵ − (1 − ρmin)/ρt, ϵ]. Under
the constraint that λt ≥ 0 and 1 + λt(u)Dt(u) ≥ 0, we have λt ∈ [0, 1/((1 − ρmin)/ρt − ϵ)]. To
avoid the worst-case scenario Kt = 0, we consider λt ∈ [0, c/((1−ρmin)/ρt− ϵ)], where c ∈ (0, 1)
(usually c is close to 1). Let Mt = max{ϵ, (1− ρmin)/ρt − ϵ}. Note that

d

dλ
logKt(u) ≈

t−1∑
i=1

(Di(u)−D2
i (u)λi(t)).

Therefore, by optimization theorem (Hazan, 2016), we choose

λt(u) = min

{
max

{ ∑t−1
i=0Di(u)∑t−1

i=0D
2
i (u) + 1

, 0

}
,
c

Mt

}
. (8)

Choice of ρt. The value of ρt impacts efficiency in two ways. First, a small ρt leads to a large value
of Zt(u) if ξtI{Ut < u} = 1, which forces a conservative betting strategy (λt ≤ c/(1/ρt − ϵ) ≈ 0)
to maintain non-negative wealth. This limits the wealth growth rate even when the threshold is safe.
In contrast, a large ρt permits an aggressive betting strategy, which accelerates the identification of
optimal thresholds during the initial phase. Second, when ût stabilizes, a large ρt will lead to a low
efficiency since we call the thinking model with at least ρt probability.

To strike a balance between fast convergence (warm-up) and long-term efficiency (deployment), we
recommend a two-stage exploration strategy that

ρt = ρwarmI{t ≤ Twarm}+ ρdeployI{t > Twarm}, (9)

where ρwarm and ρdeploy take suitable large and small values, respectively, and Twarm is a hyperpa-
rameter. The B-PAC reasoning method is summarized in Algorithm 1.

4 THEORETICAL ANALYSIS

In this section, we establish the theoretical foundations of B-PAC reasoning. We first establish that
(f̂t)t≥1 given by Algorithm 1 is anytime (ϵ, α)-PAC efficient. Then we provide the efficiency of the
strategy given by Eq. (8). All technical proofs are presented in Appendix C. For brevity, by Eq. (2),
we re-parameterize the risk Rt(f̂t) as Rt(ût−1) with a slight abuse of notation. Specifically, for
u ∈ U , we have Rt(u) = E[ltI{ξt(u) = 0}], where ξt(u) ∼ Bernoulli(I{Ut ≥ u}+ ρtI{Ut < u}).
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4.1 SAFETY OF B-PAC REASONING

Consider the i.i.d. setting. By Lemma C.1 in Appendix C, we haveRt(u) = (1−ρt)E[ltI{Ut < u}].
Let (ρt)t≥1 given by Eq. (9). Define the null hypothesis H0,u (unsafety of threshold u) by

H0,u : R(u) > ϵ, (10)

where R(u) := (1− ρdeploy)E[ltI{Ut < u}] is the deployment risk under threshold u. We first show
that (Kt(u))t≥0 defined by Eq. (6) is a nonnegative supermartingale under H0,u.

Lemma 4.1 (Supermartingale Property). LetFt,Dt(u),Kt(u), and ρt be defined by Eq. (4), Eq. (5),
Eq. (6), and Eq. (9), respectively. Under the null hypothesisH0,u, for any nonnegative λt(u) ∈ Ft−1

satisfying 1 + λt(u)Dt(u) ≥ 0, Kt(u) is a non-negative supermartingale with respect to Ft.

We observe that R(u) exhibits inherent monotonicity: as u increases, the condition I{Ut < u} is
satisfied more frequently, leading to a non-decreasing risk. This monotonicity allows us to leverage
Lemma 4.1 and fixed sequence testing to derive the safety guarantee.

Theorem 4.2 (Anytime (ϵ, α)-PAC efficient). Let (Kt(u))t≥0, ût, and (ρt)t≥0 be defined by Eq. (5),
Eq. (7), and Eq. (9), respectively. For any α ∈ (0, 1), ϵ ∈ (0, 1), and any nonnegative λt ∈ Ft−1

with 1 + λtDt(u) ≥ 0, B-PAC reasoning satisfies that

P(∀t ∈ N : Rt(ût) ≤ ϵ) ≥ 1− α. (11)

4.2 EFFICIENCY OF B-PAC REASONING

Although the safety of the B-PAC reasoning holds regardless of the choice of λt, how quickly it
identifies the tightest threshold depends on the growth rate of wealth Kt(u). For any fixed u ∈ U ,
this objective can be restated as maximizing logKT (u) =

∑T
t=1 log(1 + λDt(u)) for T ∈ N.

To achieve a computationally efficient strategy with closed-form updates, we follow the standard
approach of maximizing a quadratic surrogate. Based on the second-order Taylor expansion log(1+
x) ≈ x− x2/2, we define the quadratic proxy for the wealth growth at time t by

gt(λ;u) = λDt(u)−
1

2
λ2D2

t (u).

Since λt ∈ [0, c/((1− ρmin)/ρt − ϵ)], we denote λ∗T by

λ∗T (u) = arg max
0≤λ≤c/((1−ρmin)/ρT−ϵ)

T∑
t=1

gt(λ;u). (12)

The following theorem establishes the efficiency of the proposed strategy (λt(u))t≥0.

Theorem 4.3. Let λt(u), ρt, and λ∗T be defined by Eq. (8), Eq. (9), and Eq. (12), respectively.
Define the regret of strategy (λt(u))t≥0 by Rquad

T =
∑T

t=1 (gt(λ
∗
T (u))− gt(λt(u))). Let M =

max{ϵ, 1/ρdeploy − (1 + ϵ)}. For T > Twarm, we have

Rquad
T ≤ c2

2M2
+

(1 + c)2M2

2β log(1 +M2)
log
(
TM2 + 1

)
.

Therefore, we have Rquad
T = O(log T ), meaning that the proposed strategy can match the optimal

rate. Consequently, B-PAC can rapidly converge to the optimal efficient threshold, thereby maxi-
mizing the reasoning efficiency.

5 EXTENSIONS TO NON-STATIONARY DATA

In this section, we extend the method of B-PAC reasoning to handle potential non-stationary data
(Xt)t≥0, such as data with distribution shifts, temporal drifts, or even adversarial inputs. These
settings are common in real-world deployment such as multi-turn dialogue scenarios.
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5.1 B-PAC REASONING FOR NON-STATIONARY DATA

By modifying the equation Eq. (7) of Step 3, the framework of B-PAC reasoning introduced in
Section 3 also holds for non-stationary data. Specifically, let ν(u) be the prior probability mass for
threshold u with

∑
u∈U ν(u) = 1. The data-dependent threshold ût at time t is determined by

ût = max {u ∈ U : Kt(u) ≥ 1/(αν(u))} , (13)
where Kt(u) is defined the same as Eq. (6). If {u ∈ U : Kt(u) ≥ 1/(αν(u))} = ∅, we set ût = 0.
The prior ν(u) enables the incorporation of prior knowledge to improve efficiency. For example, a
large probability mass can be allocated to a relatively large threshold u ∈ U if we have confidence
in the accuracy of the non-thinking model f̃ and the quality of uncertainty score. This can result in
a large ût, which then improves efficiency. However, in most cases, B-PAC reasoning with Eq. (13)
is less efficient than the one with fixed sequence testing Eq. (7) since 0 < ν(u) ≤ 1, which also
reflects a fundamental safety-efficiency trade-off.

5.2 SAFETY FOR NON-STATIONARY DATA

Consider (Ft)t≥0 defined by Eq. (4). For u ∈ U , define the weighted cumulative risk at time t by

Lt(u) =

t∑
j=1

λj(u)∑t
i=1 λi(u)

E[ljI{ξj(u) = 0}|Fj−1], (14)

where ξj(u) ∼ Bernoulli(I{Uj ≥ u} + ρtI{Uj < u}). For fixed betting strategies, it degenerates
into non-weighted risk. For the i.i.d. case, we have Lt(u) = Rt(u). The following theorem
demonstrates the safety of B-PAC reasoning for non-stationary data.
Theorem 5.1 (Safety). Consider that (Xt)t≥0 is an arbitrary data stream. Let (Kt(u))t≥0 and ût
defined by Eq. (5) and Eq. (13), respectively. For any prior probability mass ν with domain U , any
α ∈ (0, 1), ϵ ∈ (0, 1), and any ρt ∈ (0, 1), λt ∈ Ft−1 with 1 + λtDt(u) ≥ 0, we have

P(∀t ∈ N : Lt(ût) ≤ ϵ) ≥ 1− α.

6 EXPERIMENTS

In this section, we present the experimental results of B-PAC reasoning and other baselines on
diverse benchmarks. We aim to demonstrate that B-PAC reasoning always controls risk with a
specific confidence level for streaming data while significantly saving computational overhead.

6.1 EXPERIMENTAL SETUP

We introduce the main information on the experiments; detailed settings and additional results, such
as ablation studies on strategies of λt and ρt, are presented in Appendix D and E, respectively.

Datasets. We evaluate B-PAC reasoning across diverse benchmarks including mathematical
problem-solving, multi-task knowledge, symbolic reasoning, and open-ended instruction following.
Specifically, we use four challenging datasets: MATH (Hendrycks et al., 2021), MMLU-Pro (Wang
et al., 2024), BIG-Bench Hard (BBH) (Srivastava et al., 2023), and Magpie (Xu et al., 2025b). To
ensure computational feasibility given the scale of our evaluation, we use randomly sampled subsets
of MMLU-Pro and Magpie in our experiments.

Large languages models. We utilize the Qwen3 model family (Yang et al., 2025).
Specifically, we employ Qwen3-4B-Thinking-2507 as the thinking model and
Qwen3-4B-Instruct-2507 as the non-thinking model. We configure the sampling tem-
perature and other hyperparameters as the settings in the original technical report.

Methods. We first compare B-PAC with the offline method PAC reasoning (Zeng et al., 2025),
both using logits-based uncertainty score. We then compare B-PAC with two online methods: O-
naive and IPS+Hoeff, where O-naive has no safety guarantee and IPS+Hoeff has safety guarantee by
leveraging the Hoeffding’s inequality (Hoeffding, 1963). Other efficient methods including Chain
of Draft (CoD) (Xu et al., 2025a) and NoThinking (Ma et al., 2025) are also compared.
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Figure 1: Efficiency outperforms offline PAC reasoning. ER, ECP, and TP are reported on a
combined dataset of Magpie and BBH, with ϵ = 0.08 and α = 0.1. The vertical dotted line
indicates the size of the calibration set used for the offline PAC baseline. Experiments are repeated
100 times, and the shaded areas represent standard deviations.

0 1000 2000 3000 4000
Time Step

0.00

0.05

0.10

0.15

ER

PAC (Baseline)
B-PAC (Ours)
Tolerance

0 1000 2000 3000 4000
Time Step

0

20

40

60

80

100

EC
P(

%
)

0 1000 2000 3000 4000
Time Step

60

80

100

120

140

TP
(%

)

Figure 2: Anytime safety for non-stationary data. Results are reported on a combined dataset of
MMLU-Pro and BBH, with ϵ = 0.05 and α = 0.1.

Loss functions. We use 0-1 loss for verifiable tasks. For open-ended tasks, we use a LLM-as-a-
judge loss. For dataset including multi-type tasks, we adopt a piecewise loss function.

Evaluation. We evaluate reasoning efficiency through two metrics: Expert Call Percentage (ECP)
and Token Percentage (TP). Specifically, let h̃(xi) and h(xi) be the number of tokens of f̃(xi) and
f(xi), respectively. For t ≥ 1, we define

ECPt =
1

t

t∑
i=1

I{ξi = 1} × 100%, TPt =

∑t
i=1(h̃(Xi) + h(Xi)I{ξi = 1})∑t

i=1 h(Xi)
× 100%.

The safety is evaluated by the Empirical Risk (ER):

ERt =
1

t

t∑
i=1

l(f̂i(Xi), f(Xi)).

Remark 6.1 (ECP vs TP). With h(Xi)/h̃(Xi) = S, we have TPt = ECPt + 1/S. Since S depends
on (f, f̃), we regard ECP as a more intrinsic metric for evaluating the efficiency of routing methods,
as it isolates the decision-making quality from the specific model characteristics.

6.2 RESULTS

Efficiency outperforms offline method. Figure 1 compares the performance of B-PAC against
the offline PAC baseline. We observe that B-PAC consistently maintains the empirical risk below
the tolerance ϵ while significantly reducing computational costs, achieving ECP = 18.99% and
TP = 58.63%. In contrast, PAC exhibits negligible efficiency gains. This disparity arises because
PAC relies on a fixed routing threshold derived from a calibration set from a harder dataset, BBH.
Consequently, when the test stream introduces easier queries, the fixed threshold remains overly
conservative. B-PAC, however, dynamically relaxes the threshold in response to the easier streaming
data, thereby maximizing efficiency without compromising safety.

Risk control under non-stationary settings. Figure 2 illustrates performance under a dynamic
setting where query difficulty escalates over time. The offline PAC baseline fails to control risk, as
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(a) Results on MMLU-Pro.
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(b) Results on BBH.

Figure 3: Safety and efficiency of B-PAC compared with online methods, including IPS+Hoeff
and O-Naive. Results are reported on MMLU-Pro and BBH, with ϵ = 0.08 and α = 0.1.

Table 1: Comparison with CoD and NoThinking on MATH and MMLRU-Pro (ϵ = 0.08, α = 0.1).

MATH MMLU-Pro
Metric B-PAC CoD NoThinking B-PAC CoD NoThinking
ER ↓ 0.03± 0.01 0.1204 0.1577 0.03± 0.01 0.10 0.12
TP (%) ↓ 68.16± 14.56 95.63 77.26 77.24± 9.94 73.63 76.52

its fixed threshold—calibrated on earlier, easier data—cannot adapt to the harder incoming queries.
Conversely, B-PAC demonstrates superior robustness, achieving anytime-valid safety. This is at-
tributed to B-PAC’s ability to dynamically tighten the routing threshold as the error rate rises, effec-
tively trading off necessary computation for strict adherence to the safety constraint.

Comparison with online methods. Figure 3 benchmarks B-PAC against O-naive and IPS+Hoeff
on MMLU-Pro and BBH, which highlights the critical challenges in online efficient reasoning. The
failure of O-naive (risk violation) confirms that handling partial feedback is non-trivial and requires
accurate estimation like IPS. Meanwhile, the inefficiency of IPS+Hoeff (near 100% expert usage)
demonstrates that standard inequalities are too loose for practical deployment. B-PAC overcomes
both limitations by leveraging IPS estimation with a tight betting supermartingale, achieving guaran-
teed safety without sacrificing efficiency. For example, for MMLU-Pro, B-PAC reasoning achieves
ECP = 47.04% and TP = 78.07%.

Reliability against heuristic approaches. We extend our comparison to heuristic reasoning
paradigms, specifically CoD and NoThinking; see Table 1. Results reveal that heuristic baselines
violate the risk tolerance ER > 0.08. In contrast, B-PAC maintains risk control due to its rigor-
ous theoretical foundation. Crucially, this safety does not come at the cost of efficiency: B-PAC
achieves the lowest token consumption on the complex MATH dataset (TP = 68.16%) and remains
competitive on MMLU-PRO, establishing it as the only reliable solution for high-stakes deployment.

7 CONCLUSION

We propose B-PAC reasoning, a rigorous method designed to bridge the gap between reasoning
efficiency and safety for the online deployment of LRMs. Specifically, B-PAC reasoning switches
a query to the thinking mode only when its uncertainty level exceeds the current threshold, where
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the determination of the time-varying threshold is formulated as a betting game. Unlike existing
heuristic-motivated and offline selective thinking methods, B-PAC ensures anytime-valid perfor-
mance loss control even under the challenging settings of partial feedback and non-stationary data.
We further establish the efficiency of our proposed adaptive betting strategy, by proving it achieves
logarithmic regret. Extensive experiments demonstrate that B-PAC reasoning can significantly re-
duce computational costs and control the risk below the user-specified level. We expect that the
proposed method can serve as a basic tool in the area of safe efficient reasoning.

Limitation. Although B-PAC reasoning provides the first theoretically grounded method for safe
efficient reasoning, several challenges remain to be solved to expand its usability. First, the present
B-PAC reasoning switches between two models, extending it to multiple models remains unsolved.
Second, the efficiency of B-PAC relies on the quality of uncertainty scores. When multiple scores
are available, how to adaptively select the most reliable score remains unknown. Third, designing
the conditional case Zeng (2025) of B-PAC reasoning may further enhance the efficiency.
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A RELATED WORK

Anytime safe efficient reasoning. Although LRMs have demonstrated remarkable progress in
tackling complex tasks Sprague et al. (2024); Bai et al. (2025), the problem of overthinking makes
the usage of LRMs expensive and even dangerous Chen et al. (2024); Sui et al. (2025); Cuadron et al.
(2025). This highlights the need to improve the inference efficiency of LRMs. By Sui et al. (2025),
recent efficient reasoning methods include three categories: model-based efficient reasoning, rea-
soning output-based efficient reasoning, and input prompts-based efficient reasoning. Among them,
a promising direction is to switch between thinking and non-thinking models to save computational
overhead Cheng et al. (2025); Fang et al. (2025); Ma et al. (2025); Li et al. (2025); Liang et al.
(2025); Paliotta et al. (2025); Chung et al. (2025); Pan et al. (2024); Yong et al. (2025). How-
ever, these methods cannot control the performance loss caused by using a non-thinking model.
The proposed B-PAC reasoning fills this gap, providing a model-agnostic, anytime safe method for
improving reasoning efficiency.

Game-theoretic statistics, or more specifically, the non-negative (super)martingale and e-process
provide fundamental tools for safe anytime-valid inference Shafer (2021); Ramdas et al. (2020;
2023); Chugg et al. (2023); Waudby-Smith & Ramdas (2024), where “e” of e-process refers to e-
values Shafer (2021); Vovk & Wang (2021); Yu et al. (2024). The main idea of these tools is to con-
struct a powerful test (super)martingale (or e-process) and then leverage Ville’s inequality Howard
et al. (2020). Our work introduces these tools to efficient reasoning and takes additional techniques
to address specific challenges in this field. First, we tackle the partial feedback by integrating The
IPS estimator into the supermartingale construction. Second, for i.i.d. settings, we innovatively
combine fixed sequence testing with Ville’s inequality, which is more efficient than directly lever-
aging the tools of mixture martingales. Furthermore, we formulate the betting strategy as an online
convex optimization problem. These contributions enable B-PAC reasoning to be an anytime safe
and efficient reasoning method.

Risk control and PAC reasoning. Providing model-agnostic risk control for black-box models
has become a prominent research direction in recent years, such as methods of conformal predic-
tion Vovk et al. (2005); Bates et al. (2021); Angelopoulos et al. (2024); Angelopoulos & Bates
(2023), Learn then Test (LTT) Angelopoulos et al. (2025), and a predictive inference style for PAC
learning Valiant (1984); Candès et al. (2025); Zeng et al. (2025). The key insight of these methods
lies in leveraging a hold-out calibration set to estimate the empirical quantile (or other statistics) of
the risk distribution, thereby determining a fixed threshold that guarantees the level of errors on the
test data remains within a user-specified level. Among these methods, the most related work is the
PAC reasoning Zeng et al. (2025), which first applies the LTT to improve the efficiency of reason-
ing models. Specifically, PAC reasoning determines a fixed switching threshold on a calibration set
by constructing an upper confidence bound (UCB) on the performance loss and leveraging LTT An-
gelopoulos et al. (2025); Candès et al. (2025). Our proposed B-PAC reasoning fundamentally differs
from Zeng et al. (2025) in two aspects:

1. Zeng et al. (2025) target offline settings with i.i.d calibration data. In contrast, B-PAC is
designed for online settings with partial feedback, without access to offline data, and can
be applicable for non-stationary data.

2. Zeng et al. (2025) depend on the tools of UCB and LTT. In contrast, to tackle partial feed-
back and online settings, B-PAC reasoning is mainly built on the construction of the IPS
estimator and supermartingale. This also leads to a distinct safety guarantee.

B DEFERRED DISCUSSIONS

B.1 RATIONALITY FOR CONTROLLING PERFORMANCE LOSS WITH RESPECT TO THINKING
MODEL

Recall that the primary goal of B-PAC reasoning is to control the performance loss with respect to
the thinking model f(Xt), rather than the ground truth Yt. While controlling risk relative to the
ground truth is an ultimate goal for reliable AI, we justify the rationality and necessity of the goal of
B-PAC reasoning from the following three perspectives.
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Relationship with controlling performance loss with respect to ground truth. The perfor-
mance loss of an efficient reasoning model f̂t relative to the ground truth Yt can be decomposed
into two components:

l(f̂t(Xt), Yt)︸ ︷︷ ︸
Total Error

≤ l(f̂t(X), f(Xt))︸ ︷︷ ︸
Approximation Error

+ l(f(Xt), Yt)︸ ︷︷ ︸
Inherent Error

.

The approximation error stems from using the non-thinking model f̃ instead of the thinking model
f , which is introduced by the efficiency mechanism and is exactly what B-PAC reasoning aims to
control. The inherent error stems from the limitations of the thinking model f itself. Reducing the
inherent error falls within the scope of model alignment or pretraining, which is orthogonal to the
problem of efficient reasoning. Furthermore, we assume that the difference between the output of
the thinking model and the ground truth is controllable, i.e., l(f(Xt), Yt) ≤ δ for some small δ > 0.
Then by controlling the performance loss with respect to the thinking model f(Xt) below ϵ, we have
l(f̂t(Xt), Yt) ≤ ϵ + δ, which means that the performance loss of B-PAC reasoning with respect to
the ground truth is also controlled.

Objective of Efficient Reasoning. The primary objective of this work is to improve the reasoning
efficiency of LRMs, not to improve the capability of thinking model. The premise of deploying
a LRM is that users have already trusted its performance and are willing to pay for its superior
reasoning capabilities. In this context, the goal of an efficient reasoning system is to approximate the
behavior of the thinking model as closely as possible with minimal computational cost. Therefore,
the performance loss in our setting should be defined by the fidelity gap between the composite
model and the thinking model, rather than the inherent error of the thinking itself.

Unavailability of Ground Truth in Online Settings. In real-world online deployment such as
open-ended question and code generation, the ground truth label Yt is typically unobservable, or
requires prohibitively expensive human annotation. In contrast, the output of the thinking model
f(Xt) is observable if ξt = 1. These observable errors enable us to estimate the corresponding
population risk (e.g., the proposed IPS estimator), and therefore controls its population level below
the preset level with a high probability. If we aim to control the risk with respect to the ground truth,
then we must have access to the ground truth, which is impractical for online generation tasks where
immediate human oversight is absent.

B.2 IMPACT OF THE QUALITY OF UNCERTAINTY SCORE

We provide a detailed discussion on the impact of the quality of uncertainty score to the safety and
efficiency of the B-PAC reasoning.

Safety of B-PAC reasoning. Theorem 4.2 and Theorem 5.1 hold regardless of how Ut is gener-
ated, therefore, the safety guarantees of B-PAC reasoning are entirely independent of the quality of
the uncertainty scores. This means that even in high-stakes applications, users do not need to worry
about the safety of using uncertainty score with potential low quality. Such flexibility enables users
to choose different types of bounded uncertainty scores by their domain knowledge or prior infor-
mation. For example, users can use logit-based scores derived from the token probabilities of the
non-thinking model, or use the verbalized score generated by prompting the LLM to self-evaluate
its confidence.

Efficiency of B-PAC reasoning. Although the safety of B-PAC reasoning is guaranteed regardless
of uncertainty score, the reasoning efficiency is heavily dependent on the discriminative power of
the uncertainty score. Generally speaking, when the uncertainty score can reflect, to some extent,
the inconsistency between the output of the non-thinking model and the output of the thinking model
(positive correlation), B-PAC reasoning will gain efficiency. The reasons are as follows.

The efficiency gain of B-PAC comes from its ability to identify the non-trivial safe threshold ût >
0. This requires the wealth Kt(ût) to exceed a certain level. A high-quality Ut ensures that the
empirical risk is consistently lower than ϵ for a range of thresholds, allowing the gambler to win
money and drive ût upward. If the uncertainty score is of poor quality (e.g., uncorrelated with
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the actual error), the gambler will frequently lose games, causing the wealth Kt(u) to shrink or
stagnate. To illustrate this clearly, we consider two extreme scenarios. Consider ϵ = 0.05, ρt = 0.1,
and the non-thinking model f̃ has a raw error rate of 0.2. Consider that Ut perfectly distinguishes
correct and incorrect outputs that Ut = I{f̃(Xt) ̸= f(Xt)}. In this scenario, for any threshold
u ∈ (0, 1), the set of accepted queries {Xt : Ut < u} consists exclusively of correct instances.
Consequently, the empirical risk within this accepted group is 0. Therefore, the gambler always
wins the game (Dt(u) > 0), causing the wealth Kt(u) to grow exponentially for all u. As a result,
B-PAC will identify and maintain a high threshold (e.g., ût ≈ 1), routing nearly all easy queries
to the non-thinking model and achieving maximum efficiency. In contrast, for the adversarial score
Ut = I{f̃(Xt) = f(Xt)}, the gambler will lose all money quickly.

B.3 ENGINEERING CONSIDERATIONS

In this subsection, we discuss the practical aspects of integrating B-PAC reasoning into real-world
LLM serving systems.

Negligible Latency Overhead. Briefly, the total systematic computational cost of B-PAC for 1000
requests is only 0.046 seconds. This is because updating requires no model retraining, gradient
updates, or heavy matrix multiplications. We only maintain over a discretized threshold grid, which
just involves computing the IPS estimator and performing scalar multiplications per step. Compared
to the substantial inference latency of LRMs ranging from hundreds of milliseconds to seconds per
query, the time cost of updating the threshold ût is negligible.

Asynchronous State Management. In high-concurrency scenarios, strict synchronization of the
wealth process Kt across all incoming requests may introduce lock contention. To address this,
B-PAC reasoning can be implemented in an asynchronous manner. The routing decision can read
the current threshold snapshot from a shared cache, while the wealth update runs in a background
thread or a separate microservice upon receiving feedback.

Scalability via Distributed Betting. For large-scale services distributed across multiple clusters,
maintaining a single global wealth process might be challenging. A practical engineering solution
is to maintain sharded wealth processes, where different traffic segments (e.g., grouped by user
tiers or domain topics) maintain their independent betting games. This not only solves the scal-
ability bottleneck but also allows B-PAC to learn fine-grained routing policies tailored to specific
data distributions (e.g., a “Math” betting process vs. a “Creative Writing” betting process), further
enhancing overall efficiency.

C TECHNICAL PROOFS

C.1 PROOF OF PRELIMINARY LEMMA

To avoid ambiguity, let πt(u) = I{Ut ≥ u}+ ρtI{Ut < u} and ξt(u) ∼ Bernoulli(πt(u)).

Lemma C.1. Let rt(u) = E[ltI{ξt(u) = 0}|Ft−1], and Dt(u) defined by Eq. (5). We have

rt(u) = (1− ρt)E[ltI{Ut < u}|Ft−1],

E[Dt(u)|Ft−1] = ϵ− (1− ρmin)E[ltI{Ut < u}|Ft−1] = ϵ− 1− ρmin

1− ρt
rt(u).

As a result, if (Xt)t≥0 are i.i.d, we have E[Dt|Ft−1] = ϵ− E[(1− ρmin)ltI{Ut < u}] and Rt(u) =
(1− ρt)E[ltI{Ut < u}]. Furthermore, for i.i.d. setting with (ρt)t≥1 given by Eq. (9), we have

Rt(u) =
1− ρwarm

1− ρdeploy
R(u)I(t ≤ Twarm) +R(u)I(t > Twarm),

E[Dt(u)|Ft−1] = ϵ−R(u).
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Proof of Lemma C.1. For Dt(u), we have

E
[
ϵ− Zt(u)

∣∣∣Ft−1

]
= E

[
ϵ− (1− ρmin)ltξtI{Ut < u}

πt

∣∣∣Ft−1

]
(i)
= ϵ− E

[
(1− ρmin)ltI{Ut < u}

πt
E [ξt|Ft−1, Xt]

∣∣∣Ft−1

]
= ϵ− E

[
(1− ρmin)ltI{Ut < u}

πt
πt

∣∣∣Ft−1

]
= ϵ− (1− ρmin)E[ltI{Ut < u}|Ft−1],

where (i) holds since πt is a determined function given ût−1 ∈ Ft−1 and f̃(Xi). For rt(u), we have

rt(u) = E [ltI{ξt(u) = 0}|Ft−1]

= E[ltI{Ut < u}I{ξt(u) = 0}|Ft−1]

= E [ltI{Ut < u}E[I{ξt(u) = 0}|Ft−1, Xt]|Ft−1]

= E[ltI{Ut < u}(1− πt(u))|Ft−1]

= E[ltI{Ut < u}|Ft−1]− E[(I{Ut ≥ u}+ ρtI{Ut < u})ltI{Ut < u}|Ft−1]

= E[ltI{Ut < u}|Ft−1]− ρtE[ltI{Ut < u}|Ft−1]

= (1− ρt)E[ltI{Ut < u}|Ft−1].

Therefore, we also have

E[Dt(u)|Ft−1] = ϵ− 1− ρmin

1− ρt
rt(u).

Furthermore, if (Xt)t≥0 are i.i.d., we have

E[Dt(u)|Ft−1] = ϵ− (1− ρmin)E[ltI{Ut < u}|Ft−1] = ϵ− (1− ρmin)E[ltI{Ut < u}],
Rt(u) = E[ltI{ξt(u) = 0}] = rt(u) = (1− ρt)E[ltI{Ut < u}|Ft−1] = (1− ρt)E[ltI{Ut < u}].

For (ρt)t≥1 given by Eq. (9), we have ρt = ρwarm if t ≤ Twarm and ρt = ρdeploy if t > Tdeploy, and
ρmin = ρdeploy. This completes the proof.

Lemma C.2 (Restatement of Lemma 4.1). Let Ft, Dt(u), and ρt be defined by Eq. (4), Eq. (5), and
Eq. (9), respectively. Under the null hypothesisH0,u : R(u) > ϵ, for any nonnegative λt(u) ∈ Ft−1

satisfying 1 + λt(u)Dt(u) ≥ 0, the process (Kt(u))t≥0 Eq. (6) is a non-negative supermartingale
with respect to Ft.

Proof of Lemma C.2.

E[Kt(u) | Ft−1] = E [Kt−1(u) · (1 + λt(u)Dt(u)) | Ft−1]

(i)
= Kt−1(u) (1 + λt(u)E[Dt(u) | Ft−1])

(ii)
= Kt−1(u) (1 + λt(u) (ϵ−R(u)))
(iii)

≤ Kt−1(u),

where (i) holds since λt(u) is predicable, (ii) holds by Lemma C.1, and (iii) holds by the null
hypothesis H0,u that R(u) > ϵ. This completes the proof.

Lemma C.3 (Ville’s inequality). For the non-negative supermartingale {Kt(u)}∞t=0 with K0 = 1,
for any α ∈ (0, 1), it holds that

P
(
∃t : Kt(u) ≥

1

α

)
≤ α.

Lemma C.4. Consider real number an ≥ 0, 1 ≤ n ≤ T . Let St =
∑t

i=1 ai + β, where β > 0,
1 ≤ t ≤ T . Set S0 = β. If at ≤ γSt−1 holds for all 1 ≤ t ≤ T , then

T∑
t=1

at
St−1

≤ C(γ) log
(
ST

β

)
,

where C(γ) = γ/ log(1 + γ).
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Proof of Lemma C.4. Note that if there exists a constant C such that at/St−1 ≤ C(logSt −
logSt−1) holds for all t, then

T∑
t=1

at
St−1

≤ C(logST − logS0) = C log

(
ST

β

)
.

For t ≥ 1,

logSt − logSt−1 = log

(
St

St−1

)
= log

(
1 +

at
St−1

)
.

Let xt = at/St−1 ≤ γ. It remains to prove xt ≤ C log(1 + xt) for xt ∈ [0, γ] and C = γ/ log(1 +
γ). It can be verified that

max
0<x≤γ

x

log(1 + x)
=

γ

log(1 + γ)
,

which completes the proof.

C.2 PROOF OF THEOREM 4.2

Proof of Theorem 4.2. Define the oracle threshold by

u∗ := min {u ∈ U : R(u) > ϵ} .

Note that the deployment risk R(u) = (1− ρmin)E[ltI{Ut < u}] is non-decreasing, i.e.,

R(u) ≤ R(u′) for any u ≤ u′.

Therefore, we have

{∃t ≥ 1, s.t. R(ût) > ϵ} = {∃t ≥ 1, s.t. ût ≥ u∗}. (15)

By the definition of ût that

ût = max

{
u(i) ∈ U : ∀j ≤ i,Kt(u

(j)) ≥ 1

α

}
,

we have Kt(ût) ≥ 1/α. Again, by the fixed sequence testing, we have

{∃t ≥ 1, s.t. ût ≥ u∗} ⊆
{
∃t ≥ 1, s.t. Kt(u

∗) ≥ 1

α

}
. (16)

By the definition of u∗, the null hypothesis H0,u∗ : R(u∗) > ϵ holds. Therefore, by Lemma C.2,
(Kt(u

∗))t≥0 is a non-negative supermartingale. By Lemma C.3, we have

P
(
∃t ≥ 1, Kt(u

∗) ≥ 1

α

)
≤ α. (17)

According to Eq. (15), Eq. (16), and Eq. (17), we have

P (∃t ≥ 1, R(ût) > ϵ) ≤ P
(
∃t ≥ 1, Kt(u

∗) ≥ 1

α

)
≤ α.

Therefore, we have
P(∀t : R(ût) ≤ ϵ) ≥ 1− α, (18)

By Lemma C.1, for ρwarm ≥ ρdeploy, we have

Rt(u) =
1− ρwarm

1− ρdeploy
R(u)I(t ≤ Twarm) +R(u)I(t > Twarm) ≤ R(u).

Therefore,
P(∀t : Rt(ût) ≤ ϵ) ≥ P(∀t : R(ût) ≤ ϵ) ≥ 1− α, (19)

which completes the proof.
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C.3 PROOF OF THEOREM 4.3

Proof of Theorem 4.3. Fixed u ∈ U . Since lt ∈ [0, 1] and the exploration probability is bounded
below by ρt > 0, we have Dt(u) ∈ [ϵ − (1 − ρdeploy)/ρt, ϵ]. Let Mt = max{ϵ, (1 − ρdeploy)/ρt −
ϵ}. Denote the feasible set of betting fractions by Kt = [0, c/Mt] for some constant c ∈ (0, 1).
Therefore, for any fixed λ ∈ Kt and any Dt(u), we have

1 + λDt(u) ≥ 1− c > 0. (20)

We define the surrogate objective Φt−1(λ) as the sum of quadratic lower bounds plus a regularizer:

Φt−1(λ) =

t−1∑
i=1

(λDi(u)−
1

2
λ2D2

i (u))−
β

2
λ2.

We first prove that the λt given by Eq. (8) satisfies

λt(u) = arg max
λ∈Kt

Φt−1(λ),

with β = 1. The gradient of Φt−1(λ) with respect to λ is

∇λΦt−1(λ) =

t−1∑
i=1

Di(u)− λ
t−1∑
i=1

D2
i (u)− βλ.

By setting ∇λΦt−1(λ) = 0, the unconstrained solution of λ is

λraw
t (u) :=

∑t−1
i=1Di(u)∑t−1

i=1D
2
i (u) + β

.

By straightforward computation, we can check that Φt−1(λ) is a concave function of λ. Since the
the constraint set Kt is convex, the constrained optimum is simply the projection of λraw

t (u) onto
Kt:

arg max
λ∈Kt

Φt−1(λ) = projKt
(λraw

t (u)) = min

{
max

{ ∑t−1
i=0Di(u)∑t−1

i=0D
2
i (u) + β

, 0

}
,
c

Mt

}
.

We complete the proof by choosing β = 1.

Second, we derive the regret bound as follows. Let gt(λ) = λDt(u)− λ2D2
t (u)/2 be the quadratic

proxy. The regularizer is given by ψ(λ) = βλ2/2. By the standard FTRL bound on gt Hazan
(2016), we have

T∑
t=1

(gt(λ
∗)− gt(λt)) ≤ ψ(λ∗)− ψ(λ1) +

1

2

T∑
t=1

(∇gt(λt))2

−∇2Φt−1(λt)
. (21)

Since λ∗T ∈ [0, c/MT ], we have

ψ(λ∗T )− ψ(λ1) ≤
β

2
(λ∗T )

2 ≤ βc2

2M2
T

. (22)

For ∇2Φt−1(λt), we have −∇2Φt−1(λt) =
∑t−1

i=1D
2
i (u) + β. For ∇gt(λt), we have

(∇gt(λt))2 =
(
Dt(u)− λtD2

t (u)
)2

= D2
t (u) (1− λtDt(u))

2
.

By |λtDt(u)| ≤ c, we have
(∇gt(λt))2 ≤ (1 + c)

2
D2

t (u). (23)
By Eq. (23), we have

T∑
t=1

(∇gt(λt))2

−∇2Φt−1(λt)
≤

T∑
t=1

(1 + c)2D2
t (u)∑t−1

i=1D
2
i (u) + β

= (1 + c)2
T∑

t=1

D2
t (u)∑t−1

i=1D
2
i (u) + β

. (24)

Note that
D2

t (u)∑t−1
i=1D

2
i (u) + β

≤ M2
t

β
.
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Let M = supt≥1Mt. By Lemma C.4 , we have

T∑
t=1

D2
t (u)∑t−1

i=1D
2
i (u) + β

≤ M2/β

log(1 +M2/β)
log

(∑T
t=1D

2
t (u)

β
+ 1

)
. (25)

Combining Eq. (21), Eq. (22), Eq. (24), and Eq. (25), we have

Rquad
T ≤ βc2

2M2
T

+
(1 + c)2M2

2β log(1 +M2/β)
log

(∑T
t=1D

2
t (u)

β
+ 1

)
.

For T > Twarm, we have MT =M . Using the worst-case bound
∑
D2

t (u) ≤ TM2, we have

Rquad
T ≤ βc2

2M2
+

(1 + c)2M2

2β log(1 +M2/β)
log

(
TM2

β
+ 1

)
.

By choosing β = 1, we complete the proof of Theorem 4.3.

C.4 PROOF OF THEOREM 5.1

Proof of Theorem 5.1. Let

Yt(u) =

t∏
i=1

1 + λi(u)Di(u)

1 + λi(u)E[Di(u)|Fi−1]
, Ht =

t∏
i=1

(1 + λi(u)E[Di(u)|Fi−1]).

We have Kt(u) = Yt(u)Ht(u). Note that (Yt)t≥0 is a (Ft)-adapted martingale since

E[Yt(u)|Ft−1] = Yt−1E
[

1 + λt(u)Dt(u)

1 + λt(u)E[Dt(u)|Ft−1]
|Ft−1

]
= Yt−1.

It holds that E[Yt] = 1 for t ≥ 0. In addition, by 1 + x ≤ ex, we have

Ht(u) ≤
t∏

i=1

exp {λi(u)E[Di(u)|Fi−1]}

= exp

{
t∑

i=1

λi(u)E[Di(u)|Fi−1]

}
(i)
= exp

{
t∑

i=1

λi(u) (ϵ− ri(u))

}

= exp

{
t∑

i=1

λi(u)

(
ϵ−

∑t
j=1 λj(u)rj(u)∑t

i=1 λi(u)

)}
(ii)
= exp

{
t∑

i=1

λi(u)(ϵ− Lt(u))

}
,

(26)

where (i) and (ii) hold by Lemma C.1 and Eq. (14).

Let Mt =
∑

u∈U w(u)Yt(u). We have

E[Mt|Ft−1] =
∑
u∈U

w(u)E[Yt(u)|Ft−1] =
∑
u∈U

w(u)Yt−1(u) =Mt−1,

E[Mt] =
∑
u∈U

w(u)E[Yt(u)] = 1.

Therefore, the process (Mt)t≥0 is also a (Ft)t≥0-adapted martingale. Therefore, by Lemma C.3,
we have

P
(
∃t ∈ N :Mt ≥

1

α

)
≤ α. (27)
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Let

E =

{
∃t ∈ N,∃u∗ ∈ U : Lt(u

∗) > ϵ,Kt(u
∗) ≥ 1

αν(u∗)

}
.

On the event E , by Eq. (26), we have
1

αν(u∗)
≤ Kt(u

∗) = Yt(u
∗)Ht(u

∗) ≤ Yt(u∗). (28)

By Eq. (28), we have

Mt =
∑
u∈U

ν(u)Yt(u) ≥ ν(u∗)Yt(u∗) ≥ ν(u∗)
1

αν(u∗)
=

1

α
.

By Eq. (27) and Eq. (28), we have

P(E) ≤ P
(
∃t ∈ N :Mt ≥

1

α

)
≤ α.

Let Ŝt = {u ∈ U : Kt(u) ≥ 1/(αν(u))}. Recall that ût is the element of Ŝt with largest value. We
have

P(∃t ∈ N : Lt(ût) > ϵ) ≤ P(∃t ∈ N : ∃u∗ ∈ Ŝt, Lt(u
∗) > ϵ) ≤ P(E) ≤ α.

Therefore, we have
P(∀t ∈ N : Lt(ût) ≤ ϵ) ≥ 1− α.

This completes the proof.

D EXPERIMENTAL DETAILS

D.1 DETAILS OF DATASETS

Given the substantial computational cost of evaluating long reasoning chains, we randomly sampled
an initial pool of instances: 6,000 for Magpie, 5,000 for MATH, 4,992 for MMLU-Pro, and 6,511
for BBH. Following the protocol in Zeng et al. (2025) and our discussion in Appendix B, we focus
on scenarios where the thinking model demonstrates superior or the same capability over the non-
thinking counterpart. Specifically, for reasoning tasks (MATH, MMLU-Pro, BBH), we retained
only instances where the thinking model predicted the correct answer. For the open-ended Magpie
dataset, we selected instances where the thinking model achieved a higher preference score. This
filtering process yielded the final datasets for sequential evaluation: MMLU-Pro (3,738), MATH
(4,628), BBH (5,476), and Magpie (4,379). Furthermore, we constructed two specialized evaluation
streams. First, to demonstrate the efficiency gain from dynamic threshold relaxation (Figure 1),
we created a mixed dataset comprising all valid Magpie samples and a random subset of 100 BBH
samples. Second, to evaluate robustness against non-stationary data (Figure 2), we synthesized a
distribution-shift stream by combining 1,500 samples from BBH and 3,000 samples from MMLU-
Pro.

D.2 DETAILED SETTINGS OF LLMS

In this study, we adhere to specific decoding configurations for different model variants. For Qwen3-
4B-Instruct-2507, we set the hyperparameters as follows: temperature T = 0.7, Top-P = 0.8,
Top-K = 20, and min-P = 0. For the reasoning-focused Qwen3-4B-Thinking-2507, we adopt a
slightly more deterministic setting with T = 0.6, Top-P = 0.95, Top-K = 20, and min-P = 0.
All experiments were conducted on NVIDIA A100-SXM4 GPU (40GB). For the evaluation of the
Magpie dataset, we employ GPT-4o-mini as the judge via the official API, utilizing default parameter
settings. The corresponding prompt is presented at Figure 4.

D.3 DETAILS OF BASELINES AND B-PAC REASONING

In this subsection, we introduce two baselines for online efficient reasoning, including O-naive and
IPS+Hoeff. Notations are consistent with those of B-PAC reasoning. Then we present the settings
of B-PAC reasoning in our experiments.
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Evaluation Prompt

You are a careful, unbiased and strict evaluator.

Given a user question and an assistant answer, evaluate the overall quality of the answer. Consider the
following aspects:
• Correctness and factual accuracy
• Helpfulness and relevance to the question
• Clarity and completeness
• Following the user’s instructions

Provide a single numeric score from 1 to 10, where:
1 = very poor answer
10 = excellent answer

Do not provide any explanation. Output only the number.

User Question:
{question}
Assistant Answer:
{answer}

Figure 4: Prompt used for evaluating response quality on Magpie dataset.

O-Naive. This baseline represents a heuristic strategy adopted in scenarios with partial feedback.
It operates under the optimistic assumption that unobserved instances are error-free. Specifically, if
the thinking model is not invoked (ξt = 0), then the unobserved loss is regarded as 0. Consequently,
the risk is estimated by the average of the observed losses:

R̂o-naive
t (u) =

1

t

t∑
i=1

(ξili + (1− ξi) · 0) · I(Ui < u) =
1

t

t∑
i=1

ξiliI(Ui < u).

Then O-Naive greedily selects the maximum threshold ût satisfying R̂o-naive
t (ût) ≤ ϵ, i.e.,

ût = max{u ∈ U : R̂naive
t (u) ≤ ϵ}.

IPS+Hoeff. We provide another anytime safe method for efficient reasoning, named IPS+Hoeff.
Unlike O-Naive, this baseline leverages the IPS estimator and the Hoeffding’s inequality combined
with a union bound to ensure the anytime safety. Specifically, let Zt(u) = (1− ρ)ltξtI{Ut < u}/πt
as in Eq. (3). Let M̃ = (1 − ρ)/ρ and αt = 6α/(π2t2). At time t, IPS+Hoeff selects the
maximum threshold ût such that the upper confidence bound (UCB) of the risk is within ϵ, i.e.,

ût = max

{
u ∈ U :

1

t

t∑
i=1

Zi(u) + M̃

√
log(N/αt)

2t
≤ ϵ

}
.

Proposition D.1. Suppose (Xt)t≥1 are independent and identically distributed. The method of
IPS+Hoeff satisfies that P(∃t ≥ 1 : Rt(ût) > ϵ) ≤ α.

Proof. For any fixed threshold u ∈ U . The IPS estimator Z1(u), . . . , Zt(u) are independent and
bounded in [0, M̃ ]. By Hoeffding’s inequality, we have

P

(
Rt(u) >

1

t

t∑
i=1

Zi(u) + η

)
≤ exp

(
−2tη2

M̃2

)
.

Let exp
(
−2tη2/M̃2

)
= αt/N . We have η = M̃

√
log(N/αt)/2t. Then we have

P

(
∃u ∈ U : Rt(u) >

1

t

t∑
i=1

Zi(u) + M̃

√
log(N/αt)

2t

)
≤
∑
u∈U

αt

K
= αt.
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Finally, applying the union bound over t ≥ 1, we have

P

(
∃t : ∃u ∈ U : Rt(u) >

1

t

t∑
i=1

Zi(u) + M̃

√
log(N/αt)

2t

)
≤

∞∑
t=1

αt =

∞∑
t=1

6α

π2t2
= α.

This completes the proof.

In our experiment, we choose ût by

ût = max

{
u ∈ U :

1

t

t∑
i=1

Zi(u) + M̃

√
log(1/αt)

2t
≤ ϵ

}
,

which is more efficient than the initial IPS+Hoeff. However, IPS+Hoeff under this strategy still gain
no efficiency, which demonstrates the necessity of the proposed betting framework.

Settings of B-PAC reasoning. We take (ρt)t≥1 and (λt(u))t≥1 as in Eq. (9) and Eq. (8), respec-
tively. Specifically, we choose Twarm = 200, ρwarm = 0.7, and ρdeploy = 0.05 for (ρt)t≥1. In this
case, we have ρmin = 0.05. For Eq. (8), we simply choose c = 0.9. The search space of threshold is
U = {0, 0.001, 0.002, . . . , 1} and the threshold ût is determined by Eq. (7). Note that for all exper-
iments, we adopt the above settings without making any adjustments involving hyperparameters.

D.4 DETAILS OF UNCERTAINTY SCORES

Across this paper, we use the logits score Zeng et al. (2025); Hao et al. (2023); Huang et al. (2025)
as uncertainty score for both B-PAC reasoning and the method of Zeng et al. (2025). Specifically,
let f̃(Xt) = ỹt = (ỹt,1, . . . , ỹt,h̃(Xi)

) denote the output of non-thinking model f̃(Xt) consisting

of h̃(Xi) tokens, where ỹt,j representing the j-th token of ỹt. The uncertainty score of f̃(Xt) is
defined by the averaged token probability:

Ut = 1− 1

h̃(Xt)

h̃(Xt)∑
j=1

P(ỹt,j |yt,1, . . . , yt,j−1, Xt),

where P(ỹt,j |yt,1, . . . , yt,j−1, Xt) is the conditional probability of token ỹt,j computed from the
prediction logits.

D.5 DETAILS OF LOSS FUNCTIONS

Binary 0-1 loss. Let Yt be the ground truth of question Xt. For scenarios where the correctness
of the answer is verifiable such as in mathematical problem-solving or multiple-choice question
answering, we use the binary 0–1 loss:

l(f̂t(Xt), f(Xt)) = I{f̂t(Xt) ̸= f(Xt)}I{f(Xt) = Yt}.

LLM-judge loss. For open-ended tasks, exact matching is inapplicable. We employ an LLM-as-
a-Judge to score responses. Specifically, let s(·) be the score assigned by an LLM judge. We define
the loss as the normalized square root of the score by

l(f̂t(Xt), f(Xt)) =

√
max{0, s(f(Xt))− s(f̂t(Xt))}

||s||
,

where ∥s∥ denotes the maximum possible score range.

Multi-type task loss. We define a task-dependent bounded loss function as follows. Let Dverifiable
denote tasks with ground truth (e.g., MATH), and letDopen-ended denote open-ended generation tasks.
Depending on the task type, the loss is formulated by

l(f̂t(Xt), f(Xt)) =

{
I{f̂t(Xt) ̸= f(Xt)}, if Xt ∈ Dverifiable,√

max{0,s(f(Xt))−s(f̂t(Xt))}
∥s∥ , if Xt ∈ Dopen-ended.
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Remark D.2. As discussed in Appendix B, it is reasonable to only consider data satisfying f(Xt) =

Yt for verifiable tasks and f(Xt) ≥ f̃(Xt) for open-ended tasks. In this case, we have I{f(Xt) =

Yt} = 1 for verifiable tasks and max{0, s(f(Xt)) − s(f̂t(Xt))} = s(f(Xt)) − s(f̂t(Xt)) for
open-ended tasks.
Remark D.3. B-PAC reasoning only requires the loss function to be bounded, allowing us to use a
variety of loss functions according to domain knowledge. For example, for open-ended questions,
one can also use the semantic cosine distance in an embedding space Zeng et al. (2025), i.e.,

l(f̂t(Xt), f(Xt)) = 1−
vf̂(Xt)

· vf(Xt)

∥vf̂(Xt)
∥∥vf(Xt)∥

,

where vf̂(Xt)
and vf(Xt) denote the embedding of f̂t(Xt) and f(Xt), respectively.

E ADDITIONAL EXPERIMENTAL RESULTS

E.1 PERFORMANCE UNDER DIFFERENT TOLERANCE LEVEL

We investigate the impact of the user-specified error tolerance ϵ on the performance of B-PAC rea-
soning. We evaluate B-PAC on the MMLU-Pro, BBH, MATH, and Magpie with ϵ ranging from
0.05 to 0.10. As illustrated in Figure 5, B-PAC consistently maintains the empirical risk below the
target ϵ across all levels. Furthermore, the results exhibit a clear trade-off between safety and effi-
ciency: as ϵ decreases (imposing stricter safety constraints), B-PAC adaptively increases the expert
call percentage (ECP) to ensure reliability, leading to lower token savings. Conversely, a looser
tolerance allows the framework to route more queries to the non-thinking model, thereby improving
efficiency.

E.2 FURTHER COMPARISON WITH PAC REASONING

By Figure 1 and 2, B-PAC reasoning can enjoy higher efficiency and rigorous safety than PAC rea-
soning Zeng et al. (2025) for non-stationary setting. However, it is important to acknowledge that
B-PAC reasoning guarantees anytime-valid performance loss control, a significantly stricter con-
straint than the fixed-sample validity of standard PAC reasoning Zeng et al. (2025). Theoretically,
this rigorous safety comes at a cost, which necessitates a more conservative strategy (lower effi-
ciency) in the early stages. In this subsection, we demonstrate that this trade-off is transient. As the
time step t increases and evidence accumulates, the betting martingale tightens its bounds, allowing
the efficiency of B-PAC to gradually converge to, and potentially surpass, that of the offline PAC
baseline.

To demonstrate this, we present the comparison results on Magpie and MATH in Figure 6. On
Magpie, the dynamic threshold ût of B-PAC reasoning eventually surpasses the fixed threshold
of PAC reasoning, potentially resulting in superior long-term efficiency (lower ECP and TP). On
MATH, ût converges closely to the PAC baseline. We attribute the small gap in ECP and TP to the
mandatory exploration overhead. Specifically, unlike offline PAC, B-PAC maintains an exploration
probability (ρdeploy = 0.05) to ensure an unbiased risk estimation via IPS. This cost is the necessary
premium for maintaining anytime safety and the ability to adapt to potential future shifts.

E.3 ABLATION STUDY ON IMPACT OF THE ADAPTIVE BETTING STRATEGY

We investigate the contribution of the adaptive betting strategy λt(u) given by Eq. (8) to the effi-
ciency of B-PAC. Under the two-stage strategy ρt, to guarantee 1 + λtDt ≥ 0, the fixed betting
fraction λt should satisfy λt ≤ 1/(1/ρmin − 1 − ϵ) ≈ 0.053. Therefore, we choose λt = 0.05 for
the fixed strategy. Figure 7 presents the performance of B-PAC using our proposed adaptive method
against a baseline with a fixed λt = 0.05. While both methods achieve anytime-valid performance
loss control (ER < ϵ), the adaptive strategy demonstrates significantly faster convergence in terms
of efficiency. As shown in the ECP and TP curves, the adaptive approach rapidly reduces expert
invocations in the early stages, whereas the fixed λt approach remains overly conservative, yield-
ing a much slower decline in computational cost. This disparity arises because the fixed λt fails
to capitalize on the accumulated wealth. In contrast, our adaptive strategy dynamically scales the
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Figure 5: Performance of B-PAC reasoning under different tolerance levels. We consider ϵ ∈
{0.05, 0.06, 0.07, 0.08, 0.0.9, 0.10} on four benchmark,s including Magpie, BBH, MMLU-Pro, and
MATH. B-PAC reasoning ensures anytime-valid performance loss control across all settings, and
achieves higher efficiency as ϵ increases.

wager size based on past evidence, allowing the framework to accelerate threshold updates when the
empirical risk is low, thereby achieving a superior trade-off between safety and efficiency.

E.4 ABLATION STUDY ON IMPACT OF THE EXPLORATION STRATEGY

Fixed ρt vs two-stage ρt. We conduct an ablation study to validate the design of our two-stage
exploration strategy. We compare the two-stage strategy against baselines with fixed exploration
probabilities ρt ∈ {0.05, 0.2, 0.3, 0.7} on MMLU-Pro and MATH; see Figure 8. Across the two
benchmarks, our two-stage strategy consistently achieves the highest efficiency, revealing the in-
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Figure 6: Comparison with PAC reasoning on Magpie and MATH. The results indicate that
even under stationary data, B-PAC reasoning can approach or even surpass the efficiency of PAC by
continuously updating the threshold.
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Figure 7: Ablation study on the betting strategy λt on MMLU-PRO and MATH. The blue curve
represents the adaptive betting strategy given by Eq. (8). The red curve represents the fixed betting
strategy with λt ≡ 0.05. Results demonstrate that the adaptive betting strategy is more efficient
compared to the fixed betting strategy.

herent limitation of fixed exploration strategies. Specifically, a small exploration probability (e.g.,
ρt ≡ 0.05) causes the wealth process to accumulate positive evidence slowly. Consequently, the
routing threshold ût remains conservative for a prolonged period, resulting in unnecessarily high
expert invocations during the early stages. In contrast, a large ρt facilitates rapid threshold updates
initially but incurs a high exploration cost. When a near-optimal safe threshold is identified, the
system is still forced to query the thinking model for at least ρt × 100% of instances. As discussed
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Figure 8: Ablation study on the exploration probability ρt. We compare the performance of
our proposed two-stage exploration strategy (blue) against various fixed exploration probabilities
ρt ∈ {0.05, 0.2, 0.3, 0.7} on MMLU-Pro and MATH. Results indicate that the two-stage exploration
strategy is more efficient compared to the fixed exploration strategy.
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Figure 9: Robustness to Warm-up Duration Twarm. We compare the performance of B-PAC
reasoning for Twarm ∈ {10, 50, 100, 200, 300, 500} on Magpie and MATH.

in Subsection 3.3, our two-stage strategy effectively searches for the optimal threshold in the early
stage and reduces exploration cost in the later stage.

Sensitivity to warm-up duration Twarm. We further investigate the robustness of B-PAC reason-
ing with respect to the warm-up duration Twarm; see Figure 9. As discussed above and reflected
by Figure 9, Twarm = 10 is not efficient since the two-stage strategy degrades to the fixed strategy
if Twarm → 0. Conversely, an excessively large Twarm prolongs the high-exploration phase, incur-
ring unnecessary computational overhead for exploration. Crucially, B-PAC reasoning demonstrates
strong robustness across a wide range of intermediate values, suggesting that precise hyperparameter
tuning is not required for deployment.
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