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Abstract
Understanding the generalization properties of
heavy-tailed stochastic optimization algorithms
has attracted increasing attention over the past
years. While illuminating interesting aspects
of stochastic optimizers by using heavy-tailed
stochastic differential equations as proxies, prior
works either provided expected generalization
bounds, or introduced non-computable informa-
tion theoretic terms. Addressing these drawbacks,
in this work, we prove high-probability general-
ization bounds for heavy-tailed SDEs which do
not contain any nontrivial information theoretic
terms. To achieve this goal, we develop new proof
techniques based on estimating the entropy flows
associated with the so-called fractional Fokker-
Planck equation (a partial differential equation
that governs the evolution of the distribution of
the corresponding heavy-tailed SDE). In addition
to obtaining high-probability bounds, we show
that our bounds have a better dependence on the
dimension of parameters as compared to prior
art. Our results further identify a phase transition
phenomenon, which suggests that heavy tails can
be either beneficial or harmful depending on the
problem structure. We support our theory with
experiments conducted in a variety of settings.

1. Introduction
A supervised machine learning setup consists of a data space
Z , a data distribution µz , and a parameter space, which will
be Rd in our study. Given a loss function ℓ : Rd × Z −→
R+, the goal is to minimize the following population risk:

minw∈RdL(w), L(w) := Ez∼µz [ℓ(w, z)] . (1)
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As µz is typically unknown in practice, the population risk
L is replaced by the empirical risk, defined as follows:

L̂S(w) :=
1

n

n∑
i=1

ℓ(w, zi), (2)

where S = (z1, . . . , zn) ∼ µ⊗n
z is a dataset and each zi is

sampled independent and identically (i.i.d.) from µz . Even
though L̂S can be computed in practice as opposed to L,
in several practical scenarios, ℓ is further replaced with a
‘surrogate loss’ function f : Rd × Z −→ R. For instance,
in a binary classification setting, ℓ is typically chosen as
the non-differentiable 0-1 loss, whereas f can be chosen
as a differentiable surrogate, such as the cross-entropy loss,
which would be amenable to gradient-based optimization.
We accordingly define the surrogate empirical risk:1

F̂S(w) :=
1

n

n∑
i=1

f(w, zi).

Given a dataset S and a surrogate loss f , a stochastic op-
timization algorithm A aims at minimizing F̂S and can be
seen as a function such that A(S,U) =: wS,U , where U is a
random variable encompassing all the randomness in the al-
gorithm. One of the major challenges of statistical learning
theory is then to upper-bound the so-called generalization
error, i.e., L(wS,U ) − L̂S(wS,U ). Once such a bound can
be obtained, it immediately provides an upper-bound on the
true risk L, as L̂S can be computed numerically.

In our study, we analyze the generalization error induced
by a specific class of heavy-tailed optimization algorithms,
described by the next stochastic differential equation (SDE):

dWS
t = −∇VS(WS

t )dt+ σ1dL
α
t +

√
2σ2dBt, (3)

where Lαt is a stable Lévy process, which will be formally
introduced in Section 2, α ∈ (1, 2) is the tail-index, control-
ling the heaviness of the tails2 (examples of Lévy processes
are provided in Fig. 1), Bt is a Brownian motion in Rd,

1In our theoretical setup we introduce the surrogate loss to
be able to cover more general settings. However, this is not a
requirement, we can set f = ℓ.

2Lα
t does not admit a finite variance and as α gets smaller the

process becomes heavier-tailed.
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Figure 1. Simulation of Lα
t for different values of α.

σ1,2 ≥ 0 are fixed constants, and the potential VS is the
ℓ2-regularized loss that is defined as:

VS(w) := F̂S(w) +
η

2
∥w∥2 . (4)

The term η
2 ∥w∥

2 corresponds to a ℓ2 weight decay that
is commonly used in the theoretical analysis of Langevin
dynamics, which corresponds to (3) with σ1 = 0 (Mou et al.,
2017; Li et al., 2020; Farghly & Rebeschini, 2021).

There has been an increasing interest in understanding the
theoretical properties of heavy-tailed SDEs, such as (3), due
to two main reasons.

1. Recently, several studies have provided empirical and
theoretical evidence that stochastic gradient descent
(SGD) can exhibit heavy tails when the step-size is cho-
sen large, or the batch size small (Simsekli et al., 2019;
Gurbuzbalaban et al., 2021; Hodgkinson & Mahoney,
2020; Pavasovic et al., 2023). This has motivated several
studies (see e.g., (Nguyen et al., 2019a; Şimşekli et al.,
2021; Simsekli et al., 2019; Zhou et al., 2020)) to model
the heavy tails, emerging in the large step-size/small
batch-size regime, through heavy-tailed SDEs and ana-
lyze the resulting SDE as a proxy for SGD.

2. Injecting heavy-tailed noise to SGD in an explicit way
has also been considered from several perspectives. It
has been shown that heavy-tailed noise can help the al-
gorithm avoid sharp minima (Şimşekli, 2017; Simsekli
et al., 2019; Nguyen et al., 2019b;a), attain better gener-
alization properties (Lim et al., 2022; Raj et al., 2023a)
or to obtain sparse parameters in an overparametrized
neural network setting (Wan et al., 2023).

Our main goal in this study is to develop high-probability
generalization bounds for the SDE given in (3). More pre-
cisely, we will choose the learning algorithm A as the so-

lution to the SDE (3), i.e., A(S,U) = WS
T for some fixed

time horizon T > 0, where in this case U will encapsulate
the randomness introduced by Lαt and Bt. We will then
upper-bound the generalization gap EU

[
GS(W

S
T )
]

over
S ∼ µ⊗n

z under this specific choice, where

GS(W
S
T ) := L(WS

T )− L̂S(W
S
T ). (5)

Related work. In the case where the SDE (3) is only driven
by a Brownian motion, i.e. σ1 = 0, Eq. (3) reduces to the
continuous Langevin dynamics, whose generalization prop-
erties have been widely studied (Mou et al., 2017; Li et al.,
2020; Farghly & Rebeschini, 2021; Futami & Fujisawa,
2023), as well as its discrete-time counterpart (Raginsky
et al., 2017; Pensia et al., 2018; Negrea et al., 2020; Haghi-
fam et al., 2020; Neu et al., 2021; Farghly & Rebeschini,
2021). For instance, Mou et al. (2017) distinguished two dif-
ferent approaches: the first is based the concept of algorith-
mic stability (Bousquet, 2002; Bousquet et al., 2020), while
the second is based on PAC-Bayesian theory (Shawe-Taylor
& Williamson, 1997; McAllester, 1998; Catoni, 2007; Ger-
main et al., 2009). In our work, we extend this approach to
handle the presence of heavy-tailed noise.

A first step toward generalization bounds for heavy-tailed
dynamics was achieved by leveraging the fractal structures
generated by such SDEs (Şimşekli et al., 2021; Hodgkinson
et al., 2022; Dupuis & Viallard, 2023). These studies suc-
cessfully brought to light new empirical links between the
sample paths of these SDEs and topological data analysis
(Birdal et al., 2021; Dupuis et al., 2023; Andreeva et al.,
2023). However, the uniform bounds developed in these
studies contain intricate mutual information terms between
the set of points of the trajectory and the dataset, which are
not amenable for numerical computation to our knowledge
(Dupuis et al., 2023). Closest to our work are the results
recently obtained by Raj et al. (2023b;a), in the case of pure
heavy-tailed noise (i.e. σ2 = 0). Raj et al. (2023b) used an
algorithmic stability argument to derive expected generaliza-
tion bounds. While their approach provided more explicit
bounds that do not contain mutual information terms, it
still has certain drawbacks: (i) the proof technique cannot
be directly used to derive high probability bounds and (ii)
their bound has a strong dependence in the dimension d,
rendering it vacuous in overparameterized settings.

Contributions. In our work, we aim to solve these issues
by introducing new tools, taking inspiration from the PAC-
Bayesian techniques already used in the case of Langevin
dynamics. In particular, we will leverage recent results on
fractional partial differential equations (Gentil & Imbert,
2008; Tristani, 2013), and use them to extend the analysis
technique presented in Mou et al. (2017) to our heavy-tailed
setting. While the presence of the heavy tails makes our task
significantly more technical, our results unify both light-
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tailed and heavy-tailed models around one proof technique.
Our contributions are as follows:

• We derive high-probability generalization bounds, first
when σ2 > 0, then in the case σ2 = 0, which turns out
to introduce the main technical challenge to our task.
Informally, our result takes the following form, with
high probability over S ∼ µ⊗n

z ,

EU
[
GS(W

S
T )
]
≲

√
Kα,d

nσα1

∫ T

0

EU

∥∥∥∇F̂S(Wt)
∥∥∥2 dt,

where U denotes the randomness coming from Lαt and
Bt, and Kα,d is a constant depending on α and d. We
further provide additional results where the resulting
bound has a different form and is time-uniform (i.e.,
does not diverge with T ) at the expense of introducing
terms that cannot be computed in a straightforward way.

• By analyzing the constant Kα,d, we study the impact
of the tail-index α on our bounds. Our analysis reveals
the existence of a phase transition: we identify two
regimes, where in the first case heavy tails are malicious,
i.e., the bound increases with the increasing heaviness
of the tails, whereas, in the second regime, the heavy
tails are beneficial, i.e., increasing the heaviness of the
tails results in smaller bounds. Furthermore, we show
that our bounds have an improved dependence on the
dimension d compared to (Raj et al., 2023b).

We support our theory with various experiments conducted
on several models. As our experiments require discretiz-
ing the dynamics (3), we analyze the extension of our
bounds to a discrete setting, as an additional contribu-
tion, see Appendix C.6. All the proofs are presented in
the Appendix. The code for our numerical experiments is
available at https://github.com/benjiDupuis/
heavy_tails_generalization.

2. Technical Background
2.1. Levy processes and Fokker-Planck equations

A Lévy process (Lt)t≥0 is a stochastic process which is
stochastically continuous and has stationary and indepen-
dent increments, with L0 = 0. We are interested in a spe-
cific class of such processes, called symmetric (strictly)
α-stable processes, which we denote Lαt . These processes
are defined through the characteristic function of their in-
crements, i.e., E

[
eiξ·(L

α
t −Lα

s )
]
= e−|t−s|α∥ξ∥α

. When the
tail-index, α, is 2, then L2

t corresponds to
√
2Bt, where Bt

is a standard Brownian motion in Rd . For α < 2, the pro-
cesses have heavy-tailed distributions and exhibit jumps (see
Fig. 1). We restrict our study to α > 1, since when α ≤ 1,
the expectation of Lαt is not defined, which may introduce
technical complications and does not have a clear practical

interest. We provide further details on Lévy processes in
Appendix A.2, see also (Schilling, 2016).

As mentioned in the introduction, the learning algorithm
treated in this study consists in the SDE (3), defined in the
Itô sense (Schilling, 2016, Section 12), which generalizes
both Langevin dynamics (Mou et al., 2017; Li et al., 2020)
and purely heavy-tailed dynamics (Raj et al., 2023b).

Inspired by (Mou et al., 2017; Li et al., 2020), our proofs
will not be directly based on this SDE, but on an associated
partial differential equation, called the fractional Fokker-
Planck equation (FPE), or the forward Kolmogorov equation
(Umarov et al., 2018). This equation describes the evolution
of the probability density function uSt (w) := uS(t, w) the
random variable WS

t , that is the solution of Eq. (3). Follow-
ing (Duan, 2015; Umarov et al., 2018; Schilling & Schnurr,
2010), Eq. (3) is associated with the following FPE:

∂

∂t
uSt = −σα1 (−∆)

α
2 uSt + σ2

2∆u
S
t + div(uSt ∇VS), (6)

where (−∆)
α
2 is the (negative) fractional Laplacian oper-

ator, which is formally defined in A.2, see also (Daoud &
Laamri, 2022; Schertzer et al., 2001) for introductions.

2.2. PAC-Bayesian bounds

Based on the notations of Eq. (3), the learning algorithm
studied in this paper is a random map that takes the data
S ∈ Zn as input and generates WS

T as the output. Due to
the randomness introduced by Bt and Lαt , this procedure
defines a randomized predictor, i.e., given S, the outputWS

T

follows a certain probability distribution.

Generalization properties of similar randomized predictors
have been popularly studied through the PAC-Bayesian the-
ory (see (Alquier, 2021) for a formal introduction). Infor-
mally, in PAC-Bayesian analysis, a generalization bound
is typically based on some notion of distance between a
posterior distribution over the predictors, typically denoted
by ρS , a data-dependent probability distribution on Rd, and
a data-independent distribution over the predictors, typi-
cally denoted by π, called the prior, see e.g., (Catoni, 2007;
McAllester, 2003; Maurer, 2004; Viallard et al., 2021).

As an additional theoretical contribution, we begin by prov-
ing a generic PAC-Bayesian bound that will be suitable for
our setting. This bound has a similar form to that of Ger-
main et al. (2009), but holds for subgaussian losses, and not
only bounded losses, see Appendix B.

Theorem 2.1. We assume that ℓ is s2-subgaussian, in the
sense of Assumption 3.1. Then, we have, with probability at
least 1− ζ over S ∼ µ⊗n

z , that

Ew∼ρS [GS(w)] ≤ 2s

√
KL (ρS ||π) + log(3/ζ)

n
,
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where KL (ρS ||π) is the Kullback-Leibler (KL) divergence,
whose definition is recalled in Appendix A.1.

Our main theoretical contributions will be proving upper-
bounds on KL (ρS ||π), when ρS is set to the distribution
of WS

t and π is chosen appropriately. Additionally, in Sec-
tion 4.3, we will prove generalization bounds that are based
on related but different generic PAC-Bayesian results, for
which we provide a short introduction in Appendix A.1.

To end this section, we define the notion of Φ-entropy,
through which we link PAC-Bayesian bounds and the study
of fractional FPEs (Gentil & Imbert, 2008; Tristani, 2013).

Definition 2.2 (Φ-entropies). Let µ be a non-negative mea-
sure on Rd and Φ : R+ −→ R be a convex function. Then,
for a g : Rd −→ R+, such that g,Φ(g) ∈ L1(µ), we define:

EntΦµ (g) :=

∫
Φ(g) dµ− Φ

(∫
g dµ

)
.

Note in particular that, if Φ(x) = x log(x) and g is chosen
to be dρS/dπ, the Radon-Nykodym derivative of ρS with
respect to π, then we have EntΦπ (g) = KL (ρS ||π).

3. Main Assumptions
As discussed in Section 2.1, our analysis is based on Eq. (6).
To avoid technical complications, we assume that it has a
solution, uSt = uS(t, w), that is continuously differentiable
in t and twice continuously differentiable in w. We provide
a discussion of these properties in Appendix A.2. We also
denote by ρSt the corresponding probability distribution on
Rd, so that ρSt is the law of WS

t .

We first make two classical assumptions. The first is the
subgaussian behavior of the objective ℓ. Besides, we make a
smoothness assumption on function f ensuring the existence
of strong solutions to Eq. (3) (Schilling & Schnurr, 2010).
Those assumptions are made throughout the paper.

Assumption 3.1. The loss ℓ(w, z) is s2-subgaussian, i.e. for
all w and all λ ∈ R, Ez

[
eλ(ℓ(w,z)−Ez′ [ℓ(w,z′)])

]
≤ e

λ2s2

2 .

Moreover, ℓ(w, z) is integrable with respect to ρSt ⊗ µ⊗n
z .

Assumption 3.2. f(w, z) is M -smooth, which means:

∥∇wf(w, z)−∇wf(w
′, z)∥ ≤M ∥w − w′∥ .

As our proof technique is based on the use of PAC-Bayesian
bounds, where we use ρST as a posterior distribution, we
are required to find a pertinent choice for the prior distri-
bution π. We define it by considering the FPE of the Lévy
driven Ornstein-Uhlenbeck process associated with the reg-
ularization term, η2 ∥w∥

2. More precisely, we consider ū∞
a solution to the following steady FPE.

0 = −σα1 (−∆)
α
2 ū∞ + σ2

2∆ū∞ + η∇ · (ū∞w). (7)

It has been shown in (Tristani, 2013; Gentil & Imbert, 2008)
that such a steady state is well-defined and regular enough.
We hence denote by π the probability distribution, on Rd,
with density ū∞. We characterize further properties of the
prior π in Lemma C.16.

Throughout the paper, we will use the following notation:

vSt (x) :=
uSt (x)

ū∞(x)
=
dρSt
dπ

(x). (8)

We will often omit the dependency of vSt on t and/or S,
hence denoting vt, or just v.

Our theory will require a technical regularity condition on
vSt , which we will now formalize. To achieve this goal, let
Φ : R+ → R be a twice differentiable convex function.
Specific choices for Φ will be made in Section 4.

Assumption 3.3. For all t and S, the functions vSt are
positive, continuously differentiable and EntΦū∞

(
vSt
)
<∞.

Moreover, we define:

a(θ, y; s, u) := θ·∇v(y+sθ)Φ′′(v(y))θ·∇v(y)ū∞(y+uθ),

and we assume:

1. For each bounded interval I , there exists a non-negative
integrable function χI s.t. ∀t ∈ I, |∂tΦ(vt)ū∞| ≤ χI .

2. Let us fixed t and denote v = vt. For any bounded open
set V of R2

+, the functions, defined for (s, u) ∈ V ,

(y, θ) 7→ a(θ, y; s, u), (y, θ) 7→ ∂a

∂s
, (y, θ) 7→ ∂a

∂u
,

with (θ, y) ∈ Sd−1 ×Rd, are uniformly dominated by
an integrable function on Sd−1 ×Rd.

3. Finally, the function Rd −→ R given by:

(v|Φ′ ◦ v|+ |Φ ◦ v|) ū∞ (∥∇V ∥+ ∥∇VS∥) , (9)

vanishes at infinity (along each coordinate of x ∈ Rd).

We will say that the functions vSt are Φ-regular. The first
condition is essentially allowing to properly differentiate
EntΦū∞

(
vSt
)
, which, following Gentil & Imbert (2008), is

key to the proposed methods. The second requires local inte-
grability of functionals naturally appearing in the computa-
tion of d

dtEntΦū∞

(
vSt
)
. The third condition makes valid the

integration by parts performed in the proof of Lemma 4.1,
presented in Appendix C.1. Note that we do not require any
uniformity in S in Assumption 3.3.

Let us informally justify the third condition when Φ(x) is
either x log(x) or x2 (which is our case). It is known that
the tail behavior of ū∞ is in 1/∥x∥d+α (Tristani, 2013).
Moreover, ∥∇V (x)∥ and ∥∇VS(x)∥ are of order at most
1+∥x∥ based on Assumption 3.2. The condition boils down
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to Φ(vSt (x)) + vSt (x)Φ
′(vSt (x)) = O

(
∥x∥d+α−1

)
, which

is reasonable given the definitions of uSt and vSt .

Finally, we assume that an integral appearing repeatedly in
our statements and proofs is finite.

Assumption 3.4. For almost all S and all t ≥ 0, we have:∫
ū∞Φ′′(v)v2

∥∥∥∇F̂S∥∥∥2 dx < +∞.

Let us consider Φ(x) = x log(x). In this case, Assump-
tion 3.4 directly holds when the surrogate f is Lipschitz in
w. More generally, when t → ∞, following arguments
in (Tristani, 2013), it is reasonable to consider that the
behavior of uSt near x → ∞ is O

(
∥x∥−d−α

)
. There-

fore, the previous assumption can be informally thought as
∥∇F̂S(x)∥ ≲ ∥x∥a/2 with a < α (e.g., if ∇f is Hölder
continuous), weaker conditions may also be acceptable.

4. Generalization Bounds via Multifractal
Fokker-Planck Equations

In this section, we present our main theoretical contributions.
The main tool is Lemma 4.1, which offers a decomposition
of d

dtEntΦū∞

(
vSt
)
, that will be used throughout the proofs.

After presenting Lemma 4.1, we will start by dealing with
the easier case, which is when σ2 > 0 in (3). Then, in
Section 4.2, we show how an additional assumption can be
leveraged to handle the case where σ2 = 0, which presents
the most interest for us. Finally, we will extend our analysis
to obtain time-uniform bounds, in Section 4.3. For nota-
tional purposes, we define, with a slight abuse of notation:

GS(T ) := EU
[
GS(W

S
T )
]
= Ew∼ρST [GS(w)] . (10)

4.1. Warm-up: Noise with non-trivial Brownian part

Thanks to our PAC-Bayesian approach, our task boils down
to bounding the KL divergence between the posterior ρST
and the prior π. It is given by KL

(
ρST ||π

)
= EntΦū∞

(
vST
)
,

where, in Sections 4.1 and 4.2, we fix the convex function
Φ to be Φ(x) = Φlog(x) := x log(x), Assumptions 3.3 and
3.4 should be considered accordingly.

We bound the term KL
(
ρST ||π

)
by first computing the en-

tropy flow, i.e. the time derivative of EntΦū∞

(
vSt
)
. While

such an approach has already been applied in the case of
pure Brownian noise (σ1 = 0) (Mou et al., 2017), it is
significantly more technical in our case, because of the pres-
ence of the fractional Laplacian in Eq. (6). The following
lemma is an expression of the entropy flow for a general
Φ, that we obtain by adapting the technique presented in
Gentil & Imbert (2008) (in the study of the convergence to
equilibrium of FPEs) to our setting.

Lemma 4.1 (Decomposition of the entropy flow). Given a
convex and differentiable function Φ : (0,∞) −→ R, we
make Assumptions 3.3 and 3.4, relatively to this function Φ.

d

dt
EntΦū∞

(
vSt
)
= −σ2

2IΦ(v
S
t )− σα1B

α
Φ(v

S
t )

−
∫

Φ′′(vSt )v
S
t ∇vSt · ∇F̂S ū∞dx,

where IΦ(v) :=
∫
Φ′′(v) ∥∇v∥2 ū∞dx is called the Φ-

information, and BαΦ(v) is called the Bregman integral,
which will be formally defined in Appendix C.1.

For Φ(x) = x log(x), the term IΦ reduces to the celebrated
Fisher information between ρST and π, denoted J(ρST |π). It
is commonly used in the analysis of FPEs (Chafai & Lehec,
2017, Section 1) and is defined as:

J(ρST |π) :=
∫ ∥∥∥∥∇ log

dρST
dπ

∥∥∥∥2 dρST .
Lemma 4.1 is a central tool for the derivation of our main
results. As a preliminary result, we first present the simpler
case where σ2 > 0. This leads to the next corollary.
Corollary 4.2. We make Assumption 3.3 and 3.4. With
probability at least 1− ζ over µ⊗n

z , we have:

GS(T ) ≤ s

√
1

nσ2
2

I(T, S) + 4
log(3/ζ) + Λ

n
,

where Λ := KL (ρ0||π) and I is defined by:

I(T, S) :=

∫ T

0

EU

∥∥∥∇F̂S(WS
t )
∥∥∥2dt. (11)

When f is L-Lipschitz, we have in addition I(T, S) ≤ TL2,
recovering known bounds in the case σ1 = 0 (Mou et al.,
2017). Corollary 4.2 may seem to have no dependence
on the tail-index α, however, it is implicitly playing a role
through the integral term involving ∇F̂S , as WS

t is gener-
ated by a heavy-tailed SDE. Nevertheless, this bound does
not apply when σ2 = 0, which we will now investigate.

4.2. Purely heavy-tailed case

Now we assume σ2 = 0, which makes our task much more
challenging. Indeed, in the proof of Corollary 4.2, the Φ-
information, IΦ, is used to compensate for the contribution
of the third term in Lemma 4.1. As we cannot do this
anymore since IΦ does not appear with the choice of σ2 = 0,
we need to develop a finer understanding of the Bregman
integral term, i.e. BαΦ(v), which is the contribution of the
stable noise Lαt to the entropy flow.

Towards this goal, in Appendix C.3, we prove that, under
Assumption 3.3, there exists a function:

JΦ,v : [0,+∞) −→ [0,+∞),

5
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such that JΦ,v is non-negative, continuous, satisfies
JΦ,v(0) = IΦ(v) and we have the integral representation:

BαΦ(v) = Cα,d
σd−1

2d

∫ ∞

0

JΦ,v(r)
dr

rα−1
, (12)

where the constant Cα,d is defined in Eq. (32), and σd−1 is
the area of the unit sphere, given by Eq. (30). The identi-
fication of the function JΦ,vSt turns out to be crucial, as it
illustrates that the Bregman integral term can be used for
approximating a Φ-information term, and therefore re-use
ideas from Corollary 4.2. Thus, JΦ,vSt (r) can be seen as an
approximation of IΦ(vSt ), i.e., in the case Φ = Φlog, of the
Fisher information J(ρST |π), at least for small values of r.

A takeaway of our analysis is that, for the approximation
JΦ,v(r) ≈ IΦ(v) to be accurate, we need to introduce an
additional condition regarding the behavior of the function
JΦ,v near the origin. This assumption is specified as follows:

Assumption 4.3. There exists an absolute constant R > 0
such that, for all t > 0 and µ⊗n

z -almost all S ∈ Zn:

∀r ∈ [0, R], JΦ,vSt (r) ≥
1

2
JΦ,vSt (0).

Note that, by continuity, this condition trivially holds point-
wise for fixed S ∈ Zn and t > 0; however, we essentially
require it to hold uniformly in both time t and data S. On the
other hand, if the dynamics (3) is initialized at its stationary
distribution (like an ideal ‘warm start’ (Dalalyan, 2016)),
then vSt is independent of t, in which case the statement of
Assumption 4.3 can be obtained, in high probability over S,
through Egoroff’s theorem (Bogachev, 2007, Thm. 2.2.1).

The factor R plays an important role in our analysis, it is
needed that it is positive and preferably not too small. How-
ever, we are not able to formally estimate this quantity. The
exact formula for JΦlog,v, Definition C.4, shows that, if v
is a constant function, then JΦlog,v is a constant function,
hence R = +∞ (this corresponds to the trivial case where
F̂S = 0 and the dynamics is initialized at ū∞). Therefore,
we argue that R can be large to get non-vacuous bounds
when the function v is uniformly bounded away from 0 and
has bounded first and second-order derivatives. A more for-
mal version of this argument is provided in Appendix C.3.

This allows us to prove the following theorem, which is a
high probability generalization bound in the case σ2 = 0.

Theorem 4.4. We make Assumptions 3.3, 3.4 and 4.3. Then,
with probability at least 1− ζ over µ⊗n

z , we have

GS(T ) ≤ 2s

√
Kα,d

nσα1
I(T, S) +

log(3/ζ) + Λ

n

with Λ and I(T, S) as in Corollary 4.2, and:

Kα,d =
(2− α)Γ

(
1− α

2

)
dΓ
(
d
2

)
α2αΓ

(
d+α
2

)
R2−α

, (13)

where Γ denotes the Euler’s Gamma function, on which
more information is provided in Appendix A.4.

Note that, in both Theorems 4.2 and 4.4, if we set the initial
distribution ρ0 = π that has the heavy-tailed density ū∞, we
get Λ = 0 and, therefore, the bound becomes tighter. This
might be an argument in favor of heavy-tailed initialization,
which has been considered by several studies (Favaro et al.,
2020; Jung et al., 2021), and has been argued to be beneficial
(Gurbuzbalaban & Hu, 2021). We will further highlight the
quantitative properties of Theorem 4.4 in Section 5.

The proof of Theorem 4.4 would also apply when σ2 > 0,
however, compared to Section 4.1, it requires the additional
Assumption 4.3. The bound of Corollary 4.2 was obtained
by using mainly the contribution of Bt to the noise, while
Theorem 4.4 corresponds to the contribution of Lαt . It turns
out that both approaches can be combined, under Assump-
tion 4.3; it is presented in Appendix C.7.

Theorem 4.4 (valid for 1 < α < 2) should be compared
with existing generalization bounds for continuous Langevin
dynamics (CLD), i.e., α = 2, where integral terms that
are similar to I(T, S) appear (Mou et al., 2017; Li et al.,
2020; Futami & Fujisawa, 2023; Dupuis et al., 2024). Our
bound features the new constant Kα,d/σ

α
1 and we show in

Section 5 that we recover similar constants to the CLD case
in the limit α → 2−. Compared to (Mou et al., 2017) (in
the case of CLD), I(T, S) does not contain any exponential
time decay. This point is discussed in detail in Section 4.3
and Appendix E. Despite this fact, I(T, S) can still be small
because the norm of the gradients may become small.

4.3. Towards time-uniform bounds

Corollary 4.2 and Theorem 4.4, while being the first high
probability bounds for heavy-tailed dynamics with explicit
constants, may suffer from a time-dependence issue. The
reasons why this is an outcome of our proofs are discussed
in Appendix E. It appears from this discussion that Theo-
rem 4.4 can be made time-uniform, under the existence of a
specific class of functional inequalities. Unfortunately, we
argue that such techniques do not always apply in our case,
as it is detailed in Appendix E.

Nevertheless, in this section, we take a first step towards
improving the time-dependence of the bounds, derived in
our setting. However, this comes at the cost of weakening
the interpretability of the bound and might make it hard
to compute in practice. In order to present this result, we
need to make another choice for the convex function Φ: we
consider Φ(x) = Φ2(x) := 1

2x
2, instead of Φlog. This
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choice is justified by the fact that it significantly changes the
structure of the Bregman integral term, i.e. BαΦ(v

S
t ), in a

way that is clearly presented in the proofs of Appendix C.8.

We only discuss the case σ2 = 0, the case σ2 > 0 can
be found in Appendix C.8. Following the reasoning of
Section 4.2, we make Assumption 4.3 with the convex func-
tion Φ2 instead of Φlog. We will refer to it as Assump-
tion 4.3−Φ2. This leads to our last theoretical result.

Theorem 4.5. Let σ2 = 0. We make Assumptions 4.3−Φ2,
3.3 and 3.4, with the choice Φ = Φ2. Then, with probability
at least 1− ζ over S ∼ µ⊗n

z and w ∼ ρST , we have

GS(w) ≤ 2s

√√√√4Kα,d

nσα1
Ĩ(T, S) +

2e−
αηT

2 Λ + log 24
ζ3

n
,

with Λ = EntΦū∞
(ρ0), and

Ĩ(T, S) :=

∫ T

0

e−
αη
2 (T−t)Eπ

[
(vSt )

2
∥∥∥∇F̂S∥∥∥2] dt.

While the exponential decay term, e.g. e−η(T−t) is a sig-
nificant improvement over Theorem 4.4, the integral term
Ĩ(T, S) is less interpretable than the term I(T, S), appear-
ing in Corollary 4.2 and Theorem 4.4. Indeed, I(T, S) is
simply related to the expected gradient of the empirical risk.

5. Quantitative Analysis
We focus our qualitative and experimental analysis on the
results obtained in the case of pure heavy-tailed dynamics
(σ2 = 0), namely Theorems 4.4 and 4.5, as they bring the
most novelty compared to the literature. From now on, we
assume that the constant R, coming from Assumption 4.3,
can be taken independent of α, σ and d. This assumption
has important consequences for our quantitative analysis.

Asymptotic analysis. We analyze the behavior of the
constant Kα,d, appearing in Theorems 4.4 and 4.5. Let
K̄α,d = R2−αKα,d, the following lemma provides an
asymptotic formula of this constant, when the number of
parameters d goes to infinity. This is pertinent as modern
machine learning models typically have a lot of parameters.

Lemma 5.1. We have that, for all α ∈ (1, 2):

K̄α,d ∼
d→∞

Pαd
1−α

2 , Pα :=
(2− α)Γ

(
1− α

2

)
α2α/2

, (14)

In Eq. (14), we isolated a term Pα depending only on α
and a dimension dependent term, d1−

α
2 . A quick analysis

(see Appendix D) shows that the pre-factor α 7−→ Pα is
decreasing in (1, 2) and satisfies 1

2 ≤ Pα ≤
√

π
2 .

Despite being proven for α < 2, our bounds do not explode
when α→ 2−, as we show in the following lemma.

Lemma 5.2. For any d ≥ 1, we have Kα,d −→
α→2−

1
2 .

Phase transition. By Lemma 5.1, in the limit d ≫ 1,
Theorem 4.4 becomes:

GS(T ) ≤ 2s

√
Pαd1−

α
2

nσα1R
2−α I(T, S) +

Λ + log 3
ζ

n
. (15)

We can rewrite the constant term, multiplying I(T, S), as:

Pαd
1−α

2

nσα1R
2−α =

Pαd
1−α

2
0

nσα1
=

Pαd0

n(σ1
√
d0)α

,

where we introduced a ‘reduced dimension’ d0 := d/(R2).
As mentioned earlier, we have, for all α ∈ (1, 2), that 1

2 ≤
Pα ≤

√
π
2 . Therefore, it is clear that the main influence of

the tail-index α on the generalization bounds is induced by
the geometric term (σ1

√
d0)

−α. Based on this observation,
our bounds suggest a phase transition between two regimes:

• Heavy regime: (σ1
√
d0) < 1, the generalization error

increases with the tail, i.e. the performance should be
better with heavier-tails. If we take into account the
contribution of the factor Pα, this condition becomes
(σ1

√
d0) < 1/

√
2π, see Appendix D.1.

• Light regime: (σ1
√
d0) > 1, heavy-tails are harmful for

the generalization bound.

This shows that, depending on the setting and the structure
of the dynamics, heavy tails may have a different impact on
the generalization error.

Comparison with existing works. In (Raj et al., 2023b),
the authors studied Eq. (3), with σ1 = 1, σ2 = 0, and f
Lipschitz continuous.3 Informally, the obtained bound is:

ES,U

[
L(WS

∞)− L̂S(W
S
∞)
]
≤

∥ℓ∥Lip ARα,d

n
, (16)

where A is a quantity that has a complex dependence on
various constants appearing in the assumptions, ∥ℓ∥Lip is the
Lipschitz constant of ℓ, which is assumed finite, and Rα,d
is a constant, explicitly given in Appendix D.2, where we
also show that it satisfies Rα,d = Od→∞(d

1+α
2 ).

We already mentioned, in Section 1, some differences be-
tween Eq. (16) and our results. We additionally emphasize
that (i) we do not require a Lipschitz assumption, and (ii)
The constant Rα,d has a worse dependence on the dimen-
sion d than the constant Kα,d, appearing in our theorems.
Eq. (16) cannot explain generalization in an overparame-
terized regime, i.e. when d > n. Moreover, in the limit
α→ 2−, it does not yield the known dimension dependence

3Raj et al. (2023b) consider a Lipschitz loss ℓ and a surrogate
f , that has a dissipativity property; we can frame it within our
setting by assuming that f is Lipschitz in w.
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for Langevin dynamics (Mou et al., 2017; Pensia et al., 2018;
Farghly & Rebeschini, 2021), while Lemma 5.2 shows that
Kα,d becomes independent of d when α→ 2−.

To have a fair comparison, we shall note that (16) does
not increase with the time horizon T , whereas it is the
main drawback of our bounds. Nevertheless, the results
of Section 4.3 and Appendix E show that this point might
have room for improvement, which we leave as future work.

6. Empirical Analysis
Setup. We numerically approximate Eq. (3), using its Euler-
Maruyama discretization (Duan, 2015), ∀k ∈ {1, . . . , N},

ŴS
k+1 = ŴS

k − γ∇F̂S(ŴS
k )− ηγŴS

k + γ
1
ασ1L

α
1 , (17)

where γ > 0 and N ∈ N are fixed learning rate and num-
ber of iterations. Our main experiments were conducted
with 2 layers fully-connected networks (FCN2) trained on
the MNIST dataset (Lecun et al., 1998). Additional exper-
iments, using MNIST, FasionMNIST (Xiao et al., 2017)
and CIFAR10 datasets (Krizhevsky et al., 2014), as well
as linear models and deeper networks, are presented in Ap-
pendix F.4. We choose the objective ℓ as the 0-1 loss and
the surrogate f (that we used for training) as the cross en-
tropy loss. These choices make our experiments as close as
possible to our theoretical setting, still allowing us to have
a varying number of parameters d. Each experiment is run
with 10 different random seeds. All hyperparameters details
can be found in Appendix F.1.

We provide, in Appendix C.6, an additional analysis justi-
fying that our continuous-time theory is still pertinent to
study the discrete one, Eq. (47), thus providing sufficient
theoretical foundations for our experiments.

The estimation of the accuracy is subject to important noise,
due to the jumps incurred by Lαt . To act against this noise,
we first use α ∈ [1.6, 2]. This range is also coherent with es-
timated tail indices in practical settings by Raj et al. (2023a);
Barsbey et al. (2021). Moreover, the accuracy gap is (ro-
bustly) averaged over the last iterations, see Appendix F.2.

As shown in Eq. (17), we use the full dataset S at each
iteration, in accordance with the model that we study in
this paper. Moreover, it has been argued in several studies
(Gurbuzbalaban et al., 2021; Hodgkinson & Mahoney, 2020;
Barsbey et al., 2021) that SGD may create heavy-tailed be-
havior, an effect whose interaction with the noise Lαt would
be unclear. Our setting allows us to isolate the effect of
Lαt on the generalization error. To make our experiments
tractable, we sub-sample 10% of the MNIST and Fashion-
MNIST datasets to run our main experiments. To show that
our theory may stay pertinent in more practical settings, we
estimated our bound when training a FCN5 on the whole
MNIST dataset, with smaller batches, see Appendix F.4.5.

Figure 2. (up) Correlation (Kendall’s τ ) between α and the accu-
racy gap, for different values of d, with a FCN2 trained on MNIST.
The green curve is the average τ over 10 random seeds. The
black curve is the correlation between α and the average accuracy
gap over 10 seeds. (bottom) Accuracy gap with respect to α for
d = 3 · 104 (left) and d = 15 · 104 (right).

Lévy processes simulation. As shown by Eq. (17), the
numerical approximation of ŴS

k requires the simulation of
the Lévy process Lαt , which is estimated by independent
realization of Lα1 . Simulating α-stable Lévy processes is
standard in probabilistic simulation. In our case, we use the
method described by Nolan (2013, Section 1). More pre-
cisely, we sample Lα1 as Lα1 =

√
AG, where G ∼ N (0, Id)

and A is a skewed stable distribution given by:

A ∼ S

(
α

2
, 1, 2 cos

(πα
4

)2/α
, 0

)
,

where S(α, β, c, µ) denotes stable distributions, with β the
skewness parameter and c the scale parameter, see (Duan,
2015) for more details. This model was in particular used
to generate the Lévy processes in Fig. 1.

Results. We test our theory through 3 types of experiments.
We present in this section their results for a FCN2 trained
on MNIST. Appendix F.4 contains additional experiments.

First, on Fig. 2, we compute the correlation between α and
the accuracy gap, measured in term of a Kendall’s τ coef-
ficient4(Kendall, 1938). We use a FCN2 and let the width
vary to compute τ for different values of the dimension d.
The detailed procedure to obtain Fig. 2 can be found in
Appendices F.1 and F.3. We observe that the phase transi-
tion between positive and negative correlation, predicted in
Section 5, happens for a value of the dimension d ≃ 8 · 104,
which we will use to further estimate R. We observe that

4The sign of τ corresponds to the sign of the correlation.
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the positive correlation of the heavy regime seems to be
stronger than the negative correlation of the light regime.
As an additional experiment, we also provide the same plot
as Fig. 2 in Appendix F.4, but using the Pearson correlation
coefficient instead of τ . These results, displayed in Fig. 15,
yield the same empirical results than Fig. 2.

The bound of Theorem 4.4 is computable in practice, we
estimate it by the formula (in that case s = 1/2):

Ĝ :=

√√√√Pαd1−
α
2 γ

nσ1R2−α

N∑
k=1

∥∥∥∇F̂S(ŴS
k )
∥∥∥2. (18)

On Fig. 3, we plot Eq. (18) w.r.t. to the accuracy gap, for
several values of R. We use R = 1 as a default choice,
as R is unknown a priori, it shows, for each value of α, a
good correlation with the accuracy gap. Nonetheless, based
on Fig. 2, conducted with the same setting as Fig. 3, we
can estimate the value of R to be in ≃ [2.8, 7]. If we use
these values in Eq. (18), the observed correlation is much
stronger. If we use a slightly larger value (R = 15), we
see, in Fig. 3, that the correlation becomes almost perfect,
which we interpret as the phase transition being correctly
taken into account. This shows that the right corrective
term in Eq. (49) is indeed of the form R2−α. We note
that the reason why our bound over-estimates the accuracy
gap, is that it increases with T . However, as the bounds
presented in Section 4.3 and Appendix E are time-uniform
and have similar constants and dependence on ∇F̂S as in
Theorem 4.4, we believe that this issue can be alleviated
by extending Theorem 4.4 in a similar direction, which we
leave as an open question.

Finally, to obtain Fig. 4, we fixed σ to 0.01 and let d vary in a
fixed range. Based on Eq. (15), we expect the accuracy error,
denoted GS , to be proportional to d1/2−α/4. This suggests
to perform the linear regression, log(GS) ≃ r̂ log(d) + C,
to compute an estimate α̂ := 2− 4r̂ of the tail-index α. The

Figure 3. Bound estimated from Eq. (18) versus accuracy gap for
a FCN2 on MNIST, for different values of R: 1 (top left), 3 (top
right), 7 (bottom left), 15 (bottom right).

Figure 4. Regression of the tail-index α from the accuracy error,
for a FCN2 trained on MNIST.

blue curve in Fig. 4 shows α̂ in terms of α. This shows a
strong correlation between the estimated and the ground-
truth tail-index, in particular, we retrieve the expected mono-
tonicity. However, α̂ seems to underestimate the true value
of α, by a term independent of α. We suspect that this may
be because other terms in the bound have a dependence on
d, or because our bound is not a strict equality, which we
assumed to compute α̂ from GS .

7. Conclusion
In this paper, we proved generalization bounds for heavy-
tailed SDEs. Our results are the first to be both in high-
probability and computable. Moreover, they allow for a
more flexible setup and have a better dimension-dependence
than existing works. We analyzed the constants appearing
in our theorems, which led us to predict the existence of a
phase transition in terms of the effect of the tail index on the
generalization. We supported our theory with various nu-
merical experiments. Several directions remain to be studied
in the future. In particular, obtaining new functional inequal-
ities, such as presented in Appendix E, could improve the
time-dependence of the bounds. Moreover, understanding
the interaction, between small batches and the stable noise
Lαt , would be a natural extension of the theory.
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Raj, A., Zhu, L., Gürbüzbalaban, M., and Şimşekli, U. Al-
gorithmic Stability of Heavy-Tailed SGD with General
Loss Functions. In International Conference on Ma-
chine Learning (ICML 2023). arXiv, January 2023b. doi:
10.48550/arXiv.2301.11885.

Schertzer, D., Larchev, M., Duan, J., Yanovsky, V. V., and
Lovejoy, S. Fractional Fokker–Planck Equation for Non-
linear Stochastic Differential Equations Driven by Non-
Gaussian Levy Stable Noises. Journal of Mathematical
Physics, 42(1):200–212, January 2001. ISSN 0022-2488,
1089-7658. doi: 10.1063/1.1318734.

Schilling, R. L. Feller Processes Generated by Pseudo-
Differential Operators: On the Hausdorff Dimension of
Their Sample Paths — SpringerLink. Journal of Theoret-
ical Probability, 1998.

Schilling, R. L. An Introduction to Lévy and Feller
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Organization of the appendix: The appendix starts with a short notations section. The remainder of the document is then
organized as follows:

• In Appendix A, some technical background is presented. The technical background is divided into three main topics:
PAC-Bayesian bounds, Lévy processes, and Φ-entropies inequalities. We also include a small subsection on the Euler’s
Γ function.

• Appendix B presents the proof of our version of a PAC-Bayesian generalization bound for subgaussian losses.

• Appendix C is the core of the appendix, we prove the main result, along with all intermediary lemmas, and introduce
the notations necessary to understand those proofs. Moreover, a few additional theoretical results are given, which
are a refinement of the main results. In particular, the extension of the theory to a discrete setting is discussed in
Appendix C.6, while Appendix C.7 presents bounds in the case σ2 > 0, which are different than those of Section 4.1.

• In Appendix D, we provide details on how to obtain the theoretical results of Appendix D.

• In Appendix E, we discuss the time dependence of Corollary 4.2 and Theorem 4.4 and mention that this time dependence
could be largely improved by assuming that a certain class of inequality holds.

• Finally, Appendix F presents some details on the experimental setting, as well as a few additional experiments.

Notations
In order to simplify the notations, we will sometimes omit the x variable when integrating with respect to the Lebesgue
measure in Rd, i.e. we will write invariable

∫
f or

∫
fdx, instead

∫
f(x)dx. These conventions are meant to ease the

notations throughout the paper.

We will use the following convention regarding the Fourier transform, for ϕ : Rd −→ R, regular enough, we set:

Fϕ(ξ) :=
∫
e−ix·ξϕ(x)dx. (19)

The partial derivative ∂/∂t will often be shortened as ∂t. Similarly, ∂i may denote ∂/∂xi.

Let’s also precise some notations introduced in the main part of the document. As mentioned in Section 1, the data space is
denoted Z . More precisely, Z is a measurable space, endowed with a σ-algebra F . The data distribution, µz , is a probability
measure on (Z,F).

A. Technical background
A.1. Information-theoretic terms and PAC-Bayesian bounds

The concept of PAC-Bayesian analysis has been introduced in Section 2.2. In this section, we detail two particular PAC-
Bayesian bounds that we use for the derivation of our main results. For a more detailed introduction to those subjects, the
reader is invited to consult (Alquier, 2021).

We start by defining the information theoretic (IT) quantities appearing in the aforementioned theorems, see (van Erven &
Harremoës, 2014) for more details. Let µ and ν be two probability measures, on the same space, such that µ is absolutely
continuous with respect to ν. We define the Kullback-Leibler (KL) divergence as:

KL (µ||ν) :=
∫

log

(
dµ

dν

)
dµ, (20)

where dµ/dν denotes the Radon-Nykodym derivative between µ and ν.
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Next, we define the Renyi divergences, for some β > 1, as 5:

Dβ (µ||ν) :=
1

β − 1
log

(∫ (
dµ

dν

)β
dν

)
. (21)

By convention, we set D1 (·||·) := KL (·||·), so that, by (van Erven & Harremoës, 2014, Theorem 3), Dβ (·||·) is nondecreas-
ing in β.

In the following, to mimic the notations of the rest of the paper, we consider a probability measure π on Rd and a family of
data-dependent probability measures on Rd, (ρS)S∈Zn , where Z has been defined in Section 1. We mainly require this
family to satisfy the following properties:

1. Absolute continuity: for (almost-)all S, we have ρS ≪ π.

2. Markov kernel property, for all Borel set B ⊂ Rd, the map S 7−→ ρS(B) is F⊗n-measurable. Recall that F is the
σ-algebra on the data space Z .

In the following, as we do in the rest of the paper, we refer to π as a prior distribution, and to ρS as posterior distributions.

The next theorem is a generic PAC-bayesian bound due to Germain et al. (2009).

Theorem A.1 (General PAC-Bayesian bound). Let ζ ∈ (0, 1) and φ : Rd ×Zn → R a measurable function, integrable
with respect to the posterior distributions. With probability at least 1− ζ, over S ∼ µ⊗n

z , we have:

Ew∼ρS [φ(w, S)] ≤ log(1/ζ) + KL (ρS ||π) + logESEw∼π

[
eφ(w,S)

]
,

where the KL divergence has been defined by Eq. (20).

Theorem A.2 (Disintegrated PAC-Bayesian bound). Let ζ ∈ (0, 1) and φ : Rd ×Zn → R a measurable function. With
probability at least 1− ζ, over S ∼ µ⊗n

z and w ∼ ρS , we have:

β

β−1
φ(w, S) ≤ 2β − 1

β − 1
log(2/ζ) + Dβ (ρS ||π) + logESEw∼π

[
e

β
β−1φ(w,S)

]
,

where the Renyi divergence has been defined by Eq. (21).

We give below one particular instance of Theorem A.1, using the notations introduced in Section 1, for µz , S, f , L and L̂S .
This theorem was first proven by (McAllester, 2003; Maurer, 2004).

Theorem A.3. Assume that the objective f is bounded in [0, 1], then, with probability at least 1 − ζ over S ∼ µ⊗n
z , we

have:

EρS

[
L(w)− L̂S(w)

]
≤

√
KL (ρS ||π) + log 2

√
n
ζ

2n
.

A.2. Background on Levy processes and associated pseudo-differential operators

In this section, we introduce some basic notions related to the study of Lévy process. In particular, we insist on the case of
stable Lévy processes and their associated operators, namely the Laplacian and fractional Laplacian. Therefore, we make
the link between the SDE (3) and the PDE (6) as clear as possible for the reader. We will also set up several notations used
throughout the sequel.

A.2.1. LEVY PROCESSES

In this subsection, we recall some basic notions related to Lévy process, in order to make our main results as clear as
possible. The main goal is to get an understanding of Eq. (6). For a more detailed introduction to those subjects, we refer the
reader to (Schilling, 1998; Xiao, 2004; Böttcher et al., 2013).

5There are definitions of Renyi divergences for other values of β, but we won’t need them in this paper, see (van Erven & Harremoës,
2014).
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Definition A.4 (Lévy process). A Lévy process (Lt)t≥0, in Rd, is a stochastic process such that:

• L0 = 0,

• the increments are independents, i.e., for all t1 < · · · < tK , the processes Lti − Lti−1
are independent,

• the increments are stationary, i.e. for 0 ≤ s < t, we have Lt − Ls
d
= Ls, where d

= denotes the equality in distribution,

• the process is stochastically continuous, by which we mean that for any s ≥ 0 and δ > 0, we have:

lim
t→s

P (∥Lt − Ls∥ > δ) = 0.

Equivalently, one can show that stochastic continuity is equivalent to the process having a modification with cadlag paths6,
therefore, the paths of Lévy processes may exhibit jumps.

Levy processes are closely related to the notion of infinitely divisible distributions. A probability distribution is said to be
infinitely divisible if, for any N ∈ N⋆, it can be seen that F is the distribution of the sum of N random variables.

Lévy processes have infinitely divisible distributions7. Following Schilling & Schnurr (2010, Corollary 2.5), it can be
deduced that their characteristic function can be expressed as (with ξ ∈ Rd):

E
[
eiξ·Lt

]
= e−tψ(ξ),

where the function ψ is called the characteristic exponent. It characterizes the Lévy process (Lt) and plays a great role in
our analysis.

The following theorem is the fundamental result in the study of characteristic exponents. In particular, it introduces the
notion of Lévy measure, which we use repeatedly. Several conventions or notations may exist for this formula, we follow
those of (Böttcher et al., 2013, Theorem 2.2).

Theorem A.5 (Lévy-Khintchine formula). Let (Lt)t≥0 be a Lévy process as above. The characteristic exponent of L has
the following form:

∀ξ ∈ Rd, ψ(ξ) = −il · ξ + 1

2
ξ ·Qξ +

∫
Rd\{0}

(
1− eiz·ξ + iξ · zχ(∥z∥)

)
dν(z),

where l ∈ Rd, Q ∈ Rd×d is a symmetric positive semi-definite matrix and ν is a positive measure on Rd\ {0} such that∫
Rd\{0}

min(1, ∥z∥2)dν(z) < +∞.

Finally, χ is a truncation function, such that χ(s) and sχ(s) are bounded and there exists a constant κ > 0 such that
0 ≤ 1− χ(s) ≤ κmin(1, s).

The triplet (l, Q, ν) is called the Lévy triplet associated to L, and ν is the Lévy measure.

Remark A.6. As it is mentioned in (Böttcher et al., 2013, Theorem 2.2), the truncation function χ is arbitrary and only
influences the drift l ∈ Rd. In our paper, we only consider Lévy process and infinitely divisible distributions with no drift
(i.e. l = 0), the choice of χ therefore has no impact. A typical choice would be χ(s) = min(1, s2).
Remark A.7. It is clear, from the above discussion, that any infinitely divisible distribution can be associated with a Lévy
triplet, as in Theorem A.5.
Example A.8 (Brownian motion). The Lévy triplet (0, Id, 0) corresponds to the standard Brownian motion in Rd, denoted
(Bt)t≥0.

We end this subsection by defining stable Lévy processes, which are the main object of our study, see (Böttcher et al., 2013,
Example 2.4.d).

6cadlag means right continuous and having a left limit everywhere.
7This is an equivalence: every infinitely divisible distribution is naturally associated with a Lévy process.
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Definition A.9 (Stable Lévy processes). Let α ∈ (0, 2], the (isotropic) α-stable Lévy process (Lαt )t≥0, is defined by the
following expression of its characteristic exponent: ψ(ξ) = normofξα. Its Lévy triplet is given by:

• If α = 2, then the triplet is (0, 2Id, 0), in which case we have L2
t =

√
2Bt.

• If α ∈ (0, 2), the triplet is (0, 0, να), with:

dνα(z) := Cα,d
dz

∥z∥d+α
, Cα,d := α2α−1π−d/2 Γ

(
α+d
2

)
Γ
(
1− α

2

) . (22)

A.2.2. GENERATOR OF THE SEMIGROUP AND FRACTIONAL LAPLACIAN

In this subsection, we introduce the notion of fractional Laplacian. This is related to the study of Lévy processes through the
notion of ”infinitesimal generator of the semigroup”, which we first define.

Given a temporally homogeneous Markov process (Xt)t≥0 we define its semigroup (Pt)t≥0 (Xiao, 2004; Schilling, 2016),
as the following operators, defined for bounded measurable function f :

Ptf(x) = E
x[f(Xt)],

where Ex denotes the initialization of the process at x (i.e. conditionally on X0 = x).

If X is a Lévy process, or more generally a Feller process, see (Schilling, 2016), such a semigroup is characterized by its
infinitesimal generator.

Definition A.10. Let C0
∞(Rd) be the space of continuous functions vanishing to zero at infinity. As soon as it exists, we

define the generator of the semigroup (Pt)t as the ensuing limit:

Af(x) := lim
t→0

Ptf − f

t
,

where the limit is understood in the uniform norm on C0
∞(Rd). The domain of the generator, denoted D(A) ⊂ C0

∞(Rd), is
the set of functions for which the above limit is defined8.

It is known that the generator of L2
t =

√
2Bt is Aϕ = ∆ϕ, where ∆ denotes the Laplacian. Following (Böttcher et al.,

2013; Duan, 2015; Umarov et al., 2018), we can express the generator of (Lαt ), for α ∈ (0, 2), on the appropriated domain,
which at least contains C∞

c (Rd)9,

Aϕ(x) = Cα,d

∫
Rd

(ϕ(x+ z)− ϕ(x)−∇ϕ(x) · zχ(∥z∥)) dνα(z), (23)

with the same notations as in Definition A.9. Following (Lischke et al., 2019; Umarov et al., 2018), Eq. (23) is one of
the possible equivalent definitions of the fractional Laplacian. Note that the term fractional Laplacian is actually an abuse
of notations, the correct terminology would be the negative fractional negative Laplacian, as we can see in the following
definition:

− (−∆)
α
2 ϕ(x) := Cα,d

∫
Rd

(ϕ(x+ z)− ϕ(x)−∇ϕ(x) · zχ(∥z∥)) dνα(z), (24)

Remark A.11 (Equivalent definitions of (−∆)
α
2 ). There are several equivalent definitions of the fractional Laplacian, we

refer the reader to (Lischke et al., 2019; Teymurazyan, 2023) for all details. We only mention two that are commonly used:

• Principal value integral this is the definition used by Raj et al. (2023b), even though their sign convention is different:

(−∆)
α
2 ϕ(x) = Cα,d lim

ϵ→0

∫
Rd\Bϵ(0)

u(x)− u(x+ z)

∥z∥d+α
dz.

• Fourier transform representation: F((−∆)
α
2 ϕ)(ξ) = ∥ξ∥α Fϕ(ξ).

8When the context allows it, the generator may be naturally extended to other spaces.
9C∞

c (Rd) denotes the set of infinitely many times differentiable functions with compact support.
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A.2.3. LÉVY-DRIVEN DIFFUSIONS

In this subsection, we consider a function V : Rd −→ R, which we call potential function. We consider the following
stochastic differential equation (SDE):

dXt = −∇V (Xt)dt+ σ1dL
α
t + σ2

√
2dBt, (25)

with α ∈ (0, 2). This equation admits a strong solution (in the Itô sense), as soon as V is smooth, i.e. it satisfies
Assumption 3.2, see (Schilling & Schnurr, 2010).

Let us denote by ρ = ρ(t, x) the probability density of the process X . Under certain regularity conditions, this function ρ is
known to satisfy the following Fokker-Planck equation, at least in a weak sense (i.e. in the sense of distributions):

∂tρ = ∇ · (ρ∇V ) + I [ρ] , (26)

with the operator ρ being defined using the self adjoint operator of the driving process of Eq. (25) as:

I [ρ] = σ2
2∆ρ+ Cα,dσ

α
1

∫
(ρ(x+ z)− ρ(x)−∇ρ(x) · zξ(∥z∥)) dνα(z), (27)

Eq. (26) is exactly Eq. (6), with V = FS .

We will use the self-adjointness of such an operator, recalled in the following lemma, of which the reader may find more
precise formulations in (Gentil & Imbert, 2008; Lischke et al., 2019; Tristani, 2013).

Lemma A.12. As soon as it is well defined, the operator I , defined by Eq. (27) is self-adjoint, i.e. for φ and ψ, regular
enough, we have: ∫

φI [ψ] dx =

∫
ψI [φ] dx.

We now discuss the validity of this equation in the following two remarks. Those remarks may be skipped without hurting
the general understanding of the paper. They are meant to explain what needs to be assumed to be as rigorous as possible in
our treatment of the fractional Fokker-Planck equation.
Remark A.13 (Justification of the equation). Using the main result of Kühn (2018), it can be argued that, under Assump-
tion 3.2, X is a Feller process. Its generator can be expressed as (Schilling & Schnurr, 2010; Duan, 2015; Umarov et al.,
2018):

Aϕ(x) = −∇V (x) · ∇ϕ(x) + σ2
2∆ϕ(x)− σα1 (−∆)

α
2 ϕ(x).

If we denote by (Pt)t the semi-group associated with X , then we have the Kolmogorov backward equation, for f in the
generator D(A) of A:

d

dt
Ptf = APtf = PtAf,

taking the L2-adjoint of this equation leads to ∂tρ = A⋆ρ (at least in a weak sense). A direct computation of the adjoint A⋆,
using properties of the fractional Laplacian, leads to Eq. (26).
Remark A.14 (Validity of Eq. (26)). Let us quickly discuss the domain of validity of the Fokker-Planck equations considered
in this paper. We are in particular interested in the (local) regularity of the potential solutions, as they are necessary to give
meaning to several computations made in our proofs. Let us first mention that in the simpler case of a quadratic potential,
the regularity easily comes from the analytic solution of such equations (Lafleche, 2020). Moreover, equations such as
Eq. (26) are known to have regularization properties and have the ability to generate smooth solutions.

More precisely, as it is mentioned in (Umarov et al., 2018), under regularity assumptions, it is known that such an equation
is satisfied in a weak sense, namely in the sense of distributions (Halperin & Schwartz, 1952). Therefore, one may ask
whether smooth solutions do actually exist. Smoothness in the x variable has been proven for the Ornstein-Uhlenbeck drift
by (Xie et al., 2015). Space-time regularity has been proven in (Imbert, 2005) in the case of a bounded force field ∇FS . An
example of space regularity was achieved in the case of a force field with bounded derivatives of positive order, in (Wang &
Duan, 2017). Finally, let us mention the work of (Lafleche, 2020), which provides further regularity conditions.
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A.3. Logarithmic Sobolev inequalities and Φ-entropy inequalities

Logarithmic Sobolev inequalities (LSI) and Poincaré inequalities are central tools in probability theory. LSIs were historically
introduced by Gross (1975) and have famously been applied to the analysis of Markov processes (Bakry et al., 2014), the
study of evolution equations (Markowich & Villani, 2004), and have been connected to optimal transport and geometry
(Villani, 2009). For a short introduction, the reader may consult the tutorials (Chafai, 2004; Chafai & Lehec, 2017). In this
section, we quickly introduce a few of these results, with an emphasis on a generalization to infinitely divisible distributions,
playing an important role in our study.

A.3.1. THE CLASSICAL INEQUALITIES

We first quickly recall the classical Poincaré inequality and LSI. They hold for the standard Gaussian measure10, defined by
γd = N (0, Id). We first give Poincaré inequality:
Theorem A.15. Let f be a function such that ∇f ∈ L2(γd), we have:∫

Rd

f2dγd −
(∫

Rd

fdγd

)2

≤
∫
Rd

∥∇f∥2 dγd.

Example A.16. If we define the convex function Φ(x) = Φ2(x) :=
x2

2 , as in Section 4.3, then the left hand side of the
inequality of Theorem A.15 can be understood as 2EntΦγd (f).

The next theorem is the classical LSI for the Gaussian measure γd:
Theorem A.17. Let f ∈ C1(Rd, R) be non-negative and integrable, then we have, for Φ(x) = Φlog(x) = x log(x):

EntΦγd (f) ≤
1

2

∫
Rd

∥∇f∥2

f
dγd.

Example A.18. With the convex function Φ used in the above theorem, the right-hand side of the inequality is, up to the
constant, the Fisher information, which we call Φ-information in Lemma 4.1.

A.3.2. GENERALIZATION TO INFINITELY DIVISIBLE DISTRIBUTIONS

Part of our analysis is based on a generalization of those inequalities to infinitely divisible distributions. Let us recall that
those distributions have been defined in Appendix A.2 and can be equivalently seen as the distribution of Lévy processes.
This is how we connect those inequalities to our theory.

Let us first recall the definition of Φ-entropies, i.e. Definition 2.2.
Definition 2.2 (Φ-entropies). Let µ be a non-negative measure on Rd and Φ : R+ −→ R be a convex function. Then, for a
g : Rd −→ R+, such that g,Φ(g) ∈ L1(µ), we define:

EntΦµ (g) :=

∫
Φ(g) dµ− Φ

(∫
g dµ

)
.

Note that, by Jensen’s inequality, such a term is always non-negative.

The following theorem was proved by Wu (2000) and Chafai (2004), it generalizes Poincaré and logarithmic Sobolev
inequalities to infinitely divisible distributions.
Theorem A.19 (Generalized LSI). Let µ be an infinitely divisible law on Rd, with associated triplet denoted (b,Q, ν), in
the sense of Theorem A.5. We further assume that Φ : R+ −→ R is a convex function that satisfies the following set of
assumptions: {

(u, v) 7−→ Φ(u+ v)− Φ(v)− uΦ′(v) is convex on its domain of definition

(u, x) 7−→ Φ′′(u)x ·Qx is convex on its domain of definition.
(28)

Then, for every smooth enough function v, we have:

EntΦū∞
(v) ≤ 1

2

∫
Φ′′(v)∇v ·Q∇v dµ+

∫∫
DΦ(v(x+ z), v(x))dν(z)dµ(x).

10Using very simple arguments, it holds for every Gaussian, up to changes in the constants.
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Note that, when µ = γd, then its Lévy triplet is (0, Id, 0), so that Theorem A.19 implies Theorems A.15 and A.17. The
assumptions given by (28) where in particular identified by (Chafai, 2004) and (Gentil & Imbert, 2008), they contain in
particular the functions x 7→ x log(x) (so that we recover the usual LSI in the Gaussian case), and the functions x 7→ xp,
with 1 < p ≤ 2, which is the case we will consider in this study.

A.4. Some properties of the Gamma function

The Euler gamma function is classically defines by:

∀x > 0, Γ(x) =

∫ ∞

0

tx−1e−tdt.

It has a natural extension to C\(−N). In this subsection, we give a few properties of this function, which will be useful to
prove the results of Section 5 in Appendix D.

One particular value:

Γ

(
1

2

)
=

√
π.

Lemma A.20 (Euler’s reflection formula). For all z ∈ R\Z, we have:

Γ(1− z)Γ(z) =
π

sin(πz)
.

Lemma A.21 (Stirling’s formulas). We have have the two following asymptotic formulas:

Γ(x+ 1) ∼
x→∞

√
2πx

(x
e

)x
,

and, for all11 α ∈ R:

Γ(x+ α) ∼
x→∞

Γ(x)xα.

B. A PAC-Bayesian bound for sub-gaussian losses
In this section, we give proof of a PAC-Bayesian bound, which applies to sub-gaussian losses. The notations for Z , S, µz , ℓ,
L and L̂S are the same as in Section 1, i.e.:

L(w) := Ez∼µz
[ℓ(w, z)] , , L̂S(w) :=

1

n

n∑
i=1

ℓ(w, zi),

with S = (z1, . . . , zn) ∈ Zn. We consider a prior distribution π as well as a family of posterior distributions, as it has been
introduced in Appendix A.1.

By Theorem A.3, which has been proven by McAllester (2003); Maurer (2004), we know that with probability at least 1− ζ
under S ∼ µ⊗n

z , we have:

EρS

[
L(w)− L̂S(w)

]
≤

√
KL (ρS ||π) + log 2

√
n
ζ

2n
.

Unfortunately, to the best of our knowledge, no such bounds (i.e. without the variable λ like in Theorems A.1 and A.2),
exist for sub-gaussian losses, which is the assumption we make in our paper. As an additional theoretical contribution, we
present the following PAC-Bayesian bound for sub-gaussian losses. We believe it may be useful for other works.
Theorem B.1. We assume that f is s2-subgaussian, in the sense of Assumption 3.1. Then, with probability at least 1− ζ
under S ∼ µ⊗n

z , we have:

EρS

[
L(w)− L̂S(w)

]
≤ 2s

√
KL (ρS ||π) + log 3

ζ

n
.

11This formula is actually true for all α ∈ C, considering the extension of the Γ function into the complex plane.
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Proof. The proof follows very closely that of (Vershynin, 2020, Proposition 2.5.2), which we adapt to our particular case to
exhibit the exact absolute constants.

We start by fixing 0 < a < 1/(2s2) and applying Theorem A.1 to the function ϕ(w, S) := an
(
L(w)− L̂S(w)

)2
, which

gives that, with probability at least 1− ζ under S ∼ µ⊗n
z :

anEρS

[(
L(w)− L̂S(w)

)2]
≤ KL (ρS ||π) + log(1/ζ) + logEπES

[
ean(L(w)−L̂S(w))

2]
.

The above holds as soon as the last term is defined and finite, this will be an outcome of our computations. Let us denote
∆ := |L(w)− L̂S(w)| and estimate the expected exponential term, by Tonelli’s theorem:

ES

[
ean∆

2
]
= 1 +

∞∑
k=1

aknk

k!
ES
[
∆2k

]
.

Let us fix some p > 1, we note that we have:

ES [∆
p] =

∫ ∞

0

P (∆p ≥ ϵ) dϵ

Now, by Hoeffding’s inequality and several changes of variables, we have:

ES [∆
p] ≤

∫ ∞

0

P
(
∆ ≥ ϵ1/p

)
dϵ

≤ 2

∫ ∞

0

e−
nϵ2/p

2s2 dϵ

= p

∫ ∞

0

e−
nv
2s2 v

p
2−1dv

= p

(
2s2

n

)p/2 ∫ ∞

0

e−tt
p
2−1dt

= p

(
2s2

n

)p/2
Γ
(p
2

)
= 2

(
2s2

n

)p/2
Γ
(
1 +

p

2

)
,

were the last two inequalities follow from the definition and properties of the Γ function, as stated in Appendix A.4. If we
plug this into our previous computations, we find that:

ES

[
ean∆

2
]
≤ 1 + 2

∞∑
k=1

(
2s2

n

)k
aknk

k!
k!

≤ 1 + 2

∞∑
k=1

(2s2a)k

= 1 + 2
2s2a

1− 2s2a
,

where the last line holds because we assumed 2as2 < 1. We now make the following particular choice a := 1/(4s2) and
we get:

ES

[
ean∆

2
]
≤ 3.

Now, by Jensen’s inequality and Fubini’s theorem, this implies that, with probability at least 1− ζ over S ∼ µ⊗n
z :

n

4s2
EρS

[
L(w)− L̂S(w)

]2
≤ KL (ρS ||π) + log(1/ζ) + log(3),

which immediately implies the desired result.
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Remark B.2. If we assume, as in Theorem A.3, that the function f is bounded in [0, 1], then, by Hoeffding’s lemma, f is
s2-subgaussian with s = 1/2. Therefore, our bound implies:

EρS

[
L(w)− L̂S(w)

]
≤

√
KL (ρS ||π) + log 3

ζ

n
,

which has a slightly less good constant than Theorem A.3, but we improve the term log(2
√
n) into log(3).

By combining the previous computations with the disintegrated bound of Theorem A.2, we immediately obtain:
Theorem B.3. We assume that f is s2-subgaussian, in the sense of Assumption 3.1. Then, with probability at least 1− ζ
under S ∼ µ⊗n

z and w ∼ ρS , we have:

L(w)− L̂S(w) ≤ 2s

√
D2 (ρS ||π) + log 24

ζ3

n
.

C. Proofs of the main theorems and additional results
In all the proofs, we use the following notation:

I [u] = σ2
2∆u+ Cα,dσ

α
1

∫
(u(x+ z)− u(x)−∇u(x) · zξ(∥z∥)) dνα(z),

Note that this is the generator of the process driving Equation (3), e.g. σ2Bt + σ1L
α
t . We will use the following notations

for the drift terms:

VS(w) = F̂S(w) +
η

2
∥w∥2 , V (w) =

η

2
∥w∥2 .

We use the notations uSt , ū∞, ρ
S
t , π and vSt in the same way as they have been introduced in Section 2. Moreover, we remind

the reader that we often denote v instead of vSt , and u instead of uSt , the dependence in the time t and the data S being
implicit.

C.1. The main decomposition

Before proving our main results, we define the Bregman divergence, associated with a convex function Φ. We will use it
repeatedly in our proofs and statements. This notion also justifies that we call the term BαΦ, appearing in Lemma 4.1, the
”Bregman” integral.
Definition C.1. Given a convex interval I and Φ : I −→ R a convex function, we define the Bregman divergence as:

DΦ(a, b) := Φ(a)− Φ(b)− Φ′(b)(a− b).

We first prove Lemma 4.1, which is the main decomposition that we use, in order to derive our main results. This result
follows the computations of Gentil & Imbert (2008), which are adapted to the comparison of two dynamics.
Lemma 4.1 (Decomposition of the entropy flow). Given a convex and differentiable function Φ : (0,∞) −→ R, we make
Assumptions 3.3 and 3.4, relatively to this function Φ.

d

dt
EntΦū∞

(
vSt
)
= −σ2

2IΦ(v
S
t )− σα1B

α
Φ(v

S
t )

−
∫

Φ′′(vSt )v
S
t ∇vSt · ∇F̂S ū∞dx,

where IΦ(v) :=
∫
Φ′′(v) ∥∇v∥2 ū∞dx is called the Φ-information, and BαΦ(v) is called the Bregman integral, which will

be formally defined in Appendix C.1.

Before proving this theorem, let us give the complete expression of the Bregman term BαΦ(v). It is given by the following
formula:

BαΦ(v) = Cα,d

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx.
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Proof. In all the proof, we omit the time dependence of u and v, as already mentioned above. Let us first recall the
Fokker-Planck equation satisfied by u. Rewritten with the notations of this section, this equation is:

∂tu = I [u] +∇ · (u∇VS).

Similarly, the stationary Fokker-Planck equation satisfied by ū∞ is:

0 = I [ū∞] +∇ · (ū∞∇V ).

We finally remind the reader that v := u/ū∞. Using the definition of v and the FPE of u and ū∞, we have:

∂tv =
1

ū∞
(I [ū∞v] +∇ · (ū∞v∇VS))

=
1

ū∞
(I [ū∞v] +∇ · (ū∞v∇V )) +

1

ū∞
∇ · (ū∞v∇(VS − V ))

Therefore, the entropy flow is equal to:

d

dt
EntΦū∞

(v) =
d

dt

∫
Φ(v)ū∞

=

∫
Φ′(v)ū∞∂tvdx

=

∫
Φ′(v) (I [ū∞v] +∇ · (ū∞v∇V )) dx+

∫
Φ′(v)∇ · (ū∞v∇(VS − V ))dx

=: A1 +A2.

Note that the derivation under the integral is perfectly justified, from our Φ-regularity assumption.

Using the self-adjointness of I (see Appendix A.2) and the integration by parts formula, we have:

A1 =

∫
I [Φ′(v)] vū∞dx−

∫
Φ′′(v)vū∞∇v · ∇V dx.

Now we use the formula rΦ′′(r) = (rΦ′(r)− Φ(r))′ and get:

A1 =

∫
I [Φ′(v)] vū∞dx+

∫
(vΦ′(v)− Φ(v))∇ · ū∞∇V dx

=

∫
I [Φ′(v)] vū∞dx−

∫
(vΦ′(v)− Φ(v))I [ū∞] dx

=

∫
(I [Φ′(v)] v − I [vΦ′(v)] + I [Φ(v)]) ū∞dx.

Therefore, we have to compute the quantity f(v) := I [Φ′(v)] v − I [vΦ′(v)] + I [Φ(v)]. Using the definition of I , we get:

f(v) = σ2
2 (v∆Φ′(v)−∆(vΦ′(v)) + ∆Φ(v))

+Cα,dσ
α
1

∫ {
v(x)Φ′(v(x+ z))− v(x)Φ′(v(x))− v(x)∇Φ′(v(x)) · zχ(∥z∥)

− v(x+ z)Φ′(v(x+ z)) + v(x)Φ′(v(x)) +∇(vΦ′(v))(x)) · zχ(∥z∥)
+ Φ(v(x+ z))− Φ(v(x))−∇(Φ(v))(x) · zχ(∥z∥)

}
dνα(z).

which is equal, after easy computations, to:

f(v) = −σ2
2Φ

′′(v) ∥∇v∥2 − Cα,dσ
α
1

∫
DΦ(v(x), v(x+ z))dνα(z).

Therefore:

A1 = −σ2
2

∫
Φ′′(v) ∥∇v∥2 ū∞dx− Cα,dσ

α
1

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx.
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for the second term, we have:

A2 =

∫
Φ′(v)∇ · (ū∞v∇(VS − V ))dx

= −
∫

Φ′′(v)vū∞∇v · ∇(VS − V )dx.

The result follows.

In the sequel, the quantity d
dtEntΦū∞

(v) will be called entropy flow.

Remark C.2. If, in Equations (6) and (7), we where using the multifractal process, σ
√
2dBt +

∑N
i=1 σiL

αi
t , instead of√

2σ2Bt + σ1L
α
t , then the result would become:

d

dt
EntΦū∞

(v) = −σα
∫

∥∇v∥2

v
ū∞dx−

N∑
i=1

Cαi,dσ
αi
i

∫∫
DΦ(v(x), v(x+ z))ū∞dναi(z)dx−

∫
∇v · ∇F̂S ū∞.

C.2. Proof of Corollary 4.2

An easy consequence of Lemma 4.1 is the following generalization bound, namely Corollary 4.2, which was first stated in
Section 4.1. It holds only when σ2 > 0.
Corollary 4.2. We make Assumption 3.3 and 3.4. With probability at least 1− ζ over µ⊗n

z , we have:

GS(T ) ≤ s

√
1

nσ2
2

I(T, S) + 4
log(3/ζ) + Λ

n
,

where Λ := KL (ρ0||π) and I is defined by:

I(T, S) :=

∫ T

0

EU

∥∥∥∇F̂S(WS
t )
∥∥∥2dt. (11)

Proof. Thanks to Theorem B.1, we have, for a time t and ζ ∈ (0, 1), with probability at least 1− ζ over S ∼ µ⊗n
z , that:

EρtS

[
L(w)− L̂S(w)

]
≤ 2s

√
KL (ρtS ||π) + log(3/ζ)

n
,

where the posterior ρtS is the distribution with density x 7→ u(t, x), described by Equation (6), and the prior π is the
distribution with density ū∞. Now we set Φ(u) = u log(u), so that we have Φ′′(u) = 1/u and, if v = u/ū∞:

EntΦū∞
(v) = KL

(
ρtS ||π

)
.

Therefore, by Theorem 4.1, we have:

d

dt
KL
(
ρtS ||π

)
= −σ2

2

∫
∥∇v∥2

v
ū∞dx− Cα,dσ

α
1

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

∫
∇v · ∇(V − VS)ū∞.

Using the non-negativity of the Bregman divergence of the convex function Φ, along with Cauchy-Schwarz and Young’s
inequalities, we have, for any constant C > 0:

d

dt
KL
(
ρtS ||π

)
≤ −σ2

2

∫
∥∇v∥2

v
ū∞dx+

C

2

∫
∥∇v∥2

v
ū∞dx+

1

2C

∫
∥∇V −∇VS∥2 u

Note that Assumptions 3.3 and 3.4 ensure that the above integrals are finite.

By choosing C = 2σ2
2 and using the definition of u and ρtS , we then have, with Λ := KL

(
ρ0S ||π

)
= KL (ρ0||π):

KL
(
ρtS ||π

)
≤ Λ +

1

4σ2

∫ t

0

EρuS

[
∥∇V (w)−∇VS(w)∥2

]
du.

Finally, the results immediately follows by applying Theorem B.1, as described at the beginning of the present proof.
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C.3. Bounds on the Bregman integral - introduction of the functional JΦ,v

The previous computations are interesting, but we can note that the tail index α, as well as a scale σ1 of the heavy-tailed
noise, play no role in the derived bound. In particular, this approach cannot help us to derive bounds that hold in the case
σ2 = 0, i.e. a pure heavy-tailed dynamics. This section is meant to introduce the main tools for a step toward this direction.
In particular, it is in this section that we justify the introduction of the functional JΦ,v of Section 4.2. In this section, we fix
Φ(x) = Φlog(x) = x log(x), while some computatios are valid in a more general setting, see C.8.

We first remark that, if we want the integral term of Corollary 4.2 to appear in the bound (in order to have a strongly
interpretable bound), namely, ∫ T

0

EU

[∥∥∥∇F̂S(WS
t )
∥∥∥2] dt,

then we can still use Young’s inequality on the last term of Lemma 4.1, and write that, for any C > 0:

∫
∇v · ∇(V − VS)ū∞ ≤ C

2

∫
∥∇v∥2

v
ū∞ +

1

2C

∫
∥∇(V − VS)∥2 u.

Therefore, in order to improve our bounds, we need to understand how the Bregman divergence integral can be used to
compensate for the Fisher information given by

∫ ∥∇v∥2

v ū∞. The following lemma is a first step toward that direction.
Lemma C.3 (Spherical representation of the Bregman divergence integral). With the same notations and assumptions as in
Theorem 4.1 and with Φ(x) = x log(x), we have, for all R ∈ (0,+∞]:∫∫

DΦ(v(x), v(x+ z))ū∞dνα(z)dx ≥
∫ R

0

∫ r

0

∫ r

s

∫ ∫
Sd−1

θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)
ū∞(x)dθdxduds

dr

rα+1
.

If R = +∞, then this is even an equality.

The proof of the following lemma is based on a second-order approximation of the Bregman integral appearing in the
Bregman integral term above. Such computations were first hinted by (Chafai, 2004; Chafaı̈, 2006), in particular through the
notion of “Φ-calculus”.

Proof. We use a spherical change of coordinates in Rd, along with the fact that dνα(z) = ∥z∥−d−α dz.∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx =

∫ ∫
Sd−1

∫ ∞

0

DΦ(v(x), v(x+ rθ))ū∞(x)
dr

rα+1
dθ dx.

Let us fix some R > 0. By Tonelli’s theorem and the positivity of the Bregman divergence, we can write that:∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx ≥

∫ R

0

∫
Sd−1

∫
Rd

DΦ(v(x), v(x+ rθ))ū∞(x)dxdθ
dr

rα+1
.

Let us fix x, r and θ, by the Φ-regularity assumption, we have that v is differentiable, therefore, we have:

DΦ(v(x), v(x+ rθ)) = Φ(v(x))− Φ(v(x+ rθ))− Φ′(v(x+ rθ))(v(x)− v(x+ rθ))

= −
∫ r

0

Φ′(v(x+ sθ))θ · ∇v(x+ sθ)ds+Φ′(v(x+ rθ))

∫ r

0

θ · ∇v(x+ sθ)ds

=

∫ r

0

θ · ∇v(x+ sθ) (Φ′(v(x+ rθ))− Φ′(v(x+ sθ))) ds

=

∫ r

0

∫ r

s

θ · ∇v(x+ sθ)Φ′′(v(x+ uθ))θ · ∇v(x+ uθ)du ds

Now we use the fact that Φ(x) = x log(x), hence Φ′′(x) = 1/x, which gives:

DΦ(v(x), v(x+ rθ)) =

∫ r

0

∫ r

s

θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)
du ds,
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Finally, thanks to the Φ-regularity assumption, the function:

x 7−→ θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)
ū∞(x),

is integrable for each (s, u, θ), moreover, by the dominated convergence theorem and the Φ-regularity assumption, the
function:

(s, u, θ) 7−→
∫
Rd

∣∣∣∣θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)

∣∣∣∣ ū∞(x)dx,

is continuous. Now, as we integrate those variables over compact sets, we have:∫
Sd−1

∫ r

0

∫ r

s

∫
Rd

∣∣∣∣θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)

∣∣∣∣ ū∞(x)dxdudsdθ < +∞.

The result follows from the application of Fubini’s theorem.

The term appearing in the above lemma resembles a lot the Fisher information,

Jv :=

∫
∥∇v∥2

v
ū∞. (29)

Note that, with Φ(x) = x log(x), which is the case in all this section, we have, as introduced in Section 2:

IΦ(v) = Jv.

This justifies the introduction of the following notion of ”spherical information”.

Definition C.4 (Spherical Fisher information). For r ≥ 0, we introduce the following spherical Fisher information, for
r > 0:

Jv(r) :=
2d

r2σd−1

∫ r

0

∫ r

s

∫
Rd

∫
Sd−1

θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)
ū∞(x)dθdxduds,

where σd−1 is the surface area of the (d− 1)-dimensional hyper-sphere Sd−1 ⊂ Rd, it is given by:

σd−1 =
2πd/2

Γ(d/2)
. (30)

Jv is the function JΦ,v introduced in the main part of the paper, for the particular case Φ(x) = x log(x).

The following lemma justifies the normalization used in this definition.

We also define:

g(s, u) =

∫
Rd

∫
Sd−1

θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)
ū∞(x)dθdx

We will denote by ∂g/∂s (resp. ∂g/∂u) the partial derivative of g with respect to its first (resp. second) variable.

Lemma C.5. Under Assumption 3.3, g is differentiable in the second variable and both g and ∂g
∂u are jointly continuous in

(s, u) ∈ R2
+.

Proof. This follows from the Φ-regularity condition. More precisely, let us denote:

h(s, u;x, θ) =
θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)
ū∞(x).
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By the Φ-regularity condition, we know that this function is continuous in (s, u). Moreover, let V ⊂ R2
+ be a bounded

open set of R2
+. By the Φ-regularity condition, the mappings (s, u) 7−→ |h(s, u;x, θ)| are uniformly dominated on V by a

function χV ∈ L1(Sd−1 ×Rd). Therefore, by the dominated convergence theorem, we have the joint continuity of g.

Now, again by the Φ-regularity condition, h is differentiable in the second variable and, u, and the partial derivatives ∂g
∂u are

uniformly (w.r.t. (s, u) ∈ V ) dominated by a function in L1(Sd−1 ×Rd). Therefore, we can differentiate under the integral
sign and get that g is differentiable in its second variable, u.

We get the joint continuity of ∂g
∂u by a very similar argument than before, it is again a consequence of our Φ-regularity

condition.

Remark C.6. The Φ-regularity assumption, Assumption 3.3, has been designed, in particular, to get enough regularity of this
function g, which is a central tool in our proofs. This is the central reason why we need that much regularity of the functions
vt.
Lemma C.7. The function Jv(r) can be continuously extended to [0,+∞), by setting:

Jv(0) = Jv =

∫
∥∇v∥2

v
ū∞,

the obtained function is still denoted Jv .

Proof. We first compute:

g(0, 0) =

∫
Rd

∫
Sd−1

(θ · ∇v(x))2

v(x)
ū∞(x)dθdx.

As the distribution that is considered on the sphere is the uniform distribution, the invariance by rotation, along with Tonelli’s
theorem, implies that:

g(0, 0) =

∫
∥∇v∥2

v
ū∞dx

∫
Sd−1

θ21dθ.

Now we easily compute: ∫
Sd−1

θ21dθ =
1

d

∫
Sd−1

d∑
i=1

θ2i dθ =
1

d

∫
Sd−1

dθ =
σd−1

d
,

so that:

g(0, 0) =
σd−1

d

∫
∥∇v∥2

v
ū∞dx.

Let us now define the following function:

H(r) :=

∫ r

0

∫ r

s

g(s, u)duds =

∫ r

0

∫ u

0

g(s, u)dsdu

It is clear that H(0) = 0 and that:

H ′(r) =

∫ r

0

g(s, r)ds.

Therefore we also have H ′(0) = 0. Let us fix some a > 0, from the Φ-regularity condition, we justify that the function
g(s, u) and ∂g

∂u are continuous, and therefore uniformly continuous on the compact [0, a] × [0, a] (by Heine’s theorem).
Thus, let us fix some ϵ > 0 and compute, for 0 ≤ r < a:

H ′(r + ϵ)−H ′(r)

ϵ
=

1

ϵ

∫ r+ϵ

r

g(s, r + ϵ)ds+
1

ϵ

∫ r

0

(g(s, r + ϵ)− g(s, r))ds

=
1

ϵ

∫ r+ϵ

r

g(s, r)ds+
1

ϵ

∫ r+ϵ

r

(g(s, r + ϵ)− g(s, r))ds+
1

ϵ

∫ r

0

(g(s, r + ϵ)− g(s, r))ds
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For the first term, we clearly have, by definition of the derivative:

1

ϵ

∫ r+ϵ

r

g(s, r)ds −→
ϵ→0

g(r, r).

From the fact that ∂
∂u is continuous, on [0, a]× [0, a], we deduce that it also uniformly continuous on this set. Therefore, we

have: ∣∣∣∣1ϵ
∫ r+ϵ

r

(g(s, r + ϵ)− g(s, r))ds

∣∣∣∣ ≤ ϵ

∥∥∥∥ ∂∂u
∥∥∥∥
L∞([0,a]2)

−→
ϵ→0

0.

From the dominated convergence, thanks to Lemma C.5, we can differentiate under the integral sign and get that:

1

ϵ

∫ r

0

(g(s, r + ϵ)− g(s, r))ds −→
ϵ→0

∫ r

0

∂g

∂u
(s, r)ds.

Finally, we have: H ′′(0) = g(0, 0). This also implies:

Jv(r) =
2d

r2σd−1
H(r) −→

r→0

2d

σd−1

1

2
g(0, 0) = Jv =

∫
∥∇v∥2

v
ū∞.

This is the desired result.

We therefore have the following integral representation of the Bregman integral term:∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx =

σd−1

2d

∫ ∞

0

Jv(r)
dr

rα−1
. (31)

Note moreover that, by non-negativity of the Bregman divergence, the function Jv is non-negative.

With the notations of Lemma 4.1, we have:

BαΦ(v) = Cα,d
σd−1

2d

∫ ∞

0

Jv(r)
dr

rα−1
. (32)

Therefore, Eq. (31) is the justification of Eq. (12) given in Section 4.2.
Remark C.8 (About the value of R in Assumption 4.3). In Section 4, we argue that the value of the parameter R introduced
in Assumption 4.3 can be sufficiently large when the function v is reasonable close to a constant function (i.e., v ≡ 1). Let
us make this argument slightly more formal. Let us fix such a function v and assume that there exists ε1, ε2 > 0 such that,
uniformly on Rd, we have:

v ≥ ε1, ∥∇v∥ ≤ ε2,
∥∥∇2v

∥∥ ≤ ε2. (33)

We also assume that v is twice continuously differentiable. Then, based on the proof of Lemma C.7, we have:

|Jv(r)− Jv(0)| ≤ Jv(r) :=
2d

r2σd−1

∫ r

0

∫ r

s

∫
Rd

∫
Sd−1

∆(x, θ, s, u)ū∞(x)dθdxduds,

where:

∆(x, θ, s, u) :=

∣∣∣∣θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)

v(x+ uθ)
− (θ · ∇v(x))2

v(x)

∣∣∣∣
Using the conditions (33), we can easily see that:

∆(x, θ, s, u) ≤ C1 ∥θ∥2 (u+ s) ,

with C1 a constant depending on ε1 and ε2. Therefore, we have |Jv(r)− Jv(0)| ≤ C2r, with C2 a constant depending on
ε1, ε2 and d. This shows that the derivative of Jv in 0 can be controlled, hence allowing R to be big enough.
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C.4. Pure Levy case: σ2 = 0 - Additional results with Bregman Fisher inequalities

Before proving our main results, i.e. the results of Section 4.2, we quickly present a more general point of view. The
message of this section is the following, any inequality of the form:

IΦ(v) ≲ BαΦ(v),

where BαΦ(v) and IΦ(v) have been defined in Lemma 4.1. In all this section, we assume σ2 = 0.

We now deduce generalization bounds in the case where we do not have any Brownian part in the bounds. We denote, as
before:

vSt :=
uSt
ū∞

.

As we did repeatedly until now, we often omit the dependence of v on t and S.

In this subsection, we introduce one of the main ingredient behind our proof of generalization bounds in the pure heavy-tailed
case, i.e. σ2 = 0.

The main argument is that such bounds appear if we can use the Bregman integral to control the Fisher information coming
from Young’s inequality in the proof of Corollary 4.2. We formalize the connection between such a functional inequality
by the following definition. We will then see how the results of the previous sections can make this inequalities happen in
practice.

Definition C.9. Given a smooth convex function Φ, we introduce the notion of Bregman-Fisher inequality, denoted
BFΦ(γ, α), for γ > 0. For a (smooth enough) function v, we say that v satisfies BFΦ(γ, α), with respect to ū∞, when:∫∫

DΦ(v(x), v(x+ z))ū∞dνα(z)dx ≥ γ

Cα,d

∫
∥∇v∥2

v
ū∞dx.

It is clear that we have the following result:

Theorem C.10. We make Assumptions 3.1, 3.2 and 3.3, where the Φ-regularity is for the Φ(x) := x log(x). We further
assume that there exists a constant γ > 0 for each t > 0 and S ∈ Zn, the function vSt satisfies BFΦ(γ, α) with respect to
ū∞. Then, with probability at least 1− ζ over µ⊗n

z , we have:

EU

[
L(WS

T )− L̂S(W
S
T )
]
≤ 2s

√
1

4nσα1 γ

∫ T

0

EU

[∥∥∥∇F̂S(WS
t )
∥∥∥2] dt+ Λ+ log(3/ζ)

n
.

where Λ := KL (ρ0||ū∞).

Proof. From Theorem 4.1, the BF condition and Young’s inequality, we immediately get, with v = vSt :

d

dt
EntΦū∞

(v) ≤ −Cα,dσα1
∫∫

DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

∫
Φ′′(v)v∇v · ∇(V − VS)ū∞

≤ −γσα1
∫

∥∇v∥2

v
ū∞dx+

∫
∇v · ∇(V − VS)ū∞

≤ 1

4γσα1

∫
∥∇V −∇VS∥2 duSt .

Therefore, by using the same reasoning as in Corollary 4.2, we get the results.

C.5. Pure Levy case: σ2 = 0 - Omitted proofs of Section 4.2

Functional inequalities like BFΦ(γ, α) are not trivial at all to get in practice. In the rest of this subsection, we will justify
that, under a reasonable assumption, we can satisfy an almost identical identity. This will give us an idea of the rate that we
expect for our bounds.
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The idea is the following: the results of the previous section, namely Equation (31) and Lemma C.7 point us toward the
following informal computation, for some R > 0:∫∫

DΦ(v(x), v(x+ z))ū∞dνα(z)dx ≥ σd−1

2d

∫ R

0

Jv(r)
dr

rα−1
≃ σd−1R

2−α

2d(2− α)
Jv(0).

Therefore, we see that we can control the Fisher information terms, coming from Young’s inequality, using the above
integral. However, we need an additional assumption to control the behavior of the function Jv, uniformly with respect to
the data and the time.

We formalize this idea with the following assumption:

Assumption C.11. We assume there exists an absolute constant R > 0 such that, for all t > 0 and µ⊗n
z -almost all S ∈ Zn,

we have:

∀r ∈ [0, R], JvSt (r) ≥
1

2
JvSt .

This assumption is exactly a reformulation of Assumption 4.3, with Φ(x) = Φlog = x log(x).

If we fix t and S, this assumption is trivial by the continuity of Jv. The above condition is essentially a kind of weak
uniformity in t and S of this continuity. The uniformity in t would be justified in case of convergence of uSt to a limit
distribution. The strongest part of the assumption is the uniformity in S. Note that it is common in the learning theory
literature to assume uniformity of various constant in the data.

Theorem 4.4. We make Assumptions 3.3, 3.4 and 4.3. Then, with probability at least 1− ζ over µ⊗n
z , we have

GS(T ) ≤ 2s

√
Kα,d

nσα1
I(T, S) +

log(3/ζ) + Λ

n

with Λ and I(T, S) as in Corollary 4.2, and:

Kα,d =
(2− α)Γ

(
1− α

2

)
dΓ
(
d
2

)
α2αΓ

(
d+α
2

)
R2−α

, (13)

where Γ denotes the Euler’s Gamma function, on which more information is provided in Appendix A.4.

Proof. Let us fix t > 0 and S ∈ Zn and denote v for vSt , as before. By Theorem 4.1, we have:

d

dt
EntΦū∞

(v) ≤ −Cα,dσα1
∫∫

DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

∫
∇v · ∇(V − VS)ū∞

By Young’s inequality, if C > 0 is a constant:

d

dt
EntΦū∞

(v) ≤ −Cα,dσα1
∫∫

DΦ(v(x), v(x+ z))ū∞dνα(z)dx+
C

2

∫
∥∇v∥2

v
ū∞dx+

1

2C

∫
∥∇V −∇VS∥2 duSt .

By Assumption 4.3 and Lemma C.3, we have:

d

dt
EntΦū∞

(v) ≤ −Cα,dσα1
σd−1

2d

∫ R

0

Jv(r)
dr

rα−1
+
C

2

∫
∥∇v∥2

v
ū∞dx+

1

2C

∫
∥∇V −∇VS∥2 duSt .

≤ −Cα,dσα1
σd−1

4d

∫ R

0

Jv(0)
dr

rα−1
+
C

2

∫
∥∇v∥2

v
ū∞dx+

1

2C

∫
∥∇V −∇VS∥2 duSt .

= −Cα,dσ
α
1 σd−1R

2−α

4d(2− α)

∫
∥∇v∥2

v
ū∞dx+

C

2

∫
∥∇v∥2

v
ū∞dx+

1

2C

∫
∥∇V −∇VS∥2 duSt .
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So we make the choice:

C =
Cα,dσ

α
1 σd−1R

2−α

2d(2− α)
,

and, putting everything together, we have:

d

dt
EntΦū∞

(v) ≤ Kα,d

σα1

∫
∥∇V −∇VS∥2 duSt ,

with:

Kα,d :=
d(2− α)

Cα,dσd−1R2−α

We conclude by the same PAC-Bayesian arguments as in the proof of Corollary 4.2, i.e., we use THeorem B.1.

Regarding the value of the constant Kα,d, we remind the reader that we have:

Cα,d = α2α−1π−d/2 Γ
(
α+d
2

)
Γ
(
1− α

2

) , σd−1 =
2πd/2

Γ(d/2)
.

A simple computation gives:

Kα,d =
1

R2−α
2− α

α2α
Γ
(
1− α

2

) dΓ
(
d
2

)
Γ
(
α+d
2

) ,
which is the desired result.

C.6. Extension to the discrete-time case

In this section, we quickly demonstrate that our methods, developped in the time-continuous setting, can be extended to
the discrete setting. This gives more theoretical foundations to our experimental analysis. We treat this case slightly less
formally than the rest of the paper, our main goal is to make a first step toward the understanding of the discrete heavy-tailed
algorithms. Let us simplify the notations of Section 6 and consider the following discrete recursion:

wSk+1 = wSk − γg(wSk )− γηwSk + γ1/ασ1L
α
1 , (34)

where g(wSk ) := ∇F̂S(wSk ) and S ∼ µ⊗n
z . We assume that γη < 1.

Remark C.12. We could also consider that gk is an unbiased estimate of the true gradient, i.e. using random batches
independent of the stable noise. Most of our analysis would also hold in this case. However, we focus on the full-batch case,
both for simplicity and to stick to the theoretical foundations of our experimental work. As mentioned in Section 6, the used
of mini-batches could result in gradient with heavy-tailed noise, which could interfere in an unclear way with the stable
noise Lαt . Similarly, the same techniques could be extended to varying learning rate and noise scale, but we stick to a setting
close to both the time-continuous and the experimental settings.

Extensions from the discrete In this section, we adapt the technique presented in (Mou et al., 2017, Section 5) to the
heavy-tailed setting. This will highlight that our technical contribution in the continuous case are directly useful for the
discrete case. The strategy is the following:

1. We will construct a Levy driven Ornstein-Uhlenbeck process interpolating between the density of two successive
iterates.

2. We apply the analysis of Section 4.2 and use the associated FPE to bound the KL divergences of each iterate wk.

Interpolating techniques have also been used by Nguyen et al. (2019a), in the study of the discretization of heavy-tailed
SDEs.
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Let us fix some σ′ > 0 and consider the process, for a fixed z ∈ Rd:

dXt = −ηXtdt− g(z)dt+ σ′dLαt ,

where, as defined above, g = ∇F̂S . Note that X depends on z. We can express the solution as:

Xt +
g(z)

η
= e−ηt

(
X0 +

g(z)

η

)
+ σ′

∫ t

0

e−η(t−s)dLαs︸ ︷︷ ︸
:=Ot

.

We can compute the characteristic function of the integral term, using computations similar as in (Raj et al., 2023a, Lemma
9), for all ξ ∈ Rd:

E
[
eiξ·Ot

]
= exp

{
−
∫ t

0

∥∥σ′e−ηsξ
∥∥α ds} = exp

{
−σ′α ∥ξ∥α 1− e−ηαt

αη

}
.

Let us now fix one iteration k and denote by uSk the probability density of wSk . We set the initial condition X0 ∼ uSk . Then,
by the two previous equations, we have that, for a fixed τ > 0:

Xτ ∼ e−ητuSk +
1− e−ητ

η
g(uSk ) + σ′

{
1− e−ηατ

αη

} 1
α

Lα1 .

Our goal is that X interpolates between uSk and uSk+1, therefore we set:

e−ητ = 1− γη, σ′
{
1− e−ηατ

αη

} 1
α

= σ1γ
1
α ,

so that is reproduced Eq. (34). Thus Xτ and uSk+1 have the same distributions.

Let us denote by hk,St the density of Xt at time t, were we made explicit its dependence on the data S and the iteration
number k. Now, if we proceed as in (Mou et al., 2017, Theorem 9), and integrate the FPE of X with respect to uSk , we get
that the density hk,St of Xt satisfies, provided we can switch the differential operators and the integration over uSk :

∂th
k,S
t = −σ′α (−∆)

α
2 hk,St + η∇ · (hk,St w) +∇ · (hk,St E

[
g(wSk )|Xt = w

]
)

This fractional FPE has exactly the form studied in this paper, therefore, we can express the associated entropy flow as (with
a slight abuse of notation, we identify ht with the associated probability distribution):

d

dt
KL
(
hk,St ||π

)
= −

∫∫
BΦ(v

k,S
t (x), vk,St (x+ z))ū∞(x)

dz

∥z∥α+d
dx−

∫
∇vk,St · E

[
g(wSk )|Xt = w

]
dw,

with:

vk,St :=
hk,St
ū∞

.

This leads us to formulate the following assumption, which is the extension of Assumption 4.3 to the discrete case.

Assumption C.13. We assume that there exists a constant R such that, for all k, all t and all dataset S, the functions vk,St ,
constructed by the above procedure, satisfy:

∀r < R, JΦlog,v
k,S
t

(r) ≥ 1

2
JΦlog,v

k,S
t

(0).

We now omit, as we did in the time continuous setting, the dependence of vk,St on k and S, and just denote it vt. We do the
same for hk,St , simply denoted ht. Therefore, by the proof of Theorem 4.4, we have:

d

dt
EntΦū∞

(vt) ≤
Kα,d

σ′α

∫ ∥∥E [g(wSk )|Xt = w
]∥∥2 dht,
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with Kα,d defined as in Theorem 4.4, using the constant R coming from Assumption C.13. Let us denote by ht(w, z) the
joint density of Xt and wSk , by Cauchy-Schwarz’s inequality, we have:

d

dt
EntΦū∞

(vt) =
Kα,d

σ′α

∫ ∥∥∥∥∫ ht(w, z)

ht(w)
g(z)dz

∥∥∥∥2 ht(w)dw
≤ Kα,d

σ′α

∫
ht(w)

(∫
ht(w, z)

ht(w)2
dz

)(∫
ht(w, z)g(z)dz

)
dw

=
Kα,d

σ′α

∫∫
ht(w, z)g(z)dzdw

=
Kα,d

σ′α EU

[∥∥g(wSk )∥∥2] .
Let us denote by ρk the density of wk. Integrating between 0 and τ , and using that h0 is the density of wk and that hτ is the
density of wk+1, we can write that:

KL (ρk+1||π) ≤ KL (ρk||π) + τ
Kα,d

σ′α EU

[∥∥g(wSk )∥∥2] ,
where, as in the rest of the paper, U denotes the randomness coming from the stable noise, i.e. the noise due to Lαt .

Therefore, a telescopic sum immediately gives that, for a fixed number N of iterations:

KL (ρN ||π) ≤ Λ + τ
Kα,d

σ′α

N−1∑
k=0

EU

[∥∥g(wSk )∥∥2]
= Λ+ τ

Kα,d

σ′α

N−1∑
k=0

EU

[∥∥g(wSk )∥∥2]
= Λ+

Kα,d

σα1

1

γη
log

(
1

1− γη

)(
1− (1− γη)α

αη

)N−1∑
k=0

EU

[∥∥g(wSk )∥∥2] ,
with Λ = KL (ρ0||π).

Therefore, under the subgaussian assumption, Assumption 3.1, we have proven that, with probability at least 1− ζ over
S ∼ µ⊗n

z , we have:

EU
[
GS(w

S
N )
]
≤ 2s

√√√√Kα,d

σα1

1

γη
log

(
1

1− γη

)(
1− (1− γη)α

αη

)N−1∑
k=0

EU

[∥∥∥∇F̂S(wSk )∥∥∥2]+ Λ+ log(3/ζ)

n
. (35)

Finally, let us notice that when γη is small, which is the case in our experiments, see Appendix F.1, we have the following
asymptotic development:

1

γη
log

(
1

1− γη

)(
1− (1− γη)α

αη

)
∼

γη→0
γ.

Therefore, the computations made in this section, while slightly informal, give a solid justification to Eq. (18), which we use
in our experiments. The qualitative behavior with respect to α and d is unchanged.
Remark C.14. The analysis presented in this section could also be extended to SDEs with a non trivial Brownian contribution
to the noise, i.e. the setting of Section 4.1 where σ2 > 0.

C.7. Mixing of Brownian and heavy-tailed noise

Because the Fisher information term, appearing in Lemma 4.1, is non-negative, the proof of Theorem 4.4 also applies when
σ2 > 0, i.e. in the setting of Section 4.1. However, not that this requires to make Assumption 4.3, while such an assumption
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is not necessary to derive Corollary 4.2. Therefore, the results of Section 4.1 still present the advantage to hold under lighter
assumptions.

Nevertheless, this motivates to write down the result in the case σ2 > 0, under Assumption 4.3. This allows to get insights
on how both noise affect the generalization error. This leads to the following theorem.

Theorem C.15. Let us consider the dynamics of Eq. (3), with both σ1 > 0 and σ2 > 0. We make Assumptions 3.3, 3.4 and
4.3. Then, with probability at least 1− ζ over µ⊗n

z , we have

GS(T ) ≤ 2s

√
M(σ1, σ2, d, α)

n

∫ T

0

EU

[∥∥∥F̂S(WS
t )
∥∥∥2] dt+ log(3/ζ) + Λ

n

with Λ = KL (ρ0||π), and the noise mixing constant M(σ1, σ2, d) is given by:

M(σ1, σ2, d, α) :=
1

4σ2 +
σα
1 α2

αΓ( d+α
2 )R2−α

(2−α)Γ(1−α
2 )dΓ(

d
2 )

.

Proof. The proof follows by the exact same computations than the proofs of Corollary 4.2 and Theorem 4.4.

Based on the above theorem, we can make an interesting observation. The constant M(σ1, σ2, d, α) clearly shows the
relative contribution of both noises. Therefore, we can argue that they have the same contribution when the following
condition is fulfilled:

4σ2
2 =

σα1 α2
αΓ
(
d+α
2

)
R2−α

(2− α)Γ
(
1− α

2

)
dΓ
(
d
2

) .
Using the asymptotic developments discussed in Section 5, and proven in Appendix D, in the limit d→ ∞, we can write
this condition as:

4σ2
2 ∼
d→∞

1

R2−αPα
σα1 d

α
2

d
,

where the pre-factor Pα has been defined and studied in Section 5. It is now meaningful to write it as:

(σ2
√
d0)

2 =
1

4Pα
(σ1
√
d0)

α, (36)

with d0 := d/(R2), the ”reduced dimension introduced in Section 5. This is the equal noise contribution condition. What is
particularly noticeable in Eq. (36) is that, as was the case in the study of the phase transition, in Section 5, the meaningful
quantities, for both noises, is (scale of the noise) ×

√
dimension.

C.8. Time-uniform bounds deduced from a generalized Poincaré inequality - Omitted proofs of Section 4.3

In this section, we fix the convex function Φ to be Φ(x) = 1
2x

2. In that case, the Bregman divergence becomes symmetric
and satisfies:

DΦ(a, b) = DΦ(b, a) =
1

2
(a− b)2.

Combined with the logarithmic Sobolev inequality, given by Theorem A.19, this allows us to prove a time uniform bound on
the chi-squared distance between the prior and the posterior.

We denote, as above:

VS(w) := F̂S(w) +
η

2
∥w∥2 , and: V (w) :=

η

2
∥w∥2 ,

with η > 0 the regularization coefficient.

Before bounding the Φ-entropy, we first need the following lemma. It is close to remarks already made in (Gentil & Imbert,
2008) and (Tristani, 2013), for instance.
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Lemma C.16. In this setting, ū∞ is the density of an infinitely divisible probability distribution, whose characteristic
exponent is given by:

∀ξ ∈ Rd, ψ(ξ) = σ2
2

2η
∥ξ∥2 + σα1

αη
∥ξ∥α .

Proof. Let us first recall some notations. π is the (prior) density distribution whose density with respect to the Lebesgue
measure is ū∞. The existence of such the steady state ū∞ was obtained in (Gentil & Imbert, 2008; Tristani, 2013). Moreover,
Gentil & Imbert (2008) showed that π is infinitely divisible, therefore, it makes sense to introduce its characteristic exponent,
denoted ψ, and defined by:

∀ξ ∈ Rd, EX∼π
[
eiξ·X

]
= e−ψ(ξ).

Following computations of Gentil & Imbert (2008); Tristani (2013). We quickly show how the expression of the characteristic
exponent can easily be obtained in our particular case. First, because of the symmetry of Eq. (7), both ū∞ and ψ must be
symmetric (i.e. even functions). Therefore, if we define the Fourier transform by:

F(u)(ξ) =

∫
Rd

e−iw·ξu(w)dw,

then we have:

F(ū∞)(ξ) = e−ψ(x).

We can take, at least formally (Tristani, 2013), the Fourier transform of Eq. (7) and write that, in the sense of distributions:

F(ū∞)(ξ)
(
−σα1 ∥ξ∥α − σ2

2 ∥ξ∥
2
)
+ ηF(∇ · (wū∞(w)))(ξ) = 0.

In the above, we used the expression of Fourier transform for the Laplacian and the fractional Laplacian. Using properties of
the Fourier transform, this leads to:

F(ū∞)(ξ)
(
−σα1 ∥ξ∥α − σ2

2 ∥ξ∥
2
)
− η∇F(ū∞)(ξ).

Therefore:

ηξ · ∇ψ(ξ) = σα1 ∥ξ∥α + σ2
2 ∥ξ∥

2
.

Given that ψ is symmetric, we can write it as P (∥ξ∥2), we can then rewrite the previous equation as (for a > 0):

P ′(a) =
σα1 a

α/2−1 + σ2
2

2η
.

Integrating, and noting that we have P (0) = 0, leads to the result.

In this setting, the Φ-entropy inequality, i.e. Theorem A.19, becomes the following statement.

Corollary C.17 (Generalized Poincaré’s inequality). Let µ be an infinitely divisible law on Rd, with associated triplet
denoted (b,Q, ν), then, for every smooth enough function v, we have:

1

2

∫
v2dµ− 1

2

(∫
vdµ

)2

≤
∫

∇v ·Q∇vdµ+

∫∫
DΦ(v(x), v(x+ z))dν(z)dµ(x).

where we used the symmetry of the Bregman divergence, for Φ(x) = 1
2x

2, to revert the arguments of this divergence,
appearing in Theorem A.19.
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If v is chosen to be the Radon-Nykodym derivative of another measure ν, with respect to µ, we recognize the chi-squared
distance, defined by:

χ2 (ν| |µ) :=
∫ (

dν

dµ

)2

dµ− 1. (37)

We also remind the definition of Renyi entropies, for β > 1:

Dα (ν||µ) =
1

β − 1
log

∫ (
dν

dµ

)β
dµ. (38)

Note that, by convention, we also set D1 (ν||µ) = KL (ν||µ), see (van Erven & Harremoës, 2014) for an extensive review of
the properties of those entropies.

The following inequalities are clear, the first one being proven in (van Erven & Harremoës, 2014), it is a direct consequence
of Jensen’s inequality:

KL (ν||µ) ≤ D2 (ν||µ) = log(χ2 (ν| |µ) + 1) ≤ χ2 (ν| |µ) . (39)

C.8.1. WARMU -UP: THE CASE σ2 > 0

In order to mimic the resoning of Sections 4.1 and 4.2, we first handle the case where σ2 > 0. This is an additional
theoretical result.

Theorem C.18. We make Assumptions 3.3 and 3.4, accordingly to this choice of convex function. Then, with probability at
least 1− ζ over S ∼ µ⊗n

z and w ∼ ρST , we have:

GS(w) ≤ 2s

√
2

nσ2
2

Ī(T, S) +
4e−ηTΛ + log 24

ζ3

n
,

with Λ = EntΦū∞
(ρ0), and:

Ī(T, S) :=

∫ T

0

e−η(T−t)Eπ

[
(vSt )

2
∥∥∥∇F̂S∥∥∥2] dt.

Proof. As before, we fix t and S and ease the notations by denoting u instead of uSt , and similarly for v. For our particular
choice of function Φ,by Lemma 4.1, the entropy flow is equal to:

d

dt
EntΦū∞

(v) = −σ2
2

∫
∥∇v∥2 ū∞ − Cα,dσ

α
1

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

∫
vū∞∇v · ∇F̂S .

By Young’s inequality, we have, for any C > 0 and γ ∈ (0, 1]:

d

dt
EntΦū∞

(v) ≤ −
(
σ2
2 −

C

2

)∫
∥∇v∥2 ū∞ − γCα,dσ

α
1

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

1

2C

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞.

Thanks to Lemma C.16, we know that the Levy triplet of ū∞ is given by (0, σ2
2/(η), (Cα,dσ

α
1 /(αη))να). Therefore, the

Poincaré’s inequality of Corollary C.17 is given by:

EntΦū∞
(v) ≤ σ2

2

2η

∫
∥∇v∥2 ū∞ +

Cα,dσ
α
1

αη

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx.

Therefore, we have:

d

dt
EntΦū∞

(v) ≤ −γαηEntΦū∞
(v)−

(
σ2
2 −

C

2
− αγσ2

2

2

)∫
∥∇v∥2 ū∞ +

1

2C

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞. (40)

(41)
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We make the choice γ = 1/α and C = σ2
2 , this gives:

d

dt
EntΦū∞

(v) ≤ −ηEntΦū∞
(v) +

1

2σ2
2

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞.

Solving this differential inequality implies that, with Λ := EntΦū∞
(ρ0) and T > 0,

EntΦū∞

(
vST
)
≤ e−ηTΛ +

1

2σ2
2

Ī(T, S),

with:

Ī(T, S) :=

∫ T

0

e−η(T−t)Eπ

[
(vSt )

2
∥∥∥∇F̂S∥∥∥2] dt.

From Equation (37), this implies that:

1

2
χ2
(
ρST
∣∣ |π) ≤ e−ηTΛ +

1

2σ2
2

∫ T

0

e−η(T−t)I(t, S)dt.

We conclude by applying Theorem B.3 and noting that, in our notations, we have:

D2

(
ρST ||π

)
≤ 2χ2

(
ρtS
∣∣ |π) = 2EntΦū∞

(v) .

In order to make the above theorem more interpretable, we present, as an additional theoretical result, the following
corollary. It states that, if the loss is Lipschitz in w and if the regularization coefficient is big enough, then we have a simpler
time-uniform bound. The main interest for the following result is that it it fully comparable with our other results. This is an
additional result, it was not presented in the main part of the document.
Corollary C.19. We make the same assumptions than in Theorem C.18 and further assume that the loss f(w, z) is
Lf -Lipschitz in w, uniformly with respect to z. Then, if

a := η −
L2
f

2σ2
2

> 0, (42)

then, with probability at least 1− ζ over S ∼ µ⊗n
z and w ∼ ρST , we have, for any λ > 0:

GS(w) ≤
2s√
n

{
L2
f

2σ2
2

1− e−aT

a
+

3

2
log

(
2

ζ

)
+

Λ

eηT

} 1
2

.

with Λ = EntΦū∞
(ρ0).

Proof. We follow the exact same step than the proof of Theorem C.18, up to Equation (40). We make the same choices for
γ and C and obtain:

d

dt
EntΦū∞

(v) ≤ −ηEntΦū∞
(v) +

1

2σ2
2

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞.

By the Lipschitz assumption, this is:

d

dt
EntΦū∞

(v) ≤ −ηEntΦū∞
(v) +

L2
f

2σ2
2

∫
v2ū∞.

= −

(
η −

L2
f

2σ2
2

)
EntΦū∞

(v) +
L2
f

2σ2
2

.

The result is deduced by the exact same reasoning as the last steps of the proof of Theorem C.18, by applying Theorem
B.3.
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C.8.2. TIME UNIFORM BOUNDS IN THE CASE σ2 = 0 - PROOF OF THEOREM 4.5

In the previous subsection, we used heavily the presence of a non-trivial Brownian part in the operator I . However, we face
the same problem that we had with Theorem C.18: while providing a generalization bound for multifractal dynamics, which
is our main goal, this theorem is not very informative about the impact of the tail-index α on the generalization performance.
This is why, in this section, we focus, like in Section 4.2, on the case σ2 = 0. This follows the steps presented in Section 4.2,
with a change in the choice of the convex function Φ.

To overcome this issue, we show how it is possible to derive a bound, even without the Brownian part, by using a reasoning
similar to Section C.3. Under Assumption 3.3, we can apply the same reasoning with the choice of function: Φ(x) = x2/2.

With this change in the convex function Φ, the relevant quantity is no more the Fisher information, but the following
L2-norm on the gradient of v, this is the term that appears in Poincaré’s inequality:

Gv :=

∫
∥∇v∥2 ū∞dx. (43)

This quantity, Gv, correspond to the Φ-information term, IΦ(v), introduced in Lemma 4.1, for the particular choice of
convex function that we make in this section, namely Φ(x) = x2/2

The following lemma is proven by the exact same lines than Lemma C.3, only the function Φ, and the corresponding
Φ-regularity assumption, changes.
Lemma C.20. Assume that v is Φ-regular, for Φ(x) = x2/2. Then, we have the following representation:∫∫

DΦ(v(x), v(x+ z))dνα(z)ū∞(x)dx =
σd−1

2d

∫ ∞

0

Gv(r)
dr

rα−1
,

where the function Gv is non-negative and defined by:

Gv(r) :=
2d

r2σd−1

∫ r

0

∫ r

s

∫
Rd

∫
Sd−1

θ · ∇v(x+ sθ)θ · ∇v(x+ uθ)ū∞(x)dθdxduds.

This function can be continuously extended at 0 by:

Gv(0) = Gv.

This function, Gv : [0,∞) −→ [0,∞), corresponds to the function JΦ,v, introduced in the main part of the paper, for the
particular choice of convex function Φ(x) = ∥x∥2 /2.

The following assumption is the equivalent of Assumption 4.3 for the function Gv , instead of Jv .
Assumption C.21. There exists an absolute constant R > 0 such that, for µ⊗n

z -almost all S and all t ≥ 0, we have:

∀r ∈ [0, R], Gv(r) ≥
1

2
Gv(0).

This assumption is exactly a reformulation of Assumption 4.3, rewritten with Φ(x) = 1
2x

2. Using the denominations of
Section 4.3, it is Assumption 4.3-Φ2.

We can now prove Theorem 4.5, which is a time-uniform generalization bound obtained in the pure heavy-tailed case
(σ1 = 0).
Theorem 4.5. Let σ2 = 0. We make Assumptions 4.3−Φ2, 3.3 and 3.4, with the choice Φ = Φ2. Then, with probability at
least 1− ζ over S ∼ µ⊗n

z and w ∼ ρST , we have

GS(w) ≤ 2s

√√√√4Kα,d

nσα1
Ĩ(T, S) +

2e−
αηT

2 Λ + log 24
ζ3

n
,

with Λ = EntΦū∞
(ρ0), and

Ĩ(T, S) :=

∫ T

0

e−
αη
2 (T−t)Eπ

[
(vSt )

2
∥∥∥∇F̂S∥∥∥2] dt.
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Proof. We start, again, with the expression of the entropy flow.

d

dt
EntΦū∞

(v) = −Cα,dσα1
∫∫

DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

∫
vū∞∇v · ∇F̂S .

We split in two the Bregman integral term and apply the generalized Poincaré inéquality, along with Young’s inequality on
the last term, for any C > 0:

d

dt
EntΦū∞

(v) ≤ −αη
2

EntΦū∞
(v)− Cα,dσ

α
1

2

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

∫
vū∞∇v · ∇F̂S .

≤ −αη
2

EntΦū∞
(v)− Cα,dσ

α
1

2

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx+

C

2
Gv +

1

2C

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞dx.

We now use Lemma C.20 and Assumption C.21, this gives:

d

dt
EntΦū∞

(v) ≤ −αη
2

EntΦū∞
(v)− Cα,dσ

α
1

2

σd−1

2d

∫ R

0

Gv(r)
dr

rα−1
+
C

2
Gv +

1

2C

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞dx

≤ −αη
2

EntΦū∞
(v)− Cα,dσ

α
1 σ

α
1R

2−α

8d(2− α)
Gv +

C

2
Gv +

1

2C

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞dx.

Therefore, we make the choice:

C :=
Cα,dσ

α
1 σ

α
1R

2−α

4d(2− α)
,

and we get:

d

dt
EntΦū∞

(v) ≤ −αη
2

EntΦū∞
(v) +

2d(2− α)

Cα,dσα1 σ
α
1R

2−α

∫
v2
∥∥∥∇F̂S∥∥∥2 ū∞dx.

We introduce the same constant as the one introduced in Theorem 4.4, namely:

Kα,d =
d(2− α)

Cα,dσd−1R2−α .

Therefore, solving the above differential inequality gives:

EntΦū∞
(v) ≤ e−

αηT
2 Λ +

2Kα,d

σα1
Ī(T, S),

where Ī(T, S) and Λ are defined in the same way than in Theorem C.18.

We conclude by applying Theorem B.3 and noting that D2

(
ρTS ||π

)
≤ 2EntΦū∞

(
vST
)
.

D. Asymptotics of the constants - Omitted proofs of Section 5
This section is devoting to studying the limit behavior of the constants introduced in our generalization bounds, in terms of
α and d. This corresponds to the proof of the theoretical results of Section 5.

We first study the asymptotic behavior of the constant when d→ ∞.
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Lemma 5.1. We have that, for all α ∈ (1, 2):

K̄α,d ∼
d→∞

Pαd
1−α

2 , Pα :=
(2− α)Γ

(
1− α

2

)
α2α/2

, (14)

Proof. By the definitions of Sections 4.2 and 5, we have:

K̄α,d =
(2− α)Γ

(
1− α

2

)
α2α

dΓ
(
d
2

)
Γ
(
d+α
2

) .
By Lemma A.21, we have:

dΓ
(
d
2

)
Γ
(
d+α
2

) ∼
d→∞

dΓ
(
d
2

)
Γ
(
d
2

) (
d
2

)α/2
= 2α/2d1−

α
2 ,

from which we immediately deduce the result.

We now prove Lemma 5.2, which study the low-tail limit of our generalization bounds for heavy-tailed dynamics.

Lemma 5.2. For any d ≥ 1, we have Kα,d −→
α→2−

1
2 .

Proof. By the definitions of Sections 4.2 and 5, we have:

K̄α,d =
(2− α)Γ

(
1− α

2

)
α2α

dΓ
(
d
2

)
Γ
(
d+α
2

) .
We have α ∈ [1, 2), therefore, we know that α2 /∈ Z. We can then apply Euler’s reflection formula, Lemma A.20, and get
that:

Γ
(
1− α

2

)
Γ
(α
2

)
=

π

sin
(
πα
2

)
=

π

sin
(
π − πα

2

)
∼

α→2−

1

1− α
2

.

On the other hand, by continuity of the Γ function and using the identity Γ(x+ 1) = xΓ(x), we also have:

Γ

(
d+ α

2

)
∼

α→2−
Γ

(
d

2
+ 1

)
=
d

2
Γ

(
d

2

)
.

Putting everything together, and using that Γ(1) = 1, we get that:

K̄α,d ∼
α→2−

1

2
.

As Kα,d = Rα−2K̄α,d, with R > 0, this implies the result.

Finally, the next lemma presents the main properties of the function α 7−→ Pα, introduced in Section 5. As a reminder, we
have:

Pα :=
(2− α)Γ

(
1− α

2

)
α2α/2

Lemma D.1. The function α 7−→ Pα is, on the interval [1, 2), continuous, decreasing and satisfies:

∀α ∈ [1, 2),
1

2
≤ Pα ≤

√
π

2
.
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Proof. The continuity follows from the continuity of the Γ function on (0, 12 ]. Moreover, we have, using the particular
values of the Γ function recalled in A.4:

P1 =
Γ
(
1
2

)
√
2

=

√
π√
2
.

Using the proof of the Lemma 5.2, we also have:

Pα −→
α→2−

1

2
.

Now we fix α ∈ (1, 2), we use Euler’s reflection formula, Lemma A.20, and the formula Γ(1 + z) = zΓ(z) to get:

Pα =
(2− α)Γ

(
1− α

2

)
α2α/2

=
2− α

α2α/2
π

sin
(
πα
2

)
Γ
(
α
2

)
=
π
(
1− α

2

)
sin
(
πα
2

) 1

2α/2Γ
(
1 + α

2

)
From the general properties of the Γ function, we know that α 7−→ Γ

(
1 + α

2

)
is increasing on (1, 2), and therefore it is

enough to show that the function

g(α) =
2− α

sin
(
πα
2

) ,
is decreasing, as both Γ

(
1 + α

2

)
and g are positive on (1, 2). A quick calculation reveals that:

sin2
(πα

2

)
g′(α) = − cos

(πα
2

){
tan

(
π
(α
2
− 1
))

− π
(
1− α

2

)}
,

which implies the desired result, by noting that tan(x) ≤ x on (−π/2, 0).

The function α 7−→ Pα is represented on Fig. 5. This plot confirms the calculations of Lemma D.1.

Figure 5. Graphical representation of the function α 7−→ Pα. The leftmost value is P1 =
√

π
2
≃ 1.2533 and the right limit is P2− = 1

2
.
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D.1. Precisions on the low noise-regime

In Section 5, we concluded the existence of two regimes predicted by our bounds. We first defined the low noise regime by
the following condition:

σ1
√
d

R
< 1.

However, the pre-factor α 7−→ Pα is decreasing. Therefore, we need to take it into account to accurately describe the regime
where the generalization error is increasing with α. This happens when we have:

P1R

σ1
√
d
<
P2R

2

dσ2
1

.

Using Lemma D.1, we get the condition that was mentioned briefly in Section 5:

σ1
√
d

R
<

1√
2π
.

D.2. Comparison with the constants appearing in other works

Figure 6. Comparison of the dimension dependence of our bounds and that of Raj et al. (2023b), under the assumption that ℓ is Lipschitz
continuous, for both bounds.

In(Raj et al., 2023b), the authors prove expected generalization bounds for heavy-tail dynamics. The constant appearing in
their bounds has a complex dependence on various constants defined in their assumptions, but we can sum up the dependence
in α and d as follows (by Applying Euler’s reflection formula to their Lemma 7):

Rα,d = O

(
1 +

√
dΓ
(
α+d
2

)
(2− α)Γ

(
1− α

2

)
Γ
(
d
2

))
By the proof of Lemma 5.1 and 5.2, we see that:

Rα,d = O
(
d

1+α
2

)
.

It is to be noted that our bound has a rate in n of 1/2, i.e. our bound is proportional to 1/
√
n, while the bound of Raj et al.

(2023b) has a rate of 1, i.e. the bound is proportional to 1/n. If we denote by Ξ the ratio of the rate in d to the rate in n of
the bound, we find (under a Lipschitz assumption for both bounds):

Ξ(Ours) = 1− α

2
, Ξ(Raj et al., 2023b) =

1 + α

2
. (44)

The meaning of the coefficient Ξ is that, in an overparameterized regime where d > n, the bound is non-vacuous only if
Ξ < 1. We graphically represented this coefficient in Fig. 6.
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E. Discussion of the time dependence of the bounds
While Theorem 4.4 is the first high probability generalization bound for heavy-tailed dynamics, one may notice the time
dependence of the bound, coming from the integral term, i.e.∫ T

0

EU

[
F̂S(Wt)

]
dt. (45)

Because of this term, as explained in Section 5, the light-tail limit of this bound leads to an informal bound of the form:

GS(Wt) ≲
α→2−

√
1

nσ2

∫ T

0

EU

[
F̂S(Wt)

]
dt,

which is worse than the existing bounds on Langevin dynamics Mou et al. (2017); Li et al. (2020); Farghly & Rebeschini
(2021), which achieve time-independent bounds. More explicitly, Mou et al. (2017) obtained a similar bound, but with an
additional exponential time-decay in the integral term, i.e., informally,∫ T

0

e−a(T−t)EU

[
F̂S(Wt)

]
dt,

where a > 0 is a constant dependent of the problem.

To the best of our knowledge, there is no obvious theoretical argument affirming that the limit α → 2− should exactly
recover the bounds for Langevin dynamics, while it is quite clear that this limit should not be infinite, as in Raj et al. (2023b).
That being said, it is worth discussing why this time dependence happens in our bound, how it could be improved, and, most
importantly, why a time independent bound is currently beyond the reach of the theory.

Section 4.3 presents one step in the direction of time-uniform bounds. However, the integral term appearing in Theorem 4.5
is not satisfactory, because of its lack of interpretability, compared to Eq. (45).

On the other hand, a more detailed analysis of the results of Mou et al. (2017); Li et al. (2020) shows that time-independence
is a direct consequence of the use of a logarithmic Sobolev inequality (LSI, see Appendix A.3). If we translate these
arguments in our setting, such an inequality would need to be satisfied by the prior distribution π. Therefore, it is natural to
ask, whether we could apply Theorem A.19 in our proofs.

A similar computation has been proposed by Gentil & Imbert (2008), in their study of the rate of convergence to equilibrium
of an equation of the form of Eq. (6). However, we argue that we cannot apply this reasoning in our setting. Let’s explain it
briefly: in the proof of Theorem 4.4, the crucial term that appears in the computation of the entropy flow is what we called
the Bregman integral, it is given by:

BαΦ(v) = Cα,d

∫∫
DΦ(v(x), v(x+ z))ū∞dνα(z)dx.

On the other hand, Theorem A.19 uses the following term, if we apply it to π (in a similar way to how it is done in
Appendix C.8.1): ∫∫

DΦ(v(x+ z), v(x))ū∞dνα(z)dx.

Unfortunately, the Bregman divergence is not commutative in general, and, to the best of our knowledge, there is no obvious
way of linking the two integrals appearing above. This discussion is the motivation behind Section 4.3, where we applied
Theorem A.19 and Lemma 4.1 to the case where the Bregman divergence becomes symmetric, i.e. when Φ(x) ∝ x2.

Therefore, we conclude that we do not have the LSI that we would need to make our bounds time-independent. Let’s end
this short discussion by writing down the result that we would obtain with such an inequality.

Theorem E.1. We consider the same setting than in Theorem 4.4, but we additionally assume that the prior π satisfies the
following LSI, with reversed Bregman divergence compared to Theorem A.19, for all v smooth enough:

EntΦū∞
(v) ≤ Cα,dσ

α
1

αη

∫∫
DΦ(v(x), v(x+ z))ū∞(x)dνα(z)dx.
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Then, with probability at least 1− ζ over µ⊗n
z , we have:

EU
[
GS(W

S
T )
]
≤

√
2Kα,d

σα1

∫ T

0

e−
αη
2 (T−t)EU

[∥∥∥∇F̂S(WS
t )
∥∥∥2] dt+ Λ+ log(3/ζ)

n

with Λ = KL (ρ0||ū∞) and:

Kα,d =
(2− α)Γ

(
1− α

2

)
dΓ
(
d
2

)
α2αΓ

(
d+α
2

)
R2−α

, (46)

F. Additional experimental details
F.1. Hyperparameters details

In this section, we give a list of the exact hyperparameters used to obtain our main experiments. In general, those
hyperparameters were chosen to make our experimental setting as close as possible to our theoretical setting and assumptions.

Linear model trained on MNIST (Figs. 9 and 10) : We use a linear predictor, without bias, trained with a (multivariate
cross-entropy loss). All 10 classes of the MNIST dataset were used but we randomly subsample 10% of the training set, to
lower the computational cost of the experiments. We simulate Eq. (17) with T = 5.103, γ = 10−2, η = 10−3. The last
2000 iterations were used to estimate the accuracy error, as described in Appendix F.2. During those experiments, we let
α vary in [1.6, 2], using a linear scale of 10 values. The parameter σ varies in a logarithmic scale of 10 values, such that
σ
√
d ∈ [0.5, 40], where d is the number of parameters in the model, this is inspired by the analysis of Section 5. This range

was chosen to ensure both that the training is stable enough and that the heavy tail of the noise has an impact on the accuracy
(i.e. σ not too small).

2-layers FCN trained on MNIST: This experiment was used to produce Figs. 2 to 4. We use a 2-layer neural network
with ReLU activation, without bias, trained with a (multivariate cross-entropy loss). All 10 classes of the MNIST dataset
were used but we randomly subsample 10% of the training set, to lower the computational cost of the experiments. We
simulate Eq. (17) with T = 104, γ = 10−2, η = 10−3. The last 2000 iterations were used to estimate the accuracy error, as
described in Appendix F.2. During those experiments, we let α vary in [1.6, 2], using a linear scale of 10 values. The width
of the network varies in a linear scale of 10 values, between 40 and 200.

FashionMNIST experiments: The same model was also used on the FashionMNIST dataset (a 10% subsample of it), to
obtain Figs. 11(a), 11(b) and 12.

5-layers FCN trained on MNIST: We use a 5-layer neural network with ReLU activation, without bias, trained with a
(multivariate cross-entropy loss). 100% of the MNIST dataset were used. We experimented using a batch-size in this case,
i.e. Eq. (17) is replaced by:

ŴS
k+1 = ŴS

k − γ

b

b∑
j=1

∇f(ŴS
k , zij )− ηγŴS

k + γ
1
ασ1L

α
1 , (47)

where b ∈ N⋆ is the batch size and (i1, . . . , ib) are random indices drawn at each iteration. We simulate Eq. (17) with
T = 105, γ = 10−2, η = 10−3. The last 100 iterations were used to estimate the accuracy error, as described in
Appendix F.2. We used batch sizes b ∈ {64, 128, 256, 512}. During those experiments, we let α vary in [1.7, 2], using a
linear scale of 10 values. In order for the training to be stable enough for the experiment to converge, we noted that we had
to use smaller values, those values were chosen on a logarithmic scale of 6 values so that σ

√
d ∈ [0.1, 3]. It is probable

that only the low noise regime, of Section 5, is then observable. Note that, in this case, i.e. when using mini-batches, we
estimated the gradient norms

∥∥∥∇F̂S∥∥∥ using the batch gradients, appearing in Eq. (47), instead of the whole empirical risk

F̂S . This makes sense as one of the goals of using batches is to reduce the computational cost of the experiments.

F.2. Accuracy evolution and robust mean estimation

Figs. 7 and 8 show the evolution of both the train and test accuracy, during the first 2000 iterations of training, for models
and datasets similar to the one used for our main experiments (but with less data to make it easier to visualize). We show
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these curves for different values of the tail index α and of the quantity σ
√
d, which we argue in Section 5 has a strong impact

on the training dynamics.

This allows us to observe two phenomenons, first, at least in these two experiments, there seems to be a transition, around
the value σ

√
d = 1. Indeed, for σ

√
d ≲ 1, we observe that the tail of the noise has little impact on the evolution of both

accuracies and therefore on the generalization error. On the other hand, for higher values of σ
√
d, we see the impact of

the tail index α. Indeed, the heavier the tail (i.e. the smaller α), the more jumps are observed on both accuracies, which
necessarily have an impact on the observed generalization. This seems to follow our theory developed in Section 5.

More importantly, the presence of those jumps makes the estimation of the generalization error, GS(WS
T ), extremely noisy.

To avoid this issue, we use the following two techniques:

1. The generalization error is averaged among the 2000 last iterations (recall that we use N ≥ 5000 in all our experiments
so that the model is close to converence when we estimate the generalization error).

2. As the random jumps introduce values of the generalization error that are completely random and often much higher
than the values between the jumps, we avoid them to bias the estimation by removing the 15% upper quantile of the
generalization error, in the last 2000 iterations, before computing the mean.

F.3. Experimental procedures details

In this section, we quickly give more details on how the figures of Section 6 were obtained.

F.3.1. BOUND ESTIMATION - FIGS. 3, 9 AND 12

To get Figs. 3, 9 and 12, we estimated the computable part of Eq. (15). To do so, the gradient norm of all iterations where
averaged, to get an estimate of the integral term:

Î := γ

N∑
k=1

∥∥∥∇F̂S(ŴS
k )
∥∥∥2 ≃

∫ T

0

∥∥∥∇F̂S(WS
t )
∥∥∥2 dt, (48)

where γ is the learning rate and N the number of iterations. The quantity that is plotted on the y-axis of those figures is:

Ĝ :=

√
Pαd1−

α
2

nσα1R
2−α Î . (49)

Moreover, this quantity is averaged over 10 random seeds, with the same values of the hyperparameters (σ, d, α). Unless
mentioned otherwise, the constant R, which is unknown a priori, is taken to be R = 1 in the figures.

F.3.2. CORRELATION EXPERIMENTS - FIGS. 2 AND 11(B)

Figs. 2 and 11(b): In this experiment, we train a 2-layers neural network on MNIST. The tail-index α varies in [1.6, 2] and
the width of the network in [40, 200]. To obtain the green curve, we proceed as follows:

• For each value fixed w of the width, we compute Kendall’s correlation coefficient, denoted τ , between the accuracy
error and the tail-index α.

• This gives us the correlation in terms of the width, i.e. a map τ(w).

• We repeat this procedure for 10 random seeds.

• The green curve represents the mean value and standard deviation of τ(w).

For the dot black curve, to get a less noisy coefficient, we directly used, for each width w, the average of the accuracy error
across all the random seeds, and we computed the correlation between α and this mean accuracy error. This is why there are
no error bars in that case.
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(a) σ
√
d = 0.1

(b) σ
√
d = 1

(c) σ
√
d = 10

Figure 7. Evolution of the test and training accuracies, during the first 2000 iterations, for the simulation of (3) with a linear model trained
with a cross-entropy loss, on the MNIST dataset.

F.4. Additional experiments

In this subsection, we present a few additional experiments to further support the findings of Section 6. These additional
experiments are organized as follows:

1. Additional experiments using a linear model.

2. Additional experiments conducted on the FashionMNIST dataset (the experiments presented in Section 6 were all
conducted on the MNIST dataset).

3. More details figures regarding the use of mini-batches.
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(a) σ
√
d = 1

(b) σ
√
d = 10

Figure 8. Evolution of the test and training accuracies, during the first 2000 iterations, for the simulation of (3) with a 2-layer neural
network, trained with a cross-entropy loss, on the MNIST dataset.

F.4.1. ADDITIONAL EXPERIMENT WITH LINEAR MODELS

We conducted experiments similar to that presented in Section 6 with a linear model, instead of a 2-layers FCN. The results
are presented in Figs. 9 and 10. More specifically, in these experiments, we let both the noise scale σ1 and the tail-index α
vary in a fixed grid of values (see Appendix F.1). Note that, in this case, it is not possible to let the number of parameters
vary without affecting the data, but we can act on σ1 instead, and still test our theory. That being said, this model has the
advantage, when using the cross-entropy as a surrogate loss, to fit nicely in our theoretical setting.

(a) R = 1 (b) R = 25

Figure 9. Linear model on MNIST

More specifically, we can see on Fig. 9 that the estimated bound, according to Eq. (49), correlates very well with the
generalization error. On Fig. 10, we show how the correlation between α and the accuracy gap varies when σ1 is varying,
see Appendix F.3. The phase transition, predicted in Section 5 is visible in this figure. An additional interesting phenomenon
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Figure 10. Correlation (Kendall’s τ ) between the tail index α and the accuracy gap for different values of the noise scale σ1.

is observed on Fig. 10. Indeed, on the left of the correlation plots (both the black and green curves), we can see that the
Kendall’s τ coefficient, measuring the correlation between α and GS , decreases. We interpret this as a third regime, when
σ1 is too small for our theory to hold and the algorithm starts behaving more like a deterministic gradient flow.

As we did on previous experiments, we can use Fig. 10 and the analysis of Section 5 to estimate the value that the parameter
R takes in those experiments. Given that d = 7840 in this experiment and that the phase transition seems to be happening
around σ1 ≃ 0.3, we can estimate R ≃ σ1

√
d ≃ 26. On Fig. 9, we plotted the estimated bound both for R = 1 (our default

choice) along with the estimated bound for R = 25. We observe on that second figure a much improved correlation, hence
supporting the experimental results of Section 6.
Remark F.1. With this linear model experiment, it is not possible to let the number of parameters vary (at least not without
affecting the data), it is therefore not possible to test the dimension dependence, as in Fig. 4, in this case.

F.4.2. ADDITIONAL EXPERIMENTS ON THE FASHIONMNIST DATASET

(a) Regression of the parameter α from the accuracy error,
for a 2-layers network trained on 10% of the FashionMNIST
dataset.

(b) Correlation between α and the accuracy error, for a 2-
layers network trained on 10% of the FashionMNIST dataset,
with varying width.

Figure 11. Experiments with a 2-layers FCN and the FashionMNIST dataset.

We conducted the same experiments as those presented on Figs. 2 and 4 on the Fashion MNIST dataset. The results
are presented in Figs. 11(a) and 11(b). We observe the exact same behavior than the experiments conducted on the
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MNIST dataset: the regression of the tail index shows a remarkable correlation with the ground truth α, with the expected
monotonicity, even though the value of α is underestimated. Moreover, the phase transition, between the two regimes
predicted in Section 5, is observable in Fig. 11(b). It seems to happen at a higher value of d than in the MNIST experiment.

(a) R = 4 (b) R = 11

Figure 12. FasionMNIST

Additionally, we present in Fig. 12 the value of the estimated bound, based on Eq. (49), compared to the accuracy gap, for
different values of th parameter R. For the default choice R = 1, we already observe a very good correlation. Based on
Fig. 11(b), using the same procedure than in our previous experiments, we can estimate the value of R to be about R ≃ 11.
As we observe in all our previous experiments, in Section 6 and Appendix F.4.1, we observe that taking into account this
value of R improves the observed correlation betzeen the bound and the accuracy gap, hence supporting the theory.

F.4.3. ADDITIONAL EXPERIMENTS USING THE CIFAR10 DATASET

All our main experiments were conducted on the MNIST and FashionMNIST datasets (10% sub-sample), and with small
models (i.e., linear models and 2-layers neural networks). The fact that we focus on these small scale experiments is mainly
due to three factors:

1. As mention in Section 6, the computational cost of our experiments is high. They are much more scalable for small
models and datasets.

2. It is not clear whether larger DNNs satisfy our theoretical assumptions, further theoretical investigation would be
needed in that direction.

3. The Lévy stable noise Lαt can make the training dynamics highly unstable, as is shown on Fig. 8. We believe that this
is mainly due to the fact that the heavy-tailed noise in Eq. (17) does not take into account the model’s structure, as in
(Wan et al., 2023) for instance. Further investigation would also be needed to better understand this behavior.

Despite these difficulties, we present small preliminary results toward the application of our theory to larger DNNs. More
precisely we considered a small convolutional neural network (CNN) with 2 convolutional layers, 3 fully-connected (FC)
layers and ReLU activation. We varied the width of these FC layers between 10 and 200 in order to vary the number of
parameters d. As a dataset, we use a small sample of the CIFAR10 dataset, using only 2 classes of a 10% sub-sample of the
dataset.

The results presented in Figs. 13 and 14 are coherent with those obtained in Section 6, hence hinting toward the idea that our
theory could extend to more practical settings.

F.4.4. EXPERIMENTS USING PEARSON CORRELATION COEFFICIENT

In Fig. 2, we presented the value of the Kendall’s correlation coefficient between the generalization error and the tail index
α, for different values of d. We present the same experiment in Fig. 15, but using Pearson’s correlation coefficient instead of
Kendall’s correlation coefficient. We observe that we can still observe the desired phase transition, hence showing that our
experiment are robust to the choice of correlation coefficient. However, Kendall’s coefficient may be more adapted to our
setup, as it is not clear that a linear correlation can be observed in practice.
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Figure 13. Regression of α from the generalization bound, for a CNN on CIFAR10.
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(a) R = 1
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(b) R = 7

Figure 14. Estimated bound, computed with Eq. (49), versus accuracy gap, for a CNN on CIFAR10, for R = 1 (left) and R = 7 (right).
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Figure 15. Same experiment as Fig. 2, but using the Pearson correlation coefficient instead of the Kendall’s correlation coefficient.
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F.4.5. ADDITIONAL EXPERIMENTS WITH THE FULL MNIST DATASET AND MINI-BATCHES

As already mentioned in Section 6, in order to argue that our bounds may also be pertinent in more practical settings than
the figure presented in the rest of the paper, we computed our bound using a FCN5, on the full MNIST dataset, using
mini-batches. This is to be compared eith our other experiments, were, according to the SDE we study, we take the full
batch at each iteration to compute ∇F̂S . The exact procedure and hyperparameters are detailed, as for other experiments, in
Appendix F.1. These results are shown on Appendix F.4.5, were we observe that, for several values of the batch size, we still
observe a very good correlation between the estimated bound and the generalization error. Unfortunately, our theroy does
not predict the behavior of the accuracy gap with respect to the batch-size, but, from this experiment, we understand that it is
still capturing relatively well the behavior of the accuracy gap.

(a) Batch size 64 (b) Batch size 128 (c) Batch size 256

Figure 16. Estimated bound, computed with Eq. (49), versus accuracy gap, for a 5-layers FCN on the full MNIST dataset, for different
value of batch size.
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