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Abstract

Computing the differential entropy for distributions known up to a normalization constant is a
challenging problem with significant theoretical and practical applications. Variational inference
is widely used for scalable approximation of densities from samples, but is under-explored when
only unnormalized densities are available. Messaoud et al. [61] introduced P-SVGD, a particle-
based variational method using Stein Variational Gradient Descent. However, we show that P-
SVGD scales poorly to high-dimensional spaces. We propose MET-SVGD, an extension of
P-SVGD that scales efficiently with convergence guarantees. MET-SVGD achieves SOTA results
on scaling SVGD. We significantly outperform P-SVGD on entropy estimation, Maximum Entropy
Reinforcement Learning, and image generation with Energy-Based Models benchmarks. Code:
https://tinyurl.com/2esyfx87.

1. Introduction

The differential entropy [19, 78] of a d-dimensional random variable X with a probability density
function p(x) =p(x)/Z is H(p) = —Egp [log p(z)] = — [ p(x) log p(x)dx, with Z = [ p(x)dx
being the normalization constant. The entropy plays a central role in machlne learning [73]. While
significant progress has been made on estimating entropies from samples [8, 63], settings where
only the unnormalized density is available remain under-explored. Recently, Messaoud et al. [61]
introduced Parametrized Stein Variational Gradient Descent (P-SVGD), which leverages Stein
Variational Gradient Descent (SVGD) sampler [56] to construct a variational distribution ¢ from
p. SVGD updates a set of interacting particles {z;}}, using a deterministic velocity field ¢(-) that
balances a gradient force and a repulsive one:

O@)) = Egt gt |nlah,a)) V. log ple}) + Vo m(at af)] M
. 141 . . . . . .
following the update rule :101-Jr =zt +ep(xl). €is the step-size, ¢ is the particles distribution at

step [ €[1, L] and k(, ) is typically an RBF kernel, i.e., x(z;, 7;) = exp(—||x; —z;||?/20?), with
bandwidth o2 set heuristically as the median of the particles squared differences. P-SVGD derives a
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Figure 1: P-SVGD limitations.

closed form expression of ¢ at every step [ including the last step L:

log ¢“ (a*) = log ¢"( —eZEM[ (90, a})/0a' )| + O(e), @)

where ¢(z!, xj) is the contribution of a: to the update of particle z! and ¢(z!) = Exé [p(x!, mé)] is

defined in Eq.1. The trace term is approx1mated using only first-order derivatives and, for efficiency,
the authors omit a trace-of-Hessian term Tr(Vil log p(z!)) by sampling a:é £t
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q" can approximate a broad class of densities under mild assumptions [90], enabling accurate
estimation of H(p) with compelling results in MaxEntr RL. Despite its promise, we show that
P-SVGD has several limitations including sensitivity to SVGD hyperparameters, mode collapse,
poor convergence to non-smooth targets and limited scalability in high-dimensional spaces (Fig. 1).
To address these challenges, we introduce MET-SVGD, an extension of P-SVGD that scales to
high-dimensional distributions with improved accuracy and convergence guarantees. MET-SVGD
learns step-wise kernel bandwidths and step-sizes, replacing the non-robust heuristics of P-SVGD;
upgrades its local invertibility condition to a principled global one that satisfies the assumptions in
the entropy derivation; consolidates two independent, informal step-size constraints into a unified,
principled rule; efficiently restores the missing Hessian term via Hutchinson’s estimator; incorporates
a Metropolis—Hastings correction step to ensure asymptotic convergence; and adaptively tunes the
number of sampling steps to better handle complex, high-dimensional distributions.

MET-SVGD achieves SOTA performance on SVGD scalability benchmarks. Additionally, it sig-
nificantly outperforms P-SVGD on image generation (20 vs 88 FID) and MaxEnr RL tasks (2.3%
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Figure 2: Novelty over P-SVGD. Limitations (L) and corresponding Fixes (F).
and 1.5% better final returns on Walker2d-v2 and Humanoid-v2 [12], respectively). By bridging
variational inference, SVGD, and MH methods, MET-SVGD sets a novel framework for entropy
estimation from unnormalized densities and scalable sampling.

2. Approach

Similarly to P-SVGD, MET-SVGD is a VI-based method for computing the entropy of distributions
p known up to a normalization constant, i.e., it approximates p with a tractable, sample-efficient
distribution and estimates #(p) using the entropy of this distribution. MET-SVGD introduces a
series of optimizations to address P-SVGD’s key limitations as illustrated in Fig. 2B: [L;-F] P-
SVGD introduces two informal independent constraints on the step-size including a local invertibility
one, although CVF requires global invertibility; MET-SVGD unifies these constraints into a single
principled one satisfying global invertibility (Sec. 2.1). [ Lo-F5] P-SVGD exhibits high sensitivity to
hyperparameters (Fig. 1 A-iii) with no tuning guidelines; we show that this is due to the accumulation
of noise in the trace term of Eq. 2, leading to entropy divergence and mitigates this by learning the
SVGD hyperparameters via reverse KL minimization (Sec. 2.2). [L3-F3] P-SVGD suffers from
poor convergence to non-smooth targets and sampling mode collapse (Fig. 1B and Fig. 1C), due
to its divergence control heuristic and the absence of convergence guarantees in the finite particle
regime; MET-SVGD replaces this heuristic with a MH step, guaranteeing asymptotic convergence
independently from the number of particles (Sec. 2.4). [L4-F4] P-SVGD’s omission of the trace-
of-Hessian term limits its scalability to high-dimensions (Fig. 1D) which MET-SVGD efficiently
restores as explained in Sec. 2.3. [L5-F5] P-SVGD uses a fixed number of steps (L), which may be
insufficient for convergence; MET-SVGD determines L. using the Stein Identity (Sec. 2.2).

2.1. Conditions On The SVGD Step-Size For Invertibility and log-det Approximation

In P-SVGD, Eq. 3 was derived by (1) leveraging the CVF (App. 5.2) assuming invertibility, and
(2) approximating the log-det term in the CVF with an efficient trace one. Thes steps introduce
two conditions on the SVGD step-size: (1) € < o and (2) €||V,16(2!)||o0c < 1. However, these
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conditions present two major issues: (1) Both are informal (use of <); in practice, € is simply set to
an arbitrarily small value, hoping that both constraints hold, which may not be true and often results
in more steps than necessary. (2) The step-size condition only guarantees local invertibility, whereas
the CVF requires global invertiblity. To address this, we extend a sufficient condition for invertible
residual networks (Behrmann et al. [7]) to SVGD. We also derive a precise condition on ¢ for the
log-det approximation (Proposition 2) and unify both into a single efficient bound (Corollary 3).

Proposition 1 (Sufficient condition for global SVGD invertibility) Ler f : R? — R? with f =
(f' oo fL) denote a sequence of SVGD updates with f' =I+e¢!. We denote by Lip (gf)l) the
Lipschitz constant of the velocity ¢' at step 1. f is invertible if- € Lip (qbl) <1, foralll €0,L —1].

The proof is in App. 7.1. Using the mean value theorem (App.5.6), we estimate this Lipschitz
constant as || V¢! || =max,: ||V ¢ (x!)||2 with || - ||2 being the spectral norm (largest singular value).

Proposition 2 (Sufficient condition for log-det Approximation) Let ¢! : R? — R?, log | det(I +
V)| =eTr (V') if € | Amax (VQSI) | <1forallle|0, L — 1], with \pqs being the largest eigenvalue
value and V the gradient operator w.r.t the input.

Corollary 3 The distribution induced by the SVGD update (Eq. 1) using an RBF kernel is given by
Eq. 3 ife < ey = 1/sup, \/Tr(Vel(x) VLT (z) for all €0, L — 1].

Proof Sketch: Given A € R4, the following always holds: [Apmaz(A)| < [|All2 < /Tr(AAT).
Proof is in App. 7.3, where we also show that Tr(AAT) can be efficiently computed using only
first-order derivatives and vector dot products, making this condition practical.

2.2. Optimized SVGD Parameters

A major drawback of P-SVGD is its high sensitivity to the RBF kernel bandwidth ¢, which [61]
attribute to violation of the invertibility of the SVGD update rule (Eq. 1): In a 2-d Gaussian target
setup (reproduced in Fig. 1A), they show that, paradoxically, although SVGD and Langevin Dynamics
(LD) (update rule in App. 5.1) qualitatively converge to the target, i.e., the particles reach high-
density regions (Fig. 1A-7), the entropy estimate only converges for specific o values, e.g., 0 =5
(Fig. 1A-27). The authors hypothesise that this is due to LD being inherently non-invertible and
SVGD being invertible only for certain o values. This is incorrect: in Fig. 1A-ii:, we show that the
step-size condition from Corollary 3 is always satisfied. Instead we show that the poor quantitative
convergence of H(q") to H(p) arises from the cumulative residual noise in the trace term of Eq. 2,
e, Ko g [Tr(V a¢(x'))] + 0 as | — oo (Fig. 1A-iv), resulting in a quasi-linear growth in the
entropy with the number of steps (Fig. 1A-iz). To address this, we propose leveraging the closed-form

expression of qGLC to learn a step-wise kernel bandwidth aéz and step-size eles alongside the initial

distribution q31 by minimizing the reverse KL-divergence:

0" =argminE . _ cc[log qé;°(:1:L“) —logp(z™)], st elea <ep V€0, L.—1],
h wle gl
with e{JB being the upper-bound from Corollary. 3 and 0= {91‘}?:1- Besides, we derive an efficient
convergence check based on the Stein Identity (SI) enabling an adaptive number of steps L, rather
than fixing it a priori: SI(¢}, p) = /Ey [0e(2))TV u logp(zl) + Tr(V i ¢g(2l))]. Note that the
expression above only depends on T'r(V ¢ (x!)) which can be computed efficiently (App. 8.3).
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2.3. Corrected Derivation of qé

As explained in Sec. 2, P-SVGD approximate the expectation over particles in Eq. 2 by exclud-
ing the updated particle itself (z! # :L“g.), so that the trace term can be estimated using only first-
order derivatives and thereby avoiding explicit Hessian computation. While this approximation
is valid asymptotically, it breaks in the finite-particle regime and translates into inconsistent up-
dates across particles (¢ = j term is missing), leading to particles following different distribu-
tions, and making the entropy ill-defined. This is a key source of P-SVGD’s poor scalability as
shown in Fig. 1D (orange vs brown). To address this, MET-SVGD adds the missing term to
the entropy using (1) the Hutchinson estimator [39] and (2) the double differentiation trick [83]:

Tr(V2, log p(a})) Vg, 0TV2,  log p(at)v 2By, [V, 07V, log p(2))v], where p, is chosen such

that E[ ]=0and E[vvT]=T1 (e 8., Dy is the Radamacher distr). Importantly, SVGD is less sensitive
to trace approximation errors compared to other MCMC methods (e.g., LD) as shown in Fig. 12.
Notably, the trace term in SVGD is scaled by the number of particles M:

V-1

Do (zt, 2h) €,
log ¢f (z") =log ¢) (z +egsz Z Tr ( 8ml ) o vaz 0"V, logp(zh)) v,

1=0 zl£a! v=0

unlike LD: log ¢} (z¥) =log ¢), (2°)+ (e /V) 1y Sov o Vo (v V,a log p(at) v (App. 7.8).

2.4. Divergence Control via Metropolis Hastings

To prevent divergence during sampling due to steepness in the target, P-SVGD introduces a heuristic
that removes particles deviating beyond a fixed number of standard deviations from the mean of
the initial Gaussian distribution qgl (Fig. 2B). This heuristic, however, exacerbates mode collapse
by discouraging exploration of distant modes (Fig. 1C). Instead, we propose a more principled
MH-based divergence control [69]. After each update, the proposed position &' = z!~1 +€0,00 (1)
is accepted with probability 0/9 (i.e., x' =7, otherwise the old position is retained (i.e., xt=gl"1),
We compute o, efficiently by leveraging Tr(V . ¢g(x!)): log o, =min[0, log p(i') —log p(z' 1)+

Tr(V . ¢e(x'))] (proof in App. 8). MET-SVGD is MH with an efficient SVGD-based proposal
distribution. It therefore inherits asymptotic convergence guarantees from MH (details in App. 6.8).

3. Experiment

—MET-SVGD(oy, w.
—MET-SVGD(ay,, €g,, L T WO,

Entropy Estimation on Gaussian (Fig.1A, Fig.1D, Fig.13) and MBI SVGD(ew c L wo. Te Y, wo
GMM (Fig.15, Fig.20) Targets. MET-SVGD consistently outper- = s
forms P-SVGD, notably, Fig.1D and Fig.20 show that, while P-
SVGD and projection-based baselines, e.g., S-SVGD [32] struggle
to scale beyond 20-d spaces, MET-SVGD achieves high accuracy
in up to 100-d. Note that MET-SVGD mitigates the vanishing re-
pulsive force (Fig.13c) identified as the root cause of SVGD’s poor
scalability in [6].

0 25 50 75 100 125 150 175 200

Learning EBMs. Training EBMs py () =pg(x)/Z via maximum Training Iteration
likelihood is intractable due to the partition function Z. When the Figure 3: FID on CIFARI0.
sampler has a tractable distribution gy, a tight lower bound can be The modification between two

computed: Lgro(¢,0) = Exg,[log pg(z)] —Ezvp,[log pe(x)] + consecutive configs is bolded.
H(gp), as detailed in App. 10. The entropy is often omitted due to its computational complexity,
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yielding the commonly used contrastive divergence loss Lcp(¢). We optimize Lgrpo(¢, 6) using
both P-SVGD and MET-SVGD, and train with Lcp(¢) using LD. Experiments are conducted on the
Moon dataset [68] (Fig. 21) and CIFAR10 (Fig. 3). For CIFAR10, we report the Frechet Inception
Distance (FID) over 5 seeds. In Fig. 3, we show that not including the trace of Hessian in MET-
SVGD (purple) leads to divergence. Using an adaptive number of steps L. stabilizes the training
(green). Replacing o,q With the learnable one (red) improves stability and yields significantly better
FID scores relative to P-SVGD (orange). Additionally, learning the step-size (brown) enables faster
convergence to the target (ele3 > ¢ in Fig. 25) and results in smoother landscapes (Fig. 24). Yet,
experiments with MH diverge. In App. 10, we show that MH-augmented updates lead to a high
rejection rate due to landscape complexity. This results in poor sampling and eventually divergence.
To mitigate this, in future work, we plan to explore controlling the Lipschitz constant of the target.
Also, learning only the kernel bandwidth does improve over P-SVGD. We attribute this to vanishing
gradients in high-dimensions, i.e., the kernel collapses to zero. We plan to explore dimension-wise
decomposable kernels. Qualitative results and implementation details are in App. 10. Max-Entropy
RL additional results are in App. 11.

4. Conclusion

MET-SVGD is a novel VI approach for entropy estimation from unnormalized density. It bridges the
gap between VI, particle-based inference and MCMC; sets a new SOTA for scaling SVGD sampling
to high-dimensional and non-smooth densities; and introduces a framework for learning sampler
parameters end-to-end and is also a new residual flow model with full rank Jacoian and adaptive
number of layers.
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Figure 4: MET-SVGD is a new variational inference approach for entropy estimation of distributions
known up to a normalization constant. It extends P-SVGD [61] to high-dimensional spaces by
adressing its key limitations (see Fig. 1).

MET-SVGD is a novel variational inference approach for entropy estimation that overcomes
key limitations of P-SVGD [61], particularly poor convergence and scalability in high-dimensional
spaces (Fig. 1). To achieve this, it introduces: (1) Sufficient condition for global invertibility. (2)
Optimized parameter search for improved stability (Sec. 2.2). (3) Metropolis-Hastings augmented
SVGD updates to ensure asymptotic convergence (Sec. 2.4). (4) A correction term to the density
estimation in P-SVGD (Sec. 2.3). MET-SVGD maintains computational efficiency, requiring no
significant additional memory or runtime overhead. Its full workflow is illustrated in Algorithm 1.
Beyond entropy estimation, MET-SVGD can be valuable to different research communities:

* MET-SVGD bridges the gap between Metropolis-Hastings algorithms (MH) [69], particle-
based sampling techniques (SVGD) [56], and parametrized variational inference (P-VI) [28],
leveraging the strengths of each (Tab. 1): (1) scalability from P-VI, (2) expressivity, conver-
gence detection, and particle efficiency from SVGD, as well as (3) convergence guarantees
from MH. See Fig. 3

* MET-SVGD is a new approach for unprecedentedly scaling SVGD to high-dimensional spaces
while being computationally more efficient than all proposed approaches in the literature
[32, 60]

* MET-SVGD is a new approach for end-to-end learning of sampler parameters. It enables
training samplers via KL-divergence minimization, achieving compelling results for both LD
(Fig. 6b) and SVGD (Fig.6a).

* MET-SVGD is a new normalizing flow model with (1) an adaptive number of updates
controlled by a convergence check and (2) a full-rank Jacobian for improved flexibility and
expressivity (Fig. 7). We plan to extend MET-SVGD to image generation using flow-matching
in future work.

The detailed algorithm is in Alg.1. We build a library for MET-SVGD. Our code is available at:
https://anonymous.4open.science/r/Variational-Inference-with-SVGD--3F81/
README . md.
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Criterion | P-VI | MCMC | SVGD | P-SVGD | MET-SVGD
Expressivity ‘ X ‘ v ‘ v ‘ v ‘ vV
Convergence

Detection ook v v v
Convergence

Guarantees X ‘ v ‘ X ‘ X ‘ v
Sampling

Efficiency v ‘ X ‘ v ‘ v ‘ v
Tractable

Entropy v X X v v
Parameter

Efficiency v ‘ - ‘ - ‘ Vv ‘ 24

Table 1: MET-SVGD inherits advantages of different

approximate inference methods: VI, SVGD, and MCMC.
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Figure 5: MET-SVGD bridges the
gap between parametrized
variational inference (P-VI),
particle-based variation inference
(SVGD), and MCMC methods,
inheriting the strengths of each.
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Figure 6: MET-SVGD provides a principled approach to learn sampler parameters via first
computing the particles induced density, then Learning the parameters through KLLD minimization.
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Figure 7: MET-SVGD is a normalizing flow model with a full rank Jacobian and an adaptive number

of layers.

The rest of the appendix is organized as follows:

» Appendix 5: Preliminaries, including the Change of Variable formula for probability densities,
Jacobi’s formula corollary, the Stein Identity, the Banach Theorem and the implicit function

theorem.
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Table 2: P-SVGD vs MET-SVGD

Category

P-SVGD

MET-SVGD

Invertibility Condition

Entropy Trace Approxima-
tion

Divergence Control
Tr(Hessian) in Entropy
Kernel Bandwidth o

Step Size ¢

Number of Steps L

Computation

Memory
Convergence Guarantee
Empirical Performance

Local (Implicit Function Theoremm);
imprecise: € < o (Proposition 3.2, P-
SVGD paper)

Imprecise: €||V@!||c < 1 (Theorem
3.1, P-SVGD paper)

Heuristic: particles truncation beyond
3 std from ¢ mean (Eq. 9, P-SVGD
paper)

Omitted; invalid for finite particles
(Theorem 3.3, P-SVGD paper)

Median heuristic: O(M?)

Fixed
Fixed

Grid search for e, median heuristic for
o2 (O(M?))

L. M —

Sensitive to hyperparameters (Fig. 1A);
mode collapse (Fig. 1C); poor scalabil-
ity to non-smooth and high-dimensional
targets (Fig. 1B and Fig. 1D)

Global (Banach Theorem); precise: € <

VTIr(VetVehT) (Corollary 3)

Automatically implied by invertibility
condition (Corollary 3)
Metropolis-Hastings correction (Sec-
tion 2.4)

Restored via Hutchinson estimator (Sec-
tion 2.3)

Learned via lightweight GNN (Section
2.2)

Learned via lightweight GNN (Section
2.2)

Adaptive via Stein Identity (Section
2.2)

Efficient reuse of Tr(V¢!) for the in-
vertibility bound (Corollary 3), MH
correction (Proposition 2.4), and con-
vergence check ; GNN inference adds
minor overhead (Section 2.2)

Two small GNNs for o, € (Section 2.2)
L — o0

SoTA entropy on G/GMM (Fig. 11 and
Fig. 15); better FID, stability in EBMs
for image generation (Fig. 3); improved
MaxEnt RL returns (Fig. 26)
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* Appendix 6: Related work and Background on entropy estimation, variational inference,
sampling-based variational inference, Normalizing Flows, Metropolis-Hastings, SVGD and
the Stein Identity.

* Appendix 7: Derivation of closed-form density expressions for LD and SVGD samplers
using RBF, Bilinear, and DKEF kernels. This section also includes derivation of the sufficient
condition on the step-size.

* Appendix 8 Derivation of the Metropolis-Hastings augmented entropy
* Appendix 9: Additional results on entropy estimation
* Appendix 10: Additional results on learning EBMs for image generation

* Appendix 11: Additional results on MaxEntr RL
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Algorithm 1: MET-SVGD (Training)

input : Unormalized density p. SVGD parameters: (i) initial distr. qgl, (ii) number of particles M,

(iii) maximum number of steps L, (vi) RBF kernel variance deepnet oy, and (v) learning rate
deepnet €g,.

output : 0* = {07,605, 6%},

1:

ek ke
AN ST =

._
a

17:
18:
19:
20:
21:
22:
23:
24:

D A A~

for Each training iteration do
I =0 % initialize the number of SVGD steps
{2935 ~ ¢), % sample initial particles from ¢J
gwn = qf, % Initialize qypy
% Run SVGD chain to convergence of SI (Eq. 2.2)
while (z < L) and <ASI(q2’IH’l p) < 0) do

elas = GNN({z}M1; 03) % Compute learning rate

el93 = min(eleg, e{JB) % Learning rate truncation (Corr.3)

aé2 = GNN({z!}M1; 62) % Compute kernel variance

ezl eq(al), Vie [0, M — 1] % SVGD update (Eq .1)

% Metropolis Hastings Step (Sec. 2.4)

aﬁ’gm = (aéﬂm)‘”, a; € {0,1}, Vie[0, M — 1] % MH acceptance probability
ul ~ N(0,I) % Generate uniform random number

2 = I b > o, Blse ol = il Vi€ [0, M — 1] % Update

% Update gy (Sec. 8.4)

Iogqg/IH’l(:pl) = logqg/IH’lfl(azl_l) + log exp(log(ozlem) - 693Tr(szgb(3:l))) +

exp (log(l — algw))

l <= 1 4+ 1 % Update number of steps

end while

L. <1

H(Qé: °) = _ﬁl f\io_l log gMHLe (:Bf ¢) % Compute entropy

% Update 0

{67,05,03} = argmaxg, ,.0, E, 1., _u.L.c [og p(@)] + H(gy ")
end for
Return 6* = {07, 65,05}
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5. Preliminaries

In the following, we review preliminaries about Langevin Dynamics, the Change of Variable formula
for pdfs, the corollary of the Jacobi formula, the Banach theorem, the Mean Value theorem, a
Sufficient Condition for residual flows invertibility and the Stein Identity.

5.1. Langevin Dynamics

SGLD [92] is a popular Markov chain Monte Carlo (MCMC) method for sampling from a distribution.
It first initializes a sample 2° from a random initial distribution. Then at every step, it adds the
gradient of the current proposal distribution p(z) to the previous sample !, together with a Brownian
motion £ ~ A (0, I'). We denote with e the step size. The iterative update for SGLD is:

2T =2l + eV i log p(a!) + V2e€. 4)

5.2. Change of Variable Formula (CVF)

We first introduce the concept of an Invertible Function.
According to [51], the following holds: if /' : Z — X is an invertible function then:
e

px(z) = pz<z>\detaajfc)] — p ()| det

OF(z) ‘71
0z

5.3. Implicit Function Theorem

Let f : R® — R" be continuously differentiable on some open set containing a, and suppose
det (V. f(z)) # 0. Then, there is some open set V' containing x and an open W containing f ()
such that f : V' — W has a continuous inverse f~! : W — V which is differentiable Yy € W.

5.4. Corollary of Jacobi’s Formula

Given an invertible matrix A, the following equality holds:

log(det A) = Tr (log A) = Tr(Zoo (—l)k'H(A_I)k) 5)

k=1 k

The second equation is obtained by taking the power series of log A. Hence, under the assumption
|A — I||ooc < 1, we obtain: log(det A) ~ tr(A — I), where || - || is the infinity norm.

5.5. Banach Theorem

We begin by introducing the concepts of a cauchy sequence and a contractive mapping. Next, we
discuss the Banach Fixed Point theorem.

Theorem 4 (Cauchy Sequence) If a sequence {xy,}nen satisfy either of the following conditions:
I |pt1 —xp] <a” VneN
2. |Xpy2 — Tpy1| < alzpgr — ], VREN,

where 0 < o < 1, then {z, } is a Cauchy sequence.
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Theorem 5 (Contractive Mapping) Ler (X, d) be a metric space with d a distance function and
let ¢ : X — X be a mapping on X. ¢ is called a contraction if and only if:

K € [0,1] st d(¢(x),o(T)) < Kd(x,Z), Vr,z€X (6)

Theorem 6 (Banach Fixed Point) Let (X, d) be a complete metric space (i.e., all Cauchy Se-
quences are convergent) with d a distance function. If ¢ is a contraction, then it has a unique fixed
point z* € X, i.e, ¢(x*) = x* and

Voo € X, lim ¢"(wo) =a%, with ¢"(w0) = $ogo---0d(z0) = .
n—00 N——
n times

Proof The proof is structured in two main parts: we first establish the existence of a fixed point by
showing that (z,,),en is a Cauchy sequence. Then prove uniqueness of the fixed point using a proof
by contradiction.

Step 1: Existence of a fixed point. (z,),cn is a Cauchy sequence, we distinguish two cases:
consecutive samples and non-consecutive samples.

* consecutive samples:

d(xn+17$n) = d(<f>(l‘n), ¢($n—1)) < Kd(«rnyxn—l) < K2 d(xn—lyxn—Z) <---< K" d(xla '770)

* non-consecutive samples x,, and x,, withn < m

d(zp, ) < d(xp, xpn—1) + d(Tp_1,Tn—2) + -+ + d(Tm+1, Tm)
< (K" 4 K" 4+ K™) d(2y, w0)

n—1l—-m
<K™ Y KMd(w,0)
k=0
N——
<R, K*

00 Km
S Km (ZKk> d(acl,wo) = 17_qd(ac1,w0)

k=0

It follows that {x,, },cn is a Cauchy sequence since d(xy,, x,,,) — 0 as n,m — oco. Because
the metric space is complete, this implies convergence to a limit z* € X: i.e., , ™ = limy,_,00 Tn.
Additionally, since ¢ is continuous,

o(a") =& (Jim on) = fim 0(en) = fim ni1 ="

Hence, z* is a fixed point of ¢.

Step 2: Uniqueness of the fixed point. Assume that there exist two distinct fixed points x*
and Z such that ¢(z*) = 2™ and ¢(Z) = &. Then, If 2* # 2 = d(z*, &) = d(o(z*), p(2)) <
K d(x*, &) Which implies = 5725 < K = 1 < K. which contradicts the assumption that K < 1.
Hence, the fixed point exists and is unique. We can compute it using the following algorithm:
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Algorithm 2: Inverse of g(z) via fixed point iteration

input y° = g(z), number of fixed-point iterations n
1: for i=0---n—1 do
2yt =y —g(y")
3: end for

4: Return y" = g(x)~!

5.6. The Mean Value Theorem

Theorem 7 Let f : R™ — R be differentiable on R™ with a Lipschitz continuous gradient V f. Then
for given x and T in R™, there isy = x + t(x — T) with t € [0, 1], such that

fl) = f(x) =V[(y) - (z—2)

5.7. Stein Identity ([54])

Let p(x) be a continuously differentiable density supported on X C R?, and let () = [p1(z), - - - , da(x)]T
be a vector-valued function. Stein’s identity states that for sufficiently regular ¢, we have:

Exwp [Ap(z)(x)] =0,

where the Stein operator A, is defined as: A,¢(x) = ¢(z)V; log p(x) + Va0 (z).
Proof We can verify this identity using integration by parts under mild boundary assumptions: either
p(z)p(x) =0, V€ X when & is compact, or im0 ¢(2)p(z) = 0 when X = R,

In the following we assume X = [a, b]:

b
Eorp[ Ay ()] = / P(2)6(2) Vs log p(x) + pla) V() di

@ / d(2)Vep(z) + p(x) Vo (x) d (i) w’(l’)p(w)]z (i)

(i) Uses the identity V, log p(z) = Vp%x()z).

(i) Applies integration by parts: f; f(x)g'(z) + f'(x)g(x) dr = [f(z)g(z)]2.

(iii)) Boundary term vanishes under the stated assumptions.
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6. Related Work

In the following, we review work on the differential entropy, variational inference, sampling-based
variational inference, Normalizing Flows, Stein Variational Gradient Descent (SVGD), Parametrized-
SVGD (P-SVGD), and Metropolis Hastings (MH) convergence.

6.1. Differential Entropy

Differential entropy, first introduced by Shannon in his foundational work on information theory [77],
has been widely studied in statistics [1, 10, 97]. For a continuous random variable z with density
p(z), the entropy is defined as:

H(z) = — /OO p(z)log (p(z)) dz.

—00

Applications of Entropy: Entropy plays a crucial role in machine learning, Bayesian inference (BI),
reinforcement learning (RL), and variational inference (VI): (i) In classification & calibration, the
entropy measures model confidence [81], used in active learning [95]. (ii) In Bayesian Inference, the
Maximum Entropy principle ensures the least informative prior [10]. (iii) In Reinforcement learning,
it prevents overly deterministic policies by incorporating entropy into the reward function [3, 36].
(iv) Variational inference & generative Models: The entropy appears in ELBO [46] for posterior
approximation and mitigates mode collapse in GANs and VAEs [4, 9].

Challenges in Entropy Estimation: Despite its simple definition, entropy is analytically
tractable only for limited distributions. For instance, for a uniform p(z) = ;2 for € [a, b] and
p(z) = 0 for z ¢ [a, b] the entropy is H(p) = 1[1 + log(27o?)]. for a Gaussian p(z) = N (i, o),
the entropy is H(p(y|p, %) = 3 (1+log(2ma?)). For general distributions, numerical integration
(e.g., Monte Carlo) is required as direct computation is often infeasible. Different methods have been
developed for entropy estimation from samples.

Entropy estimation methods from samples can be classified into:

* Plug-in Estimators: Estimate density from data, then apply entropy formula. Given a sample
x = {z;}}M,, the plug-in method estimates the pdf p(z) from the data and then substitutes
this estimate into the entropy formula: HP"USN(p) ~ — L 5™ log ji(x;). This approach
was first proposed by Dmitriev et al. [24] and later investigated by others using kernel
density estimator [35, 41, 62, 66], histogram estimator [33, 35] and field-theoretic approaches
[17]. Early approaches leverage kernels that capture pairwise distances between the particles.

For instance, Parzen-Rosenblatt estimator [65, 71]: p(z) = —— Zf\i 1 /@(%), where w
denotes the bandwidth and « is a kernel density. The resulting entropy estimator was analyzed
by Ahmad and Lin [2]. Schraudolph [76] extended this approach using a kernel estimator:
pz) = 5 SM ks, (z — x;), where ¥ = (2y,---,%,) are distinct diagonal covariance
matrices and ky(x) ~ N(0,X) is a centered Gaussian density with covariance matrix X.
Pichler [66] introduced KNIFE, a kernel-based estimator for density estimation (DE) defined
as: pRNIFE (. 9) = Zf\il wiky, (x — b;), where ¥ = (£1,%2,...,%,), and 0 = (3,b, u),
with the constraints vai 1 #; = 1. The covariance matrices ; are symmetric and positive
definite but not necessarily diagonal. Despite its advantages, the method has a significant
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limitation in its simple structure, being restricted to either individual Gaussian kernels or
Gaussian Mixture Models (GMMs) with a fixed number of components n. This can limit its
flexibility in modeling complex data distributions. Traditional off-the-shelf density estimators
often suffer from key drawbacks, such as non-differentiability, computational intractability, or
an inability to adapt to changes in the underlying data distribution. These limitations make
them unsuitable for applications requiring integration into neural network training pipelines as
regularizers. To improve density estimation for non-negative random variables, recent studies
have suggested replacing Gaussian kernels with Poisson weight-based estimators to fit counts

or rate-based data [15] defined as: pFOS(z) = k3", (Fn(%) - Fn(%)>€_k$ (k2)' \where

I

F,(.) is the empirical distribution function, and k is a smoothing parameter. Additionally, the
concept of learning kernel parameters end-to-end has been explored, providing a foundation
for modern differentiable approaches. The idea of learning kernel parameters end-to-end
has also been explored previously [76, 91], providing a foundation for modern differentiable
approaches.

» Sample-spacing Estimates use distances between ordered samples (e.g., Vasicek estimator [89]).
Sample spacing methods rely on the spacing of sorted samples and was initiated by Vasicek

[89]: HVasicek (p) =~ —ﬁ ij\il log (% (ﬂfi+1 — zl) ) , where x; are the order statistics and
m is a positive integer smaller than 7. One of the greatest weakness of sample-spacing-based
estimator is the choice of spacing parameter m, which does not have the optimal form.

* Nearest-Neighbor Methods: leverage distances to k-th nearest neighbor [49]. This method
estimates entropy using distances to the k-th nearest neighbor in the sample space [49], i.e.,
H(p) = ¥(n) — (k) + log(cq) + % Zf\il log €;, where v is the digamma function defined
as the logarithmic derivative of the gamma function % In(I'(x)), ¢q is the volume of the unit
d-dimensional ball, and ¢; is the distance to the k-th nearest neighbor.

* Variational Inference: Optimizes a surrogate distribution g(x) to approximate p(z) [45].
The entropy is computed as [45]: H(p) ~ —Ey)[logq(x)], where ¢(y) is optimized to
approximate p(z). ¢ is chosen to be easy to sample from, e.g., Gaussians, GMMs and
Normalizing Flows [67].

* Mutual Information (MI) Estimators: Approximate entropy indirectly via MI relationships,
e, I(xz,y) = H(ps) + H(py) — H(pzy), [9], where p, , is the joint distribution and p, - p,
is the product of the marginal distributions p, and p,. Neural networks were used to ap-
proximate the mutual information between two variables using the Donsker-Varadhan rep-
resentation of the KL-Divergence [25]: Dk (pllg) = supper (Ep[T(z)] — logEq [eT(”C)]),
where 7T is a class of functions where P, , is the joint distribution and p, - p, is the
product of the marginal distributions. The MI lower bound is expressed as: Ip(x;y) =
supg (Ep, ,[To(z,y)] — 1ogE,, ., [e70@)]), where: Ty(z,y) is the output of a neural net-
work parameterized by 0, K,  [Ty(x,y)] is the expectation over samples from the joint
distribution p,. ,,, and £, ., [eTo(:¥)] is the expectation over samples from the product of the
marginals. The neural network is trained to maximize this bound, providing an approximation
of I(z;y). If two of these three entropies H(p.), H(py) or H(ps ) are available, the third
one can be computed.
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* Ensemble Methods: Weight different entropy estimators adaptively [84]. The estimators in
the ensemble are assigned different weights, and the overall entropy estimate is calculated
as a weighted combination of the individual estimators where optimal weights are deter-
mined by solving a convex optimization problem. [5] proposed an innovative approach to
estimating the entropy of high-dimensional data by decomposing the target entropy into
two components: HAPEE(z) = Z?:1 x; + Hcopula, Where H(y) is the total entropy of the
multivariate distribution, #(x;) is the marginal entropy of each variable, and Hopula rep-
resents the entropy of the copula, capturing the dependencies between variables. The idea
comes from the fact that any density distribution p(z) can be decomposed as the following:
p(x) = pi(x1).. .pd(xd)c(Fl (1), -, Fd(:z:d)), where c(uy, ..., uq) is the density of cop-
ula. The copula entropy is estimated recursively by splitting the data into subgroups based
on statistically dependent dimensions. This recursive process (1) identifies pairs or groups
of dimensions with high statistical dependence, (2) splits the data along these dimensions
and (3) repeats the process within each subgroup until the dependencies are resolved. [43]
proposed a leave-one-out technique to improve the robustness of entropy estimation using the
von Mises expansion-based estimator. The key idea is to iteratively remove one data point from
the sample and compute the entropy estimate using the remaining data points. This procedure
helps reduce bias and ensures that the estimator is not overly influenced by any single data
point. The leave-one-out entropy is given by: H90(z) = 4, Zl]\il H(x_;) where H(x_;),
is calculated for x_; = {z1,...,%i—1, Tit1, ..., Tn }. This approach provides a more robust
estimate of the entropy by mitigating the influence of outliers or anomalous data points.

A summary of these methods is provided in Tab. 3.

Method Formula Key Idea

Analytical H(z) Closed-form expressions
Plugin — ﬁ f\i 1 log p(x;) Sampling-based estimation
KDE —ﬁ i]\il log (ﬁ ij\il K <%)> Density smoothing
KNIFE Zf\il piks, (x — b;) Kernel-based estimator
Nearest-Neighbor ¥(n) — (k) + log(cq) + £ S M loge; Distance-based estimation
Vasicek —ﬁ Zf\i 1 log {% <xi+1 —x; Sorted sample spacing
Variational Inference | —E,(,)[log q(z)] Surrogate distribution
MINE supy (Ep, ,[To(z,y)] — logE,, ., [eT0@¥)]) | Calculate it via Informtion
CADEE =0 Hy:) + Heopula Marginal via copula

LOO = le\il H(z_;) Data driven approach

Table 3: Summary of Differential Entropy Approximations

6.2. Variational Inference

Variational Inference (VI) [28] approximates a target distribution p(x) = p(x)/Z, known up to
the normalizing constant Z, via a simpler-to-sample-from distribution ¢*(z) from a predefined
family @ = {¢}, by maximizing the KL-divergence i.e., ¢* = arg max g Dx1(p||q). The choice
of @ significantly impacts performance; more expressive families yield better approximations. At
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convergence, the target entropy can be estimated as #(p) = —E+[log ¢*]. While VI is scalable, it
may not achieve the optimal ¢* due to, either the limited expressivity of @), i.e., easy to sample from
distributions are usually over-simplistic (e.g., Gaussians), or optimization challenges (e.g., mode
collapse in Normalizing Flows [64]).

6.3. Sampling-based Variational Inference.

Bridging the gap between parametric variational inference (VI) and Markov Chain Monte Carlo
(MCMC) has been a key research focus to achieve both expressivity and scalability in inference. A
central challenge is deriving an analytical expression for the marginal distribution of the last sample
in an MCMC chain, which is often intractable. To address this, prior work [29, 75] introduced
auxiliary variables to construct augmented variational distributions that include all samples from the
chain. However, this approach requires optimizing a looser ELBO and estimating the reverse Markov
kernel, which introduces additional parameters and complex design choices. Several extensions have
been proposed to avoid estimating the reverse kernel: (i) Hoffman [37] optimize ELBO with respect
to the initial distribution and only uses the MCMC steps to produce “better” samples to the target
distribution. However, this method lacks direct feedback between the final marginal distribution and
variational parameters, limiting full unification of VI and MCMC, (ii) Caterini et al. [14] propose a
deterministic Hamiltonian MCMC by removing resampling and the accept-reject step. However, this
sacrifices MCMC guarantees, (iii) Thin et al. [86] introduce MetFlow, a Metropolis-Hastings method
that models the proposal distribution as a normalizing flow, removing the need for inverse kernel
estimation. MET-SVGD has several advantages compared with the aforementioned approaches: It
computes the exact loglikelihood, i.e., via using the change of variable formula (Sec. 5.2). Hence,
there is no need in the variational approximation on the joint distribution of the samples of the
Markov chain, to estimate the reverse dynamics. Besides, it leverages knowledge of the unormalized
density unlike classical flow models. This makes our approach very easy to integrate in modern day
deep learning pipelines. The idea of approximating log-likelihoods for distributions known up to a
normalization constant using MCMC and the change-of-variable formula was first explored by [21],
applying it to Hamiltonian Monte Carlo (HMC) and Langevin Dynamics (LD). Since, they augment
the input with noise or velocity variable for LD and HMC, respectively, the derived log-likelihood of
the sampling distribution turns out to be —counter-intuitively— independent of the sampler’s dynamics
and equal to the initial distribution, which is then parameterized using a normalizing flow model [47].
Our derived log-likelihood is more intuitive as it depends on the SVGD dynamics.

6.4. Normalizing Flows, Residual Flows and Neural ODEs

We review Normalizing Flows in general and focus on residual flows as MET-SVGD is one. We
also draw the connection to neural ODEs. Normalizing Flows are generative models that produce
tractable distributions where both sampling and density evaluation can be efficient and exact. This
is achieved by transforming a simple probability distribution (e.g., a standard normal) into a more
complex distribution by a sequence of invertible and differentiable mappings. The density of a sample
can be evaluated by transforming it back to the original simple distribution and then computing the
product of the density of the inverse-transformed sample under this distribution and the associated
change in volume induced by the sequence of inverse transformations. The change in volume is
the product of the absolute values of the determinants of the Jacobians for each transformation, as
required by the change of variables formula (See App.5.2). Formally, Let 2 = (21, z2,--- ,24) € R?
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be a random variable with a known and tractable probability density function p,, : R¢ — R. Let g be
an invertible function and = = F'(z). Then using the change of variables formula, one can compute
the probability density function of the random variable y:

pa(z) = po(F~'(2))| det Vog ™ (2) )

Intuitively, if the transformation F' can be arbitrarily complex, one can generate any distribution p,
from any base distribution p, under reasonable assumptions on the two distributions. This has been
formally proven [11]. However, constructing arbitrarily complicated non-linear invertible functions
can be difficult. Additionally, F' should be sufficiently expressive to model the distribution of interest
and computationally efficient, both in terms of computing F/, its inverse and the determinant of the
Jacobian V, F~1(x).

Different types of flows have been constructed: (1) Elementwise Flows, (2) Linear Flows, (3)
Planar Flows, (4) Radial Flows, (5) Coupling Flows, (6) Autoregressive Flows, and (7) Residual
Flows, which we focus on due to relevance to MET-SVGD.

Residual Flows are compositions of the function of the form g(x) = x + ¢(x). The first
attempts to build a reversible network architecture based on residual connections was motivated by
saving memory (each layer activation can be reconstructed from the previous layer) [30, 40] and was
achieved via partitioning units in each layer into two groups and defining coupling functions as:

yd =24 + F(2P)y®? = 2P + ay?), (8)

where 2 = (z4,25) and y = (y4,y?) are respectively the input and output activations, F :
RP=4 5 R% and G : R* — RP~? are residual blocks. The Jacobian of such a transformation
is, however inefficient to compute and constrains the architecture. To address this, to enable
unconstrained architectures for each residual block, Behrmann et al. [7] proved the following
statement:

Proposition 8 A residual connection is invertible if the Lipschitz constant of the residual block is
Lip(¢) < 1, where Lip(¢) = sup,_z, % By the mean value theorem 5.6, if ¢ is differentiable

Vx, then Lip(¢) = sup,, |Vz¢(x)||2 with || - || being the spectral norm.

The detailed proof is in (App. 7.1) . Controlling the Lipschitz constant of a neural network is
not trivial. Note, that regularizing the spectral norm of the Jacobian of ¢ [82] only reduces it locally
and does not guarantee the above condition. Instead, Jacobsen et al. [40] proposes constraining the
spectral radius of each convolutional layer in this network to be less than one.

In residual flows, the density is also derived using the change of variable formula (App. 5.2). A
different approach is proposed to approximate the log-det term:

. . inf . . &
log | det(I + Vod(x)| L Tr(log( + Vao(z))) & Z(_l)mT(lef())
k=1

Where (i) is obtained using the matrix identity result log det(A) = Tr(log(A)) for non-singular
A € R4 193] and (ii) follows from replacing the trace of the matrix by its power series. By
truncating this series one can calculate an approximation to the log Jacobian determinant. To
efficiently compute each member of the truncated series, the Hutchinson trick is used. However, this
resulted in a biased estimate of the log Jacobian determinant. An unbiased stochastic estimator was
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proposed by [16]. In a model they called a Residual flow [16], the authors used a Russian roulette
estimator instead of truncation. Informally, the next term is added to the partial sum while calculating
the series, one flips a coin to decide if the calculation should be continued or stopped.

Neural ODEs. Due to the similarity of ResNets and Euler discretizations, there are many
connections between the i-ResNet and ODEs. Residual connections can be viewed as discretizations
of a first order ordinary differential equation (ODE) [34]:

d
Sox(t) = F(x(t),0(1), ©)

where F : RP x © — RP is a function which determines the dynamic (the evolution function), © is
a set of parameters and 0 : R — © is a parameterization. The discretization of this equation (Euler’s
method) is

Xpt+1 — Xn = eF(Xp,6,), (10)

and this is equivalent to a residual connection with a residual block e F'(-, 6,,).

6.5. Stein Variational Gradient Descent

In the following, we provide an explanation of SVGD, the RBF kernel variance and its effect on the
SVGD dynamics, followed by the formal derivation of SVGD and related work on its convergence
rate.

Stein Variational Gradient Descent (SVGD) [56] is a sampling algorithm with update rule
given by Eq. 1. Traditionally, an RBF kernel is used, with its bandwidth o set via the median heuristic:
Omed = median{ ||a:£—x§ I ZMJ[:]/ log M. Bandwidth o determines the influence of neighboring particles
{a:é} on the update of each particle :ci larger values lead to broader neighborhoods, while setting
o =0 decouples the particles, making their updates independent (Fig. 8 in App. 6.5). SVGD has
several advantages compared to other approximate inference approaches: unlike classical variational
inference (VI) methods, SVGD can sample from arbitrary complex distributions under smoothness
assumptions [90]. Compared to Markov Chain Monte Carlo (MCMC) methods [18], SVGD is more
particle efficient and its convergence can be easily checked using the Stein Identity [44]. However,
SVGD convergence is only proved under certain conditions, such as sub-Gaussian targets [79] or
infinite particles [57, 74]. Additionally, SVGD suffers from poor scalability in high-dimensional
spaces due to diminishing repulsive forces [99]. To address this, existing solutions are based on
dimensionality reduction via projections into low-dimensional manifolds [32, 60], this however
leads to inflated variance (e.g., S-SVGD [32]) or impractical hyperparameters (e.g., GSVGD [60]).
Alternatively, [98, 99] propose using local kernels based on the Markov blanket, but this requires
prior knowledge of the target’s probabilistic graphical model. In this paper, we extend [61] work on
deriving a closed-form expression of ¢! enabling better scalability.
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Figure 8: (a) Regions of similarity/dissimilarity for an RBF k(x1,x2) evaluated at 1 = 0. (b)
Repulsion term in the SVGD update as a function of o.

RBF Kernel Variance Interpretation. RBF kernels are the most generalized form of kernel-
ization and is one of the most widely used kernels due to its similarity to the Gaussian distribution.
The RBF kernel function for two points z; and zo computes the similarity or how close they are to

each other. This kernel can be mathematically represented as follows: k(x1, z2) = exp(—”xl;%),
where o is the kernel variance and ||x; — x2|| is the Lo distance between 1 and x2. The maximum
value that the RBF kernel can reach is 1 when x7 = x2. When a large distance separates the points,
the kernel value is less than 1 and close to O indicating dissimilarity between z; and z5. This also
means that the particles are independent, i.e., : they follow their own gradients (the expectation in the
SVGD update is reduced to one term corresponding to x; = ;). The width of the region of similarity
is controlled by o, i.e., a larger sigma results in a larger region of similarity with x(z1,z2) # 0
(Fig. 8 which also means that the particle update is impacted by its neighbors’ gradients (b)).
Setting ¢ in the SVGD update rule;
(«' —af)

+1 _ 1 .l l J 10
T =o'+ eExé_ k(x ,:Uj)Vxé_ log p(;) + TH(%‘ ,T5) (11)

drift term repulsion term

is not obvious. ¢ in the drift term determines the neighboring samples a:é that will contribute with their
scores to the update. A larger o implies, more influence from the neighbors. For the repulsion term,
both a very small or a very large o value can result in setting the repulsion term to 0 as shown in Fig. 8
(a). Classically, the median trick is used to set the o, i.e., Omeq = median{ |z} —xg- I }%:1 /log M
with M being the number of particles. In our experiments, we show that this is suboptimal and that
that a more optimal o can be learnt end-to-end via minimizing the KL-divergence (Eq. 2.2).

SVGD Derivation. [56] The goal is to approximate a target via a variational distribution ¢ € Q
ie.,:

q¢* = argmin Dgr.(q||p).
qeQ

Q is obtained by transforming a reference density ¢° via an invertible map F' : X — X, where for
any particle = ~ q°, we define y = F(x). The distributions of 3 and x are related by CVF (App. 5.2):

qr)(y) = a(F~(y)) - | det(V, F~ (1))]
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In this setup, F'(x) is chosen to have a specific form: F'(x) = = + e¢(x), where € is a stepsize and ¢
is a perturbation direction chosen to maximally decrease the KL divergence:

¢* = arg mgX{DKL(qI Ip) = Dir(qr)llp)}} = arg max VeDr (g llp)

This maximization has a closed form expression if we constrain the space of perturbations JF to be a
reproducing kernel Hilbert space (RKHS) with a positive kernel (-, -), and ||¢|| = < 1. In this case
arg maxger Ve D (qr||p) = Eq[Tr(Ap¢)]. The optimal perturbation direction ¢* is, hence, the
one that maximizes the Stein Discrepancy [58]:

S(¢,p) = glea}}{Eq[Tr(Ap@] st [lollr <1}

and given by:
¢b () = Eq|k(x, )V, logp + Var(z,.)|.

SVGD Convergence Rate. SVGD is difficult to analyze theoretically because it involves a system
of particles that interact with each other in a complex way. In the infinite particles case, [55] proved
that SVGD converges (weakly) to p in KSD. [48, 74, 85] refined these results with path-independent
constants, weaker smoothness conditions, and explicit rates of convergence. [26] provides conditions
for exponential convergence. For the finite particles case, [55] shows that finite particles SVGD
converges to infinite particles SVGD in bounded-Lipschitz distance but only under boundedness
assumptions violated by most applications of SVGD. [48] explicitly bounded the expected squared
Wasserstein distance between n-particle and continuous SVGD but only under the assumption
of bounded log p. Also they do not provide convergence rates.[59] show that SVGD with finite
particles achieves linear convergence in KL divergence under a very limited setting where the target
distribution is Gaussian. [80] shows that SVGD convergence rate is O(1/+/loglogn) under the
assumption that the target is sub-Gaussian with a Lipschitz score.

6.6. Parametrized-SVGD

Parametrized SVGD (P-SVGD) [61] is a VI approach for entropy estimation from unnormalized
densities. Under invertibility assumption of the SVGD update rule (Eq. 1), it computes the density of
the SVGD particles ¢”(2") by sequentially applying the Change of Variable formula (CVF) [23]
over L steps under an invertibility condition derived from the implicit function theorem (App. 5.3):
log ¢! 1 (z'*1) =log ¢! (2') —log | det(I +€eV . 4(x!))|. To avoid computing the full Jacobian, two
approximations are used: (1) If €||V,1¢(2')|| oo < 1, the Jacobian determinant is reduced to its trace
following Jacobi’s formula (App. 5.4) and leading to Eq. 3.

6.7. Metropolis—Hastings

The Metropolis—Hastings algorithm’s goal is to generate a Markov Chain {x(l) }2, that simulates
samples from a given probability distribution p [69]. The chain starts with samples from an initial
distribution ¢(®) and updates its state by leveraging a proposal distribution q(fc\x(l)) as

if al < p(i)q(az(”\i)

PCEMUNED = pa0)q(@e®)
W, otherwise
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where oY) ~ 14(0, 1).

Importantly, because the update only involves ratios of p, its normalization constant is not
required. Furthermore, by construction, a chain that is constructed using the Metropolis-Hastings
algorithm is reversible [87], which means that if 2 ~ p, then ! ~ p for all iterations [.

As an example, the Metropolis-Adjusted Langevin Algorithm employs the following proposal

distribution
q(i(l+1)|a¢(l)) =Ny (x(l) + eV logp(:z:(l)), 2€Id)

6.8. Convergence of Metropolis Hastings

Under relatively weak conditions, generating samples from an MCMC algorithm such as Metropolis-
Hastings asymptotically draws samples from the target distribution [70]. The finite number of steps
required for the marginal distribution of the Markov chain to reach the target under a discrepancy
measure, has been heavily studied for both the total variation and Wasserstein distances [13, 42, 72,
90]. A popular approach is to show geometric ergodicity and provide an exponential convergence
rate to the target distribution from any point of initialization in total variation. Explicit convergence
rates have been rare with the exception of some Metropolis-Hastings independence samplers [87].
To quantify said convergence, discrepancy measures are used. Notably, the total variation distance
between two densities p and g defined as: drv(p, q) = 5 [ |p(z) — q(z)|dz.
An upper bound on the convergence rate can be computed as:

L
L 1 o p(z)
drv(q”,p) < <1 - 5) with 3 = igg o)

A lower bound can be computed as:
p(@)a(x | 7) 1)}
p(@)q(Z | x)’

In our case computing the lower bounds for MET-SVGD is possible as we have a closed-form
expression for the acceptance probability.

drv(d,p) > (1 —a(z))! witha(z) =E [min (
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Notation: We start by introducing the notation for this section. We compute the first and second
order derivatives of the kernel as follows:

Vi, j € {1..M}2 v = and ;= (xﬁ xé) hence we express , Vy,; k, Vy, V. k5 as follows:

252
"ﬂ(ﬂcﬁ?xé) = exp(—vHxi - %H )s
Vxén(xﬁ,xé) = 2v06; yjn(xi,xé)
Vel ah) = <290, n(ad, o) = V1 m(aad)
Vo Vo k(ahah) =V, (275” (!, ])) — 2(T — 26, ;67 ) r(al, o)

7. SVGD Density Derivation

Theorem 9 Let F' : R™ — R™ be an invertible transformation of the form F(x) = x + ep(x). We
denote by ¢~ (xL ) the distribution obtained from repeatedly (L times) applying F to a set of action
samples (called “particles”) {x°} M, from an initial distribution ¢°(z°), i.e., 2% = FoFo-..oF(z0).
Under the condition ¢ < €z = 1/sup, /Tr(Vol(z)VeT (x), VI € [0..L], the closed-form
expression of log ¢~ (x) is:

log ¢*(z") = log ¢°(x —eZTr ) +O(e%) (12)

Proof Based on the change of variable formula (5.2), when for every iteration [ € [1, L], the
transformation 2! = F(2!~1) is invertible and we have:

d'(a') = ¢ 7M@) |det Voug(a)| W€ 1, L.

By induction, we derive the probability distribution of sample =

L-1

Ealy = ¢°(2%) H ‘det (I+ evngi)(xl))‘

=0

-1

By taking the log for both sides, we obtain:

L-1

log ¢ (z1) = log ¢°(= Zlog‘det (I+€Vug(x ))‘
1=0

This, however, requires computing the Jacobian V1 ¢(2!). Next, we show that log ’ det (I +

eVaup(2l)) ‘ can be approximated efficiently via €Tr(V 1 ¢(2!)) + O(€?) under an assumption on

the learning rate in section 7.3, that’s satisfied by the invertibility assumption (Sec.7.1) and derive the
expression of T'r(V¢) for the RBF, Bilinear and DKEF Kernels (Sec 7.5). n
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7.1. Sufficient Condition For z + e¢(z) Invertibility (Prop. 1)

Proposition 3.1 (Sufficient condition for invertible SVGD).

Let f : RY R with f=(f'o---o fL) denote a sequence of SVGD updates with f' = I4+€¢'. We
denote by Lip(gi)l) the Lipschitz constant of the velocity ¢' at step . f is invertible if € Lip (¢l) <1,
foralll € [0,L — 1].

Proof Given z!*!, the goal is to find . We denote by ¢ 2/*! resulting in 2!*! = ¢ — e¢(x!). Hence,
we are interested in the invertibility of the function g(x) = ¢ — e¢(z). for this, we show that g is a
contractive mapping:

d(g(x), 9(&)) = d(c — ed(x),c — €t(3))
D d(—eg(x), —ed(2))
D\ eld(o(2), 6(2))

(i

)
< |e|K -d(z,%), withl|e|/K <1
(i) The distance is translation invariant.

(i) The distance is absolutely homogeneous.

(iii) €@ is a contractive mapping, i.e., , d(e¢(x),ep(Z)) < eKd(x, %) with e K < 1. Note that
. d T
Lip(e¢) = sup, 7(6%2121))(@) =eK

Therefore, g(x) is a contractive mapping, and by the Banach fixed point theorem 2, it has a

unique fixed point. This implies that the inverse of the mapping 2/*! = 2! 4 ep(z!) exists and is
unique.

Hence, we demonstrate that f' = I + e¢' is invertible if € Lip (qﬁl) < 1. Since f is a composition

of f1 (I €[1---L[), we conclude that f is invertible. [ |

7.2. A sufficient condition for invertibility check - an upper bound (Corr. 3)

Corollary 3.3. The distribution induced by the SVGD update (Eq. 1) using an RBF kernel is given
by Eq. 3 ife < ey = 1/sup, \/Tr(V@l(2) VLT (z)) VI€[0,L — 1]
Proof z'*! = 2! + ep(2!) isinvertible if Lip (¢(x)) < 1 as we demonstrate in (App. 7.1)
We compute the Lipschitz constant:
(=) = )l @

Lip(¢) = sup o T

Sup [|V26(2) 2 2 Sup omax { Vot (2)}

(i) We consider the £ norm in computing the operator norm.

(i) Using the definition of the Lipschitz constant via Jacobian norm: ||¢(x)—¢(y)|| < sup, ||Vzo(z)||-
[z = yll.

The following always holds: Apax{V¢} is upper bounded by ||Vl < /Tr(VoVeT). [ |
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7.3. A sufficient condition for log-det approximation (Prop. 2)

Proposition 3.2(Condition for log-det Approximation) Let ¢' : R? — R?, log |det(I + V') =
eTr (V') if € [ Mnax (V@) | <1 for all L€ [0, L — 1], with Aoz being the largest eigenvalue value
and V is the gradient operator w.r.t the input.
Proof

We discuss two approaches leveraging the corollary of Jacobi’s formula and the bounds on the
eigenvalues of V. ¢(x!):

Method 1 (P-SVGD): Leveraging the Corollary of the Jacobi’s formula. Let A = [ +
€V 1¢(x!), under the assumption €|V, ¢(7;)||oo < 1, ice., ||A — I||oo < 1, we apply the collorary
of Jacobi’s formula (App. 5.4) and get

L—1
log ¢ (z1) = log ¢°(z Z Tr log (I + €V, i0(x ))) + O(€?)
o
=log ¢°(z EZ Tr((I + eVag(x H—1)+0(?)

= log q

Tr (Vao(a)) + O()

M““
O

In practice, since this bound is informal, [61] recommend choosing a small enough learning rate.
Method 2 (MET-SVGD): Leveraging bounds on the eigenvalues of V. ¢ (). In the following
we denote by \;{ A} the eigenvalue of matrix A

d

11

=1

’L

‘det (I +€Vaug(x

HA {I+ eV, o(zh)}

Ao}

’1—1—6)\ {V,o(z }‘—exp(ZIH‘lﬂLd\ {Vaod(z }D
1

Jj=

~ exp (Zln (14 A{Ta0)}) ) IENVaola)} > —

J=1

Dexp (Y AVas@)} +0()

j=1
= exp (eTr(szqﬁ(a;l)) + (’)(62))
(i) By definition of the determinant.

(ii) Let \; be the eigenvalue of {I + €V 1 ¢(2!)} associated with the eigenvector v;. We show that
\; — 1 is the eigenvalue associated with €V 1 ¢(2!):

e (T4 eVao(ah))v = A\
= 6sz¢($l)’l)i = ()\z — 1)’UZ'
= \; = (\i — 1) is an eigenvalue of €V 1 (")
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(iii) We use Taylor expansion of In(1 + ea) = ), D) _ o O(€?) around ea — 0.

[

Hence, under the condition A\ {V1¢(z!)} > =1, the approximation log |det (I + eV 1p(z!))| =
€Tr(V 1 4(z!)) holds exactly.

Ni{V oz} > _71 Vi e [1..d]

54

=

<‘)\maxe <1 st Vi A < Amax

< €<

1
| Amax|
——

€UB

Even though the condition ¢ < ﬁ is more exact than the one derived by [61], it’s still
impractical as it requires computing the Jaccobian.

7.4. Unifying the sufficient conditions for invertibility and log | det(/ + €A) = €Tr(A) + O(€?)
Corollary 10 Following [94], Let A be an d x d complex matrix, and let A* be the Hermitian of A:

INi| < o5 < (Te(A*ANY? Vie[1..d]
Where o; is the i-th singular value of A.

Proof Inoursetup A =V ng( ) which we can easily compute as illustrated in the following:

M
1
— l . T
Vxll(b z M :g: ll 7,7 j SP( ) +v lv ZH(-’E“J)J)‘FMH( _7,71 z)v lsp( )
A; B,

Next we compute Tr(Vwé #(z})). We denote by A; and B; the two terms of 2 p(zh):

Tr((V,40() TV y(ad)) = Te(ATA) = Te((A; + BT (A; + B)

(

(A7 A; + B B; + AT B; + A;B})
(

(AT 4

AT A)) + Te(B] B;) + 2Tr(A; B])
AT A;) +Te(BI By) 4 2Tx (BT A;)
) @) 3)

Tr
Tr
Tr

For a term by term breakdown:

Term (1) = Tr(AT 4))
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Cij Di,j

<< ZV vkt ] sp(x ) +V, zV m(xl,x] ) ( ZV 1k(x (mi)T—i-VxészTﬁ(xi,xf
j;éz r;éz C@T D; - |
| MM . .
=Tr WZZ(CZ] + D )(Ci,r+Di,r)
iyt
| MM
:WZZTI‘(C CZT—FD C@r)+Tr(D Dzr+C Dzr)
=2l (i) (1)

Term (1a) = Tr(C} TC” + DT Ci5)

w R, ) sp(23) 1) (Vg k(ah, 5)5p(25) ) + (Vo Vi s, 7)) T (V lﬁ(wﬁ,wé)sp(ffé)T))

=Tr i X

i Yr 17%g

472’% Ly Tﬁ'ri?xj) ( )6 6,]‘917( ) 47 K;( Ly i’)li( Lsy j)(’[ 2762”‘6 )6i’j8p(xé')T)

= Tr(4~? n(x- l)/i(xﬁ,xé)(s (xlr)(LTT — I+ 2761-77,55)52-’]-51,(355-)71)

(v

—Tr(sp( V., ll*i zh )TV, zﬁ(xl xl)sp(xé)T (V, 1V r(xl, 2 )N (V, z/@(xi,xé)sp(xé-)TD
T
(

= 4y k(a2 ) (g, @5) (61 sp () — d + 29110i,0 %) sp(25) T 05

Term (1b) = Tr(D;,.D; ; + C},.D; ;)
Vi Vg zﬁx eI NT(V 'V m(m )+ (V, m(mﬁ,xlr)sp( DYV Y z/ﬁ(:cl,:cé)))

79 s (2l J

="Tr

= Tr{ 492(ah, ab (o) (T = 295,07, ) (T = 2903507, ) = dyn(al, ab)n(al, ah)sy (2o, (1 - 275”5”)>

=Tr

/‘ \AA

a2k (zt, 2b ) m(a, J)<I 246,07, — (xﬁ.)éf,.)([—2757]5lj)>

— 49k (al, ol )(al, J>(d 6T sp(eh) = 29101 12) (@ = 24101,%)

Adding these sub-terms together

M M
1
Term @ = 75 > > 49 k(g ) r(a, J>(6T p(x i)—d+27H<sw\\2)sp<w§->%,j

j=1r=1
) (42901851

J#L TH
+ 492l 2l )il ) (d = oL sp(ah) = 290,

l T INT 2
M2224m ab)(wh 2) (0T, sp(ah) — d+ 2316, 112) (sp(ah) 701 — d + 29105512)
j=1r=1

J#i T

Term @ = Tr(B! B;)
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\% M
1 1
~ UtT<M2 Z{ 20V lsp( )513517( ) +279V, lsp( )(1—275 ,Jé;rj)} (xi,xé))vt

JF#i Ei,]' Fi,]'

2
<|~
M=
M‘H
IE

U1 T T
K(Ti, 75) [Ut E;i jur + vy Fi,jvt}

g

V.- M
o S0 lad ) [~ 29 0F Vs )Gy @)+ 21l V(e (o — 29(6T0)50)]

t:1j:

J#i

By combining Terms (D), @ and @), we obtain:

M M
M+@+B) =1 > D sl abinlerl o) (5Tsp(at) — d+ 216,17 () 605 — d -+ 2405:,412)
J=1 jAir=1r#i
+%\V-45p(xﬁ)|2
M
S5 1) = 2907 V55 (2 (6T 00) 59 (2T + 29 (0T V15 () (01 — 290 00)355)]

t=1j=1 j#i

M2

7.5. Computing Tr(V,:¢(z!)) with RBF kernel

We show that the closed-form estimate of the log-likelihood log ¢* (%) for the SVGD-based sampler
with an RBF kernel (-, -) is

M

log g% (2%) ~ log ¢° (= Z Z ( ( (;El_ac) \v4 zsp( ]) %Hxl_xé.H?+da))—ﬁTr(Viilogp(xﬁ))
=
ol

Proof We explicitly compute Tr(V i ¢(z')) as follows:
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log ¢*(aF) = log ¢"(af) - ;Lllmzl[Tr(vxgm( 2}, 2})V 1 log p(a})) ) + Tr (Vu Ve i(aly 21) )|
- & 3 _

+ T (vié log p(xﬁ))

—

Next we compute simplifications for all subterms (I) and ) respectively. In the following, we
denote by ()(*) the k-th dimension of the vector.

Term (D:
Tr (szi(n( 2y al)Vsyla g)T)) - (vm(x],m])(vlsp( N+, 2h)v, vxésp(g;;)))
_ i 8/{‘(1"37x]) asp( ) +0
[ [
—1 8($z‘)(t) 8(37z‘)(t)
= vm(xg,xj))Tvlsp( o)
1
= —ﬁn(:cé-,xé)(:ci—xé)TVgczsp(:cé-)
Term 2):

Tr (sz,vzzﬁ(xé,xé-)) = Tr <V !
7 g [

k=1
1 U INT 000 l
= o2 <vxé’i(xi7xj) (2 *l'j) +dX kK :E,L,xj )
1
= = (Vmgﬁ(mi,xé)T(ggl — xl) +dx kK 951,% )
1
= _@Xﬁ(xwxj)ux ]“2+7Xd><f£(x’q;)

1 d
L1 l
= wlahyah) (~gmrllet = o3P + 5 )

Term @): Using Hutchinson Trace Estimation [39]

Tr<V2 log p(x ) ZU V2z log p(zt)vy

By combining Terms (D), @) and ), we obtain:

L-1 M

o
logq( ) log ¢°(x 0222 J, j ( xéfxé)TVxésp(xé)—PHxé—xé.HQqLdoz)
=0 j=1
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1%
€
N Vata UtTvié logp(xé)vt
t=1

Proof done if we take a generic action particle z; in place of z.

7.6. Computing Tr(V_:¢(z!)) with Bilinear kernel

[59] show that, for a Gaussian initial distribution, ¢°(z) = N (p0, X0), and a target distribution

Tz,
p(z) = N(b, Q) such that Q € R?*?, Applying SVGD with a Bilinear kernel k(z;, x;) = mjcx +1
and explicitly showing log p(z') = =V (') = — 5 (2! —b)* Q' (2! —b) produces a Gaussian density
¢’ at every step with mean p! and covariance matrix ', satisfying the following system of equations:

=l (1= (3 4 QT+ pbT QY 1 + (b — )T Q™ }

) . 13
S st d 2 - 2Q 4 (- o) - (8 e pTQ 1 E]

We use this property to verify that the intermediate distributions ¢! with the bilinear kernel are also
Gaussian. We make use of the bilinear kernel’s expression in the proof

Proof For r(x!, :1:2)

the following SVGD dynamics at every step:

l
\Y m(ati,xé) =%, and V Y m(a:z,:né) = % we have

M
1
(xé—i_l : vajﬁ Z,;, j Z’i L, _7 :pllogp( )

J:1

Hence, substituting these into the dynamics we obtain:

+1 g0 1L T 1 & :réTxﬁ !
(z;t —a7) /e :HZG_MZ c + 1| VV(x;)
7=1 7j=1
LI SN j i
j=1
xi 1 M B 1 M B xl'T
ZG_MZQ l(ﬂcé_b)_MZQ Y é_b)]ﬁﬁl
7j=1 7j=1
M 4 M 1T 1, M T
_ﬁ_QilZ(l_b)_Qil xZAi${+Q1beLml
- C szlﬂ szlﬂcl MFlC’
l -1 -1
Ly —1/,1 Q l 1T\ 1T
—_ —— _— —_— — E —
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M M
) 1 T 1 .
We substitute ul =/ Z :cé and that X! + ul ul = Z xé-:zéT, and obtain
— ot

7=1

]\14 D (et —af)/d = (é B le<zl + ! ) + chbulT>Nl —Q Ml —b)
i—1
I Q! -1
SRR P

_ (1 N Q—lzl)'g _ Qc_l(,ﬁ - b)ulTul -Q7'(u' -0
(e - (- ()
Hence (4!t — 1) /el = (I - Q—lzl)’él Q! (/ﬂ - b) (’”‘lzf‘l + 1) (ii)
Knowing that

(s =)= O

O LSt
Taking into consideration (i) and (ii) o~
(24 -5 e = 2? - ngl (= + (! = o)t) = (= + pl ! b)T)Qlif (i)
|

In Fig. 9, we empirically verify that SVGD intermediate distributions coincide with the derived
Gaussians.
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— Co,(wi,2;) = |lal[[}]] + 162

—-— Ground Truth H(p)

0 200 400 600 800 1000

SVGD step (1)

Figure 9: Bilinear kernel. qé coincides with theoretically derived intermediate distributions by Liu
et al. [59].

7.7. Computing Tr(V 1 ¢(z!)) with DKEF kernel

In the following, we show that using the deep exponential kernel (DKEF) & (z!, z j) =exp (|1 (xt) — (xé) %)

where we denote by ¢(z) € R™ an m dimensional vector, is computationally inefficient due to the
requirement of computing V,1(z) in our entropy derivation, i.e., terms 1 and 2 in the density below:

L-1T m—1 i
logg" (af) = log ¢°(a)) = — 3~ [ 2 | (Vg sl 25) V. logp(a)))) + 0 (V. Vgl o))
=0 zz;ié @’) @ ]
Tr(Vizi logp(xﬁ))
% J
Proof Term (D:
Tr(V (r(a, 2V log pla >)) - (Vm(x]ﬂfa)(vzlogp( )+ (@l 25)V Vi log pla ))>
. Ok(at, xl) Olog p(at)
R ] o e
= (V, m(xj,:cj))TVzlogp( )

= (el Ve (W(ad) — v() TV, logp(ad)

Term 2):
T (VVgn(abah)) = T (Vg (a0t - vied)) )
= T (Vanlel, o) (b(ad) — 9T + el o) - )
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= 2 (e ) Ve 0ta) v i) — a4 ekt 1)
Term ):

<V2 log p(z ) ZV: Vzllogp vy

zw( by € R™*4 s required for both Term (D and Term (2), which introduces significant
computatlonal overhead and renders the density intractable. |

7.8. Derivation of the LD density

Similarly to the derivation above the LD induced density can be derived as:
Proof

log ¢ (2!Y) = log ¢! (2}) + log ’det szqﬁ(xl)‘ where ¢(z!) = 2! — eV 1 log p(z!) + v/2€€
i 1
2 log ¢! (=}) — eTr(VIzd)(:cl)), if \i{Vio(zh)} > — Vi

= ]og ql(xl) —€eIr (v?cl 10gp($l))
(@) € -
= log ql(xl) v ; UtTVié logp(:vé)vt

(i) Using CVF (Eq 5.2)

(i) Using the Hutchinson Estimator, where p,, is chosen such that E[va] =1I(eg. p, is Radamacher
distribution.)

In conclusion:

L VvV
€
logq"(¢") =log ¢"(a") — 1> > > o/ V2 log p(ai)ur

l:0 t=1
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8. Metropolis Hastings augmented entropy
In the following, we provide derivations for (1) the acceptance probability (Sec.2.4), (2) convergence

check (Sec. 2.2) and (3) MH-augmented SVGD density (Sec. 8.4).

8.1. Acceptance Probability (Sec.2.4)

Proposition 3.4 Given a target p = p/Z, the log-likelihood of the MH acceptance probability for an
SVGD update of a particle 2!~ ! at step I is

log a(z!71, &) = min |0, log p(z') — log p(z' 1) + €Tr(V ud(zh))].

Proof By leveraging Bayes’ rule, we compute:

¢ @1 E)  ¢@E) ")
¢@ [0~ @) (@)
G
q(#")

_ g(z'")
q(z!=1) | det(I + eV u-1¢p(xt=1))| -1

|det (I + eV -16(z'™1))|

Thus, the Metropolis-Hastings ratio becomes:

xt Lipl=1 | # 2
pﬁiz_)l) . Zlgjl | xl_1§ = piil_)l) - | det(I 4+ gvxl_1¢($l—1>)’

Taking logs:

pa) d@ Y D) N e el
o (01 itear)) =108 (et ) + ogdetr + ettt

Finally, using the first-order approximation log | det(/ + A)| ~ Tr(A) for small €, we obtain:

— p(a') ¢ s
—tog (PG ) 4 eVl

8.2. Motivation: learning the SVGD learning rate (Sec. 2.2)

Learning the kernel bandwidth alone is generally insufficient to ensure convergence of the entropy
term. Specifically, the expectation E 1,1 [eTr(V . ¢(2'))] does not necessarily vanish as [ — co. We
show, via a Taylor expansion around 0, that this cumulative trace term corresponds to a 8"-degree
polynomial whose convergence to zero requires the existence of at least one real root. However, the
coefficients of this polynomial depend on the particle positions and are not guaranteed to yield a real
root during training, making this condition both non-trivial and fragile.
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For conciseness, we introduce three new quantities:

Kj = m(wl,xé), 6 =al — xé-, and s; = Vxé. logp(xé-).

Proof According to Sec. 7.5, if « is the RBF kernel, then:

M-1
1 1 1
Tr(Vpd(a')) = 37T (vil logp(a?l)) + 0z 2 ki (d — 6] 55— Uzy\aj\ﬁ)
J=0
xl.;éwl
J

We approximate the RBF kernel using a Taylor expansion around O:

1 1 1
exp (= oalll) = 1= 1P + el

Then, we substitute in the formula above and obtain:
M—1

1 1 1 1 1
THT,16(a) = 377 (P tompta) 47z 3 (1 5oalllP + goallilt) (4675, = o)
=0
a:lvyéazl
J

Finally, we set Tr(V . ¢(2')) = 0 and multiply by o®:
1 1 = 1 1
MUSTF (Viz logp(:rl)) + i Z <U4 - 5(72|’5jH2 + 8’63”4) (0’2d - 02(5]-Tsj - H(S]-HQ) =0

Jj=0
14,1
zﬁéaz

Since we have a polynomial of degree 8, we have 8 roots, not all of which are guaranteed to
be real for o. Thus, for convergence, e needs to be flexible enough to converge to 0, ensuring that
E it [€Tr(V 6(x"))] converges to 0 as | — co. [ |

8.3. Convergence Check (Sec. 2.2)

— P-SVGD(c = 107*)
— P-SVGD (0mea)
— MET-SVGD

z¥ ~ ¢¥, L = 600

Convergence Check

124 249 374 499 0 200 400 600 800

SVGD step (1) SVGD step (1)
(7)Quantitative (i1)Qualitative
(a) KSD, KLD, FD, SI at convergence (b) SI across SVGD steps

Figure 10: (a) SI shows the same convergence trend as other convergence metrics such as Fisher
Divergence (FD) and Kernelized Stein Discrepancy (KSD). With SI being the tractable and com-
putationally efficient metric. (b) SI can be used to check SVGD convergence across steps, for
MET-SVGD and P-SVGD(0 e, 0 = 1074).
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8.3.1. DERIVATION OF THE STEIN IDENTITY (SEC.2.2)

Proof The Stein Identity is the square of the Kernelized Stein Discrepancy [58]:

2
S(d',p) = max |Et [Te(Apo(e)] stlgllus <1

The optimal perturbation ¢ is given by:

o5 (@)
H ¢Z,p HA

We compute:
H‘b;,pug-[d = <¢Z,p? ¢Z,p>yd
= BB [ (k(ad, 2) V1 log p(ah) + Vi k(zl, 21)) - (k(zh, 2) V1 logp(al) + Vek(ah, 21)) |

oa') = Cowith g, () = Byt [Aph(al, )] and S(d'p) = 167 e

And obtain

6" (=) o
el

V. logp(a!) + 7, T >)} B [Wl)T% logp<xl>+Tr<v£z¢<xl>>}

S(¢', :Ewlw,[T <
(@-P) = Batrg Tl 151

8.3.2. INTRACTABILITY OF KSD, FD

Even though Fisher Divergence F(¢', p) and Kernelized Stein Discrepancy S(¢', p) follow the same
trend with the Stein Identity, they cannot be used as convergence metrics as they require computing
V. log ¢! (x') which will require computing a jacobian on V i1 ¢ (2!~ 1).

Proof Note that Vz,z’ being i.i.d. draws from ¢!, F(¢!,p) = E.[V.logq'(z) — V. logp(z)]
and S(¢',p) = By gl [(Vx log ¢'(z) — Vs logp(x))Tk(x, ') (Va log ¢l (z') — Vi logp(a:/))}.
Computing either is possible thanks to the closed form expression of the log density 12, which
circumvents the intractability issue encountered due to the score of ¢/, ¥l € [0--- L][:

! 1 _
V.logd () = 2840 )=<6‘T ) L) (Tmiplet ) Vi logd )

oz! oxl—1 oxl-1

Such that log ¢'(z!) = log ¢!~ 1(z'™1) — elog ‘ det vl.l—l(b(l'l_l)‘

So Varlogd (@) = (Va6 ™) (Vo log g (oY) — €V, (V01002 1))

Intractable
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8.4. MH-augmented SVGD Density
Proposition 11 At step L, the particle distribution induced by MET-SVGD is given by:

gy (ah) = Ha9+ > g (@t anrm). (14)

ap.L 171

qGL (x) is the non-augmented SVGD distribution (Eq. 1), a; € {0,1} indicates acceptance (1) or
rejection (0) at step l, qng’L (z¥, ao.p 1) =¢° () Hlf;l(al{,)‘” (1—ab)t=%| det(I+€V i pg(2!))| .

Proof We prove the statement above by induction. We leverage:

o I _ _
gp =l gy @ T det(T + eVaag(a))| + (1—ag gy Tt (19)

Casel = 0: qg[HO = qg
,with ap:L—1 = ag
Casel = 1: qg/[H’l(:Bl) = agqg(:no) det(I + eVmogb(:z:O)) +(1- ozg)qg(:no)

On the other hand, evaluating qg/IH’l (2!, ag) by marginalizing over ag € {0, 1}:

g™ (2!, ap = 0) = ¢f(z0)(1 — a)

™! (", a0 = 1) = g} (w0)(af)| det(l + eV.zyb(a0)
Therefore:
MH, 1

™" (2") = 4 (w0)a| det(T + eVayd(w0))| + af(20) (1 — af)

Case [ > 1: We assume

ql(;/{Hl — ¢ (! Halg+ Z (2!, agq—1), Vle[2,]] (16)
ag.—1#1
and show that it holds for qMH o
We know that:
qg[H’lH(a:lH) = o qMHl( l)‘ det(I + evzﬂﬁ(xl))‘ (1- al)qg/[HJ(xl) )

We plug Eq. 16 into Eq. 17:

qg/[H,l—f—l(mHl) _ qg/m,l(xz) X [afg‘ det(I + evm(xl))\ +(1 - Oélo)]
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gha’ Ha§+ > ™l a0i) | x [ap|det(T + eV ao(")| + (1 - ap)]

ag:—17#1
- Hag‘det I+ eVuo(z)) ‘ Hae (1—ab)
gh ™ (@) [Theg 0 A (@41 a4 =1,a1=0)

+ Z qg/IH’l(xl,CLo:l,l)aé‘ det(I + erng(xl))‘ + Z qgm’l(xl, agi—1)(1 — ab)
ag.1—17#1 ap:—17#1

MH, 141 MH, 1 +1
qp @+t agy 1#1,a0,=1) dy (@1 a9, 17#1,4,=0)
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9. Additional Results on Entropy Estimation

In the following, we provide implementation details and additional experiments for the toy experi-

ments.

9.1. Optimized SVGD parameters

9.1.1. KERNEL BANDWIDTH

as
40

\ 2

mL
5

—MET-SVGD (0}, €),)—P-SVGD (0= 01nea, § —MET-SVGD (o}, €)---Ground Truth #(p)

[ 100 200 300

SVGD step (1)
(A) Entropy

400

500 o 100

SVGD step (1)
(B) Kernel Bandwidth

200 300 400 100

200 300 400 500

SVGD step (1)
(C) Step-size

Figure 11: (A) Entropy, (B) RBF kernel bandwidth, and (C) step-size across SVGD steps. Target is
the Gaussian target from Fig. 1A.

9.2. Gaussian Targets

Implementation Details for Fig. 1A are reported in Tab. 4.

[ Algorithm | Parameter | Value |
LD Target p p = N([-0.69,0.8],[[1.13,0.82],[0.82, 3.39]])
Number of Particles M | M = 200
P-SVGD
MET-SVGD Nl‘n‘nber .of Steps L L = 1500
Initial Distribution ¢° N(0,61)
Il;-DSV GD Learning Rate ¢ e=0.1
P-SVGD Kernel Bandwidth o o €{1,5,0med}
Kernel Architecture
Architecture 09, = GNN({z!} M : 05)
# Layers 3
Activation {ReLU, Exponential, Truncate }
Learning Rate Architecture
MET-SVGD | Architecture €), = min (623, e, d/ 503)
Initial Learning Rate 6(0)3 0.1
Decay Factor dy, 5x 1073
Decay Scale sg, L
Training Parameters
Optimizer Adam
Learning Rate 5-1073
Epochs 300
Loss {KL Divergence}
GPU Tesla V100-SXM2-32GB
Resources RAM 2GB
Per-epoch runtime 2.6 seconds

Table 4: Experimental setup for Fig. 1A
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Implementation Details (Fig. 9) & (Fig. 10)

| Parameter | Figure 9 | Figure 10 |
Target p p = N(]-0.69,0.8],[[1.13,0.82],[0.82, 3.39]])
Number of Particles M M = 500
Number of Steps L L = 1000 ‘ L =500
Initial Distribution ¢° N(0,61)
Kernel Architecture
Architecture Cp, = GNN({z1}M,:0,) | 09, = GNN({z!}1,;6)
Kernel Type Bilinear: Ig:’ +1 RBF: exp(—||z; — x;||%/20%)
02
Learning Rate Architecture

Architecture eég = min (683, 623(1’/ 593)
g]litial Learning Rate 623 —01

03 )
Decay Factor dy, dg, =5x 1073

Decay Scale

S0, = L
563 ?

Training Parameters

Optimizer Adam
Learning Rate 5-1073
Epochs 300

Table 5: Experimental setup for Figs. 9 and 10.

o MET-SVCD Parameter \ LD \ MET-SVGD |
120{ = === Ground Truth #(p) Number of particles M =100
g Number of iterations L = 1000
= Target distribution | p = N(0,1;), d € {2,10,50,80,100}
;i % Initial distribution N(0,61,) (augmented)
gre Algorithm-Specific Learned Parameters
2
K Learned parameter Gaussian noise ‘ Kernel variance o
. Learned LR €), = min (6237 e9,d/ “"*3)
0 Ti ini Pdl 11 S
Dimension (d) Optlmlzer ,Adarfg
Learning rate 5-10
Epochs 300

Figure 12: MET-SVGD is less sensitive to the Tr
approximation than LD. Target is a slanted Gaussian Table 6: Experimental setup for Fig. 12
(details in App. 6).

Implementation Details (Fig. 12) Langevin Dynamics. In Fig. 12, we show that we can learn the
Langevin dynamics’ parameters 6 = {ep,, 19, } such that 21 = 2! + €5, V1 log p(z!) + \/2€9,&p,
end-to-end by minimizing the reverse KL-Divergence:

0* = arg mainExLquL log g (z¥) — log p(x¥)] s.t. eleg < ép, V€ [0,L 1]

Here ¢* = ¢ + ¢ ZZL:_OI Tr(Vil p(z!)), where the trace is approximated via the Hutchinson
estimator (Eq. 7.5). We show SVGD is less sensitive to this approximation than LD in high
dimensions. Scalability. (a) Multivariate Gaussian. In Fig. 13, we visualize the learnt SVGD
learning rate for the setup in Fig. 8 in the main paper. The target is a d-dimensional multivariate
Gaussian p(z) = N(x;0, I;). For each method, 100 particles are initialized from N (x; 21, 21,),
where 1 € R? denotes the vector of ones. This is a standard benchmark illustrating the diminishing
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variance issue of SVGD. We show that MET-SVGD outperforms other baselines in high dimensional
spaces as measured by the entropy and the variance across dimensions (Fig. 13a,b). The SVGD
repulsive force is large during the first updates, preventing the particles from collapsing, unlike
other baselines (Fig. 13c). P-SVGD is not scalable due to a missing term in the entropy. This is
subsequently fixed in the MET-SVGD update.

-e-MET-SVGD (ours) -s- MET-SV( *(V*)) -~ Ground Truth -# --GSVGD5-e-P-SVGD =-S-SVGD
“
16 1 0 01 el -
— 3 { =——— MET-SVGD(ours):
1 Y s 2 “1 { ——MET-P-SVGD |
@ = ° w] :
Qo I 1250 L‘Ll .
g o o o wf
& = E o
5o 5. z =1
£, g E. .
Mo, g
Tt e - >——eo— ’ —
o 10 40 %0 60 70 80 %0 1000 0 300 400 500 600 700 800 900 1000 © 20 o Py 50 100 5 2 o )
dimension d dimension d step (1) step (1)
(a) Variance across dimensions  (b) Entropy across dimensions (c) Average Repulsive (d) Bandwidth o'
Force across steps across steps

Figure 13: Scalability Results: MET-SVGD achieves higher accuracy on both (a) Entropy Estimation
and (b) Variance across dimensions

Accelerating Convergence. In Fig. 14, we show that, for the setup of Fig. 10, convergence can
be accelerated either by (1) adding a regularization on the decay rate in the optimization objective
(see Sec.2.2) or (2) randomizing the maximum number of steps during training. We observe a quicker
drop in the kernel variance (particles are less correlated initially).

MET-SVGD
w.0 Randomization; w.o Regularization
6.0 0.6

4.0
55 05

35

w Regularization = === Ground Truth #(p)

3.0

[ 100 200 300 400 500 600 [ 100 200 300 400 500 600 [ 100 200 300 400 500 600
step (1) step (1) step (1)
a. Entropy b. Kernel Bandwidth c. Learning Rate

Figure 14: Accelerated convergence via regularization and number of SVGD steps randomization for
the same MET-SVGD setup in Tab.6

9.3. Gaussian Mixture Model
9.3.1. EXPERIMENT ON 2D GMM WITH MOVING COMPONENT

In the following, we provide implementation details and additional experiments for the toy experi-
ments where the target is a 2D GMM.
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= =Ground Truth #(p)
—.—P—SVGD (0': Umcd)
—@- MET-SVGD (gy =GMM)

3.8 1

3.6 1

Figure 15: MET-SVGD outperforms P-SVGD on GMM entropy estimation.

Implementation Details for (Fig. 15) are reported in Tab.7.

‘ Parameter ‘ P-SVGD ‘ MET-SVGD
Distribution type GMM with 5 components
Fixed components 11 = (0.0,0.0),%; = 0.161

Mo = (307 20)7 22 = IQ
p3 = (1.0,-0.5), 53 = 0.5
g = (2.5,1.5),%, = 0.5I5

Mobile component us = (¢, ¢), X5 = 0.5 where ¢ € [—3, 3]
Dimension d=2
Number of particles M € {50,100,500}
Number of iterations L = 1500
Initial Distribution Settings

Setting 1 N(0, I2)
Setting 2 GMM(K = 10) with 11 =" 14([—4,4]?) and 5, = I Vk

Algorithm-Specific Parameters
Kernel variance o € {1,5, median} o = GNN({z\}M,;0,)
Learning rate e=0.1 Ela3 = min 623, 623 d'/ses
Base learning rate - eg, = 0.1
Decay factor - dg, =5 X 1073
Decay scale - S, = L

Training Parameters

Optimizer Adam
Learning rate 5.1073
Epochs 300

Table 7: Experimental setup for Fig. 15
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Qualitative results for different c values, as well as the KL-divergence, entropy, kernel Band-
width and step-size are reported in Fig. 16. We observe that P-SVGD with 01,4 has poor convergence.
In facr, 0y, shows a different trend entirely. Whereas €g, converges consistently across all configura-
tions.

------- MET-SVGD (g = G; M = 50) — -— MET-SVGD (qg = G; M = 100) MET-SVGD (g = G; M = 500) =——— SVGD (o = median)
pla,c=-3) plac=-2) plz,c=-1) plz,c=0) pla,e=1) pla,c=2) plz,e=3)
- - - » ( -» -
» » » » ’

Drala'llp)

Die(q'llp)
Dx(a'llp)
Dis(d'llp)

Hig')
(
(
Hig)

(
H)

{

step (1) step (1) step (1) step (1) step (1) step (1) step (1)

Figure 16: Results on entropy estimation for different c configurations. (a) KLD, (b) Entropy, (c)
Learnt kernel bandwidth and (d) SVGD step-size.

Additionally, we show in Fig. 17 that the number of particles is key to an accurate, low variance
estimation. Adding more particles significantly helps improve the accuracy. P-SVGD performs
poorly. In fact, the estimation is worse than a trivial lower bound that we derive as follows:
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= === Ground Truth #(p)
—— SVGD (¢ = median)
oA+ MET-SVGD (g = G; M = 50)

3.81 —m— MET-SVGD (¢ = G; M = 100)

3.6

3.4

3.2

H(qg)

3.0

2.8

2.6

Qo

Figure 17: Entropy results on a 2D GMM with a moving component(Fig. 16). MET-SVGD
significantly outperforms P-SVGD. Increasing the number of particles reduces the variances. Results
are reported on 5 different seeds.

Next we explain the derivation of the Upper & Lower Bounds for a GMM target as seen in Fig. 17
as follows:
The pdf of A GMM with K components is given by the formula:

sz 35 5 My 2)7

where {w;}X | are non-negative weighting coefficients such that >, w; = 1 and N(z;u;, C;)
is a gaussian density with mean y; and covariance C;. Note that the entropy generally cannot
be calculated in closed form for GMM due to the logarithm of a sum of exponential functions
(except for the special case of a single Gaussian density). We derive two trivial bounds to as-
sess the performance of the different baselines. We start by deriving the lower bound LB(z) =
— Y00 wilog (070 wil (uis g, G + Cj).-

Proof

sz N (i i, Ci) log p(w)da
> — Zwi log [ o N (x5 s, Ci)p(z:)dx} by Jensen inequality

K K K
> — Zwi log [ N (x5 ps, C. ij (x; uj,Cj)dx} > — Zwi log [ij/\/'(ui;,uj, C; +Cy)
i=1 i=1 j=1
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Upper-bound UB: We prove that #(p(z)) < UB by deriving the entropy of the Gaussian enveloping
the target:

L
- [G = D il Wik
UB = H(N(ug,Cg)), with ‘
W ) Co = iy wilCi+ panl) = Soiiy oy wiwipt

Proof Consider a Gaussian mixture model p(z) = Zle wiN (z; pi, C;). The mean is p =
Elp(z)] = Zle wip;. The covariance can be computed as:

L
C =E[(z - p)(z — )" = Elza”] — pp" = / (Z wil (x; s, Ci)> wa’ dw — pp”
T \i=1
L
=> w / aat N (5 ps, Ci)da — pup”
i=1 x

For a single Gaussian component, C; = E[(z — p;)(z — p;)T] = E[za®] — !, which means
Ern(z; M’Ci)[:c:cT] = C; + pip] . Substituting this in the above:

T

C wi(Cy + pgt] ) — pp

I
M=

1

-
Il

I
M=

L L L L
wi(Cy + pipd) — (Z wmi) S wipd | = wilCit papl) = > wiwjpip] = Ca
i—1 =1

1 i=1 ij=1

-
Il

Since a Gaussian distribution maximizes entropy among all distributions with the same mean
and covariance, we have H(p(z)) < H(N (ug, Ca)) = UB(x).

9.3.2. TARGETS WITH DISTANT MODES

Implementation Details (Fig. 18) are reported in Tab.8. We show that the divergence control
heuristic based on eliminating particles further than 3 standard deviations of the initial distribution
mean exacerbates mode collapse is already an issue when using the reverse KL-divergence.

Qualitative results particles from the initial distribution are visualized in (i) a. We apply
the truncation heuristic to different setups (P-SVGD with O steps, ie with only a learnable initial
distribution and P-SVGD with L = 140 steps).

Effect of the Initial Distribution. In Fig. 19, we compare the results of using a Gaussian and a
GMM with 10 components. We show that when using a GMM, less steps and particles are needed
to learn the target. All experiments with a Gaussian initial distribution resulted in mode collapse.
Using a GMM mitigates the mode collapse issue when learning the parameters using the reverse
KL-divergence. In the future, we will explore training with the forward KLD while leveraging
importance sampling.

Implementation details are in Tab.9.
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Algorithm Parameter Value
Target p GMM with 3 components
= (-4.0,2.0),%; = I,
No SVGD M2 = (40, 20), 22 = IQ
P-SVGD us = (0.0,-12.0), 335 = 215
Number
MET-5VGD of Particles M = 200
%mber
of Steps L = 1000
{flitial
Distribution N(0,61)
0
q 0
Learning =01
P-SVGD Rate €
Kernel o € {1,5, median}
Bandwidth o
Kernel Architecture
Architecture ‘ o9, = GNN({z!}M : 65)
Learning Rate Architecture
Architecture elg = min (eg ,68 d/ 593)
3 3 3
Initial Learning 0 _o1
Rate ng: €o; = U
Decay Factor _
MET-SVGD | 4, do, =5 x 107
3
D Scal
ecay Scale sy = L
504
Training Parameters
Optimizer Adam
Learning 5.10-3
Rate
Epochs 300
ACthZ-ltIOIl {Exponential(), Truncate(min, max)}
Functions

Table 8: Experimental setup for Fig. 18
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Figure 18: P-SVGD struggles with
distributions with distant modes.
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Figure 19: Effect of the initial distribution on a GMM setup.
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Algorithm Parameter ‘ Value ‘
Target p GMM with 3 components (orange spots in figure)
Number of Particles M | M € {50,100}
Number of Steps L L € {10,50}
MET-SVGD Two settings:
Initial Distribution qg GMM(1): Single component (left column)
GMM(10): 10 components (right column)

Kernel Architecture

Architecture Ogy, = GNN({xé}i]\iﬁ 02)

Learning Rate Architecture

Architecture 619 = min (eg ,eg dv/ 593)
3 3 3

Initial Learning Rate €f, | ey = 0.1 ‘

Decay Factor dyg, dg, = 5 X 103

Decay Scale sg, Sg, = L

Training Parameters

Optimizer Adam

Learning Rate 5-1073

Epochs 300

Activation Functions {Exponential(), Truncate(min, max)}

Table 9: Experimental setup for Fig. 19

9.4. High Dimensional GMMs

The goal of this experiment is to further assess the scalability of MET-SVGD.

Implementation Details The target distribution is a mixture of 4 d-dimensional Gaussian
distributions p(x) = Zi:l 0.25N (z, pg, 1) with uniform mixture ratios. The first two coordinates
of the mean vectors are equally spaced on a circle, while the other coordinates are set to O (Fig. 20.A-
D). Particles are initialized from ¢N (0, I;) and only the first two dimensions need to be learned. In
Fig. 20a, we show that MET-SVGD efficiently recovers the low-dimensional structure.
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Parameter Value
Target distribution | p(z) = >"4_; 0.25N (2, up,, L)
Initial distribution | ¢° = A(0, 1)

Learning rate

Number of steps

ep—svep = 0.1
eMET—svGeD = nn.Parameter(0.1)
L =100

lggfélgt Number of particles | M = 100
parameters Kernel variance OpP_SVGD = %}2‘7'”2)
oMET-svGD = nn.Parameter(1.0)
Optimizer Adam
Training Learning rate 1072
Epochs 500

Table 10: Experimental configuration for high-dimensional GMM results.

160
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—— P—=SVGD
1407 __ SVGD(0s,, €9, W. TrV?) ° .
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g ® d o. .‘o.' .‘?l‘.
2 80 Joo 8 o " 0 S .
« & o .
60 ” ® -‘ £ .::. & ° .';V
2 .O..' \.: -., o‘
f. 0e® * ‘ : %o
20 i: ~,
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Dimension
(a) Estimated entropy across dimensions. (b) P-SVGD
L] *

(c) MET-SVGD (w. MH) (d) MET-SVGD (wo. MH)

Figure 20: Scalability results. Target is a high-dimensional GMM. MET-SVGD successfully recovers
the entropy of the low-dimensional GMM.

10. Additional Results: Energy Based Models

EBMs [52, 96] are represented as Gibbs densities p(x) = exp(f(z)) , where f(z) € R is an energy
function describing inter-variable dependencies and Z = [ exp(f(z)) is the partition function.
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Despite their expressiveness, EBMs are not tractable as the partition function requires integrating
over an exponential number of configurations. Markov Chain Monte Carlo (MCMC) methods
[88] (e.g., HMC [38], SGLD [92]) are frequently used to approximate the partition function via
sampling. There have been recent efforts to parameterize these samplers via deepnets [27, 31, 53]
to improve scalability. Similarly to these methods, we propose a parameterized variant of SVGD
[56] as an EBM sampler to enable scalability to high-dimensional action spaces. Beyond sampling,
we derive a closed-form expression of the sampling distribution as an estimate of the EBM. This
yields a tractable estimate of the entropy. This is opposed to previous methods for estimating EBM
entropy which mostly rely on heuristic approximation, lower bounds [20, 22], or neural estimators of
mutual information [50]. The idea of approximating the entropy of EBMs via MCMC sampling by
leveraging the change of variable formula was first proposed in [21]. The authors apply the formula
to HMC, which violates the invertibility requirement for the change of variable formula. To go
around this, they augment the EBM family with the velocity variable for HMC. But the derived
log-likelihood of the sampling distribution turns out to be —counter-intuitively— independent of the
sampler’s dynamics and equal to the initial distribution, which is then parameterized using a flow
model. By contrast, we show that SVGD is invertible under a step-size condition (Corr. 3), and hence
we sample from the original EBM, so that our derived entropy is more intuitive as it depends on the
SVGD dynamics.

Proposition 12 (Sec.3) Training EBMs py(x) = py(x)/Z via maximum likelihood (Lepm(¢) =
—Ey~p,log pg(x)] Jis intractable due to the partition function Z. When the sampler has a tractable
distribution qg, a tight lower bound can be computed in return: Lgrpo(¢,0) =Eq~q,[log Dy ()] —
Eyp,[log D (x)] + H(ge) with pgq being the data distribution,

Proof Given:

Lebm(¢) = —Eznp,[logps(2)] = —Egrp, [log Py ()] + log Z(¢).

We bound the partition function using the KL-divergence:

log Z(¢) > log Z(¢) — Dxr(ge()|lpg(x))

> 105.2(6) + [ an(o)log zj((x)) s

Py ()

Zkgzw»+/QAMbg;gym

>1052(6) + [ wle)logpola)de — [ wle)log Z(0)dz ~ [ aoe)ogan(o)ds

x x x

> log Z(¢) + Ez~gy[log pg(w)] — log Z(¢) + H(qe)

> By [log Py ()] + H(go)-
Substituting back into the MLE objective:

['ebm(¢) = _E:chd [logﬁ¢,(x)] + log Z(‘b)
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> _Ea:rvpd [logﬁ¢($)] + Em“"]e [logﬁ¢(w)] + H(qe)
= Lo (¢, ).

10.1. Synthetic Experiment: Moon Distribution

We evaluate on the Moon dataset [68] with varying smoothness. Implementation Details (Fig. 21)
are described in Tab. 11. Performance: As smoothness decreases, MET-SVGD consistently

Parameter Value
Target distribution po(z) = %
fo(x) = MLPy (128, Swish, 128, Swish, 128, Swish, 1)
Initial distribution q° = N([0,0],71)
Learning rate €= el92 (I free learnable parameters)
Default Number of steps L =100
SVGD Number of particles m =129
parameters Kernel variance o= ale2 (I free learnable parameters)
Optimizer Adam
Training f Learning rate 1073
¢ Learning rate 1072
Epochs 1250
GPU Tesla V100-SXM2-32GB
Resources RAM 2GB
Per-epoch runtime 2.6 seconds

Table 11: Experimental configuration for EBM results.

outperforms all baselines in terms of the MMD score [20], where MMD(p, q) = Eg z/p [(z, 2")] +
Eyyng 51, Y)] = 2Banpyng [6(2,9)], st k(2 y) = exp (—[lz - y[*/20?)

B e — _— -
. o/ , Vi . / .- 7 ~ -
\. \ \ ‘ s \ \ \ \ %
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P / P /
MET - SVGD MET — SVGD(o4,, €., MET - SVGD(0g,,¢s,  MET — SVGD(0g,, cp,
(ca,, €8, W. Ter) w.TrvV?, w. MH), w. TrV?, w. MH) w. Ter), Adv. -

Adv. ] 200 400 600 80 1000 1200

Figure 21: EBM Results. MET-SVGD outperforms P-SVGD and LD on learning EBMs to fit
non-smooth data distributions.

10.2. Image generation

Implementation Details (Fig. 23) are reported in Tab. 12. All experiments were conducted on a
single NVIDIA A100 80GB with 8GB allocated memory; average runtime was around 6 seconds per
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Parameter Value

Target distribution po(x) = e)(psz

fo(x) is a WideResnet(28,10) network

Initial distribution | ¢ is a replay buffer initialized using a GMM whose
modes are based on the class-conditional means and
covariances

Learning rate €D = €p_svgD = 64 (this number is divided by m
in the SVGD update formula)

emeT-svap = GNN({zl}, {V,ilog po(x})}; 03)

Default
SVGD Number of steps L=5
parameters . L. =10
Number of particles | M = 64
Kernel variance orp=0
o _ [ med(|lzi—z;[]?)
P—-SVGD 2Tn M
omeT-svep = GNN({zl}; 62)
Optimizer SGD
Training 0 Learning rate 10~! with 1000 iterations warm-up and decay at
epochs 60, 120, and 180.
¢ Learning rate 1074
Epochs 200
GPU NVIDIA A100 80GB
Resources RAM 8 GB

Per-iteration runtime | 6 seconds

Table 12: Experimental configuration for EBM results.

iteration (processing one batch of data composed of 64 particles). Qualitative Results. In Fig. 23,
we visualize generated images sampled from the different models. FID and Inception Score In
Fig. 23, we report the FID and IS scores for baselines: (1) LD trained with contrastive divergence:

mein »CCD(G) = mein 7E$"‘pd [f@(x)] + Equ [fG(x)] s (18)

with ¢ being the empirical distribution induced by the LD particles; (2) P-SVGD and MET-SVGD
variants trained adversarially by alternating between learning the sampler parameters

min —Lerso(¢) = max —Eqp, [fo(z)] + Exng [fo(z)] + H(gs), (19)
and minimizing the contrastive divergence
mein Lep(0) = m@in Ezgllog pg(x)] —Ezap,[log pg(x)] (20)

in Fig. 23a and Fig. 23c. (3) MET-SVGD variants trained adversarially using the ELBO loss for
both learning the sampler and the energy:

min max LeLpo (0, ¢) = min max Eynqlog py ()] —Epmp, [log pg(x)] + H(ge), (21
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W. Trv2 w.MH) TrV?) TrV?2, Adv.)

(g) MET-SVGD(0y,, w. TrV?) (h) MET-SVGD(0y,, €g;, W. (i) MET-SVGD(0y,, €g,,  W.
TrV?) TrV?, go=RB-PCA, Adv.)

Figure 22: Image generation using EBMs across different configurations.
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in Fig. 23b and Fig. 23d. The second setup (Fig. 23a, Fig. 23c) led to the best result. Performance:
The best FID (lowest) was obtained when both the kernel bandwidth and step-size are learnt. Com-
parative results with better scalability are obtained with an adaptive number of steps L.. Removing
the trace led to early divergence showcasing the importance of this correction. Both LD and P-SVGD
resulted in early divergence. This was also the case for the setup with MH due to high rejection rates
and hence limited number of steps (constrained by the GPU memory) leading to poor convergence to
the target. In the future, we will explore optimizing the memory usage to afford more steps. Also,
we find that the performance improvement obtained from learning the step-size on top of the kernel
bandwidth, i.e., MET-SVGD(oy,, €g,) vs. MET-SVGD(0y,), is due to the learning the step-size
resulting in smoother energy landscapes (Fig. 24). The third setup (Fig. 23b, Fig. 23d), where both
the sampler and the energy are learnt using the ELBO (with the entropy term in learning the energy)
didn’t work as well. In Fig. 24, we show that this is due to the score exploding frequently leading
to almost zeo learning rates. We plan to address this by contraining the Lipschitz constant of the
deepnet in the future.

i, M W\WWN: AT

I\ \Vl\\j\i"" MET . TR, w. MH)

—— MET-SVGD(@s,, £o,,L, W. TFV2, w. MH, go = RB-PCA)
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— LD(0=0,£,L,wo. Tr2, wo. MH)
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;
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— MET-SVGD(
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— MET-SVGD(
MET-SVGD(
MET-SVGD(0g,, £

Inception St
-

Figure 23: EBM Results. We report the FID and IS scores across training iterations for both (A-B)
the set-up where the sampler (¢) is trained using Lg; po(¢) and energy (6) using Lcp(#), and (B-C)
the setup where the sampler and the energy are learnt adversarially using Lgrgo (6, ¢). TrV? stands
for including the trace of Hessian term and gy = RB-PCA for initializing the replay buffer with
samples obtained via a linear combination of the principal components of the data samples.

Smoothness. In Fig. 24, we visualize the scores of the learn distribution V, fy(z) across
training iterations. The setups with the lowest FID and highest IS score are associated with the
smoothest landscapes, i.e., lowest scores. This is the case of MET-SVGD(0y,, €g,, W. TrV?) and
MET-SVGD(0y,, €, Lc, w. TrV?). The diverging setups are associated with frequently exploding
scores.
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Figure 24: EBM results. The L2-norm of the learnt EBM score V, fg(x).

Trainable SVGD Hyperparameters. In Fig. 25, we visualize the SVGD step-size and kernel-
bandwidth across training iterations. We observe that opeq is frequently higher that the learned ones.
The learned step-size is also higher than the P-SVGD one in setups that led to the best FID. In setups
with high FID, we observe that €g, is associated with high variance: it frequently becomes very small.
This is mostly driven by the score of the energy.
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Figure 25: EBM Results. Visualization of the learnt kernel bandwidth and step-size across training

iterations.
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11. Additional Results: MaxEntr RL
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Figure 26: Return IQM for Walker2d-v2. MH variants yield the best returns.

Implementation Details for (Fig. 26) are reported in Tab. 13

Performance. In Fig. 27a and Fig. 27b, we report the Inter Quantile Mean (IQM) return values
averaged over 5 runs, where every run is the average of 10 evaluations of the policy. We refer
to the approach leveraging P-SVGD as proposed by [61] as S2AC, and our approach as S2AC+.
We follow the same convention form EBM experiments for naming the different methods: for the
different S’AC™ variants, we only include arguments that are different from the S?AC setup. The
default parameters for S?AC are (qgl, e =1le™*, M = 10, L = 3), divergence control w. particles
truncation, wo. 7rV?2). In the Humanoid environment (Fig. 27a), adding the missing trace of Hessian
term resulted in faster convergence. Increasing the number of particles and incorporating MH for
divergence control led to improved performance: better exploration through more particles and
exploitation through the MH step.

In Walker environment (Fig. 27b), MH helped achieve higher return. We also see that SAC (04, , €5,
failed because the learning rate became very small for many iterations (Fig. 33a), which is visible in
the high variance of the score norm (Fig. 33b).
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Table 13: Hyperparameters

Hyperparameter Value
Optimizer Adam
Training | Actor and Critic Learning rate 10~* for Humanoid and 103 for all
other environments
Batch size 100
Number of hidden layers 2 Critic and 3 Actor
Deepnet Number of hidden units per layer | 256
P Nonlinearity ELU
Target smoothing coefficient 0.005
Discount y 0.99
RL Target update interval 1
Entropy weight « 0.2
Replay buffer size |D| 10°
Initial distribution qo = N (ug, diag(oyp))
Number of steps L=3
SVGD Number of particles M =10
2
. 2 Zi,j llai—ajll
Kernel variance 0% = T3 TogmT1)
g =
l 1.
GNN(st, {2}, {V 1 log p(27) }; 02)
Learning rate e=0.1
€ =
l .
GNN(s¢, {z;}, {V:cﬁ log p(x})}; 03)
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Figure 27: IQM return scores across environments.
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Figure 28: Final IQM return scores across environments.
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Figure 29: IQM return scores at step 0.2 x 10° across environments.

Trainable SVGD Parameters (Humanoid Env) In Fig. 30, we visualize a histogram of the
mean of initial distribution qgl across training iterations. We observe that the mean has several
components outside the [-1,1] range of valid actions. While the actions are truncated to satisfy the
constraints, this still limits the exploration as many particles would end-up having -1/1 as values.
This trend is exacerbated across S2AC™ variants, especially for the cases of learnable step-size €y, ,
adaptive number of steps L. and larger number of particles M = 64. In the future, we will explore
mechanisms for constraining the support of the policy distribution to the valid range. This is not
a trivial problem as the obvious solution of truncating the mean leads to vanishing gradients and
modeling qgl as a distribution with a limited support (e.g., beta distribution) is not obvious as such a
distribution is highly sensitive to parameters with big ranges. Also, enforcing the constraints in the
Q-value through reward is not trivial as it can lead to non-smooth hard-to-learn landscapes. This
poor exploration limits the effect of our contribution, as our approach helps explore better in the local
neighborhood of the modes identified through exploration.

In Fig. 33, we present a histogram of the learned kernel bandwidth across training iterations.
Note that in these experiments 0y, € RY. We observe that for certain dimensions the bandwidth was
small indicating independant particles while for other states the particles were more interdependent
(large 0y, values). Also, note that the kernel bandwidth values for S2AC are consistently large.

The SVGD step-size 6103 is visualized in Fig. 32.
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Figure 30: Histogram of the mean of ¢” across training iterations (Humanoid env).
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Figure 32: Learned step-size 6163 for Humanoid env.
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Figure 33: Learned step-size and scores in Walker env.
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Trainable SVGD Parameters (Walker Env). We visualize the scores and step-size in Fig. 33a

and Fig. 33b.
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