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A B S T R A C T

While data-driven control has shown its potential for solving complex tasks, current algorithms such as
reinforcement learning are still data-intensive and often limited to simulated environments. Model-based
learning is a promising approach to reducing the amount of data required in practical implementations, yet
it suffers from a critical issue known as model exploitation. In this paper, we present a sequential approach
to model-based learning that avoids model exploitation and achieves stable system behaviors during learning
with minimal exploration. The advocated control design utilizes estimates of the system’s local dynamics to
step-by-step improve the control. During the process, when additional data is required, the program pauses
the control synthesis to collect data in the surrounding area and updates the model accordingly. The local
and sequential nature of this approach is the key component to regulating the system’s exploration in the state–
action space and, at the same time, avoiding the issue of model exploitation, which are the main challenges in
model-based learning control. Through simulated examples and physical experiments, we demonstrate that the
proposed approach can quickly learn a desirable control from scratch, with just a small number of trials.
1. Introduction

In recent years, data-driven control approaches have shown great
potential for solving complex tasks [1–6]. In this research area, model-
based learning approaches are known to be more data-efficient com-
pared to model-free learning [7–9]. Despite their benefits, model-based
learning often suffers from an issue known as model exploitation, i.e., an
incorrect estimate of the system dynamics due to limited amounts
of sample data, especially at the beginning of the learning process,
would bias the control design toward an incorrect model and eventually
make the algorithm diverge (see, e.g., [10–12]). To this end, methods
have been proposed, which in principle leverage probabilistic models
such as Gaussian processes to mitigate overfitting and incorporate
incorrect model estimates into long-term planning (see, e.g., [13–15]).
These probabilistic approaches, though effective in mitigating model
exploitation, often lead to random and irregular behaviors of the system
during (and even after) learning and thus may present challenges for
practical implementations (see, e.g., [16,17]).

In this paper, we present a sequential approach to model-based
learning that avoids the above described model bias problem (without
the use of a probabilistic model) and at the same time maintains
well-regulated system behaviors during learning. To achieve that, we
leverage an iterative control methodology that uses estimates of the
system’s local dynamics to step-by-step improve the control. This allows
us to bypass the requirement of learning an accurate ‘‘global’’ model
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of the system and thus avoid the potential biases. To ensure the
appropriateness of the currently estimated local dynamics, we evaluate
the reliability of the model in terms of explored/unexplored regions (for
which explicit conditions are provided). Using the model assessment
metric, we subsequently alternate between model learning and the
iterative control design. This sequential mechanism, i.e., pausing the
control and updating the model, along with the local nature of our
control method, are the key components that allow us to avoid model
exploitation.

In addition to preventing model exploitation, this sequential process
will also tailor the acquisition of data to the purpose of control de-
sign. This integration, as one will see, naturally leads to more guided
learning behaviors of the system and thus reduces excessive random
exploration. We note that although similar terminologies, such as in-
terleaving model training and data collection, have recently appeared
in some learning papers from the robotics community [18–21], the
question of the exact mechanism by which data collection and model
learning should be combined with control design has not been investi-
gated. In this paper, we study this issue in detail and provide a rigorous
and systematic answer to this question.

The paper is organized as follows. In Section 2, we introduce
the iterative control methodology and present its detailed theoretical
analyses. In Section 3, we describe how to learn a system model
from sampled data and integrate this online model learning into the
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control design process. In Section 4, we illustrate the effectiveness
of this sequential integrated control design through simulation of a
benchmark control example and compare its efficiency with other
learning-based techniques. To demonstrate its practicality, we also
present experimental implementation of the proposed approach on a
physical platform.

2. Iterative control design

In this section, we first give an overview of the iterative control
methodology which was introduced in [22] to compute point-to-point
steering of nonlinear control systems. We then provide detailed the-
oretical analyses of the iterative control that were not introduced in
the initial work and discuss the key features which make the approach
suitable for data-driven control settings.

2.1. Principles of iterative control synthesis

Consider steering a nonlinear control system

𝑥𝑘+1 = 𝐹 (𝑥𝑘, 𝑢𝑘) (1)

rom 𝑥0 to 𝑥target, where 𝑥𝑘 ∈ R𝑛, 𝑢𝑘 ∈ R𝑚, 𝐹 ∈ 𝐶2(R𝑛+𝑚,R𝑛),
nd 𝑘 ∈ N0 is time index. We shall solve this problem through a
equence of iterations. Each iteration 𝑖 begins with a nominal control
(𝑖) =

[

𝑢(𝑖)
⊤

0 𝑢(𝑖)
⊤

1 … 𝑢(𝑖)
⊤

𝑁−1

]⊤
and the resulting state trajectory 𝑋(𝑖) =

𝑥(𝑖)
⊤

1 𝑥(𝑖)
⊤

2 … 𝑥(𝑖)
⊤

𝑁 ]⊤ obtained from Eq. (1). For the first iteration,
n arbitrary input can be used as a nominal control. We consider
inearizing the system along the input-state trajectory, i.e.,

𝑥(𝑖)𝑘+1 = 𝐴(𝑖)
𝑘 𝛿𝑥(𝑖)𝑘 + 𝐵(𝑖)

𝑘 𝛿𝑢(𝑖)𝑘 , 𝛿𝑥(𝑖)0 = 0 (2)

here 𝐴(𝑖)
𝑘 ∶= 𝜕𝐹

𝜕𝑥 (𝑥(𝑖)𝑘 , 𝑢(𝑖)𝑘 ), 𝐵(𝑖)
𝑘 ∶= 𝜕𝐹

𝜕𝑢 (𝑥(𝑖)𝑘 , 𝑢(𝑖)𝑘 ) are the derivatives of 𝐹
ith respect to the state and the input, respectively. By iterating (2),
e have

𝑥(𝑖)1 = 𝐵(𝑖)
0 𝛿𝑢(𝑖)0

𝑥(𝑖)2 = 𝐴(𝑖)
1 𝐵(𝑖)

0 𝛿𝑢(𝑖)0 + 𝐵(𝑖)
1 𝛿𝑢(𝑖)1

⋮

𝑥(𝑖)𝑁 = 𝐴(𝑖)
𝑁−1 …𝐴(𝑖)

1 𝐵(𝑖)
0 𝛿𝑢(𝑖)0 +⋯ + 𝐵(𝑖)

𝑁−1𝛿𝑢
(𝑖)
𝑁−1

=
[

𝐴(𝑖)
𝑁−1 …𝐴(𝑖)

1 𝐵(𝑖)
0 ⋯ 𝐵(𝑖)

𝑁−1

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶ 𝐻 (𝑖)

⎡

⎢

⎢

⎢

⎣

𝛿𝑢(𝑖)0
⋮

𝛿𝑢(𝑖)𝑁−1

⎤

⎥

⎥

⎥

⎦

⏟⏞⏟⏞⏟
=∶ 𝛥𝑈 (𝑖)

.

Now, our approach is to utilize the above expression to determine
small suitable 𝛥𝑈 (𝑖) such that 𝑈 (𝑖+1) = 𝑈 (𝑖) + 𝛥𝑈 (𝑖) will steer 𝑥(𝑖+1)𝑁 a

it closer to 𝑥target. This incremental steering process is repeated for a
umber of iterations until 𝑥𝑁 approaches 𝑥target. More specifically, in
ach iteration 𝑖, we consider the following optimization problem

inimize
𝛥𝑈 (𝑖)

‖𝑥(𝑖)𝑁 +𝐻 (𝑖)𝛥𝑈 (𝑖) − 𝑥target‖
2 + 𝜆(𝑖)‖𝛥𝑈 (𝑖)

‖

2
(3)

here ‖ ⋅ ‖ denotes the 2-norm (which will be used throughout this
aper), and 𝜆(𝑖) ≥ 0 is a regularization parameter that enforces a penalty
n the magnitude of 𝛥𝑈 (𝑖) to ensure a sufficiently incremental update
n each iteration, which guarantees the appropriateness of the above
inearization of the system. For the quadratic program (3), we have the
ollowing explicit solution

𝑈 (𝑖)
∗ = −(𝐻 (𝑖)⊤𝐻 (𝑖) + 𝜆(𝑖)𝐼)−1𝐻 (𝑖)⊤ (𝑥(𝑖)𝑁 − 𝑥target). (4)

egarding the choice of 𝜆(𝑖), our approach is to keep computing 𝛥𝑈 (𝑖)
∗

ith increasing values of 𝜆(𝑖) until 𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ ) ≤ 𝐽 (𝑈 (𝑖)), where

(𝑈 (𝑖)) ∶= ‖𝑥 (𝑈 (𝑖)) − 𝑥 ‖

2. When the condition is satisfied, we
𝑁 target

2 
pdate the input by 𝑈 (𝑖+1) = 𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ and proceed to the next

teration with a slightly reduced 𝜆(𝑖+1).
This (adaptive) mechanism allows us to keep increasing 𝜆(𝑖) so as

o enforce a strict penalty on the magnitude of 𝛥𝑈 (𝑖)
∗ and recompute

𝑈 (𝑖)
∗ until the updated control steers the system closer to the target.

nce the condition is satisfied, the control input is updated, and
(𝑖+1) is slightly decreased in the subsequent iteration, which gradually
elaxes the penalty on the magnitude of 𝛥𝑈 (𝑖+1)

∗ and results in a larger
ontrol update and more progress toward the final control solution.
he iterative scheme for steering the system to the desired target is

mplemented as follows.
Algorithm 1 Steering the system to a desired target
Require: A desired state 𝑥target, an initial (arbitrary) input 𝑈 (𝑖=0), a
regularizer 𝜆(𝑖=0) ≥ 0, an adaptive rate 1 > 𝛼 > 0, and the cost
𝐽 (𝑈 (𝑖)) = ‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖

2.
1: Apply input 𝑈 (𝑖) to the system and store 𝐴(𝑖)

𝑘 , 𝐵(𝑖)
𝑘 .

2: Calculate 𝐻 (𝑖).
3: Compute the control update 𝛥𝑈 (𝑖)

∗ using (4).
4: If 𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)

∗ ) ≤ 𝐽 (𝑈 (𝑖)), set 𝜆(𝑖+1) = (1 − 𝛼)𝜆(𝑖).
Else set 𝜆(𝑖) = (1 + 𝛼)𝜆(𝑖) and come back to step 3.

: Update the control input via 𝑈 (𝑖+1) = 𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ and proceed to the

next iteration 𝑖 = 𝑖 + 1.
6: Repeat step 1 − 5 until ‖𝑥𝑁 − 𝑥target‖

2 ≤ 𝜖tol.

In summary, the above approach strategically transforms the steer-
ing problem into an iterative sequence of quadratic programs (3). If the
system model is available, we apply Algorithm 1 to steer the system to
the desired target. If the model is not available, it can be learned from
data and integrated to the iterative control (which will be presented
in Section 3). We note that control constraints (e.g. actuation limits
and state constraints) can also be incorporated in the above approach
by including the constraints into the quadratic program [23,24]. The
approach can also be considered for optimal control design [25,26].

2.2. Theoretical analysis of iterative control

This subsection provides theoretical analyses of the presented it-
erative control. Throughout this subsection, we make the following
assumptions.

Assumption 2.1. (i) Let D𝑢 be a set of all possible control 𝑈 (𝑖). Sup-
pose D𝑢 is closed and bounded. (ii) Suppose the local linearization (2)
f the original control system is 𝑁-step controllable with bounded de-
rees of controllability. It is equivalent that the controllability matrix,
hich is the 𝐻 (𝑖) matrix, being full rank and 0 < 𝜎 ≤ 𝜎min(𝐻 (𝑖)),∀𝑖 ∈
+ [27].

emma 2.2. For each iteration 𝑖, there exists a 𝜆(𝑖) such that for any
(𝑖) ∈ D𝑢, 𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)

∗ ) ≤ 𝐽 (𝑈 (𝑖)) where 𝛥𝑈 (𝑖)
∗ is the solution of (3).

oreover, 𝜆(𝑖) can be uniformly bounded for all iterations.

roof. First, we have 𝐽 (𝑈 (𝑖)) = ‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖
2 where 𝑥𝑁 (𝑈 (𝑖)) is

alculated by iterating (1), i.e.,

𝑁 (𝑈 (𝑖)) = 𝐹 (𝑥(𝑖)𝑁−1, 𝑢
(𝑖)
𝑁−1) = 𝐹 (𝐹 (𝑥(𝑖)𝑁−2, 𝑢

(𝑖)
𝑁−2), 𝑢

(𝑖)
𝑁−1)

= ⋯ = 𝐹 (… , 𝐹 (𝐹 (𝑥(𝑖)0 , 𝑢(𝑖)0 ), 𝑢(𝑖)1 ),… , 𝑢(𝑖)𝑁−1).

y following the chain rule, we can verify that the formulation of 𝐻 (𝑖) is
ndeed the first derivative of 𝑥𝑁 (𝑈 (𝑖)) with respect to the control input,
.e.,

𝑑𝑥𝑁
𝑑𝑈

|

|

|

|𝑈 (𝑖)
=
[

𝜕𝑥𝑁
𝜕𝑢0

|

|

|

|𝑈 (𝑖)

𝜕𝑥𝑁
𝜕𝑢1

|

|

|

|𝑈 (𝑖)
⋯ 𝜕𝑥𝑁

𝜕𝑢𝑁−1

|

|

|

|𝑈 (𝑖)

]

=
[

𝐴(𝑖)
𝑁−1 …𝐴(𝑖)

1 𝐵(𝑖)
0 𝐴(𝑖)

𝑁−1 …𝐴(𝑖)
2 𝐵(𝑖)

1 ⋯ 𝐵(𝑖)
𝑁−1

]

= 𝐻 (𝑖)
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with 𝐴(𝑖)
𝑘 = 𝜕𝐹

𝜕𝑥 (𝑥(𝑖)𝑘 , 𝑢(𝑖)𝑘 ), 𝐵(𝑖)
𝑘 = 𝜕𝐹

𝜕𝑢 (𝑥(𝑖)𝑘 , 𝑢(𝑖)𝑘 ), 𝑘 = 0,… , 𝑁 − 1. Addition-
lly, since 𝐹 ∈ 𝐶2(R𝑛+𝑚,R𝑛), 𝑥𝑁 (⋅) is twice continuously differentiable
n 𝑈 . Since D𝑢 is closed and bounded (Assumption 2.1), the first and
econd derivative of 𝑥𝑁 is bounded on D𝑢. Thus, for any 𝑈 (𝑖) ∈ D𝑢, we

have ‖𝐻 (𝑖)
‖ ≤ 𝐻̄ and |𝜕2𝑗 𝑥𝑁 (𝑈 (𝑖))| ≤ 𝑀 where 𝜕2𝑗 𝑥𝑁 (𝑈 (𝑖)) denote the

coordinate-wise second derivatives of 𝑥𝑁 .
Note that from a standard analysis of ridge regression, e.g., see

Section 3.4 in [28], 𝛥𝑈 (𝑖)
∗ → 0 as 𝜆(𝑖) → ∞. Now, by applying the

first-order Taylor expansion to 𝑥𝑁 (𝑈 (𝑖)), we have

𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ ) = ‖𝑥𝑁 (𝑈 (𝑖)) +𝐻 (𝑖)𝛥𝑈 (𝑖)

∗ + 𝑅(𝛥𝑈 (𝑖)
∗ ) − 𝑥target‖

2

≤ ‖𝑥𝑁 (𝑈 (𝑖)) +𝐻 (𝑖)𝛥𝑈 (𝑖)
∗ − 𝑥target‖

2 + ‖𝑅(𝛥𝑈 (𝑖)
∗ )‖2

+ 2‖𝑥𝑁 (𝑈 (𝑖)) +𝐻 (𝑖)𝛥𝑈 (𝑖)
∗ − 𝑥target‖ ‖𝑅(𝛥𝑈 (𝑖)

∗ )‖

(5)

where 𝑅(𝛥𝑈 (𝑖)
∗ ) ∶= [𝑟1(𝛥𝑈

(𝑖)
∗ ),… , 𝑟𝑛(𝛥𝑈

(𝑖)
∗ )]⊤, 𝑟𝑗 denotes the coordinate-

wise residuals of the Taylor expansion. From multivariate Taylor’s
theorem (Section 2.4 in [29]), each residual can be upper bounded by
|𝑟𝑗 (𝛥𝑈

(𝑖)
∗ )| ≤ 𝑀‖𝛥𝑈 (𝑖)

∗ ‖

2. Thus, ‖𝑅(𝛥𝑈 (𝑖)
∗ )‖ can also be upper bounded,

i.e.,

‖𝑅(𝛥𝑈 (𝑖)
∗ )‖2 ≤

𝑛
∑

𝑗=1

(

𝑀‖𝛥𝑈 (𝑖)
∗ ‖

2
)2

= 𝑛𝑀2
‖𝛥𝑈 (𝑖)

∗ ‖

4. (6)

ncorporating (6) into (5), we have

(𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ ) ≤ ‖𝑥𝑁 (𝑈 (𝑖)) +𝐻 (𝑖)𝛥𝑈 (𝑖)

∗ − 𝑥target‖
2 + 𝑛𝑀2

‖𝛥𝑈 (𝑖)
∗ ‖

4

+ 2‖𝑥𝑁 (𝑈 (𝑖)) +𝐻 (𝑖)𝛥𝑈 (𝑖)
∗ − 𝑥target‖

√

𝑛𝑀‖𝛥𝑈 (𝑖)
∗ ‖

2.

(7)

ince 𝛥𝑈 (𝑖)
∗ → 0 as 𝜆(𝑖) → ∞, there exists 𝜆(𝑖) such that

(𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ ) ≤ ‖𝑥𝑁 (𝑈 (𝑖)) +𝐻 (𝑖)𝛥𝑈 (𝑖)

∗ − 𝑥target‖
2 + 𝜆(𝑖)‖𝛥𝑈 (𝑖)

∗ ‖

2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶ 𝑉𝛥𝑈 (𝑖)

∗ ,𝜆(𝑖)

ince 𝑉𝛥𝑈 (𝑖)
∗ ,𝜆(𝑖) is indeed the optimal objective of (3), it yields a lower

alue compared to that of 𝛥𝑈 (𝑖) = 0, i.e., 𝑉𝛥𝑈 (𝑖)
∗ ,𝜆(𝑖) ≤ 𝑉𝛥𝑈 (𝑖)=0,𝜆(𝑖) =

(𝑈 (𝑖)). Thus, 𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ ) ≤ 𝐽 (𝑈 (𝑖)).

Finally, we show that the required threshold for 𝜆(𝑖) can be upper
bounded. Specifically, from (7), we have

R(𝑖) ∶= 𝑛𝑀2
‖𝛥𝑈 (𝑖)

∗ ‖

2 + 2
√

𝑛𝑀‖𝑥𝑁 (𝑈 (𝑖)) +𝐻 (𝑖)𝛥𝑈 (𝑖)
∗ − 𝑥target‖

≤ 𝑛𝑀2
‖𝛥𝑈 (𝑖)

∗ ‖

2 + 2
√

𝑛𝑀(‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖ + ‖𝐻 (𝑖)𝛥𝑈 (𝑖)
∗ ‖)

≤ 𝑛𝑀2𝜎4min(𝐻
(𝑖)) 𝜎2max(𝐻

(𝑖))‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖
2

+ 2
√

𝑛𝑀(1 + 𝜎2min(𝐻
(𝑖)) 𝜎2max(𝐻

(𝑖)))‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖

where the last inequality is due to the fact that ‖𝛥𝑈 (𝑖)
∗ ‖ ≤ 𝜎2min

𝐻 (𝑖)) 𝜎max(𝐻 (𝑖)) ‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖ (see Lemma A.2 for more details).
ote that 𝜎min(𝐻 (𝑖)) ≤ 𝜎max(𝐻 (𝑖)) ≤ 𝐻̄ . Also, since ‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖
ecreases in each iteration, we have ‖𝑥𝑁 (𝑈 (𝑖)) − 𝑥target‖ ≤ 𝑑0 where 𝑑0

denotes the distance in the first iteration. Thus, we can upper bound
the required threshold for 𝜆(𝑖) for all iterations, i.e., R(𝑖) ≤ 𝑛𝑀2𝐻̄6𝑑20 +
√

𝑛𝑀(1 + 𝐻̄4)𝑑0. □

emma 2.3. Let 𝐴 ∈ R𝑝×𝑝 be an invertible matrix. For 𝛽 > 0, the
wo following conditions are equivalent: (i) 𝑦⊤𝐴𝑦 ≥ 𝛽‖𝐴𝑦‖2,∀𝑦 ∈ R𝑝. (ii)
⊤𝐴−1𝑦 ≥ 𝛽‖𝑦‖2,∀𝑦 ∈ R𝑝.

roof. See example 22.7 in [30] for details. □

heorem 2.4. The iterative control synthesis converges, and the system
s steered to the target, i.e., 𝑥𝑁 (𝑈 (𝑖)) → 𝑥target as 𝑖 → ∞.

roof. From Lemma 2.2, we have 𝐽 (𝑈 (𝑖)+𝛥𝑈 (𝑖)
∗ ) ≤ 𝐽 (𝑈 (𝑖)). Since 𝐽 (𝑈 (𝑖))

(𝑖)
s bounded below, the sequence of {𝐽 (𝑈 )} generated by Algorithm 1

3 
s a convergent sequence. It implies that 𝐽 (𝑈 (𝑖)) − 𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ ) → 0.

n the other hand, from 𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)
∗ ) ≤ 𝑉𝛥𝑈 (𝑖)

∗ ,𝜆(𝑖) , we have

≤ 𝐽 (𝑈 (𝑖)) − 𝑉𝛥𝑈 (𝑖)
∗ ,𝜆(𝑖) ≤ 𝐽 (𝑈 (𝑖)) − 𝐽 (𝑈 (𝑖) + 𝛥𝑈 (𝑖)

∗ ),

here the first inequality is because the optimal objective of (3),
.e., 𝑉𝛥𝑈 (𝑖)

∗ ,𝜆(𝑖) , yields a lower value compared to that of 𝛥𝑈 (𝑖) = 0,
.e., 𝑉𝛥𝑈 (𝑖)

∗ ,𝜆(𝑖) ≤ 𝑉𝛥𝑈 (𝑖)=0,𝜆(𝑖) = 𝐽 (𝑈 (𝑖)). Thus, as 𝑖 → ∞, 𝐽 (𝑈 (𝑖))−𝑉𝛥𝑈 (𝑖)
∗ ,𝜆(𝑖) →

0. Since (3) has a unique solution because of its strict convexity, it
implies that 𝛥𝑈 (𝑖)

∗ → 0 as 𝑖 → ∞.
Note that from the proof of Lemma 2.2 we have 𝜎max(𝐻 (𝑖)) = ‖𝐻‖ ≤

̄ =∶ 𝜎̄. Then, for any 𝑦 ∈ R𝑚𝑁 , we have

𝑦⊤(𝜆(𝑖)𝐼 +𝐻 (𝑖)⊤𝐻 (𝑖))𝑦 = 𝜆(𝑖)‖𝑦‖2 + ‖𝐻 (𝑖)𝑦‖2 ≥ (𝜆(𝑖) + 𝜎2)‖𝑦‖2

and

‖(𝜆(𝑖)𝐼 +𝐻 (𝑖)⊤𝐻 (𝑖))𝑦‖ ≤ 𝜆(𝑖)‖𝑦‖ + 𝜎̄2‖𝑦‖ = (𝜆(𝑖) + 𝜎̄2)‖𝑦‖.

Combining the two equations, we have

𝑦⊤(𝜆(𝑖)𝐼 +𝐻 (𝑖)⊤𝐻 (𝑖))𝑦 ≥
𝜆(𝑖) + 𝜎2

(𝜆(𝑖) + 𝜎̄2)2
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

=∶ 𝛽(𝑖)

‖(𝜆(𝑖)𝐼 +𝐻 (𝑖)⊤𝐻 (𝑖))𝑦‖2.

rom Lemma 2.3, we have 𝛽(𝑖)‖𝑦‖2 ≤ 𝑦⊤(𝜆(𝑖)𝐼 + 𝐻 (𝑖)⊤𝐻 (𝑖))−1𝑦, for any
∈ R𝑚𝑁 . Thus, it is true for 𝑦 = 𝐻 (𝑖)⊤(𝑥target − 𝑥𝑁 (𝑈 (𝑖))), i.e.,

(𝑖)
‖𝑦‖2 ≤ 𝑦⊤(𝜆(𝑖)𝐼 +𝐻 (𝑖)⊤𝐻 (𝑖))−1𝑦 = 𝑦⊤𝛥𝑈 (𝑖)

∗ ≤ ‖𝑦‖ ‖𝛥𝑈 (𝑖)
∗ ‖

here the equality is due to (4). Thus, we have

𝛥𝑈 (𝑖)
∗ ‖ ≥ 𝛽(𝑖)‖𝑦‖ ≥ 𝛽(𝑖)𝜎‖𝑥target − 𝑥𝑁 (𝑈 (𝑖))‖. (8)

ote that since 𝜆(𝑖) is upper bounded (as shown in the proof of
emma 2.2), 𝛽(𝑖) is lower bounded. Thus, as 𝑖 → ∞, 𝛥𝑈 (𝑖)

∗ → 0 and
𝑁 (𝑈 (𝑖)) → 𝑥target. □

emark. Theorem 2.4 relies on the controllability assumption of (2).
ote that this assumption may not be satisfied in general. However,

or certain problems where the model of the system is available, one
ould use the model to analyze the required condition analytically. For
xample, consider a simple control system

𝑘+1 = 𝑥𝑘 +
1
2
𝑢2𝑘

𝑦𝑘+1 = 𝑦𝑘 + 𝑢𝑘.

The linearization of the system at each trajectory pairs (𝑥(𝑖)𝑘 , 𝑢(𝑖)𝑘 ) is
𝐴(𝑖)
𝑘 = 𝐼, 𝐵(𝑖)

𝑘 = [𝑢(𝑖)𝑘 , 1]⊤. Therefore, the 𝑁-step controllability matrix

𝐻 (𝑖) =

[

𝑢(𝑖)0 𝑢(𝑖)1 ⋯ 𝑢(𝑖)𝑁−1
1 1 ⋯ 1

]

could remain full rank as long as the control inputs are not identical
(i.e., 𝑢(𝑖)0 = 𝑢(𝑖)1 = ⋯ = 𝑢(𝑖)𝑁−1). Note that the controllability assumption,
in the context of data-driven control, could also be verified numeri-
cally, by calculating the rank (or singular values) of 𝐻 (𝑖). Since 𝐻 (𝑖)

is a wide matrix with significantly more columns than rows, in our
implementations, we observe that the condition is often satisfied.

2.3. Analysis of iterative control in data-driven control settings

In practice, we may not have the access to the system model to
compute 𝐴(𝑖)

𝑘 , 𝐵(𝑖)
𝑘 , and 𝐻 (𝑖), and thus have to estimate 𝐴̂(𝑖)

𝑘 , 𝐵̂(𝑖)
𝑘 , and

𝐻̂ (𝑖), from data. Therefore, it is important to evaluate the effect of
estimation errors on the above presented results. To study this aspect,
we use the ‘‘hat’’ notation to denote quantities associated with the
estimation and consider the following assumptions.
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Assumption 2.5. Suppose ‖𝐻̂ (𝑖) − 𝐻 (𝑖)
‖ ≤ 1

4𝜎min(𝐻̂ (𝑖)) and 0 < 𝜎̂ ≤
𝜎min(𝐻̂ (𝑖)) ≤ 𝜎max(𝐻̂ (𝑖)) = ‖𝐻̂ (𝑖)

‖ ≤ 𝑟̄ for all iterations.

Lemma 2.6. Let 𝑈̂ (𝑖) be the input at iteration 𝑖, computed from the
estimated 𝐴̂(𝑖)

𝑘 , 𝐵̂(𝑖)
𝑘 , 𝐻̂ (𝑖), and 𝛥𝑈̂ (𝑖)

∗ be the solution of (3) where the
estimated 𝐻̂ (𝑖) is used instead of 𝐻 (𝑖). Then, for each iteration 𝑖, there exists
𝜆̂(𝑖) such that 𝐽 (𝑈̂ (𝑖) + 𝛥𝑈̂ (𝑖)

∗ ) ≤ 𝐽 (𝑈̂ (𝑖)).

Proof. Let 𝛥𝐻 (𝑖) ∶= 𝐻 (𝑖) − 𝐻̂ (𝑖). Similar to the proof of Lemma 2.2, we
consider the first-order Taylor expansion of 𝑥𝑁 (𝑈̂ (𝑖)), i.e.,

𝐽 (𝑈̂ (𝑖) + 𝛥𝑈̂ (𝑖)
∗ ) = ‖𝑥𝑁 (𝑈̂ (𝑖)) +𝐻 (𝑖)𝛥𝑈̂ (𝑖)

∗ + 𝑅(𝛥𝑈̂ (𝑖)
∗ ) − 𝑥target‖

2

= ‖𝑥𝑁 (𝑈̂ (𝑖)) + (𝐻̂ (𝑖) + 𝛥𝐻 (𝑖))𝛥𝑈̂ (𝑖)
∗ + 𝑅(𝛥𝑈̂ (𝑖)

∗ ) − 𝑥target‖
2

≤ ‖𝑥𝑁 (𝑈̂ (𝑖)) + 𝐻̂ (𝑖)𝛥𝑈̂ (𝑖)
∗ − 𝑥target‖

2 + ‖𝛥𝐻 (𝑖)𝛥𝑈̂ (𝑖)
∗ + 𝑅(𝛥𝑈̂ (𝑖)

∗ )‖2

+ 2‖𝑥𝑁 (𝑈̂ (𝑖)) + 𝐻̂ (𝑖)𝛥𝑈̂ (𝑖)
∗ − 𝑥target‖ ‖𝛥𝐻

(𝑖)𝛥𝑈̂ (𝑖)
∗ + 𝑅(𝛥𝑈̂ (𝑖)

∗ )‖.

(9)

From Assumption 2.5 and (6), we have

‖𝛥𝐻 (𝑖)𝛥𝑈̂ (𝑖)
∗ + 𝑅(𝛥𝑈̂ (𝑖)

∗ )‖ ≤ 1
4
𝜎min(𝐻̂ (𝑖))‖𝛥𝑈̂ (𝑖)

∗ ‖ +
√

𝑛𝑀‖𝛥𝑈̂ (𝑖)
∗ ‖

2. (10)

Substituting (10) into (9) and simplifying the expression, we have

𝐽 (𝑈̂ (𝑖) + 𝛥𝑈̂ (𝑖)
∗ ) ≤ ‖𝑥𝑁 (𝑈̂ (𝑖)) + 𝐻̂ (𝑖)𝛥𝑈̂ (𝑖)

∗ − 𝑥target‖
2

+ 𝑐(𝑖)1 ‖𝛥𝑈̂ (𝑖)
∗ ‖ + 𝑐(𝑖)2 ‖𝛥𝑈̂ (𝑖)

∗ ‖

2
(11)

where 𝑐(𝑖)1 = 1
2𝜎min(𝐻̂ (𝑖))‖𝑥𝑁 (𝑈̂ (𝑖))−𝑥target‖, and 𝑐(𝑖)2 = 1

2𝜎min(𝐻̂ (𝑖))‖𝐻̂ (𝑖)
‖+

2
√

𝑛𝑀‖𝑥𝑁 (𝑈̂ (𝑖)) + 𝐻̂ (𝑖)𝛥𝑈̂ (𝑖)
∗ − 𝑥target‖ + ( 14𝜎min(𝐻̂ (𝑖)) +

√

𝑛𝑀‖𝛥𝑈̂ (𝑖)
∗ ‖)2.

Now, since from (4)

𝜆̂(𝑖)‖𝛥𝑈̂ (𝑖)
∗ ‖ = ‖(𝐼 + 𝜆̂(𝑖)

−1
𝐻̂ (𝑖)⊤𝐻̂ (𝑖))−1𝐻̂ (𝑖)⊤ (𝑥target − 𝑥𝑁 (𝑈̂ (𝑖)))‖,

we have 𝜆̂(𝑖)‖𝛥𝑈̂ (𝑖)
∗ ‖ → ‖𝐻̂ (𝑖)⊤ (𝑥target−𝑥𝑁 (𝑈̂ (𝑖)))‖ as 𝜆̂(𝑖) → ∞. Thus, there

exists 𝜆̂(𝑖)1 such that

𝜆̂(𝑖)1 ‖𝛥𝑈̂ (𝑖)
∗ ‖ ≥ 1

2
‖𝐻̂ (𝑖)⊤ (𝑥target − 𝑥𝑁 (𝑈̂ (𝑖)))‖

≥ 1
2
𝜎min(𝐻̂ (𝑖))‖𝑥target − 𝑥𝑁 (𝑈̂ (𝑖))‖ = 𝑐(𝑖)1 .

Then, for any 𝜆̂(𝑖) ≥ 𝜆̂(𝑖)1 + 𝑐(𝑖)2 , we have 𝜆̂(𝑖)‖𝛥𝑈̂ (𝑖)
∗ ‖

2 ≥ 𝜆̂(𝑖)1 ‖𝛥𝑈̂ (𝑖)
∗ ‖

2 +
𝑐(𝑖)2 ‖𝛥𝑈̂ (𝑖)

∗ ‖

2 ≥ 𝑐(𝑖)1 ‖𝛥𝑈̂ (𝑖)
∗ ‖ + 𝑐(𝑖)2 ‖𝛥𝑈̂ (𝑖)

∗ ‖

2, which is incorporated into (11)
as

𝐽 (𝑈 (𝑖) + 𝛥𝑈̂ (𝑖)
∗ ) ≤ ‖𝑥𝑁 (𝑈̂ (𝑖)) + 𝐻̂ (𝑖)𝛥𝑈̂ (𝑖)

∗ − 𝑥target‖
2 + 𝜆̂(𝑖)‖𝛥𝑈̂ (𝑖)

∗ ‖.2

Since the above right hand side is the optimal objective 𝑉𝛥𝑈̂ (𝑖)
∗ ,𝜆̂(𝑖) of (3),

it yields a lower value compared to that of 𝛥𝑈̂ (𝑖) = 0, i.e., 𝑉𝛥𝑈̂ (𝑖)
∗ ,𝜆̂(𝑖) ≤

𝑉𝛥𝑈̂ (𝑖)=0,𝜆̂(𝑖) = 𝐽 (𝑈̂ (𝑖)). Thus, 𝐽 (𝑈̂ (𝑖) + 𝛥𝑈̂ (𝑖)
∗ ) ≤ 𝐽 (𝑈̂ (𝑖)). □

Theorem 2.7. The iterative control synthesis using the estimated dynamics
𝐻̂ (𝑖) converges, and the system is steered to the desired target.

Proof. Given Assumption 2.5 and Lemma 2.6, the proof is followed
from the proof of Theorem 2.4. □

3. Integration of model learning and control

In this section, we first describe our approach to learning a system
model from data. We then present the integration of model learning
and control design.

3.1. Learning the system’s dynamics from data

Consider a discrete-time nonlinear control system

𝑥 = 𝐹 (𝑥 , 𝑢 ) (12)
𝑘+1 𝑘 𝑘

4 
Fig. 1. Schematic diagram of a single-layer feedforward neural network where 𝑋 ∈ R𝑛𝑥

and 𝑌 ∈ R𝑛𝑦 represent the input and output, respectively, and 𝑤0 ∈ R𝑛𝑛×𝑛𝑥 , 𝑤1 ∈ R𝑛𝑦×𝑛𝑛 ,
𝑏0 ∈ R𝑛𝑛 , 𝑏1 ∈ R𝑛𝑦 are the weight matrices and bias vectors for the hidden and output
layers, respectively.

where 𝑥𝑘 ∈ R𝑛, 𝑢𝑘 ∈ R𝑚, and 𝑘 ∈ N0 denotes time index. We consider
that the states of the system are fully observable and collect their
measurements at each time step. We use 𝐷(In)

training ∶= {[𝑥(𝑖)𝑘
⊤
, 𝑢(𝑖)𝑘

⊤
]⊤},

i.e., the recorded state and control at each time step, as an input to the
learning model and 𝐷(Out)

training ∶= {𝑥(𝑖)𝑘+1} as the corresponding output. To
capture the system dynamics 𝐹 (in the region of the training data), we
consider the following model assumption.

Assumption 3.1. For any 𝜖 > 0, there exists 𝛿 > 0 such that if
the training data is 𝛿-sufficiently dense on a domain D (i.e., for any
[𝑥⊤, 𝑢⊤]⊤ ∈ D, there is [𝑥(𝑖)𝑘

⊤
, 𝑢(𝑖)𝑘

⊤
]⊤ ∈ 𝐷(In)

training such that ‖[𝑥⊤, 𝑢⊤]⊤ −

[𝑥(𝑖)𝑘
⊤
, 𝑢(𝑖)𝑘

⊤
]⊤‖ ≤ 𝛿), then the 𝐹model obtained from the training process

has an 𝜖-accuracy (i.e., for any [𝑥⊤, 𝑢⊤]⊤ ∈ D, ‖𝐹 (𝑥, 𝑢) − 𝐹model(𝑥, 𝑢)‖ ≤
𝜖, ‖

‖

𝜕𝑥𝐹 (𝑥, 𝑢) − 𝜕𝑥𝐹model(𝑥, 𝑢)‖‖ ≤ 𝜖, and ‖

‖

𝜕𝑢𝐹 (𝑥, 𝑢) − 𝜕𝑢𝐹model(𝑥, 𝑢)‖‖ ≤ 𝜖,
where 𝜕𝑥 and 𝜕𝑢 denote the derivatives with respect to 𝑥 and 𝑢).

Assumption 3.1 is based on recent advances in deep learning theory,
which indicates that a deep learning model can accurately learn the
dynamic function 𝐹 up to a desired precision if the training data is
sufficiently dense (for more details, see new results on generalization
bound analysis of deep neural networks [31,32]). We will use the
assumption to characterize the model accuracy with respect to the
density of the training data. The denser the training data, the more
accurate the learning model becomes. The assumption will later be
utilized (in Section 3.3) to choose the exploration threshold to ensure
the desired density of the training data and the convergence of the
overall control design.

Neural networks are known to be universal function approximators,
for which Assumption 3.1 can be satisfied [33]. In our implementation,
we use a standard structure of a fully-connected feedforward neural
network provided by the MATLAB Machine Learning Toolbox [34]. By
properly training the model, we capture 𝐹 , the evolution of the system,
in the neural network’s forward propagation, which will later be used
for prediction and control.

In addition to the computation of 𝐹 , our control method (as in-
troduced in Section 2) requires repetitive calculations of the system
dynamics’ derivatives 𝜕𝐹∕𝜕𝑥 and 𝜕𝐹∕𝜕𝑢. Instead of approximating
these derivatives using finite differences, which potentially requires
many interactions with the system, we compute the Jacobian of 𝐹
symbolically from the learned model to minimize system interaction
and the computational cost of the overall control design.

3.2. Symbolic computation of the local dynamics

To better illustrate the idea, we start with a single-layer feedforward
neural network, as in Fig. 1. The equations of the forward propagation
are

𝑌0 = 𝑤0𝑋 + 𝑏0
𝑌 = 𝑤1𝑔(𝑌0) + 𝑏1.

(13)

The activation function utilized in the hidden layer is the tansig func-
tion, i.e., 𝑔(𝑧) = 2 − 1, whose derivative is 𝑑 𝑔(𝑧) = 1 − 𝑔2(𝑧). Now,
1+𝑒−2𝑧 𝑑𝑧
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Table 1
CPU time (in seconds) for one iteration of the iterative control synthesizing process.

System Finite Symbolic Improvement
dimension differences computation ratio

3 0.18 0.08 2.25
5 0.92 0.12 7.67
16 13.51 0.79 17.10

Fig. 2. Local exploration and acquisition of data. The process is conducted by collecting
(sufficiently dense) data around a trajectory that extends outside the explored region,
resulting in a guided expansion of the data cloud toward the target state.

we consider the neural network as a generic map 𝐿 ∶ 𝑋 ↦ 𝑌 , and
denote the derivative of 𝐿 with respect to the input as 𝑑𝐿

𝑑𝑋 . By applying
the chain rule to (13), we have

𝑑𝐿
𝑑𝑋

|

|

|

|𝑋
= 𝑑𝑌

𝑑𝑔

|

|

|

|

|𝑔(𝑌0)
⋅

𝑑𝑔
𝑑𝑌0

|

|

|

|𝑌0
⋅
𝑑𝑌0
𝑑𝑋

|

|

|

|𝑋

= 𝑤1 ⋅ diag
(

1 − 𝑔2(𝑌0)
)

⋅𝑤0

(14)

where diag(𝑣) is a diagonal matrix whose entries are elements of vector
𝑣. This idea can be readily extended to a general multi-layer perceptron
(MLP). More specifically, for a neural network with ℎ numbers of
hidden layers, the forward propagation is

𝑌0 = 𝑤0𝑋 + 𝑏0
𝑌1 = 𝑤1𝑔(𝑌0) + 𝑏1

⋮

𝑌 = 𝑤ℎ𝑔(𝑌ℎ−1) + 𝑏ℎ

where 𝑤𝑖 and 𝑏𝑖 for 𝑖 ∈ {1,… , ℎ} are the weight matrix and the bias
vector for the 𝑖th hidden layer, respectively. Similar to the process in
(14), the derivative of 𝐿 with respect to the input of a MLP is computed
as follows.

𝜕𝐿
𝜕𝑋

|

|

|

|𝑋
= 𝜕𝑌

𝜕𝑔

|

|

|

|

|𝑔(𝑌ℎ−1)
⋅

𝜕𝑔
𝜕𝑌ℎ−1

|

|

|

|𝑌ℎ−1
⋅

⋯
𝜕𝑌1
𝜕𝑔

|

|

|

|𝑔(𝑌0)
⋅

𝜕𝑔
𝜕𝑌0

|

|

|

|𝑌0
⋅
𝜕𝑌0
𝜕𝑋

|

|

|

|𝑋

=𝑤ℎ ⋅ diag
(

1 − 𝑔(𝑌ℎ−1)2
)

⋅

⋯𝑤1 ⋅ diag
(

1 − 𝑔(𝑌0)2
)

⋅𝑤0

=

( 1
∏

𝑖=ℎ
𝑤𝑖 ⋅ diag

(

1 − 𝑔2(𝑌𝑖−1)
)

)

⋅𝑤0.

(15)

The presented approach allows us to significantly reduce the num-
ber of system interactions and the computational cost as compared
to computing the derivative using finite differences. Table 1 illus-
trates the computational gains across three test examples (i.e., a simple
pendulum, a pendulum on a cart, and a 3-dimensional quadcopter),
highlighting the added benefits when applying to more complex sys-
tems.
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3.3. Integrating model learning to control design

In this subsection, we describe the sequential integration of model
learning and control design. To explore the environment and learn
the model in a controlled manner, our approach is to integrate data
collection and model learning into the control design and let the control
design actually guide the data collection and model learning. More
specifically, we first excite the system around an initial state and
collect sufficiently dense data. Under Assumption 3.1, we can capture
the system dynamics in the local region. Then, using the estimated
dynamics, we employ the iterative control (as introduced in Section 2)
to steer the system closer to the target. Whenever the system trajectory
starts departing from the explored region, we execute a new round of
explorations to locally inspect the unexplored region and better capture
the overall dynamics, as illustrated in Fig. 2. This sequential process is
then repeated until the system reaches the target, which is summarized
in Algorithm 2 and is implemented through the following three steps.

1. (S1) Local exploration: Given a nominal input 𝑈 (𝑖), we con-
sider applying to the system a slightly perturbed test input,
i.e., 𝑈̃ (𝑖) ∶= 𝑈 (𝑖) + 𝑅(𝑖)

𝑁 where 𝑅(𝑖)
𝑁 denotes a small random input

of 𝑁 time steps. Then, for each time step, we store the states
and the corresponding input values obtained from the perturbed
trajectory and form a new data set 𝐷new = {𝐷(In)

new; 𝐷
(Out)
new } where

𝐷(In)
new = [𝑥̃(𝑖)⊤𝑘 , 𝑢̃(𝑖)⊤𝑘 ]⊤ and 𝐷(Out)

new = 𝑥̃(𝑖)𝑘+1. To sufficiently explore
the local area, we repeat this process (for 𝐾 times) until 𝐷new is
sufficiently dense. Note that the exploratory trajectories all begin
at 𝑥0 and remain close to the nominal trajectory.

2. (S2) Learning local dynamics: We combine the newly collected
data 𝐷new together with the previous data 𝐷prev to form a
training dataset 𝐷training = 𝐷new ∪ 𝐷prev. Then, we train a
learning model (as described in Section 3.1) to better capture
the system’s dynamics on the combined explored region.

3. (S3) Optimizing control inputs: Given the nominal input 𝑈 (𝑖)

and the newly estimated dynamics, we apply Algorithm 1 to
steer the system step-be-step closer to 𝑥target. In each iteration,
to measure the distance between a current trajectory and the
explored region, we consider the maximum (Hausdorff) distance
from each point [𝑥(𝑖)𝑘

⊤
, 𝑢(𝑖)𝑘

⊤
]⊤ of the trajectory to the training

dataset, i.e.,

d
(𝑖)
extend ∶= max

𝑘=0,1,…,𝑁−1
𝑑([𝑥(𝑖)𝑘

⊤
, 𝑢(𝑖)𝑘

⊤
]⊤, 𝐷(In)

training).

If the extended distance d
(𝑖)
extend is greater than a certain pre-

set threshold dthreshold, it indicates that the current trajectory
is about to depart from the explored region, and as a result,
further data acquisition is required. Note that for the purpose
of theoretical analysis, dthreshold = 𝛿 can be chosen to ensure
𝐷training to be sufficiently dense. Additionally, to ensure that
the current estimate of the system’s dynamics is accurate for
the control design even in the explored region (due to potential
overfittings), we also monitor the prediction error of the model,
i.e.,

e
(𝑖)
model ∶= max

𝑘=0,1,…,𝑁−1
‖𝐹 (𝑥(𝑖)𝑘 , 𝑢(𝑖)𝑘 ) − 𝐹model(𝑥

(𝑖)
𝑘 , 𝑢(𝑖)𝑘 )‖2

where 𝐹model(𝑥
(𝑖)
𝑘 , 𝑢(𝑖)𝑘 ) are the model predictions and 𝐹 (𝑥(𝑖)𝑘 , 𝑢(𝑖)𝑘 )

are the real data collected online. If d
(𝑖)
extend > dthreshold or

e
(𝑖)
model > ethreshold, we stop the control synthesizing process and

start the next exploration S1.

Assumption 3.2. (i) Since 𝐹 ∈ 𝐶2(R𝑛+𝑚,R𝑛) has a bounded domain,
the derivatives of 𝐹 is bounded, which is denoted by ‖𝐴(𝑖)

𝑘 ‖ ≤ 𝐷̄ and
‖𝐵(𝑖)

𝑘 ‖ ≤ 𝐷̄. Suppose 𝐷̄ is known. (ii) Suppose 0 < 𝜎̂ ≤ 𝜎min(𝐻̂ (𝑖)) ≤
𝜎 (𝐻̂ (𝑖)) = ‖𝐻̂ (𝑖)

‖ ≤ 𝑟̄ for all iterations.
max
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Algorithm 2 Integration of model learning and iterative control design
Require: 𝑥0, 𝑥target, and an (arbitrary) initial 𝑈 (𝑖=0).

1. Apply S1 to explore the local region around the current nominal
trajectory.

2. Apply S2 to update the estimated dynamics on the explored area.
3. Apply S3 with the use of Algorithm 1 to steer the system closer

to the target until d(𝑖)extend > dthreshold or e
(𝑖)
model > ethreshold.

4. Repeat step 1 − 3 until ‖𝑥𝑁 − 𝑥target‖
2 falls below a desired

tolerance.

Theorem 3.3. Suppose Assumptions 3.1 and 3.2 hold. Then, the sequential
earning and control design converges, and the system is steered to the
esired target.

roof. We will show that 𝐻̂ (𝑖) computed from the learning model
model satisfies ‖𝐻 (𝑖)−𝐻̂ (𝑖)

‖ ≤ 1
4𝜎min(𝐻̂ (𝑖)). This ensures Assumption 2.5

is satisfied for the use of Theorem 2.7.
First, choose 𝜖 such that 𝑁𝜖(𝜖 + 𝐷̄)𝑁−1 + ⋯ + 2𝜖(𝜖 + 𝐷̄) + 𝜖 ≤ 1

4 𝜎̂
and choose 𝛿 accordingly as in Assumption 3.1. Set dthreshold = 𝛿
o ensure 𝐷training is sufficiently dense. Thus, from Assumption 3.1,
e have ‖𝐴̂(𝑖)

𝑘 − 𝐴(𝑖)
𝑘 ‖ ≤ 𝜖 and ‖𝐵̂(𝑖)

𝑘 − 𝐵(𝑖)
𝑘 ‖ ≤ 𝜖, where 𝐴̂(𝑖)

𝑘 ∶=
𝜕𝑥𝐹model(𝑥

(𝑖)
𝑘 , 𝑢(𝑖)𝑘 ), 𝐵̂𝑘 ∶= 𝜕𝑢𝐹model(𝑥

(𝑖)
𝑘 , 𝑢(𝑖)𝑘 ). By applying the reverse tri-

angle inequality, we have

‖𝐴̂(𝑖)
𝑘 ‖ − ‖𝐴(𝑖)

𝑘 ‖ ≤ ‖𝐴̂(𝑖)
𝑘 − 𝐴(𝑖)

𝑘 ‖ ≤ 𝜖 ⟹ ‖𝐴̂(𝑖)
𝑘 ‖ ≤ 𝜖 + 𝐷̄.

Now, since 𝐻̂ (𝑖) =
[

𝐴̂(𝑖)
𝑁−1 … 𝐴̂(𝑖)

1 𝐵̂(𝑖)
0 ⋯ 𝐵̂(𝑖)

𝑁−1

]

, ‖𝐻 (𝑖) − 𝐻̂ (𝑖)
‖ can be

xpressed and upper bounded by
‖

‖

‖

‖

[

𝐴(𝑖)
𝑁−1 …𝐴(𝑖)

1 𝐵(𝑖)
0 − 𝐴̂(𝑖)

𝑁−1 … 𝐴̂(𝑖)
1 𝐵̂(𝑖)

0 ⋯ 𝐵(𝑖)
𝑁−1 − 𝐵̂(𝑖)

𝑁−1

]

‖

‖

‖

‖

≤ ‖𝐴(𝑖)
𝑁−1 …𝐴(𝑖)

1 𝐵(𝑖)
0 − 𝐴̂(𝑖)

𝑁−1 … 𝐴̂(𝑖)
1 𝐵̂(𝑖)

0 ‖ +⋯ + ‖𝐵(𝑖)
𝑁−1 − 𝐵̂(𝑖)

𝑁−1‖.
(16)

ince each norm of the right hand side of (16) can be upper bounded,
hich depends on the number of terms and not specific 𝐴(𝑖)

𝑘 , 𝐵(𝑖)
𝑘 , 𝐴̂(𝑖)

𝑘 , 𝐵̂(𝑖)
𝑘

o simplify the notation, we use 𝐺(𝑖)
𝑘 and 𝐺̂(𝑖)

𝑘 to generically denote
(𝑖)
𝑘 , 𝐵(𝑖)

𝑘 and 𝐴̂(𝑖)
𝑘 , 𝐵̂(𝑖)

𝑘 . For a norm with 𝑘 terms, we have

∥ 𝐺(𝑖)
1 𝐺(𝑖)

2 …𝐺(𝑖)
𝑘 − 𝐺̂(𝑖)

1 𝐺̂(𝑖)
2 … 𝐺̂(𝑖)

𝑘 ∥≤∥ (𝐺(𝑖)
1 − 𝐺̂(𝑖)

1 )𝐺(𝑖)
2 …𝐺(𝑖)

𝑘

+ 𝐺̂(𝑖)
1 (𝐺(𝑖)

2 − 𝐺̂(𝑖)
2 )𝐺(𝑖)

3 …𝐺(𝑖)
𝑘 +⋯ + 𝐺̂(𝑖)

1 … 𝐺̂(𝑖)
𝑘−1(𝐺

(𝑖)
𝑘 − 𝐺̂(𝑖)

𝑘 ) ∥

≤ 𝜖𝐷̄𝑘−1 + 𝜖(𝜖 + 𝐷̄)𝐷̄𝑘−2 +⋯ + 𝜖(𝜖 + 𝐷̄)𝑘−1 ≤ 𝑘𝜖(𝜖 + 𝐷̄)𝑘−1.

(17)

pplying (17) to (16), we have

𝐻 (𝑖) − 𝐻̂ (𝑖)
‖ ≤ 𝑁𝜖(𝜖 + 𝐷̄)𝑁−1 +⋯ + 2𝜖(𝜖 + 𝐷̄) + 𝜖.

hus, ‖𝐻 (𝑖) − 𝐻̂ (𝑖)
‖ ≤ 1

4 𝜎̂ ≤ 1
4𝜎min(𝐻̂ (𝑖)). Together with Assump-

tion 3.2.ii, it implies that Assumption 2.5 holds. Then, it follows from
Theorem 2.7 that the sequential learning and control converges, and
the system is steered to the target. □

Note that the above analysis requires the upper bound of the deriva-
tive of 𝐹 , i.e., 𝐷̄, to be known. If the system dynamics is not available,
this quantity needs to be estimated from data. To this end, through
measurements, one could estimate how fast the system’s state changes
(the derivatives of 𝐹 ) and thus estimate the upper bound 𝐷̄. In experi-
mental settings, additional techniques may be needed to minimize the
effect of noise on the estimates [35,36].

In addition, we note that most model-based learning controls, dif-
ferent from our approach, are often formulated to obtain a ‘‘global’’
control solution, e.g., see [37,38] for the use of value functions where
the solution is represented as a function of the state. If there exists an
incorrect estimate of the system dynamics (which often occurs at the
beginning of the learning process), these global approaches will quickly
 r
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extrapolate from the incorrect model and result in severe drifts and
degraded control performance [3,7,8].

Our approach, on the other hand, does not suffer from such model
exploitation. The panacea lies in the local nature of our control design,
which utilizes the system’s local dynamics around a current trajectory
to improve the control and thus effectively avoids the exploitation
associated with learning the global dynamics of the system. To ensure
that the locally estimated dynamics are appropriate, the dynamics are
continuously evaluated and immediately updated when the system ven-
tures into an unexplored region or experiences overfitting (as indicated
by the conditions in S3).

The iterative and local nature of this integration between model
learning and control also gives us the ability to gradually expand and
learn a data model in concurrence with the continuing progress of
control. This naturally results in an efficient and targeted exploration of
the state–action space that is mainly tailored to the purpose of control.

4. Implementation and evaluation

In this section, we illustrate the effectiveness of the proposed frame-
work with simulation of a benchmark control example and physical
implementation. In both cases, we do not assume any prior knowledge
of the systems and let them learn their suitable controls from scratch
by following the steps outlined in Algorithm 2.

4.1. Simulation of a cart-pendulum system

The dynamics of an inverted pendulum on a cart is

𝑥̇1 = 𝑥3
𝑥̇2 = 𝑥4

𝑥̇3 =
𝑙𝑚𝑥24 sin 𝑥2 + 𝑢 + 𝑚𝑔 cos 𝑥2 sin 𝑥2

𝑀 + 𝑚(1 − cos2 𝑥2)

̇ 4 = −
𝑙𝑚𝑥24 cos 𝑥2 sin 𝑥2 + 𝑢 cos 𝑥2 + (𝑀 + 𝑚)𝑔 sin 𝑥2

𝑙𝑀 + 𝑙𝑚(1 − cos2 𝑥2)

here 𝑥1, 𝑥2, 𝑥3 and 𝑥4 are the position of the cart, the angle of the
endulum, their corresponding velocities, and 𝑀 = 0.8, 𝑚 = 0.5, 𝑙 = 0.5,
= 9.81.

In this problem, we learn the control applied to the cart so that
he pendulum is swung from a downward position at 𝑥 = [0, 0, 0, 0]⊤

o an upward position at 𝑥target = [1, 𝜋, 0, 0]⊤. To capture the system’s
ynamics, we employ a neural network with two hidden layers (each
ayer consists of 10 hyperbolic tangent activation units) provided by
ATLAB Toolbox. The Levenberg–Marquardt algorithm is used for the

raining [39]. To achieve a swing-up control, we apply Algorithm 2
ith 𝑁 = 100, 𝛥𝑇 = 0.02, dthreshold = 5, and ethreshold = 0.01 to gradually

teer the system from 𝑥0 to 𝑥target.
During the process, if the system starts departing from the explored

egion, a new round of exploration is executed to inspect the locally
nexplored region to better capture the overall dynamics. This mech-
nism, as observed in Fig. 3, results in a rather efficient exploration
f the state–action space in which the sample data are mostly located
round the controlled trajectories. As a result, the explored region
s closely connected and gradually expanded with the progress of
ontrol, allowing us to reduce excessive (and potentially undesirable)
xplorations.

We compare the proposed framework with PILCO [14] and adaptive
ontrol with model identification (MIAC) [40], which serve as rep-
esentatives of probabilistic and deterministic model-based learning,
espectively. Regarding PILCO, we used an open-source implementa-
ion provided by the authors and compare the results across different
uns. The presented values are the results averaged over 10 random
eeds. Compared to PILCO, our approach requires a similar level of
nteraction with the system yet exhibits much more regulated explo-

ation and consistent system behaviors, both during and after learning.
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Fig. 3. Gradual expansion of the data cloud (representing the explored regions) along the evolution of the controlled trajectories. Simulations of the cart-pendulum at different
stages of the learning process are also presented in which the frames are uniformly sampled in time, plotted from (light) orange to (dark) brown, as the trajectories progress. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Training data collected by three model-based learning methods and their corresponding final controlled trajectory.
To mitigate model exploitation, PILCO employs extensive random ex-
ploration, particularly during the initial stages of the learning phase.
This leads to an increased exploration ratio, denoted by the proportion
of the (same) state–action space encompassing the training data, in
comparison to our method, as detailed in Table 2. The data collected
from both approaches are visually presented in Fig. 4, affirming this
observation. Note that our approach also requires less computation
compared to PILCO, which is known to scale exponentially with the
number of system states and hinders the implementation of PILCO on
high-dimensional control systems (see, e.g., [16,17,41]).
7 
Regarding the implementation of MIAC, we use a two-hidden-layers
(with 20 activation units) neural network for model identification and
energy shaping method for control [42]. At each time step, the model is
used to compute 𝛥𝐸 = 𝐸−𝐸target, where 𝐸 ∶= 1

2 𝜃̇
2−cos 𝜃, and the input

𝑢 is chosen such that 𝛥𝐸̇ = −𝑐𝛥𝐸, 𝑐 ≥ 0. Once the pendulum’s angle is
controlled to the upward position, the model’s linearization is utilized
to regulate the cart position. The model is updated recursively for every
100 steps. In our implementation, this rather conventional recursive
application of MIAC fails to converge due to model exploitation and the
lack of exploration. However, when executed sequentially in batches
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Table 2
Comparison of the proposed approach with a probabilistic model-based learning
(PILCO) and adaptive control with model identification (MIAC) on the cart-pendulum
system.

System Exploration Computation
interaction ratio (in CPU) time

proposed ≈ 37 trials ≈ 8% ≈ 5 min
PILCO ≈ 35 trials ≈ 31% ≈ 30 min
MIAC ≈ 145 trials ≈ 27% ≈ 35 min

Fig. 5. The Furuta pendulum platform [43]. To control the platform, e.g., to swing
arm 2 to the upward position, one needs to apply suitable voltages to the DC motor
to control arm 1.

of exploration and control (as in the advocated sequential design
framework), MIAC can mitigate model exploitation and accomplish the
control task. As illustrated in Table 2 and Fig. 4, MIAC nevertheless
requires more system interaction and exploration of the state–action
space, as compared to the proposed approach.

4.2. Physical implementation on a rotatory system

We present the implementation of the proposed framework on an
under-actuated robot arm named the Furuta pendulum. The control
objective of this two-link robot is to swing arm 2 up from the downward
position by only rotating arm 1, which is controlled by a DC motor.

Our experiment uses the ‘‘Rotary Inverted Pendulum’’ from Quanser
[43], as shown in Fig. 5, connected to a standard desktop (4 GB of
RAM, 2.5 GHz) using Matlab and Simulink 2012b. The system has four
states, i.e., the angles of the two arms (𝑥1, 𝑥2) and their corresponding
angular velocities (𝑥3, 𝑥4), and one input 𝑢, i.e., the voltage applied to
a DC motor to control arm 1. Two encoders are attached at the ends of
the two arms to measure the angles of the arms and send readings to
Simulink in real time, and the angular velocities are computed via an
in-built time-derivative block. The input signal is fed into the platform
directly via Simulink. The objective is to learn a control that steers the
system from 𝑥0 to 𝑥target, which are defined as

𝑥0 =
[

0 𝜋 0 0
]⊤ , 𝑥target =

[

0 0 0 0
]⊤ .

To this end, we use the same neural network as in the previous
example and learn a swing-up control by following the process outlined
in Algorithm 2. The program first explores the local area around the
downward position of arm 2 and learns the corresponding dynamics.
Then, it iteratively swings arm 2 step-by-step closer to the upward
position. When the system starts departing from the data cloud of
the explored region to enter uncharted territory or experiences slow
steering progress due to overfitting, the program pauses the current
8 
control synthesis and executes a new round of explorations. This pro-
cess is continued until the system reaches 𝑥target. The swing-up task
is successfully learned after 4 rounds of explorations with a total of
53 trials and in about 20 min. Fig. 6 illustrates this tightly integrated
steering process where the explored region is gradually expanded in
accordance with the iterative progress of the control design. The swing-
up of the physical pendulum system is shown in Fig. 7, and the
experimental details are presented in Table 3.

5. Conclusions

In this paper, we develop a framework for efficient integration of
data into system control design, learning point-to-point controlled be-
haviors of systems in particular. We discussed in detail the importance
and benefits of dissecting model learning and control design (which
are both often treated from a high-level perspective) into explicit and
step-by-step processes. We then recombined these basic processes into
a highly integrated and data-efficient control framework in which
system modeling and the acquisition of data are both tailored to the
purpose of control design. Due to these distinct features, the proposed
framework can avoid model exploitation and quickly learn a desirable
control from scratch with just a small amount of data. We illustrated
the effectiveness and robustness of the proposed framework in both
simulation and experiment.
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Appendix A

We provide additional analysis for Section 2.

Lemma A.1. If 𝐴 is a positive definite matrix, then ‖(𝜆𝐼 + 𝐴)−1𝑥‖ ≤
‖𝐴−1𝑥‖,∀𝜆 > 0,∀𝑥 ∈ R𝑛.

Proof. Take 𝜆 > 0 and 𝑥 ∈ R𝑛. Set 𝑃 = (𝜆𝐼+𝐴)−1𝑥. Then, 𝜆𝑃 +𝐴𝑃 = 𝑥.
Rearranging the equation, we have 𝑃 = 𝐴−1(𝑥 − 𝜆𝑃 ).

On the other hand, since A is positive definite, 𝐴−1 is also positive
definite. Thus, we have

0 ≤ (𝑥 − 𝑥 + 𝜆𝑃 )⊤𝐴−1(𝑥 − 𝑥 + 𝜆𝑃 )

= 𝜆𝑃⊤𝐴−1𝑥 − 𝜆𝑃⊤𝐴−1(𝑥 − 𝜆𝑃 )

= 𝜆𝑃⊤𝐴−1𝑥 − 𝜆𝑃⊤𝑃 .

Thus, ‖𝑃‖2 ≤ 𝑃⊤𝐴−1𝑥 ≤ ‖𝑃‖ ‖𝐴−1𝑥‖ ⟹ ‖𝑃‖ ≤ ‖𝐴−1𝑥‖. □
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Fig. 6. Expansion of a data cloud representing the explored regions in concurrence with the evolution of the controlled trajectories of the physical Furuta pendulum system.
Fig. 7. Physical platform of the Furuta pendulum system with snapshots of the swing-up control carried out in 4 s. The controlled behavior is achieved after about 20 min of
learning the dynamic model and the appropriate control input.
Table 3
Experimental recordings for the physical implementation of the proposed framework on the Furuta pendulum.
Round of Number of Number of dthreshold ethreshold ‖𝑥𝑁 − 𝑥taget‖ ‖𝑥𝑁 − 𝑥taget‖ Number of
explorations test inputs added data at the beginning at the end control iterations

1 8 1600 2 0.001 𝜋 1.0731 4
2 8 1600 2 0.001 1.0731 0.6520 11
3 8 1600 2 0.001 0.6520 0.2850 3
4 8 1600 2 0.001 0.2850 0.0004 3
Lemma A.2. If the 𝐻 (𝑖) matrix is full rank, ‖𝛥𝑈 (𝑖)
∗ ‖

≤ 𝜎2min(𝐻
(𝑖)) 𝜎max(𝐻 (𝑖))‖𝑥target − 𝑥(𝑖)𝑁 ‖.

Proof. From (4) and Lemma A.1, we have

‖𝛥𝑈 (𝑖)
∗ ‖ ≤ ‖(𝐻 (𝑖)⊤𝐻 (𝑖))−1𝐻 (𝑖)⊤(𝑥target − 𝑥(𝑖)𝑁 )‖

≤ 𝜎min(𝐻 (𝑖)⊤𝐻 (𝑖)) 𝜎max(𝐻 (𝑖))‖𝑥target − 𝑥(𝑖)𝑁 ‖

≤ 𝜎2min(𝐻
(𝑖)) 𝜎max(𝐻 (𝑖))‖𝑥target − 𝑥(𝑖)𝑁 ‖ . □ □
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