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Decentralized Multi-Armed Bandit Can Outperform
Classic Upper Confidence Bound

Abstract

This paper studies a decentralized multi-armed bandit problem in a multi-agent
network. The problem is simultaneously solved by N agents assuming they face
a common set of M arms and share the same mean of each arm’s reward. Each
agent can receive information only from its neighbors, where the neighbor relations
among the agents are described by a directed graph whose vertices represent
agents and whose directed edges depict neighbor relations. A fully decentralized
multi-armed bandit algorithm is proposed for each agent, which twists the classic
consensus algorithm and upper confidence bound (UCB) algorithm. It is shown
that the algorithm guarantees each agent to achieve a better logarithmic asymptotic
regret than the classic UCB provided the neighbor graph is strongly connected.
The regret can be further improved if the neighbor graph is undirected.

1 Introduction

Multi-armed bandit (MAB) is a basic but fundamental reinforcement learning problem which has
a wide range of applications in natural and engineered systems including clinical trials, adaptive
routing, cognitive radio networks, and online recommendation systems [1]. The problem has various
formulations. In a classical and conventional MAB problem setting, a single decision maker (or
player) makes a sequential decision to select one arm at each discrete time from a given finite set of
arms (or choices) and then receives a reward corresponding to the chosen arm, generated according to
arandom variable with an unknown distribution. In general, different arms have different distributions
and reward means. The target of the decision maker is to minimize its cumulative expected regret,
i.e., the difference between the decision maker’s accumulated (expected) reward and the maximum
which could have been obtained had the reward information been known. For this conventional MAB
problem, both lower and upper bounds on the asymptotic regret were derived in the seminal work [2],
and classic UCB algorithms were proposed in [3] which achieve an O(log T') regret. Since multi-
armed bandits have been studied for decades, it is impossible to survey the entire bandit literature
here. For an introductory survey, see a recent book [4].

Over the past decade, our social networks, communication infrastructure, data centers, and societal
systems have become increasingly massive and complex, which can all be modeled as networked
multi-agent systems. In such a large-scale multi-agent network, e.g. a sensor network and a multi-
robot system, the need for decentralized information processing and decision making arises naturally
since the sensors or robots in the network are equipped with on-board processors and are physically
separated from each other. Concurrently, the emerging big data era brings restrictions on information
flow to human-involved networks, primarily due to privacy concerns, and thus precludes conventional
centralized and parallel information processing and decision making algorithms, which typically
rely on a center collecting all information or taking the lead. Therefore, there is ample motivation to
develop multi-agent, decentralized, multi-armed bandit algorithms.

Over the past year, there has been increasing interest to extend conventional single-player bandit
settings to multi-player frameworks. Notable examples include [5-17], to name a few. Among
all the existing multi-agent settings, we are motivated by a cooperative setting which makes use
of a consensus process [18, 19] among all agents. Such a setting was first proposed in [16] with
homogeneous reward distributions, i.e., all agents share the same distribution of each arm’s reward.
The problem has recently attracted increasing attention and quite a few different consensus-based

Submitted to 35th Conference on Neural Information Processing Systems (NeurIPS 2021). Do not distribute.



43
44
45
46
47
48
49
50
51
52
53
54
55

56
57
58
59
60
61

62
63
64
65
66
67
68
69

70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93

94
95
9%
97
98
99

decentralized algorithms have been proposed and developed [16, 17,20-23]. Note that in such a
homogeneous reward distribution setting, each agent in a network actually can independently learn an
optimal arm using any conventional single-agent UCB algorithm, ignoring any information received
from other agents. Notwithstanding, all the existing algorithms for the decentralized multi-armed
bandit problem with homogeneous reward distributions require that each agent be aware of certain
network-wise global information, such as spectral properties of the underlying graph or total number
of agents in the network. Such a requirement leads to a counterintuitive observation: compared
with the conventional single agent case, each agent in a multi-agent network can collect more arm-
related information while its bandit learning becomes more restrictive or less independent. Motivated
by this issue, this paper aims to develop a fully decentralized multi-armed bandit algorithm for
a general directed graph, which does not require any global information, and further shows that
the decentralized algorithm can ensure each agent in the network learns faster in contrast to the
conventional single-agent case.

Related Work Multi-agent MAB problems have been studied in various settings [5—17]. For exam-
ple, [5,6,9,24] preclude communications among agents but allow them to receive “collision” signals
when more than one agent selects the same arm, which has applications in wireless communication
and cognitive radio. A distributed setting with a central controller is studied in [13,25] in a federated
learning context. Other federated bandit settings are considered in [12,23,26] with additional focus
on theoretical privacy preservation.

Consensus-based decentralized MAB algorithms are developed in [16, 17,20-23] for homogeneous
reward distributions in a cooperative multi-agent setting. Very recently, cooperative multi-agent
bandits have been extended to heterogeneous reward settings, that is, different agents may have
different reward distributions and means for each arm. A heterogeneous decentralized problem is
solved in [23] using the idea of gossiping to improve communication efficiency and privacy. All these
consensus- or gossip-based MAB algorithms require global information. An exception is [27] which
considers a heterogeneous setting but focuses on a complete graph, which implicitly allows each
agent to collect all other agents’ information.

Technical Challenges The design of a suitable upper confidence bound function is a critical step in
crafting a multi-armed bandit algorithm for the conventional single-agent case, which determines
the decision of which arm to choose at each time and thus plays an important role in quantifying the
cumulative regret. Such a relationship between upper confidence bound and regret becomes much
more complicated in the decentralized setting because with the agents’ information propagating over
the network, each individual agent’s regret is coupled with all the other agents’ upper confidence
bound functions. This is likely the reason why all the existing algorithms for a similar decentralized
multi-armed bandit problem under consideration require that each agent be aware of certain network-
wise information, such as spectral properties of the underlying graph or total number of agents in the
network [16, 17,20-22]. Thus, the key technical challenge here is how to design a fully local upper
confidence bound function for each agent, which does not require any global information. To achieve
this, we aim to bound the variance proxy of each agent’s local estimate of each arm’s sample mean
by a function of the agent’s local sample counter, in contrast to a function of all N agents’ sample
counters used in the existing literature. To this end, another salient challenge arises, due to information
latency. Although each agent can directly or indirectly receive processed information from all other
agents in a connected network, it takes extra time from the agents other than its neighbors. Thus, the
information each agent receives does not reveal the “current” states of all other agents. Meanwhile,
each agent may have different exploration trajectories of the arms. Information coupling and latency
may further increase this exploration “imbalance” among the network, leading to poor learning
performance of those agents with relatively insufficient exploration. This is a typical bottleneck of
multi-armed bandit learning processes. To tackle this, we design a local decision making criterion
which provably bounds the difference between each agent’s local sample number and the maximal
number of samples over the network. The criterion enables the explorations of each arm among all
the agents approximately “on the same page” and thus gets around the “imbalance” bottleneck.

Contributions We propose a fully decentralized multi-armed bandit algorithm for directed, strongly
connected graphs, without requiring any global information. The algorithm is shown to guarantee
that each agent achieves a better logarithmic asymptotic regret than the classic single-agent UCB1
algorithm. It appears that our work provides the first fully decentralized multi-armed bandit algorithm
for directed graphs, with a provable regret guarantee for strongly connected graphs. Extensive
simulations show that the algorithm also works for more general weakly connected graphs. For
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the special case when the underlying graph is undirected, our algorithm can be modified to have a
further improved regret which reflects the effect of each agent’s degree centrality in the graph. In this
case, the algorithm enables faster learning for any agent in the network contrasted with the UCBI1
algorithm, as long as the agent has at least one neighbor.

2 Problem Formulation

As mentioned in the introduction, we are interested in a decentralized multi-armed bandit problem
formulated as follows. Consider a multi-agent network consisting of IV agents (or players). For
presentation purposes, we label the agents from 1 through N. It is worth emphasizing that the agents
are not aware of such a global labeling, but each agent can differentiate between its neighbors. The
neighbor relations among the N agents are described by a directed graph G = (V, ) with N vertices,
where the vertex set V = [N] £ {1,2,..., N} represents the N agents and the set of directed edges
(or arcs) £ depicts the neighbor relations where agent j is a neighbor of agent ¢ whenever (j,4)
is a directed edge in G. Each agent can receive information only from its neighbors (i.e., lies in
its neighbors’ broadcast ranges). Thus, the directions of directed edges represent the directions of
information flow. For convenience, we assume each agent is a neighbor of itself, or equivalently, each
vertex of G has a self-arc. Clearly, a directed graph G may allow uni-directional communication
among the agents. In the case when (i, j) is an edge in G as long as (4, %) is an edge in the graph, G
becomes an undirected graph which only allows bi-directional communication.

All N agents face a common set of M arms (or decisions) which is denoted by [M] £ {1,2,..., M}.
At each discrete time ¢ € {0,1,2,...,T}, each agent ¢ makes a decision on which arm to select from
the M choices, and the selected arm is denoted by a,(¢). If agent i selects an arm k, it will receive a
random reward X; ;(t). Foreach i € [N] and k € [M], {X; x(t)}]_, is an unknown i.i.d. random
process. For each arm k € [M], all X, (), ¢ € [N], share the same expectation p. It is worth
emphasizing that this setting allows different agents to have different reward probability distributions
for each arm, so long as their means are the same. Without loss of generality, we assume that all
X x(t) have bounded support [0, 1] and that j1q > pg > - -+ > ppz, which implies that arm 1 has the
largest reward mean and thus is always an optimal choice.

The goal of the decentralized multi-armed bandit problem just described is to devise a decentralized
algorithm for each agent in the network which will enable agent ¢ to minimize its expected cumulative
regret, defined as

T
Ri(T) =T — Y E[Xe0),
t=1

at an order at least as good as R;(T) = o(T), i.e., R;(T)/T — 0as T — oo, forall i € [N].

It is worth re-emphasizing that all the existing algorithms [16, 17,20-22] for the above decentralized
MARB problem require each agent to make use of certain network-wise global information such as the
spectral properties of the neighbor graph or total number of agents in the network. In the next section,
we propose a fully decentralized multi-armed bandit algorithm which does not require any global
information.

3 Algorithm

We begin with some important variables to help present our algorithm.
Local sample counter: Let n; 4 (¢) be the number of times agent ¢ pulls arm & by time ¢.

Local sample mean: Let 1(-) be the indicator function that returns 1 if the statement is true and 0

otherwise. Define
t

1
—_— 1(a; (1) = k)X, , 1
@) 2o 107) = DXia(7) M
which represents the average reward that agent ¢ receives from arm & until time ¢. This is analogous
to how a single agent estimates the reward mean in UCB1 [3].

,fi7k(t) =

Two local estimates: Each agent can have more sample information and a more accurate reward
mean estimate for each arm by exploiting information received from its neighbors, since all the agents
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are simultaneously exploring the arms. To this end, each agent i uses two variables, m; ;(¢) and
zi k(t), to locally estimate two pieces of global information, the maximal number of samples of arm
k pulled among all the N agents till time ¢, max;c[n] 7% (), and the sample mean of arm k among
all the IV agents, respectively. At each time ¢, each agent ¢ updates its z; 5, (t) and m; k() as follows:

ml}k‘(t + 1) = max {niyk(t + 1)a mj,k‘(t)v JE M}a ()
zip(t+1) = Z Wiz k() + Tk (t+ 1) — Zik(2), 3)
JEN;

s

where N; denotes the set of neighbors of agent 4 including itself, and wij, J € N, are “consensus’
weights to be designed using local information only. It is worth emphasizing that both m; 1, (¢) and
z;,,(t) are updated in a distributed manner as only information from agent ¢’s neighbors are needed.

The updates (2) and (3) are intended to reach an “approximate” agreement on the two estimates
among the N agents. The update (2) makes use of the idea of max-consensus [28]. The update (3)
consists of two components, » -\, w;;2;,k(t), a linear consensus term, and Z; (¢ + 1) — Z;,x(?),
which can be regarded as a local “gradient” term. Intuitively, z; . (¢) is a better estimate of the reward
mean compared with the local sample mean Z; (t), as z; x(t) exploits more sample information.

Two local design objects: Each agent i needs to specify two objects in its local implementation. The
first object is the consensus weights w;;, j € N;, which will be used in the update (3). Consensus
algorithms have been studied for many years. We will appeal to two classic linear consensus processes:
the flocking algorithm [29] and the Metropolis algorithm [30], tailored for consensus over directed
graphs and average consensus over undirected graphs, respectively. The second object is the upper
confidence bound function C; j(¢) which will be used to quantify agent 7’s belief on its estimate of
arm k’s reward mean. Upper confidence bound functions are critical in single-agent UCB algorithm
design. As we will see, coordination among the agents allows us to design upper confidence bound
functions “better” than that in the classic UCB1 algorithm [3]. Detailed expressions of the consensus
weights and upper confidence bound functions will be specified in the theorems.

A detailed description of our decentralized UCB algorithm, named Dec_UCB, is presented as follows.

3.1 Dec_UCB: Decentralized UCB

Initialization: At time ¢ = 0, each agent ¢ samples each arm k exactly once, setting m; ;(0) =
nl,k(O) =1, Zlyk(O) = (Z’i’k(O) = Xz,k(()), and Cl,k(O) =0.

Iteration: Between clock times ¢t and ¢t + 1, ¢ € {0,1,...,T}, each agent i performs the steps
enumerated below in the order indicated.

1. Decision Making: Each agent ¢ picks exactly one arm according to the following rule:
(a) If there is no arm k such that n; () < m; ;(t) — M, agent i computes the index
Qix(t) = zix(t) + Cir(t),
and then pulls the arm a, (¢ + 1) that maximizes Q; (¢), with ties broken arbitrarily,
and receives reward X o, (141)(t + 1).

(b) If there exists at least one arm k such that n; 5, (t) < m, x(t) — M, then agent ¢ randomly
pulls one such arm.

2. Transmission: Agent i broadcasts its m; j(¢) and z; (¢); at the same time, agent 7 receives
m; (t) and z; 1 (t) from each of its neighbors j € N;.

3. Updating: Each agent ¢ updates the following variables for each arm k:

. ’I’Li7k(t)—|—1 ifk:ai(t—kl),
nau(t+1) = {ni,k(t) if k # a;(t+1),
1 t+1
LL’Z"k(f—‘r 1) = m‘rzzo]l(az@') = k)Xi,k(T),

m; k(t +1) = max {n; x(t + 1), m;,(t), j € Ni},

Z(t+1) = D wijz k() + T p(t+1) — (1)
JEN;
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For a concise presentation of the algorithm, we refer to the pseudocode in Appendix A.

To better understand the algorithm just described, we provide the following remarks.

Remark 1. In the special case when N = 1, i.e., the single-agent case, let agent i be the unique
agent in the network. Clearly, there is no information transmission involved. Note that in this case,
n; 1 (t) always equals my; ,(t), which implies that the inequality n; 1 (t) > m; 1 (t) — M always holds.
Thus, at each time, the agent pulls an arm that maximizes Q; j(t). Also, the update of z; .(t) can be
simplified as z; ;(t + 1) — 2 1 (t) = Zi x(t + 1) — Z; 1(t). Since z; 1(0) = Z; 1 (0), it follows that
the reward mean estimate z; ,(t) is always the same as the sample mean %; 1, (t). Therefore, Dec_UCB
is essentially the same as the classic single-agent UCBI1 algorithm proposed in [3] when N = 1. O

Since our decentralized UCB algorithm simplifies to the classic UCB1 [3] as explained in the
above remark, we will focus on our algorithm performance comparison with respect to UCB1, both
theoretically and experimentally. It is worth mentioning that [3] also proposes another single-agent
UCB algorithm, named UCB2.

Remark 2. A key aspect of the algorithm design, which is different from classic single-agent UCB
algorithms and existing decentralized MAB algorithms [16, 17,20, 21], is the inequality criterion
in the Decision Making rule (a), n; ;(t) < m; (t) — M. The intuition behind this is to restrict
the difference between the local sample counter n; i (t) and the local estimate m;; 1, (t). Since the
differences are uniformly bounded above by M, the inequality to some extent enables all the agents
to be “consistent” in exploring the arms, that is, no agent will be behind too much in exploring any
arm. The motivation in doing so is that a typical bottleneck of multi-armed bandits lies in insufficient
exploration of one or more arms. In our decentralized setting, if one agent does not sufficiently
explore an arm, it will affect the accuracy of the reward mean estimate of all other agents as the graph
is connected in some form. Keeping the explorations of each arm among all the agents approximately
“on the same page” gets around the bottleneck.

3.2 Results

To state our first result, we need the following concepts.

Let 2 (t) and Z(¢) be the N-dimensional vectors whose ith entries equal z; 5 (¢) and Z;  (t), respec-
tively. Then, the updates (3) for the N agents can be combined as

Zk(t+1):Wzk(t)+fk(t+1)ffk(t), 4)

where W is the N x N matrix whose 7;jth entry equals w;; if j € N; and zero otherwise. In the case
where each agent adopts the flocking algorithm [29], i.e., (5) in Theorem 1, W is a stochastic matrix
whose diagonal entries are all positive. The flocking algorithm can be applied to both directed and
undirected graphs. In the case where each agent adopts the Metropolis algorithm [30], i.e., (8) in
Theorem 2, W is a symmetric doubly stochastic matrix whose diagonal entries are all positive. The
Metropolis algorithm can only be applied to undirected graphs [30].

3.2.1 Strongly Connected Graphs

A directed graph is strongly connected if it has a directed path from any vertex to any other vertex.
For a strongly connected graph G, the distance from vertex 4 to another vertex j is the length of the
shortest directed path from ¢ to j; the longest distance among all ordered pairs of distinct vertices ¢
and j in G is called the diameter of G.

Let Ay = p1 — py for each k € [M], denoting the gap of reward means between arm 1 and arm k.

Theorem 1. Suppose that G is strongly connected and all N agents adhere to Dec_UCB. Then, with

4logt 1 .
ik (t) =4/ d wj= ; i 5
Cir(t) S (1) an Wy A jEN, 5)

the regret of each agent i € [N] until time T satisfies

2
R(T)< > (max{glA(izlogT, 2(M? +2Md + d), L}+2§+M2+(2M—1)d)Ak,
k:A>0 k

where d is the diameter of G, and L is a constant defined in Remark 3.



225
226

227
228

229
230

231

232
233

234
235
236
237

239
240

241

242
243
244
245
246
247
248
249

250
251
252
253
254

255

257

258
259
260
261
262

264
265

267
268
269
270

271

272
273

Here || denotes the cardinality of AV;, or equivalently, the number of neighbors of agent 7 including
itself. Thus, |\;]| is always positive.

It is worth noting that the above regret bound intuitively decreases as the diameter of neighbor graph
G decreases or the network connectivity increases (see Remark 3).

To better understand the above theorem, let 1" be sufficiently large. Then, the regret bound in the
theorem can be writtenas > >0(% +0(1))log T. Compared with the regret bound of the classic

single-agent UCB1 given in [3], whichis ) Ak>O(ALk + 0(1))log T, we have the following result.

Corollary 1. Ifthe neighbor graph is strongly connected, Dec_UCB guarantees each agent to achieve
a better logarithmic asymptotic regret than the classic UCBI.

Remark 3. It can be seen that W is an irreducible and aperiodic stochastic matrix (which holds for
both Theorem 1 and Theorem 2). Then, it is well known that there exists a rank-one stochastic matrix
W for which W converges to W, exponentially fast as t — oo [31]. To be more precise, letting
pa denote the second largest among the magnitudes of the N eigenvalues of W, then py € [0, 1) and
there exists a positive constant ¢ such that
lugh

W] il < cph (6)

zg_[

foralli,j € [N], where [-];; denotes the ijth entry of a matrix. With the above c and ps, L is defined
as the smallest value such that when t > L, there holds

—t ___1
T2N[cltp, N <1, @)
where [-] denotes the ceiling function.

Since po is nonnegative, LHS of (7) is decreasing in terms of t when t is large enough and converges
to 0 as t — oo, which implies that the inequality always holds after some finite time. Thus, L must
be nonnegative and uniquely exist by its definition. Also, LHS is a power function of ps, thus it is
increasing in terms of pa, i.e., the smaller ps is, the smaller LHS would be, given a fixed t. In another
aspect, the smaller po is, the faster the LHS converges to 0 as t — oo, which implies that L decreases
as po decreases. Since ps can be regarded as an index of connectivity of G with weight matrix
W in that the smaller ps is, the higher connectivity the network has, L decreases as the network
connectivity increases. In the special case when ps = 0, it is easy to verify that L = 0. (|

Proof Sketch of Theorem 1 The proof makes use of important properties of sub-Gaussian random
variables (see Appendix B.1). Since any random variable with bounded support is sub-Gaussian, so is
any X (). With this in mind, we write each z; 5 (t) as a linear combination of a set of sub-Gaussian
random variables X »(7), j € [N], 7 € {0,1,...,t}, which s also sub-Gaussian due to the additivity
property of sub-Gaussian random variables. A particularly important property of a sub-Gaussian

2
random variable X with mean . and variance proxy o is that P(|X — p| > a) < 2e 2.2 holds for
any non-negative a. To make use of this property, our next step is to estimate the variance proxy of
zi.1(t), denoted by 01.27 (). To this end, we first show that o7 () is bounded above by a function of all
N sample counters, 1; . (t), j € [N], thatis, o7 . (t) < f(n1x(t), n2k(t), ..., nyk(t)). Acritical
technical challenge here is to bound the f function with a local function, i.e., a function depending only
on agent ¢’s local sample counter n; ;. (). To tackle this, we invoke the key algorithm step in Dec_UCB,
which is the inequality criterion in the Decision Making rule (a), designed to ensure all the agents
will be “consistent” in exploring each arm (see Remark 2). Using this “consistency”, we are able
to replace the f function with a local function g with which afy & (1) < g(n; k(t)). Substituting this
function and the upper confidence bound C; j(¢) into the inequality of sub-Gaussian random variables
mentioned above, we can show that the reward mean p, is within the range of the confidence interval
of agent ¢’s local estimate z; j(¢) with high probability, i.e., P(|z; x(t) — ux| > Cix(t)) = o(1/%),
which is also the key idea of how we design C; (). What remains is to apply the analysis of
UCBI [3] to further transform the upper confidence bound to the regret bound. Specifically, we are
then able to bound E(n; ;(t)) by a uniform constant for all non-optimal arms. This and the fact that
Ri(T) = 3" A, >0 E(nix(T))Ay yield the upper bound of agent i’s regret. O

3.2.2 Undirected Graphs

Note that the regret bound in Theorem 1, derived for strongly connected graphs using the flocking
algorithm weights, is independent of agent index ¢ and thus each agent’s centrality. In the following
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theorem, we will show that when the neighbor graph is undirected, we can have a better regret bound
using the Metropolis algorithm weights, which shows how each agent’s regret bound depends on the
number of its neighbors, i.e., the degree centrality.

For an undirected, connected graph G, the distance between two different vertices is the length of
the shortest path connecting them, and the diameter of G is the longest distance among all pairs of
distinct vertices in G.

Theorem 2. Suppose that G is undirected, connected, and all N agents adhere to Dec_UCB. Then,

with
- 1 i . i ;
3logt Wi = ey J€Ne J#
Cik(t) = N (D) and (3
Wil () wi = 1= Cien: mm WA

the regret of each agent i € [N until time T satisfies

12 272
R(D)< Y (max{wlogT, 2(M? +2Md+d), L}+§+M2+(2M—1)d>Ak,

2
k:Ag>0 A%

where d is the diameter of G, and L is a constant defined in Remark 3.

To better understand the above theorem, let 7" be sufficiently large. Then, the regret bound in the
theorem can be written as » Ak>0(ﬁ + 0(1)) log T. Comparing this bound with the asymptotic

regret bound in Theorem 1, that is ZAk>O(% + o(1)) log T, it can be seen that the former is
smaller than the latter if |A;| > 3, which leads to the following result.

Corollary 2. Dec_UCB guarantees an agent to learn faster in an undirected, connected graph than
when the graph is directed, strongly connected, as long as the agent has at least two neighbors
excluding itself.

Simulations for the case when an agent only has two neighbors excluding itself can be found in
Section 4 and Appendix C.

Next we compare Ak>0(ﬁ + o(1)) log T with the asymptotic regret bound of the classic

UCBI algorithm, that is ) Ak>0(%€ + 0(1)) log T'. The former is smaller than the latter if |A;| > 1.
Since each agent always has itself as a neighbor by assumption, and each agent must have at least
one neighbor excluding itself in a connected graphs, |A;| > 1 always holds in a connected graph. We
are led to the following result.

Corollary 3. If the neighbor graph with N > 1 agents is undirected and connected, Dec_UCB
guarantees each agent to achieve a better logarithmic asymptotic regret than the classic UCBI.

Note that any undirected graph can always be divided into one or more connected components.
Thus, each connected component can be analyzed separately and independently. Corollary 3 has the
following immediate consequence.

Corollary 4. If the neighbor graph is undirected, Dec_UCB guarantees an agent to achieve a better
logarithmic asymptotic regret than the classic UCBI, as long as the agent has at least one neighbor
excluding itself.

3.2.3 Weakly Connected Graphs

Corollary 4 shows that when the neighbor graph is undirected, Dec_UCB is still functional with
provable performance even if the graph is disconnected. However, the case of directed graphs is much
more complicated. A disconnected directed graph can also be divided into more than one “connected”
component, yet each component is “weakly connected”, and not necessarily strongly connected. A
directed graph is weakly connected if replacing all of its directed edges with undirected ones results
in a connected graph. A strongly connected graph is weakly connected, but not vice versa. Thus, our
results in Section 3.2.1 cannot be applied to weakly connected graphs, whose complete analysis has
so far eluded us. Notwithstanding this, it is worth noting that simulations in Section 4 suggest that
Dec_UCB works well for weakly connected graphs, and thus also for any directed graphs, as long as
each agent has at least one neighbor excluding itself.
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4 Simulations

This section presents various simulations created with the aid of Python packages [32-35] which were
used to experimentally verify the validity and performance of our proposed Dec_UCB algorithm. We
focus on the heterogeneous reward distribution case here. Additional simulations and observations,
including the homogeneous reward distribution case, are presented in Appendix C.

Small-size Graphs Simulations were run on three types of graphs, namely strongly connected,
undirected connected, and weakly connected graphs!, allowing for the reward distribution to vary
between agents for a given arm. A given agent and arm pair can draw rewards from an arm-specific
Beta distribution with mean p;, and standard deviation 0.05, an arm-specific Bernoulli distribution
with mean gy, or an arm-specific truncated normal distribution within [0, 1] with mean pu; and
standard deviation 0.05. The distribution used is randomly assigned to each agent/arm pair upon
initialization. The reward means p, are the same for all agents on a given arm, with each p, randomly
chosen from a uniform distribution on [0.05,0.95]. Rewards are bounded by definition from the
used distributions to be within [0, 1]. Each experiment is run for 7' = 1000 time steps with results
for each graph obtained by averaging over 100 experiments. The results obtained from running
Dec_UCB alongside UCB1 on small 6-agent graphs are illustrated in Figures 1, 2, and 3 for the three
graph types, respectively. These results empirically back the claims of Theorem 1, Theorem 2, and
Corollaries 1-3 in the presence of heterogeneous arm reward distributions.

—— Agent 0
175 Agent 1

Expected Cumulative Regret

0 200 400 600 800 1000
Time

Figure 1: A plot of the regret of the strongly connected graph, averaged over 100 experiments.
Reward distributions vary between agents for a given arm.

—— Agent 0
175 Agent 1

Expected Cumulative Regret

Figure 2: A plot of the regret of the undirected and connected graph, averaged over 100 experiments.
Reward distributions vary between agents for a given arm.

Large-scale Graphs Larger scale simulations were run for the three graph types with heterogeneous
reward distributions, averaging results from 100 different randomly generated Erd6s—Rényi 50-agent
graphs for each graph type. Additionally, 10 arms with rewards following a randomly chosen Beta,
Bernoulli, or truncated normal distribution were used, with means i randomly chosen from a
uniform distribution bounded within [0.05, 0.95]. A standard deviation of 0.05 was used for the Beta
and truncated normal distributions. Rewards were bounded by the used distributions to be within
[0, 1]. The algorithms were run for 7' = 1000 iterations for each different random graph, testing the

"We focus on weakly connected graphs in which each agent has at least one neighbor excluding itself;
otherwise the agent cannot receive any external information and thus essentially lies in the single-agent case.
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Figure 3: A plot of the regret of the weakly connected graph, averaged over 100 experiments. Reward
distributions vary between agents for a given arm.

worst performing agent of Dec_UCB against the best performing results from the UCB1 algorithm.
Results are shown in Figure 4. In all cases, Dec_UCB achieves better performance than UCBI.
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Figure 4: Plots of the expected cumulative regret for both the worst performing agent of Dec_UCB and
best performance of UCB1. Results averaged over 100 different randomly generated Erd6s—Rényi
weakly connected graphs of 50 agents each. The reward distribution for a given arm was randomly
chosen as a Beta, Bernoulli, or truncated normal distribution.

Observations There are several key observations to take from these simulations. The first of these is
that Dec_UCB appears to perform better on the undirected graphs than it does on the strongly connected
graphs. This validates the theoretical results presented in Theorem 2 and Corollary 2. Additionally,
the performance of each agent in the strongly connected graphs appears to be independent of its
number of neighbors, indicating that performance is reliant only on the diameter of the graph as
demonstrated in Section 3.2.1. In contrast, as shown in Section 3.2.2, for undirected graphs, each
agent’s regret also depends on its number of neighbors. In total, performance of Dec_UCB appears
to be unaffected by the choice of using homogeneous arm rewards or heterogeneous arm rewards;
expected cumulative regrets appear to be nearly equivalent for all graph types in either case.

5 Conclusion

In this paper, we have studied a decentralized multi-armed bandit problem over directed graphs
and proposed a fully decentralized UCB algorithm, which provably achieves a better logarithmic
asymptotic regret than the classic UCB1 algorithm provided the neighbor graph is strongly connected.
We have further improved the algorithm’s performance for undirected graphs. Simulations have
been provided to validate our theoretical results and test the performance on more general weakly
connected graphs. Future directions are to study the limitations of the paper, including analysis for
weakly connected graphs and time-varying graphs, experiments with real data sets, and development
of a decentralized counterpart for the classic UCB2 algorithm [3].
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