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Abstract

We introduce a class of fully-connected neural networks whose activa-
tion functions, rather than being pointwise, rescale feature vectors by a
function depending only on their norm. We call such networks radial
neural networks, extending previous work on rotation equivariant net-
works that considers rescaling activations in less generality. We prove
universal approximation theorems for radial neural networks, including
in the more difficult cases of bounded widths and unbounded domains.
Our proof techniques are novel, distinct from those in the pointwise case.
Additionally, radial neural networks exhibit a rich group of orthogonal
change-of-basis symmetries on the vector space of trainable parameters.
Factoring out these symmetries leads to a practical lossless model com-
pression algorithm. Optimization of the compressed model by gradient
descent is equivalent to projected gradient descent for the full model.

1 Introduction

Inspired by biological neural networks, the theory of artificial neural networks has largely
focused on pointwise (or “local”) nonlinear layers [416, 14], in which the same function
c: R — R is applied to each coordinate independently:

R" — R", v="(v1, ..., 04) — (c(v1), 0(v2), ..., c(vy)). (1.1)

In networks with pointwise nonlinearities, the standard basis vectors in R" can be inter-
preted as “neurons” and the nonlinearity as a “neuron activation.” Research has generally
focused on finding functions ¢ which lead to more stable training, have less sensitivity to
initialization, or are better adapted to certain applications [42, 38, 37, 10, 29]. Many ¢ have
been considered, including sigmoid, ReLU, arctangent, ELU, Swish, and others.

However, by setting aside the biological metaphor, it is possible to consider a much
broader class of nonlinearities, which are not necessarily pointwise, but instead depend
simultaneously on many coordinates. Freedom from the pointwise assumption allows
one to design activations that yield expressive function classes with specific advantages.
Additionally, certain choices of non-pointwise activations maximize symmetry in the
parameter space of the network, leading to compressibility and other desirable properties.

In this paper, we introduce radial neural networks which employ non-pointwise nonlin-
earities called radial rescaling activations. Such networks enjoy several provable properties
including high model compressibility, symmetry in optimization, and universal approxi-
mation. Radial rescaling activations are defined by rescaling each vector by a scalar that
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Figure 1: (Left) Pointwise activations distinguish a specific basis of each hidden layer and
treat each coordinate independently, see equation 1.1. (Right) Radial rescaling activations
rescale each feature vector by a function of the norm, see equation 1.2.

depends only on the norm of the vector:
p:R"— R", v — A(]v])o, (1.2)

where A is a scalar-valued function of the norm. Whereas in the pointwise setting, only the
linear layers mix information between different components of the latent features, for radial
rescaling, all coordinates of the activation output vector are affected by all coordinates of
the activation input vector. The inherent geometric symmetry of radial rescalings makes
them particularly useful for designing equivariant neural networks [55, 17, 56, 57].

We note that radial neural networks constitute a simple and previously unconsidered type
of multilayer radial basis functions network [4], namely, one where the number of hidden
activation neurons (often denoted N) in each layer is equal to one. Indeed, pre-composing
equation 1.2 with a translation and post-composing with a linear map, one obtains a special
case of the local linear model extension of a radial basis functions network.

In our first set of main results, we prove that radial neural networks are in fact universal
approximators. Specifically, we demonstrate that any asymptotically affine function can be
approximated with a radial neural network, suggesting potentially good extrapolation
behavior. Moreover, this approximation can be done with bounded width. Our approach
to proving these results departs markedly from techniques used in the pointwise case.
Additionally, our result is not implied by the universality property of radial basis functions
networks in general, and differs in significant ways, particularly in the bounded width
property and the approximation of asymptotically affine functions.

In our second set of main results, we exploit parameter space symmetries of radial neural
networks to achieve model compression. Using the fact that radial rescaling activations
commute with orthogonal transformations, we develop a practical algorithm to system-
atically factor out orthogonal symmetries via iterated QR decompositions. This leads to
another radial neural network with fewer neurons in each hidden layer. The resulting
model compression algorithm is lossless: the compressed network and the original network
both have the same value of the loss function on any batch of training data.

Furthermore, we prove that the loss of the compressed model after one step of gradient
descent is equal to the loss of the original model after one step of projected gradient descent.
As explained below, projected gradient descent involves zeroing out certain parameter
values after each step of gradient descent. Although training the original network may
result in a lower loss function after fewer epochs, in many cases the compressed network
takes less time per epoch to train and is faster in reaching a local minimum.

To summarize, our main contributions are:

e A formalization of radial neural networks, a new class of neural networks;

¢ Universal approximations results for radial neural networks, including: a) approxi-
mation of asymptotically affine functions, and b) bounded width approximation;

¢ Implementation of a lossless compression algorithm for radial neural networks;
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¢ A theorem providing the precise relationship between gradient descent optimiza-
tion of the original and compressed networks.

2 Related work

Radial rescaling activations. As noted, radial rescaling activations are a special case of the
activations used in radial basis functions networks [4]. Radial rescaling functions have the
symmetry property of preserving vector directions, and hence exhibit rotation equivariance.
Consequently, examples of such functions, such as the squashing nonlinearity and Norm-
ReLU, feature in the study of rotationally equivariant neural networks [55, 17, 56, 57, 26].
However, previous works apply the activation only along the channel dimension, and
consider the orthogonal group O(#n) only for n = 2,3. In contrast, we consider a radial
rescaling activation across the entire hidden layer, and O(n)-equivariance where 7 is the
hidden layer dimension. Our constructions echo the vector neurons formalism [15], in
which the output of a nonlinearity is a vector rather than a scalar.

Universal approximation. Neural networks of arbitrary width and sigmoid activations
have long been known to be universal approximators [14]. Universality can also be achieved
by bounded width networks with arbitrary depth [36], and generalizes to other activations
and architectures [24, 60, 43, 50]. While most work has focused on compact domains,
some recent work also considers non-compact domains [28, 54]. The techniques used for
pointwise activations do not generalize to radial rescaling activations, where all activation
output coordinates are affected by all input coordinates. Consequently, individual radial
neural network approximators of two different functions cannot be easily combined to an
approximator of the sum of the functions. The standard proof of universal approximation
for radial basis functions networks requires an unbounded increase the number of hidden
activation neurons, and hence does not apply to the case of radial neural networks [40].

Groups and symmetry. Appearances of symmetry in machine learning have generally
focused on symmetric input and output spaces. Most prominently, equivariant neural
networks incorporate symmetry as an inductive bias and feature weight-sharing constraints
based on equivariance. Examples include G-convolution, steerable CNN, and Clebsch-
Gordon networks [13, 55, 11, 9, 30, 2, 58, 12, 57, 16, 31, 44]. By contrast, our approach to
radial neural networks does not depend on symmetries of the input domain, output space,
or feedforward mapping. Instead, we exploit parameter space symmetries and thus obtain
more general results that apply to domains with no apparent symmetry.

Model compression. A major goal in machine learning is to find methods to reduce
the number of trainable parameters, decrease memory usage, or accelerate inference and
training [8, 61]. Our approach toward this goal differs significantly from most existing
methods in that it is based on the inherent symmetry of network parameter spaces.
One prior method is weight pruning, which removes redundant weights with little loss
in accuracy [20, 3, 27]. Pruning can be done during training [18] or at initialization
[34, 53]. Gradient-based pruning removes weights by estimating the increase in loss resulting
from their removal [33, 22, 17, 39]. A complementary approach is quantization, which
decreases the bit depth of weights [59, 25, 19]. Knowledge distillation identifies a small model
mimicking the performance of a larger model [5, 23, 1]. Matrix Factorization methods replace
fully connected layers with lower rank or sparse factored tensors [6, 7, 52, 32, 45, 35] and
can often be applied before training. Our method involves a type of matrix factorization
based on the QR decomposition; however, rather than aim for rank reduction, we leverage
this decomposition to reduce hidden widths via change-of-basis operations on the hidden
representations. Close to our method are lossless compression methods which remove
stable neurons in ReLU networks [49, 48] or exploit permutation parameter space symmetry
to remove neurons [51]; our compression instead follows from the symmetries of the radial
rescaling activation. Finally, the compression results of [26], while conceptually similar to
ours, are weaker, as (1) the unitary group action is on disjoint layers instead of moving
through all layers, and (2) the results are only stated for the squashing nonlinearity.
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Figure 2: Examples of different radial rescaling functions in R!, see Example 1.

3 Radial neural networks

In this section, we define radial rescaling functions and radial neural networks. Let
h:R — R be a function. For any n > 1, set:

B R" - R” ™ () :h(m)%

for v # 0, and h(") (0) = 0. A function p : R"” — R" is called a radial rescaling function if
p = h" for some piecewise differentiable & : R — RR. Hence, p sends each input vector to
a scalar multiple of itself, and that scalar depends only on the norm of the vector'. It is
easy to show that radial rescaling functions commute with orthogonal transformations.

Example 1. (1) Step-ReLU, where h(r) = r if r > 1 and 0 otherwise. In this case, the radial
rescaling function is given by

p:R" = R", v vif [v] > 1; v 0if [ <1 (3.1)

(2) The squashing function, where h(r) = r?/(r?> 4+ 1). (3) Shifted ReLU, where h(r) =
max(0,7 — b) for r > 0 and b is a real number. See Figure 2. We refer to [55] and the
references therein for more examples and discussion of radial functions.

A radial neural network with L layers consists of a positive integer #; indicating the width of
each layer i =0,1,..., L; the trainable parameters, comprising of a matrix W; € R"*"i-1
of weights and a bias vector b; € R" for each i =1,...,L; and a radial rescaling function
p; : R" — R" for eachi =1,..., L. We refer to the tuple n = (ng,ny,...,nr) as the widths
vector of the neural network. The hidden widths vector is nid = (ny,ny,...,np_1). The
feedforward function F : R0 — R". of a radial neural network is defined in the usual way
as an iterated composition of affine maps and activations. Exp11c1tly, set Fp = idRn and
recursively define the partial feedforward functions fori =1,...,L:

F :R" — R™, X = p; (Wl o Fi_l(x) + bz)

Then the feedforward function is F = F;. Radial neural networks are a special type of
radial basis functions network; we explain the connection in Appendix F.

Remark 2. If b; = 0 for all i, then the feedforward function takes the form F(x) = W (p(x)x)
where it : R" — R is a scalar-valued function and W = W Wy_q --- Wy € R">™ is the
product of the weight matrices. If any of the biases are non-zero, then the feedforward
function lacks such a simple form.

'A function R” — R that depends only on the norm of a vector is known as a radial function.

h(lol)

Radial rescaling functions rescale each vector according to the radial function v — A(|v]) := ol

This explains the connection to Equation 1.2.
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4 Universal Approximation

In this section, we consider two universal approximation results. The first approxi-
mates asymptotically affine functions with a network of unbounded width. The second
generalizes to bounded width networks. Proofs appear in Appendix B. Throughout,
B;(c) = {x € R" : |[x —c| < r} denotes the r-ball around a point ¢, and an affine map
R" — R™ is one of the from L(x) = Ax + b for a matrix A € R"*" and b € R™.

4.1 Approximation of asymptotically affine functions

A continuous function f : R" — R™ is said to be asymptotically affine if there exists an
affine map L : R" — R™ such that, for every € > 0, there is a compact subset K of R” such
that |[L(x) — f(x)| < € for all x € R" \ K. In particular, continuous functions with compact
support are asymptotically affine. The continuity of f and compactness of K imply that,
for any € > 0, there exist ¢,...,cny € Kand rq,...,ry € (0,1) such that, first, the union
of the balls B, (c;) covers K and, second, for all i, we have f (B, (c;) N K) C Be(f(c;)). Let
N(f, K, €) be the minimal® choice of N.
Theorem 3 (Universal approximation). Let f : R" — R™ be an asymptotically affine function.
For any € > 0, there exists a compact set K C R" and a function F : R" — R™ such that:

1. F is the feedforward function of a radial neural network with N = N(f, K, €) layers whose

hidden widths are (n+1,n+2,...,n+ N).
2. Forany x € R", we have |F(x) — f(x)| < e.

We note that the approximation in Theorem 3 is valid on all of R". To give an idea
of the proof, first fix c¢1,...,cy € Kand r1,...,ry € (0,1) as above. Letey,...,ex be
orthonormal basis vectors extending R" to R"*N. Fori = 1,...,N define affine maps
T;: R*-1 — R" and S; : R" — R"* by

Ti(z) = z — ¢; + hie; Si(z) =z— (1+h; ') (e, z)ei +ci +e;

where h? = 1—7? and (e;, z) is the coefficient of ¢; in z. Setting p; to be Step-ReLU
(Equation 3.1) on R"*, these maps are chosen so that the composition S; o p; o T; maps
the points in By, (c;) to ¢; + ¢;, while keeping points outside this ball the same. We now
describe a radial neural network with widths (n,n+1,...,n + N,m) whose feedforward
function approximates f. Fori =1, ..., N the affine map from layer i — 1 to layer 7 is given
by z — T;0S;_1(z), with Sp = idgrs. The activation at each hidden layer is Step-ReLU. Let
L be the affine map such that |[L — f| < e on R" \ K. The affine map from layer N to the
output layer is @ o Sy where ® : R"*N — R™ is the unique affine map determined by
x — L(x) if x € R", and ¢; — f(c;) — L(c;). This construction is illustrated in Figure 3.
Corollary 4. Radial neural networks are dense in the space of all continuous functions with respect
to the topology of compact convergence, and hence satisfy cc-universality.

4.2 Bounded width approximation

We now turn our attention to a bounded width universal approximation result.
Theorem 5. Let f : R" — R be an asymptotically affine function. For any € > 0, there exists a
compact set K C R" and a function F : R" — R™ such that:
1. F is the feedforward function of a radial neural network with N = N(f, K, €) hidden
layers whose widths are all n +m + 1.
2. For any x € R", we have |F(x) — f(x)| < e.

The proof, which is more involved than that of Theorem 3, relies on using orthogonal
dimensions to represent the domain and the range of f, together with an indicator

2In many cases, the constant N(f, K, €) can be bounded explicitly. For example, if K is the unit
n
cube in R" and f is Lipschitz continuous with Lipschitz constant R, then N(f, K, €) < [Rz‘f W .
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Figure 3: Two layers of the radial neural network used in the proof of Theorem 3. (Left)
The compact set K is covered with open balls. (Middle) Points close to ¢, (green ball) are
mapped to ¢ + ey, all other points are kept the same. (Right) In the final layer, c; + e, is

mapped to f(c2).

dimension to distinguish the two. We regard points in R"*"*1 as triples (x,y,6) where
x € R",y € R" and 0 € R. The proof of Theorem 5 parallels that of Theorem 3, but instead
of mapping points in By, (c;) to ¢; + e;, we map the points in By, ((c;,0,0)) to (0, w, 1),
where s is chosen such that different balls do not interfere. The final layer then uses an

affine map (x,y,0) — L(x) + sy, which takes (x,0,0) to L(x), and (0, w,l) to f(c;).

We remark on several additional results; see Appendix B for full statements and proofs.
The bound of Theorem 5 can be strengthened to max(n,m) + 1 in the case of functions
f : K — R™ defined on a compact domain K C R" (i.e., ignoring asymptotic behavior).
Furthermore, with more layers, it is possible to reduce that bound to max(n, m).

5 Model compression

In this section, we prove a model compression result. Specifically, we provide an algorithm
which, given any radial neural network, computes a different radial neural network with
smaller widths. The resulting compressed network has the same feedforward function
as the original network, and hence the same value of the loss function on any batch of
training data. In other words, our model compression procedure is lossless. Although
our algorithm is practical and explicit, it reflects more conceptual phenomena, namely, a
change-of-basis action on network parameter spaces (Section 5.1).

5.1 The parameter space

Suppose a fully connected network has L layers and widths given by the tuple n =
(no,nq,ny,...,n._1,n1). In other words, the i-th layer has input width n;_; and output
width n;. The parameter space is defined as the vector space of all possible choices of
parameter values. Hence, it is given by the following product of vector spaces:

Param(n) = (R"7*"0 x R™*™ x ... x R"*"-1) x (R™ x R"™ x --- x R")

We denote an element therein as a pair of tuples (W,b) where W = (W; € R%*"i-1)E |

are the weights and b = (b; € R")E | are the biases. To describe certain symmetries of
the parameter space, consider the following product of orthogonal groups, with sizes
corresponding to the widths of the hidden layers:

O(nM) = O(m) x O(nz) x - - x O(np 1)

There is a change-of-basis action of O(n"9) on the parameter space Param(n). Explicitly,

the tuple of orthogonal matrices Q = (Q;) Z.L:_f € O(nMd) transforms the parameter values
L

(W,b) to Q- W := (Q,-vvicg;ll)i:1 and Qb := (Qib;)",, where Qy = id,;, and Q| = id,,.
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5.2 Model compression

In order to state the compression result, we first define the reduced widths. Namely,

the reduction n'ed = (n{fd, n{ed, eeey nied) of a widths vector n is defined recursively by
setting naed = ngp, then nfEd = min(n;, nf‘ﬂ +1) fori=1,...,L —1, and finally aned =

nr. For a tuple p = (p; : R" — ]R”")Z-L:l of radial rescaling functions, we write p™d =

(plr.Ed R ]R”rr'ed> for the corresponding tuple of restrictions, which are all radial

rescaling functions. The following result relies on Algorithm 1 below.
Theorem 6. Let (W, b, p) be a radial neural network with widths n. Let W' and b be the

weights and biases of the compressed network produced by Algorithm 1. The feedforward function
of the original network (W, b, p) coincides with that of the compressed network (Wred, pred, pred).

Algorithm 1: QR Model Compression (QR-compress)
input :W,b € Param(n)
output :Q € O(nMd) and Wred, bred ¢ Param(n™ed)

Q, Wred pred . [1L111] // initialize output lists
Al [bl Wl] // matrix of size nj X (7’[() + 1)
fori< 1toL—1do // iterate through layers
Qi,R; < QR-decomp(A; , mode = ‘complete’) // A; = QiIngR;
Append Q; to Q
Append first column of R; to bd // reduced bias for layer i
Append remainder of R; to Wred // reduced weights for layer i
Set AiJrl — [bi+l Wi+1QiInCi} // matrix of size njp1 X (nfed + 1)
end
Append the first column of A; to b4 // reduced bias for last layer
Append the remainder of Aj to Wred // reduced weights for last layer

return Q, wred pred

red
We explain the notation of the algorithm. The inclusion matrix Inc; € R™"*"" has
ones along the main diagonal and zeros elsewhere. The method QR-decomp with mode =
‘complete’ computes the complete QR decomposition of the n; x (1 + n'*d) matrix 4,
as Q;Inc;R; where Q; € O(n;) and R; is upper-triangular of size nfed x (14 nlr.ﬁ‘%). The
fed implies that either nlr-ed = nfﬁ% +1or nl?ed = n;. The matrix R; is of size

in the former case and of size n; x (1+ nfidl) in the latter case.

definition of n
nfed % nfed
Example 7. Suppose the widths of a radial neural network are (1,8,16,8,1). Then it has
2?11 (n;_1 4+ 1)n; = 305 trainable parameters. The reduced network has widths (1,2,3,4,1)

and Y} (n*d +1)(nfed) = 34 trainable parameters. Another example appears in Figure 4.

We note that the tuple of matrices Q produced by Algorithm 1 does not feature in the
statement of Theorem 6, but is important in the proof (which appears in Appendix C).

Figure 4: Model compression in 3 steps. Layer widths can be iteratively reduced to 1
greater than the previous. The number of trainable parameters reduces from 33 to 17.
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Namely, an induction argument shows that the i-th partial feedforward function of the
original and reduced models are related via the matrices Q; and Inc;. A crucial ingredient
in the proof is that radial rescaling activations commute with orthogonal transformations.

6 Projected gradient descent

The typical use case for model compression algorithms is to produce a smaller version
of the fully trained model which can be deployed to make inference more efficient. It
is also worth considering whether compression can be used to accelerate training. For
example, for some compression algorithms, the compressed and full models have the same
feedforward function after a step of gradient descent is applied to each, and so one can
compress before training and still reach the same minimum. Unfortunately, in the context
of radial neural networks, compression using Algorithm 1 and then training does not
necessarily give the same result as training and then compression (see Appendix D.6 for a
counterexample). However, QR-compress does lead to a precise mathematical relationship
between optimization of the two models: the loss of the compressed model after one step
of gradient descent is equivalent to the loss of (a transformed version of) the original model
after one step of projected gradient descent. Proofs appear in Appendix D.

To state our results, fix a tuple of widths n and a tuple p = (p; : R" — ]R”i)iL:l of radial
rescaling functions. The loss function £ : Param(n) — R associated to a batch of training
data {(xj,y;)} € R"™ x R" is defined as taking parameter values (W,b) to the sum
Y C(F(xj),y;) where C : R"™ x R" — R is a cost function on the output space, and
F = Fiwp,p) is the feedforward of the radial neural network with parameters (W, b) and

activations p. Similarly, we have a loss function L4 on the parameter space Param(n™)
with reduced widths vector. For any learning rate # > 0, we obtain gradient descent maps:

v : Param(n) — Param(n) Yred : Param(n") — Param(n')
(W,b) = (W,b) - Uv(w,b)ﬁ (V' C) = (Vr C) - 77V(V,c)£red

We will also consider, for k > 0, the k-fold composition Y =qo0q0---0yand similarly
for yyeq. The projected gradient descent map on Param(n) is given by:

Yproj : Param(n) — Param(n), (W, b) — Proj (y(W,b))

where the map Proj zeroes out all entries in the bottom left (1; — nfe‘i) X nfﬂ submatrix of

W; — Vi, L, and the bottom (n; — nfed) entries in b; — V, L, for each i. Schematically:

* % * ok * *
weswenf s 3 vmen[]-

To state the following theorem, let wred pred Q = QR-compress(W,b) be the outputs
of Algorithm 1 applied to (W,b) € Param(n). Hence (W'd,b™d) c Param(n™d) are
the parameters of the compressed model, and Q € O(n"?) is an orthogonal parameter
symmetry. We also consider the action (Section 5.1) of Q! applied to (W, b).

Theorem 8. Let W4, b, Q = QR-compress(W, b) be the outputs of Algorithm 1 applied to
(W,b) € Param(n). Set U = Q™! - (W,b) — (Wred bred). For any k > 0, we have:

7(W,b) = Q-7 (Q™" - (W,b)) Tpro(Q 7 (W, b)) = 7jeq (W, b™) + U.

We conclude that gradient descent with initial values (W, b) is equivalent to gradient
descent with initial values Q! - (W, b) since at any stage we can apply Q*! to move from
one to the other. Furthermore, projected gradient descent with initial values Q! - (W, b)
is equivalent to gradient descent on Param(n*?) with initial values (W4, brd) since at
any stage we can move from one to the other by +U. Neither Q nor U depends on k.
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7 Experiments

In addition to the theoretical results in this work, we provide an implementation of
Algorithm 1, in order to validate the claims of Theorems 6 and 8 empirically, as well as to
quantify real-world performance. Full experimental details are in Appendix E.

(1) Empirical verification of Theorem 6. We learn the function f(x) = ¢~ from samples
using a radial neural network with widths n = (1,6,7,1) and activation the radial shifted
sigmoid h(x) = 1/(1+ e **). Applying QR-compress gives a compressed radial neural
network with widths n'd = (1,2,3,1). Theorem 6 implies that the respective neural
functions F and F,.4 are equal. Over 10 random initializations, the mean absolute error is
negligible up to machine precision: (1/N) ¥; [F(xj) — Frea(xj)| = 1.31- 1078 +£4.45-1077.

(2) Empirical verification of Theorem 8. The claim is that training the transformed model
with parameters Q! - (W,b) and objective £ by projected gradient descent coincides
with training the reduced model with parameters (W™, b™d) and objective L,.q by
usual gradient descent. We verified this on synthetic data as above. Over 10 random
initializations, the loss functions after training match: |£ — Lq| = 4.02-107° £7.01-10~°.

(3) The compressed model trains faster. Our compression method may be applied before
training to produce a smaller model class which trains faster without sacrificing accuracy.

We demonstrate this in learning the function f : R> — R? sending (1,t,) to (e_t%,e’t%)
using a radial neural network with widths n = (2,16,64,128,16,2) and activation the
radial sigmoid h(r) = 1/(1+e~"). Applying QR-compress gives a compressed network
with widths ned = (2,3,4,5,6,2). We trained both models until the training loss was
< 0.01. Over 10 random initializations on our system, the reduced network trained in
15.32 + 2.53 seconds and the original network trained in 31.24 £ 4.55 seconds.

8 Conclusions and Discussion

This paper demonstrates that radial neural networks are universal approximators and that
their parameter spaces exhibit a rich symmetry group, leading to a model compression
algorithm. The results of this work combine to build a theoretical foundation for the use of
radial neural networks, and suggest that radial neural networks hold promise for wider
practical applicability. Furthermore, this work makes an argument for considering the
advantages of non-pointwise nonlinearities in neural networks.

There are two main limitations of our results, each providing an opportunity for future
work. First, our universal approximation constructions currently work only for Step-ReLU
radial rescaling radial activations; it would be desirable to generalize to other activations.
Additionally, Theorem 6 achieves compression only for networks whose widths satisfy
n; > n;_1 + 1 for some i. Neural networks which do not have increasing widths anywhere
in their architecture, such as encoders, would not be compressible.

Further extensions of this work include: First, little is currently known about the stabil-
ity properties of radial neural networks during training, as well as their sensitivity to
initialization. Second, radial rescaling activations provide an extreme case of symmetry;
there may be benefits to combining radial and pointwise activations within a single net-
work, for example, through ‘block’ radial rescaling functions. Our techniques may yield
weaker compression properties for more general radial basis functions networks; radial
neural networks may be the most compressible such networks. Third, the parameter space
symmetries may provide a key ingredient in analyzing the gradient flow dynamics of
radial neural networks and computation of conserved quantities. Fourth, radial rescaling
activations can be used within convolutional or group-equivariant NNs. Finally, based
on the theoretical advantages laid out in this paper, future work will explore empirically
applications in which we expect radial networks to outperform alternate methods. Such
potential applications include data spaces with circular or distance-based class boundaries.
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A Organization of the appendices

This paper is a contribution to the mathematical foundations of machine learning, and our
results are motivated by expanding the applicability and performance of neural networks.
At the same time, we give precise mathematical formulations of our results and proofs.
The purposes of these appendices are several:

1. To clarify the mathematical conventions and terminology, thus making the paper
more accessible.

2. To provide full proofs of the main results.
3. To develop context around various construction appearing in the main text.

4. To discuss in detail examples, special cases, and generalizations of our results.

We now give a summary of the contents of the appendices.

Appendix B contains proofs the universal approximation results (Theorems 3 and 5) stated
in Section 4 of the main text, as well as proofs of additional bounded width results.
The proofs use notation given in Appendix B.1, and rely on preliminary topological
considerations given in Appendix B.2.

In Appendix C, we give a proof of the model compression result given in Theorem 6, which
appears in Section 5. For clarity and background we begin the appendix with a discussion
of the version of the QR decomposition relevant for our purposes (Appendix C.1). We also
establish elementary properties of radial rescaling activations (Appendix C.2).

The focus of Appendix D is projected gradient descent, elaborating on Section 6. We
first prove a result on the interaction of gradient descent and orthogonal transformations
(Appendix D.1), before formulating projected gradient descent in more detail (Appendix
D.2), and introducing the so-called interpolating space (Appendix D.3). We restate Theorem
8 in more convenient notation (Appendix D.4) before proceeding to the proof (Appendix
D.5).

Appendix E contains implementation details for the experiments summarized in Section
7. Our implementations use shifted radial rescaling activations, which we formulate in
Appendix E.1.

Appendix F explains the connection between our constructions and radial basis functions
networks. While radial neural networks turn out to be a specific type of radial basis
functions network, our universality results are not implied by those for general radial basis
functions networks.

B Universal approximation proofs and additional results

In this section, we provide full proofs of the universal approximation (UA) results for radial
neural networks, as stated in Section 4. In order to do so, we first clarify our notational
conventions (Appendix B.1), and collect basic topological results (Appendix B.2).

B.1 Notation

Recall that, for a point c in the Euclidean space R" and a positive real number r, we denote
the r-ball around ¢ by B,(c) = {x € R" | |x — ¢| < r}. All networks in this section have the
Step-ReLU radial rescaling activation function, defined as:

z if |z] > 1

p:R" — R", zZ+— .
0 otherwise

Throughout, o denotes the composition of functions. We identify a linear map with a
corresponding matrix (in the standard bases). In the case of linear maps, the operation o

15



586
587

588

589

590
591

592
593
594

595
596

597
598
599

600
601
602
603
604

605

606

607
608
609

610

611
612

613
614
615

616
617

618

619

620

621

622

623
624
625

can be be identified with matrix multiplication. Recall also that an affine map L : R* — R"
is one of the from L(x) = Ax + b for a matrix A € R"™*" and b € R™.

B.2 Topology

Let K be a compact subset of R"” and let f : K — R" be a continuous function.

Lemma 9. For any € > 0, there exist c¢1,...,cn € Kand ry,...,ry € (0,1) such that, first, the
union of the balls By, (c;) covers K; second, for all i, we have f (By,(c;) NK) C Be(f(c;i)).

Proof. The continuity of f implies that for each ¢ € K, there exists r = r. such that
f(Br.(¢)NK) C Be(f(c)). The subsets By, (c) N K form an open cover of K. The compactness
of K implies that there is a finite subcover. The result follows. O

We also prove a variation of Lemma 9 that additionally guarantees that none of the balls in
the cover of K contains the center point of another ball.

Lemma 10. For any € > 0, there exist ¢1,...,cp € Kand ry,...,rp € (0,1) such that, first, the

union of the balls By, (c;) covers K; second, for all i, we have f (By,(c;)) C Be(f(c;)); and, third,
lci —cjl > i

Proof. Because f is continuous on a compact domain, it is uniformly continuous. So, there
exists r > 0 such that f(B,(c) NK) C Be(f(c)) for each ¢ € K. Because K is compact it has
a finite volume, and so does B, /5(K) = U.cx B;/2(c). Hence, there exists a finite maximal
packing of B, ,,(K) with balls of radius r/2. That is, a collection cy,...,cp € B, /2(K)
such that, for all i, B, >(c;) C B,/»(K) and, for all j # i, B,/»(c;) N B, /2(c;) = @. The first
condition implies that ¢; € K. The second condition implies that |c; — ¢;| > . Finally, we
argue that K C Uf\i 1 Br(ci). To see this, suppose, for a contradiction, that x € K does not
belong to UM, B, (c;). Then B, 5(c;) N B,/2(x) = @, and x could be added to the packing,
which contradicts the fact that the packing was chosen to be maximal. So the union of the
balls B,(c;) covers K. O

We turn our attention to the minimal choices of N and M in Lemmas 9 and 10.

Definition 11. Given f : K — R™ continuous and € > 0, let N(f,K, ¢) be the minimal
choice of N in Lemma 9, and let M(f, K, €) be the minimal choice of M in Lemma 1o0.

Observe that M(f,K,e) > N(f,K,€). In many cases, it is possible to give explicit bounds
for the constants N(f, K, €) and M(f,K,€). As an illustration, we give the argument in the
case that K is the closed unit cube in R"” and f : K — IR is Lipschtiz continuous.

Proposition 12. Let K = [0,1)" C R" be the (closed) unit cube and let f : K — R™ be Lipschitz
continuous with Lipschitz constant R. For any € > 0, we have:

N(f,K,e) < [R\/ﬁ—‘n and M(f,K,e)gw(Z—i-m)n.

2e /2 €
n
Proof. For the first inequality, observe that the unit cube can be covered with [Rz‘f —‘
cubes of side length —2-. Each cube is contained in a ball of radius & centered at the

RYn R

center of the cube. (In general, a cube of side length a in R" is contained in a ball of
radius #.) Lipschitz continuity implies that, for all x,x’ € K, if |[x — x/| < €/R then
[f(x) = F(D] < Rjx = x| <e.

For the second inequality, let r = €/R. Lipschitz continuity implies that, for all x,x" € K, if

|x — x'| < rthen |f(x) — f(x')| < R|x — x| < e. The n-dimensional volume of the set of
points with distance at most r/2 to the unit cube is vol(B,/»(K)) < (1 +r)". The volume
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of a ball with radius r/2 is vol(B, »(0)) = r(%z/il)(r/Z)”. Hence, any packing of B, /5(K)

with balls of radius /2 consists of at most
vol(B, /»(K)) < I(n/2+1) 2t % n
Vol(B,5(0) = 72 e
such balls. So there also exists a maximal packing with at most that many balls. This

packing can be used in the proof of Lemma 10, which implies that it is a bound on
M(f,K,e). O

We note in passing that any differentiable function f : K — R" on a compact subset K of
R" is Lipschitz continuous. Indeed, the compactness of K implies that there exists R such
that |f'(x)| < R for all x € K. Then one can take R to be the Lipschitz constant of f.

B.3 Proof of Theorem 3: UA for asymptotically affine functions

In this section, we restate and prove Theorem 3, which proves that radial neural networks
are universal approximators of asymptotically affine functions. We recall the definition of
such functions:

Definition 13. A function f : R" — R™ is asymptotically affine if there exists an affine
function L : R” — R™ such that, for all € > 0, there exists a compact set K C R” such that
|L(x) — f(x)| < € for all x € R" \ K. We say that L is the limit of f.

Remark 14. An asymptotically linear function is defined in the same way, except L is taken
to be linear (i.e., given just by applying matrix multiplication without translation). Hence
any asymptotically linear function is in particular an asymptotically affine function, and
Theorem 3 applies to asymptotically linear functions as well.

Given an asymptotically affine function f : R” — R and € > 0, let K be a compact set as
in Definition 13. We apply Lemma g to the restriction f|x of f to K and produce a minimal
constant N = N(f|k, K, €) as in Definition 11. We write simply N(f, K, €) for this constant.

Theorem 3 (Universal approximation). Let f : R" — R™ be an asymptotically affine function.
For any € > 0, there exists a compact set K C R" and a function F : R* — R™ such that:

1. F is the feedforward function of a radial neural network with N = N(f, K, €) layers whose
hidden widths are (n+1,n+2,...,n+ N).
2. For any x € R", we have |F(x) — f(x)| < e.

Proof. By the hypothesis on f, there exists an affine function L : R” — R" and a compact
set K C R" such that |L(x) — f(x)| < € for all x € R" \ K. Abbreviate N(f,K,€) by N. As
in Lemma 9, fix ¢,...,cy € Kand rq,...,7y € (0,1) such that, first, the union of the balls
By, (c;) covers K and, second, for all i, we have f (By,(c;)) C Be(f(c;)). Let U = UN; By,(c;),
so that K C U. Define F : R" — R" as:
E(x) = L(x) ifx¢g u
O\ flep) where j is the smallest index with x € By, (c;)

If x ¢ U, then |F(x) — f(x)| = |L(x) — f(x)| < e. Hence suppose x € U. Let j be the
smallest index such that x € By, (c;). Then F(x) = f(c;), and, by the choice of r;, we have:

[E(x) = f(0)] = [f(¢j) = f(¥)] <e.

We proceed to show that F is the feedforward function of a radial neural network. Let
e1,...,en be orthonormal basis vectors extending R" to RN We regard each R™*i-1 a5
a subspace of R""" by embedding into the first n + i — 1 coordinates. Fori =1,...,N, we

set h; = /1 — r? and define the following affine transformations:
Ti . Rn%’i*l N Rn+i Si . Rﬂ+i - ]Rn+z'

z—z—c;+ he; zn—>z—(1+h;1)<ei,z)ei+ci+ei
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where (¢;, z) is the coefficient of ¢; in z. Consider the radial neural network with widths
(n,n+1,...,n+ N,m), whose affine transformations and activations are given by:

* Fori=1,...,N the affine transformation from layer i — 1 to layer i is given by
z+> T;08; 1(z), where Sp = idRn.
e The activation function at the i-th hidden layer is Step-ReLU on R"*, that is:

z if |z] > 1

0; : Rl’l-‘ri - Rl’l-‘rl” 7 — )
0 otherwise

¢ The affine transformation from layer i = N to the output layer is
Z q)L,f,C ¢} SN(Z)
where @ ¢ . is the affine transformation given by:
N N
p e RN 5 R™, x+ Y aie; — L(x)+ Y ai(f(c;) — L(ci))
i=1 i=1

which can be shown to be affine when L is affine. Indeed, write L(x) = Ax +b
where A is a matrix in R"*" and b € R™ is a vector. Then @y ¢ . is the composition
of the linear map given by the matrix

(A fle)=Lle) fle)=Llea) -+ flen) = L(en)] € R
and translation by b € R™. Note that we regard each f(c¢;) — L(c;) € R™ as a
column vector in the matrix above.
We claim that the feedforward function of the above radial neural network is exactly F. To

show this, we first state a lemma, whose (omitted) proof is an elementary computation.

Lemma 3.1. Fori =1,...,N, the composition S; o T; is the embedding R" =1 — R+,

Next, recursively define G; : R" — R"* via

Gi = SiopioTioGj,
where Gy = idR». The function G; admits an direct formulation:
Proposition 3.2. Fori =0,1,..., N, we have:

Gi(x) = {x if x ¢ Uy By ()

B cj+ej where j < i is the smallest index with x € B,j(cj) )
Proof. We proceed by induction. The base step i = 0 is immediate. For the induction step,
assume the claim is true for i — 1, where 0 < i — 1 < N. There are three cases to consider.

Case 1. Suppose x ¢ U;:1 By;(cj). Then in particular x ¢ U;‘;% By, (cj), so the induction
hypothesis implies that G;_;(x) = x. Additionally, x ¢ B;,(c;), so:

Ti0)| =[x — i+ hieil = Jlx —al +h2 > J+1-r2 =1
Using the definition of p; and Lemma 3.1, we compute:
Gi(x) = SiopioTio Gi1(x) = Sjopio Ti(x) = S; 0 Ti(x) = x.
Case 2. Suppose x € B; \ U{;ll B, (ck) for some j < i — 1. Then the induction hypothesis
implies that G;_1(x) = cj + e;. We compute:
| Ti(cj +ej)| = [cj +¢j —ci+ hiei| > [ej] = 1.
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Therefore,
Gi(x) = Sjop;o Ti(Cj + €]) =S;o Ti(Cj + 6]) =cj+ej.

Case 3. Finally, suppose x € B;\ U;';% By;(cj). The induction hypothesis implies that
Gj_1(x) = x. Since x € By,(c;), we have:

Ti(0)| =[x — ¢+ hiei] = ]~ +h2 < \JR 41— =1

Therefore:
Gi(x) = Sjop;o Ti(x) = Si(0) = ¢; +ei.
This completes the proof of the proposition. O

Finally, we show that the function F defined at the beginning of the proof is the feedforward
function of the above radial neural network. The computation is elementary:

Freedforward = Pr,fc0SNopNOo TN oSy-10pN-10TN-10---S10p10Th
=®prcoGN
=F

where the first equality follows from the definition of the feedforward function, the second
from the definition of Gy, and the last from the case i = N of Proposition 3.2 together with
the definition of @ r.. This completes the proof of the theorem. O

B.4 Proof of Theorem 5: bounded width UA for asymptotically affine functions

We restate and prove Theorem 5, which strengthens Theorem 3 by providing a bounded
width radial neural network approximation of any asymptotically affine function.

Theorem 5. Let f : R" — R™ be an asymptotically affine function. For any € > 0, there exists a
compact set K C R" and a function F : R" — R™ such that:

1. F is the feedforward function of a radial neural network with N = N(f, K, €) hidden
layers whose widths are all n +m + 1.
2. For any x € R", we have |F(x) — f(x)| < €.

Proof. By the hypothesis on f, there exists an affine function L : R” — R™ and a compact set
K C R" such that |[L(x) — f(x)| < e for all x € R" \ K. Given € > 0, let N = N(f,K,€) and
use Lemma g to choose ¢1,...,cy € Kand rq,...,7y € (0,1) such that the union of the balls
B;,(c;) covers K, and, for all i, we have f(By,(c;)) C Be(f(c;)). Let s be the minimal non-zero

value of |f(c;) — f(cj)| fori,j € {1,...,N}, thatis, s = MiN; ; £(c;)£f(c)) |f(ci) = f(cj)l-

Using the decomposition R"+"+1 = R" x R™ x R, we write elements of R"*"*1 as
(x,y,0), wherex e R",y € R",and @ € R. Fori =1,...,N, set:

Ti . Rn+m+1 N ]Ri’l-‘rm-‘rl’ (x’y, 9) — (x o (1 . G)Ci , y . Gf(cl) S_ L(O)

a-on)

where h; = /1 — 71.2. Note that T; is an invertible affine transformation, whose inverse is
given by:

) = (st vy (1 HE T 1 )

Fori=1,...,N, define G; : R* — R"*"*1 via the following recursive definition:

Gi:T'ilOpOTiOGi_l,

1
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where Gy(x) = (x,0,0) : R" — R"*"*1 is the inclusion, and p : R"*"*!1 — R+l jg
Step-ReLU on R""+1 We claim that, for x € R”, we have:

. (x,0,0) if x ¢ Uiy By, (c;)
i(x) = (0, w, 1) where j < i is the smallest index with x € By,(c;)

This claim can be verified by a straightforward induction argument, similar to the one
given in the proof of Proposition 3.2, and using the following key facts:

e For x € R”,

T;((x,0,0))| = |(x —¢;,0,h;)| < 1if and only if [x — ¢;| < r;.

o T-_l(O) _ (0, f(ci);L(O),l).

1

S S

least 1if f(c;) # f(c;), and is 0 if f(c;) = f(c;).

e T; ( (O, w, 1)> = (O, M,O), which, by the choice of s, has norm at

Let @ : R"*"+1 — R™ denote the affine map sending (x,y,0) to L(x) + sy. It follows that
F = ® o Gy satisfies

F(x) = L(x) if x ¢ UYL, By, (c;)
flcj) where j is the smallest index with x € By(c;)

By construction, F is the feedforward function of a radial neural network with N hidden
layers whose widths are all n +m + 1. Let x € R". If x € K, let j be the smallest index
such that x € By;(c;). Then F(x) = f(c;), and, by the choice of r;, we have [F(x) — f(x)| =
|f(cj) — f(x)| < e. Otherwise, x € R"\ K, and |F(x) — f(x)| = [L(x) — f(x)| <e. O

B.5 Additional result: bound of max(n,m) +1

We state and prove an additional bounded width result. In contrast to the results above, the
theorem below only holds for functions defined on a compact domain, without assumptions
about the asymptotic behavior. The proof is an adaptation of the proof of Theorem 5, so
we give only a sketch.

Theorem 15. Let f : K — IR be a continuous function, where K is a compact subset of R". For
any € > 0, there exists F : R" — R™ such that:

1. F is the feedforward function of a radial neural network with N(f,K,e) hidden layers
whose widths are all max(n, m) + 1.

2. For any x € K, we have |F(x) — f(x)| < e.

Sketch of proof. The construction appearing in the proof of Theorem 5 with L = 0 can
be used to produce a radial neural network with N(f, K, €) hidden layers with widths
n 4+ m+ 1 that approximates f on K. (Note that the approximation works only on K, as f is
not defined outside of K.) All values in the hidden layers are of the form (x,0,0) or (0,y,1).
We can therefore replace (x,1,60) € R*"+1 by (x +y,0) € R™x(nm) » R o Rmax(nm)+1
everywhere, without affecting any statements about the hidden layers. In particular, the
transformation T; becomes

Ti . Rmax(?l,iﬂ)+l N IRmaX('fl,m)+1, (x, 9) — <X _ (1 _ Q)Ci _ Gf(scl) , (1 _ 9>hz> )

With this change the final affine map ® sends (x,60) to sx. From the rest of the proof
of Theorem 5 it follows that the feedforward function F of the radial network satisfies
|F(x) — f(x)| < e forall x € K. O
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B.6 Additional result: bound of max(n,m)

In this section, we prove a different version of the result of the previous section. Specifically,
we reduce the bound on the widths to max(n,m) at the cost of using more layers. Again,
we focus on functions defined on a compact domain without assumptions about their
asymptotic behavior. Recall the notation M(f, K, €) from Lemma 10 and Definition 11.

Theorem 16. Let f : K — R™ be a continuous function, where K is a compact subset of R" for
n > 2. For any € > 0, there exists F : R" — IR such that:

1. F is the feedforward function of a radial neural network with 2M(f, K, € /2) hidden layers
whose widths are all max(n, m).
2. For any x € K, we have |F(x) — f(x)| < e.

Proof. We first consider the proof in the case n = m. Set M = M(f, K, €). As in Lemma 10,
fixcy,...,cm € Kand ry,..., 7y € (0,1) such that, first, the union of the balls By, (c;) covers
K; second, for all i, we have f (By,(c;)) € Be/a2(f(c;)); and third, |c; — cj| > r; for i # j. For
i=1,...,M, set
n n X —C
T; : R" — R", X
i

and recursively define G; : R* — R" as G; = Tl.’1 opoT;oGj_q1, where Gy = idR» is the
identity on R" and p : R" — IR" is Step-ReLU.

Lemma 16.1. Fori =0,1,..., N, we have:

{x if x ¢ U;:1 By, (c))

cj where j < i is the smallest index with x € By,(c;).

We omit the full proof of Lemma 16.1, as it is a standard induction argument similar
to Proposition 3.2, relying on the following two facts. First, |T;(x)| < 1 if and only if
x € By;(c;). Second, by the choice of c;, we have [c; — ¢j| > r; for all i # j. This implies that
Tilcj)| > 1 fori # .

Next, perform the following loop overi =1,..., M:
e Set P = {Clr- . .,CM} U {dl, .. .,difl}

* Choose d; in B, /5 (f(c;)) that is not colinear with any pair of points in P;_1. This is
where we use the hypothesis that n > 2.

* Let s; be the minimum distance between any point on the line through ¢; and d;
and any pointin P;_ 1 \ {¢;}.

¢ Let U; : R" — R" be the following affine transformation:

RN n X —d; 1 _l <x_dirci_di> 1.
U: R =R e 5i Jr<|Ci—dz‘| 5i i — dj]? (€ =)

Define H; : R" — R” recursively as H; = l,li’1 opoU;oH;_q, where Hy = idRg».

We note that the transformation U; can also be written as A;(x — d;) where A; is the linear
map given by A; = Sll_proj< c—di) L T ﬁprok ¢;—d;)» which involves the projections onto
the line spanned by ¢; — d; and onto the orthogonal complement of this line.

Lemma 16.2. Fori,j =1,..., M, we have:

di  ifj<i
H.(c)) = ] -
i(6) {cj if > i
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Proof. It is immediate that U;(d;) = 0 and |U;(c;)| = 1/2. Tt is also straightforward to show,

using the choice of s;, that |U;(p)| > 1 for all p € P,_; \ {c;}. It follows that U; ' o po U;
sends c; to d; and fixes all other points in P;_. O

Lemma 16.3. For x € K, we have Hyp; o Gy (x) = d; where i is the smallest index with
x € By (c;)

Proof. Let x € K. By Lemma 16.1, we have that Gy1(x) = ¢; where i is the smallest index
with x € By, (c;). (We use the fact that the balls {B;,(c;)} cover K.) By Lemma 16.2, we have
that Hy(c;) = d; for all i. The result follows. O

Set F = Hj o Gp;. We see that, for x € K:
[F(x) = f(x)] = |di — f(x)| < |di — f(ci)| +|f(ci) — f(x)| <e/2+€e/2=¢

where i is the smallest index with x € B,,(c;). We show that F is the feedforward function
of a radial neural network with 2M hidden layers, all of width equal to n. Indeed, take the
affine transformations and activations as follows:

* Fori=1,..., M the affine transformation from layer i — 1 to layer i is given by
x+— T;o Tf_ll(x), where Ty = idRn.
e Fori=1,..., M the affine transformation from layer M + i — 1 to layer M +i is

given by x — U, o U; "} (x), where Uy = Ty

e The activation at each hidden layer is Step-ReLU on R” that is p(x) = x if |x| > 1
and 0 otherwise.

* Layer 2M + 1 has the affine transformation del.

It is immediate from definitions that the feedforward function of this network is F.

To conclude the proof, we discuss the cases where n # m. Suppose n < m so that
max(n,m) = m. Then we can regard K as a compact subset of R” and apply the above
constructions. Suppose n > m so that max(n,m) = n. Let inc : R” — R". Apply the
above constructions to the function f = inco f : K — R™. O

C Model compression proofs

The aim of this appendix is to give a proof of Theorem 6. In order to do so, we first (1)
provide background on a relevant version of the QR decomposition, and (2) establish basic
properties of radial rescaling activations.

C.1 The QR decomposition

In this section, we recall the QR decomposition and note several relevant facts. For integers
n and m, let (R™*")"PP*" denote the vector space of upper triangular 1 by m matrices.

Theorem 17 (QR Decomposition). The following map is surjective:

O(i’l) « (Rnxm)upper —y RTXM
Q,R — QoR

In other words, any matrix can be written as the product of an orthogonal matrix and an
upper-triangular matrix. When m < n, the last n — m rows of any matrix in (IR"*™)"PP"
are zero, and the top m rows form an upper-triangular m by m matrix. These observations
lead to the following “complete” version of the QR decomposition, which coincides with
the above result when m > n:
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Corollary 18 (Complete QR Decomposition). The following map is surjective:

#:0(n) x (]kam)upper — R™™

Q,R — Qoinco R
where k = min(n, m) and inc : R* < R" is the standard inclusion into the first k coordinates.
We make some remarks:

1. There are several algorithms for computing the QR decomposition of a given
matrix. One is Gram-Schmidt orthogonalization, and another is the method of
Householder reflections. The latter has computational complexity O(n?m) in
the case of a n x m matrix with n > m. The package numpy includes a func-
tion numpy.linalg.qr that computes the QR decomposition of a matrix using
Householder reflections.

2. In each iteration of the loop in Algorithm 1, the method QR-decomp with mode
= ‘complete’ takes as input a matrix A; of size n; x (nlri‘% + 1), and pro-
duces an orthogonal matrix Q; € O(#n;) and an upper-triangular matrix R;
of size min(n;, nfe_dl +1) x (nfe_d1 + 1) such that A; = Q; oinc; o R;. Note that
nlr.ed = min(#n;, nfej +1).

3. The QR decomposition is not unique in general, or, in other words, the map u is
not injective in general. For example, if n > m, each fiber of y contains a copy of
the orthogonal group O(n — m).

4. The QR decomposition is unique (in a certain sense) for invertible square matrices.
To be precise, let B, be the subset of of (IR"*")"PP*" consisting of upper triangular
n by n matrices with positive entries along the diagonal. Both B;; and O(n)
are subgroups of the general linear group GL,(IR), and the multiplication map
O(n) x B;f = GL,(R) is bijective. However, the QR decomposition is not unique
for non-invertible square matrices.

C.2 Radial rescaling functions

We now prove the following basic facts about radial rescaling functions:

Lemma 19. Let p = h(") : R" — R" be a radial rescaling function on R".

1. The function p commutes with any orthogonal transformation of R". That is,po Q = Qop
for any Q € O(n).

2. If m <nandinc: R"™ — R" is the standard inclusion into the first m coordinates, then:
h(" o inc = inc o (M),

Proof. Suppose Q € O(n) is an orthogonal transformation of R”. Since Q is norm-
preserving, we have |Qu| = |v| for any v € R". Since Q is linear, we have Q(Av) = AQu
for any A € R and v € R". Using the definition of a = h(") we compute:

h(|Qu h(|v h(|ov
plo) = 18 00 = Ml 0o — o (M5 ) — oo,
The first claim follows. The second claim is an elementary verification. O

More generally, the restriction of the radial rescaling function p to a linear subspace of R”

is a radial rescaling function on that subspace. Given a tuple radial rescaling functions p =

(0; : R" — R™)E_| suited to widths n = (1;)_,, we write prd = (plr.ed TR ]R”:r'ed)

red red _

for the tuple of restrictions suited to the reduced widths n™¢, so that p{*® = p;

red *
R"
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C.3 Proof of Theorem 6

Adopting notation from above and Section 5, we now restate and prove Theorem 6.

Theorem 6. Let (W, b, p) be a radial neural network with widths n. Let W' and b be the
weights and biases of the compressed network produced by Algorithm 1. The feedforward function
of the original network (W, b, p) coincides with that of the compressed network (Wred, pred, pred).

Proof. Let (W4, b4, Q) = QR-Compress(W,b) be the output of Algorithm 1, so that
Q < O(nhid) and (Wred pred pred) js a neural network with widths n™d and radial

red

rescaling activations pj*® = p; . Let F = Fyp,p) denote the feedforward function

pred
of the radial neural network with parameters (W,b) and activations p. Similarly, let
Fred = Fiwred pred predy denote the feedforward function of the radial neural network with

parameters (W™, bred) and activations p™d. Additionally, we have the partial feedforward
functions F; and Fired. We show by induction that

F,=Q;oing; 0 Fred

forany i =0,1,...,N. (Continuing conventions from Sections 5.1 and 5.2, we set Qp =
idgn, Qp = idgny, and ing; : R — R" to be the inclusion map.) The base step i = 0
immediate. For the induction step, let x € R™0. Then:

Fi(x) = pi (Wi o Fi1(x) + b;)
= pPi (W 0Q;j 1oinc; 1 0F red(x) bz)

_l’_

1
_Pi<[bi Wio Qi 1oinc_4 |:Frd D

1

1

d

1

(oo b W[l

o (Wt o B (x) + )

= Q;oing; o p;
R

= Q; oing; o Fred

The first equality relies on the definition of the partial feedforward function F;; the second
on the induction hypothesis; the fourth on an inspection of Algorithm 1, noting that

R; = [bl.”ed W-re‘i]' the fifth on the results of Lemma 19, observing that p; o inc; = p,'|]Rn,_fed =

inc; o pf®d; and the sixth on the definition of F/*d. In the case i = L, we have:
F=F, = Qqoincy o Ffed = pred
since Q; = inc; = idRrs, and Fred Fred, The theorem now follows. O

The techniques of the above proof can be used to show that the action of the group O(nhid)

of orthogonal change-of-basis symmetries on the parameter space Param(n) leaves the
feedforward function unchanged. We do not use this result directly, but state is precisely it
nonetheless:

Proposition 20. Let (W, b, p) be a radial neural network with widths vector n. Suppose g €
O(nM9). Then the original and transformed networks have the same feedforward function:

Figw, gb,p) = FW, b, p)

In other words, fix parameters (W, b) € Param(n), radial rescaling activations p, and g €
O(nM4). Then the radial neural network with parameters (W, b) has the same feedforward
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function as the radial neural network with transformed parameters (g- W, g - b), where we
take radial rescaling activations p in both cases.

We remark that Proposition 20 is analogous to the “non-negative homogeneity” (or “positive
scaling invariance”) of the pointwise ReLU activation function3. In that setting, instead of
considering the product of orthogonal groups O(nM4), one considers the rescaling action
of the following subgroup of l—L-Lz_ll GLy;:

L-1
G= {g = (i) € [ [ GL4, | each g; is diagonal with positive diagonal entries}
i=1

Note that G is isomorphic to the product Hf‘;ll R”, and the action on Param(n) is given
by the same formulas as those appearing near the end of Section 5.1. The feedforward
function of a MLP with pointwise ReLU activations is invariant for the action of G on

Param(n).

D Projected gradient descent proofs

In this section, we give a proof of Theorem 8, which relates projected gradient descent
for a representation with dimension n to (usual) gradient descent for the corresponding
reduced representation with dimension vector n"d. This proof requires some set up and
background resutls.

D.1 Gradient descent and orthogonal symmetries

We first prove a result that gradient descent commutes with invariant orthogonal trans-
formations. This section is general and departs from the specific case of radial neural
networks.

D.1.1  Setting

Let £: V = RP — R be a smooth function. Semantically, V is a the parameter space of
a neural network and £ the loss function with respect to a batch of training data. The
differential dL, of £ at v € V is row vector, while the gradient V, £ of £ at v is a column
vector+:

oL

8x1
[

—_ | 9L oL —
0 0

9L

7
[

Hence V£ is the transpose of d£,, that is: V,£ = (dL,)T. A step of gradient descent
with respect to £ at learning rate # > 0 is defined as:

Y=9y:V—V
v— 0 =1Vl

3See Armenta and Jodoin, The Representation Theory of Neural Networks, arXiv:2007.12213; Dinh,
Pascanu, Bengio, and Bengio, Sharp Minima Can Generalize For Deep Nets, ICML 2017; Meng, Zheng,
Zhang, Chen, Ye, Ma, Yu, and Liu, G-SGD: Optimizing ReLU Neural Networks in its Positively Scale-
Invariant Space, 2019; and Neyshabur, Salakhutdinov, and Srebro. Path-SGD: path-normalized optimiza-
tion in deep neural networks, NIPS'15.

4Following usual conventions, we regard column vectors as elements of V and row vectors as
elements of the dual vector space V*. The differential 4L, of £ at v € V is also known as the Jacobian
of Latve V.
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Figure 5: Illustration of Lemma 22. If the loss is invariant with respect to an orthogonal
transformation Q of the parameter space, then optimization of the network by gradient
descent is also invariant with respect to Q. (Note: in this example, projected and usual
gradient descent match; this is not the case in higher dimensions, as explained in D.6.)

We drop 7 from the notation when it is clear from context. For any k > 0, we denote by 7*
the k-fold composition of the gradient descent map +:

k
————
Y =90y0 oy

D.1.2 Invariant group action
Now suppose p : G — GL(V) is an action of a Lie group G on V such that £ is G-invariant,
Le.

L(p(g)(v)) = L(v)

for all ¢ € G and v € V. We write simply ¢ - v for p(g)(v), and g for p(g).
Lemma 21. Forany v € V and g € G, we have:

Vol =g+ (Vgol)

Proof. The proof is a computation:

VoLl = (dvﬁ)T = (d(L Og)v)T = (dﬁg-v Odgv)T = (dﬁg'v OS)T = gT : (dEgv)T

_oT

=8 (VL)
The second equality relies on the hypothesis that £ o g = £, the third on the chain rule,
and the fourth on the fact that dg, = g since g is a linear map. O

One can perform the computation of the proof in coordinates, fori =1,..., p:
i oL (Lo oL | 9g;
ax; |, ax; |, 0x; o ax; |,

= (ngﬁ)jgj‘ = (gT)g (Vgol); = (8T ' ngﬁ)

i
D.1.3 Orthogonal case

Furthermore, suppose the action of G is by orthogonal transformations, so that p(g)! =
p(g)~! for all ¢ € G. Then Lemma 21 implies that

Vool =g VL (D.1)
for any v € V and g € G. The proof of the following lemma is immediate from Equation
D.1, together with the definition of . See Figure 5 for an illustration.

Lemma 22. Suppose the action of G on V is by orthogonal transformations, and that L is G-
invariant. Then the action of G commutes with gradient descent (for any learning rate). That
is,

18- v) =g 7(@)
foranyv eV, g€ G, and k > 0.
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D.2 Gradient descent notation and set-up

We now turn our attention back to radial neural networks. In this section, we recall notation
from above, and introduce new notation that will be relevant for the formulation and proof
of Theorem 8.

D.2.1 Merging widths and biases

Let n = (ng,ny,ny,...,np_1,n) be the widths vector of an MLP. Recall the definition of
Param(n) as the parameter space of all possible choices of trainable parameters:

Param(n) = (R"*"0 x R™*™ x ... x R"X"-1) x (R™ x R"™ x --- x R")

We have been denoting an element therein as a pair of tuples (W, b) where W = (W; €
R">"i-1)E | are the weights and b = (b; € R")L | are the biases. However, in this
appendix we adopt different notation. Observe that, placing each bias vector as a extra
column on the left of the weight matrix, we obtain matrices:

A; = [bz Wl] S Rnix(prni_l).

Thus, there is an isomorphism:
L
Param(n) ~ @R”ix(”i—l*l) — RM*x(o+1) o Rrax(m+1) o ., 5 RALX(1L1+1)
i=1

In this appendix, we regard an element of Param(n) as a tuple of ‘merged’ matrices

A= (A € R”ix(””i*l))iL:l. We now define convenient maps to translate between the
merged notation and the split notation. For each 7, define the extension-by-one map from
R" to R x R™ ~ R"*! as follows:

ext; : R — R"T! 0= (01,02,...,0n,) — (1,01,02,...,0p,) (D.2)
Observe that, for any i and x € R"-1, we have
Ajoexti_1(x) = Wix +b;.
Consequently, the i-th partial feedforward function can be defined recursively as:
Fi=pjoAjoextijoF (D.3)

where p; : R" — R" is the activation® at the i-th layer, and Fj is the identity on IR"0.

D.2.2 Orthogonal change-of-basis action

To describe the orthogonal change-of-basis symmetries of the parameter space in the
merged notation, recall the following product of orthogonal groups, with sizes correspond-
ing to the widths of the hidden layers:

O(nM) = O(1) x O(ng) x -~ x O(np 1)
In the merged notation, the element Q = (Qi)fz_ll € O(n"4) transforms A € Param(n) as:
1 0N\
A o A= (Qoacly o) (D.4)
i-11/i=1

where Qp = idy, and Qr = idy; .

5In this general formulation, p; can be any piece-wise differentiable function; for most of the rest
of the paper we will be interested in the case where p; is a radial rescaling function.
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D.2.3 Model compression algorithm

We now restate Algorithm 1 in the merged notation. We emphasize that Algorithms 1 and
2 are mathematically equivalent; the later simply uses more compact notation.

Algorithm 2: QR Model Compression (QR-compress)

input :A € Param(n)
output :Q € O(nMdden) and V € Param(n™d)

QV<«—I[]I] // initialize output matrix lists

My + Aq

fori< 1toL—1do // iterate through layers
Qi, R; + QR-decomp(M;, mode = ‘complete’) // M; = Q;oinc;oR;
Append Q; to Q
Append R; to V // reduced merged weights for layer i
Set M1 < Aj10 [(1) 0; OOinC,} // transform next layer

end

Append M| to V

return Q, V

We explain the notation. As noted in Appendix B.1, the symbol ‘o” denotes composition
of maps, or matrix multiplication in the case of linear maps. The standard inclusion

. red . . . red
inc; : R < R™ maps into the first nred coordinates. As a matrix, Inc; € R"*"" has

ones along the main diagonal and zeros elsewhere. The method QR-decomp with mode =
‘complete’ computes the complete QR decomposition of the n; x (1 + nriﬁ) matrix M; as

Q; oinc; o R; where Q; € O(n;) and R; is upper-triangular of size nf*d x (1 + nid). The

definition of nred

red red ;

implies that either nred = nred +1or nlr-e‘11 = n;. The matrix R; is of size

x n;*¢ in the former case and of size n; x (1 + nred) in the latter case.

D.2.4 Gradient descent definitions

As in Section 6, we fix:

a widths vector n = (ng, ny,...,nr).

a tuple p= (pl, ...,pr) of radial rescaling activations, where p; : R" — R"i for

i=1,.
red red

a batch of training data {(x;,y;)} CR™ x R" =R"  x R"
* a cost function C : R" x R" — R

As a result, we have a loss function on Param(n):
L :Param(n) —» R ZC i) Yi)

where Fy ,) is the feedforward of the radial neural network with (merged) parameters A

and activations p. We emphasize that the loss function £ depends on the batch of training
data chosen above; however, for clarity, we omit extra notation indicating this dependency
since the batch of training data is fixed throughout this discussion. Similarly, we have:

red _ ( red nred red).

¢ the reduced widths vector n ny, n®, ... ny

. . d d .
o the restrictions pd = (pfed, .., pted) where pred R™%* — R"" fori=1,...,L.

Using the fact that nf*d = 1y and n1*d = 5, there is a loss function on Param(n™d):

Lyeq : Param(n™d) — R Lrea(B) =) C(F Bpred xi),Y;)
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where Fig jreay is the feedforward of the radial neural network with parameters B €

Param(n™4) and activations p™d. (Again, technically speaking, the loss function L.q

depends on the batch of training data fixed above.) For any learning rate 77 > 0, we obtain
a gradient descent maps:

7 : Param(n) — Param(n) Yred : Param(n™) — Param(n™)

AHA—UVA,C B'—)B—UVB,Cred

D.3 The interpolating space

In this section, we introduce a subspace Para mmt(n) of Param(n), that, as we will later see,
interpolates between Param(n) and Param(n'd).

Let Param™(n) denote the subspace of Param(n) consisting of those T = (Ty,...,T;) €
Param(n) for which the bottom left (n; — nfed) x (1+ nfe_dl) block of T; is zero for each i.

Schematically:
* %k
ek
red red

where the rows are divided as 17j°® on top and n; — n;°*® on the bottom, while the columns
are divided as (1 + nfﬁ‘%) on the left and n; 1 — nlr-e_% on the right. Let

11 : Param™(n) < Param(n)
be the inclusion. The following proposition follows from an elementary analysis of the
workings of Algorithm 2 (or, equivalently, Algorithm 1).
Proposition 23. Let A € Param(n) and let Q € O(nhild) be the tuple of orthogonal matrices
produced by Algorithm 2. Then Q™! - A belongs to Param™ (n).

Define a map
q1 : Param(n) — Param™(n)

by taking A € Param(n) and zeroing out the bottom left (n; — n%d) x (1 + nt*d) block of
A; for each i. Schematically:

a=(a= ), = (D)L

It is straightforward to check that g; is a well-defined, surjective linear map. The transpose
of q; is the inclusion (1. We summarize the situation in the following diagram:

h

Param™(n) : Param(n) (D.5)
I

We observe that the composition g; o ¢ is the identity on Param™(n).

D.4 Projected gradient descent and model compression

Recall from Section 6 that the projected gradient descent map on Param(n) is given by:
Yproj : Param(n) — Param(n), A — Proj (A —nVaL)

where A = (W, b) are the merged parameters (Appendix D.2), and, in the notation of the
previous section, the map Proj is 11 0 q1. To reiterate, while all entries of each weight matrix
and each bias vector contribute to the computation of the gradient VAL = V (wy,) £, only
those not in the bottom left submatrix get updated under the projected gradient descent

map Yproj-
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Let V,Q = QR-Compress(A) be the outputs of Algorithm 2 (which is equivalent to
Algorithm 1), so that V = (W4, bred) ¢ Param(n™d) are the parameters of the com-
pressed model corresponding to the full model with merged parameters A = (W, b), and
Q € O(n"4) is an orthogonal change-of-basis symmetry of the parameter space. Moreover,
set T=Q - A € Param™(n), where we use the change-of-basis action from Appendix
D.2 and Proposition 23. We have the following rephrasing of Theorem 8.

Theorem 24 (Theorem 8). Let A € Param(n), and let V, Q, T be as above. For any k > 0:
1. (&) = Q- 7H(T)
2. 'yl’;mj(T) = 'y’r‘ed(V) +T-V.

More precisely, the second equality is fyl’;roj(T) = (7" 4(V)) + T — (V) where : :

Param(n™4) < Param(n) is the inclusion into the top left corner in each coordinate.
Also, in the statement of Theorem 8, we have U =T — V.

We summarize this result in the following diagram. The left horizontal maps indicate
the addition of U = T — V, the right horizontal arrows indicate the action of Q, and the
vertical maps are various versions of gradient descent. The shaded regions indicate the
(smallest) vector space to which the various representations naturally belong.

e e il e e e e pa e B B

GD on Param(n)

|
|
|
|
|
|
|
|
|
|
|
| GD on Param(n™)
|
|
|
|
|
|
|
|
|
|

D.5 Proof of Theorem 8

We begin by explaining the sense in which Param™(n) interpolates between Param(n) and
Param(n"4). One extends Diagram D.5 as follows:

2 I

Y i —_—
Param(n™9) Param™(n) . 'Param(n)
92 N

¢ The map
1 : Param(n™4) < Param™(n)

red

takes B = (B;) € Param(n™d) and pad each matrix with n; — n'*d rows of zeros on

the bottom and n;_1 — nlr-e_‘% columns of zeros on the right:

B=(Bi)i; — n(B)= ({% SDL

i=1
It is straightforward to check that 1, is a well-defined injective linear map.

¢ The map
int (

g : Param™(n) — Param(n'9)
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extracts from T the top left nmd x (1+ and) matrix:

(1) (2)
T T
T = 'I'l = 1 1
( l o 1%

)L - wm= (1),

i=1

It is straightforward to check that g7 is a surjective linear map. The transpose of g
is the inclusion ;.

Lemma 25. We have the following:

1. The inclusion 1 : Param(n™4) < Param(n) coincides with the composition 1 o 15, and
commutes with the loss functions:

1101y =1

Param(n™4)C———~— Param(n)

2. The following diagram commutes:

Param™(n) — 5 Param (nred)
‘:], J/Z:red
Param(n) £ R

3. For any T € Param™(n), we have: g (Vq(T)ﬁ) =1 (qu(T)Ered) .

Proof. We have the following standard inclusions into the first coordinates and projections
onto the first coordinates, fori = 0,1, ..., L:

inc; = incnred, :R% T — RY, in¢; = inc; ned 1y

red red

: Rl+n ]R1+n,"
1

- R"i _»]Rnred R1+”z _»]Rl+n‘ed

Observe that Para mmt( ) is the subspace of Param( ) consisting of those T = (Ty,...,TL) €
Param(n) such that:

fori=1,...,L.

(idni - il’lCi o 71'1') o Ti o inci_l o 77.'1'_1 =0

By the definition of radial rescaling functions, for each i =1,..., L, there is a piece-wise

differentiable function #; : R — R such that p; = hl(ni). Note that pfed

pred
_

; , and

h(") o inc; = ing; o R,

The identity ¢ = 1 o 15 follows directly from definitions. To prove the commutativity of
the first diagram, it is enough to show that, for any X in Param(n™), the feedforward
functions of X and ¢(X) coincide. This follows easily from the fact that, fori =1,...,L, we

have:

For the second claim, let T € Param

TT; o h(1) oing; = 71; oing; o B = p(n*h),
Mt(n). It suffices to show that 1 (T) and g(T)

have the same feedforward function. Recall the ext; maps and the formulation of the
feedforward function in the merged notation given in Equation D.3. Using this set-up, the
key computation is:

. red
inc; o h"i

)onloT oexty, , oinc;i_1 = = )omc, ormioT; omc, 10exty,
= hm) o T; o 1nc1-_1 oexty, ,

=h") o Tio exty, , oinc;_j
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which uses the fact that (id,, —inc; o 7r;) o Tj o inc;_; = 0, or, equivalently, inc; o 71; o T; o
inc;_1 = T; oinc;_1, as well as the fact that ext; o inc; = inc; o ext;. Applying this relation
successively starting with the second-to-last layer (i = L — 1) and ending in the first (i = 1),
one obtains the result. For the last claim, one computes V(L o 17) in two different ways.
The first way is:

Vr(Lou) = (d(Lron))T = (d[lll(T) othl)T = (dﬁllm o ll)T
= l{ (d[,};(—r)) =q (Vll(T),C>

where we use the fact that /1 is a linear map whose transpose is q;. The second way uses
the commutative diagram of the second part of the Lemma:

r T
Vr(Lon) =V (Lred©q2) = (d(Lred)T0q2)" = (d (Lred)g,(T) 04 (qz)z>

T
= (d (Ered)qz(T) © Q2) = %T (d (Ered);(T)) =1 (qu(T)Lred) .
We also use the fact that g is a linear map whose transpose is i. O
Proof of Theorem 8. As above, let R,Q = QR-compress(A) be the outputs of Algorithm

1, so that V. = (W4, bred) ¢ Param(n™4) is the dimensional reduction of the merged
parameters A = (W,b), and Q € O(nMd). Set T = Q! - A € Param™™(n).

The action of Q € O(n"?) on Param(n) is an orthogonal transformation, so the first claim
follows from Lemma 22.

For the second claim, it suffices to consider the case 7 = 1. The general case follows
similarly. We proceed by induction. The base case k = 0 amounts to Theorem 6. For the
induction step, we set

Z® = (v (V) + T —1(V).

Each Z(Y) belongs to Param™(n), so i1 (Z%)) = Z*), Moreover, g, (Z(k)) =7k 4(V). We
compute:

QT A) = Yproj (1 (@71 A))
= Tproj (l(’yllfed(v)) +T— l(V))
=noq1 (1(rka(V) +T=1(V) = Vot v)yurv) L)
= i(1ea(V)) —tr0om (V,l(zm)E) +T— (V)
= 1(7ha(V) = 11012 (Y 700) Lrea) + T = 1(V)
=1 (Pa (V) = Vi v Lrea) +T—1(V)
=1 (FH V) +T=u(V)

where the second equality uses the induction hypothesis; the third invokes the definition

of Yproj; the fourth uses the fact that Z®) = (k4 (V)) + T — (V) belongs to Param™(n);
the fifth and sixth use Lemma 25 above; and the last uses the definition of 4. O

D.6 Example

We now discuss an example where projected gradient descent does not match usual
gradient descent.
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Let n = (1,3,1) be a widths vector. The space of parameters with this widths vector is
10-dimensional:

Param(n) = Hom(R? R%) @ Hom(R* R) ~ R,

We identify a choice of parameters (in the merged notation)

a b
A= (A1 =l|c d| ,A=[g h i ]}) € Param((1,3,1)) (D.6)
e f

with the point p = (a,b,c,d,e, f,g,h,1,j) in R, To be even more explicit, the weights for
b
the first layer are W; = |d |, the bias in the first hidden hidden layer is b; = (a,c,e), the

f

weights for the second layer are W, = [ i ], and the bias for the output layer is b, = g.
The action of the orthogonal group O(n) = O(3) on Param(n) ~ R'? can be expressed as:

0
Q—

Q 0 0
0 Q 0 0
0 0 1 0]’

0 0 0 Q

where the rows and columns are divided according to the partition 34+ 3 + 143 = 10.
Consider the function®:

L :Param(n) - R
p=(ab,cdef,ghij)—ha+b)+ilc+d)+jle+f)+g
By the product rule, we have:
VoL = (hhiijjl,a+bc+de+f)
One easily checks that £(Q - p) = L(p) and that V.,£L = Q- V,L for any Q € O(3).

The interpolating space is the eight-dimensional subspace of Param(n) ~ R!® with ¢ =
f = 0 (using the notation of Equation D.6). Suppose p’ = (a,b,¢,d,0,0,g,1,1,j) belongs to
the interpolating space. Then the gradient is

VL= (h,h,i,i,j,j,1,a+b,c+4d,0)

which does not belong to the interpolating space. So one step of usual gradient descent,
with learning rate # > 0 yields:

,Y:p/:(a/blcldlololg/h/i/j)H
(@—nh, b—nh, c—ni, d=ni, —yj, —nj, g=n, h—nla+b), i—ylc+d),j)
On the other hand, one step of projected gradient descent yields:
,)/pI'Oj : Pl = (al blcldlololglhl l/]) —
(a—yh,b—nh,c—ni,d—ni, 0,0, g—n,h—yla+b),i—nylc+d), j)

Direct computation shows that the difference between the evaluation of £ after one step of
gradient descent and the evaluation of £ after one step of projected gradient descent is:

L(v(P)) = L proj(p)) = 2177

®For A € Param(n), the neural function of the neural network with affine maps determined by
A and identity activation functions is R — R; x — £(W)x. The function £ can appear as a loss
function for certain batches of training data and cost function on R.
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E Experiments

As mentioned in Section 7, we provide an implementation of Algorithm 1 in order to (1)
empirically validate that our implementation satisfies the claims of Theorems 6 and Theo-
rem 8 and (2) quantify real-world performance. Our implementation uses a generalization
of radial neural networks, which we explain presently.

E.1 Radial neural networks with shifts

In this section, we consider radial neural networks with an extra trainable parameter in
each layer that shifts the radial rescaling activation. Adding such parameters allows for
more flexibility in the model, and (as shown in Theorem 26) the model compression of
Theorem 6 holds for such networks. It is this generalization that we use in our experiments.

Let h: R — R be a function. For any #n > 1 and any ¢ € R, the corresponding shifted radial
rescaling function on R" is given by:

=) g, ML),

if v # 0 and p(0) = 0. A radial neural network with shifts consists of the following data:

1. Hyperparameters: A positive integer L and a widths vector n = (ng,n1,ny,...,np).
2. Trainable parameters:

(a) A choice of weights and biases (W,b) € Param(n).

(b) A vector of shifts t = (t;,t,...,tr) € RE.

3. Activations: A tuple h = (hy,...,hr) of piecewise differentiable functions R — RR.
(misti)

i .

Together with the shifts, we have the shifted radial rescaling activation p; = h
R" — R" in each layer.

The feedforward function of a radial neural network with shifts is defined in the usual
recursive way, as in Section 3. The trainable parameters form the vector space Param(n) x
RE, and the loss function of a batch of training data {(x;,y;)} C R™ x R" is defined as

L : Param(n) x R — R; (W, t) — ZC<F(W,b,t,h)(xj)/3/j)
j

where Fiwy,n) is the feedforward function of a radial neural network with weights W,
biases b, shifts t, and radial rescaling activations produced from h. We have the gradient
descent map:

7 : Param(n) x RE — Param(n) x RE

which updates the entries of W, b, and t. The group O(nM4) = O(ny) x --- x O(np_1)
acts on Param(n) as usual (see Section 5.1), and on R’ trivially. The neural function
is unchanged by this action. We conclude that the O(nMd) action on Param(n) x R
commutes with gradient descent y. We now state a generalization of Theorem 6 for the
case of radial neural networks with shifts. We omit a proof, as it uses the same techniques
as the proof of Theorem 6.

Theorem 26. Let (W,b,t,h) be a radial neural network with shifts and widths vector n. Let

Wred and bred pe the weights and biases of the compressed network produced by Algorithm 1.
The feedforward function of the original network (W, b, t,h) coincides with that of the compressed

network (W', bred, ¢, h).

Theorem 8 also generalizes to the setting of radial neural networks with shifts, using
projected gradient descent with respect to the subspace Param'™ (n) x RE of Param(n) x R™.
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E.2 Implementation details

Our implementation is written in Python and uses the QR decomposition routine in
NumPy [21]. We also implement a general class RadNet for radial neural networks using
PyTorch [41]. For brevity, we write W for (W,b) and W4 for (Wred, pred),

(1) Empirical verification of Theorem 6. We use synthetic data to learn the function
f(x) = e with N = 121 samples xj = —=3+j/20 for 0 < j < 121. We model fy
as a radial neural network with widths n = (1,6,7,1) and activation the radial shifted
sigmoid h(x) = 1/(1+ e **%). Applying QR-compress gives a radial neural network
fwrea With widths nred = (1,2,3,1). Theorem 6 implies that the neural functions of
fw and fiyrea are equal. Over 10 random initializations of W, the mean absolute error
(1/N) 5 | fw (%) — fywea (xj)] = 1.31 - 1078 £4.45-107°. Thus fyy and fyea agree up to
machine precision.

(2) Empirical verification of Theorem 8. Adopting the notation from above, the claim is
that training fq 1.y with objective £ by projected gradient descent coincides with training

fwrea With objective L,.q by usual gradient descent. We verified this on synthetic data
using 3000 epochs at learning rate 0.01. Over 10 random initializations of W, the loss
functions match up to machine precision with |£ — L,eq| = 4.02- 1072 +7.01-10°.

(3) Reduced model trains faster. Due to the relation between projected gradient descent
of the full network W and gradient descent of the reduced network W*d, our method may
be applied before training to produce a smaller model class which trains faster without
sacrificing accuracy. We test this hypothesis in learning the function f : R> — R? sending
x = (t1, 1) to (e~1,e712) using N = 1212 samples (—3 + j/20, =3 + k/20) for 0 < j, k <
121. We model fy; as a radial neural network with layer widths n = (2,16,64,128,16,2)
and activation the radial sigmoid h(r) = 1/(1 +e™"). Applying QR-compress gives a radial
neural network fyrd With widths nred — (2,3,4,5,6,2). We trained both models until
the training loss was < 0.01. Running on a system with an Intel i5-8257U@1.40GHz and

8GB of RAM and averaged over 10 random initializations, the reduced network trained in
15.32 + 2.53 seconds and the original network trained in 31.24 £ 4.55 seconds.

F Relation to radial basis function networks

In this appendix, we show that radial neural networks are equivalent to a particular class of
multilayer radial basis functions networks. This class is obtained by imposing the condition
that the so-called "hidden dimension” at each layer is equal to one; the total number of
layers, however, is unconstrained. To our knowledge, the literature contains no universal
approximation result for this class of radial basis functions networks.

F1 Single layer case

We first recall the definition of a radial basis function network. A local linear model extension
of a radial basis function network (henceforth abbreviated simply by RBFN) consists of:

¢ An input dimension 7, an output dimension m, and a ‘hidden” dimension N.
e Fori=1,...,N, amatrix W; € R"*", a vector b; € R", and a weight a; € R™.

e A nonlinear function” A : R — R.

7A more general version allows for a different nonlinear function for everyi =1,...,N.
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The feedforward function of a RBEN is defined as:
N
F:R" — R™ x> Y (a4 Wilx + b)) A|x + by]).
i=1

The integer N is commonly referred to as ‘the hidden number of neurons’. This is a bit of
a misnomer. Really there is only one layer with input dimension n and output dimension
m; the integer N is part of the specification of the activation function.

We observe that if N = 1 and a; = 0, then the feedforward function is given by:
F:R" — R" x — Wp(x +b)

where p is the radial rescaling function determined by A. In words, one adds b; = b € R"
to the input vector x, applies the activation p to obtain new vector in R”, and then applies
the linear transformation determined by the matrix W; = W to obtain the output vector in
R™. Motivated by this observation, we say that a RBFN is constrained if N = 1 and a; = 0.

F2 Constrained multilayer case

Next, we consider the constrained multilayer case of a radial basis functions network.
Specifically, a constrained multilayer RBFN consists of:

* A widths vector (ny,...,ny) where L is the number of layers.
e A matrix Wy € R"*"-1for ¢ =1,...,L.
e A vector by € R" for ¢ =0,1,...,L—1.
* A nonlinear function Ay : R -+ R for ¢ = 0,1,...,L — 1. (Equivalently, the
corresponding radial rescaling function p, : R* — R" for £ =0,...,L —1.)
The feedforward function is defined as follows. For ¢ = 0,..., L, we recursively define
Fy: R" — R™ by setting Fy(x) = x and

Fy(x) = Wypg—1(Fo—1(x) +bg_1)

for/ =1,...,L. The feedforward function is Fj.

E3 Relation to radial neural networks

We now demonstrate that radial neural networks are equivalent to multilayer RBFNs.

Proposition 27. For any radial neural network, there is a constrained multilayer RBFN with the
same feedforward function. Conversely, for any constrained multiplayer RBFN, there is a radial
neural network with the same feedforward function.

Proof. For the first statement, let (W, b, p) be a radial neural network with L layers and
widths vector (ny, ..., nr). Recall the partial feedforward functions G, : R" — R defined
recursively by setting Go(x) = x and

Ge(x) = pe (WeGp_1(x) + by)

The feedforward function is Gr. Consider the constrained multilayer RBFN with L 41
layers and the following;:

e Widths vector (ng,ny,...,np_1,nr,ny). The last two layers have the same dimen-
sion.

* Weight matrices Wy € R"*"-1 for { =1,...,L and Wy 1 = id,, € R"*"L,
e Avectorby e R" for¢{=1,...,L,and by = 0 € R".

* A radial rescaling activation p, : R" — R" for ¢ =1,...,L, and pg = idy,.
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Let Fy be the partial feedforward functions for this RBFN, defined recursively as above. We
claim that
Fg(x) = Wé o Gg,l(x)

forany x € R" and ¢ =1,..., L. We prove this by induction. The base case is ¢ = 1:
Fy(x) = Wy opo (Fo(x) + bo) = Wix = Wi 0 Go(x)
For the induction step, take ¢ > 1 and compute:
Fy(x) = Wy o pgq (F—1(x) + be—1) = Wy o ppq (Wp—1Grp(x) +by—1) = Wy o Gy (x)
The first claim now follows from the case ¢ = L, using the fact that W; 1 is the identity.

For the second statement, let (W, b, p) be a constrained multilayer RBEN with L layers and
widths vector (ny,...,nr). Consider the radial neural network with L + 1 layers and the
following:

e Widths vector (ng,ng,n1,...,np_1,nr). The first two layers have the same dimen-
sion.

* Weight matrices given by W; = id,, and Wy = W, ; for ¢ =2,..., L+ 1.
* Bias vectors given by Eg =by_qfor{=1,2,...,L,and EL+1 =0.

¢ Radial rescaling activations given by g, = py_1 for £ =1,...,L, and p;41 = idy; .

One uses the recursive definition of the partial feedforward functions to show that, for
¢=1,...,L, we have F)(x) = Wy o Gy(x), where F;, and G, are the partial feedforward
functions of the RBFN and radial neural network, respectively. Then:

Gry1(x) = pri1 (W10 Gr(x) +bry1) = W o Gr(x) = Fi(x),

so the two feedforward functions coincide. O

F4 Conclusions

While radial neural networks are equivalent to a certain class of radial basis function
network, we point out differences between our results and the standard theory of radial
basis functions network. First, RBFNs generally only have two layers; we consider ones
with unbounded depth. Second, to our knowledge, ours is the first universal approximation
result such that:

e it uses networks in the subclass of multilayer RBENs satisfying the constraint that
all the number of ‘hidden neurons’ in each layer is equal to 1.

e it approximates functions with networks of bounded width.

® it can be used to approximate asymptotically affine functions, rather than functions
defined on a compact domain.

Our compressibility result may apply to multilayer RBFNs where the number of ‘hidden
neurons’ Ny at each layer is not equal to 1, but we expect the compression to be weaker,
and that constrained mulitlayer RBFNs are in some sense the most compressible type of
RBEN.
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