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Abstract

We introduce networked communication to mean-field control (MFC) - the coopera-
tive counterpart to mean-field games (MFGs) - and in particular to the setting where
decentralised agents learn online from a single, non-episodic run of the empirical sys-
tem. We adapt recent algorithms for MFGs to this new setting, as well as contributing
a novel sub-routine allowing networked agents to estimate the global average reward
from their local neighbourhood. We show that the networked communication scheme
allows agents to increase social welfare faster than under both the centralised and in-
dependent architectures, by computing a population of potential updates in parallel and
then propagating the highest-performing ones through the population, via a method that
can also be seen as tackling the credit-assignment problem. We prove this new result
theoretically and provide experiments that support it across different classes of coop-
erative game (coordination and anti-coordination), as well as exploring the empirical
finding that smaller communication radii can benefit convergence in anti-coordination
games while still outperforming agents learning entirely independently. We provide
numerous ablation studies and additional experiments on numbers of communication
round and robustness to communication failures.

1 Introduction

Multi-agent reinforcement learning (MARL) can struggle to scale computationally as the number of
agents N increases. The mean-field game (MFG) framework (Lasry & Lions, 2007; Huang et al.,
2006) has been used to address this scaling difficulty; it models a representative agent as interacting
not with the rest of the population on a per-agent basis, but instead with a distribution over the other
agents, known as the mean field. The framework analyses the limiting case when the population con-
sists of an infinite number of symmetric and anonymous agents, that is, they have identical reward
and transition functions which depend on the mean-field distribution rather than on the actions of
specific other players. The MFG is a non-cooperative scenario where each agent seeks to maximise
its individual return, and the solution to the game is a mean-field Nash equilibrium (MFNE), which
can be used as an approximation for the Nash equilibrium (NE) in a finite-agent game, with the error
in the solution reducing as N tends to infinity (Yardim et al., 2024). Alternatively we can consider
a cooperative scenario called a mean-field control (MFC) problem, where the population seeks to
maximise a social welfare criterion such as the average return received by agents.

Since MFC problems can be interpreted as optimisation problems from the perspective of a social
planner, classical approaches to MFC involve centralised methods whereby a central learner updates
a policy that is assumed to be passed automatically to the population (Lauriere et al., 2022a). Often
the empirical mean field of the actual population is not used, with the central learner updating an
estimate of the mean field based on its own policy (Carmona et al., 2019; Angiuli et al., 2022;
2023). However, recent works on MFGs, as in other areas of multi-agent research, have recognised
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that reliance on a central coordinator represents a bottleneck for computation and communication,
and a vulnerable single point of failure of the system (Yardim et al., 2023; Benjamin & Abate, 2023;
2024; Horyna et al., 2025). These works also argue that, in order to be applicable to real-world,
embodied problems, other desirable qualities for mean-field algorithms include: learning from the
population’s empirical mean field (i.e. this distribution is generated only by the agents’ policies,
rather than being updated by the algorithm itself or an external oracle/simulator); learning online
from a single, non-episodic system run (i.e. similar to above, the population is not arbitrarily reset by
an external controller); model-free learning; and function approximation to allow high-dimensional
observations.

Some recent MFC works have considered decentralisation, but Bayraktar & Kara (2024) requires
that decentralised agents optimise for learnt models of the system dynamics (and is only fully inde-
pendent when the population is large but finite rather than infinite), while Cui et al. (2023c) presents
a model-free deep learning algorithm that gives decentralised execution but requires centralised,
episodic training. This latter work stipulates that decentralised training can be achieved if all agents
can directly observe the mean-field distribution and use the same seed to correlate their actions
(though they only provide empirical results for the centralised scenario). However, assuming decen-
tralised agents have access to this global information is unrealistic, and Benjamin & Abate (2024) in
the non-cooperative MFG setting has shown that networked communication between decentralised
agents allows agents to estimate the global mean field from a local neighbourhood. They also show
that proliferating high-performing policies through the population via decentralised communication
(in a manner reminiscent of distributed embodied evolutionary algorithms (Hart et al., 2015; Fer-
nandez Pérez et al., 2018; Fernandez Pérez & Sanchez, 2019; Cazenille et al., 2025; Sissodia et al.,
2025)) improves training time and avoidance of local optima, particularly over the case of agents
learning entirely independently, but often also over populations with a single central learner.

Inspired by this non-cooperative MFG work, we introduce networked communication to MFC for
the first time, where populations arguably have even more incentive to communicate. This allows us
to present a model-free deep learning algorithm that fulfils all of the proposed desiderata, including
learning online from a single non-episodic run of the empirical system, and decentralised training
without needing to observe global information: we contribute a novel sub-routine for estimating the
global average reward from local communication, in addition to the existing sub-routine for esti-
mating the global mean field from Benjamin & Abate (2024). We contribute theoretical proofs that
decentralised policy communication allows networked populations to learn faster than both the inde-
pendent and the centralised alternatives in the MFC setting in different classes of cooperative game
(coordination and anti-coordination). We also demonstrate this finding empirically in numerous
games, as well as contributing an empirical study of the algorithms’ robustness to communication
failures, along with several ablation studies. In summary, our contributions include:

* We provide the first algorithms for decentralised model-free training in MFC, as well as the first
MEC algorithms for online learning from a single, non-episodic run of the empirical system.

* We prove theoretically that in this context, decentralised networked communication can improve
learning speed over the independent and centralised alternatives.

* We further contribute a novel sub-routine allowing decentralised agents to estimate the global
average reward via networked communication, and incorporate an existing sub-routine used in
MFGs for estimating the global mean field via local communication.

* We provide extensive experiments supporting our theoretical results, and give ablation studies of
various parts of our algorithms, as well as a study of robustness to communication failures.

We give preliminaries in Sec. 2, and our algorithms in Sec. 3. We present theoretical results in Sec.
4, and experiments in Sec. 5. A more detailed comparison to related work is in Appx. G.
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2 Preliminaries

Solving the MFC problem involves finding the single policy that, when given to all agents in the
infinite population, maximises the population’s expected return. We give two ways to conceive of
our work, illustrated in Fig. 2 (Appx. A), making more explicit the motivations underpinning other
MEFC works (Cui et al., 2023c; Dayanikli et al., 2024; Zaman et al., 2024; Bayraktar & Kara, 2024;
Yang et al., 2025). Firstly, we contribute algorithms that allow the solution to a MFC problem to be
learnt using the empirical distribution of a decentralised finite population, without needing to make
unrealistic assumptions about access to an oracle for the infinite population. Note that empirically it
may be impractical to assume that the decentralised agents always follow a single identical policy.

Alternatively, we may have originally been interested in solving a cooperative problem for a large,
finite population, but, due to the scalability issues of learning approaches like MARL, forced to turn
to the MFC framework to find a policy that gives an approximate solution to the finite-population
problem. We contribute algorithms that allow the deployed finite population to find the MFC solu-
tion that in turn approximately solves the original problem, without unrealistic assumptions about
centralised training. Under this framing, it may matter less whether all agents follow a single policy
in practice (Yardim et al. (2023); Benjamin & Abate (2023; 2024) follow a similar logic in MFGs).

We use the following notation. N is the number of agents in a population, with S and A representing
the finite state and common action spaces. The set of probability measures on a finite set X is
denoted Ay, and e, € Ay for x € X is a one-hot vector with only the entry corresponding to x
set to 1, and all others set to 0. For time t > 0, ji; = = S0 S o L,;_.es € Ag is a vector of
length |S| denoting the empirical categorical state distribution of the N agents at time ¢. For agent
i € {1...N},i’s policy 7 € II depends on its observation o:. We give different forms that this
observation can take, and relatedly a more formal definition of the policy, after the following.

Definition 1 (N-player stochastic cooperative control problem with symmetric, anonymous agents).
This is given by the tuple (N, S, A, P, R, ), where A is the action space, identical for each agent,
S is the identical state space of each agent, such that their initial states are {sy}Y | € SN sampled
from some initial distribution j1o € Ag, and their policies are {7}, € TIN. P: S x A x As —
Ag is the transition function and R : S x A x As — [0,1] is the reward function, both identical
to all agents, and which map each agent’s local state and action and the population’s empirical
distribution to transition probabilities and bounded rewards, respectively, i.e. ¥i € {1,...,N}:
Siy ~ P(lsi,a, ju) and v} = R(s}, al, fu).

For the joint policy 7 := (7!, ..., 7V) € IV, an individual agent’s discounted return is given by:
Definition 2 (Individual expected discounted return). For all i,j € {1,...,N}, i’s return is

Zt:fpy R(Sia a%a Mt) a'; ~’ ((’Z) .

Si+1"‘P('|5?ﬁ ,ai,fit)

Vi(m, ) =E

However, the maximisation objective for this cooperative problem is:
Definition 3 (Population-average expected discounted return). Fori,j € {1,..., N} the return is

syig
Ny, N P i oa ’
VPP(e ) = % 5 Vi, pg) =E | & Yo : >0 v R(st, ai, fir)

aj~m! (o))

S'ZJFINP('\S'Z Jai i)

That is, the solution to the control problem is w* = arg max, e~ VPP (m, uz). At the limit as
N — o0, the infinite population of agents can be characterised as a limit distribution © € Ag; the
infinite-agent setting is termed a MFC problem. The so-called ‘mean-field flow’ p is given by the
infinite sequence of mean-field distributions s.t. gt = (£4):>0.

Definition 4 (Induced mean-field flow). We denote by I(r) the mean-field flow p induced when all
the agents follow , where this is generated from 7 by pip11(s") = 3_, , pe(s)m(alor) P(s'[s, a, ).
The snapshot of this induced flow at t is given by I(7);.
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Definition 5 (Social welfare). When all agents follow policy 7 giving mean-field flow p = I(7),
S pE
7’s social welfare is W (m; I()) = E [Eit’yt(R(st,at,I(ﬂ)t))’ a]é(ler(-\Ot)I( ol
St41nv “|St,at,d(T0)¢
Definition 6 (Social optimum). The solution to the MFC problem is a social optimum policy m* € 11
that maximises the social welfare function in Def. 5, i.e. 7" = arg max e W (m; I(7)).

Remark 1. Previous works showed that the MFC social optimum m* gives a good approximation
for the harder-to-solve finite-agent problem (i.e. if # = (n*,...,7*)), with the error characterised
by O(\/I—N) (Gu et al., 2021; Mondal et al., 2022; Cui et al., 2023b;c; Bayraktar & Kara, 2024).

When the distribution is the same for all ¢, i.e. p; = py41 Vi > 0, we say the mean-field flow
is stationary, giving a stationary MFC problem. Non-stationary problems require the policy to
depend on the mean field such that o} = (s, ji;), whereas the observation in the stationary case
can be simplified to 0! = si. However, classical approaches to the MFC problem that conceive of
a central planner trying to guide the population to a distribution that maximises the expected return
might have policies that depend on the mean field even in the stationary case (Lauriere et al., 2022a;
Carmona et al., 2023; Cui et al., 2023c). Therefore we use mean field-dependent policies for the
sake of generality, but show through our ablation studies that in practice our algorithms require
only 7' (a|o!) = '(a|st) in our experimental tasks, which have stationary solutions.

Furthermore, it is unrealistic to assume that decentralised agents with a possibly limited commu-
nication radius would have perfect observability of the global mean field ;. Therefore we allow
agents to form a local estimate ﬁi which can be improved by communication with neighbours, using
Alg. 3 (from Alg. 3 in Benjamin & Abate (2024) for the MFG setting). We thus have o} = (s, fi}).
Formally we can now say that when o! = (s, fi;) or (s, /i}), we have the set of policies defined as
= {r:8x As — A4}, and the set of Q-functions denoted Q = {g: S x As x A — R}.! The
communication graph of the decentralised population is given by:

Definition 7 (Time-varying communication network). The time-varying graph (G )i>( is given
by Gi = (N, &), where N is the set of vertices each representing an agent i = {1,..., N}, and the
edge set & C {(ij) : i,j € N} is the set of undirected links present at time t. A network’s diameter
dg, is the maximum of the shortest path lengths between any pair of nodes.

t

3 Learning and estimation algorithms

We adapt recent algorithms for the MFG setting, where networked communication is used 1) to form
local estimates of the global empirical mean field, and 2) to allow agents to adopt better-performing
policy updates from neighbours to accelerate learning (Benjamin & Abate, 2024). We adapt these
algorithms for cooperative MFC, where decentralised agents must optimise the population-average
return instead of their individual one (the decentralised agents may not always follow a common
policy while training unless we make strong assumptions on the communication network as in Sec.
4, so we do not directly optimise social welfare from Def. 5).

It is unrealistic to assume that decentralised agents have access to the global average reward, so we
find a third use of the communication network in 3) allowing agents to estimate the global average
reward 7; from a local neighbourhood. We contribute a novel algorithm Alg. 1 for this purpose
(Sec. 3.1), and we describe our main learning method Alg. 2 in Sec. 3.2. Meanwhile Alg. 3 for
estimating the mean field, which is taken from Alg. 3 in Benjamin & Abate (2024) for the MFG
setting, is described in Appx. C.3. Our policy communication algorithm Alg. 4 is also based on that
in Benjamin & Abate (2024) for the MFG setting, but since it is key to our novel theoretical results
that we contribute for the MFC setting, we give a description of Alg. 4 in the main text in Sec. 3.3.

"When o} = si, weinstead have II={n: S — A }and @ = {g: S x A — R}.
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3.1 Sub-routine for networked estimation of global average reward

Our novel Alg. 1 (Appx. C.1) involves agents using the communication network Gy to locally
estimate the global population-average reward received after a given step in the environment; max-
imising the average reward ensures agents are solving the cooperative MFC problem instead of the
non-cooperative MFG. Agents broadcast their received reward with a unique ID to ensure each re-
ward is only counted once (Line 1). They collect those received from neighbours, and repeat the
process of broadcasting and expanding their collections for a further C,. — 1 rounds, so as to receive
rewards from agents more than one hop away on the network (Lines 2-6). They finally set their
estimate of the global average to the average of the rewards they have collected (Line 7).

3.2 Main learning algorithm

Our novel Alg. 2 (Appx. C.2), adapted from non-cooperative Alg. 1 in Benjamin & Abate (2024),
contains the core method for online MFC learning using the empirical mean field in a non-episodic
system run. It is based on Munchausen Online Mirror Descent (for further background see Appx.
B). Each agent i approximates its Q-function Qg;ﬁc (0, -) with its own neural network parametrised

by 6. Agent i’s policy is determined by 7g: (alo) = softmax(%@ei (o, )) (a) - we denote this as
7t (a]o) for simplicity when appropriate. Each agent maintains a buffer (with size M) of collected

transitions of the form (of;, at, 7t ol +1)’ where 7 is i’s local estimate of the global average reward

obtained by running Alg. 1 (Line 7). At each iteration k, agents empty their buffer (Line 3) before
collecting M new transitions (Lines 4-9). Each decentralised agent then trains its Q-network Q%
via L updates (Lines 10-14) as follows.

~ ./
For stability, ¢ also maintains a target network () pi With the same architecture but parameters 0y,
k,l )

copied from 9}'@7 ; less regularly than 9}'@) ; themselves are updated, i.e. only every v learning iterations
(Line 13). At each iteration /, the agent samples a random batch 3};7 , of | B| transitions from its
buffer (Line 11). It then trains its Q-network using stochastic gradient descent to minimise the loss
in Def 10, Appx. C.2 (Line 12). The trained Q-network determines ¢’s updated policy (Line 16).

3.3 Sub-routine for communicating and refining policies

Alg. 4 (Appx. C4, based on Alg. 1 in Benjamin & Abate (2024) for the MFG setting) uses the
communication network G;°""™ to spread policy updates that are estimated to be better performing
through the population, allowing faster learning than in the independent and even centralised cases.

Alg. 4 is run after agents have independently updated their policies according to their newly trained
Q-networks at each iteration k& of the main learning algorithm (Line 17, Alg. 2). In Alg. 4, agents
obtain an approximation of their individual discounted expected return {V(m, u;)}Y, (Def. 2,
i.e. not the population-average return, which would not give differentiation between the different
updated policies). They do so by collecting individual rewards for E steps, and calculating the
discounted sum of rewards over these finite steps, setting this value to o 41 (Lines 1-7). We can

characterise this approximation of the infinite-step return as {0} }¥, = {(Vi(mpyr, pe; )Y .

They then broadcast their Q-network parameters along with o, 41 (Line 9). Receiving these from
their neighbours J; on the communication network, agents select which set of parameters to adopt
by taking a softmax over their own and the received estimate values o7, 11 VJ € J¢, defined as fol-

comm

exp (oiJrl /Ty . .
oy (Lines 10-12). They can repeat this

we i exp (o';_'_l/‘r
broadcast and adoption process for Cj, rounds (distinct from the C;. and C, communication rounds
for the other sub-routines). We theoretically prove the benefits of this method in the following.

lows: adopted’ ~ Pr(adoptedi = j) =35
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4 Theoretical results

To demonstrate the networked architecture’s benefits, we compare it with the results of modified ver-
sions of our algorithm for centralised and independent learners. In the centralised case, as in similar
MFG and MFC works, only arbitrary central agent ¢ = 1 updates a Q-network and automatically
pushes this to all other agents, and the true global mean-field distribution is always used in place of
the local estimate i.e. fi¢ = fi;. In the independent case, there are no links in GF°™™, i.e. EFOM™ = ().
We now prove theoretically that the policy communication and adoption scheme allows networked
agents to increase their returns faster than the centralised and independent architectures. Rem. 2
(Appx. D) suggests informal reasons for our formal results, to aid intuitive understanding.

We give the theoretical analysis separately for two important subclasses of cooperative game usu-
ally found in MFC, which have different reward structures and therefore require different population
behaviour, namely: 1) coordination games, where the social welfare is increased by agents align-
ing their strategies, such as in consensus/synchronisation/rendezvous tasks; 2) anti-coordination
games, where the social welfare is increased by the population exhibiting diverse policies, such as
in exploration, coverage or task allocation games. The phenomenon of diversity being desirable in
cooperative anti-coordination games is an artifact of having a finite, albeit large, population: the
benefit of diversity will decrease as the empirical population tends to infinity, until the single social
optimum policy must be followed by all agents. While it is intuitive that adopting policies from
neighbours via the communication scheme would be beneficial in coordination games, we show
theoretically and empirically that the scheme also benefits populations in anti-coordination games.

To define formally the two types of game, we first introduce the following two functions. b : IT —
R is a ‘base return function’ that quantifies a policy’s inherent ability to receive rewards regardless
of how many other agents follow the same strategy.? I[] is the indicator function, which equals 1 if
the condition inside is true and O otherwise.

Definition 8 (Coordination game). f. : N — Rsyq is a ‘coordination scaling function’. It has
minimum f.(1) > 0, and increases monotonically with the number of agents whose policies match
i’s. A coordination game is one where the agents’ return can be decomposed as follows, Vi,j €

(1,...,N}: Vi(m,us) = h (b(wi), f (Zje{l,,._,N} I[ni= w})), where I : Rsox Rso — Rsg
is a function that composes b(-) and f.(-) and is monotonic in both arguments, i.e. an increase in

either the policy’s intrinsic ability to attain rewards, or the extent to which it is aligned with other
agents’ policies, results in a higher return.

Definition 9 (Anti-coordination game). fg : N — Ry is an ‘anti-coordination scaling function’.
It has minimum f4(N) > 0, and increases monotonically with the number of agents whose policies
are different from that of i. An anti-coordination game is one where the agents’ return can be de-

composed as follows, Vi, j € {1,... . N}: Vi(m, uz) = h (b(ﬂ'i), fa (Eje{l,...,N} I [7Ti = FJ]))
where h : R>g x Rsg — Rxq is a function that composes b(-) and f4(-) and is monotonic in both

arguments, i.e. an increase in either the policy’s intrinsic ability to attain rewards, or the extent to
which it is different from other agents’ policies, results in a higher return.

For simplicity of the theory, we make several assumptions giving conditions under which networked
agents do outperform centralised ones (for reasons of space these are detailed fully in Ass. 1-6 of
Appx. E). These assumptions do not always hold in practice, which explains why networked agents
may not always outperform centralised ones, though they do in the majority of our experiments.

Recall that at each iteration k of Alg. 2, after independently updating their policies in Line 16, the
population has the policies {7}, }i*,. Ass. 5 assumes that after the C), policy exchange rounds in
Lines 8-15 (Alg. 4), the networked population is left with a single policy. Call this consensus policy
w}clffl. Recall that the centralised case is where the updated Q-network of arbitrary agent ¢ = 1 is

automatically pushed to all the others instead of the policy evaluation and exchange in Lines 1-15

2For example, if agents are rewarded for agreeing on one of a number of targets at which to meet, then policies that visit
none of the designated targets will have lower returns than those that do, whether agents are aligned or not.
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(Alg. 4); this is equivalent to a networked case where policy consensus is reached on a random one
of the policies {m?, 41 }IV.|. Call this policy arbitrarily given to the whole population wziff

Theorem 1. In coordination and anti-coordination games where Ass. 1, 2, 3, 4, 5 and 6 (Appx.
E) apply, we have E[W (7}, I(mp<t))] > E[W (mi, I(m5y))] (i.e. in expectation networked
agents will increase their returns faster than centralised ones). Full proof in Appx. F.1.

We now give results showing why learning can be faster in the networked than the independent case.?

However, since we cannot expect independent agents to share a single policy 71 after the update
in each iteration, it is not possible to extract a solution to the MFC problem from the independent
policies (a further weakness of the independent case). We therefore give these results in terms of the
population-average return (Def. 3) instead of the social welfare (Def. 5) as before. We say the joint

1 1 1 1 1 net — (l,net) (N,net)
policy in the networked case after communication round c is %, . = (7Tk+1’c RN (P
.. . . . . ind _ (1,ind) (N,ind)
and the joint policy in the independent case is 7wy} = (7r,Hl see s Tha .

Theorem 2. In a coordination game, given Ass. 2, 3, 4 and 7 (Appx. E), even a single round
of communication in the networked case improves on the independent case, i.e. for ¢ = 0,

E {VPOP(TFET176+1,Mt)} > E [VPor(mind, )], Full proof in Appx. F.2.

Theorem 3. In an anti-coordination game, given Ass. 2, 3, 4, 7 and 8 (Appx. E), even a single
round of communication in the networked case improves on the independent case, i.e. for ¢ = 0,

E {VPOP(WETLCH,MQ} > E [VPoP(midd py)]. Full proof in Appx. F.3.

S Experiments

5.1 Experimental setup

We present experiments from grid worlds, following the gold standard in similar works on MFGs
(Lauriere et al., 2022a). We give results from six tasks similar to those found in prior works, defined
by the agents’ reward/transition functions and relating to agents’ positions relative to other agents.
Two (cluster; target selection) are coordination games and four (disperse; target coverage; beach
bar; shape formation) are anti-coordination games, where in each case the reward function reflects
a coordination/anti-coordination (f./f4) element alongside other elements that may be crucial for
receiving reward, reflected in the policies’ base quality b(7) (Sec. 4). Appx. H.1 has full technical
descriptions of the tasks. In these spatial environments, GF°™™ is determined by the physical dis-
tance from ¢; we show plots for various broadcast radii, given as fractions of the maximum distance
in the grid. We evaluate our experiments according to a finite-step approximation of the discounted
population-average return (Def. 3) over M steps within each outer % loop, i.e. Vpop (7, pie; M).

5.2 Results and discussion

We present results in Fig. 1 for our standard experimental settings involving 500 agents each with
their own Q-network. When networked agents communicate, they have only a single communication
round. See Appx. H.3 for additional experiments with more communication rounds, a study of ro-
bustness to failures in the communication network, and ablation studies for our various sub-routines.
The ablation studies of Algs. 1 (estimating global average reward) and 3 (estimating global empirical
mean field) suggest that in our experimental settings the policy communication scheme (Alg. 4) is
the dominant factor in the better performance of networked populations over the other architectures.

Fig. 1 shows that in all of our games, networked populations of all broadcast radii significantly
outperform independent (orange) agents, which hardly appear to increase their returns, if at all.
Networked populations of all broadcast radii also significantly outperform the centralised (blue)
agents in all but the two coordination games, where only networked agents of the smaller radii

3Here we replace Ass. 1 with Ass. 7, Appx. E.2. To prove the benefit of the networked case over the independent case in
anti-coordination games, we use an additional Ass. 8, Appx E.2.1.
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(c) ‘Disperse’ game. (d) ‘Target coverage’ game.
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(e) ‘Beach bar’ game. (f) ‘Shape formation’ game.

Figure 1: Standard settings with C, = C, = C}, = 1. In almost all games networked agents of all
broadcast radii significantly outperform the centralised (blue) and independent (orange) agents.

(green, 0.2; red, 0.4; purple, 0.6) underperform them. Indeed, in the anti-coordination games the
centralised populations perform similarly to purely independent ones in hardly appearing to increase
their returns, performing even worse than independent ones in the ‘shape formation” game. The
centralised populations also have markedly higher variance than networked ones in several games
(‘target selection’, ‘disperse’, ‘beach bar’). This reflects our theoretical analysis in Sec. 4 that
the centralised learner pushes an arbitrary updated policy to the whole population regardless of its
quality, leading to large fluctuations in performance, whereas our communication scheme biases
networked populations towards better performing updates.

In the four anti-coordination games, and most notably in the ‘target coverage’ game, networked
agents of smaller broadcast radii often outperform those of larger radii, i.e. the ordering is reversed
from that of the coordination games. This reflects the fact that our strong theoretical Ass. 8 (namely
that an increase in the base return function must outweigh a decrease in the population’s policy
diversity in anti-coordination games) only applies to a certain extent in practice, explained below.

The fact that a single round of communication improves return over the independent case in anti-
coordination games reflects Ass. 8 holding for Thm. 3, in that for all networked populations the
increase in average base policy quality outweighs the decrease in diversity. However, the different
communication radii lead to different degrees of consensus after a single round, and hence different
decreases in diversity. Beyond a certain point, maintaining some diversity does in fact outweigh the
benefit of all agents using the policy that has the best base quality for a given iteration. Some policy
sharing is better than none, but too much may be a disadvantage in anti-coordination games. The
ultimate choice of consensus level might depend on whether one is using the empirical population
as a practical way of learning the social optimum for a MFC problem (Def. 6), where a single policy
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*

7* is desired to be given to an infinite population, or whether one is solving the MFC problem
to approximate the solution to a finite-agent control problem (Def. 3) involving the same number
of agents as the empirical population from which one is learning. In the latter case some policy
diversity may be accepted/desired if it affords a better approximation to the /N-agent solution.

6 Conclusion

We provided the first algorithms for decentralised training in MFC, as well as the first for online
learning in MFC from a single non-episodic run of the empirical system. We did so by modifying
existing algorithms for the MFG setting, and contributing a novel algorithm for estimating the global
average reward via local communication. We proved theoretically that networked communication
accelerates learning over both independent and centralised architectures. We supported this with
extensive numerical results, accompanied by ablation studies and discussion of the empirical effects
of communication radii. For future work, see Appx. L.
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A Diagram for two possible conceptions of our work

See Fig. 2.
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Figure 2: Two possible ways to conceive of our work regarding the relationship between the infinite-
and finite-population control problems, described in Sec. 2. Note that using the finite empirical pop-
ulation to learn the single-policy MFC social optimum 7 = (7, ..., 7*) for the infinite population
(Def. 6) is not the same as directly finding 7* = arg max, ey VPP (m, ug) = (71,...,7Y), ie.
the tuple of individual policies that maximises the expected finite population-average return in Def.
3, a problem known to be hard (Cui et al., 2023c; Bernstein et al., 2002).

B Preliminaries on Munchausen Online Mirror Descent

Recent works have solved MFGs from non-episodic runs of the finite empirical system using a form
of policy iteration called Online Mirror Descent (OMD) (Benjamin & Abate, 2024); we adapt this
to learn a social optimum in the MFC setting. OMD involves beginning with an initial policy g,
and then at each iteration k, evaluating the current policy 75 with respect to its induced mean-field
flow p = I(mx) to compute its Q-function Q1. To stabilise the learning process, we then use

a weighted sum over this and past Q-functions, and set 71 to be the softmax over this weighted

sum, i.e. 741 (+]o) = softmazx (% Ziié « (0, )) T, is a temperature parameter that scales the
q

entropy in Munchausen RL (see below) (Vieillard et al., 2020); this is a different temperature to the

comm

one agents use when communicating policies, denoted 7;°"*™ and discussed in Sec. 3.3.

If the Q-function is approximated non-linearly, it is difficult to compute this weighted sum. The
Munchausen trick addresses this by computing a single Q-function that mimics the weighted sum
using implicit regularisation based on the Kullback-Leibler (KL) divergence between 7 and 7y
(Vieillard et al., 2020). Using this reparametrisation gives Munchausen OMD (MOMD), detailed in
Sec. 3.2 (Lauriere et al., 2022b; Wu et al., 2024). MOMD does not bias policies, and has the same
convergence guarantees as OMD (Hadikhanloo, 2017; Perolat et al., 2021; Wu et al., 2024).
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C Algorithms

C.1 Sub-routine for networked estimation of global average reward

See Alg. 1, discussed in Sec. 3.1.

Algorithm 1 Average reward estimation and communication

Require: Time-dependent communication graph GE°™™, rewards {ri} |, number of communica-
tion rounds C,.
1: Vi : Initialise reward sets Ry <— {(ID*,r})}
2: forc,inl,...,C, do
3:  Vi:Broadcast Ry .
4 Vi Ji <+ {jeN:(i,j) € Eommy
50 Vi Ry 41y & Rie, YUUjesi Rie,
6: end for
L\ 1 N
7 Vi P o] Z(ID,T)GR;YCT r
N

8: return Estimates of average reward {ﬁ}
i=1

C.2 Main learning algorithm

See Alg. 2, discussed in Sec. 3.2.
Definition 10 (Q-network empirical loss). The training loss to be minimised is given by ﬁ(ﬁ, 0" =

. 2
Q%l (01, a¢) — T‘ , where

1
1B] z:itransitionEBfC .

0

+ Z i (alot41) (Qei’,/z (0t+1,a) — Tglnm, (a|ot+1)) .

i’
! kL
¢ acA

T = ’f':t + |:’7'q ln’ﬂ'e;'c, (atot)]

’
l

For ¢l < 0, [1]% is a clipping function used in Munchausen RL to prevent numerical issues if the
policy is too close to deterministic, as the log-policy term is otherwise unbounded (Vieillard et al.,
2020; Wu et al., 2024).

C.3 Sub-routine for networked estimation of global empirical mean-field

Networked agents use Alg. 3 (this is Alg. 3 from Benjamin & Abate (2024) for the MFG setting) to
locally estimate the global empirical mean field, to serve as an observation input for their Q-/policy-
networks. To do so, we say that the population exhibits the following visibility graph, in addition to
its communication network.

Definition 11 (Time-varying state-visibility graph). The time-varying state visibility graph
(GY )i>0 is given by GY* = (S',EY®), where S' is the set of vertices representing the environ-
ment states S, and the edge set E'** C {(m,n) : mn € S'} is the set of undirected links present at
time t, indicating which states are visible to each other.

This graph applies in the subclass of environments which can most intuitively be thought of as
those where agents’ states are positions in physical space, which include those in our experiments.
Benjamin & Abate (2024) additionally contains a graph and algorithm for more general settings.

In our experiments in spatial environments, the visibility graph G?** is determined by the physical
distance from agent 4, as with the communication network G7°"*™. In the independent architecture,

we assume there are no links in GY%%, i.e. 7% = ().

Alg. 3 involves agents using the visibility graph G** to count the number of agents in locations that
fall within the visibility radius (Line 2). For C', communication rounds, agents can supplement this
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Algorithm 2 Decentralised MFC learning from non-episodic system run

Require: loop parameters K,M,L,E,C.,C,,C,, learning parameters -y,7q,|B|, cl,v,
{Tﬁomm}ke{o,...,K—q
Require: initial states {s)}¥ ;¢ <+ 0 )
1: Vi : Randomly initialise parameters 6} of Q-networks Qg; (0,7), and set wi(alo) =
105 . .
softmax(;qQ%(o, )) (a)
2: fork=0,...,K —1do

3:  Vi: Empty ¢’s buffer

4 form=0,....M—1do

5: {oi}Y| + EstimateMeanFieldAlg. 3(Gy™, Geom™ {si}N))

6: Take step Vi : aj ~ 7}, (-|o}), i = R(s}, ay, i), 571 ~ P(-|s},af, fig);t <t +1
7: {71}, « EstimateAverageRewardAlg. 1(G/o™™, {ri}}V))

8: Vi: Add (oi, al, Oi+1> to ’s buffer

9: end for
10. forl=0,...,L—1do

11: Vi : Sample batch Bj ; from i’s buffer
12: Update 6 to minimise £(6,0') as in Def. 10
13: If] mod v=0,setd « 0

14:  end for
15: QQ};_H (07 ) — QO;YL (Oa )

16:  Vi:mj,(alo) + softmax(;{l@e;c+1 (o, )) (a)
17 ({mh 1 }i, {si}i,t) < CommunicatePolicyAlg. 4(G;o™™, {m} 1 }i, {si}i,t)
18: end for

19: return policies {7& }¥

local count with those received from neighbours over the communication network G£°*™, in order
to count agents that do not fall within the visibility radius (Lines 3-7). We assume agents know
the population’s total size IV, and therefore can distribute the uncounted agents uniformly over the
states that remain unaccounted for after the communication rounds (Lines 8-10). Agents now have a
vector containing a true or estimated count for every state; this is converted to an estimated empirical
mean field by dividing all counts by NV (Lines 11-12).

C.4 Sub-routine for communicating and refining policies

See Alg. 4, described in Sec. 3.3.

D Informal intuitions regarding formal results

Remark 2. Like many cooperative learning paradigms, both the independent and centralised ver-
sions of our core learning algorithm (Alg. 2) may suffer from the credit-assignment problem, in that
it is not clear how agents’ local state st and local action a} contributed to the (locally estimated)
average reward ﬁ (Li & Li, 2024; Cazenille et al., 2025). Agents may receive low individual reward
ri by taking action al given of, but would nevertheless learn that doing so was ‘good’ if the rest
of the population took highly rewarded actions at the same step giving high average reward . By
drawing spurious relations, an agent’s updated policy 7, 11 (alo) may negatively impact (or simply
not advance) the goal of maximising social welfare. While including the (estimated) empirical mean
field in the observation oi = (si, ﬁ%) might mitigate this slightly by indicating which mean fields
gave high average rewards, this does not solve the issue of allowing learners to distinguish between
helpful or unhelpful local actions at, whether centralised or not. By spreading policies through the
population which are expected to have a higher individual return, despite this being a cooperative
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Algorithm 3 Mean-field estimation and communication for environments with gm

Require: Time-dependent visibility graph G;%, time-dependent communication graph GFo™™,
states {St}Z 1> humber of communication rounds C,
Vi, s : Initialise count vector ¢ [s] with ()
Vi,Vs' € 8 : (s, 8') € EV% ¢ O[] Zjel,_”’N:S{:s/ 1
forc.inl,...,C. do
Vi : Broadcast 07
Vi:Ji=iU{j e/\/ (i,9) € Eommy 4
Vi,sand Vj € Ji 1 0 . qls] < Of . [s]if 07 ., [s] # 0
end for
Vi : counted_agentsy < Zse&@;ﬁ ()0 Ot 5]

R A A

Vi : uncounted_agentst < N — counted_agents:

10: Vi : unseen_states; < Zse&ﬁ% (s)=0 1

11: Vi, s where 0![s] is not 0 : jit[s] < “tTM v
uncounted_agents;

qunobservedfstatesi

13: return {(states s!, mean-field estimates /i})} N,

12: Vi, s where 0[s] is 0 : fi¢[s] <

Algorithm 4 Policy communication and selection

Require: Time-dependent communication graph G£°*"™, loop parameters £, Cp,, learning parame-
ters 7, {Tmmm}ke{o JK—1}
Require: policies {m; 4 }2_1, states {si} ;¢
1: Vi:o} k+1 S 0

2: fore =0,...,E — 1 evaluation steps do

3 {0}, EstlmateMeanFleldAlg 3(Gy7, Geomm {si )

4 Takestep Vi : aj ~ i ( |ot) ri = R(si, a, i), siiq ~ P(:|s},a}, fir)

500 Viiop o +7°

6: t<+t+1

7: end for

8: for C), rounds do

9:  Vi:Broadcast o} 4, T},

10: Vi:Jl«{jeN:(ij)€Emm}

11: Vi : Select adopted® ~ Pr(adoptedi = j) =5 eXpia"“/TmmZLm VieJ}
wcJi xp (05 1/ 7k ) t

120 Vi Uk+1 — Zio1pted Trl%+1 — Ziﬂpted

13 {o{};L, < EstimateMeanFieldAlg. 3(G;*, G;*™™, {s}}}\,)

14:  Take step Vi : af ~ mi(+|o}),ri = R(st,at,ut) Sy~ P(lsial, )t t+1
15: end for

return (policies {}_;}¥,, states {s}}/,, 1)

_
a

problem, we reduce the credit-assignment problem by replicating policies that should contribute
positively to the population-average return, and filtering out those that do not.

Moreover, even if we assumed credit assignment were not a problem, there is randomness in the Q-
network update: agents have stochastic policies and thus may collect a wide variety of transitions to
add to their individual buffers, from which they sample randomly when training Q-networks. There
may therefore be considerable variance in the quality of their estimated Q-functions, leading in
turn to variance in the quality of policy updates. At each iteration of the centralised algorithm, in
expectation the central learner will by definition have an average-quality update, and its updated
policy will be pushed to the entire population whether or not it performs well. Our decentralised
networked approach permits beneficial parallelisation in place of this centralised method, by gener-
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ating a whole population of possible updates, from which the one(s) estimated to be best-performing
can be selected via a process akin to the comparison of fitness functions in evolutionary algorithms.

E Theoretical assumptions

Recall that at each iteration k of Alg. 2, after independently updating their policies in Line 16, the
population has the policies {7, 11} N |. There is randomness in these independent policy updates,
stemming from the random sampling of each agent’s independently collected buffer. In Lines 1-7
of Alg. 4, agents approximate their infinite discounted individual returns {V(mr, )}, (Def. 2)
of their updated policies by computing {c7}, ,,}/V;: the E-step discounted return with respect to the
empirical mean field generated when agents follow policies {r}, 11 1V, (i.e. they do not at this stage
all follow a single identical policy).

E.1 General assumptions

Assumption 1. Assume that Algs. 1 and 3 allow networked agents to obtain accurate estimations
of the true population-average rewards and global empirical mean field respectively, i.e. Vi Ak = iy
and 7t = .4

Assumption 2. Assume that {o}, 11 JN_| are sufficiently good approximations so as to respect the or-
dering of the true infinite discounted individual returns {V* (1, )} jie Vi, j € {1,...,N}
U;C-i-l > 0-.17€+1 < Vl(ﬂ'k;+1,,ut) > V](Tl'k;+1,,ut).

Assumption 3. Assume that directly after the policy updates in Line 16 (Alg. 2), before any policy
transfer as in the networked or centralised algorithms, all policies are different (due to the random-
ness in these updates). This means we have the minimum possible value of the f. function and the
maximum possible value of the fq function. Assume also that each policy has a distinct return, such
thatVi,j € {1,..., N} w1 # Thoy, VAT ko, fie) 7 VI (Thga, fit), Ohyy 7 Oy

Assumption 4. Say that 7™ € Rxq, such that the softmax adoption scheme (Line 11, Alg. 4)
gives non-uniform probabilities of policies being adopted as they are exchanged among neighbours.

Assumption 5. Assume that after the C, rounds in Lines 8-15 (Alg. 4), in which agents exchange
and adopt policies from neighbours, the networked population is left with a single policy such that
Vi,je{l,...,N}mi_ 4 =m >

Assumption 6. We have two different policies that could be shared by the whole population such
that 7* = (7®, ..., %) and w¥ = (7Y, ..., wY). We assume that:

VIR, o) > VPP (Y ) == W(x®, I(n%)) > W(n", I(x")).

E.2 Assumptions for outperformance of the independent case

Assumption 7. Assume the estimated global mean field and average reward are the same in the

networked and independent cases, i.e. Vi, j ZLE’V”@” = ,L:ng’ind) and ;t(i’"et) =ri®

“In other words, we assume for simplicity that the only difference between the networked and centralised cases is the
networked policy communication scheme. In practice, our ablation studies indicate that this is empirically the dominant
factor in our experimental settings anyway.

SMost simply we can think of Ass. 5 holding if 1) T0™™ — 0 Vk, such that the softmax essentially becomes a max
function, and 2) the communication network Gf°™™ is static and connected during the C, communication rounds, where
Cy is equal to the network diameter dgcomm . Under these conditions, previous results on max-consensus algorithms show
that all agents in the network will converge on the highest o7 value (and hence the unique associated 7;"") within a
number of rounds equal to the diameter dgtcomm (Nejad et al., 2009; Benjamin & Abate, 2023). However, policy consensus
as in Ass. 5 might be achieved even outside of these conditions, including if the network is dynamic and not connected at
every step, given appropriate values for Cp and 7.°™ € R>0.

SIn other words, we assume for simplicity that the only difference between the networked and independent cases is the
networked policy communication scheme. In practice, the networked estimates will be better due to communication, giving
an additional performance increase over the independent case.
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E.2.1 Assumption for outperformance of the independent case in anti-coordination games

Assumption 8. Assume that an increase in the base return function outweighs a decrease in the
population’s policy diversity, namely h(b + Ab, fg — Afq) > h(b, fq), VAb > 0, Af; > 0.

F Proofs

Ass. 5 assumes that after the C), policy exchange rounds in Lines 8-15 (Alg. 4), the networked
population is left with a single policy. Call this consensus policy erlitp and its associated finitely
approximated return agﬁfl. Recall that the centralised case is where the Q-network update of ar-
bitrary agent ¢+ = 1 is automatically pushed to all the others instead of the policy evaluation and
exchange in Lines 1-15 (Alg. 4); this is equivalent to a networked case where policy consensus is
reached on a random one of the policies {7}, 41 }¥ |- Call this policy arbitrarily given to the whole

population wzeff, and its associated finitely approximated return azeff.

F.1 Proof of Thm. 1

Theorem 1. In coordination games and anti-coordination games where Ass. 1, 2, 3, 4, 5 and
6 apply, we have E[W (7}, I(mp<t)))] > E[W (7, ()] (i.e. in expectation networked
agents will increase their returns faster than centralised ones).

Proof. Recall that before the communication rounds in Line 8 (Alg. 4), the randomly updated poli-

cies {7} 1}/, have associated approximated returns {o}_,},. Denote the mean and maximum

of this set o}’¢3" and o} respectively. Since m{%} is chosen arbitrarily from {m_,}/Y,, it will

obey E[o5]] = op¢i" VE, though there will be high variance. Conversely, the softmax adoption

probability (Line 11, Alg. 4) for the networked case means by definition that policies with higher

o}, are more likely to be adopted at each communication round. Thus the consensus 735" that
net an comm

gets adopted by the whole networked population will obey E[o<",] > oed™ (if 7077™ — 0, it will
obey E[o}"] = oY k). As such:

Elops] > E[ogt]. (1)

Refer to the agent whose update originally gave rise to wgﬁfl and a?fl as agent

(i,net); we equivalently also have the arbitrary agent (j,cent). Prior to consen-
sus being attained in each case, the joint policy can be written as sr(imetij.cent)
(ml, .. mimt plinet) il i1 p(cent) il N,

Given Eq. 1, and by Ass. 2, we know that directly after the policy update in Line 16 (Alg. 2), prior
to the consensus being reached, we have:

. [V(i7net) (71_gf-;_nlet;j,cent)7 #t)] >E [V(jwent) (wl(f-;-n1emj7cent)’ Nt)} . 2)

We now need to show that this ordering is maintained in the case that each policy is given to the
whole population.

By Ass. 3 we know that straight after the random policy updates there is no alignment among poli-

. . . . . 7,net j,cent
Cles, 1.€. 1n a coordination game we have fc( ’ ) = fc(J7 )

game we have féi’net) — tgj,cent)

because:

= min f,, and in an anti-coordination
= max fg. Therefore if Eq. 2 pertains, by Def. 8 it must be

E[b(r(#eD)] > E[b(r(ent))], 3)

i.e. because the base policy quality is higher for 7(#*¢*) than for 7(7-cent),

By Ass. 5 know that in the networked and centralised cases the joint policies respectively become

gt = (ghet guet gnet ) and qreent .= (geent geent gcent ) We therefore end up with



Coordination and Cooperation in Multi-Agent Reinforcement Learning Workshop 2025

maximum alignment in both cases, such that f2* = f*"* = max f, in a coordination game, and
net = feent — min f, in an anti-coordination game. Due to this, along with Egs. 2 and 3, we have

E [Vi(mpty, )] > B [V (i ie)] - (4)
In turn we have:
E [VPP(r}, )] > B [VPP (RS, )] (5)
which by Ass. 6 gives
E[W (mp5, (7)) > E[W (s, T(migt)],

namely the result. O

F.2 Proof of Thm. 2

Theorem 2. In a coordination game, given Ass. 2, 3, 4 and 7, even a single round of communication

in the networked case improves on the independent case, i.e. for c = 0, E [VPOP(Tr};'jfl 1o Mt)| >

E [VPor(mitfy, m)]-

Proof. The softmax adoption scheme (Line 11, Alg. 4), which according to Ass. 3 and 4 gives non-
uniform adoption probabilities, is such that some policies are more likely to be adopted than others.
Thus the number of distinct policies in the population is expected to decrease. Say for simplicity

: :at (d,met) (4,net) -
that during the first communication round a 77 ;" is replaced by 7 ¢ *, such that for ¢ = 0
net __ (1,net) (1 net) (J net) (N net)
Thtte = \Thite o0 Thipler o Thbler Thple ) o
ne (1,net) (1 net) (1 net) (N net)
and S g = (”k+1 10 Tt te+10 0 Tl e 10 Thtle41

For this to have occurred, we know that

i,net j,net
E[al(c+l,c)] > ]:E[O-I(C{Fl,c)]7

and therefore by Ass. 2 that

E |1/ (inet) (7‘_23:51 , Mt)} > E |:V(j,nCt) (ﬂ'zi_tl ) ,ut) - (6)

By Ass. 3 we know that straight after the random policy updates there is no alignment among
policies, i.e. in a coordination game we have f{""*) = £ — min f,. Therefore if Eq. 8

pertains, by Def. 8 it must be because:
E[p(x ")) > Efp(x 0], ()

i.e. because the base policy quality is higher for 7(**) than for 7(/"¢*)  For this reason
we have, for ¢ = 0: E {VPOP(F‘,;j_tl C_H,,ut)} > E [VPOP(ij_tl u/J't):|' Additionally, replac-
ing 771(#1 *) with a second copy of " flec) will increase the alignment (f.) of w,(ﬁfle? such that
E {V(l HEt)(Trr];itLC‘i’l’ Mt)} > E {V(i,net)(ﬂzitl o Mt)}, accelerating the improvement even further.
These steps apply similarly if more than one policy is replaced.

Since the independent case is equivalent to the networked case when C}, = 0, we can say that

ind __
T = Trk+1 o- This gives the result, i.e.

E [VPP(mhSty cprs )] > E VPP (s, )] -
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F.3 Proof of Thm. 3

Theorem 3. In an anti-coordination game, given Ass. 2, 3, 4, 7 and 8, even a single round
of communication in the networked case improves on the independent case, i.e. for c = 0,

E VPP oayo )| > B [VPP (i, )],

Proof. The proof begins similarly to that for a coordination game. The softmax adoption scheme
(Line 11, Alg. 4), which according to Ass. 3 and 4 gives non-uniform adoption probabilities, is such
that some policies are more likely to be adopted than others. Thus the number of distinct policies in
the population is expected to decrease. Say for simplicity that during the first communication round

a w,(éﬂﬁci) is replaced by w,(cﬂrnftp), such that for ¢ = 0

net _ (_(Lnet) (i.net) (met) _(Nnet)

ktl,e = \Thatc o0 Thater o Tyt cor Thgle )

net _ (1,net) (i,net) (i,net) (N,net)
and 73 o = (”k+1,c+1v---77Tk;+1,c+1v-~-a77k+1,c+17-~-7rk+1,c+1 .

For this to have occurred, we know that

i,net j,net
E[al(c+1,c)] > ]:E[O-I(C{Fl,c)]7

and therefore by Ass. 2 that

E V(i,net)(wr];j:cl,c’ﬂt)} SE [Vu,net)(ﬂgitl,c,ut) : (8)

By Ass. 3 we know that straight after the random policy updates there is no alignment among
policies, i.e. in the anti-coordination game we have fél’net) = féj %) _ max f,. Therefore if Eq. 8
pertains, by Def. 8 it must be because:

E[b(r(#eV)] > E[b(x (D)), ©9)

i.e. because the base policy quality is higher for 7(“¢%) than for 7(7:met)

Ass. 8 assumes that any increase in the base quality of the policy will outweigh the decrease in
diversity that will come from having more than one agent following W}iz;;ezll Therefore we have,
for c = 0:

E (VPP (S erns )] > B VPP (s oo )] -
These steps apply similarly if more than one policy is replaced.

Since the independent case is equivalent to the networked case when C},, = 0, we can say that
mird) = wiS - This gives the result, i.e.

E [VPP(mp ) cp1r )] > E (VPP (i, e)] -

G Extended comparison with related work

We discuss here the works most closely related to our present work, focusing on decentralisation
and networked communication, and clarifying the differences with prior methods and settings. We
refer the reader to Lauriere et al. (2022a) for a broader survey of MFC.

Numerous works claiming to study decentralisation in MFC take this to mean only that agents do
not have access to the specific states of all other agents, and have policies depending on their local



Coordination and Cooperation in Multi-Agent Reinforcement Learning Workshop 2025

state and possibly the mean field, which we take as a given in our work. They nevertheless rely
on a central learner or coordinator that provides global information to all agents, a reliance which
we remove in our work. This applies, for example, to Grammatico et al. (2016) - where a ‘central
population coordinator’ broadcasts a common signal to all agents - and Tajeddini et al. (2017), which
presents a leader-follower setting where a ‘central population coordinator’ estimates the mean-field
trajectory. Farzaneh et al. (2020) requires a central coordinator, and presents a non-cooperative
scenario so does not actually fall under MFC despite being referred to as such.

Bayraktar & Kara (2024) considers independent, ‘online’ learning for MFC in a setting that is differ-
ent to ours. Crucially, their method involves agents first estimating a model (reward and transition
functions) of the system by conducting ‘online’ updates using samples collected while following
exploration policies. Only once having done so do they compute execution policies that are opti-
mal with respect to the estimated model. We argue that having a dedicated exploration phase is
infeasible for many real-world applications, and instead present a fully model-free online learning
algorithm. Moreover, their setting only permits independent learning if N is large but finite. For
infinite populations, a central coordinator is required to supply common noise to aid exploration
during the initial phase, and if the optimal policy for the estimated model is not unique, centralised
coordination is required to allow the agents to agree on which policy to execute. Our algorithms
require no such special considerations. Finally, their work is purely theoretical, whereas we provide
extensive empirical results.

In Cui et al. (2023c), decentralisation applies only during execution, and they offer a centralised-
training decentralised-execution method (as also in Cui et al. (2023a)). They say that decentralised
training could be achieved if the global mean field is observable and all agents use the same seed to
correlate their actions - we do not require either assumption for our decentralised training algorithm.
They also train episodically whereas we learn online from a single run of the system. Finally, their
experiments focus only on coordination games, whereas we additionally explore empirical effects
resulting from decentralised training in anti-coordination games, where agents gain higher rewards
by diversifying their behaviour.

Angiuli et al. (2022; 2023) provide algorithms for MFC learning from a single run, but here it is a
single run only of a ‘representative’ player that estimates the mean field, rather than a single run of
the empirical population as in our work. Their algorithms are thus inherently centralised, as well as
involving two time-scales for updating the mean-field estimate, which we argue is unlikely to be a
practical paradigm for training in complex real-world systems such as robotic swarms.

Our work is also closely related to Benjamin & Abate (2023) and Benjamin & Abate (2024), which
introduce networked communication to the non-cooperative MFG setting. By adapting their commu-
nication scheme and learning algorithm, we introduce networked communication to the cooperative
MEFC setting, where it is arguably more applicable due to broader incentives for communication of
policies. Their works focus on coordination games to justify the sharing of policies (though Ben-
jamin & Abate (2024) does demonstrate empirically that networked agents outperform independent
agents in a non-cooperative anti-coordination game, indicating that self-interested agents do nev-
ertheless have incentive to communicate), whilst we provide extensive theoretical and empirical
results on the benefits of policy sharing in MFC for both coordination and anti-coordination games.
We integrate Alg. 3 from Benjamin & Abate (2024) for estimating the global mean field from a local
neighbourhood, but additionally contribute novel Alg. 1 for estimating the global average reward
from a local neighbourhood for the MFC setting.

H Experiments

Experiments were conducted on a Linux-based machine with 2 x Intel Xeon Gold 6248 CPUs (40
physical cores, 80 threads total, 55 MiB L3 cache). We use the JAX framework to accelerate and
vectorise our code. We run five trials with different random seeds for each experiment, and plot
the mean and standard deviation of the mean across the seeds. Random seeds are set in our code
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in a fixed way dependent on the trial number to allow easy replication of experiments. We discuss
hyperparameters in Appx. H.2.

H.1 Games

We conduct numerical tests with six games. In all cases, rewards are normalised in [0,1] after they
are computed.

Cluster. This game is also used in Benjamin & Abate (2023; 2024). Agents are encouraged to
gather together by the reward function R(si,al,fi;) = log(ji;(st)). That is, agent i receives a
reward that is logarithmically proportional to the fraction of the population that is co-located with it
at time ¢t. We give the population no indication where they should cluster, agreeing this themselves
over time.

Agree on a single target. This game is also used in Benjamin & Abate (2023; 2024). Unlike in
the above ‘cluster’ game, the agents are given options of locations at which to gather, and they must
reach consensus among themselves. If the agents are co-located with one of a number of specified
targets ¢ € ® (in our experiments we place one target in each of the four corners of the grid), and
other agents are also at that target, they get a reward proportional to the fraction of the population
found there; otherwise they receive a penalty of -1. In other words, the agents must coordinate
on which of a number of mutually beneficial points will be their single gathering place. Define
the magnitude of the distances between z,y at ¢ as dist;(x,y). The reward function is given by

R(‘ﬂ? a’i? ﬂt) = rtarg (rcoord(/lt(si))), where

Frare () = x if3¢ € @ s.t. disty(st, ¢) =0
targ ) -1 otherwise,

€ Y3
’I"coord(x) = {x lf’ut(St.) ~ l/N
-1 otherwise.
Disperse. This game is also used in Benjamin & Abate (2024) and is similar to the ‘exploration’
tasks in Lauriere et al. (2022b); Wu et al. (2024) and other MFG works. In our version agents are
rewarded for being located in more sparsely populated areas but only if they are stationary, to avoid
trivial random policies. The reward function is given by R(s, al, fit) = Tstationary(— log(fit(s%))),
where
{az ifal is ‘remain stationary’
T'stationary (m) = .
-1 otherwise.
Target coverage. The population is rewarded for spreading across a certain number of targets, as
long as agents are stationary at the target. As in the ‘target selection’ game, we have targets ¢ € @,
where in our experiments we place one target in each of the four corners of the grid. Again define
the magnitude of the distances between x, y at ¢ as dist,(x,y). The reward function is given by

R(5i7 a‘i7 ,[/Jt) = T'stationary (Ttarg (f log(ﬂt(Si)))) )

where rg¢qtionary and 144, are as defined above.

Beach bar. Such games are very common in MFG works (Perrin et al., 2020; Lauriere et al.,
2022a; Cui et al., 2023a; Wu et al., 2024). Agents are rewarded for being stationary in sparsely
populated locations as close as possible to a target ¢, located in the centre of the grid. The maximum
possible distance from the target is denoted maxDist. The reward is given by

R(Sivaia ﬂt) =
T'stationary (maxDist - diStt(Siv d)b) - log(ﬂf (Si))) )

where rg¢qtionary 15 as defined above.
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Shape formation. The population is rewarded for spreading around a ring shape, accomplished
by encouraging agents to be a distance of 3 (chosen arbitrarily to fit the grid) from a centre point ¢..
The reward is given by

R(Si, ai, /j«t) = Tstationary (rring (_ log(ﬂt(sg)))) 5

where rs¢qtionary 15 as defined above, and

Tring(T) = i
9 -1 otherwise.

H.2 Hyperparameters

See Table 1 for our hyperparameter choices. We can group our hyperparameters into those control-
ling the size of the experiment, those controlling the size of the Q-network, those controlling the
number of iterations of each loop in the algorithms and those affecting the learning/policy updates
or policy adoption.

As in the related works on networked communication in the MFG setting by Benjamin & Abate
(2023; 2024), in our experiments we generally want to demonstrate that our communication-based
algorithms outperform the centralised and independent architectures by allowing policies that are es-
timated to be better performing to proliferate through the population, such that convergence occurs
within fewer iterations and computationally faster, even when the Q-function is poorly approxi-
mated and/or the mean field is poorly estimated, as is likely to be the case in real-world scenarios.
Moreover we want to show that there is a benefit even to a small amount of communication, so that
communication rounds themselves do not excessively add to time complexity. As such, we gener-
ally select hyperparameters at the lowest end of those we tested during development, to show that
our algorithms are particularly successful given what might otherwise be considered ‘undesirable’
hyperparameter choices.

H.3 Additional experiments and ablations

We provide numerous additional experiments and ablation studies. We list these below, but please
find the full discussion of results in the caption for each figure.

* Robustness to communication failure - Fig. 3.

* Increased communication rounds - Figs. 4 and 5.

* Ablation study with population-independent policies - Fig. 6.

* Ablation study of Alg. 3 for estimating the empirical mean field - Fig. 7.

 Ablation study for observation of true/estimated average reward (agents only see their individual
reward) - Fig. 8.

» Ablation study for Alg. 1 for estimating the true global average reward (all agents receive true
global average reward) - Fig. 9.

* Ablation study of the choice of 7,°™™ - Fig. 10.

I Future work

We leave more general theoretical results, such as proofs of convergence and sample complexity, for
future work. Future work also includes experiments in other types of game, including more realistic
environments and ones where the transition function also depends on the mean field. Our algorithms
contain numerous inner loops and thus require synchronisation between communicating agents. Our
ablation studies of the sub-routines and our experiment on robustness to communication failures
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Table 1: Hyperparameters

Hyperparam.| Value | Comment

Trials 5 We run 5 trials with different random seeds for each experiment. We plot the mean and standard
deviation of the mean for each metric across the seeds.

Gridsize 20x20 | -

Population | 500 We chose 500 for our demonstrations to show that our algorithm can handle large populations,
indeed often larger than those demonstrated in other mean-field works, especially for grid-world
environments, while also being feasible to simulate wrt. time and computation constraints (Yang
et al., 2018; Subramanian & Mahajan, 2019; Ganapathi Subramanian et al., 2020; 2021; Cui &
Koeppl, 2021; Yongacoglu et al., 2024; Subramanian et al., 2022; Cui et al., 2023a; Guo et al.,
2023; Benjamin & Abate, 2023; 2024; Wu et al., 2024). For example, the MFC work in Carmona
etal. (2019) uses 10 agents; the work on decentralised execution for MFC by Cui et al. (2023c) uses
200 agents.

Number of | 440 The agent’s position is represented by two concatenated one-hot vectors, indicating the agent’s row

neurons in and column. The mean-field distribution is a flattened vector of the same size as the grid. As such,

input layer the input size is [(2 x dimension) + (dimension?)].

Neurons 256 We draw inspiration from common rules of thumb when selecting the number of neurons in hidden

per hidden layers, e.g. it should be between the number of input neurons and output neurons / it should be

layer 2/3 the size of the input layer plus the size of the output layer / it should be a power of 2 for
computational efficiency. Using these rules of thumb as rough heuristics, we select the number of
neurons per hidden layer by rounding the size of the input layer down to the nearest power of 2.
The layers are all fully connected.

Hidden lay- | 2 We achieved sufficient learning speed with 2 hidden layers, but further optimising the number of

ers layers may lead to better results.

Activation | ReLU | This is a common choice in deep RL.

function

K 150 K is chosen to be large enough to see convergence in most networked cases.

M 20 We tested M in {20,50,100} and found that the lowest value was sufficient to achieve convergence
while minimising training time. It may be possible to converge with even smaller choices of M.

L 20 We tested L in {20,50,100} and found that the lowest value was sufficient to achieve convergence
while minimising training time. It may be possible to converge with even smaller choices of L.

E 20 We tested E in {20,50,100}, and choose the lowest value to show the benefit to convergence even
from very few evaluation steps. It may be possible to reduce this value further and still achieve
similar results.

Cp 1 As in Benjamin & Abate (2023; 2024), we choose a value of 1 for most experiments to show

(10/50)| the convergence benefits brought by even a single communication round, even in networks that may
have limited connectivity. We also conduct additional studies to show the effect of additional rounds
(Sec. H.3).
Ce 1 Similar to C),, we choose this value to show the ability of our algorithm to appropriately estimate the
(10/50)| mean field even with only a single communication round, even in networks that may have limited
connectivity. We also conduct additional studies to show the effect of additional rounds (Sec. H.3).
C, 1 Similar to C,, we choose this value to show our algorithm’s ability to appropriately estimate the
(10/50)| average reward even with only a single round, even in networks that may have limited connectivity.
We conduct additional studies to show the effect of additional rounds (Sec. H.3).

ol 0.9 Standard choice across RL literature.

Tq 0.03 We follow Vieillard et al. (2020) and Benjamin & Abate (2024), which tested a range of values.

|B| 32 This is a common choice of batch size that trades off noisy updates and computational efficiency.

cl -1 We use the same value as in Vieillard et al. (2020); Benjamin & Abate (2024).

v L —1 | We follow Benjamin & Abate (2024), which is similar to Lauriere et al. (2022b).

Optimiser Adam | Asin Vieillard et al. (2020), we use the Adam optimiser with initial learning rate 0.01.

Tomm cf. We follow Benjamin & Abate (2024), where 7°™"™ increases linearly from 0.001 to 1 across the

com- | K iterations. Further optimising the annealing process may lead to better results; we provide an
ment ablation study in Appx. H.3.
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(d) ‘Target coverage’ game.
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(e) ‘Beach bar’ game. (f) ‘Shape formation’ game.

Figure 3: All communication links suffer a 90% probability of failure, including in the centralised
case, where the link between the central learner and the rest of the population may fail. C. = C, =
Cp = 1. The centralised population, which in the standard setting matched networked performance
only in the ‘cluster’ game, now learns slower even in this game, due to suffering from the single
point of failure. Our networked scheme appears robust to the failures in all games, with only small
differences to performance in the standard setting. In fact, several broadcast radii perform better in
the ‘shape formation’ game with these failures than without, probably because they permit greater
diversity policies while still having an advantage over purely independent learners (as discussed in
Sec. 5.2). However, the smallest broadcast radius (green, 0.2) does drop in performance in this
game, which might be expected given it now acts similarly to the independent case. Networked
populations appear to have less variance in this setting than in the standard setting, at least in the
first four games. This is likely because the communication failures prevent both particularly high
and particularly low performing policies from spreading fast in the population, preventing large
performance fluctuations and smoothing learning progress. Meanwhile a centralised population still
has large variance even with communication failures, due to enforcing the adoption of an arbitrarily-
chosen consensus policy - in some games variance is higher in this setting (though in some it may be
marginally lower). This points to an additional benefit of our networked scheme over the centralised
case.

(Fig. 3) indicate that this is not necessarily a problem in practice, but future work nevertheless lies
in simplifying the nested loops of our algorithms.
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Figure 4: Standard algorithms but C, = C, = C, = 10. As is expected, in the coordination
games the networked agents with lower broadcast radii now receive returns almost as high as those
with larger radii, albeit at the cost of greater variance (as there may be some noise in the quality
of the policy that gets spread to the whole population as a result of more communication rounds).
In the ‘target selection’ game, now all networked populations outperform the centralised agents.
In the anti-coordination ‘target coverage’ game, the smaller broadcast radii (green, 0.2; red, 0.4;
purple, 0.6) receive slightly lower returns than before, since the additional communication rounds
now make policy alignment more likely, reducing f; as per Def 9. The same is true of the smallest
radius population (green, 0.2) in the ‘shape formation’ game, which receives a lower return than
before. Nevertheless, all networked populations receive higher returns than the independent agents
in all games, and also than the centralised population in all but the ‘cluster’ game. This shows that in
our experimental settings there is a very large benefit to a single communication round, with limited
benefit to increasing the algorithms’ time complexity with additional communication rounds.
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Figure 5: Standard algorithms but C. = C, = C, = 50. Having 50 communication rounds
does not appear to significantly change networked performance compared to 10 rounds (Fig. 4),
with most increases or decreases in average return appearing within the margin of error. Most
notably, the largest broadcast radius (pink, 1.0) receives slightly lower return now than with 10
rounds in the ‘disperse’ game, while pink (1.0), brown (0.8) and green (0.2) receive lower returns
and have higher variance now in the ‘beach bar’ game. As in the case of C. = C, = C, = 10,
additional communication rounds make policy alignment more likely, reducing fy as per Def 9.
Nevertheless, all networked populations receive higher returns than the independent agents in all
games, and also than the centralised population in all but the ‘cluster’ game. This shows that in
our experimental settings there is a very large benefit to a single communication round, with limited
benefit to increasing the algorithms’ time complexity with additional communication rounds.
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Figure 6: Ablation study on population-independent policies. No agents, including centralised and
networked ones, observe the empirical mean field, and all receive a vector of zeros in its place (so
as to keep the neural networks the same size as in the standard setting). C, = C, = 1. In our
stationary games, networked populations do not appear to perform substantially differently to the
standard population-dependent setting, though some radii (red, 0.4; pink, 1.0) appear to perform
slightly better in the ‘shape formation’ game. On the other hand, in the coordination games, and
particularly the ‘target selection’ game, the centralised population receives a significantly lower
return in this setting.
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Figure 7: Ablation study of Alg. 3 for estimating the empirical mean field - all agents, including
independent ones, directly receive the true global empirical mean field. C, = C, = 1. This does
not appear to change performance in the networked populations (apart from greater variance here in
the ‘shape formation’ game), nor does it help independent agents. This may be evidence that Alg.
3 enables networked agents to accurately estimate the global mean field from local observations.
However, our ablation study on population-independent policies (Fig 6) suggests that not observing
the mean field does not markedly disadvantage agents in our experimental settings in any case (apart
from for the centralised populations in the coordination games). Therefore further evidence is re-
quired in settings that require population-dependent policies to confirm the efficacy of Alg. 3.
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Figure 8: Ablation study for observation of true/estimated global average reward f/ﬁ, where all
agents, including centralised ones, only have access to ri, where in the centralised case i = 1.
C. = C, = 1. The greatest effect of this is on the centralised (blue) case, which performs much
worse in the ‘target selection’ game, and with higher variance in the ‘cluster’ and ‘beach bar’ games.
The networked agents appear more robust, though do experience a slight performance decrease,
mostly among populations with the largest broadcast radii (pink, 1.0; brown, 0.8), i.e. those most
similar to the centralised case in terms of 7%, as might be expected. In particular, note the greater
variance of pink (1.0) in the ‘target selection’ game; slower learning and higher variance of pink
(1.0) and brown (0.8) in the ‘beach bar’ game; lower returns for pink (1.0) and brown (0.8) in the
‘shape formation’ game; and slower learning and convergence of the smallest radii (green, 0.2; red,
0.4) in the ‘target coverage’ game. This all demonstrates the usefulness and efficacy of our novel
Alg. 1.
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Figure 9: Ablation study for Alg. 1 for estimating the true global average reward. All agents,
including both networked and independent ones, directly receive the true global average reward such
that 152 = 7. Access to the true average reward does not help networked (or independent) agents to
improve their returns, demonstrating that our novel Alg. 1 already affords networked populations
robustness against the lack of access to this global information (having this global information would
be an unrealistic assumption in practice). In fact, networked populations’ performance actually
seems to be worse with this global information in the ‘shape formation’ game, particularly in the
case with the smallest broadcast radius (green, 0.2), but perhaps not by a statistically significant

amount.
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Figure 10: Ablation study of the choice of 7™, Here Vk 7,0"™ = le-18 (i.e. 7. — 0),
rather than linearly increasing from 0.001 to 1 across the K iterations as in all other experiments

(see Table 1). C, =

r =

» = 1. In this setting, networked agents continue to outperform the

centralised (blue) and independent (orange) populations in all games (except the ‘cluster game’),
but otherwise generally appear to receive lower average returns and with greater variance. This is
because Ass. 2 on the quality of the finite-step approximations {o}, }¥, = {(Vi(mpgr, p; ENYY,
does not always apply in practice, meaning the policy estimated to perform the best may not actually
be a good update, such that enforcing the adoption of this policy can lead to noisy, unstable learning.
Using a higher temperature value smooths out this noise. Moreover, using 7.,°™" — 0 effectively
enforces consensus on a single policy for the finite population in the networked case, which in anti-
coordination games may also reduce the average return. This all provides empirical evidence for our
scheme for 7,°™™, but further optimising the choice might lead to additional performance increase.




