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Abstract

Optimizing objective functions subject to con-
straints is fundamental in many real-world ap-
plications. However, these constraints are often
not readily defined and must be inferred from ex-
pert agent behaviors, a problem known as Inverse
Constraint Inference. Inverse Constrained Rein-
forcement Learning (ICRL) is a common solver
for recovering feasible constraints in complex en-
vironments, relying on training samples collected
from interactive environments. However, the effi-
cacy and efficiency of current sampling strategies
remain unclear. We propose a strategic explo-
ration framework for sampling with guaranteed
efficiency to bridge this gap. By defining the fea-
sible cost set for ICRL problems, we analyze how
estimation errors in transition dynamics and the
expert policy influence the feasibility of inferred
constraints. Based on this analysis, we introduce
two exploratory algorithms to achieve efficient
constraint inference via 1) dynamically reducing
the bounded aggregate error of cost estimations or
2) strategically constraining the exploration policy
around plausibly optimal ones. Both algorithms
are theoretically grounded with tractable sample
complexity, and their performance is validated
empirically across various environments.

1. Introduction

Constrained Reinforcement Learning (CRL) tackles sequen-
tial decision-making problems with safety constraints and
has achieved considerable success in various safety-critical
applications (Gu et al., 2022). However, in many real-world
environments, such as robot control (Garcia & Shafie, 2020;
Thomas et al., 2021) and autonomous driving (Krasowski
et al., 2020), specifying the exact constraint that can con-
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sistently guarantee safe control is challenging, which is
further exacerbated when the ground-truth constraint is time-
varying and context-dependent.

Instead of utilizing a pre-defined constraint, an alterna-
tive approach, Inverse Constrained Reinforcement Learning
(ICRL) (Malik et al., 2021; Liu et al., 2025), seeks to learn
constraint signals from the demonstrations of expert agents
and imitate their behaviors by adhering to the inferred con-
straints. ICRL effectively incorporates expert experience
into the online CRL paradigm and thus better explains how
expert agents optimize cumulative rewards under their em-
pirical constraints. Under this framework, existing ICRL
algorithms often assume the presence of a known dynamic
model (Scobee & Sastry, 2020; McPherson et al., 2021), or
a generative transition model that responds to queries for
any state-action pair (Papadimitriou et al., 2023; Liu et al.,
2023). However, this setting has a considerable gap with
real-world scenarios where such global transition models
are often unavailable or even time-varying. In such cases,
agents have to physically navigate to new states to learn
about transition dynamics through exploration.

To mitigate the gap, some recent studies (Malik et al., 2021;
Baert et al., 2023) explicitly maximized the policy entropy
throughout the learning process, yielding soft-optimal pol-
icy representations that favor less-selected actions. However,
this strategy often induces overly conservative constraints
that forbid any behavior not present in the expert demon-
strations. Moreover, such an uncertainty-driven exploration
ignores the potential estimation errors in dynamic models
and expert policies. To date, a theoretical framework is
still lacking to demonstrate how well such exploration ap-
proaches facilitate the accurate estimation of constraints.

This paper introduces a strategic exploration framework
for sampling to solve ICRL problems with guaranteed effi-
ciency. Recognizing the inherent challenge of pinpointing
the exact constraint that expert agents adhere to in their
demonstrations (Ng et al., 2000), the objective of our frame-
work is to recover a set of feasible constraints, rather than to
specify a unique constraint with pre-defined heuristics or re-
strictions. This approach has the advantage of analyzing the
intrinsic sample complexity of ICRL problems only, without
being obfuscated by other factors (Lazzati et al., 2024b). By
representing constraints with reward advantages, we bound
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estimation errors for feasible cost functions to the discrep-
ancy between estimated and ground-truth ones regarding
dynamics and the expert policy. Based on this quantifiable
measure of estimation errors, a tractable upper bound for
sample complexity can be derived.

Under our framework, we design two strategic exploration
algorithms for solving ICRL problems: 1) a Bounded Error
Aggregate Reduction (BEAR) algorithm, which guides the
exploration policy to minimize the upper bound of cost esti-
mation errors, and 2) a Policy-Constrained Strategic Explo-
ration (PCSE) algorithm, which reduces the estimation error
by selecting an exploration policy from a set of candidate
policies. This collection of policies is rigorously established
to encompass the optimal policy, thereby promising to ac-
celerate the training process significantly. We provide a
rigorous sample complexity analysis for both algorithms,
furnishing deeper insights into their training efficiency.

To empirically study how well our method captures the
accurate constraint, we conduct evaluations under different
environments. The experimental results show that PCSE
significantly outperforms other exploration strategies and
applies to continuous environments.

2. Related Work

This section reviews the previous works that are most closely
related to ours. Appendix B provides further discussions.

Exploration in Inverse Reinforcement Learning (IRL).
Compared with the exploration strategies in RL for forward
control (Amin et al., 2021; Ladosz et al., 2022), the ex-
ploration algorithms in IRL have relatively limited studies.
Balakrishnan et al. (2020) utilized Bayesian optimization
to identify multiple IRL solutions by efficiently exploring
the reward function space. To learn a transferable reward
function, Metelli et al. (2021) introduced an active sampling
methodology that targets the most informative regions with
a generative model to facilitate effective approximations of
the transition model and the expert policy. A subsequent
research (Lindner et al., 2022) expanded this concept to
finite-horizon MDPs with non-stationary policies, crafting
innovative strategies to accelerate the exploration process.
To better quantify the precision of recovered feasible re-
wards, Metelli et al. (2023) recently provided a lower bound
on the sample complexity for estimating the feasible reward
set in the finite-horizon setting with a generative model.
However, these methods study only reward functions under
a regular MDP without considering the safety of control or
the constraints in the environment.

Inverse Constrained Reinforcement Learning (ICRL).
Inverse Constraint Learning (ICL) extended the IRL
paradigm to account for safety issues. This line of research
encompasses several notable works. Hugessen et al. (2024)

simplify inverse constraint inference to a variant of IRL by
jointly identifying the cost function and Lagrange parame-
ters, which are assumed to form a convex cone. Kim et al.
(2024) generalized the IRL framework to infer tight safety
constraints from multi-task expert demonstrations, offer-
ing both performance and constraint satisfaction guarantees.
Building on this work, Qadri et al. (2025) revealed that in-
verse constraint inference recovers a dynamic-conditioned
and failure-inevitable constraint set, rather than the origi-
nal ground-truth constraint set. Another line of research
in classical ICRL algorithms updated the cost functions by
maximizing the likelihood of generating the expert dataset
under the maximum (causal) entropy framework (Scobee
& Sastry, 2020). This method has been scaled to both dis-
crete (McPherson et al., 2021) and continuous state-action
spaces (Malik et al., 2021; Baert et al., 2023; Liu et al., 2023;
Qiao et al., 2023; Xu & Liu, 2024a;b; Zhao et al., 2025). To
improve training efficiency, recent studies combined ICRL
with bi-level optimization techniques (Liu & Zhu, 2022;
Gaurav et al., 2023). However, neither have these ICRL
methods investigated exploration strategies based on estima-
tion errors nor conducted theoretical studies on the sample
efficiency of their algorithms.

3. Preliminaries

Notation. Let X and ) be two sets. Y% represents the
set of functions f : X — ). Let A% denote the set
of probability measures over X'. Let A§ denote the set
of functions: ) — A%, We define the vector infinity
norm as ||a||oc = max;|a;| and the matrix infinity norm
as ||Al|oo = max; Y7 |Ay;]. We define min_ f(x) to re-
turn the minimum positive value of f over X'. The complete
notation is reported in Appendix A.

Constrained Markov Decision Process (CMDP). We
model the environment as a stationary CMDP M U ¢ :=
(S, A, Pr,r c,e€ uo,7y), where S and A are the finite state
and action spaces, with each cardinality denoted as S=|S|
and A = |A|; Pr(s'|s,a) € AZ, 4 defines the transition
distribution; r € [0, Ryax]S** and ¢ € [0, Cryax] S <4 de-
note the reward and cost functions; € defines the threshold
(budget) of the constraint; 1o € A denotes the initial state
distribution; « € [0, 1) is the discount factor. M denotes
the CMDP without knowing the cost (i.e., CMDP\c¢). The
agent’s behavior is modeled by a policy 7 € Ajg“. I .
denotes the set of all optimal policies for CMDP M Uc. The
expert policy 7% is optimal in the sense that 7% maximizes
the rewards while adhering to constraints, i.e., = ITh e
Let f € RS and g € RS*4A, we slightly abuse Py and 7
as operators: (Prf)(s,a) =), s Pr(s'[s,a)f(s") and
(mg)(8) = >_qca T(als)g(s,a). We define the occupancy
measure as ph,(s,a) = (1 —7) 3,20V Py, (st = 5,00 =
a) where ]} denotes the probability at (s, a) at timestep
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t under the policy 7 and the initial distribution po. We fo-
cus on a discrete finite state-action space within an infinite
planning horizon in this work.

Constrained Reinforcement Learning (CRL). Within a
CMDP, CRL learns a policy 7 that maximizes the dis-
counted cumulative rewards subject to a known constraint:

arg max Epompr [Z’}/tr(staat)} ) Q)
t=0
St By mpr [ 37 el a0)] < ®
t=0

where € = 0 indicates a hard constraint and € > 0 represents
a soft constraint since c is non-negative.

Value and advantage functions. We distinguish two cases
where the first superscript r or ¢ specifies the actual rewards
or costs evaluated and the subscript M or MUc specifies the
environment. We denote the reward action-value function
as Q'vf(s,a) = Ex py [D0720 77 (81, a1)|s0 = s,a0 = a]
and the reward advantage function as A'yf(s,a) =
Q;’I(s,ra)r — Vil (s), whfl;e the reward.state?—value func-
tion V"(s) = Ex[Qyf(s,a)]. Likewise, we de-
note the cost action-value function as Q% .(s,a) =
Er py [Dopoo7 (s, ar)|so = s, ap = a] and the cost state-
value function as Vi (s) = E-[Q%{_.(s, a)].

4. Learning Feasible Constraints

This section formally defines the feasible cost set and inves-
tigates how estimation errors of the inferred cost functions
can be bounded by imperfections in the estimates of both
transition dynamics and the expert policy.
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Figure 1. Trajectories of the expert policy (black) and exploratory
policies (red and blue) in a Gridworld. The constraint (gray) is
not observable. On the left, exploratory policies reach the goal
in shorter paths and thus have larger rewards. In the middle, the
rewards of exploratory policies are equal to the rewards of the
expert policy. Their trajectories can either overlap with the con-
straint (red) or simply mismatch the expert’s (blue). On the right,
exploratory policies result in longer paths that gain fewer rewards.

4.1. Feasible Costs in CMDP

Since the expert policy maximizes rewards within certain
constraints, two key insights emerge 1) if a policy achieves

higher rewards than the expert policy (shorter path in Fig-
ure 1, left), the underlying constraints must be violated, and
we can detect unsafe state-action pairs by examining these
infeasible trajectories; 2) if a policy achieves the same or
lower rewards than the expert policy (equal or longer path
in Figure 1, middle & right), this suggests an absence of
notable constraint-violating actions, implying that the under-
lying constraints may or may not be violated. To effectively
prevent overfitting and mitigate the combinatorial explosion
of the constraint space, ICRL focuses on identifying the
minimal set of constraints necessary to explain expert be-
haviors (Scobee & Sastry, 2020). In this sense, only the first
insight is utilized to expand the cost set.

Lemma 4.1. Suppose the expert policy ©% of a CMDP
M U c is known, and the current state is s. Let A”(s) de-
note the set containing all expert actions at state s, i.e.,
AE(s) = {a € A | nF(a|s) > 0}. Then, at least one
of the following two conditions must be satisfied: 1) the

cost function satisfies K, v p, [Zzo yie(st, at)} = ¢

2)Va' € AAE(s), AT (s,a') < 0.

Intuitively, if there is some unused constraint budget and a
better action, there must exist a chance for policy improve-
ment, which violates the optimality of the expert policy.
The above lemma shows that cumulative costs of the expert
policy must reach the threshold, i.e., use all the budget, if
there exists a non-expert action yielding greater rewards
than the expert policy (the first condition must be satisfied if
the second condition is not satisfied). Thus, enforcing that
any higher-reward action incurs greater costs than the expert
policy suffices to establish a constraint-violation condition.

Let Q. = {(s, a)|Qf\’,’[jc(s7 a) — Vﬁ,li(s) > 0} denote the
set of state-action pairs with higher costs than the expert,
given a cost function c. In scenarios with hard constraints,
it simplifies to: Q. = {(s,a)|c(s,a) > 0}. We formally
formulate the ICRL problem (Malik et al., 2021) as follows.

Definition 4.2. An ICRL problem is a pair g = (M, 7).
A cost function ¢ € [0, Cppax]S* is feasible for 5 if 7% is
an optimal policy for the CMDP M U ¢, i.e., m¥ € IT 4 e
Let Fyy = {c|nF € II' ;. } denote a general set of feasible
cost functions. ICRL problem seeks to recover the minimal
set of feasible cost functions for 3, named feasible cost set
that satisfies Cp = {c*[c* =argmin ¢, |Qcl}.

We have defined the Q-function for non-expert actions.

However, for stochastic expert actions under soft constraints,
E

E
we only know that E /.= [Q3f (s, a")] = Vi .(s) > 0.
To determine the exact value of the Q-function for expert
actions, the following assumption is required.

Assumption 4.3. (i) The expert policy w7 is optimal w.r.t
rewards among all safe policies;
(ii) The expert policy ¥ is deterministic for soft constraints.
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Based on these findings, we establish the feasible cost set.

Lemma 4.4. (Feasible Cost Set Implicit). Under Assump-
tion 4.3, c is a feasible cost function for an ICRL problem
B, i.e., ¢ € Cyp ifand only if ¥(s,a) € S x A:

(i) If mF(a|s) > 0, i.e., (s,a) follows the expert policy:
C 7TE
QMUC(S a) V,/\/,[Uc(s) =0. (3)

(ii) If 7% (als) = 0 and A?’IE (s,
lates the constraint:

a) > 0, i.e., (s,a) vio-

Qs (s.a) = VETL(s) > 0. @)

E
(i) If 7% (als) = 0 and A}; (s,
the non-critical region:

a) <0, ie, (s,a)isin

(& 7TE C T{'E
QSte(s,a) = Vit (s) <0, 5)
Lemma 4.5. (Feasible Cost Set Explicit). Under Assump-

tion 4.3, ¢ is a feasible cost function for an ICRL problem
B, if and only if there exists ( € R‘SXA andV° e Rgof

E
c=Ay C+(E—~Pr)V", (6)

where E : RS — RS*4A is the expansion operator that

satisfies (Ef)(s,a) = f(s). ($)]loe <
T‘TrE

O/ (1= 7) and [Cllsc = Coa/ max{_ ) | 437" |

Intuitively, the first term in (6) penalizes constraint-violating
actions that deviate from the expert’s policy yet achieve
higher rewards (i.e., AS\’/’[E (s,a) > 0). This penalty ensures
these actions violate the constraint in (2). The second term
V¢ € R can be interpreted as a cost-shaping operator
that plays the role of translating the Q-function values by a
fixed quantity. By utilizing the Bellman equation, we obtain
that V¢(s) = 0 for hard constraints and V(s) = ij,li(s)
for soft constraints. Proofs of the above and the following
theoretical results can be found in Appendix C.

4.2. Estimating Transition Dynamics and Expert Policy

Recall that our primary objective is to minimize the estima-
tion errors of feasible cost functions. To obtain this error,
we first introduce how we estimate the transition dynamics
and the expert policy. We consider a model-based setting
where the agent strategically explores the environment to
learn the transition dynamics and the expert policy. We
record the returns from querying a state-action pair (s, a) by
observing a next state s’ ~ P(-|s, a), and the preferences
of expert agents a” ~ 7(-|s) in each visited state. At
iteration k, we denote by ny(s, a, s”) the number of times
we observe the transition tuple (s, a, s’). We further denote
nk(s,a) = > . csni(s,a,s"). Atiteration k, we denote
by n¥(s,a) the number of times we observe action a as

an expert decision at state s. We further denote nZ(s) =
> wcani (s,a). We define four cumulative counts from

iteration 1 to k as Ni(s,a,s’) = Z?Ilnj(s,ms’) and

Ni(s,0) = 3251 ny(s,0), Nf(s,0) = 25, nf(5,0)
and NF(s) = Zle n¥(s). Eventually, the transition
model and the expert policy for a state-action pair at it-
eration k are estimated as:

Nk(saavs/) ~F

_ NE(s,a)
N,j'(s,a) » Ty (a‘s) =k

PTk(sl|saa) = NE+(S)
k

; (D
where 27 = max{1, x}.

4.3. Error Propagation

Building on the above estimations and the definition of
cost functions, we obtain a set of estimated feasible cost
functions. Next, we investigate the estimation error for the
feasible cost function and analyze its underlying sources.
Lemma 4.6. (Error Propagation). Let B = (M )
and P = (M, 7E) be two ICRL problems where /\/l
(M\Pr)U PT. For any ¢ € Cyp satisfying ¢ = Aj\:[ ¢+
(E —~yPr)Veand c € [0, Cryax] <, there exists ¢ € Cq
and ¢ € [0, CmaX]SXA, V(s,a) € S x A:

2(x(s,a) + x)
|C — a (8, a) < 1+ (X(S, a) + X)/Cmax,

where x = max(s o)esx.A X(8,a) and

®)

X(s,a)=~ |(Pr—Pr)V®

(s, oz)—&-‘ATj\’,ir —AT/\’/[j ((s,a).

X(s,a) is the distance at (s, a) between the ground-truth
cost function and a pseudo-estimated cost function with the
same ¢ and V¢, but does not necessarily fall into [0, Cpyax].
The first part of x(s, a) reflects the estimation error of the
transition model, while the second part depends on the esti-
mation error of the advantage function, which can be further
decomposed as follows:

Lemma 4.7. Let B = (M, 7E) and % = (M, 7E) be two

ICRL problems. Then, we have

‘A T- AT < )
2’7 = 7F ,Y(l + 7) ~ ro®

T ‘(PT PHVE" |+ ﬁ’(W—W)PTVM

To relate these error sources to the sample size, we derive
confidence intervals for the transition model and expert
policy using the Hoeffding inequality (see Lemma C.5). We
show that the true transition model and expert policy lie
within these intervals with high probability. Based on these
results, we derive an upper bound on the estimation errors
of feasible cost functions and prove that this upper bound is
guaranteed with high probability as follows:
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Lemma 4.8. Let § € (0, 1), with probability at least 1 — 6,
for any pair of cost functions ¢ € Cyp and ¢, € C’ﬁk at
iteration k, we have

le(s,a) — Cx(s,a)| < C(s,a) = (10)
g ( 2Nk+(s,a) + I(I;i))( QN;(S,LL))
aCmax
- Ly (s,a) Lk (s,a)
T T ( 2N (s0) | AX m>
: max ol -
where o = YCmax (Rmax(3+7)(g_’y)2 |AM |+(1 ’Y)) and
+ a))?
fu(s,0) = log (2SALU ")

Intuitively, as the sample size grows, C(s,a) decreases,
progressively reducing the estimation errors of feasible cost
functions towards zero. However, this error does not nec-
essarily need to be infinitesimal for the estimated feasible
cost functions to sufficiently explain the expert’s behavior.
Next, we define a Probably Approximately Correct (PAC)
optimality criterion for the estimated cost. The estimated
feasible set Cfﬁ is considered ’close’ to the exact feasible
set Cy, if for every cost function ¢ € Cg, there exists one
estimated cost function ¢ € C(ﬁ such that their Q-functions
diverge within ¢, and vice versa.

Definition 4.9. (Optimality Criterion). Let Cyp be the ex-
act feasible set and C@ be the feasible set recovered after
observing n > 0 samples collected in the source M and
7¥. We say that an algorithm for ICRL is (&, 6, n)-correct
if with probability at least 1 — 4, it holds that:

inf  sup
ceC €I,

inf  sup
c€Cy 7+ eII* -
Mue
where 7* is an optimal policy in M Uc and 7* is an optimal
policy in M U c.

The criterion ensures estimation errors of feasible cost func-
tions do not compromise the optimality of the expert policy.
The first condition ensures completeness, requiring the re-
covered feasible cost set to track every true cost function.
The second condition guarantees that there exists a true cost
function close to every recovered cost function. This pre-
vents the recovery of an excessively large feasible set that
would overly prioritize completeness.

5. Efficient Exploration for ICRL

In this section, we introduce two algorithms for efficient
exploration, addressing the challenge of collecting high-
quality samples through interactions with the environment,
thereby increasing the accuracy of our cost set estimations.

‘Q;\flruc(s(),a) - Qj\flru’c\(SOa a)‘ S E,VEE C{f}a

Unlike most existing ICRL works (Papadimitriou et al.,
2023; Liu et al., 2022a; Yue et al., 2025) that rely on a
generative model for sample collection, our exploration
strategy must determine which states need more frequent
visits and how to traverse to them from the initial state. We
propose a Bounded Error Aggregate Reduction algorithm
(BEAR, Section 5.1) and a Policy-Constrained Strategic
Exploration algorithm (PCSE, Section 5.2) for solving ICRL
problems in Algorithm 1.

Algorithm 1 BEAR and PCSE for ICRL in an unknown
environment
Input: significance 0 € (0, 1), target accuracy &, maxi-
mum number of samples per iteration 1y
Initialize k < 0, g9 =
while ¢, > ¢ do
Solve RL problem defined by MC* to obtain the ex-
ploration policy 7y;
Solve optimization problem in (15) to obtain the explo-
ration policy 7;
Explore with 7, for n. episodes;
For each episode, collect ny,,, samples from S x A;
Update accuracy €41 =
max(s qyesxACrt1(s,a)/(1—7);
Update accuracy €41 =
H/I’é‘(ISXA _lPTﬂ-)ilck:Hoo;
Update 77, | and Pry; in (7);
k+k+1
end while

1 .
1—7>

‘Q%ﬁc(sov a) — Qi’/ﬁg(so, a)‘ <¢,Vc € Cyp, 5.1. Exploration via Reducing Bounded Errors

To fulfill the optimality criterion in Definition 4.9, we begin
by relating it to the cost estimation error.

Lemma 5.1. Let ey, (s,a;7%) = | Q54 (5,0) = QY g, (5,0)]
define the optimality error of state-action pair (s, a) at iter-
ation k for m* € II' ;.. We upper bound it as follows:

ler(s, a5 7)loo < [|1g (Isxa—~Prm)~'Cil| . (11)

We show in the lemma below that the exploration algorithm
converges (satisfies Definition 4.9) at iteration k if either
one of the following statements is satisfied:

Lemma 5.2. Let Cy; be the ground-truth feasible set and
CAk be the recovered feasible set after k iterations. The
conditions of Definition 4.9 are satisfied if either of the
following statements are satisfied:

1
1) —— maxCg(s,a) <¢;
(1) = maxCi(s.a)

2 a a I —yPrr)7C <€, (13
(2) max max |ug (Isxa—2Prm)~'Cs| <&, (13)

(12)
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o= | () M. | U

ceECyp

*
m H//\-/l\k Uck

CEC%k

Based on (12), we introduce BEAR in Algorithm 1 (high-
lighted in teal), which derives the k-th iteration exploration
policy 7, by solving the RL problem where the reward func-
tion 7 = Ci. In practice, any RL solver can be applied
to determine the exploration policy. Next, we analyze the
sample complexity of BEAR.

Sample Complexity. Due to stochasticity in the environ-
mental dynamics, we employ pseudo-counts to calculate
the number of visitations to state-action pairs during traver-
sal induced by the exploration policy. Let (s, a|so), h €
[Pmax] be the probability of state-action pair (s, a) reached
in the h-th step following a policy 7, € II,c, starting in
state sg. We can compute it recursively

Mk (s, als0) = mi(als)1 (=0}

> mlals)Pr(sls’,a )i (s', d'|s0),

a’,s’

e (5, als0) 1=

Definition 5.3. (Pseudo-counts). We introduce the pseudo-
counts of visiting a specific state-action pair (s, a) after k
iterations as:

Mmax

Fils,0) =0 3 3 svalso).

h=1 i=1

Similar to (7), we define N, (s,a) = max{0, Ni(s,a)}.
The following lemma provides an upper bound on the actual
error in terms of the error induced by pseudo-counts.

Lemma 5.4. With probability at least 1 — /2, Vs, a,h, k €
S X A X [Pmax] X N, we have:

min { o M7Cmax < M’ (14)
2N, (s, a) N, (s,a)

where Ui(s,a) = log(36SA(N; (s,a))?/d) and & =

max{c, vV2Cnax }.

Subsequently, we derive the sample complexity of BEAR:

Theorem 5.5. (Sample Complexity of BEAR). If Algo-
rithm BEAR terminates at iteration K with the updated
accuracy € i, then with probability at least 1 — 6, it fulfills
Definition 4.9 with a number of samples upper bounded by

n<® <&2(20max eK(l — 7))2> '

(1 - ) Crznax

The above theorem has taken into account the sample com-
plexity of the RL phase. In fact, further improvements can
be made to enhance the algorithm’s performance.

5.2. Exploration via Constraining Candidate Policies

The above exploration strategy has limitations, as it aims to
minimize uncertainty across all policies, whereas it could
be more effective by focusing on reducing uncertainty only
for potentially optimal policies. To address this, we propose
PCSE for ICRL in Algorithm 1 (highlighted in purple). At
each iteration, we intentionally restrict the search to policies
that yield a value function close to the estimated optimal
one regarding both rewards and costs. This allows us to
focus solely on plausibly optimal policies, and we formulate
the optimization problem as follows:

sup Mg(ISxA — ’yPTW)Ck+1, (15)
;AOEAS
melly

s.t. Il = Hz N H};,

c . T c,m _/Cx
11§ = {7r :sup g (VMW@ Vﬁwa}) < 45k+6}a

HoEAS

- inf ( r,T 7"‘“'1@) >
MolgAsuo VM’C M m

where R, = (YR%&;HPT PTkHooJr&RT)’EH(W**%Z)Hoo-

The rationale in 11 can be attributed to two aspects: 1) 117
constrains exploration policies to visit states within an addi-
tional cost budget, thereby ensuring resilience to estimation
error when searching for optimal policies; 2) 11} states that
exploration policies should focus on states with potentially
higher cumulative rewards, where possible constraints lie.
As the estimation error decreases, the gap (i.e., Ry) also
diminishes, eventually converging to zero, which ensures
the optimality of constrained policies. We have shown in
Appendix C.12 that optimal policies in basic environments
are captured by IIj.

Ek+1 =

II

ol

To solve the optimization problem (15), we express its La-
grangian objective as L(p}(, A) =

— (s Crrr) + A2 (1= VETF + %) = (s m))

+h (- -

o e 20 + (R @) )

where A = [\, A\2]7 records two Lagrangian multipliers.
The dual problem of (15) can be defined as

mmmaxL(pM,)\). (16)
PR A0

To solve this dual problem, we assume that Slater’s condi-
tion is fulfilled, and we follow the two-timescale stochastic
approximation (Borkar & Konda, 1997; Konda & Tsitsiklis,
1999). The following two gradient steps alternated until
convergence.

Pt g1 = Poak — k(L (P i> M) + Wi),
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Mot = Ak + b (LA (00 > M) + Uk,

where coefficients a;, < by, satisfying >, ap = > b, =
00, Zai < oo and Zbi < oo; Wy and U, are two
zero-mean noise sequences. Under this condition, the con-
vergence is guaranteed in the limit (Borkar, 2009). At
each iteration k, the exploration policy is calculated as:
mr(als) = pha (s, @)/ g Phai (s, a)-

Sample Complexity. The convergence condition for PCSE
for ICRL, given by (13), determines its sample complexity.
To present this result, we additionally define the cost advan-
tage function as A}’Afue(s, a) = %’gué(s, a)— Ve J(s),in
which ¢ € argmin,ce,, max(s a)esx.a lc(s,a) —Ck (s, a)l
is the cost function in the true feasible cost set Cyz closest to
the estimated cost function ¢k (s, a) at iteration K.

Theorem 5.6. (Sample Complexity of PCSE). If Algorithm
PCSE terminates at iteration K with accuracy € i and the
accuracy of previous iteration is € i —1, then with probability
at least 1 — 6, it fulfills Definition 4.9 with the number of
samples upper bounded by

n e 5<mm{5 (a?(zcmx —ex(l —7»2) |

(1 - 7)28%(01%@)(
02(6e_1 +€)2SA })

2
ming q) (Aﬁ;l\ué(s’ a)) g2

The first term matches the sample complexity of the BEAR
strategy since the convergence of BEAR is stricter than
PCSE, i.e., (13) is always satisfied if (12) is satisfied. As a
result, the sample complexity of BEAR constitutes a lower
bound for that of PCSE. The second term depends on the
ratio (6ex_1 + €)/ex and the minimum cost advantage
function min g, q) Aj\/’/lf _. On one side, the ratio depends
on both n,,,, and n.. Lff the two values are high, the ratio
is high because the accuracy reduces faster from iteration
K — 1 to K with more collected samples. Otherwise, the
ratio is small because the accuracy remain similar between
two iterations. A smaller €, namely a tighter constraint,
benefits the sample efficiency. On the other side, the cost
advantage function min 4 Acﬁué shows that the larger the
suboptimality gap, the easier to infer the constraint.

6. Empirical Evaluation

We empirically compare our algorithms against other meth-
ods in both discrete and continuous environments, where the
agent navigates from a starting location to a target location
(receiving a positive reward) while satisfying the constraints.
Our implementation of code for discrete environments is
adapted from (Liu et al., 2023), and for continuous environ-
ments, it is adapted from (Lazcano et al., 2024).

Gridworld-1 Gridworld-2 Gridworld-3 Gridworld-4

01 2 3 4 5 6

o kRN w s O o

o RN W s O o
o rN W s O o
o kN W s O o

012 3 456 0123 456 01 2 3 4156

Figure 2. Four different Gridworld environments with white, red,
and black markers indicating the starting, target, and constraint
locations, respectively.

Experiment Settings. The evaluation metrics include: 1)
discounted cumulative rewards, which measure the opti-
mality of the learned policy; 2) discounted cumulative
costs, which assess the safety of the learned policy; and
3) Weighted Generalized Intersection over Union (WGIoU)
(refer to Appendix D.2 for details), which robustly evaluates
the similarity between inferred cost functions and ground-
truth cost functions.

Comparison Methods. We compare BEAR and PCSE
with four other exploration strategies: random exploration,
e-greedy exploration, maximum-entropy exploration, and
upper confidence bound exploration.

6.1. Evaluation under Discrete Environments

Figure 2 illustrates four discrete environments, each charac-
terized by distinct constraints. The expert policy is trained
under ground-truth constraints, while two ICRL algorithms
and four baselines operate without knowledge of these con-
straints. These environments are stochastic, with the envi-
ronment executing a randomly sampled action with proba-
bility p = 0.05. Figure 3 and 5 (in Appendix) demonstrate
the training process of three metrics for six exploration
strategies in four Gridworld environments, along with the
performance of expert policy (represented by the grey line).
It can be shown that the performance of the optimal policy
in M U ¢ gradually converges to the performance of the op-
timal policy in M Uc. Also, we find that PCSE (represented
by the red curve) converges the fastest among the six explo-
ration strategies. In Gridworld-2 and Gridworld-4, WGIoU
converges to a degree of similarity less than 1 (ground-truth).
This is because some of the ground-truth constraints lie in
non-critical regions, and ICRL infers the minimal set of con-
straints required to explain expert behavior. We demonstrate
constraint learning processes of six exploration strategies
for four Gridworlds in Appendix Figure 7, 8, 9, and 10,
respectively. These learned constraints are recovered as vis-
iting these states leads to higher cumulative rewards, while
other unrecovered constraints do not impact the optimality
of expert behaviors.
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Figure 3. Training curves of discounted cumulative rewards (top), discounted cumulative costs (middle), and WGIoU (bottom) for four

exploration strategies in four Gridworld environments, respectively.

6.2. Evaluation under Continuous Environments

Figure 4 (leftmost) shows the Point Maze environment,
where the green agent has a continuous state space. The
agent’s goal is to reach the red ball inside the maze with pink
walls. The environment is stochastic due to the noises im-
posed on the observed states. Figure 4 (middle left) demon-
strates the inferred constraints (represented by blue dots)
obtained through PCSE, with the center of the entire maze
at (0, 0). Figure 4 (middle right and rightmost) reports the
discounted cumulative rewards and costs during training.

For all the experiments discussed above, please check Ap-
pendix D and E for more experimental details.

7. Conclusions

Summary. This paper introduces a strategically efficient
exploration framework for ICRL problems. We conduct the-
oretical analysis to investigate the influence of estimation er-
rors in expert policy and environmental dynamics on the es-
timation of feasible constraints. Building upon this, we pro-
pose two exploration algorithms, namely BEAR algorithm
and PCSE. BEAR explores the environment to minimize
the aggregated bounded error of cost estimations. Moreover,
PCSE algorithm goes a step further by constraining the ex-
ploration policies to plausibly optimal ones, thus enhancing
the overall sample efficiency. We provide tractable sample
complexity analyses for both algorithms. To validate the ef-

fectiveness of our method, we perform empirical evaluations
in various environments.

Limitations and Future Work. As is also a pressing chal-
lenge in the field, our method faces the limitation of strug-
gling to scale to problems with large or continuous state
spaces. This is due to the fact that our sample complexity is
directly dependent on the size of the state space, and real-
world problems often involve large or continuous spaces.
Several future research directions warrant attention. First,
extending the analysis to finite-horizon settings and deriv-
ing lower bounds for sample complexities would provide
a more comprehensive understanding of the performance
limits. Second, investigating the transferability of feasible
constraints across different environments would be valuable
in determining the generalizability of our approach. Addi-
tionally, relaxing the assumption that the expert policy is
safe and reward optimal, either to a safe expert policy (not
necessarily optimal) or offline expert demonstrations, would
be an interesting direction for future work. We believe it
is also valuable to investigate how the sub-optimality of
expert agents influences inverse constraint inference and
transferability. Finally, it is also intriguing if the hypothesis
space of admissible constraint functions can be restricted
in the first place, leading to more practical, scalable, and
efficient constraint inference.
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Figure 4. Point Maze environment (leftmost), inferred constraints (middle left), discounted cumulative rewards (middle right) and

discounted cumulative costs (rightmost).

8. Discussions

Set-recovery Framework. In contrast to prior ICRL meth-
ods, our set-recovery framework defers the commitment
to specific constraints until a later stage, thereby exposing
the fundamental complexity of inverse constraint inference.
Building on this perspective, we characterize two distinct
modes of constraint selection for the downstream optimiza-
tion procedure on a novel task. For hard constraints, all
feasible constraints in the set are equivalent for a novel
task, as the cost function value does not matter (c(s,a) = 1
and ¢(s,a) = 2 both prohibit (s,a)). Thus, any feasible
constraint can be selected for transfer. For soft constraints,
feasible constraints in the set differ for a novel task. The
value of each cost function matters due to task differences in
dynamics and rewards. Therefore, the generalizable learned
constraints should come from the intersection of feasible
sets from old and novel tasks. The selection criterion should
depend on differences in dynamics and rewards.

Affine Space Perspective. Linear algebraic analyses pro-
vide a more rigorous and inherent framework for this set-
recovery approach, making them valuable for investigat-
ing ICRL theories. For instance, by defining a subspace
U = im(E — vP7), the cost functions within a feasible
cost set become equivalent on the quotient space RS*4 /i{.
Furthermore, we can measure the distance between the re-
covered and expert costs within this quotient space.

Scaling to Practical Environments. Sample complex-
ity analysis has primarily focused on discrete state-action
spaces (Agarwal et al., 2019). Existing algorithms for learn-
ing feasible sets (Metelli et al., 2023; Zhao et al., 2023;
Lazzati et al., 2024a) struggle to scale effectively to prob-
lems with large or continuous state spaces. This limitation
arises because their sample complexity depends directly
on the size of the state space, and real-world problems fre-
quently involve large or continuous spaces. Scaling feasible
set learning to practical problems with large state spaces re-
mains a pressing challenge in the field (Lazzati et al., 2024b).

One critical issue is the exploration challenge where algo-
rithms need to specify where and how to explore at each
iteration. Another key difficulty is the estimation of the
ground-truth expert policy, which is hard to obtain in an
online setting. A potential solution involves extracting the
expert policy from offline datasets of expert demonstrations.
However, these datasets often contain a mix of optimal and
sub-optimal demonstrations, leading to sub-optimal expert
policies. Addressing this issue could involve i) treating the
dataset as noisy and applying robust learning algorithms
designed to handle noisy demonstrations or ii) combining
offline demonstrations with online fine-tuning, where fea-
sible, to refine the learned policy. Finally, the scalability
of learning in continuous spaces is frequently hindered by
the curse of dimensionality. Dimensionality reduction tech-
niques can mitigate this challenge by simplifying state and
action representations while retaining the features essential
for effective policy learning.
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Provably Efficient Exploration in Inverse Constrained Reinforcement Learning

A. Notation and Symbols

In Table 1, we report the explicit definition of notation and symbols applied in our paper.

Table 1. Overview of notation and symbols

Symbol Name Signature
M CMDP without knowing the cost (CMDP\ ¢) (S, A, Pr,r €, uo,)
MUc CMDP (S, A, Pr,7 c € 110,7)
S State space /
A Action space /
Py Transition dynamics AS,, A
S0 Initial state S
T Policy A2
et Expert policy A
r Reward function [0, Ripax] S %A
¢ Cost function [0, Crnax ]S> A
€ Threshold of constraint or budget RS
Vil Reward state-value function for r of 7 in M RS
QW Reward action-value function for r of 7 in M RSxA
AT Reward advantage function for r of 7 in M RS*A
Vite Cost state-value function for ¢ of 7 in M U ¢ RS
QViue Cost action-value function for ¢ of min M U ¢ RS*A
Cyp Ground-truth feasible cost set /
C‘ﬁ Recovered feasible cost set /
ne(s,also) State action pair visitation frequencies AS*A
P Occupancy measure of 7 in M AS*A
€ Target accuracy R+
0 Significancy (0,1)
Ne Number of exploration episodes Nt
E Expansion operator RS — RS*A
Isxa Identity matrix on S x A /
Is Identity matrix on & /
[a] Set that contains integers from 0 to a {0,1,...,a},a €N
B. Extra Related Works

Sample Efficiency. Sample-efficient algorithms have been explored across various RL directions, yielding significant
advancements. To find the minimal structural assumptions that empower sample-efficient learning, (Jin et al., 2021)
introduced the Bellman Eluder (BE) dimension and proposed a sample-efficient algorithm for problems with low BE
dimension. (Liu et al., 2024) introduced a sample-efficient RL framework called Maximize to Explore, which reduces the
computational cost and enhances compatibility. In the field of imitation learning, (Liu et al., 2022b) addressed both online
and offline settings, proposing optimistic and pessimistic generative adversarial policy imitation algorithms with tractable
regret bounds. In the realm of model-free RL, (Jin et al., 2018) developed a Q-learning algorithm with upper confidence
bound exploration, achieving a regret bound of v/ in episodic MDPs. (Wachi et al., 2018) modeled state safety values using
a Gaussian Process and proposed a more efficient approach to balance the trade-off between exploring the safety function,
exploring the reward function, and exploiting knowledge to maximize rewards. In the context of (CRL), (Miryoosefi & Jin,
2022) bridged reward-free RL and CRL, providing sharp sample complexity results for CRL in tabular MDPs. Focusing on
episodic finite-horizon Constrained MDPs (CMDPs), (Kalagarla et al., 2021) established a probably approximately correct
guarantee on the number of episodes required to find a near-optimal policy, with a linear dependence on the state and action
spaces and a quadratic dependence on the time horizon. From a meta-learning perspective, (Liu & Zhu, 2023) framed
the problem of learning an expert’s reward function and constraints from a few demonstrations as a bi-level optimization,
introducing a provably efficient algorithm to learn a meta-prior over reward functions and constraints. In terms of sample
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efficiency in IRL, (Lazzati et al., 2024a) redefines offline IRL by introducing the feasible reward set to address limited data
coverage, proposing approaches to ensure inclusion monotonicity through pessimism. (Lazzati & Metelli, 2024) extends
IRL to Utility Learning, introducing a framework for capturing agents’ risk attitudes via utility functions. (Lazzati et al.,
2024b) tackles scalability in online IRL by introducing reward compatibility and a state-space-independent algorithm for
Linear MDPs, bridging IRL and reward-free exploration. For misspecification in IRL, (Skalse & Abate, 2023) provides
a framework and tools to evaluate the robustness of standard IRL models (e.g., optimality, Boltzmann rationality) to
misspecification, ensuring reliable inferences from real-world data. (Skalse & Abate, 2024) quantifies IRL’s sensitivity to
behavioral model inaccuracies, showing that even small misspecifications can result in significant errors in inferred reward
functions.

Constraint Inference. Constraint learning in reinforcement learning has advanced significantly to address safety require-
ments and extend application scenarios. Chou et al. (2018) introduced a method to infer shared constraints across tasks using
safe and unsafe trajectories, leveraging hit-and-run sampling and integer programming with theoretical guarantees. Kim &
Oh (2022) proposed a sample-efficient RL method with CVaR constraints that addresses distributional shift via surrogate
functions and trust-region constraints, achieving high returns and safety in complex tasks. To ensure stable convergence,
Moskovitz et al. (2023) developed ReLOAD, which guarantees last-iterate convergence and overcomes limitations of
gradient-based methods in CRL. For scenarios with unknown rewards and dynamics, Lindner et al. (2024) introduced a
CMDP method that constructs a convex safe set from safe demonstrations, enabling task transferability and outperforming
IRL-based approaches. Kim et al. (2024) extended IRL framework to infer tighter safety constraints from diverse expert
demonstrations, addressing the ill-posed nature of constraint learning and enhancing multi-task generalization. These
prior works either require multiple demonstrations across diverse environments or rely on additional settings to ensure
the uniqueness of the recovered constraints. In contrast, our approach infers a feasible cost set encompassing all cost
functions consistent with the provided demonstrations, eliminating reliance on additional information to address the inherent
ill-posedness of inverse problems.

Bayesian IRL. In Bayesian IRL, posterior sampling over reward functions serves as a foundational mechanism to guide
policy inference (Ramachandran & Amir, 2007). In contrast, PCSE shifts the focus from reward estimation to constraint-
based reasoning by leveraging a structured policy set to guide exploration. Additionally, Balakrishnan et al. (2020) employed
Bayesian optimization to facilitate active exploration of reward functions in IRL. PCSE extends this idea to the ICRL setting
by actively exploring constraint structures rather than rewards, and crucially, it removes reliance on generative models. This
design directly addresses scalability limitations highlighted by (Chan & van der Schaar, 2021), where traditional Bayesian
IRL methods relying on Markov Chain Monte Carlo (MCMC) sampling exhibited poor scalability in high-dimensional state
spaces.

C. Proofs of Theoretical Results in the Main Paper

In this section, we provide detailed proofs of theoretical results in the main paper.

C.1. Proof of Lemma 4.1
Proof. 1f neither case happens, i.e., E, & p, | > o 7'c(st,ar)| < eand 3 a’ € A that satisfies both a’ ¢ 2AF(s)

E
and Aj\f[ (s,a’) > 0, we can always construct a new policy, which only differs from the expert policy 7% in state
0 ,a=ad

s, as 7'(als) = - There must 3 6 € (0, 1] that uses some (or all) of the leftover budget 7 = ¢ —

1—-60,a~m
E,, =2 Py {Zfi oYie(se, at)} while having a larger cumulative reward, which makes 7 not an optimal policy. This makes

a contradiction.

The existence of such 8 can be proved as follows. By recursively using the Bellman Equation, we can obtain

7TE :7\'E
Eo [V (s0)] = a(Pr, 7.~ ¢) + B(Pr,w%,7y,¢) - Ee [Q%tue (s, aE)}. (17)

where coefficients &« > 0, 8 > 0. ( can not equal to 0, since state s has to be visited with at least some probability.
E E

Otherwise, we do not need to explain 7 (s). Note that if Q57 (s, a') < E, & [QS‘(LC(S, a® )} , 7w is a strictly better policy

than the expert policy for any 6 € (0, 1] (larger rewards with equal or less costs). This clearly makes a contradiction. Hence,
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E E
we focus on Q%7 .(s,a’) > E = [Qj‘\’/’[Uc(s, a®)|. In this case, we can always obtain a § > 0, by letting

B VT (s0)] + 7' = a(Pr, 7Py, ¢) + B(Pr, 75 v, c) - [(1 — )5 [QSN (5,a™)] +0Q5% (s,a))|,  (18)

where 7/ € [0,7) denotes the leftover budget after applying 7’. By subtracting Eq. (17) from Eq. (18), we have
V Q5. @) > Err [ Q0 (5,05)].

7_/

0= _ : (19)
B(Pr,77,7,) [ Q55,5 @") = Ere [QS70( 0P|

With this analysis, if A’} 7TE(s a’) > 0, which indicates 2) of Lemma 4.1 is not satisfied so 1) must be satisfied,

> B . .
Q5r (s,a') > Epe [QMUC(S aE)} = V. (s) suffices to let B v pr [ Yoy e(se, ar)] > € with 77 only dif-
fers from 7% at state s where 7 (s) = a’, which is a constraint-violating condition. O

C.2. Proof of Lemma 4.4

Proof. In this proof, we distinguish two cases according to Assumption 4.3.
In the first case, the constraint (2) is hard, i.e., ¢ = 0.

(i) By definition of expert policy 7E, weglave fo/@i( ) =0.0n one hand, if ¢ is feazible, V/f/’lﬁc E. & Mjc] =0.
Also, since ¢ € [0, Crax]S* QMUC > 0. As a result, QMUC = 0 = V{,{,.. On the other hand, any ¢ €
[0, Crnax] S < that satisfies Q37 MUC = VX/LC = 0 makes 7% an optimal policy under this Condltlon

(ii) By definition of expert policy 7, we have VMUIz( ) = 0. On one hand, since A’y ™ (s,a) > 0, if ¢ is feasible,

c,m E

MUC(S a) > 0, otherwise 7% is not optimal. On the other hand, any cost function ¢ € [0, Cpyax ]S> that satisfies

E E
ue(s,a) > 0 = VT (s) ensures action a violates the constraint, and makes 7% an optimal policy under this

condition.
(iii) By definition of expert policy 7%, we have VX/;LIZ(S) = 0. On one hand, since A:\’:[E (5,a) <0,any ¢ € [0, Crpax]S*A
ensures the expert’s optimality. However, in terms of the minimal set Cyp in Definition 4.2, ¢(s,a) = 0 and
E E E
ue(s,a) = 0 = VT (s). On the other hand, any c(s,a) € [0, Cinax]®** that satisfies Q[ .(s,a) = 0 =

E

E
Ve (s) ensures 7 an optimal policy under this condition.

In the second case, the constraint in (2) is soft, i.e., ¢ > 0, and the expert policy is deterministic.

(i) Since the expert policy 7Z is deterministic, we have Qj\f[jc(s, a) = ij/li(s) On one hand, if ¢ is feasible,
QT (s,a) = VT (s). On the other hand, any ¢ € [0, Cina]S* that satisfies Q5T (s, a) = Vi, (s) makes 7
an optimal policy under this condition.

(ii) In this case, since A"} 7TE(s a) > 0, situation 2) of Lemma 4.1 is not satisfied. As a result, 1) of Lemma 4.1
must be satisfied. On one hand, if ¢ is feasible, QMUC(S a) > QMUC(S a?) = V/f/[i(s) suffices to let

IE#O 7E Py Zt o7'e(si,ar)| > e. On the other hand, any cost function ¢ € [0, Crnax > that satisfies
s,a) > ensures action a violates the constraint, and makes 7" an optimal policy under this condition.
e VMUC t lates th traint, and makes 7 an optimal policy under th dit
E E
(iii) On one hand, since A}{ (s,a) < 0, any relationship between Qf\’,’{UC(sZEa) and V[, gs) ensures the expert’s
optimality. However, in terms of the mir}lgimal set Cyp in ]E)eﬁnition 4.2, Qj\fw(s, a) < V/@tﬁc (s). On the other hand,
any ¢ € [0, Crnax |5 > that satisfies Q%[ .(s,a) < Vi, (s) ensures ¥ an optimal policy under this condition.

O
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C.3. Proof of Lemma 4.5

Lemma C.1. Let*P = (M, 7E) be an ICRL problem. A Q-function satisfies the condition of Lemma 4.4 if and only if there
exist ¢ € RS54 and V¢ € RS such that:
T 7TE c
Qe = Ay C+EVE, (20)
where the expansion operator E satisfies (Ef)(s,a) = f(s).
Here, the term ¢ ensures 1) (when AT/{/TE> 0) the constraint condition in (2) is violated at (s, a) pairs that achieve larger

rewards than the expert policy, and 2) (when ATM’TEg 0) only necessary cost functions are captured by feasible cost set Css.

Proof. We prove both the ’if” and “only if” sides.

To demonstrate the “if”” side, we can easily see that all the Q-functions of the form Q% ,.(s,a) = A;’:[E (s,a)((s,a) +
EV<(s) satisfies the conditions of Lemma 4.4 in the following:

1) Let s € S and a € A such that 77 (a|s) > 0, then we have Q%,,.(s,a) = V°(s) = V{_.(s). This is the condition (i)
in Lemma 4.4. Note that V(s) = V ,.(s) holds true for the following two cases since each state s € S has an expert
policy such that 7 (a|s) > 0.

2) Let s € S and a € A such that 7%(a|s) = 0 and Qj\’:lTE(s,a) > VX,’{TE(S), then we have QG .(s,a) =
AME (s,a)((s,a) +Ve(s) = Aj\’flrE (s,a)¢(s,a) + Vie(s) > Vi .(s). This is the case (ii) in Lemma 4.4.

3) Let s € S and a € A such that 7 (a|s) = 0 and Qx{E(&a) < VJCI’TE(S), then we have Q% .(s,a) = A;C[E(S, a)§ +
Ves) = AZ’IE (s,a)C(s,a) + Vi.(5) < Vi .(s). This is the case (iii) in Lemma 4.4.

To demonstrate the “only if” side, suppose that Q% , .. satisfies conditions of Lemma 4.4, we take V(s) = Vi, ,.(s) since
we are proving the existence of V¢ € Rﬁo.

1) In the critical region and follows the expert policy, where Q;\/’{E (s,a) = V/C’IWE (5), 0¢(s,a) = Q5ue — EVique = 0.
Hence, there definitely exists ((s,a) > 0.

2) In the constraint-violating region with more rewards, where Qj\f[E (s,a) > VX,}’TE (s), AS\’/’[E (5,0)¢(s,a) = Qe —
EV{. > 0. Hence, there definitely exists {(s,a) > 0.

3) In the non-critical region with fewer rewards, where Q:C[E (s,a) < VX;[”E (s), Aj\’:lrE (5,a)¢(s,a) = Q5 e — EViie <
0. Hence, there definitely exists (s, a) > 0. O

Final proof of Lemma 4.5

Proof. Recall that Q5. = (Isxa — vPrn¥)~1c and based on Lemma C.1, we can show that:

c= <IS><.A — ")/PTWE) (Aj\j{Eg + EVC)

— AW ¢+ BV — yPrrP AT ¢ — 4 PraP EVE
E
Since TP A7 =0sand 7P E = I,
E
c=AV ¢+ (E—~Pp)Ve
We now bound the infinity norm of ¢ and V. First, from Eq. (20), we know that EV°(s) = Q%4,.(s, a”). Hence, intuitively
E E

VE(s)|loo < %‘*};‘ Second, from Eq. (6), ¢(s,a) = A (s,a)((s,a) + (E —~yPy)V°(s). 1) When AT (s,a) > 0,
since for everyA%rE (s,a) > 0, ((s,a) should satisfy the existence of a cost function in [0, Ciax |5 <4, C(s,a) = (c(s,a) —
(E— 'yPT)VC(s))/A;’,TE(s,a) < Crax/ max; AEE (s,a). 2) When AS\’/TE(S, a) < 0,((s,a) = (—c(s,a) + (E —

(S7a)
YPr)Ve(s))/(=A%L (s,a)). Since (E — vPr)V<(s) = c(s,a”) < Crax, ¢ < Crmax/( — maxz;’a) AN (s,a)). 3)
Clloo = Ciax/ max?;’a) |AWT . O

When AS\’,’[E = 0, we define ((s,a) = 0. To combine all the three conditions,
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C.4. Proof of Lemma 4.6

Proof. From Lemma 4.5, V(s,a) € S x A, we can express the cost functions belonging to Cy; as:
c(s,a) = AS{IEC(S, a) + (E —yPr)V°(s,a).

Regarding 7 and 157\-, we can express the estimated cost function belonging to Cﬁ as:
&(s.0) = A7 C(s,0) + (B~ yPr)V<(s.a),

What we need to do first is to provide a specific choice of Z and V under which ¢ € [0, Cmax]s XA We construct
a(s,a) = A2 ((s,0) + (B — v Pr)V°(s, a).

We now define the absolute difference between ¢(s, a) and ¢(s, a) as

X(Sva): |E(Sva) - C(‘Sva’)‘ =7 (PT - ﬁ;)vc

(s,a)—&-‘Ax{E _A};\?E ((s,a),

= ma s,a).
X (s,a)e‘;(XAX( )

V(s,a) € S x A, since c(s,a) € [0, Ciax] and (s, a) — c(s, a) € [—x, x],we have:
5(57(1) = C(S, CL) + (E(Sv CL) - C(Sv a’)) € [7Xa Cmax + X} (21)

Therefore, there is always a state-action pair (s’, a’) such that

. ~ ~ 1 ral o Do o
La) =8, d) = AT (s, E —~PAV(s,d') > —x.
i (s,0) = 2sa) = A a) + (B =y Pr)Ve(sa) = —x

To obtain ¢(s,a) € [0, Cpax), we distinguish two cases: 1) ¢(s’,a’) < 0 and 2) ¢(s’,a") > 0.
Case one: ¢(s',a’) < 0:
By subtracting ¢(s’, a’) from all ¢(s, a), we have
é(s,a) =c(s,a) — (s, a’)
= A" ((s,0) + (B —yPr)V(s,a) = ATZ ((s,a) — (B —yPR)V(s',a)
~B
Aj\”; (s',a")

— A C(s,a) — ——
M (5:4) AT (s, a)
M

¢(s'a)| + (B - 7]57\—) [VE(s,a) = VO(s',d")]

>0
Also, note that V(s,a) € S x A, we have:
c(s',a’) < 0,é(s,a) =c(s,a) —c(s',a’) < |c(s,a)| + |é(s',a")| < Crmax + Xx(5,a) + x

Hence, V(s,a) € § x A, (s, a) € [0, Cmax + X(s5,a) + x]. Because we are looking for the existence of ¢ € Cg; satisfying

C € [0, Crax] >, we can now provide a specific choice of 2and V under which ¢ € [0, Crnax ]S>

~E
AT (s'a])
((s,a) = Lz ——((s', ") _
~ A" (s,a ~ ¢ —Ve(s',a
Clsa) = o Pe(s0) = e OV gy D )

1+ (x(5,@) + X)/Crmax T 1+ (X(5,a) + X)/Cona

We then quantify the estimation error between ¢(s, a) and ¢(s, a).

c(s,a)

le(s, a) —<(s,a)| = |e(s,a) = 7 + (x(s,a) + Xx)/Crax
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 Trare e e ) = (s.0)|+ (x(5.0) + 0/ Conle(s. )]
= 1+ (X(S a)1_|_ X)/Cmax [|C(8, a) - E(S7a)| + ((X(37a) + X)/Cmax)|c(57 a)”
1

T T e et a) 2o )l [a(5,0) — (s, )]+ (X(5,0) )/ v e5,0)]

< X(Sva) + X+ ((X<5>a) + X)/Cmax)cmax

- 1+ (x(s,a) + X)/Crmax
2x(s,a) + 2x

~ 1+ (x(s,a) + X)/Crmax

Case Two: ¢(s',a’) > 0:
Note that V(s,a) € S x A, we have:
c(s',a") > 0,8(s,a) = ¢(s,a) —¢(s',a’) < &(s,a) < Cmax + X(5,a) (23)

Hence, V(s,a) € S x A,&(s,a) € [0, Cmax + X(s,a)]. Because we are looking for the existence of ¢ € Cg; satisfying

€ [0, Cmax]S*4, we can now provide a specific choice of ¢ and V under which € € [0, Ciax|S*A:
~ ((s,a) = Veis,a) . c(s,a)
s,a) = ,Ve(s,a) = ,c(s,a) = . 24
) .0/ Y T TG0 G ) T T 1 (5,0)/ o ey
We then quantify the estimation error between ¢(s, a) and ¢(s, a).
e(s,0) = s, 0)| = [els,0) = 1)
1 ~
= T ae (s @) = s 0)| + (x(5.0) sl )]
< X(S’ a) + (X(S’ a)/cmax)cmax
o 1+X(5aa)/cmax
2x(s,a)
~ 14+ x(s,a)/Cax
2 2
< x(s,a) +2x 25)
1+ (x(s,a) + x)/Crmax
Combine the upper bound of the estimation error for cost functions in both cases, we finally derive:
2 2 2
o(5,0) — (s, a)| < x(s,a) +2x _ (x(s,a) +x)
14+ (x(s,a) +X)/Cmax 1+ (X(8;@) + X)/Cmax
O

C.5. Proof of Lemma 4.7

Lemma C.2. (Simulation Lemma for action-value function.) Let M = (S, A, Pr,r, po,7y) and M= (S, A, ]/3;—7 Ty [0y 7Y)
be two MDPs. Let T € Ag‘ be a policy. The following equality holds element-wise:

Qi — QT = YLswa — vPrR) "N (Pr — Pr)VET (26)
Proof. The proof can be shown as follows:
Q51 — Q7 = (Isxa —vPra) v — (Isxa = YPr7) ' (Isxa — vPri)Q7Z
= Isxa = vPri) " Uswa = 7Pr)Q — (Isxa = 1Pri) " (Isxa = vPri) Q5
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= Y(Isxa —yPr?) " (Pr — Pr)RQ72
= Y(Isxa —yPr7) "\ (Pr — Pr)VET
[

Lemma C.3. (Simulation Lemma for state-value function.) Let M = (S, A, Pr,r, uo,~y) and M= (S, A, ]/3;7 Ty 1o, 7Y)
be two MDPs. Let T € Aﬁ be a policy. The following equality holds element-wise:

Vi Ve =as - YR Pr) "7 (Pr — Prve” (27)
Proof. The proof can be shown as follows:

Vil = VET = (Is =7 Pr)'r — (Is =47 Pr) ' (Is = A Pr)VET
= (Is = ¥&Pr) "' (Is = v Pr)VL — (Is = v#Pr) ™' (Is = v Pr)VET
= y(Is —¥&Pr)"'&(Pr — Pr)VLT
=(Is = v#Pr) '#(Pr — PV
L]

Lemma C.4. (Policy Mismatch Lemma.) Let M = (S, A, Pr, 7, j10,7) be an MDP. Let 7,7 € A% be two policies. The
following equality holds element-wise:

Vil =Vl =(Is —vaPr) Y (m = 7)PrVy
Proof. The proof can be shown as follows:

Vil = Vil = (Is —v&Pr) " (Is — v Pr)Vi{ — (Is — v7Pr)~r
= (Is =vwPr) '(Is =77 Pr)Vi[ — (Is =vaPr) ™ (Is =y Pr)Vy"
=(Is —y7Pr) ' (n = 7)) PrVy[

O
Final proof of Lemma 4.7
Proof. By utilizing the triangular inequality of norms, we can obtain:
rl r7l ral ral row ral
A - A < |t - AT | - A
LIr 2 —~ rRE 1+ ~ o
< 7 [P PovET |+ H |(x® 72 PV (28)

where the second inequality is derived by the following two parts.

PartI. Let’s consider the first part.
(@i a) e v
M M M M
r7e r78 r7e
< [(@u” - )1+ 1m0 - vET )]

(“l 1/ r7l
)(ISXA yPrat)” (Pr — Pr)VE

~E ~E
AT ADT
M M

(%)

~ 71—E
+7|(Ts = ¥7" Pr) TR E(Pr — PV

(w

V|| Tsxa —vPr7®) | ‘PT Pr) V”

+ 7 [[(Zs =77E P 7| 17PN | (Pr = PRV

('U) 2’y —~
< 7 |Pr - Pvis
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* (i) exploits the definition of the advantage function.
* (ii) applies the triangular inequality.

* (iii) applies the simulation Lemma for action-value function in Lemma C.2 (a variant of (Agarwal et al., 2019, Lemma
2.2)) and the simulation Lemma for state-value function in Lemma C.3.

* (iv) exploits Holder’s inequality and the theorem of matrix infinity norm inequalities that || AB||oc < || A]|oo| B]|co-

* (v) exploits the fact that [|(Isx.a — YPra?) Moo < 125, [(Is =777 Pr) oo < 125, and 77 < 1.
PartII. Let’s consider the second part:

ro® raf
AM - AM

o ral rl ral
= | - i) - (v - v
(1) rf raf rf ral
V(Prvir” = Prviet) - B(VIET - Vi)
(#4)

r E ~FE E ~F
S lpr (vt v )+ e (v - i)
(4id) raf ra
< A+ BV -V

(iv) ~ _ ~ rl
< y(1+9)|(Is = ¥77Pr) " (nF — 7F)PrVY

<1 +7) |Us =72 Pr)7H| ’(WE — PV

(v)
2 (1 +7)

1—7

‘(WE — 7B PV

* (i) applies the Bellman equation @ = r + yP7rV.

* (ii) applies the triangular inequality.

* (iii) holds since || Pr||oo < 1.

* (iv) applies the policy mismatch Lemma for state-value function in Lemma C.4.

* (v) exploits the fact that||(Is — Y7Z Pr) 7 1||o < ﬁ

C.6. Proof of Lemma 4.8

Lemma C.5. (Good Event). Let § € (0,1), define the good event &y, as the event at iteration k such that the following
inequalities hold simultaneously for all (s,a) € S x Aand k > 1:

= r 7L Rm X Kk(s CL)
Pry — PRV | (s,a) < —ma %)
(Pry = Pr)Vigt | (ssa) < 7250 2N}/ (s, a)

5 ro Rmax gk (57 a)
(PTprk)VM (S’a)gl—'y QNJ(S a)a

~ B Rmax gk(s a)
_ E T, < )
(r =) Prvyl | (s,a) < T\ 2N (sa)

~E _E - Tﬁf < Rmax Kk(s,a)
’(wk T )PTkVM\k (S’a)*l—*y INF(5,a)]
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= Cmax Ek(sva)
Pr — Prp)ve <
(Pr = Prove| (sa) < 22 [0

=T ONTS Cmax Ek(saa)
— ¢ <
'(PT PTk)Vk'(Saa)_ 1_,}/ QNJ(S,Q)’

where V V/Cl” Ve and ‘715 are defined in Lemma 4.6 and Lemma 4.7. (s, a) = log(36SA(N, (s, a))?/5). Then,
Pr(&) > 1-4.

Proof. We show that each statement does not hold with probability less than /6. Let us denote Biﬁ( )(s, a) =
L (s,a

%“2;‘ % and 33 (s,a) = %ﬁ;‘\/ s (S ) Consider the second to last inequality. The probability that it does not
k(8,0 d

hold is:

Pr [ak >1,3(s,a) €S x A ’(PT—ﬁrk)v

(5,0) > B4 0y (5:0)]

(a) _

<Y pr {ak > 1 ‘(PT — Pr)Ve
(o)

©3 P { m>0: ‘(PT—PAT,C)V“

(s,a)

Iy
m (s,a)

(5,0) > B3 sy (5:)]

(5,0) > 33 (5,0)|

(Pr — Pry,)Ve

(s,a) > B3 (s, a)]

(%) Z Z 2 exp —2(B3 (s, a))?*m?

2
m (s,a) m (—CTX)

= Z Z 2exp (_ék(57 a’))
B> Z BSAGT

0 7r2 )
:TS(I + E) <35 (29)

* (a) and (c) use union-bound inequalities over (s, a) and m.

* (b) assumes that we visit a state-action pair (s, a) for m times and only focus on these m times that the transition model
is updated.

* (d) applies the Hoeffding’s inequality and ||V ||oc < Cinax/(1 — 7) in Lemma 4.6. The factor m? in the numerator
results from dividing by 1/m to average over samples, and the factor m in the denominator results from the sum over
m in the denominator of Hoeffding’s bound.

Similarly, we have 3% Nt (s, )(5 ,a) = If’f‘“ \/ Qifis(fl) and (3}:%(s,a) = If &“2(& for Lemma’s first and second, third

and fourth inequalities, respectively. Lemma’s last inequality employs 3> N (s, )(s, a) and 33 (s, a) again. A union bound

over the six probabilities results in Pr(&;) < (6/6 + /6 +6/6 +6/6 + 5/6 +§/6) = 4. Thus, Pr(&) = 1 — Pr(&) >
1—24. O

Final proof of Lemma 4.8
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Proof.
(@) DoyI/C r? r7E
x(s,0) < 7 |(Pr = Prve| + 4y — am2"| ¢
(2) 7 (Rmax (3 + 7)¢(s; a) + Crax(1 — 7)) Ur(s,a)
B (1—7)2 2N, (s, q)
< Y (Bmax (3 + 7)€ oo + Cmax(1 = 7)) Ui (s, )
N (1—7)2 2N, (s, a)
© YCrmax (Rmax(3 + ’V)/maXz;’a) |A.T,\,7(T |+ (1 — ’7)) (s, a)
(1—=n)? 2N} (s,0)
l(s,a)
2N, (s, a)

T Tl'E
Vo (Rona(0) i, 1437 141 )

where, for concision, we denote o = a5

* (a) uses Lemma 4.6 and the triangular inequality.
¢ (b) uses Lemma 4.7 and Lemma C.5.

* (c) uses Lemma results of ||| in Lemma 4.5

2(x(s,a)+x)

From Lemma 4.6, since TF (x(s.0)+x)/C

increases monotonically with x(s,a) + x, we have

ly(s,a) li(s,a)
2(x(s,a) +x) ’ ( 2N} (5] (o.a)e8x A | IV (5

le(s,a) — ck(s,a)] < =

L+ (x(s,a) + x)/Cmax 1+ 0/Chnax ( Ly (s,a)

+
2N (s.a) | (s,a)esxA | 2N} (s.0)

Also, note that
le(s,a) — ¢k (s,a)| < max{c(s,a),ck(s,a)} < Cax

Thus, the following formula holds true,

le(s,a) — (s, a)] < Ck(s,a),V (s,a) € S x A,

Ly (s,a) Ly (s,a)

L (s,a) Lx(s,a)
1%_U/Chmx< 2NJ®@)+Xa£E§;A 2N5“@)>

Ck(s,a) = min

C.7. Proof of Lemma 5.1
Proof.

a) (b)
len(s, ;7)o < |(Isxa —vPrm*) e =@l < ||ug Usxa—yPrm)~"Crl| -

* (a) follows Lemma C.6 (treat 7 = 7* and ¢ = ¢},).

¢ (b) follows Lemma 4.8.
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C.8. Proof of Lemma 5.2
Lemma C.6. For every given policy , the first inequality below holds element-wise. For every optimal policies m* € 1T’ ;.

and T € H}A\u - of CMDPs M U ¢ and M U € respectively, the second inequality below holds.

)

< |(Isxa —yPrm) e —7¢

1
Sl

c, T C,m
‘QMUC - QMUE

c,T T
max HQMUC — Qe

me{m*,m*}

Proof. We can show that:
l/c\’

(a) _ _
2 |(Isxa — vPrm) ' — (Isxa — vPrr)

em G
MuUc QMUE

= |(Isxa —vPrm)~"e — 72| 37)
¢ (a) results from the matrix representation of Bellman equation, i.e., Qj\’,’lTUC = (Isxa —yPrm)~le.
By definition of infinity norm, we have
|QS\;UC - Q?\fu?‘ = ”Qj\;lrw - Qj\:lrUEHOO (3%)
Further, we derive the error upper bound of the action-value function by that of cost.
c,mT c,m @ —1
”QMUC - QMUEHOO = H(ISXA —Prm)” e - aHoo
(o) - —
= || Usxa —vPrm) | lle— €l o
d) 1
S 7 lle—vlls
-7
e (b) uses Eq. (37)
* (c) exploits the theorem of matrix infinity norm inequalities that || AB||oc < [|A|co|| Bllco
* (d) results from [|(Isx.a — 77P7) oo < 125

Final proof of Lemma 5.2

Proof. For statement (1),
inf su ’ ST (s0,a) — Q™ (sp,a)| < inf su o™ (s.a) — Q" (s,a

Ekecafk TF*EHjI?/tuC QMUC( > ) QMUC}C( - ) 76k€c§3\k W*EH%UC ||QMUC(, ) QMUC}C(’ )”OO

(a)

< inf (s, a) — i (s, a)loo
/C\J,;EC’q}k -
1
®_- Cr(s,a) <e,

= max
1 — 7 (s,a)eSxA
inf sup Qf{:&jc(so, a) — Qj\';lggk (sg,a)| < inf sup ||Q5\’,717ch(5, a) — Qj\';lggk (8,0)]lco
c€Cyp mrem c€Cqp Frerm
C MpUey © T M Ugy,
) 1
< inf

Jnf = lels.0) (s, 0)
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1
@_- max Ci(s,a) <e,
1 — 7 (s,a)esxA

where steps (a) and (c) use Lemma C.6, and steps (b) and (d) use Lemma 4.8.

For statement (2),

. N ©
inf s o — Qo ’<‘f ax |(Isxa — yPrm) e — &
8y, ety Utuelro, @) = @il [0, )] = ol max |Uswa =y Prm) e =Gl

") B
< max ‘(ISxA —~vPrm) C;C‘
mellt

< max max |ul (I —~APrm) 0] < e
_weHT;¢06A5|u0(SXA vPrm)~IC| <,

(9)
< inf max |(Isxa —yPrm) e — G|
c€Cyp mellt

inf sup Qﬂéc(So, a’) - Qj\};{ggk (507 a)
c€Cq Aielly
kYK
(h) ,
< max |(Isxa — vPrm) ' C
Tellt

< F(Isxa —yPrm)~1Ck| <,

< mox max 1o (Isxa = yPrm)~'C| <
where steps (e) and (g) use Eq. (37) and the fact that each cost function in the feasible cost set must ensure the feasibility of
expert policy, steps (f) and (h) use Lemma 4.8. O

C.9. Uniform Sampling Strategy for ICRL with a Generative Model

In this part, we additionally consider the problem setting where the agent does not employ any exploration strategy to
acquire desired information but utilizes a uniform sampling strategy to query a generative model. The problem setting is
based on the following assumption, which is stronger than the assumption in the main paper.

Assumption C.7. The agent have access to the generative model of M,

More specifically, the agent can always query a generative model about a state-action pair (s, a) to receive a next state
s’ ~ P(-|s,a) and about a state s to receive an expert action a”” ~ 7w (-|s). We first present Alg. 2 for uniform sampling
strategy with the generative model and study the sample complexity of this algorithm in Theorem C.9.

Algorithm 2 Uniform Sampling Strategy for ICRL
Input: significance ¢ € (0, 1), target accuracy €, maximum number of samples per iteration 7,,,x
Initialize k < 0, g9 =
while ¢, > ¢ do
Collect [ “zzx] samples from each (s,a) € S x A

Update accuracy ey, = ﬁ ( I?gngCkH(s, a)
s,a

Update 7, , (als) and Py, (s'|s,a) in (7)
k<k+1
end while

1—y

Lemma C.8. (Metelli et al., 2021, Lemma B.8). Let a,b > 0 such that 2a\/b > e. Then, the inequality = > alog(bz?) is
satisfied for all x > —2aW_4 (—ﬁ) where W_1 is the secondary component of the Lambert W function. Moreover,

—2aW_4 (—ﬁ) < 4alog(2a\/5).

Theorem C.9. (Sample Complexity of Uniform Sampling Strategy). If Algorithm 2 stops at iteration K with accuracy €y,
then with probability at least 1 — 0, it fulfills Definition 4.9 with a number of samples upper bounded by,

~ 025 A
" 0((1—7>K> >

25



Provably Efficient Exploration in Inverse Constrained Reinforcement Learning

E
YCrmax (Rmax(?""')/)/maxz;ya) IATMW ‘+(17’7)>

where o = = and O notation suppresses logarithmic terms.

Proof. We start from Lemma 5.2. We further bound:

li(s,a) Ly (s,a)
1 1 20 ( 2N,:r(s,a) + r(r;&;})( 2N+(s,a)> o

max Ci(s,a) = max min s Omax
o L (s,a) Ly (s,a)
1+ Cmax < 2N:(57a) + I(I;i))( 2N'f'(s7a))

l—y(qa)esxA 1—’}/(qa)65><A

Li(s,a)
1 4o I(Isli)f 2Nk+(s,a)
= 1 ~ min 7Cm'1X
- 20 ek('S’a)
1+ Cmax (s%))( 2N (s,a)

Ao A(s',a’)

(a) 2N+(s ,a’)
= min Cmax 40)
-7 1 20 L (s’ a’
Cmax 2NJr s’ n/)
where step (a) supposes at state-action pair (s, a’), o, | 824 — 5 max  [-lle)
’ ’ 2Nk+(s/,a/) (s',a’) 2N,:r(s/.,a’)'

After K iterations, based on uniform sampling strategy, we know that Nx > 1 for any (s,a) € S x A. To terminate at
iteration K, it suffices to enforce every (s,a) € S x A:

L (s’,a’)
1 do 2N;r(s’,a’)
1—x 0 (s',a) T oK
k(s’,a
1+ Cmdx 2N+ (s’,a")

Ek; maxEK(l B 7)
max 2€K(1 - ’Y)

A E
YCrmax (Rmax(?ﬂr“/)/max(t,a) |AT |+(1*7)>

Byo = T2 , we have
E
7 Crma (Rmax(?) + 7)/max?;,a) (A [+ - 7)) lp(s',a') CmaxEK
(1—7)3 INF(s',a')  4Cmax — 2ex(1—7)

5 2
272(201.“&)( — EK(l - 7))2 (Rmax(3 + 'y)/maxi;a) ‘A:\’I | + (1 — ’y)) Ek(s” a/)
R

= Nk(s',d) =

From Lemma C.8, we derive

Ng(s',a")
- 2
4’72(2Cmax*5K(1*7))2 (RmaX(3 +7)/ maXE:,a) |A;\/7(r |+(1*’Y)>
- (1—7)5e%k g

o[ (1-7)%% [5
-1 2 2 + r77rE 2 36SA
1922 max—ex (1= 7))? (Runax (34)/ max(, ) [437 " |+(1-7))

2 2 + rmt ?
872(2Cmax — ex (1 — 7)) (Rmax(S + )/ max(, ) 1A [+ (1 - 'y))
TE—TE

IN

X
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log

B 2
192(2Cmax — ek (1= 7)) (Bmax(3 4+ 7)/ max(; , 457 |+ (1)) /3654
(1— )% 5

122000 <161~ 1)) (R34 9) manct, o 1455 |+ (1))

=0
= e,
T‘TFE 2
_5 VQ(QCmaX —ex(l— ’7))2 (RmaX(S + ’y)/maxaa) |AM |+ (1 — 'Y)) @
- (1 —7)be
By summing n =}, ,)esx.4 Nk (s, a), we obtain the upper bound.
2 2 + r® 2
(P 2Cmax = exc(1 = 7))* (Bumax(3 4+ )/ max(, ) |47 |+(1-7)) SA
n<® . 42)
=%
YCmax (Rmax(3+7)/ max?;,a) |Aj\47rE |+(1_7)>
Since o = — , we have
(1-)
~ [ 0%(2Cmax — ex (1 —7))2SA
<O . 43
"= ( (1772 @

Regarding the sample complexity in the RL phase, since the reward function is known, according to Corollary 2.7 in Section
2.3.1 from the book 'Reinforcement Learning: Theory and Algorithms’ (Agarwal et al., 2019), the sample complexity of
obtaining a e-optimal policy is O(SA/(1 — v)3&2), which is dominated by the sample complexity in Theorem 5.5. Note that
o also contains 1/(1 — «y). As a result, Eq. (43) still holds true after including the sample complexity of the RL phase. [J

C.10. Proof of Lemma 5.4

Proof. This result generalizes (Kaufmann et al., 2021, Lemma 7) to our setting. We define event Gent as
1_ 25 A
gt = {Vk e N* V(s,a) € S x A: Ni(s,a) > §Nk( a) — log ( 5 )} . (44)

We calculate the probability of the complement of event Gt

P((9™)")

(a) 1= 25A

< P(EkEN Ni(s,a) < §N( a) — log( 3 >)
(s,a)eSx.A

®) = bl 254

< P(kEN ZZ]I s al) §ZZZuosonlsa|so) 10g< 5 ))
(s,a)eSx.A h=1 i=1 so h=1 i=1

(©) 5

< — == 4

=< 25 A 27 (45)
(s, a)ESXA

* (a) results from a union bound over (s, a).
¢ (b) results from Definition 5.3.

¢ (c¢) results from (Kaufmann et al., 2021, Lemma 9).
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As a result, we have with probability at least 1 — §/2:

Ni(s,a) > 5 Ni(s,a) — Bent(6), (46)

M\H

where Sent(d) = log (25 A/9).

Thg following proof is adapted from Lemma B.18 in (Lindner et al., 2022). Distinguish two cases. First, let S.n(6) <
1Ny(s,a). Then Ni(s,a) > 2Ny (s,a), and

min{a (s,a) C }<U\/5k(57a)G\/log(36SA(N,j(s,a))2/6)
2N, (s,a)” " T 2N, (s,a) 2N, (s, a)

log(36SA(N;! (s,a)/4)2/6) 201,(s,a)
: CM Niwar "\/N,;%s,a)’ “

where e is Euler’s number.

where we use that log(365Ax?/6) /z is non-increasing for @ > ey/ 552+,

For the second case, let Bent (6) > + Ny (s, a). Then,

45, 4
mind oy | 0D 0 e < Oy | D) éi (48)
2N, (s,a) N, (s,a) N, (s,a

where we use (s, a) = log (365 A(N; (s,a))?/8) = Bent(8) + log (18(Nf (s,a))?) = Bens (). By combining the two

cases, we obtain
2 20,
min {O’ M Cmax} < max{a fcmax}\/ Kk S,a 6'\/ _€k(s, Cl) (49)

2N,j(s7 a)’ N,j(s,a)’
where we denote & = max{c, v/2Cax }- O

C.11. Proof of Theorem 5.5

Proof. We assume BEAR exploration strategy terminates after K iterations, then

Ly (s,a) L (s,a)
0( INT (s,a) T HAX 2N+(sa))

(s,a)

— maxCg(s,a) = —— max min

1 -7 (s,0) 1 —7 (s,a)esxA o Kk(s a) lr(s,a) Crma
1+ Crax 2N (s,a) ?Sla(f)( 2N+(s a)
i (

. 20k (s,a) ¢
2"( N (s.0) T aoX i )) o

— max
K (s,a) + max K(s,a))

—
=

® 1 ,
< —— max min

T 1 — 7y (s,a)eSxA (

[

Chax

J\_/}t (s,a) (s,a) N;; (s,a)

20k (s',a’)
(c) 1 4o N+(s ,a’)
17 min m'lx
- 25 [ 20k(s, )
1+ Crax NIJ: (s’ Z’)
where step (a) follows Lemma 4.8, step (b) results from Lemma 5.4 and step (c) assumes at state-action pair (s, a’)

205 (s’,a’) _ 20k (s,a)
\/7 Ni(sha) 1;151%}1);1 /7N+ (s0) Hence, we obtain,
. [ 20k (s',a")
AV 72exD
= (50)

EK =

1- Y 25 QZK(S/,(II)
1+ Cmax N;(s’,a’)
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CrnaxE K 20k (s 2log( 36SA N+(s a'))?/é)
4Cmax — 26 (1 —7) 1—’y N+ a') 1— a’)

- %lo t(s,a))?
Ni(s.a)> 7%(2Cmax 5K((1 :))):2%?2)6514(]\[( ))°/9)

max

Thus,

From Lemma C.8, we have

B 1662(2Cmax 5K(1 _ 7))2 (1 - ) 02 \/T
N o i max
Nelsad) = ==—G ez "V | 1652200 — ex (L - 7)Y 3654

- 326%(2Cumax — sK(l y))21 3262(2C max — sK(l — )% [365A
R G P o (1—72%C2 V3

~ (52 2C(max 1-— 2
:o(0<av)“ﬁp ”>) 51)

max

By summing over n =, sy 4 Nt (s, a), we obtain the upper bound.

~ {72(20max eK(l—'y))2
”<O< (1—7)22C2, )’ 42

where &5 = max{o, \/iCmax}.

Regarding the sample complexity in the RL phase, since the reward function is known, according to Corollary 2.7 in Section
2.3.1 from the book "Reinforcement Learning: Theory and Algorithms’ (Agarwal et al., 2019), the sample complexity of
obtaining a e-optimal policy is O(SA/(1 —~)3e?), which is dominated by the sample complexity in Theorem 5.5. Note that
o also contains 1/(1 — «y). As a result, Eq. (43) still holds true after including the sample complexity of the RL phase. [J

C.12. Theoretical Results on Policy-Constrained Strategic Exploration (PCSE)
Definition C.10. We define the optimal policy w.r.t. cost, reward, and safety as follows:
* The cost minimization policy: 7“* = argmin . E[>", v ¢(s¢, ar)].
* The reward maximization policy: 7"* = arg max, i E[>, v'r(ss, ar)].

* The optimal safe policy: 7* = argmax ¢y, .. E[>5, v*7(s¢, ar)] where Igqpe = {7 : E[32, v'c(ss, ar)] < €}
Accordingly, we can have the following relations:

B VO™ (50)] < Euo [VE™ (50)] < Epo[VE™ (s0)] + € where the equality normally holds that V™ (sq) = 0.

* By [VI™ (s0)] < B VI (s0))-

Let’s define the following symbols:

1
4(1—)"

* gy =
o ef = SUDP, eaSx A M(Z;(ISXA — yPr7)Cy,

* £ = MaXrell, ;

29



Provably Efficient Exploration in Inverse Constrained Reinforcement Learning

We can construct a set of plausibly optimal policies as
I, = H; N HZ

¢ = {w €A% : sup pd(VeT - V%Z@) < dey, +26}

};:{TrEAé: inf MOT(VJ%W— %%*)Ziﬁk},

where Ry, = 225 || Pr — Prlo + 2255 [|(7° = 7% co-

Lemma C.11. (7* propagation). Under the good event &y, if v*, w; € II§_ | then m* € IIf,

Proof. Given a c € Cy, we can show:

T c,m* C,* T c,m* c,m™ c,m C,*
su /’\A—V/’\A>: su (V/LA—V/’\ T yer _VA’A) 53
#OEES Ho ( Muzy, Muzy, #OEES Ho \ ¥ Fua, Mue Muc Mug, (53)
(%)

< ey —ver )
N /LSEES Ho = * VMUC VMUEk
(i2)

< 2k + 2e,

which demonstrates that 7 € II5.

¢ (i) holds since

Ve VeS| < (s =y Pr)~n o — o

< (Is —ym* Pr)~'n*Cy,
where

— The first inequality follows (Metelli et al., 2021, Lemma B.2) (treat 7, = —¢; and r = —c).
— The second inequality is due to the good event definition in Lemma C.5.

As a result:
T (y,67" e, * P
sup (VAA -V )zs < max €} =é€g (54)
1o EAS 0 MuUcy MuUc k mell§_, k
e (ii) holds since
Lo Y A _yemt e,
MuUc MUy MuUc MUy
c,* P /TFC,*
<SVer oy €
-  MuUc MuUCy +
. C, T . C, T
=minV=2" —minV= €
T MuUc T MuUcy, +
! ’
< min V& — min V& 42
' €II§_ Mue eIl _ MuUcy,
< max |V&© —VvaT 2e
T omelly_, | MUgk Mue T2

where

— The first inequality utilizes E,,, [VE™ " (s9)] + € > E,, [V™ (s0)].
— The second inequality utilizes Ve, E,,, [VE™ " (50)] < B0 [VO™ (50)] < B [VE™ (s0)] + € for € > 0 and the
assumption that 7*, 7, € II§_,.
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— The third inequality results from Lemma C.12.

By following the inequality (54), we have:
bl )+2e:£k+2e

s i (Var, — Vi,
O
Lemma C.12.
max f(x) — max g(z) < max(£(x) - g(x))
min f(z) —min g(z) < max(f(z) - g(z))
Proof. For the first inequality, suppose x; = arg max f(z) and xo = arg max g(z), then we have,
max f(x) —max g(x) = f(z1) = g(z2) < f(a1) — g(a1) < max(f(z) - g(z))
For the second inequality, suppose x3 = arg min f(z) and x4 = argmin g(z), then we have,
min f(z) - ming(x) = £(ws) — g(a2) < F(xs) - glza) < max(f(x) - g(x))
O

Lemma C.13. Under the good event &, if 75, & € 115 _| and § ¢ IS, then £ is suboptimal for some cost ¢y € Rgﬁk/ for

allk' > k.
Proof. Let’s consider the following decomposition:
yee e Qe o
MuUcy, Mue,, —  Muc, MuUc,
I Sy R
MUE,, MUy, + MUz, MU, MUz, MUz,
e, m"

@ L e
= Tk + M\Uak - .K/I\U’C\k

(i)

> 2€

which indicates that £ cannot be optimal for k' > k.

« (i) holds since V<7 > Vo —yex
MuUcy,, Mucy, MUCkl
* (i) holds by following (Metelli et al., 2021, Lemma B.5) (treat 7 = 7;”" and 7 = ¢ respectively, while 7, = ¢, and
Thr = Cpr)
Y P -
v —VA’“)<2 F<o
sup i (Vi = Vi, ) <20 <20
3 T & yre€ 3
sup [ (V/\//\tuﬁk V/\/Zuek/> < 2e5 < 2¢g

HoEAS

* (iii) holds since according to the definition of IIf, and considering our assumption that £ ¢ IIf,, we have:
&x ) > 4ey, + 2¢

T (v7¢8
su Vs — V=
MOEES Ho ( MU, MUz,
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Lemma C.14. [fey = then for every k > 0, it holds that 7*, 7 | € IIf.

1
4(1—y)’

Proof. We prove the result by induction on k. For & = 0, for every policy m € Aé, we have

SUP,, cAS ud (V;/’TZEO - V/%La)) < ﬁ < 4eg < 4eg + €. Thus, II§ contains all the policies, i.e., II§ = A%, and
in particular 7*, 77 € II§. Suppose that for every 1 < k&’ < k the statement holds, we aim to prove that the statement also
holds for k. Let ¥’ = k — 1, from the inductive hypothesis we have that 7* %Z € IIf _,. Then, from Lemma C.11, it holds
that 7* € IIf,. If 7} 41 € II, the proof is finished. If T 41 ¢ I1¢, we prove by contradiction. Let 1 < j < k be the iteration
such that 73, € IIS_; and 7}, ¢ 1I5. Note that this assumption always holds, since IIj contains all policies. Recalling
the inductive hypothesis, we have that 7?; S Hj_l. Thus, from Lemma C.13, it must be that 7}, 11 is suboptimal for all j'>7,

in particular for 7/ = k + 1, which brings about a contradiction. O

Lemma C.15. It holds that w* € 117, where:

I, = {ﬂ' € A% : inf <Ho (Vifr — Vf\” ) > %k} where
HoEA
2'7Rmax = 'YRmax ~
Ry, = Mmoo By g DA e ey
F= 1 _7)2” T — Prile + e [(7* =77

Proof. We should show if € II7, we will have V" > Vi .

T rT oy, T T o r* r7r r* r7r
VR _VIE S VI VI VI VI Vi - ViE + Vi -V
(1, u<zn) Q’YRmax

T (=)
= R+ VT VT

VRmax
1-7)2

SIPr — Pril+ 17 = 7)o + VA = VAT

Since inf,, e s 1 (V};ll7r - VX«;*) > MRy, it must hold that inf,, cas 1 <Vr T V/Cl“*) >0

¢ To show (i), we first follow the simulation Lemma for the state-value function:

VET Vi =y(Is - yxPr)"'w(Pr — Pr)VLT

Then we derive an upper bound for the difference between these state-values as follows:

lm(Pr = Pr)Viille

T YT Y
VE VIO ST

ryRmx
Rinax
< G 1P = Pril

* (ii) holds due to the policy mismatch Lemma C.4:
Vil =V =(Is — 47 Pr) " nt = 7PV
Then we derive an upper bound for the difference between these state-values as follows:
V’r‘,ﬂ'* _ Vr,ﬁ* < Y ||(7T* o %*)P V’r‘,ﬂ'* H
M Mo =T TVm oo

Y Rmax -

< ﬁ”(ﬂ —7°)Prlleo
Y Rmax ~x

< o0

< Al - w)
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e (iii) holds due to the derivation to (i):

r7r r* ’YRmax 5
Vo - VY < ———||Pr— P

Since we can guarantee V{7 > V/’{/[* , we know 7* € {7|V{ > V/C; }. Subsequently, according to our Lemma 4.4, to find
the feasible cost set, the exploration policy should follow the 7 that visits states with larger cumulative rewards. O
Lemma C.16. Under the good event &y, let ¢ € argmin cc,, MaX(s q)eSx.A le(s,a)—Ck(s,a)|. Ifm € Il and 7 € T} _;,

then sup,, cas ud (V./ff/{i - V/%La) < 6ep + e

Proof.
swp iid (Vi = Vi)
HoE
< T(f’f _ 57\71' ) T( E,\‘n’ —VE’\* ) T(Vf’\* —VE’\*)
N #fggs Ho VMU5 VMUEk +u§2§5 Ho VMUEk- MUE, +#fél£5 Ho MU, Mué)’
(a) (b) (c)
< (ex) + (der +€) + (ex)
= b + €
where

* (a) holds due to sup,, cas (g (V/%{Lg - V/%/TZ@) S Sk

I c, T C,* .
. 3 {/,’\ — ‘/,\ <
(b) results from bupHUeAs Ko ( Uz, MUEk) 4Ek + €, since T € Hk.

* (c) follows Eq. (54), recalling the definition of ¢.

C.13. Proof of Theorem 5.6

Proof. Suppose we have derived a value of N (s, a) so that for all (s,a) € S x A (the rationale is discussed later), it holds
that:

/ 27 —ming e A% (s,a')ek
Cucls,0) = min{ o [ HED_ 0 A < g 200 M . (55)
2N, (s, a) Ni(s,a) Geg—_1+€

From Lemma C.8, we obtain

- 252(6ex—1 + €)% (s,a)
Nilo,e) = .0)

min A
( a’€A MU

. 40%(6e k1 + €)? - ((mina’eA AL (s.d))ek § >
(mingea AL (s,0)%% 40%(6eg 1 + €)? 3654
80%(6e—1+¢)* | ( 402 (6er_1 + €)? /365A>
(ming e 4 A%UE(S, a’))%e? (ming e 4 Aj%;u&(s, a’))2e )
~-0 < G > (56)
(mingea AL (s,a'))%ek
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Summing over n = Z(s.a)ESX.A N;(s, a), since the convergence of BEAR is stricter than PCSE, i.e., (13) is always
satisfied if (12) is satisfied, the sample complexity of BEAR constitutes a lower bound for that of PCSE. Recall the sample
complexity of BEAR exploration strategy in Theorem 5.5, we obtain

n< 6<mm{5 (52(2Cmax 6K(1—v))2> o?(bex 1 +€)?SA }) (57)

(1 — v)2e2.02 (min,q) AMu (s,a))%e%

max

Next, we explain the rationale for the assumption in Eq. (55). We have for every = € I,

@ _
lew(s,a; 7, 7)) loo < yug (Is — ymPr) "' 7Cy,

© TEK T Doy—1 c,*

= 6ex + cHo (Is —ymPr)”m (7A/\7ue)

© YK T ¢, c,* (e)

 bex_1+ Mo (V/\?u& - Vﬁu&) < €k, (58)

* (a) follows the matrix from the Bellman equation for the value function.

* (b) is based on the assumption in Eq. (55).

¢ (c) follows (Metelli et al., 2021, Lemma B.3), where we treat 7 = —¢ and note that V/%r/t\u (o) = Mué’ Q’T =
—Q and A a _A/\?ua‘

¢ (d) results from Lemma C.16 and v < 1.

O
C.14. Optimization Problem and the Two-Timescale Stochastic Approximation
We can now formulate the optimization problem.
ery1 = sup g (Isxa — yPrm)Crya
no€AS
welly
s.t. Il = HZ N H;
4 . (59)
Iy =qmelA5: Var  —ver ) <dep+2
: " S H:ggs MO( Mucy MUCk) B 2e
W ={reag: nf uf (Vir-ver)zn
Rmmx RII]"LX * %
where 93, = 2('{ 253 | Py — PTHoo + 71 e [(7* = 7*) || co-
Recall that the discounted normalized occupancy measure is defined by
P8, a) Z'yt]P’” (st = s,ay = a), (60)

where the normalizer (1 — ~) makes p7(s, a) a probability measure, i.e., 3, ,) pPi4(5,a) = 1.
The promised relationship between reward value function and occupancy measure is as follows:

v (@) -
1=V = (1 =7)Eu Py {ZV%‘(% at)}
t=0

ZW Z]P’ st = s,a; = a)r(sy = s,a; = a)

(s,a)
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(:b) Z [ Z,_ytﬂpﬂ' =s,as = a)] . |:7"(5t =S,a¢ = a)

(s.a)
= (Ph 1) 61)

where step (a) follows the definition of the reward state-value function, and step (b) exchanges the order of two summations.

Similarly, concerning the cost function, the relationship between the cost value function and (the same) occupancy measure
is as follows:

(= VE = (=) [ S0t 00)]
t=0

B V)nyt Z ]PZO(St = S,0; = a)C(St =Ss,a; = a)

t=0 (s,a)
5 o] o
(s,a)
— (s ) ©

For simplicity, denote the occupancy measure vector p, as vector x. As a result, the optimization problem (59) can be
recast as a linear program.
min  — (z,Cry1)
x

st —(1=(VEG . +der +26) + (2,6) <0 (63)
(L=(VET + %) — (@) <0

To solve this linear program, we introduce the Lagrangian function and calculate its saddle points by solving the dual
problem. The Lagrangian of this primal problem is defined as:

L@, \) == (@,Chp1) + M (—(1= (Ve +4e+20) + (2.5)
(1= NVET + %) = (2.1)), (64)

where A = [A1, A\2]7 is a nonnegative real vector, composed of so-called Lagrangian multipliers. The dual problem is
defined as:

x

min r;\lga{ L(z, \). (65)

To solve this dual problem, we follow a gradient-based approach known as the two-timescale stochastic approximation
(Szepesvari, 2021). At time step k, the following updates are conducted,

Tppr — 2 = —ag(Ly (21, Ak) + W), (66)
Met1 — M = b (LA (zk, i) + Uy), (67)
where the two coefficients aj, < by, satisfying >, ar = > by, = 00, Y a3 < oo and > b7 < oco. Under this condition, the

convergence is guaranteed in the limit. As an option, we can set aj, = c/k, by = ¢/k%>**, with c being a constant and
0 < k < 0.5. W and Uy, are two zero-mean noise sequences. The two gradients are:

L (g, M) = —Crpr + Aiég — Aar, (68)
/ —-(1- 'y)(V _ +deg + 2¢€) + (x, )
L;\(ajk,)\k) _ |:L/)\1 (mkaAk):| — Tﬂ— (69)
LY, (zk, Ak) (1 —7)(Vj\7 + Rg) — (z,7)
At each time step k, the exploration policy can be calculated as,
.’II]C(S, a)

als) = =————. (70)
) =5 e,
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D. Experimental Details

We ran experiments on a desktop computer with Intel(R) Core(TM) i5-14400F and NVIDIA GeForce RTX 2080 Ti.

D.1. Discrete Environment

More details about Gridworld. In this paper, we create a map with dimensions of 7 x 7 units and define four distinct
settings, as illustrated in Figure 2. We use two coordinates to represent the location, where the first coordinate corresponds
to the vertical axis, and the second coordinate corresponds to the horizontal axis. The agent aims to navigate from a starting
location to a target location while avoiding the given constraints. The agent starts in the lower left cell (0,0), and it has 8
actions that correspond to 8 adjacent directions, including four cardinal directions (up, down, left, right) as well as the four
diagonal directions (upper-left, lower-left, upper-right, lower-right). The reward and target locations are the same, which is
located in the upper right cell (6, 6) for the first, second, and fourth Gridworld environment or located in the upper left cell
(6,0) for the third Gridworld environment. If the agent takes an action, then with probability 0.05 this action fails, and the
agent moves in any viable random direction (including the direction this action leads to) with uniform probabilities. The
reward in the reward state cell is 1, while all other cells have a 0 reward. The cost in a constraint location is also 1. The
game continues until a maximum time step of 50 is reached.

Comparison Methods. The upper confidence bound exploration strategy is derived from the UCB algorithm, which selects
an action with the highest upper bound. The maximum-entropy strategy selects an action on a state with the maximum
entropy given previous choices of actions. The random strategy uniformly randomly selects a viable action on a state s.
The e-greedy strategy selects an action based on the e-greedy algorithm, balancing exploration and exploitation with the
exploration parameter € = 1/v/k.

More details about Figure 3. In Figure 3, we plot the mean and 68% confidence interval (1-sigma error bar) computed
with 5 random seeds (123456, 123, 1234, 36, 34) and exploration episodes n. = 1. The six exploration strategies compared
in Figure 3 include: upper confidence bound, maximum-entropy, random, BEAR, e-greedy, and PCSE. Meanwhile, we
utilize the running score to make the training process more resilient to environmental stochasticity: running_score =
0.2 % running_score + 0.8 x iteration_rewards (or iteration_costs) (Luo et al., 2022).

D.2. Weighted Generalized Intersection over Union (WGIoU)

In this section, we present the methodology for designing the metric that assesses the similarity between the estimated and
ground-truth cost functions, which we refer to as WGIoU. We commence our discussion by explaining IoU, followed by
GloU, and ultimately introduce the novel concept of WGIoU for ICRL.

Intersection Over Union (IoU) score is a commonly used metric in the field of object detection, which measures how similar
two sets are. The IoU score is bounded in [0, 1] (0 being no overlap between two sets and 1 being complete overlap).
Suppose there are two sets X and Y,

|X NY]
IoU = XUY|
Note that IoU equals to zero for all two sets with no overlap, which is a rough metric and incurs the problem of vanishing
gradients. To further measure the difference between two sets with no overlap, Signed IoU (SIoU) (Simonelli et al., 2019)
and Generalized IoU (GIoU) (Rezatofighi et al., 2019) are proposed. Both SIoU and GloU are bounded in [—1, 1]. However,
SIoU is constrained to a rectangular bounding box, which is not the case for the cost function. By contrast, GIoU is not
limited to rectangular boxes. Thus, GIoU is more suitable for comparing the distance between the estimated cost function
and the ground-truth cost function.

[Z\(X UY)|

GIoU = IoU — ,
4

where set Z is the minimal enclosing convex set that contains both X and Y. Taking cost function into account, the
difference between ¢, the estimated cost function at iteration % and ¢ the ground-truth cost function is calculated as,

lcnex|  [(e®er)\(cUey)|

GloU = — =
lc Ul |c & k|

b
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where ¢ @ ¢ denotes the enclosing convex matrix of ¢ and ¢.

Note that the estimated cost function ¢, could have different values, but GIoU only reflects spatial relationship and is unable
to represent weight features. To accommodate our settings, weighted GloU (WGIoU) is proposed, where we measure
the distance between a weighted estimated cost function and a uniformly valued (or weighted) ground-truth cost function.
WGIoU is also bounded in [—1, 1]. To calculate WGIoU, first, remap the cost function to ({0} U [1, +00))5*A,

min {miné,a)eSXA Cr(s,a), miné,a)esxA c(s, a)}
c*(s,a) = cl%,0) (72)

. . + o~ . + :
min {mm(sja)eSXA Cr(s,a), ming . csya c(s, a)}

where mim?ﬁS a)eSx.A Tetumns the minimum positive value of ¢, or c over all (s, a) pairs. Note that ¢ must exceed 0 at certain

(s,a). Otherwise, the cost function is zero, indicating an absence of constraint anywhere. Also note that if ¢, is zero, let
¢ (s,a) = 0and ¢*(s,a) = c(s, a)/min?; w)esx A C(8, a). Besides the two trivial situations, the above two equations (71
and 72) can be applied naturally.

Then, WGIoU is defined as:
(G, c®)

(1, max{cy’, c*, (&7, c*)})

WGToU = + (em@max®e) 1) 1 {(@F, %) = 0},

where 1 denotes the vector with appropriate length whose elements are all 1s. The rationale here can be understood by
distinguishing two cases. For the first case, there is an overlap between ¢, and ¢, so the second term in WGIoU is 0. For
the first term, for some (s, a), 1) if both ¢ (s,a) > 1 and ¢*(s,a) > 1, WGIoU approaches 1; 2) if either ¢; (s, a) = 0
or ¢*(s,a) = 0, WGIoU approaches 0. For the second case, so there is no overlap between ¢, and (s, a), the first term in
WGIoU is 0. The second term is always below 0 and approaches —1 if the estimated and ground-truth cost functions contain
large values.

D.3. Continuous Environment

Density model. Recall that in Definition 5.3, the concept of pseudo-counts is introduced to analyze the uncertainty of the
transition dynamics without a generative model. Here, we abuse the concept of pseudo-counts for generalizing count-based
exploration algorithms to the non-tabular settings (Bellemare et al., 2016). Let p be a density model on a finite space X', and
pn () the probability assigned by the model to x after being trained on a sequence of states x4, . . ., Z,,. Assume p,(z) > 0
for all , n. The recoding probability p!,(x) is then the probability the model would assign to z if it was trained on that same
x one more time. We call p learning-positive if p,, () > p,(z) forall zq,...,x,,z € X. A learning-positive p implies
PG, (z) > 0 for all z € X. For learning-positive p, we define the pseudo-count as N, (z) = p,,(x) - n,where n is the total
count.The pseudo-count generalizes the usual state visitation count function N,, (), also called the empirical count function
or simply empirical count, which equals the number of occurrences of a state in the sequence.

Methods. We first train a Deep Q Network (DQN) in advance that stores the Q values of the constrained Point Maze
environment. This DQN induces the expert policy at any given state. We also train a density model that accounts for
calculating the pseudo-count of any given state-action pairs. The agent then collects samples from an unconstrained Point
Maze environment where it could violate constraints. For algorithm BEAR, Proximal Policy Optimization (PPO) is utilized
to obtain the exploration policy 7. For algorithm PCSE, we rank 8 permissible actions for the exploration policy. The
action that has a high estimated cost or a high reward is assigned with more probability to choose from. After the rollout of
this exploration policy, the density model and accuracy are updated for the selection of the next exploration policy. Multiple
rounds of iterations are conducted until the target accuracy is achieved.

Point Maze. In this environment, we create a map of 5m x 5m, where the area of each cell is 1m x 1m. The center of the
map is the original point, i.e. (0,0). The constraint is initially set at the cell centered at (—1, 0). The agent is a 2-DoF ball,
force-actuated in the cartesian directions x and y. The reward obtained by the agent depends on where the agent reaches a
target goal in a closed maze. The ball is considered to have reached the goal if the Euclidean distance between the ball and
the goal is smaller than 0.5m. The reward in the reward state cell is 1, while all other cells have a 0 reward. The cost in a
constraint location is also 1. The game terminates when a maximum time step of 500 is reached. The state space dimension
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is continuous and consists of 4 dimensions (two as the x and y coordinates of the agent and two as the linear velocity in the
x and y direction). The action space is discrete, and at each state, there are 8 permissible actions (8 directions to add a linear
force), similar to the action space of the Gridworld environment. The environment has a certain degree of stochasticity
because there is a sampled noise from a uniform distribution to the cell’s (x, y) coordinates.

E. More Experimental Results
E.1. Gridworld Environments

Figure 7, 8, 9 and 10 show the constraint learning process of six exploration strategies in four Gridworld environments, i.e.,
Gridwworld-1, 2, 3, and 4. Note that in Figure 8 (Gridworld-2) and Figure 10 (Gridworld-4), only a fraction of ground-truth
constraint is learned. This is attributed to ICRL’s emphasis on identifying the minimum set of constraints necessary to
explain expert behavior. Venturing into unidentified part of ground-truth constraints will not yield any advantages for
cumulative rewards.
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Figure 5. Training curves of discounted cumulative rewards (top), costs (middle), and WGIoU (bottom) for two other exploration strategies
in four Gridworld environments.

E.2. Point Maze Environment

Figure 6 shows the constraint learning process of PCSE in the Point Maze environment.
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Figure 6. Constraint learning performance of PCSE for ICRL in the Point Maze environment.
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Figure 7. Constraint learning performance of six exploration strategies for ICRL in Gridworld-1. PCSE (1st row), BEAR strategy (2nd
row), e-greedy exploration strategy (3rd row), maximum-entropy exploration strategy (4th row), random exploration strategy (Sth row),
upper confidence bound exploration strategy (bottom row).
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Figure 8. Constraint learning performance of six exploration strategies for ICRL in Gridworld-2. PCSE (1st row), BEAR strategy (2nd
row), e-greedy exploration strategy (3rd row), maximum-entropy exploration strategy (4th row), random exploration strategy (Sth row),
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Figure 9. Constraint learning performance of six exploration strategies for ICRL in Gridworld-3. PCSE (1st row), BEAR strategy (2nd
row), e-greedy exploration strategy (3rd row), maximum-entropy exploration strategy (4th row), random exploration strategy (Sth row),
upper confidence bound exploration strategy (bottom row).
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Figure 10. Constraint learning performance of six exploration strategies for ICRL in Gridworld-4. PCSE (1st row), BEAR strategy (2nd
row), e-greedy exploration strategy (3rd row), maximum-entropy exploration strategy (4th row), random exploration strategy (Sth row),
upper confidence bound exploration strategy (bottom row).
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