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Abstract

We revisit ROOT-SGD, a novel method for stochastic optimization to bridge the gap between
stochastic optimization and statistical efficiency with sharp convergence guarantees. Our method
integrates a well-designed diminishing stepsize strategy, addressing key challenges in optimiza-
tion, and providing robust theoretical guarantees and practical improvements. We demonstrate that
ROOT-SGD with a diminishing stepsize achieves optimal convergence rates while maintaining
computational efficiency. By dynamically adapting the stepsize sequence, ROOT-SGD ensures
improved stability and precision throughout the optimization process. The results offer valuable in-
sights into developing advanced algorithms that are both computationally efficient and statistically
robust.

1. Introduction

Stochastic optimization has become a cornerstone in machine learning and statistical learning, par-
ticularly for large-scale and high-dimensional data. Among various stochastic optimization tech-
niques, stochastic gradient descent (SGD) stands out due to its simplicity and effectiveness [62].
However, the performance of SGD is heavily influenced by the stepsize schedule, which determines
the balance between convergence speed and stability.

The diminishing stepsize strategy has been proposed to overcome the limitations of fixed step-
size schemes, offering a way to improve both the efficiency and robustness of SGD. This strategy
provides adaptive learning rates that decrease over time, leading to better convergence properties in
various settings. Despite its potential, integrating diminishing stepsize strategies with SGD in a way
that optimally balances stochastic optimization and statistical efficiency remains a challenge.

In this paper, we revisit ROOT-SGD, recently studied by [41], a novel optimization framework
that enhances both the convergence and stability of stochastic gradient methods. ROOT-SGD is
designed to achieve theoretical optimality and practical effectiveness, producing estimators that ex-
hibit the same optimal statistical properties as empirical risk minimizers. The estimator produced by
the ROOT-SGD algorithm retains these optimal properties in both asymptotic and non-asymptotic
settings.

The notion of statistical efficiency allows for a rigorous assessment of optimality. Furthermore,
local asymptotic minimax theorems demonstrate that, under any bowl-shaped loss function, the
optimal asymptotic distribution is Gaussian [20, 73]. The asymptotic covariance reflects the local
complexity, and it is desirable to achieve this optimal bound with a unity pre-factor. Under relatively
mild conditions, the empirical risk minimizer achieves this.
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In contrast, our understanding of which first-order stochastic algorithms are optimal (or non-
optimal) in this fine-grained way remains complete. Most existing performance guarantees are too
coarse for this purpose, as the convergence rates are measured with worst-case problem-specific
parameters, and bounds are given up to universal constants instead of unity in the asymptotic limit.
This motivates us to establish performance guarantees for an efficient algorithm that match the
optimal statistical efficiency with unity pre-factor, both asymptotically and non-asymptotically.

Problem formulation In particular, given a function f : R x = — R that is differentiable as a
function of its first argument, consider the unconstrained minimization problem

min (), for a function of the form F() : = E[f(6;¢)]. (1)
[ZSIN

Here the expectation is taken over a random vector £ € = with distribution IP. Throughout this paper,
we consider the case where F' is strongly convex and smooth. Suppose that we have access to an
oracle that generates samples £ ~ P. Let * denote the minimizer of F', we defined the matrices
H* := V?F(0*) and * := E[Vf(0*;£)Vf(6*;¢)"]. Under certain regularity assumptions,
given (&), R P, the following asymptotic limit holds true for the exact minimizer of empirical
risk:

%RMzzarg;gﬂi{gizlfw,&) SatiSﬁeS\/ﬁ(ggRM—H*)i>N(O,(H*)‘1Z*(H*)‘1). )

Furthermore, the asymptotic distribution (2) is known to be locally optimal—see [73] and [20] for
the precise statements about the optimality claim. The question naturally arises: can a stochastic
optimization algorithm, taking the sample &; as input in its i-th iteration without storing it, achieve
the optimal guarantee as in equation (2)?

An affirmative answer to this question at least qualitatively, is provided by the seminal work
by [60, 61, 65]. In particular, they show that by taking the Cesaro-average of the stochastic gra-
dient descent (SGD) iterates, one can obtain an optimal estimator that achieves locally minimax
limit (2), as the number of samples grows to infinity. This algorithm lays the foundations of on-
line statistical inference [9, 69] and fine-grained error guarantees for stochastic optimization algo-
rithms [17, 53]. However, the gap still exists between the averaged SGD algorithm and the exact
minimizer of empirical risk, both asymptotically and non-asymptotically. The following questions
remain unresolved:

e The asymptotic properties of the estimators produced by the Polyak-Ruppert algorithm are de-
rived under the Lipschitz or Holder condition of the Hessian matrix V2F, at least with respect
to the global optimum 6* in all existing literature (see, e.g., [20, 61]). However, the asymptotic
guarantee (2) for the exact minimizer holds true as long as the matrix-valued function V2F is
continuous at 6%, along with mild moment assumptions (see, e.g., [73]). On a historical note,
the mis-match in the assumptions is particularly undesirable, given a large portion of literature
is devoted to identify the optimal smoothness conditions required for the asymptotic normality
of M-estimators to admit [38, 73]. Is there a (single-loop) stochastic optimization algorithm
that achieves the asymptotic guarantee (2) under the mildest smoothness conditions including
that the Hessian is continuous but not Holder continuous at its global optimum?

e On the non-asymptotic side, one would hope to prove a finite-sample upper bound for the es-
timator produced by the stochastic optimization algorithm under proper smoothness condition,



ROOT-SGD wITH DIMINISHING STEPSIZE

which matches the exact behavior of the asymptotic Gaussian limit (2) with additional terms
that decays faster as n — +o0o. For example, under the one-point Hessian Lipschitz condi-
tion, [24, 53, 79] established bounds in the form of
7PRJ * 2 1 )\ —1 % ) —1 .
IE‘ 0, —0 , < =Tr ((H*)"'S*(H*)™") + high order terms, 3)
n

for the Polyak-Ruppert estimator @f RJ_Under the optimal trade-off, the higher-order terms in
their bound scale at the order O(n~7/%) and O(n~5/%), respectively. Compared to the rates
for the M -estimator, these bounds on the additional term do not appear to be sharp or optimal.
Under suitable Lipschitz conditions, the natural scaling for the additional term would scale as
O(n_3/ 2) (see the discussion following Theorem 6 for details). For quadratic objectives, an
argument similar to [41] allows one to achieve an O(n*3/ 2) higher-order term

E é\’rf:RJ —p*

<y sy 1o (— 4
g =gt () (H*)™") + 32 ) 4)
with a sharp dependency on problem-specific constants. However, the design requires prior
knowledge of the total number of observations n, which can limit its practicality.! The question
of whether an algorithm exists that is agnostic to n remains open.

We answer both questions affirmatively using ROOT-SGD with a diminishing stepsize strategy. In
the following, we describe the algorithm and explain the connection and differences between our
results and [41].

The ROOT-SGD algorithm with varying stepsizes For the stochastic optimization problem in
the strongly-convex and mean-squared smooth setup, [41] recently proposed a stochastic approxi-
mation algorithm named Recursive One-Over-T SGD, or ROOT-SGD for short. To recap at each
iteration t = 1,2, ... ROOT-SGD performs the following steps:

* receives an sample & ~ P, and

* performs the updates

t—1

v = Vf(0i-1;6) + (vi—1 = Vf(0i-2;&1)) (5a)
0 = O0r—1 — mror, (5b)
for a suitably chosen sequence {7 }7°; of positive stepsizes.

For the purposes of stabilizing the iterates, Algorithm (5) is initialized with a burn-in phase of
length Ty > 1, in which only the v variable is updated with the 6 variable held fixed. Given some
initial vector 8y € R?, we set §; = 6 forallt =1, ..., Ty, and compute

t
1
v = EZv]f(eo,gs) forallt =1,...,Tp.

s=1

1. This concept is also known as the anytime property in some literature, such as [24]. We will demonstrate that the
standard doubling strategy in optimization is inadequate and that a carefully designed multi-loop strategy is necessary.
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The last iterate 6 is used as the output of the algorithm.

[41] analyzed this algorithm when it is run with a constant stepsize, and showed that ROOT-
SGD simultaneously achieves non-asymptotic convergence rates and asymptotic normality with a
near-optimal covariance. While the asymptotic limit includes the optimal quantity, it also includes
an additional term due to the stepsize choice. In this paper, we provide a sharper analysis that yields
non-asymptotic bounds matching the asymptotic behavior in its leading-order term, with higer-
order additional terms being sharp and state-of-the-art. Our work is also motivated by the practical
question of stepsize schedule in ROOT-SGD. The asymptotic and non-asymptotic guarantees are
established for a spectrum of rate of decaying stepsizes. The optimal trade-off between fast conver-
gence and well-behaved limiting variance is also addressed, leading to the optimal choice of stepsize
sequences under different regimes. In significance, our diminishing stepsize sequence requires no
prior knowledge of n in advance.

Building upon the proof techniques in the non-asymptotic bounds of [41], our work provide fine-
grained guarantees for ROOT-SGD, addressing both aforementioned questions immediately before
introducing ROOT-SGD with affirmative answers. A key technical novelty is a two-time-scale char-
acterization of the iterates (5) for a diminishing stepsize strategy. This allows us to effectively bound
various cross terms in the error decomposition, yielding better bounds than those obtained by naive
application of Young’s inequality. In addition, we also propose an improved re-starting schedule for
the multi-loop algorithm, achieving exponential forgetting of the initial condition without affecting
the statistical efficiency on its leading order term.

Contributions Let us summarize the contributions of this paper:

e On the asymptotic side, we show in Theorem 1 that ROOT-SGD with a wide range of dimin-
ishing stepsize sequence converges asymptotically to the optimal Gaussian limit as n — +oo.
Notably, this result only requires strong convexity, smoothness, and a set of noise moment
assumptions standard in asymptotic statistics. The result does not require any higher-order
smoothness other than the continuity of Hessian matrix at %, another standard condition for
asymptotic normality. To our knowledge, this provides a first result for a stochastic approxima-
tion algorithm that enjoys asymptotic optimality without additional smoothness conditions and
the prior knowledge of n.

e On the contrary, we show that without additional smoothness conditions, a constant stepsize
variant of Polyak-Ruppert algorithm fails to converge at a desirable rate, for any feasible scal-
ings of stepsize and burn-in time choices. This manifests the difference in asymptotics between
variance-reduced methods and Polyak-Ruppert averaging methods. The result is stated in The-
orem 3 serving as complementary to the asymptotic Theorem 1.

e Under the same set of assumptions, in Theorem 4, we establish a non-asymptotic gradient norm
upper bound with the optimal leading term that exactly matches the optimal asymptotic risk, plus
a higher-order term that scales as O(n*4/ 3). When restarting is employed with an appropriate
schedule, the resulting upper bound measured in gradient norm is of unity prefactor (arbitrarily
close to 1) of the optimal asymptotic risk, with exponentially-decaying additional terms.

e In addition, when the one-point Hessian Lipschitz at the global optimum 6* and certain fourth-
moment conditions are assumed, in Theorem 6, we show an upper bound on the mean-squared
error (MSE) in the form of (3). Taking an optimal trade-off leads to a higher-order term that
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scales as O(n*S/ 2) as n — 400 with a sharp problem-specific prefactor, and such a bound is
achieved without the prior knowledge of n. With some efforts, we also establish a similar upper
bound on the excess risk in Theorem 7.

Organization This paper is organized as follows. §2 describes the asymptotic normality results of
ROOT-SGD and also the sub-optimality of Polyak-Ruppert averaging under the Hessian continuity
assumption at the optimum. §3 state the non-asymptotic upper bound results on the gradient norm
and also the estimation error. Additional related works, proofs and discussions are delegated to the
supplementary materials.

2. Asymptotic results

In this section, we present the asymptotic guarantees for ROOT-SGD and a counter-example for
the Polyak-Ruppert algorithm, both under weak smoothness assumptions. We first describe the
assumptions on the objective function F' and associated stochastic oracles. We define the noise term

£(0;€) = Vo f(0;:) — VF(0), (6)

for each 6 € RZ. We also use the shorthand notation £;(6) : = £(6; &;). Throughout this section and
the next non-asymptotic section, we make the following assumptions:

Assumption 1 The population objective function F' is u-strongly-convex and L-smooth.
Assumption 2 The noise function 0 — Vo f(0,£) in the stochastic gradient satisfies the bound
E|e(61;¢) — 5(92;5)]@ < 2|6, — 92“3 for all pairs 61,05 € R?. 7

Assumption 3 Az the optimum 0*, the stochastic gradient noise €(0*; &) has a positive definite
covariance matrix; hence o2 : = E ||V f(0%; €)||3 is positive and finite.

Assumption 4 The Hessian matrix V2 F(0) is continuous at the optimum 6%, i.e.,

lim ||V2F(0) — V2F(6")],, = 0.
0—0*

Assumption 2 (sometimes referred to as mean-squared-smoothness) as well as Assumptions 3 and 4
are standard ones needed for proving asymptotic normality of M-estimators and Z-estimators (see,
e.g., [73], Theorem 5.21). They are satisfied by a broad class of statistical models and estimators.
Note that we assume only the continuity of Hessian matrix at 6*, without assuming any bounds on
its modulus of continuity. This requires merely slightly more than second-order smoothness, and
is usually considered as the minimal assumption needed in the general setup. The weak condition
manifests the difference between ROOT-SGD and Polyak-Ruppert averaging procedure.

The strong convexity and smoothness Assumption 1 is a global condition stronger than those
typically used in the asymptotic analysis of M-estimators. They are needed for the fast convergence
of the optimization algorithm, and makes it possible to establish non-asymptotic bounds. Finally,
we note that in making Assumption 2, we separate the stochastic smoothness of the noise (6, §) =
Vf(0,£) — VF(#) with the smoothness of the population-level objective itself. The magnitude of
¢= and L is not comparable in general. This flexibility allows, for example, mini-batch algorithms
where the population-level Lipschitz constant L remains the same but the parameter /= decreases
with batch-size. This setting is called Lipschitz stochastic noise (LSN) in [41], which requires
weaker conditions than the individual smooth and convex (ISC) setting in their paper.
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2.1. Asymptotic normality

Under the conditions above, we are ready to state our asymptotic guarantees.

Theorem 1 Under Assumptions 1, 2 and 3, there exists universal constants c,cy > 0, such that for

2
any o € (0,1), ROOT-SGD with burn-in time Ty = C(% + i—%) and stepsize sequence 1y = ;Jl%ata
0

fort > T} satisfies the asymptotic limit:
VT(6r —6%) & N (0, (H*) 'S (H) Y,
where H* : = V2F(0*) and ¥* : = E(Vf(0*; )V f(0%:6)T).

See §B.2 for the proof of this theorem. En route to the proof of this asymptotic guarantee, we
establish non-asymptotic bounds on the second moments of the processes (6;, v¢, 2¢)¢>1,, Where a
central object in our analysis is the tracking error process:

Zt = UVt — VF(Ht,l) fort > To. (8)

We first establish the following (non-sharp) bound on the moments of processes z; and v;. De-
spite the worse multiplicative constants, this bound serves as a starting point of the sharp inequalities
with the constant being unity.

Proposition 2 Under Assumptions 1, 2, and 3, there exist universal constants c1, co, C' > 0, using
.o 2 Ly - . . . 1
burn-in time Ty > C’(/T2 + ﬁ)’ if the step sequence is non-increasing, and % < < Cz(é AT)

when t > Ty. We have the following bounds for any T > 2Ty log Tp:

o2 Tt
D ||VF<00>||§)-
nr

2 ETylogT :
pnrT?  p2T

2 O
E ||ZT||2 <C <T + 1212

||VF<90>|§> E|lor]2 < (

See §B.1 for the proof of this claim.

A few remarks are in order. First, we note that this limiting distribution is locally asymptotically
optimal (see, e.g., [20]). This result for diminishing stepsize sequence is complementary to the
constant-stepsize result in the paper [41], where the asymptotic covariance is inflated by a stepsize-
dependent matrix.”> Moreover, our method achieves optimal asymptotic covariance in a single loop
and is agnostic to the knowledge of n in advance, enhancing its practicality. Theorem 6 allows for
flexible choice of stepsize decaying rate o € (0, 1), albeit requiring knowledge about the structural
parameters (L, /=, 11). This requirement, on the other hand, can be relaxed with some efforts: given
a stepsize sequence 1; = hot~“ for some hg > 0 and arbitrary constant burn-in time, the iterates
may suffer from exponential blow-up for constant number of steps, but will eventually decay at
the desired rate, leading to the same asymptotic results. We omit this for simplicty. In contrast to
the asymptotic guarantees by the Polyak-Ruppert averaging scheme [61, 65], Theorem 1 requires no
quantitative Lipschitz or Holder assumptions on the Hessian matrix V F', while requiring a stochastic
continuity condition (Assumption 2) on the stochastic gradient. As we will see in the next sub-
section, in contrast to our guarantees, the Polyak-Ruppert procedure is asymptotically sub-optimal
for a function within the given class.

2. In the meantime, the asymptotic normality result for multi-loop ROOT-SGD in [41] admits a triangular array format

(n — oo, n — 0 with % — 00), which can be difficult to interpret and impractical for practitioners, and
undesirably necessitates knowledge of n aprior.
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2.2. Asymptotic sub-optimality of Polyak-Ruppert averaging

In this section, we explicitly construct a problem instance under above set-up, for which Polyak-
Ruppert procedure fails to converge to the optimal asymptotic distribution. In conjunction with
Theorem 1, this exhibits an asymptotic separation between Polyak-Ruppert averaging and ROOT-
SGD.

Specifically, we consider the following tail-averaged SGD estimator:

0 =6 —mVi(0,€) fort=12,..., (%)

_ 1 T-1

Op = T Z 0;. (9b)
t=Top

We consider a simple special case where the stepsize sequence is constant and fixed in advance,
depending on the number of iterations in the algorithm. For the algorithm with T iterations, we
consider stepsize n; = 1 = 11~ for some constant 79 > 0 and ¢t = 1,2, .... This simplification
makes the iterate (9a) a time-homogeneous Markov process, which is amendable to our analysis.
Such a simplification has been employed in existing literature [2, 17], and the constant-stepsize
algorithm usually behaves qualitatively similar to the one with diminishing stepsize 1, = not™ .

The following theorem shows the asymptotic sub-optimality of the estimator (9), even if started
from the optimum, for any choice of burn-in period and step size.

Theorem 3 There exists a function F' : R — R that satisfies Assumptions 1 and 4 with constants
(w = 1,L = 2) and noise model f(-,§) satisfying Assumptions 2 and 3 with constants ({=z =
0,0, = 2). Forany a € [0,1), § € [0,1) and n9 > 0,5y > 0, the procedure (9) starting from
0y = 6%, with step size n = noT~* and burn-in time Ty = SoT? leads to the following limit:
lim T-E |07 —60%; = +oc. (10)
T—4o00
See §B.3 for the proof of this theorem.

Note that Theorem 3 shows that without the Hessian Lipschitz condition, the Polyak-Ruppert
algorithm does not even converge with the desired rate, let alone the optimal asymptotic distribution.
The proof is done via an explicit construction of a pathological function. With the Hessian Lips-
chitz condition removed, one could construct a strongly convex and smooth function, whose second
derivative has a sharp spike at the optimum 6*. This will break the local linearization arguments
for the proof of Polyak-Ruppert algorithm. By employing recent progress in the analysis of MCMC
algorithms [21], we can furthermore show that this leads to large bias that cannot be corrected using
averaging. On the other hand, for ROOT-SGD, not only the asymptotic guarantees in Theorem 1
but also the non-asymptotic bounds on the gradient norm in Theorem 4 works. Moreover, note
that [61] considered the case where the Hessian matrix is A-Holder at 8*, and allows for stepsize
choice 1y o< t~% for aw € [1 — A, 1). Theorem 3 can be extended to show that stepsize outside this
range does not yield the correct rate. The construction we exploit, on the other hand, is by driving
A to 0 so that no stepsize choice is allowed.

3. Non-asymptotic results

In this section, we present the non-asymptotic results. We first establish sharp bounds on the gra-
dient norm with near-unity pre-factor on the optimal complexity term, and exponentially decaying



ROOT-SGD wITH DIMINISHING STEPSIZE

additional term. Then, we establish an estimation error bound with the pre-factor being unity and
the additional term decaying as n~3/2. Note that the former result holds true under exactly the
same assumptions as needed in §2, while the latter requires additional conditions, as with existing
literature [24, 53].

3.1. Upper bounds on the gradient norm

Recall the decomposition VE(6;) = viy1 — 241, it is easy to see that Proposition 2 implies the
following bound on the gradient norm of the last iterate:

o2  IylogT 1
ylogT (e? n n) IVEG)E.

T

When taking largest possible stepsize n = c(% A e%) , this bound matches the gradient norm bound

in the original ROOT-SGD paper [41], up to logarithmic factors in the high-order term. Our bound
allows a more flexible choice of diminishing stepsizes. This flexibility allows us to achieve the
exact asymptotically optimal limiting covariance, as opposed to the slightly larger covariance in
the constant stepsize regime [41]. More importantly, this allows us to tune the stepsize sequence in
order to address the optimal trade-off between fast convergence and small variance in the asymptotic
limit. Note that the pre-factor in the leading term o2 /T is not unity. However, owing to the inherent
martingale structure in the process (Zt)tZTO»S one could extract the main part of the variance and
bound the additional parts using Proposition 2. The multiplicative constant in such bounds will only
contribute to the high-order terms in the final conclusion. See Theorem 4 and its proofs for details.
Note that the bounds in Proposition 2 depends on the initial condition ||V F(6p) |3 with polynomially-
decaying factor 72 and T*377;2. For the algorithm ROOT-SGD, this cannot be avoided in general,
as the stochastic gradients from initial rounds are being counted in the averaging process. On the
other hand, this issue can be easily mitigated by re-starting the process for a few epochs. In Algo-
rithm 1, we present a cold-start version of the algorithm. The algorithm consists of & short epochs
and one long epoch. Each short epoch only uses constant number of data points, while the long
epoch uses the rest of data points.

Theorem 4 Under above set-up, given o € (0,1), there exists constants ¢; > 0 depending only
2
on «, such that the iterates (5) with any burn-in time Ty > c(i% + l%) and stepsize sequence

— 1 ; .
N = T satisfies the bound.

5—3a

TO 1_T"‘/\cu 0_2 TO 2N 5
E|VF(67)|3 < <1+C<T) ) C o+ clog T <T> IVFo)|5.  (11a)

2
%H#(;O)lb \Y, 1), the multi-loop estimator produced by Algorithm 1

l—«
2 T\ 2 "\ 2
‘ < (1 te <°> log? n> % (11b)
2 n n

3. It can be shown that the process (tz¢)¢>7, is a martingale adapted to the natural filtration (see §D for details).

Furthermore, for & > log, (
satisfies the bound:

E HVF(@L)
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Algorithm 1 ROOT-SGD with cold start
1: Input: Burn-in time Ty, stepsize sequence (7;):>7,, humber of restart epochs &, initial point
to
2: Set initial point for first epoch 9(()1) =6y
3:forb=1,2,...,& do

4 Run ROOT-SGD with burn-in time 7}, initial point 0(()1)) and stepsize 7y : = TCTo for 7% : =
b

cTplog Ty iterations, and obtain the sequence (ng))T

t=To+1
Set the initial point 6(()“1) i= ngbb) for the next round
6: end for
7: Run ROOT-SGD for T' : = n— &T” rounds with stepsize sequence (n¢)¢>1, and burn-in period

To, and output the last iterate gn i= H(Tgﬂ)

8: Output: The last-iterate estimator 6,,

See §C.1 for the proof of this theorem.
A few remarks are in order. First, by taking aw = 1/3, for any constant w € (0, 1), we can obtain
an MSE bound on the gradient for the multi-loop estimator.

Tr(X*)

~ 2
E HVF(en) i

L /2 T
< (1+w) forn > < (= + 2= ) 10g% 22 (12)
w3 \p o p? w
In other words, we obtain a near-optimal bound on the gradient norm with (1 + w) pre-factor
compared to the asymptotic optimal limit, as long as the sample size is larger than the threshold

2
O(% + ;%)’ up to log factors. We remark that this threshold is also sharp: the term O(%) is

2
the number of iterations needed for gradient descent, while the O(i—%) term is the smallest sample

size needed to distinguish the quadratic function 5 ||| from the constant function 0, under the
noise Assumption 2. This establish a gradient-norm result complementary to the sub-optimality
gap bound in [23]. The gradient norm bound does not require the self-concordant condition needed
in [23], and achieves a sharper convergence rate in terms of both the (1 + w) factor and the initial
condition.*

With a potentially sub-optimal choice of o« € (0,1), one would get a worse exponent in the
dependency of n on w in the bound (12), while the rest parts of the bound remain unchanged. If
w is taken as a constant, the near-optimal bounds are available for the entire range of parameter
a € (0,1). Finally, we note that the bound (12) lead to an O(n~%/3) bound on the additional

term, achieved by the stepsize choice 7; = W This rate and step-size choice, however, is
cpTy

not always optimal. In particular, as we will see in the next section, with the one-point Hessian
Lipschitz condition on the objective function I, we can obtain an improved O(n_g/ 2) bound on the
additional term.

4. The dependency on ||V F (6o)||, decays exponentially fast and is omitted for simplicity.
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3.2. Upper bounds on the estimation error

To obtain a precise upper bound for the estimation error E ||07 — 6* ||§ that matches the asymptotic
limit, we need the following one-point Hessian Lipschitz condition, as a quantitative counterpart of
the continuity Assumption 4:

Assumption 4 There exists Ly > 0, such that for any 6 € R? we have:
IV2E(0) = V2F (0l < L2 |10 = 07|,

Note that some form of quantitative description on the modulus of continuity of the Hessian matrix
at 0" is necessary to get any bound on the estimation error that scales as %TY ((H I (H *)*1).
If the Hessian can change sharply in a neighborhood of 8*, the Hessian at this specific point will
become irrelevant. Here, we make a standard one-point Hessian Lipschitz condition, while it is easy
to extend our analysis to the case with one-point Holder conditions.

We also need the following stronger fourth moment conditions for technical reasons. Note that
these conditions are also exploited in prior works [24, 53].

Assumption 2’ The noise function 0 — Vg f(0,&) in the stochastic gradient satisfies the bound
~4
E|le(61;€) —e(02;6)|3 < = |61 — 6all5  for all pairs 6,6, € R?. (13)

Assumption 3’ At the optimum 0%, the stochastic gradient noise (0*; §) has bounded fourth mo-
ment: 7. =K ||V f(6%;€)||3 is finite.

By Holder’s inequality, it is clear that the constants in Assumptions 2" and 3’ are larger than their
second-moment counterparts, i.e., /= < /= and o, < 0.

Under the fourth moment conditions, we can establish the following fourth-moment bounds for
the processes z; and vy, analogous to the second-moment results in Proposition 2.

Proposition 5 Under Assumptions 1, 2', and 3', there exist universal constants c1, co, C' > 0, using
—~2
burn-in time Ty > C(%z + /%)’ if the step sequence is non-increasing, and % < < CQ(K% A %)

when t > Ty. We have the following bounds for any T > 2T log Ty:

~2
o2 U= TylogT
T w212

7y Ty ) ?
5+ IVE(o)3 ] -
pnrT? 2T 2

2
E =l < C ( ||VF<eo>||§) E orll} < C (

See §C.2 for the proof of this claim.

Compared to Proposition 2, the variance parameters (o, /=) are replaced with their fourth-
moment counterparts (o, [5) These fourth-moment estimates are utilized to control the error in-
duced by approximation the estimation error §7-—§* using the pre-conditioned gradient (H*)~!V F (07).
As with the case of Proposition 2, these terms appear only in the high-order terms of Theorem 6.

Now we are ready to present our main theorem, which provides the MSE bounds on the estima-
tion error 67 — 6*, with the sharp pre-factor. To state the theorem, we define the following auxiliary

quantities that appears in the high-order terms:

@) O_z Ty aNl—«a o (Th 2/\%_20‘
Hop ::logT-? T +log T - [[VE(6o)|l5 T , (142)

10



ROOT-SGD wITH DIMINISHING STEPSIZE

_ ox  logT |T,

=T : %-(HVF(%)H;‘)M, and (14b)
o). _otlogn (TN Laltlog?n - Ligi'log®n (14¢)

" A (H7)2n \ n Amin(H*) 30372 " Apin(H*)2pAn2

The term H(Tv) is part of the high-order term that appears in the bound for the gradient norm. It is

indeed the upper bound for the superfluous part of the noise in the processes (z)¢>7, and (v¢)i>1y,
without taking into account the cross term E(z;, v;). The quantity 77 is a coarse upper bound on
the convergence rate ||y — 6*||, in terms of the fourth moment. In combination with the one-point
Hessian Lipschitz Assumption 4, this quantity controls the additional linearization error induced by
relating the non-asymptotic behavior of the gradient to the iterates. Finally, the term ’HT({T) is used to
characterize the high-order terms for the error in the multi-loop estimator produced by Algorithm 1.

Theorem 6 Under Assumptions 1, 2, 3' and 4, there exists universal constant ¢, c; > 0, for burn-

—~—2
in-time Ty = ¢ ZEQ + ﬁ) and stepsize ny = ﬁ for t > Ty, we have the following bounds
0
holding true for t > 21, log Ty:
Te((H) = (H)™Y)  eHlY) cLo7 cLo7
H T H2 o T + )\min<H*)2 + )\min(H*) * )\min(H*)Z ( a)

2
Furthermore, for & > log, (TOHL(@O)HQ \ 1), the multi-loop estimator by Algorithm 1 satisfies the

402
bound

Tr ()5 (H) )

~ 2
E ’ b, —0"|| < +eHE) (15b)

See §C.3 for the proof of this theorem.

A few remarks are in order. First, we note that the asymptotically optimal 1 Tr((H*)~1*(H*)~1)
variance is achieved with the exact pre-factor 1. Taking the optimal stepsize choice with o = 1/2,
the high order term scales as O(n*B/ 2) in both bounds (15a) and (15b). This is made possible by
the stochastic Lipschitz condition for the gradient noise, and strictly improves existing bounds of
O(n~"/6) in the paper [53] and the O(n~°/4) bound in the paper [24, 79]. It is easy to see that the
bound (15b) is obtained by removing the terms depending on the initial condition, up to logarithmic
factors in the additional term. This is natural because the initial condition is forgotten exponentially
fast in the first & restarting epochs of Algorithm 1. Finally, when taking the optimal parameter

a = 1/2, the three high-order terms in the expression of 7—[5{") have a clean interpretation.

~ 2
e The first term O (%) characterizes the additional gradient noise collected in a neigh-

borhood of 8*. Since #* itself is unknown, the best possible estimator naturally take the average

of gradient noise in a neighborhood around 6* of radius O(/f\r;ﬁ) , which is the rate for estimat-

ing #*. Under Assumption 2, the variance for gradient noise at § € B («9*,

O x

wn

), pre-conditioned
with Hessian H*, scales as:

E||(H*)e(0)]

11



ROOT-SGD wITH DIMINISHING STEPSIZE

<E|(H*)eu6")|)2

+2\/E[|(H*) 1 (c1(6) — 20(67)) |2 - E(H*) (07|13 + E || (H*) " (e:(0) — =1(6")) |2

l=o (2

<Te((HH'S (H) ™ +2——=— |0 — 6%, + —=— ||0 — 6>

()75 () 7)o 2y 10— 0l + 5 10 011
Te((H*) 'S (H*)™1) + 0 oyl

=Tr — |-

PN in ()12
. . .. . ~ a2v/To .
The above derivations is tight in the worst case. Compared to the term O N (A 7)2n377 ) D OUT
2 2

bound (15b), the difference is that we replace i% with Ty = ¢ (% + %) and is optimal up to a
2

polylogarithmic factor when % < i—%.

e The rest two terms involves the one-point Hessian-Lipschitz parameter Lo. A natural lineariza-
tion argument in the neighborhood of #* on the (generally non-linear) gradient function leads to
these terms. In particular, simple calculus yields the following bounds:

()T E@O) = (0= 07|, < 5 -

e  px2

Substituting with the IL* convergence rate for the iterates §7 — 6* yields the bound on this

linearization error, which matches the latter two terms in H,(f).

The arguments in the proof of Theorem 6 indeed applies to any function that is locally quadratic
around 0*. Applying it to the function F' itself, we arrive at the following theorem:

Theorem 7 Under the same setup as in Theorem 6, we have the following bounds on the excess
risk:

Tr(S*(H) ) ey 4 cLy
E[F(0r)] — F(0*) < T Lo+ —— L 1
[ ( T)] ( ) — oT + )\mm(H*) +c 2T + )\min(H*), ( 6a)
and for the multi-loop estimator gn with & > log, (TOH#(QQO)”; \% 1), we have that
Tr(S*(H* —1
E[F(0r)] - F(0") < I oy iy 1), (16b)

2n

See §C.4 for the proof of this theorem.

. . . . . . Tr(Z*(H*)~!
Note that under the one-point Hessian-Lipschitz Assumption 4’, the leading-order term %

is the asymptotic risk under the limiting Gaussian distribution. The high-order terms in Theorem 7
differ from those in Theorme 6 by a factor of Ap,in (H™*). This bound replaces the self-concordance
assumption in [23] with a less structural one-point Hessian-Lipschitz condition. Theorem 7 and
their results are not comparable in general, as they are based on different assumptions. When tak-
ing the optimal trade-off, Theorem 7 leads to an O(n_?’/ 2) high-order term in addition to the sharp
leading-order one. This result matches the bounds for ERM in [23], and improves the bounds for
streaming SVRG in [23] in terms of the rate of convergence for the additional term.

12
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Appendix A. Additional related works

Gradient descent and stochastic gradient descent methods have gained unprecedented popularity in
the past decade amidst the era of big data [5—7], driven by the rapid growth of deep learning appli-
cations [26]. These methods excel in handling large-scale datasets due to their efficient processing
of online samples. A myriad of variants have emerged from both theoretical advancements and
practical needs, including variance-reduced methods [14, 31, 63], momentum-accelerated meth-
ods [4, 56], second-order methods [15, 58], adaptive gradient methods [19, 35], iteration averag-
ing [61, 65], and coordinate descent [75], among others. The Polyak-Ruppert iteration averaging
method [60, 61, 65] and its generalized form [36] have been shown to enhance robustness with re-
spect to step size selection, achieving asymptotic normality with optimal covariance matching local
minimax optimality [20, 85]. Recent studies have further explored the non-asymptotic behavior of
stochastic gradient descent with iteration averaging [2, 3, 16, 17, 22, 24, 53, 79]. In the studies of
linear regression and stochastic approximation, [28, 29, 81] have analyzed the tail-averaging” tech-
nique, achieving exponential forgetting and optimal statistical risk simultaneously. [37] investigates
the Ruppert-Polyak averaging method for general linear stochastic approximation, which extends
beyond optimization algorithms to applications in reinforcement learning. Under more stringent
noise conditions, [50] establishes Gaussian limit and concentration inequalities for constant step-
size algorithms, with related advancements discussed in [42].

The weak convergence result from [61] has recently been generalized to functional weak con-
vergence by [40] and [44] within the framework of i.i.d. online convex stochastic optimization.
However, applying this to nonlinear stochastic approximation with Markovian data introduces sev-
eral challenges that need addressing [18, 32, 46, 54, 64, 66, 78]. Referenced works beyond this
overview delve deeper into topics such as asymptotic normality, statistical inference using gradient-
based methods, and variants thereof [8, 10, 11, 27, 30, 33, 43, 45, 47-49, 52, 55, 67, 68, 70, 71, 74,
76, 80, 82—-84].

The asymptotic efficiency of variance-reduced stochastic approximation methods has been rel-
atively underexplored in research. [23] introduces an online variant of the SVRG algorithm [31]
and establishes a non-asymptotic upper bound on excess risk, aligning its leading term with opti-
mal asymptotics under specific self-concordant conditions on the objective function. [1] proposes
Implicit Gradient Transportation (IGT) to reduce algorithmic variance. In the context of reinforce-
ment learning for policy evaluation, [34, 51] provides an instance-dependent non-asymptotic upper
bound on /., estimation error for variance-reduced stochastic approximation algorithms, matching
the risk of the optimal Gaussian limit up to constant or logarithmic factors. Central to our study, [41]
introduces the ROOT-SGD algorithm that achieves local minimax optimality. This algorithm can
be viewed as an online variant of SARAH [59] and connects with extrapolation-smoothing methods
like (N)IGT and STORM [1, 12, 13]. In a different approach, [39, 57, 77] propose dual averaging
for the regularized or proximal case.” ROOT-SGD distinguishes itself by averaging past stochastic
gradients with proper de-bias corrections, achieving both statistical efficiency and non-asymptotic
high-order terms.

Notations: Given a pair of vectors u, v € R%, we write (u, v) = Z?Zl ujv; for the inner product,
and ||v||, for the Euclidean norm. For a matrix M, the operator norm is defined as || M|, : =

Sup|y|,=1 [[Mvl[,. For scalars a,b € R, we adopt the shorthand notation a A b : = min(a, b) and

5. See also [20, 72] for manifold first-order optimization methods.
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a Vb := max(a,b). Throughout the paper, we use the o-fields F; : = o(&1, &2, -+ ,&) for any
t > 0. Due to the burn-in period 7 introduced before, the stochastic processes are indexed from
time ¢ = Tj. Given vector-valued martingales (X¢):>1,, (Y2)+>7, adapted to the filtration (F)>my,
we use the following notation for cross variation for ¢ > Tj:

t

(XY= ) (Xi—Xi1, Vi —Yia)
s=To+1

We also define [X]; : = [X, X]; to be the quadratic variation of the process (X;)i>7;-

Appendix B. Proof of asymptotic results

In this section, we present the proofs for the asymptotic results, Theorem 1 and Theorem 3. The
former guarantees the asymptotic normality of ROOT-SGD under our assumptions, while the latter
shows an example that satisfies our assumptions but makes Polyak-Ruppert algorithm fail asymp-
totically. En route our proof, in §B.1 we present the proof of Proposition 2, the non-asymptotic
convergence rates for the process (v¢):>7, and (z¢):>7,. This serves as the basic building block for
the fine-grained asymptotic and non-asymptotic guarantees.

B.1. Proof of Proposition 2

Our main technical tools are the following two lemmas, which bound the second moments of v; and
z¢ based on other parameters.

Lemma 8 Under Assumption 1, 2, 3, when 1, < i A e%’ we have:
Bl < (1-3) (1= 222 B oy B+ —2 R V@I + 22
tilg > t 9 t—11l2 /“71571752 t—1)ll2 12
For the process z, we have the following lemma which leads to an O(1/+/t) bound.
Lemma 9 Under Assumptions 1, 2 and 3, for t > 1, we have:
1 t—1
T2 ||20|2 02 2L 2
2 * 2
Bz} < 0% + 55+ 25 S BIVF@)IS + 5 3 <K fusl}
s=Ty s=Tp

The proofs of the Lemmas are postponed to Section D.1 and Section D.2 respectively. Given these
lemmas, we now give a proof of this proposition.
We first note that for any £ > 2 and 7y < i, we have:
E|VE(6,)|l; < 2E[[VF(@1)3 +2E[VF(8:) — VF (@)
< 2K [Jo; — 2|3 + 2L°07E ugl < 6F [lvgll3 + 4E 1213

Therefore, by Lemma 8, if ¢ and 7, satisfies tn;_1p > %, we obtain:

2 2
2 Ne—144 1 2 C 2 9, . 20
E 3 < (1- 252) <1 - t) E e} + o B o + E e ) + 55
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Ne—1 1 1 2C 202
<(-E=E)(1-5) E .
< (129 (1) Bl + Bl + 2

Consequently, we obtain:

2C
E ol < (1= ena)(t = 1B o [} + = —E 113 + 207 (7)

for a universal constant C' > 0.
Similarly, by Lemma 9, if s satisfies sns_qp > é for any s > Tj, we have:

T2E |22 202 2 A 2 .
2 0 T * = :
22 < TOZ +— 22 2 (E 2515 + E [Jos]13) + Z 07K ||vs3
H S_TO s=Ty
TE2E |21, |12 20—2
<t Qtz Z Euzsuzw'f Z SnE [osll3 (18)
s=Tp s=Ty

for a universal constant C’ > 0.

Note that the bounds (17) and (18) give recursive upper bounds on the second moments of the
processes (z;);>1, and (v;);>1y, i.¢., they bound the quantities || z||3 and [ ||v¢||3 based on their
history. In the following, we solve the recursive inequalities.

We define the following quantities for T" > Ty:

Wy :=T?E|vr|3 and Hy:= sup tE|z]?
To<t<T

First, for any 7' > Tjp, by taking the supremum in Eq (18) over t € [T, T], we obtain the
following bound:

2 szl
sup tE ||z||5 < ToE |27, ||5 + 202 + C-= E 24 CE su S°E ||vs
S 215 < ToE |21, II3 e E ; L g E m 1 5°E [|vsl3
2 1 1
< THE |21, 2—&—203—1—0—5 sup - e E sup tR || 2¢||5 + C"% sup s°E ||v,
OE 127, I e 5 20 ) e e E:ml el

2
For Ty > 20%2, we have:

2 1<~1 O 1
C—= sup - < == < =
w2 y<i<r t Z 12Ty

=To

So we can discard the term involving z; itself in the right hand side of the above bound at a price of
factor 2:

Hp < 2Hp, 4 402 4+ 2C"%  sup Z n? W, (19a)
T0<t<T

On the other hand, the bound (17) implies the bound:

Wr < (1 —enr_yp)Wr—1 + Hrp_| + 202 (19b)

Tunr—
for universal constants ¢, C' > 0.
The solution to above recursive relations are given by the following lemma:
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Lemma 10 For a pair of sequences (Hy)i>7, and (Wy)i>1, satisfying the recursive relation (19a)
with non-increasing stepsize sequence (1;)¢>1,. Assuming that (Hy)i>T, is non-decreasing, there
exists universal constants ¢ > 0, such that for T' > Ty, we have the bound:

Hoy < 2 EQETOUTO
T<cloi+ TWTO + Hr, and (20a)
¢ 2 To -, 41 M2
WT < @U* +c W +e =70 TO WTO (20b)
T—1

See Section D.3 for the proof of this lemma. Taking this lemma as given, we now proceed with the
proof of this proposition.
First, we note that the exponent in the bound (20b) satisfies the bound:

T Ty T
Iz Z Nt = c1 Z Equogf)
t=Top+1 t=Tp+1

/ _ T
For ¢; > 2 and np < M%O, we have that TMQTUOQ >e B =Ty 41 mTOQ. So the bound (20b) implies

T—1
that:
2
co Ty 2
E|lvf])2 < —% + ——=E
H'Ut”z = l”]tt2 tgntQMQ HUTOHQ

For the process 2, by substituting the bounds in Lemma 10 into Eq (18), for stepsize 7; < ﬁ,
we obtain:

TR |2, |7 202 2H, (21 2 22

2 T * =41t =

Ellal; < ==t + T+ O | 2 5] +COF 2 mW
s=Tp s=Tp

THE || 2x ”2 202 (Zlogt 2Ty, 9 - o2 2 t—1 T
S O (T B el ) £ O D me s O ) B llen |
s=Tp+1 s=T,

0 | T5E|zml; | 2Tologt
c

<c=
sep T 12 1212

2
E oz,

For the initial conditions at burn-in period, we have:

To
Z Et (90)
t=0

E [lory |3 < 2IVF(80)ll3 +E [z, 3 < 2[VF(80) 15 +

o2 + (2 )0 — 0%|5
1o

2
<
2

1
E ||2nll; = 7E
0112 T02

2(02 + (2 ]|60 — 0*||3)
To

2

2 —
Note that || — 075 < -5 [VF(6o)||5 and Ty > 33, we have £l19—6"1l

0* 2
0l < B||VF(80)|3. For

T > 2Ty log Ty, we also have:

=

To ZTylog T 1§<3af nd T3 o2 ol
T302.u2 T2 12 To~— T 2 Ty — T
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Putting them together, we have the bounds:

2 2 2
2 o;  A2TplogT 2 2 o Ty 2
Bllarll < € (7 + ERET 9FGIE)  and Elorl <€ (T + o IVF@0)

which complete the proof of this proposition.

B.2. Proof of Theorem 1

By Proposition 2, for ¢t > Ty, taking n; = there exist constants a1, as > 0 depending

1
W,
on the problem-specific parameters (u, L, {=, 0y, 0y, «) but independent of ¢, such that for t >

2Ty log Ty, we have the bounds:

11 1\ _ 3a
Elof2<ar (5 + o5+ ) <
furll = e <t2m Tt t2> - e

aglogt < 2a9

2 az
Eflz; < -t

2 =t
and consequently, we have:
1 2 2 [ 3a 2a a
|2 1 2 3
B~ 6'13 < LEIVFOIE < 28 ol + lanald) < 5 (o + 252) < 2
for a constant a3 = %(al + ag) < +oo.
For the martingale ¥, we note that:
t
E (W5 = > (s = 1)’Eles(0s-1) — e5(fs-2) 15 < Z 1)?2E||05-1 — 0s—2]5
s=Tp s=Tp
: 1« 3a 3a
<D (=D E vl € o D80 e < ot
s=Tp ’u2T0 ¢ s=0 s (1 - Oé),u2T0 “

Define the process N; : = >'_ £4(0*). We note that:

¢ t
E | M; — Nt”% = ZE lles(Bs—1) — 55(9*)”3 < E% ZE 165 — 9*||§ < 525‘13 logt
s=1 s=1

Putting together the pieces, we obtain:

1 2
Zt — ENt

3 2
tE ;H»ZonﬂL EH‘I’tHzJr EHMt Nl

3&11‘:1_& 2
. a)u2T2_2at + ; -l=Clogt — 0 (21)
0

<3 0l +
¢ 1170112 (

Note that [V is sum of i.i.d. random vectors. By standard CLT, we have:

NTd

\/T — N(0,%%)
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The second moment bound (21) implies that:

p

N
H\/TZT—T =0

VT

Combining these results with Slutsky’s theorem, we find that

2

VTzr % N(0,5%)

Note that VF(6;_1) = v; — 2. Since we have the bound E |jv¢||3 < t%‘ila for a € (0,1), it is easy

to see that vT'vp 2 0. Consequently, by Slutsky’s theorem, we obtain:
VT -VF(0r) % N(0,5%)

Finally, we note that for § € R¢, there is:

1
IVFO) = 16~ 0, = | [ V2R 4200~ 00 ~ )y~ 10 - 0"

2
1
</0 IV2E (0% +~(0 = 07)) = H*||oy - 16 — 67| dy

< (6=, sup IV2F(0) = H |l
107 =611,<[10—6*I

Therefore, since F' € C?, we have:

F _H* _ *
Lo IVE©O) = H(0 = 6°)1

i T

By Assumption 1, we have | VF(0) — VF(0*)|l, > 1|6 — 67|, plugging into above bounds,
IVE@O)—H*(0-07)]l; _
IVE@)I, '

Therefore, since VT - VF(07) % A(0, %), we have T | VF(07) — H* (07 — 6*)||, 2 0.
This leads to VT H* (67 — 6*) 4 N (0,3*), and consequently,

we obtain limg_, g+

VT (0 — %) & N (0, (H*) 'S (H*) ™)
which finishes the proof.

B.3. Proof of Theorem 3

The proof is by explicit construction of a function (and associated noise) satisfying the Assump-
tions 1, 2, 3 and 4, for which the Polyak-Ruppert procedure fails.
Consider the following function:

2 1 rz z dz
Fz): = v =3 Jo maerrm 20
o g - Lo zdr o <)
4 J0 log(e+]|z[~1)
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Some algebra yields:

JW@Z{%_“Wﬁmnwzo
2% = fhogierey <0
and
F(x) = 2= SToger T ~ oot ey © 2O
1

2 r <0

1
- Alog(e+[z[7T)  4log?(e+[z[~1)-(efz[+1)
Clearly, F'is twice continuously differentiable everywhere on R, satisfying the bound for any z € R:
1< F'(x)<2

It is easy to see that F' has an unique minimizer 0, with H* = F"(0) = 2.
We consider an additive Gaussian noise model

£0,&) :=F(0) = v2(&, 0)  where & ~ N'(0,1)

Clearly, the noise model satisfies Assumption 2 and 3 with constants o, = V2 and /= = 0.
Now we consider the SGD update rule on function F':

Orr1 = 0 =V F(0;) + V2n&ia
Given n = g1~ %, we consider the following re-scaled function:
Ve >0  Fy(z):=n"F(/nz) (22)

Clearly, F;, is a strongly-convex and smooth function, with 1 < F/?’ () < 2. Denote ¢; : = 0;/\/n
and ¢ : = O7/,/7. The SGD iterates can be re-written as

Yi1 = Uy — PV E,(¥) + /20&11

We also define the re-scaled function d,(z) : = %5 (z/n). Clearly we have the relation §,(z) =

2z — VE,(x). We denote 7r,(7t) := L(1)¢), the probability law of the iterate 1.

This is an instance of unadjusted Langevin algorithm (ULA) on the function F;,, which is known
to converge to an approximation to the target density 7, oc e~ . More precisely, the following non-
asymptotic error bounds are known from the paper [21] (for notational simplicity, we suppress the
dependency on the strong convexity and smoothness parameter, as well as the problem dimension,
as they are all universal constants in above problem):

Proposition 11 (Special case of [21], Theorem 5) Under above setup, we have the following bound
fork=1,2--.

W3 (P ) < 275 (lapoll3 + 1) + can (23a)

for constants cy, co > 0 independent of 1, k and vy.
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The mean-square error bounds for estimation expectation of a Lipschitz functional is also given
by [21].

Proposition 12 (Special case of [21], Eq (27) and Theorem 15) Under above set-up, given any

Lipschitz test function h, let hq, 1 : = g To Zf 7}0 h(vy), the following bounds hold true:
N 2 Hh”ilp d 2/_(t)
(E[Aro:r] = Er, [W(X)])" < 75 > Wil my) (23b)
t=To
- 1721
<ec——2 2
var (hTO,T) < CW(T — o) (23¢)

for a universal constant ¢ > Q.

Note that )9 = 0. So we have the following bound on the sum of squares of Wasserstein distance

T T
2
§ W3 (nlF § ek oo (T — Ty)y < . + ¢o(T — Tp)n
k=T k=T 17

Substituting into the MSE bound in Proposition 12, for any choice of burn-in parameter 5 €
[0, 1), we have the bound:

- 2 1 /p— min(o,1—a)
E (Y1 — Enx, [X]) <c<n+n(T—To)> <dT (24)

where the constants ¢, ¢’ > 0 can depend on ||6y||,, and no, but are independent of 7'.
It remains to study the stationary distribution 7,,. The following lemma characterizes the size of
bias under the stationary distribution 7r,,.

Lemma 13 For the 1-dimensional probability distribution m, defined above, we have that

By, [X]> <1og1)_1

Ui

for a universal constant ¢ > 0.

Combining the bound (24) and Lemma 13, we arrive at the lower bound:

C2
EFT] = log T Tmln(al )

for constants ¢y, co > 0 that are independent of T'.
Recovering the original scaling, we obtain the lower bound for the Polyak-Ruppert estimator:

_ 2 C/ !
E HGT —0 H2 — Ta 101g2T - Tmin(22a,1)

Taking the limit, we have:

lim T-E |07 —0*; = +oc
T—+oco
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which completes the proof of this theorem.
Proof [Proof of Lemma 13]Denote the normalization constant:

Zy ::/G_Fn(z)d:z

Since 22 < F(x) < 222 for any © € R, we have the bound /7/2 < Z, < /7 for any choice of
n > 0. By definition, we have the expression:

+o0
Er, [X] = an/o x (eiF”(x) - eiF”(fx)) dx

Note that F'(z) < F(—x) for any > 0. So we have that E., [X] > 0, and the following bound
holds:

e, 6] 2 [ (e )
KV

Given z € [1, 2] fixed, we lower bound the difference in the density function as follows:

—4 T
o Fal@) _ g~ Fy(a) _ —a? (61/%1 5o (2)dz _ /A3 5,,(z)dz) > 64/ 5,(2)dz
0

et 1 z e 4 1

> dz> . -
4 1/210g(e+(2\/ﬁ)*1) S log(e—i—%)

Integrating with = € [1, 2], we arrive at the lower bound:

1 —1
B, [X]> e <1og 17)

for universal constant ¢ > 0. |

Appendix C. Proof of the non-asymptotic bounds with sharp pre-factor

In this section, we present the proofs for Theorem 4, Theorem 6 and Theorem 7. These three
results provide upper bounds on three different metrics (gradient norm, iterate distance, and function
value), with the leading-order term exactly matching the optimal normal limit, and sharp high-order
terms. We present the proof of Proposition 5 en route (in §C.2), the higher-moment non-asymptotic
convergence rates for the process (v;);>7, and (z;)¢>7, that is analogous to Proposition 2.

C.1. Proof of Theorem 4

We first establish the results for the single-loop algorithm, and then use it to prove the results with
the re-starting loops.
Throughout the proof, we use the following notations for the risk functions

L (&)vren3)”

1/2
ro(t) : = (Elurl}3) and rr) =
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Clearly, by the strong convexity Assumption 1, we have the bound E |07 — 6* Hg < ry(t)2
We start by observing the following decomposition:

E|VF(Or)|3 =Ellzrs1l3 +E lvrsalls — 2E(zr41, vrs) (25)

The following lemma provides sharp bounds on the leading-order term E || 241 Hg

Lemma 14 Under above set-up, for T > 2Ty log Ty and any G € RY%, the following bounds
hold true for the process (zt)t>T,-

1 P
E|Gorl} < 2T (G2GT) + el GI A (262)

where the high order term 7—[( is defined as

(2) . _ To T§\ o2 T2 log T T20-3/2 ,
i -—c<ﬁ+w> 7t (U g | V@) 2o

See §D.4 for the proof of this lemma.
Invoking Proposition 2, we have the bound for vr:

v C + Q
T2 pnrT? w21 377% 012

For the stepsize choice 1, = %at& we have the bound

T
uTy
11—« 2 3—2«

T o Ty
Ellor|; < e - 7 + cga - IVF(G0)5 @7

Combining the bounds (26a) and (27) and substituting into the decomposition (25), we arrive at the
following bound by applying Young’s inequality:

E[VFOr)2 < Ellzral + Ellors |2+ 2/E |z l2 - B orsall

1—a l1—a
T: 2 T\ 2
<|1+(= Elzrall+ | 1+ (= E|lvrial
T T,

0'2 T() FTaAa 02 TQ 2/\57230‘
< = -9 —x = logT - ||V F ()]
_T+c(T> T+C<T> ogT - [[VF(0o)ll;

which proves the first claim (11a).
Now we turn to the proof of multi-loop results. By applying the one-loop result to each short
epoch, we have the bound forb =1,2,--- ;&

2 l—arag 9 3“
(b+1) : To\ 2 " o; T ON&
E|vF(o) )H <T+C<Tb> 7o (Tb> logT-E [ VF (o) |

0 20
: gl
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In step (i), we use the fact that T° > 2¢T log Tj) and that 2 A 232 > 1 for o € (0, 1).
Solving the recursion, we arrive at the bound:

2 42
BlvrE™)|, < 72

(60)113

Substituting this initial condition into the bound (11a), we obtain the final bound:
: 2 2 Th\ 2N 52 T\ 25 402
E|[vF@EY)|| < U*—i-c<0> ?Jrc(“) log T - < s

T T T
2
Taking & > log, (% \% 1) and substituting with 7 = n — &7, we arrive at the conclu-

sion:
l—«
2 T\ 2z "\«
< (1 +c (O> log? n)
2 n

“IvE@IE)

3|

E HVF@)

which proves the bound (11b).

C.2. Proof of Proposition 5

Throughout the proof, we frequently use the following inequalities for the moments of stochastic
gradients, which holds true for any § € R%:

~4

{=
o ) E(|VE®)|; (28)

BV (6,614 < 2757 + 27 (

To see why this is true, we note that:
E [V £(6,&)llz < 2TE | VE(6)]l5 +27E |l(67)llz + 27E [e0(6) — &(67)ll2
— ~4
<275, + 2T |VF(0)|5 + 27(= E |6 — 0%||5
[4

< 270,t + 27 (1 + 124> E|VF(0)|3

Now we turn to the proof of this proposition. Similar to the proof of Proposition 2, we need the
following technical lemmas:

Lemma 15 Under Assumption 1, 2', 3, there exists universal constants c,c’ > 0, when n; <
c(% A EN%), we have the bound

1\? - d [ 1
Veldi< (1-7) (1= 222 VEloali+ 5 (72 + - VEIVF@-DI)

Lemma 16 Under Assumption 2', we have the bound

~2 -1 ~2 ¢—1

1 T3 203 00*2 = c€_
Bl < S0+ O+ 5 S VEIVR@IIE+ S5 X S VE Il
s=Tp s=Tp
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See Section D.5 and D.6 for the proofs of the two lemmas. Taking these two lemmas as given, we
now proceed with the proof of the proposition.
The rest of proof goes in parallel with the proof of Proposition 2. We first note that:

VEIVE@)IE < 4B [VEO1) |3+ 4/EVF(0:) — VF (01
< 4E 1243 + 4B [onl3 + 4 LY Juelld < 4/E 2014 + 64/E [l

Substituting into the bounds in Lemma 15 and 16, and defining the quantities Hr : = supy <;<7 t\/E |2 3,
Wr : = T?\/E |lur|3, we arrive at the following recursive inequalities:

t—1
N ~ 2 1
Hp < 2Hp, +40.° +2C"l=" sup — Y n2 W, (29a)
To<t<T t =,
Wr < (1= enp1p))Wr—1 + Hr_q + 2057 (29b)
Tpnr—

Invoking Lemma 10 by replacing (¢=, o) with (ENE, o), we obtain the following bounds:
2T,
Hr <c (03 4 B0 gy HTO> and
u

ik ST
W < ng +c 2702 +e HZt:TO-H 77tT02 WTO
nri Tpsng_4

For the initial conditions, by applying Khintchine’s inequality as well as Young’s inequality, we
note that:

Do 1 (& o ~4
>alto)| < B (D lebo)l3] <8 (041260 - 67]3)
t=1 0 t=1 0

1 /7 ~ 4 N
E [[or, 3 < SE[VF(60)ll3 +Ell2, 13 < 8 IVF(G0)l13 + 875 (52" + = 160 — 07113)
0

4
1
4
E HZT0||2 = FE
0 2

Following exactly the same arguments as in the proof of Proposition 2, we arrive at the desired
bounds.

C.3. Proof of Theorem 6

We define the quantities 7¢(¢) and 7,(¢) the same as in the proof of Theorem 4. Furthermore, we
denote the following quantities:

Rut) = (Eld) " ana Fon):= - (EIVF@)

1
L

Clearly, by the strong convexity Assumption 1, we have the bound E |07 — 6* H% < re(t)™.
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We also note the following decomposition of the gradient:

1
VF(fr) = /0 V2F (70" + (1 —4)0r) (0r — 6%)dy

which leads to the following bound under Assumption 4’:

1
|(H*)7'VF(0r) — (00 — 67)|, < /0 |(H*)™" (VF (v6* + (1 —)0r) — H*) (07 — 6%)||, dvy

Ly

< sy 10 =0l < CIVE@DZ 30y

Ami (H*)

We can then upper bound the mean-squared error using the processes (z;);>7;, and (v¢)¢>1,:

E[0r — 6°|2 <E <H () EO, + oy HVF(QT)Hg)
_ Ly L3
<E|(H*) " (vre1 — ZT+1)H§ R 2)\7(11*) 73(T) + ﬁij*)zrg(T) 31)

The leading-order term in the bound (31) admits the following decomposition:

E[[(H) 7 (e —vrsa)ll; = B[ (H) zrally + B or|[; — 2B [(H) o, (H) ™ or)]

In the following, we bound the three terms in above equation, respectively. Invoking Lemma 14
with G = (H*)~!, we have the bound:

etz Te((HH)TISE(EH) Y co? T\ c||VF(0))|2log T (Tp\ >3 >
EH(H ) ZTHHQ = T + Amin (H*)2T T + /\min(HE)Q T
(32a)
For the process v, Proposition 2 yields the following upper bound:
1 2 co? T\ c|VF@)|a (To\* >
BN ol < 5l < 5 (7)) S (7
(32b)

The bound for the cross term is given by the following lemma:

Lemma 17 Under above set-up, for T > cTylogTy, for any d x d deterministic matrix G, the
following bound holds true:

0_2 2—a
(¢ Gul < e () <;+<T"> |rVF<eo>H§>logt

11—«
NG L (T = (G0 (1)
5 L TR log” t[|VF (65
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See §D.7 for the proof of this lemma.
Substituting with G = (H*)~!, we obtain the bound for the cross term:

co2logT (T[))l—“ ¢||[VF(60)|3log T <T0>3—2a

B [(H*) 2, (H) o) | < X

min(H*)?2T \ T Amin (H*)? T
L el To\ 2 Lo |[VF(00)|310g2 T [Ty > 20
— — c
)\min(H*)2M2T3/2 T )\min(H*)Q,U2 T
For the rest two terms in the expression (31), we invoke Proposition 5, and obtain the rate:
N oo cv/1og T To 1A3/2—a
ro(T) < + VF (6 ( (32d)
(1) < 7+ S IVE GOl (7

Combining the bounds (32a)-(32d) and substituting into the decomposition (31), we arrive at the
bound

S gz < THEDTSH)TY) | co?log T (Ty\*' 7 c|[VE@)ll3logT (Tp) 572
H o ||2 N T )\min(H*)QT ? + )\min(H*)z ?
N cLyoy? cLoE |VF(60)|3108> T ( Ty >
)\min (H*)M3T3/2 Amin(H* )/U‘S T
cL3o." cL3E [VF(00)lllog” T (To\ """
)\min(H* )2u4T2 )\min(H*)2,Uz4 T

Noting that % —2a A3 > % and 6 — 4a A 4 > 4, we complete the proof of the bound (15a).
Now we turn to the proof of the multi-loop result (15b). Invoking Proposition 2 and 5 and noting
that | VE(0;)]ly < [|ze51lo + [[ves1]l,» we obtain the bound for T° > Ty log To:

2
elvre ), < g2 [P s 7 me
0y ||* < L ||t o
B[ v ™), < gy E[vren], - 7
Solving the recursion, we have that:
. 2
e|vrE )| <2 B |vE@):+ 27 and

4 2c0,°
VE[TFEE )L <2t B reol + 22

Taking & > log, (TOH#W \% 1) and substituting into the bound (15a), we have the following
guarantee for the multi—logp estimator:
2 To(H)'S(HY)TY) | cotlog’n <To>°‘/\1a
2 n Amin (H*)?n
CLQE;?) log2 n cL%&?l log2 n
)\min(H*)MSHS/Z )\min(H*)ZM4n2

E |6, — 6*

n

which completes the proof.
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C.4. Proof of Theorem 7

Applying second-order Taylor expansion with integral remainder, for any § € R? we note the
following identity.

1
F(0) = F(6*)+ (0 — 6%, VF(0*)) + (0 — )" / V2F(v0 + (1 — )0%)dv - (0 — 6%)
0
Noting that VF(6*) = 0 and invoking Assumption 4', we have that:
1 ! * * *
F(0) < FO) + 50=0) T 0 =0+ 1007l [ IVFG0+(1=9)0%) = H [y 0= 0],
< F(Q*)+%(9—0*)TH*(9—9*)+L2 16— 6% (33)

Similar to Eq (30), we have the bound:

1
H(H*)l/Q(H — 9*) - (H*)fl/QVF(Q)HQ S/ H(H*)71/2 (VQF(’YH* + (1 - ’}/)GT) B H*) (QT B 0*) Qd,y
0
L2 2 L2 9
S 01 — 0"y £ ———=— [VF (¢
= Vw1 e = e VO

Denote the residual q; : = (H*)'/2(6; — 6*) — (H*)~'/2VF(6;). Substituting into the bound (33),
we have that:

2
E[F(0r)] - F(9*) < SE||(H")™/2VF(©0) +qr | + LE |07 — 0"}

IN
[
=

2
(H) 2 (e + vra) ||+ 2LoF(T) + E larl3

*y— 2 ~ L2
(H ) 1/2(ZT+1 + UT+1)H2 + 2L27‘2<T) + K(QI‘I*)FZI(T)

IN
[
&=

Invoking Proposition 2, Lemma 14 and 18 with G = (H*)~1/2, we have the bounds

7
2 _ Te(3(H) ™) T\ "2 | cl|[VF(b0)[3log T (Tp)*3
*x\—1/2 < 20 2
EH(H ) ZT“HQ = T * )\mm (T) mm(H*) T
- 2 _ Ellvryal co? c|[VE()l3 i
*x\—1/2 < +11l2 < * 2 (10
EH(H) ”T“HQ = Amin(H*) ~ Amin (H)T T () T
and
2 —« 2 3—2a
—1/2 —1/2 coy 10gT T\ C||VF(90)H210§;T Ty
B ()2, (1) ] < e (7 @\ T
cLyay° Ta cLy |[VF(00) |2 10g? T [ Tp\2 2
=2 34
T N (H*)2T372 < ) T am (H)22 T (34)

Putting them together, we arrive at the bound
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Te((H*)7'S*)  co?logT <To>°”\1_a

E[F(0r) — F(0%)] < + —
7
||V (%)HQlOg] Tp\ >z 2 Io7 L3
)\mll’l(]i2*> 1 ¢ ZT% ‘ QT%

for the quantity 77 : = Haj/% + loiT\/ % . (IE HVF(GO)||3)1/4.

For the multi-loop algorithm, applying the same argument on the initial gradient norm as in the
proof of Theorem 6, we arrive at the desired bound.

Appendix D. Proof of auxiliary lemmas

For the proofs of auxiliary lemmas, we first describe a simple decomposition result for the process
(2¢)t>1, Which plays a central role in our analysis.

A Kkey decomposition result The proof for all the results about ROOT-SGD relies on a decom-
position of the difference z; : = vy — VF(0;_1) that exposes the underlying martingale structure. In
particular, beginning with the definition (5) of the updates, for any iterate ¢ > Tj, we have

2zt =0—VF(0i_1) = 16t(9t_1)+<1 — 1) (vt_l—VF(Ht_g)H-(l - 1) (e4(0t—1)—et(0:—2))

— %gt(at,l) + <1 — 1) 21+ (1 — 1) (et(0i-1) — €4(0—2))

Unwinding this relation recursively yields

t t
1 To 1
2t = E g 55(9371) +?ZTO + E E (3 - 1)(55(9371) - 55(0372)) (35)
s=Tp s=Tp
—_——
ZZMz Z:\I/t

It can be seen that both both of the sequences {M; };>7;, and {¥;};>7, are martingales adapted to
the filtration (F;):>7,. We make use of this martingale decomposition throughout our analysis.

D.1. Proof of Lemma 8

By definition, we note that:

vy = (1 - 1) (V1 + Vf(Or—1;&) — VI (0i—2:&)) + %Vf(Gt—ﬁft)

Taking the second moments for both sides, we have:

1\? 1
Bluld = (1-7) Elos+ V5006) = V50 s &0+ EIVSGi60)1
11 12

+2 ! 15_2 1E<Ut—1 +Vf(0i-1;&) — VI (0r-2:&), V(0i-1;&))

I3
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For the first term, using the fact that 6,1 — 6;_o = —n;_1v¢_1, we start with the following decom-
position:
E ([lve-s + V. (0r-1:6) = V(0250113 | Fir)

= ||Ut71||§ +2E ((vg—1, VF(Or—1:&) — Vf(0r—2:&)) | Fi1) + E (va(@tq; &) — Vf(etfz;ft)ﬂg \ ]:tq)
2

t—1

= ||”Ut—1||§ - (O—1 — 042, VF(04—1) — VF(8,—2)) + E <||Vf(9t—1; &) — Vf(@s—%ft)”i ‘ ]:t—l)

Since F'is p-strongly convex and L-smooth, we have the following standard inequality:

o N0a = al5nl | IVF(Or) = VE(0r);

O 1 — 0y, VE(Oy1) — VE(6_)) >
<t1 t—2 (tl) (t2)> /.L+L M+L

I

20> there is the bound:

Hence, when the step size satisfies the bound 7; < ﬁ A

2 0r1— O, o2l ||[VE(6i_1) — VF(6;—2)|>
I1SEHUt—1||§_77 E(‘tl Sl +H (6:-1) (tQ)H2>

p+ L w+ L
+2E||VF(0;-1) — VF(0;_2)||5 + 2E (Hé‘(@t—la{t) - €(9t—27§t)H§)
1

< (1= merp+ 207 1 L2)E || 2+2(1_
(L= ne—1p + 2071 C2)E ||lvga [|5 Me—1(p + L)

-1
< (1= 25 B3

) E(VF(0h1) — VF(6,2)]

Now we study the second term, note that

E(|Vf(6_1;6)|2 < 2BV f(0-1;&) — V(O 6)|2 + 2B |V £(6%56)|13
< AR || VF(@-1)|3 + 4E [|e(8i—1, &) — (6%, &)||3 + 2B |V f(6*; &)|I3
< AR |VF(0,-1)|? + 462K ||0,_1 — 0|2 + 202

A 9
<4 (1 n M) E [V F(801)]% + 202
For the cross term, we note that:

E ((vi—1 + Vf(0i-1;&) — VF(0r—2:&), Vf(0i-1;8)) | Fe-1)
=E ((vi—1, Vf(0i-1,&)) | Fi—1) +E(Vf(0i=1,&) — Vf(01—2,&), VF(0i-1)) | Fi-1)
+E(Vf(0r-1,8&) — V(0i-2,&), €e(0i-1)) | Fi-1)
= <’Ut_1, VF(et_l» -+ <VF(9,§_1) - VF(Gt_g), VF(et_l»
=T
+E ((e(04—1,&) —e(0r—2,&), €(0r—1,&)) | Fi—1)
:=Th

For the term 77, we note that:

Ty < lvrally - IVEO )y + [[VE(Br—1) = VE(Br2)[ly - [VEF(0:-1)ll2

35



ROOT-SGD wITH DIMINISHING STEPSIZE

< (L4 L) [Jveally - [IVF(0r—1) |l

For the term 75, we have:
Ty <E(|le(@r=1,&) — €(Or—2,&0) |5 - [|€@—1, &)l | Fe—1)

< \/E(Hs(etfl,ft) — (2,63 | Fio1) - E(le(e—1, €3 | Fi1)

< Jvi—tlly - 10— — 07,
(2
< G vi—1lly - IVF(0r-1) ]|,

So we have:

I3 <3E (o1l - [VF(0-1)lly) < 3\/E lor—1l3 - EIIVE(8e-1) 113

tni— 18
< TEE o [ + (6113

Putting above estimates together, we obtain:

1\? _ 1 2
Eluli< (1-) (1= 252 Eluali + 5 (2024 400+ S)EIVFO-)1)

(t = Dmp—1p 18
U= kg o EIVE@
+ St H Vt— 1||2 W?t ”V ( t— 1)”2
N/ 26 202
<(1-1) (1-252) Blumilf + 2 BIVFGI+ 5

which finishes the proof.

D.2. Proof of Lemma 9

Taking the squared norm of z; in the martingale decomposition (35) and applying the triangle in-
equality yields

2 2 o T3 2, 2 2
E |25 < §E||Mt||2 t 2 l|z0ll5 + 2 Ak

For the martingale M;, we have:

t t
E|[M)3 = Elles(0s-1)l3 < 2t0? + 22 Y "B |61 — 6%]3
s=1 s=1

For the martingale ¥, we have:
¢ t

E Wl =) (s = 1% les(Bs-1) = e5(6s-2) 3 < &) (s = 1’121 E [losa 3

s=1 s=1
Combining the pieces yields
2 t

T2 |z0)? 4o 4@2 !

2 0 * 2

Elall; < =52+ =~ E E[|fs—1 -0 H2+ (s = 1?31 us—1l5
s=1

Note that the yi-strong convexity condition (cf. Assumption 1) ensures that ||f,_1 — 6*||, < i |VE(0:-1)ll5-
Plugging this bound into the inequality above completes the proof.
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D.3. Proof of Lemma 10

Denote ¢; : = ZZ:TO 7ns, which is the aggregated step sizes up to time .
Recursively applying the inequality (19b), and noting that H; is a non-decreasing sequence and
that 7; is non-increasing, we obtain:

T—1 T— N(ET ft) T-—1

Wr < 202 Z wlr=t) L 9oCHp Z + Z —nllr—Lro) vy
t=Tp T tune—1 -

202 CHp_

*

nrp - T(pnr-1)
Substituting the bound into Eq (19a), we obtain:

2 + eiﬂ(ﬁT*ETo)TgE HUT()Hg

a 1
Hp < 402 4 2F ||21, ||3T0 + C'EQ sup +20C" 12 £Hr sup - —
| 0”2 To<t<T t Z 1Ts To<t<T t Z 5M2

+ C'IGE |logy |3~ sup Z ettty

To<

For the quantities involving step size sequences in the inequality above, we have:

sup Z ns < sup Z ns < 1,

To<t<T t = To<t<T t — To +1

t—1 T-1
1

1 —u(ls—tr,), 2 —p(ls—Lr,), 2 Ty
sup - e Mls—try)p2 < — e lls=lmy)p2 <

4CC 2 t—1

, we have 2CC' /2 = SUPT,<¢<T ¢ ZS:TO

For Ty > < %, and consequently:

1
o2
2T,
Hr <ec <af + %%WTO + HT0>

for universal constants ¢ > 0.
Substituting back into the bound (19b), for T' > Ty > (,unT)*l, we obtain:

/ T,
Wr =TE Jor|} < —0? + ¢ | sgig— + e )T ) W
N Tpny_4

D.4. Proof of Lemma 14

By the martingale decomposition (35), for any ¢ > T, we have the identity
PE(|G2ll; = TR |Gon |3 + E((GM]y) + E([G¥],) + 2B ([GM,G¥))  (36)

For the quadratic variation terms, we note that

t

E(GM];) = > E|Ges(0s-1)ll3

s=Tp+1
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¢ 2
< 3 (VRIGE @I+ 161 E 6.0 — 2. 0)1B)
Tt

s=Tp+1
t 2

< 3 (VREEeT + el el - o°1E)

s=Tp+1

t
< (t—T)Tr (G267 +2 S TG+ Y RIGIEA)
s=Tp+1 s=Tp+1
< (t-T)Te (6=°6T) +IGIR Z (20.zro(s) + 2r3(s)) (37)
s=Tp+1

and

t
E([G¥) = Z (s — 1)2E |Ges(0s-1) — G€s(93—2)H§
s=Tp+1

t

<EIGIE Y (s = DE|05-1 — Os—ll3

s=Tp+1

t

<ENGIE D (s =10 _1ri(s) (38)

s=Tp+1
We decompose the cross variation term in two parts, and bound them separately.
¢
E([GM,GU]) = Y (s~ DE(Ges(0s-1), Ges(Bs1) — Ges(0s-2))

s=To+1
t

= 3 (5= DE(Gey(6s-1) — G,y (67), Gey(B,1) — Gey(B,-2))
s=Tp+1

1=Q1(t)
t
+ Y (s — DE(Ges(07), Geg(0s-1) — Ges(0s-2))
s=To+1

:=Q2 (t)
For the term ()1, Cauchy—Schwartz inequality leads to the bound:

t

Q)< Y (8—1)\\\GH!3p\/EH€s(9s—1)—€s(9*)H§~E!\€s(9s—1)—65(9s—2)\\§

s=Tp+1

t
SEICIE S (5= Die1y/E 051 — 013 E v,1]2
s=Tp+1
t
<EIGIE S (s~ Dnsoar(s)ro(s) (39)

s=Tp+1
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For the term ()2, we note that
¢

Qa(t) = D (s —1) (B{Ges(0"), Ges(05-1)) — E(Ges1(67), Gesor(bs-2)))

s=Tp+1
‘ t—1
Y (Ty — DE(Ge(6Y), Ger(6r—1) — Ger(fr,1)) + > E(Gey(0), Gey(01—1) — Gey(05-1))
s=Ty

i t—1
< (0 Dot lGIZVE 10— bm a1 + out=IGI2 S BN — 6ua
s=Typ
t—1
< 20.L=|GI3, { Tollfo — 6%l + tro(t) + Y o(s) (40)
s=Ty
In step (i), we apply Abel’s summation formula, and in step (7i), we use the Cauchy—Schwartz
inequality.
Finally, for the initial condition, we have the bound:
2(07 + €2 160 — 6*13)
T

Collecting the bounds (37)-(41) and substituting into the decomposition (36), we obtain the
inequality:

2 2
E |Gzl < IGI5, - Ellzn [z < IGIE,

(41)

T: Tr (GX*GT GJ? U*L

T T e T2 Z To(s)

s=Tp

e & TIGIE (. + = |6 — 6°]1,)
T2p Z (ro(s) + (s — 1)778717“1}(3))2 +ec P - 2

s=Tp

for a universal constant ¢ > 0.
Invoking Proposition 2, we note that:

O VTologt ( ) O VTy
t) < l= N d ry(t) < F(6
oft) < et S (et IVF@l, and rolt) < ep i IV (G0,
Substituting into above upper bound, we obtain:
Tr (GZ*GT) = BYLpn T
2 2 = = Lus=Ty IS 0 2
Ewwm§fr+wmm@wﬂ+ g | o
R2TylogT 1 & 1
GIRE2 o 14— VE(0)|3
Sl R D IO
0
For the stepsize choice 1y = ,uTl%"‘ta’ we have the bound
0
Tr(GE*GT To\ /2 52 T2 logT T20-3/2
sicarlt < T oo (B) T Z vaaer BT (14 D ) ivreon:
0

which proves this lemma.
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D.5. Proof of Lemma 15

Similar to the proof of Lemma 8, we use the decomposition

4
Bllul} < (14 ) Ellowr + VF0,6) - VF 02 6]

3
Jr% (1 - 1) E (Hvt—1 F VS (01,6) = VI (Ora, )3 (i1 + Vf(0i_1,6) — V(2. &r), Vf(et‘l’&»)
2
+ t% (1 - t> E (Hvtﬂ + Vf(Or-1,&) — Vf(etf%ft)Hg ' ||Vf(9t717§t)”§)
+ 1;13 <1 - 1) E (”vtq + Vf(0r-1,&) = VF(Or—2, &)l - HVf(th,&)H;)

1
+ t—4E IV f(Bror, &)l (42)

We claim the following bounds on the relevant terms in Eq (42), for stepsize choice 1,1 < %(% A
L)

=2

l=

E||lvi1 + VI(6i-1,&) — V02, &) < (1 — gy 1)E |Jop_1 |3

(43a)
and

E ([Jvr1 + V(Br1,60) = VI G2, @) 3 (ver + VF(Or1, &) = V(Br2,6), VF(0r1,6)))
< tumne—1

4 C
< IR oy +

. 1 1/2

7 (0*2 +——(E wat_l)\%)”?) (Efualls) © @30)
HKTt—1

Recall that Eq (28) implies the bound

__ 27
E|[Vf(0i-1,&)5 < 2705 +

mﬂi IVF(6:1)|5 (43¢)

Taking these two bounds as given, we now bound the fourth moment E Hth%. First, by Holder’s
inequality and Young’s inequality, we have the following bounds:

E (i1 + V(B1,6) = VB2, 013 - 1V F (01,0 13)

< (Bllvies + V(01.6) ~ V502 012) - (BIVS 01 012)
2 [ __ 1

<c(lumit) - (72 + - @IvFEI)")

and

E ([[or-1 4+ V(0r-1,6) = V(02,60 95 01, )13
< (Ellors + VI 01, 6) - VO )12) - (1T 01, 018)

2,1 ¢/~
< et (E|lvr-13) -<0*2+w7(EIIVF(0t1)||§)1/2>+ ( !

1 4
¢ (5 +E||VF<9H>|>
t\ " w2n? 2
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Collecting above bounds, we arrive at the conclusion

1\4 c 1/2
E Hth;L < <1 — t) (1 — pne—1)E ||111571H221 + % < ox + W(E |VEF (6 1)” )1/2> : (E HW—IHé)

€2 [~y
B e R =Y )
t < M ﬁtf 2

2
1\* HNt—1 i, C 1
< [(1‘75) (1= 220) R ol + G (7 o VEIVEOS

for universal constants c1, ca, ¢’ > 0. This completes the proof of this lemma.

Proof of Eq (43a): We note the following expansion:

Ellvi—1 + Vf(0i-1,&) — Vf(etfz,ft)ﬂg

< Efjoe-1l3 + 4E (or1l3 ve1, VEOr1) = VF(01-2) ) + 6B (Jlor-ally - IV 0r-1,€) = VI 012,613

+4E ([[or-ily - IVF(Or1,60) = VO, €)1I3) +E IV F(Br-1,€) = VS 012,03

uL 4 2 2
< (1=t 2 02 B a4 (8- oy ) B (I9F () = VFO0all - o )

+3E |V (0r-1,&) — VF(Oi2,&)
For the last term, we note that
E |V f(0i-1,&) — Vf(0i—2.&)|5
< 8E||VF(01—1) — VF(01—2)||5 + 8E [|e(Be—1, &) — e(0—2, &)
~4
< 8122 1B (| VF(0r1) = VF(Or-2)I13 - lvi-1]3) + 802 n 1 Jfop- 3

Putting them together, for 7,1 < % (% A Z:%) , we arrive at the contraction bound

E|lvie1 + VFOr1,&) — V(0i-2,&)|l5

pL 2 4 4 4
< (1 _477t—1M+L +6n7_ =" + 241y l= )EHvt—lb

4
+ (8 T s + 24[’277152—1) E <”VF(9t—1) — VF(0—2|l5 - ”%-1”3)

< (1= pme-1)E [ve-1 15
which proves this bound.

Proof of Eq (43b): Denote the following random variables for notational convenience
Ai—1 =01+ VF(0;_1) — VF(6;_2) and G :=e(6i—1,&) — €(0i—2,&)

For 1_1 < 5=, it is easy to see the bound |[A;—1[ly < |lvs—1]|, almost surely. And we note by
Assumption 2’ that

E (113 | For) < 0= 181 — 621} = 4= iy llova
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We note the decomposition

E (A1 + Gll3 (et + G VF(0r-1,6)) )

< E (IN-1l3 (1, VEO-1) ) +6E (Gl - (1ol + 1613 ) - V£ (Bo-1, 80112

Applying Eq (28) accompanied with Holder’s inequality, we can bound the above terms as follows

1/4

B (Il e, VE@)) < (Bl - (RIVE@)IE)

E (IGillo 121113 19£ (81,012 < 30zm—1E (Hvt_lué - (0

or + i; HVFwt_l)Hg))

~ 34 4=
<3z (Euall) (0* + = IVEG)]; )1/4>
and

3/4 1/4
E (IG5 - 19/ Or1,6012) < (ENGIS) ™ - (BIVSGr-1,€013)

3 3/4 /=
< 30="1;_4 (EHvt—ng) : <

Or + —

4N\1/4
p (ENVE@O-1)]3) )

Collecting the three terms, and noting that 71 < (+ A £5)

1
- =
E (A1 + Gll3 oot + G VI (011, 60))

)

3/4 ~ —
<c(Bluald)” (EIVFG )" + Enaw)

t —1 Cc [ . 1
< IE||Utl||421+< ?

= oy +
t Hn—1
which proves this inequality.

EIVFE))") - (Elalf) "

D.6. Proof of Lemma 16

By Eq (35) and Minkowski’s inequality, we have the bound

4

8 8

4 4 4 4

E |z, < t%E 21, Il + al (| Myl + al el

Invoking the BDG inequality for Hilbert-space-valued martingales, we have the moment bound

t
E || Ml < cE ([M]7) = ¢ E

Z Hgs(es—l)Hg

and
s=To+1

2
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t

E Wiy < cE (W) <c-E| Y (s =1 [les(Bs-1) — es(Bs—2)3
s=To+1

Invoking Cauchy—Schwartz inequality, we note that

t
ElMdi<e D Ele@ooli+2e Y E (@3 Eleuu)l)

s=Tp+1 To+1<s<u<t
t
<c S Ele@enliv2e S VEleO)E VE lea(Gusn)ll}
s=Tp+1 To+1<s<u<t

E ”58(98—1)“3
s=Tp+1

Similarly, for the martingale (¥;);>7,, we have the bound

VEI S <e ST (s = D2VE [e(0em) — eu(0s) 4

s=To+1

By Eq (28), we have the bound
[2
E fles(0s-1)l13 < ¢ (EF + R ||VF<95_1>||3>

By Assumption 2/, we note that

~9 ~ 2
VE leu(Bomt) — eu(Bs2) 14 < ="\ /E 801 — b sllt = =02y \/E s 3

Collecting the terms above, we arrive at the conclusion.

D.7. Proof of Lemma 17

We first note the following decomposition, which holds true for any T e [0,t — Tp]

IE(tGz, Gup)| < (¢ — T) ‘E(Gzt_:;, th>‘ n ’E(G(tzt —(t=T)z,_7), th>‘ .

:=Qs (+.T) :=Qu (,T)

We claim the following upper bounds for the terms Q3 (¢, T) and Qu(t, T), for T € [cTol_atO‘ logt,t/2]:

I T€ Py (a:S N (To
t

3—-3a/2
Qs(t,T)<c 2 t =z T, 37 ) 10g2tHVF(90)H§> (44a)

To

2
~ ~ o
QD) < G TT e (% +

; )" !VF%)H%) (44b)
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Taking these two bounds as given, we choose the time-lag parameter T := cTol_ata logt, and
arrive at the bound:

t t

11—«
NG (T 5 (58 (1)
(7 R log” t[|VF (615

which completes the proof of this lemma.

T; 2 Thio-
(G2 Gl < el (. ) (”+(°>2 IVFOIE ) g

Proof of the bound (44a): To bound the term ()3, we use the following lemma

Lemma 18 Fort > Ty and s > 0, the following bound holds true
2 201\, —p it L2~2 2
ENE (vegs [ Fe)lly < ery(t)e =t + 2 o ()7 (1)
See §D.8 for the proof of this lemma.

Taking Lemma 18 as given, the bound for the term Qs(¢,T) directly follows from Cauchy—
Schwartz inequality.

Qult.T) = (t - T) [B(G=,_r. GE (0| 7oy ))| < OB s /E [ (v0 1 7o)

For the time-lag T < % Proposition 2 yields the bound:

u/EH H < couVt + To/log t ||V E (6o)], (452)

By Lemma 18, for a non-increasing stepsize sequence, when the time-lag T satisfies ,ufm > clogt,

we have the bound e—# =1 < t%, Therefore, given the stepsize choice 7; = uTl%at"" we have
. 0
the following bound holding true for T' > ¢T; ~“t*log t:
E HIE (vt | F T) H < cLoP2(H)73(t) (45b)

Combining the bounds (45a) and (45b), we have the following bound holds true for the time-
lag taking values in the interval T € [¢Tg~*t*logt,t/2] (the interval is non-empty for any ¢ >
CTD log To)

Ly |H

Q3(t,T) < c [ (a*\/i + To/log t ||V E(6p) |;2) Folt) - T9(t)

Noting that o, < o, and /= < €~5, above bounds lead to the inequality:

~ DGI? v ize (G (TP
@l 1) = CTpt * T +3/2 T 70 log? t ||VF(90)||3

which proves the desired result.
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Proof of the bound (44b):  For the term ()4, we also apply Cauchy-Schwartz inequality, and obtain
the following bound:

~ 2
%@ﬂSW%MmWLJwﬂMHMM—tTHVEMM

The mean-squared norms of martingales are just their expected quadratic variation:

t
2 ~
E |- M, 7 =B (M) - [M], 7) < 2To? +2 > (Er(s)
s=t—T+1

E H\Pt i THz =E ([‘I’]t - [‘I’]t_f> <2 Zt; (s = 1)*n3_y75(s)
s=t—T+1

Substituting with the rates in Proposition 2, we have the bounds:

ZTylogt
EHMt—Mt fH <cT( Miiﬂg(@ ﬁ) |yVF(90)||2> and  (462)

52 277t

E|w - ‘I't—fuz < T (

T2
2 ||VF<90>H2> (46b)

For the stepsize choice 7y = %‘lta’ we have the bound:

1
wI

9 T min(2,3—2a) )
Bl Mz +E v v, | < (o2 475 <t> IVE@0)l3

Invoking Proposition 2, we can bound the moment of v; as:

21—« 32«
Elul < el + () IvF@:

Combining above bounds, we conclude that
l1—age [ 9 ; Tp\2-a 2
Qu(t, 1) < ellGILy T~ ( 2+ () IVF (@03

D.8. Proof of Lemma 18

Given t > Ty fixed, denote Ay : = E (vy15 | F¢) for any s > 0.
Taking conditional expectations on both sides of Eq (5a), for s > 0, we have that

t+s—1

Eveys | Ft] = remp

1
E [vi4s—1 + VF(Orps—1) — VF(Orps—2) | Fi] + mE (VF(Orys—1) | Fi]
47)

By the decomposition VF (6+5—1) = vtys — 2t+s and the fact that (z;);>7, is a martingale, we
note that

E[VF(0i1s-1) | Ft] = E [vigs | Fi)
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By the one-point Hessian Lipschitz condition, we note that
IVE(Ot45-1) = VE(Orrs-2) + Nes—1H ves-1 )

1
= Nigs—1 / (V2F (V01451 + (1 = 7)0prs—2) — VEF(0%)) vy45-1 dy
0

2
1
< Npys—1L2 HUtJrsAHQ : / [0t +s—1 + (1 —7)0tss—2 — 9*||2 dy
0
< Ners—1La vers—tlly - ([10ss—1 — O[5 + (|02 — 07[|5)

Substituting into the identity (47), we obtain the following inequality, which holds true almost surely
for any s > O:

Al <N = negs1 H ) Ag 1y + Mg s—1 LoE [lvers—1lly - (10e4s—1 — 0% ||y + [10e5—2 — 0%l ) | F]
< (1= mgs—1p) A1 lly + negs—1 LoE [[[vegs—1lly - ([10ss—1 — 0% lly + 10e4s—2 — 6% l5) | Fi]

Taking the second moment and applying Cauchy-Schwartz inequality, we arrive at the bound

VE A3

1/4
< (1= st W E [ As1l3 + 204 5-1 Lo (]E [vers—1lly * (E[|0rss—1 — 0%|l3 +E [|0rrs—2 — 6%||5 ))

< (1 - 77t+8—1u) \V E HAs—1||§ + 2771‘/-&-3—1L27~’v(t)779(t)

Solving the recursion, we obtain the bound

v

s—1 L2 N, e,
E || Al < cFp(t)e 2h=i™ 4+ Cﬁrz(t)'r?(t)
which finishes the entire proof.

Appendix E. Discussions

In this paper, we revisited the problem of stochastic optimization for strongly convex and smooth
M -estimators, focusing on the ROOT-SGD algorithm with diminishing stepsize. We established
both sharp asymptotic and non-asymptotic results, demonstrating that ROOT-SGD converges asymp-
totically to the optimal normal limit under minimal smoothness conditions that guarantee asymptotic
normality.® In contrast, we provided a counter-example showing that the Polyak-Ruppert averaging
procedure is asymptotically sub-optimal under the same conditions.

On the non-asymptotic side, we derived upper bounds on the gradient norm, estimation error,
and excess risk, where the leading term matches the asymptotic risk with near-unity pre-factor, and
high-order terms decay exponentially. Additionally, with a one-point Hessian-Lipschitz condition,
we established that the additional terms decay at a rate of O(n_3/ 2), achieving optimality without
requiring prior knowledge of the sample size.

6. The (Bayesian) Cramér-Rao lower bounds provide the fundamental limit of the mean-squared error (MSE) of an
estimator in relation to the Fisher information. The standard Cramér-Rao lower bounds are valid only for unbiased
estimators, whereas the Bayesian Cramér-Rao lower bound applies to the Bayes risk of any estimator [25].

46



ROOT-SGD wITH DIMINISHING STEPSIZE

Our findings extend to broader optimization scenarios, suggesting potential applications in non-
strongly convex, non-convex, and stochastic approximation problems. Future research could ex-
plore these methods in Markovian and distributed data settings, opening new avenues for further
development.
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