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Abstract

When data are collected adaptively, such as in bandit algorithms, classical statistical ap-
proaches such as ordinary least squares and M-estimation will often fail to achieve asymp-
totic normality. Although recent lines of work have modified the classical approaches to
ensure valid inference on adaptively collected data, most of these works assume that the
model is correctly specified. The misspecified setting poses unique challenges because the
parameter of interest itself may not be well-defined over a non-stationary distribution of
rewards. We therefore tackle the problem of off-policy inference in adaptive settings, where
we uniquely define a projected solution over a stationary evaluation policy. Our method
provides valid inference for M-estimators that use adaptively collected bandit data with a
possibly misspecified working model. A key ingredient in our approach is the use of flexible
approaches to stabilize the variance induced by adaptive data collection. A major novelty is
that the procedure enables the construction of valid confidence sets even in settings where
treatment policies are unstable and non-converging, such as when there is no unique optimal
arm and standard bandit algorithms are used. Empirical results on semi-synthetic datasets
constructed from the Osteoarthritis Initiative demonstrate that the method maintains type
I error control, while existing methods for inference in adaptive settings do not cover in the
misspecified case.

1 Introduction

Adaptive data collection has become a common practice in modern data analysis due to the rise of reinforce-
ment learning and sequential data collections in contexts such as personalized healthcare (Yom-Tov et al.,
2017), web recommendations (Afsar et al., 2022), and clinical trials (Zhao et al., 2009; Liu et al., 2020).
In contrast to classical settings, where i.i.d. data are observed, adaptively collected data allows an analyst
to interact with the decision-making algorithm in various ways, leading to sequentially dependent data. A
canonical example is the (contextual) bandit problem where an analyst is allowed to make a choice of treat-
ment (or “arm”) at each time step and then observes a reward. Bandit algorithms attempt to maximize
the total expected reward over time. These algorithms tend to result in data collection policies that explore
treatment options in the early rounds and tend to shift to a greedier strategy that chooses the treatment
with the highest estimated reward in the later rounds. When inference is conducted on data collected by
bandit algorithms, the greedy search process can result in unstable variances (Deshpande et al., 2018; Zhang
et al., 2020) and biased estimates of the average reward in each treatment arm (Shin et al., 2019) that make
naive approaches to inference invalid.

There is a rich literature for adapting to the difficulties that arise for inference on adaptively collected data.
Typical approaches focus on limiting the variance in each data collection using techniques such as propensity
score truncation (Cook et al., 2024) or post-hoc reweighting of the data when constructing an estimator
(Bibaut et al., 2021; Syrgkanis & Zhan, 2024). These approaches allow for assumption-lean inference in
semiparametric settings, but they limit the study to relatively simple functionals such as the average reward
for a fixed treatment or contrasts between average rewards for fixed arms.
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An alternative set of approaches assumes a linear model linking treatment (X; € R%) and rewards (V; € R),
Y =0T X + e,

where ¢€; is i.i.d. random noise. It is striking that even in this simple setting, estimators such as ordinary
least squares fail to achieve asymptotic normality when X; depends on previous rounds {X;,Y; f;% A
classical result (Lai & Wei, 1982) demonstrates that a necessary condition for the OLS estimate of 6 to be
asymptotically normal is when there exists a deterministic sequence of positive definite matrices {Br}3_;
such that B;l 23:1 X xr 2 I,. More recent literature (Zhang et al., 2020; Deshpande et al., 2018;
Khamaru et al., 2025) makes the point that this assumption typically does not apply for common bandit
algorithms when the margin (that is, the difference in mean rewards between arms) is zero. Zhang et al.
(2020) proposes a solution through batching, by fixing the sampling rule for each batch and letting the
number of observations within each batch go to infinity. This means that even if the sampling rule does
not concentrate across time, it is fixed within each batch, allowing the empirical covariance matrix within
each batch to concentrate. An alternative set of approaches (Deshpande et al., 2018; Khamaru et al., 2025)
uses an online debiasing approach, where the finite sample bias is controlled through regularization. Other
approaches generalize this this to the generalized partial linear model Lin et al. (2025) and for estimating
equations (Ying et al., 2023).

We note that across all of these approaches, correct specification of the working model is crucial to ensuring
valid inference. Correct model specification is an unlikely assumption to hold in practical settings. In the
non-adaptive setting, it is common to instead conduct inference on a projected solution,

0* := argminE {(Y - GTX)2] (1)
0

It is well known that under mild regularity conditions, the ordinary least squares estimate with sandwich
estimators of the variance will cover the projected solution (White, 1982), but no analogous result exists in
the adaptive setting. Moving beyond the linear case, Zhang et al. (2021) counsiders statistical inference on
M-estimators in the contextual bandit problem, allowing for more complex models to describe the reward
structure, such as generalized linear models. However, this work again requires that the conditional mean of
the model is correctly specified in the working model.

Beyond its technical convenience, the assumption of a correctly specified working model has an important
conceptual implication: it induces a target estimand that is invariant to the distribution of actions under
which the data are collected or evaluted. Under model misspecification, however, the target parameter is
generally defined through a projection, and projections depend on how different regions of the covariate and
action space are weighted. Consequently, defining a meaningful projection target becomes a nontrivial aspect
of the problem when the distribution of actions evolves over time and may not converge. Our approach is to
define the estimand with respect to a fixed evaluation policy, which yields an off-policy projection parameter
as an inferential target that remains well defined under persistent adaptivity; formal details are deferred to
Section 2. For example, in an online platform or information-technology setting, a company may already
have a deployed policy and wish to run adaptive experiments to determine whether improved policies exist
relative to this status quo. In this case, the evaluation policy can be taken to be the existing deployed policy,
so that the resulting projection parameter is interpreted relative to the operational regime currently used in
practice.

An alternative approach (Zhang et al., 2023) performs inference for Z-estimators and allows for a misspecified
model, but only under a finite amount of adaptivity. In this framework, n individuals are tracked over T time
periods, with T fixed and n growing to oo. The advantage of this approach is that it allows for non-stationary
reward and context distributions over time, but it relies on the number of individuals enrolled in the trial to
tend to oo and does not allow adaptive decisions to be made separately for each individual in the trial.

1.1 Our Contributions

In this work, we propose a methodology for conductive inference for finite-dimensional parameters in M-
estimation problems under a potentially misspecified working model and non-vanishing levels of adaptivity
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(i.e. without assuming the adaptivity eventually vanishes). The main result, Theorem 1, provides a Central
Limit Theorem that enables the construction of confidence intervals when the variance (which varies over
time and may not converge) of the score function can be estimated consistently.

The problem of estimating the variance of the score function is nontrivial because using naive empirical
estimates when applying Theorem 1 is only valid when the variance is a fixed deterministic quantity. In
many adaptive settings, such as bandit problems where expected rewards between arms are comparable,
action selection probabilities will be non-convergent random quantities, leading to unstable variances (Zhang
et al., 2020). To solve this problem, we propose methods to construct valid time-varying plug-in estimates
for the variances at each time step using machine learning techniques.

In a work that is concurrent to ours, Guo & Xu (2025) also provides a procedure for inference on Z-estimators
trained on adaptively collected data via inverse propensity weighting, but only under the assumption that
treatment policies converge as T — 0o. Since many common bandit algorithms fail to converge under model
misspecification, the authors provide a sufficient set of conditions to guarantee policy convergence (e.g.,
continuous policies that are sufficiently smooth). We take a different approach — rather than restricting
ourselves to only particular classes of policy that are guaranteed to converge, we allow for potentially non-
convergent policies but stabilize the estimator post hoc by estimating the conditional variance separately
at each time step. In cases where the policy converges, these machine-learning-based approaches can be
replaced with simple empirical estimates of the variance, and our procedure can be simplified considerably.

We note that before now, the problem of estimating projection parameters under non-finite amounts of adap-
tivity was not solved even for simple linear models. Of course, this is merely a special case of M-estimation
so our proposed methodology can be applied straightforwardly. We discuss this particular application as a
running example throughout the remainder of the paper.

Our primary results are written under the assumption that the number of time steps tends to infinity, with
only a single observation at each time step. However, this can be easily extended to the batched setting,
where multiple observations are observed at each time step.

1.2 Paper Outline

In Section 2, we define the problem, most crucially introducing definitions of target parameters inspired
by the off-policy evaluation literature that remain tractable in the misspecified setting. In Section 3, we
present a CLT that enables inference for M-estimators in the adaptive setting given accurate (time-varying)
estimates of the variance of the score function. Section 4 discusses practical strategies for estimating variance
using flexible machine learning approaches. Section 5 presents empirical results on semi-synthetic datasets
constructed from the Osteoarthritis Initiative, a publicly available longitudinal dataset provided by the NIH
which tracks health outcomes of patients with osteoarthritis. The results verify the validity of the procedure
and the failure of existing approaches to provide confidence sets with valid coverage. We provide concluding
thoughts in Section 6, including potential limitations of this approach and possible directions for future work.
All proofs for stated theorems are included in the Appendix.

1.3 Notation

We introduce some shorthand notation used throughout the paper. We define [n] := {1, ...,n} for a positive
integer n. We denote e; as the j-th standard basis vector in R?. For a function fg : R? — R, we refer to
fo as the first derivative of f with respect to 6, fy as the Hessian matrix with respect to 6, f, as the third
derivative with respect to 6, and so on. For M € RU1*%%ds e write | M|, = Z?;l Zjil Ziil |a; ;x| For
two matrices A, B, A = B means that A — B is positive semidefinite.

When taking expectations, Ep . denotes the expectation under the assumption that (X, A;,Y;) ~
p (ylx,a) w(alx)p(z). When no subscript is denoted, the expectation is over the entire joint distribution
Of {Xt; At7 }/t}tTZI'
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2 Problem Setup

We assume a stochastic bandit environment in which features X; € R are observed in each round ¢ € [T7.
After observing a feature, an analyst chooses an action A; from a finite set of K actions A := {1,..., K}.
After selecting an action, an outcome Y; is observed. We denote Y;(a), where a € A, to be the counterfactual
result had the analyst chosen a in round ¢, regardless of the actual action taken. We assume that the joint
distribution of features and potential outcomes is independent and identically distributed across time.
Assumption 1. {(Xy,Y;(1),...,Y:(K))}L, Ly

Although potential outcomes are distributed i.i.d., we allow the analyst to choose the treatment adaptively
based on a pooled history H:—1 := {(X;, A;,Y;) f;% Formally, we say m(a|X:) := P(A: = a| X, Hio1) €
o(Hi—1) for all @ € A. We can summarize the conditional density (given H;_;) over actions, features, and
outcomes at time step t as

(Xt7AtaYt) Np(y|x’a) Wt(a|$)p(33)7 (2)

where densities p(z) and p(y|z,a) are invariant over time and defined by Assumption 1, but m(alz) is
adaptive over time, because the analyst has the option to change the assignment probabilities in reaction to
Ht—l-

Our goal is to construct confidence regions for a parameter 8*, which we define as the expected maximizer
of some function my in some parameter space ©. For example, mg(z,a,y) := —(y — 67 (x,a))? corresponds
to an ordinary least squares regression, and meg(z,a,y) = —y(z,a)T0 + ¥ ((x,a)T0), where ¢» denotes the
convex log-partition function, corresponds more generally to GLMs (Agresti, 2015). Some nuance is in
order to determine the distribution over which the expected loss is minimized. Because the distribution of
actions evolves over time, the distribution at each time step may be substantially different so the solution
to argmaxgeg E [mg(Xy, Ar, Y:)] will also vary substantially across ¢ € [T]. In order to ensure there is a
unique and stable inferential target, we tackle the problem of off-policy learning and seek inference under a
hypothetical policy 7. (a|z) that is distinct from the policy used during treatment and invariant over time.

0" = argmax Ep ar, [mo(X, A, Y)]. (3)
6cO

Choice of evaluation policy The evaluation policy 7.(a | ) defines the distribution under which the
target parameter 0* is projected. Under model misspecification, different evaluation policies may induce
substantially different projection targets, since the model is approximating the underlying response surface
over different regions of the action space. This phenomenon is not specific to our framework, but rather
reflects a generic feature of misspecified projection parameters.

The evaluation policy may either be fixed and known a priori, or estimated after data collection. For example,
one might choose a uniform policy satisfying 7.(A: = a | X;) = \T%I for all @ € A and t € [T}, corresponding
to a hypothetical regime in which treatments are assigned uniformly across the population. Alternatively, 7
may correspond to a deployment policy of practical interest, such as a target policy in off-policy evaluation,
a hypothetical optimal policy, or a limiting treatment assignment rule such as lim;_, oo P(A; = a | X, Hi—1),
which we do not assume exists in general.

When the target policy is estimated after data collection, an appeal to Slutsky’s theorem allows estimated
versions of m, to be substituted into the estimator, provided the resulting estimates are asymptotically
independent of the adaptive history. In practice, the choice of 7, should reflect the scientific or operational
regime under which the model will ultimately be interpreted or deployed. In the absence of a natural
deployment policy, a uniform policy over the action space is often a reasonable default, since it avoids
concentrating the projection on only a restricted subset of treatments. The following example illustrates
how the target parameter can vary across evaluation policies under model misspecification.

Example 1 (Effect of m. on 0*). Consider data generated as Y; ~ N(6A% 1) under two treatment
regimes, where A = {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1}. The first policy is uniform over A; €
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[ (]
______________ - = Misspecified (Policy 1)
- --- Misspecified (Policy 2)
¢ Data
Figure 1: Illustration for Example 1. Under the misspecified linear model my = —(Y; — 6y — 614;)?,

(05,01) = (—0.2,4) for the first policy and (63,607) = (—5.3,15) for the second policy. Intuitively, the
misspecified model will try to estimate a secant line at different points of the quadratic function, resulting
in very different interpretations for the target parameter. As such, the choice of evaluation policy is critical
for properly interpreting the target parameter.

{0,0.1,0.2,0.3,0.4,0.5}. The second policy is uniform over A; € {0.6,0.7,0.8,0.9,1.0}. Under the cor-
rectly specified model mg(Ay,Yy) := — (Y —0p — 0142)%, (05,07) = (0,6) for both policies. On the other hand,
under an incorrectly specified linear model, 0§ and 07 can vary markedly as seen in Figure 1.

In some special cases, however, the target parameter becomes invariant to the choice of evaluation policy.
Consider the average treatment effect as a prototypical example.

Remark 1 (Average Treatment Effect). We can use this framework to target the average treatment effect
by using a vector of indicator variables as the chosen model with a square loss function. We can permit
any evaluation policy that satisfies the standard causal assumption of Yi(a) 1L Ay under ., and such that
Te (At = CL) > 0.

Formally, we let 0 = (01, ...,0,4)) and consider setting mg = —(Y; — Zle 14,=a04)%. First order conditions
imply that for all t,

0= EP,WE

K
= 1At_ae;] :
a=1

Noting that Yy = Yi(a)la,—a and rearranging terms yields,

. Ep r. [th(a)lAt:a] . Ep [Y}(a)] Ep ., [1At:a} _ B
= Epr, [la=a] Ep x. [14,—d] =Ep [Yi(a)] = Ep [Y(a)].

To infer the average effect of treatment j versus treatment k, we can then target n*0* for some contrast
vector 1 := e; — ey, (recall e; refers to the j-th standard basis vector in RX). For exzample n = (—1,1) in the
setting of K = 2 would recover the average treatment effect E[Y (1) — Y (0)].

Although the average treatment effect is well studied in contextual bandit problems (Hadad et al., 2021a;
Bibaut et al., 2021; Cook et al., 2024), similar invariance properties can be obtained in richer parametric
models by including sufficiently flexible interaction terms with the action variable so that the relevant
conditional response surface is correctly represented. In such settings, the choice of evaluation policy no longer
changes the interpretation of the target parameter, but instead primarily affects the statistical efficiency of
the resulting estimator.

Choice of estimator Similar to Zhang et al. (2021), one option is to consider estimators of the form

T
by := argmax Z weme(Xe, At, Yz),
K
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where wy € 0(H;—1,X;). Note that when the model is correctly specified, we have at every ¢ that

0* = argmax E [mg(X;, Ay, V3)| Ay, X;] for all A, € A, X, € R. (4)
0co
When this is true conditionally, it will also be true marginally for any choice of policy. Therefore, under no
model misspecification, we have at every time step ¢ that
0* = argma‘X]E’P,Tre [me(Xta At7 )/t)] = argma‘x E'P,ﬂ't [mQ(Xta Ata }/t)|Ht—1] )
0co 0co
removing the need to consider the choice of policy when defining the target parameter. Assuming that the
maximum occurs at a critical point of my, this implies that
O =E [mQ* (Xta At7 )/t)|Xt7 At] =E [wtme* (Xt7 Ata Yt)|Xt7 Ata Ht—l] )

for all X;, A; and all w; € o(Xy, Ay, Hi—1). Thus, w; can be arbitrarily chosen based on X;, A;, and H;—1
without violating the first-order conditions. For this reason, previous work often uses w; as a free parameter
to control the variance without having to worry that this type of re-weighting will change the target away

from 6*. As an example, Zhang et al. (2021) chooses w; = 1/%, which allows the variance of

the score function to converge to a value independent of history. Other examples include online debiasing
approaches (Deshpande et al., 2018; Khamaru et al., 2025) which use regularization to choose w; so that the
variance of 01 is controlled.

Under model misspecification, however, the choice of weights has an impact on the target parameter that is
being covered because at 6* we will require that at each time step ¢,

0 =Ep x, [ho-(Xt, At, Y2)] = Ep «, [wiEp [1g- (Xy, As, Ye)| X, Ar, He—1] [He—1],

e (Ae| Xe)

which is only true for the specific choice of w; = ALK He ) Thus, we are constrained to define an
estimator such as
Te Atht
X, A Ye). 5
argmaxz PA X, Hr 1) mg(Xy, Ag, Yr) (5)

Using inverse propensity weights ensures that 6o will be unbiased for #*, but we must now consider alternative
methods to stabilize the variance of the estimator, which we will discuss in the next section.

MAIPWM-Estimator As an alternative to Equation (5), we can potentially improve power through
the use of a predictive model that we update over time, f; : R x A — R. f; is trained on H;—; (along
with potentially other information known to the experimenter a priori before the experiment). f; then
takes in (Xy, A;) as an input and outputs an estimate for E [Y;| X}, A¢]. An alternative definition to Equa-
tion (5) is what we will term the misspecified augmented inverse propensity weighted M-estimator
(MAIPWM-Estimator)

Or = argmaxz Zﬂ'e (A = a|Xy) (me(a’Xt, fr(a, X1)) + 1a,=a

mQ(AhXta}/t) B ma(Xt7At7ft(XtaAt)))
0o t=1a=1

P(A; = a| Xy, Hio1)

(6)
The estimator improves power when the model f; is a good estimator of E[Y;| Xy, A¢] by augmenting obser-
vations with predictions from a model. This approach is routinely used when estimating simple functionals
like the average treatment effect in causal inference (Chernozhukov et al., 2018) and off-policy evaluation
(Hadad et al., 2021b) and is referred to as the augmented inverse probability weighted estimator in these
settings. More recently, Zrnic & Candeés (2024) introduces a similar modification of the score function of
M-estimators with predictions derived from black box machine learning models, but limits their findings to
the non-causal, non-adaptive observational setting.

A common approach to finding the maximum is to find the solution defined by the root of the score equation,

(mg(Xt, a, }/t) — m(g(Xt, a, ft(Xt7 a)))
P (Al Xe, He-1) '

K

St.0 = Zﬂe(At =al|Xy) (me(Xtva'a Ji(Xt,a)) + 1a,=a
a=1

(7)
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In order to limit the variance of this quantity, we will instead consider a second estimator O defined as the
(approximate) root of Zthl Xy 1St’e for specially constructed matrices ¥; € R? designed to normalize the
variance of s; 9. However, the construction of 3, will require consistent estimates of 8* so our procedure will
involve a two-step process where 67 is used to construct the stabilizing matrices ¥; and then a central limit
theorem is proved for Or.

This approach will be most useful when an individual has access to powerful machine learning methods for
prediction but wants to perform inference on a simpler parametric model that is more interpretable. If an
analyst prefers not to manage a predictive model during the course of the experiments, substituting any
constant for f; will recover Equation (5). Therefore, we will prove our main results with respect to 01 and
6, but similar guarantees will exist for 6o when no predictive model is being updated as a special case.

3 Main Results

Our approach will be to construct two sets of weights based on different filtrations. As before, w; €
0(X¢, Hi—1) is restricted to being the inverse propensity weights %
ased for 0*. Similarly, we consider ¥; € o(H;—1) that will allow us to adjust the second moment of s, g,

while preserving the first moment of the score function in 6* to be 0. By assumption, E [s; g«|H;—1] = O.

to ensure that éT is unbi-

Define a martingale difference sequence (MDS) Z; := E;lmst’g*. Then,
E[Zy[Hi—1] = E[S; " ?s1.00[Hi—1] = 87/ ?Els1,0+[He—1] = 0,
by the fact that 2;1/2 € 0(H¢—1). A natural choice is to choose ¥; as

Vior = Epm, [st0-5g:|He1] -

By re-weighting the score function to stabilize the variance but requiring that the weights be determined
from a coarser filtration than what was used for constructing w;, we are able to preserve the first-order
conditions that will be stated in Assumption 3. Of course, V; ¢~ is unknown in practice and will need to
be replaced with an estimate V.. We proceed with the remainder of this section assuming the existence of
such an estimate but note that it is a non-trivial task as we only have a single observation corresponding
to each t. The key idea for constructing an estimator is to leverage the potential outcomes framework of
Assumption 1, which we discuss in Section 4.

Before stating the main result, we introduce several assumptions that will be required to ensure asymptotic
normality.

Assumption 2. The first three derivatives of mg(x,a,y) with respect to 0 exist for every 6 € O, every a € A
and every (x,y) in the joint support of P.

The existence of the first two derivatives allows us to identify the quantity of interest as the expected
maximizer of my and estimate it by evaluating the critical points of this function, which we discuss in more
detail in Assumption 3. The existence of a third derivative will allow us to use the Taylor expansion around
the score function to form a confidence set covering 6*.

Assumption 3. Let 6* be defined as in Equation (3) and © C R? be a bounded parameter space such that
Assumption 2 holds. We further assume that at every t € [T,

1. EP,ﬂ'e [mH* (Xta At7)/t)] = 07
2. —Ep ,, g~ (Xy, A, Y2)| = H for some positive definite matriz H,

3. For any € > 0, there exists constants 61,02 > 0 such that

o inflg_gs|>e {Er, [mo (X¢, Ag, Yy) — mo(Xy, A, Yi)]} > 61,
o infjg_gr>e [|[Ex, [o(Xy, Ar, Y2)]|l, > 2.
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4. The first four moments of mg(Xy, As, Y2), mo(Xe, A, Yz), and 1ig(Xy, Ar, Y:) are bounded with respect
to P, me.

The first two conditions of this assumption ensure that the quantity of interest #* is the solution to a
maximization problem and can be found by evaluating the critical points of mgy. The third condition mirrors
classical assumptions to demonstrate the consistency of Z estimators and M estimators (van der Vaart,
2000). Having a well-separated solution ensures the uniqueness of 6* and allows estimators constructed
from finite samples to converge appropriately. Note that we assume that 6* is well separated both as a
maximizer of mg and as a root of the score equation because we consider estimators defined in both of these
ways within our procedure. A special case of the third condition is when my is a continuously differentiable
concave function with the maximum obtained at 6*. The fourth condition is used to ensure that Lindeberg
conditions are achieved when invoking the martingale central limit theorem and is analogous to conditions
in classical proofs of the normality of M-estimators (van der Vaart, 2000).

Assumption 4 (Bounded importance ratios). There exist a constant C; > 0 such that m <C
for all a € A.

Bounding the weights is important to ensure that the variance of the score function is bounded, so that the
martingale law of large numbers and central limit theorems can be applied. It is possible to weaken this
so that the P (A; = a| Xy, Ht—1) are allowed to converge to either 0 or 1 at appropriately slow rates, but we
leave this generalization to future work.

Assumption 5 (Finite Bracketing Numbers). Define the set of functions Me = {me(X, Ay, Yy) : 0 € O}
and Me = {c"mg(X;, A, Yy) : 0 € O, ||c| < 1}. We assume that for all € > 0, the bracketing numbers
N[](G,M@,LQ(P,?Te)) < oo and N[](E,M@,LQ('P,WG)) < 0.

Assumption 5 limits the complexity of the function class {my : § € O} so that a martingale law of large
numbers can be applied which is required when constructing an argument for the consistency of 01 and
Or. We note that Zhang et al. (2021) provides an intuitive sufficient condition to check to ensure that
Assumption 5 is true. They show that whenever my is Lipschitz in the sense that

|m9(Xt7AtaYt) - me/(Xt7At7}/t)| S h(XtaAta}/t) Ho - 0/”
for some function h such that Ep . [h(X:, As, Y7)?] < m for some constant m, then My will have finite

bracketing numbers for all € > 0. We place a similar assumption on the complexity of the model classes.

Assumption 6 (Model Class Complexity). The predictive model f; € o(Hi—1), and f; belongs to a func-
tion class F. For this function class, there exists a single function ur and a constant m, € R such that
Elur(Xy,a, fi(a, X¢))*] < my, for alla € A and,

sup mQ(Z‘vaa ft(avx)) < u;(x,a, ft(a7$))a
0cO

sup Hma(l‘, a, ft(a'a x))”l < u]:($7 a, ft(a7x))’
6cO

sup ng(x, a, ft(aa 35))”1 < ’LL]-'(ZL', a, ft(avx))a
0cO

sup [[7ig(x, a, fi(a, x)) |y < ur(z,a, fia, ),
9e6

for all a € A, x in the support of P and f, € F. Furthermore, we assume that there exists a constant Co
not dependent on t such thate

E {llmo (X1, a, £i(X10)) = mor(Xe,a, fi(Xs @) [3 [ | < Call6 =0/l

almost surely.
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Note that a primary difference between Assumption 5 and Assumption 6 is that Assumption 6 is written in
terms of expectations relative to the actual policy 7; rather than m.. This is necessary because Assumption 6
bounds the variance of a term related to f, which is dependent on history whereas Assumption 5 is bounding
the complexity of a quantity that is independent of history. These assumptions allow us to prove a key lemma
needed to ensure the consistency of éT and éT.

Lemma 1. Assume Go = {g9(Xt, A, Y:) : 0 € O} is a class of functions such that for any € > 0, the
bracketing number Ny (e, Ge, L2(P,m)) < 0o. Define

(8)

K
Rt(&) _ Zﬂ-e(At _ Q‘Xt) (ge(ameft(a,Xt)) + IlAt:age(XhAt’Y;) _ge(XtaAtaft(Xtht))> )
a=1

P (At = U'IXt7 Ht_1)
Assume that there exists a constant L not dependent on t such that
E [llmo (X, a. fu(Xi, 0)) = mor (X, a, ful Xe, @) I3 [Hea| S 210 -0/

almost surely. Then under Assumptions 1-4,

(Ri(0) — E[Ry(0)|He-1]) 5 0.

M=

sup —
seo T —

We can think of Lemma 1 as a uniform version of the martingale weak law of large numbers, specifically
adjusted for our setting where machine learning methods are used to augment data collection.

Assumption 7. There exists a fized, integrable function w.,(Xy, Az, Y:) such that for some § > 0,

sup ||rih:9(Xt7At7)/t)”1 S unL(XtaAta}/t)7
0EO:||0—6* <5

and Ep . [um(XhAhYt)Q} 1is bounded.

This assumption mirrors that of classical approaches to proving the normality of M-estimators (van der
Vaart, 2000) and is used to make sure that certain quantities related to the third derivative of the objective
function remain bounded when using Taylor expansion to construct the confidence set.

We are now ready to state the theorem.
Theorem 1. Let 6* be defined as Equation (3) and s ¢ defined as in Equation (7). Assume Vg~ :=

Ep x, [stﬂ* stT’e* |Hi—1| is almost surely invertible and that there exists a sequence of random matrices {‘71:}2;1

—1/2 -1/2
/ *Vt,e*/

adapted to the filtration o(Hi—1) such that H‘A/t 20, Assume that the eigenvalues of both

op
Vi and Vi g+ are bounded above and below by constants Opmin,Omaez. Let O be any estimator such that

A prlizg o =) . en under Assumptions 1-6,
F Vs, 5, = 0,(1/VT). Then under A 1-6
1 r / d
72‘%_1 2‘été (éTfG*) —)N(O,Id)
VT t=1 o

Note that letting + Zthl f/t_l/ %g v = op(1/ VT) instead of exactly zero ensures that the results are still
valid when using an approximate root finding algorithm instead of an exact root. As an illustrative example,
we first demonstrate the application of Theorem 1 in the case of a linear model.

An illustration: correctly specified models

Let us first consider the case of correct specification, where Y; = Z1'0* +¢, and ¢; are independent Gauassian
noise with ¢, ~ N(0,07). We assume Z; € o(H;_1) is dependent on user choices based on a shared history
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Hio1 = {Z1,Y1,...,Zs—1,Yi—1}. In our framework, we can think of Z; = ¢(A;) as some deterministic
function of the observed actions (e.g., one-hot encoding).

Letting X7 := Z?:l ZiZL, Anin(27) represent the minimum eigenvalue of Y7, and Apax(X7) represent

the maximum eigenvalue of X7, Lai & Wei (1982) show that a sufficient condition for the OLS estimator

O = E;l Zthl Z:Y; to converge to 6 almost surely is that Apin (X7) 2% 50 and % 2% 0. However,

the requirement for asymptotic normality is much stronger. They require that a deterministic series of
matrices {Br}52 , exist such that B;l(thzl 202 B

Suppose that we apply Theorem 1 in the case where Or is consistent but the asymptotic normality condition
does not apply. We can still form a confidence interval for 6* as follows. For simplicity, we assume that f; = ¢
for some constant ¢ so the score function corresponds to the ordinary least squares loss without augmented
components. In this case, we have s; g« = —2w;(Y; — ZL'0*)Z; with w, = %. Moreover,

Vior =E [se,0v5 9+ [Hi1] = Var (Z (Y — 0* Z1)[Hi—1) = 07E [wiZ Z] | He-1]

noting that Var (Y;|Z;) = Var (e;|Hi—1) = 07 and $;9 = wi Z: 27 .

Note that we can obtain a closed form solution by solving for 0 in the equation
- 1/2
Z ol t,0 Z (wio?E [Z:Z{ |Hi-1]) wy (Y — ZL0%)Z,

Rearranging terms yields

T
A _ —1/2 -1/2
Op = <§ o 'E (w2, Z] |y / ZtZtT> <§ o wi ' [wi 2 2] M) / Zth>.

t=1

The formation of confidence intervals using Theorem 1 yields,
T
1 -1 2 T —-1/2 T () x) d
—= Y w0, "B [wiZ, 2] M) 22T (00 - 67) 5 N(O, 1,).
VT 5

In the case where the model is specified correctly, Or is a consistent estimate of §* for any choices of w; that
follow Assumption 4. Therefore, the choice of w; becomes strictly a question of asymptotic efficiency. We
can illustrate this with a few special cases

e Suppose E [ZtZtT|’Ht,1] is independent of H;_1, then % Zle ZtZtT becomes a consistent estimate
for E [ZtZtT ]
— When oy is constant across t, it is optimal to choose w; = 1. This reduces to the ordinary least
squares solution (i.e., 87 = 67) and the confidence intervals become standard.
— When oy is not constant, it is optimal to choose w; < —. This reduces to the case of weighted
least squares, and the confidence intervals again become standard.

o When each component of Z; corresponds to an indicator variable (i.e. Z;; = 14,—;), then
E [w}Z, ZF' [H,-1] = diag (wiP (Z;,; = 1|H¢—1)). In this case, the CLT simplifies to:

T
Z 2 diag ({P(A) = alHim1) ™ ?aca) (0 = 07) 5 N (O, 1,).

Of course, this example is unrealistic because it assumes oracle knowledge of V; g« = E[w?Z; Z!']. In practice,
the key challenge in applying Theorem 1 is to find a reliable method to estimate this quantity. In the next
section, we tackle the problem of finding practical methods to construct a sequence of estimators {V;}7_,
that can be used as plug-ins.

10
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4 Practical Strategies for Covariance Estimation

Our strategy for building an estimator of the variance is to decompose Var(s; g+ | Hi—1) into terms that are
either independent of the history or known to the experimenter and then find empirical estimators of these
quantities from external data, similar in spirit to Kato (2020).

Proposition 1. Recalling definitions for Hi_1, Vi 9+, and 0* defined previously,

Var(sug- | Hi1) = Var (B er, [rg (Xe, A1, i) | Xi] )+

Bl S Tl X e e i@ e (o, Vi) | X
;W [me*( t,Q, t(Cl))me*( t,a,Yi(a)) | t]|th71 .

E |Eaor, [0+ (X0, A, Y2) | Xi Eagmr, 0+ (X0, 41, Y2) | X

This decomposition allows the dependence on H;_; to be explicitly decomposed into pieces that are known
conditional on H;_; (action-selection probabilities) and terms that are independent of history. It is still
challenging to use this decomposition without knowing the potential outcome distribution (X, Y;(a)). To
bridge this gap, we assume that we can sample freely from the marginal distribution of X; and then esti-
mate the first and second moments of the conditional distribution Y;(a)|X; using flexible machine learning
approaches. In many applications, we may have access to an independent data set of features that can be
used for this purpose. However, if this is unavailable, we can also use sample splitting to use the features
from the experiment itself. We briefly discuss both of these strategies below.

4.1 Using external data

We first assume access to an external dataset composed of observations of X independent of the history but
with the same marginal distribution as X;.

Assumption 8. There ezists an external data set X = {X}}g;l, independent of H; for all t € T, where
X p(x) and n = [rT] for some fized r € (0, 00).

We also assume access to models targeting the conditional means and variance that can be used to create a
plug-in estimate of Var (s; g« |H—1).

Assumption 9. We can construct functions g; : RP x A — R? and hy : R? x A — R adapted to o(H;_1)
such that gi(Xy, a) — E [« (Xe, At, Y2)| Xy, A = d] 50 for alla € A and

hi(Xt,a) —E [mQ*(XhAtaYt)mG*(XtaAt;Yt)T|Xt;At = a 50
for all a € A.

We postpone discussion of how to construct the functions ¢g; and h; to Proposition 3. In this section, we
assume the existence of these quantities and use them to construct an estimate for Var (s; g«|He—1).

Proposition 2. Define the functions

K
D (Xi) = Y me(Ar = a| Xi)gi(a, X,), (9)

a=1

and v = %inef( ¢(X;). Define:

\Z:n11<z ﬁt(Xi)—u><Z z?t(Xi)—u>

X;eX X, €X

K

1 '/Te(At =a | X1)2 ht(Xi,CL) 1 . R .

T T v, XZ Vi Xz .
nxze:)e; P(A: =a | X;, Hi—1) n Z (X)) D (X;)

11
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2.
op

Then, under Assumptions 1-9, Vi — Vio+

Of course, it is far from clear how to construct g; and h; so that Assumption 9 is satisfied. In the remainder of
this section, we provide a construction in the case of certain classes of objective functions mg and demonstrate
that generalized linear models are a special case of this.

Proposition 3. Assume you have access to an estimator O € o(Hr) such that O L 9*. Assume that Yyou
can construct a sequence of continuous functions fi : Rx A — R and j; : R x A — R adapted to o(Hi—1)
such that fi (X, a) — E[Vi| Xy, Ay = a] 5 0 and j,(Xy,a) — Var[Vi| Xy, Ay = a] & 0. Furthermore, assume
that rhg is linear in y such that it can be decomposed as g (z,a,y) = zo(x,a)y+vy(x, a) for some continuous
functions z,v. Then, defining

gt(xv a) = 20, (I, a)ft(a:? a) + Vor (ZE, (1)
hi(z,a) = z5,.(z,a)z4, (z,a)T i (z,a),

will satisfy the conditions of Assumption 9.

Although this may seem restrictive, GLMs are a notable class of models that have a score function that
satisfies these conditions. In our settings, GLMs will satisfy a first order condition of the form

D (¥ = (07 2( Xy, Ar)))2(Xy, Ar) =0

t=1

where z : R? x |A] — RP denotes some deterministic transformations of (X3, A;) (e.g., one-hot encoding of
Ay, interaction terms between A; and X;) and 9(-) is the inverse-link function that maps 67 2(Xy, A;) to the
mean under the (possibly misspecified) working model. In this case, we have:

gt(Xt,a) = (ft(Xt,a) — ’(/J(GTZ(Xt7At))) Z(Xt,At> = ft(Xta a)z(Xt, At) — ’(/J(GTZ(Xt, At))Z(Xt7At),
hi(X,a) = 2(X¢, a)2(Xy, a) T jo(Xy, @)

Proposition 3 simplifies the variance estimation task, as it converts the problem of estimation of potentially
very high-dimensional covariance matrices into a simpler question of estimating conditional means and
variances of Y;. Note that f; can be the same model that was used in the definition of the MAIPWM
estimator (Equation (6)) so this procedure only requires the management of an additional second model
targeting E [Yt2|Xt, Ay = a]. In the case where my is not linear in y, then Jensen’s inequality implies that a
straightforward plug-in estimate is not available since E [rg(Xy, Az, Yi)] # mhe(X¢, A, E[Y:]). In these cases,
more complicated methods of density estimation will be required.

Some care must also be taken When choosing 61 in Proposition 3. Although Or is consistent, it is defined

as an estimator that satisfies Zt Vi _1/ 25t 4 = 0p(1) and therefore assumes that V, has already been

constructed in its definition, so it is not available when we need to construct V. Fortunately, Or can be
shown to be consistent.

Proposition 4. Let 07 be defined as in Equation (6). Under the conditions of Theorem 1, ||§T — 9*”1 =
op(1).

This results in a two-step procedure in which 7 is first estimated and used to construct {V;}7_,. We then use
these matrices to construct a corrected estimator 8 that allows us to form confidence sets. We summarize
the end-to-end procedure for producing confidence sets under adaptive sampling for GLMs in Algorithm 1.

Remark 2 (Target versus nuisance misspecification). The misspecification considered throughout this paper
refers to the working model mg used to define the target parameter. This should not be confused with
misspecification of the nuisance models used in Proposition 3 to estimate the covariance matriz. While our
framework permits mg to be misspecified relative to the underlying data-generating process, valid inference still
requires sufficiently accurate estimation of the conditional moments used to construct Vy. Thus, the burden
of modeling is not eliminated entirely, but shifted from requiring a correctly specified parametric target model
to requiring estimable nuisance quantities (conditional first and second moments) for covariance estimation.

12
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Algorithm 1 Construction of Confidence Intervals for GLMs Under Adaptive Sampling

Require: Data {(X;, A;,Y;)}L|; evaluation dataset X := {X;}?; target policy m(a | X;); model class
{mg : 0 € B} for the GLM with transformation function z(z,a) and link function ¢(-).
1: for each time step t do
2: Construct predictive models fy, j; using H;_, targeting the conditional mean and variances:

ft(Xiaa) ~ E[Yi \ Xi, A = a}, jt(Xiya) ~ Var[Yi | X, Ay = a].

3: end for

4: 9~T <— argmaXypcgo ZtT:I ZaKzl 71'3((1 | Xt) (TTLQ(CL, Xt, ft(a, Xt)) —+ IL{At:CL} me(At,Xt]ézsz)t;z’b‘ggf;éfjjt(Xt’At)))'

5. Compute

gi(z,a) « fi(z,a)z(x,a) — w(égz(z,a))z(x,a),
hi(z,a) <+ z(z,a)z(x,a)” i (z, a).

6: Use X and Proposition 2 to construct V; for every t € [T].
7: Use {V;}1_, and apply Theorem 1 to construct f7 and corresponding confidence intervals.
8: Output: Estimated parameter 7 and asymptotic (1 — a) confidence region

Co = 96@:(

ﬂ‘“
]~
S>

N
[\
(_En
ES
3
S&
|
=
v
VR
%‘“

S0, (i - e>) <

4.2 Using sequential sample splitting

Alternatively, when an external dataset is not available, we can use sample splitting to create an independent
data set to estimate Var (s¢ g« |H¢—1). At each ¢, we draw an independent random variable ¢; ~ Ber(r) and

then assign X; into one of two parallel histories ’Hgl) and H,EQ):

o(HY X)) when ¢ =0

U(Hg)l,Xt) when ¢; =1

Hgl) when (; =0
X €@
H;” when ¢ =1

and m¢(a|X3:) € {

Proceeding in this fashion constructs two separate histories with the same distribution that are independent
of each other. Note that for this particular application, we are only trying to sample from the marginal
distribution of X; so the assignment of A; is only required for one of the two histories. An alternative
experimental setup might only track the triples (X, A¢, Y:) for Hgl) and then refrain from treating or

tracking outcomes for individuals in ng). In contexts where there is a cost to administering the treatment,
the latter design will be preferable, but in other situations it may not be possible or desirable to refrain from
treatment in which case the former is required.

Regardless of the particular approach, the only requirement is that (; is independent of both histories and
the predictive models are trained on only one of the tracked histories.

Assumption 10. (; ~ Ber(p) for some fized p € (0,1) and is independent of 7—[91 and 7—[§2_)1 forallt € [T].

Assumption 10 can be used in place of Assumption 8 to construct an independent dataset of features when
one is not available.

Assumption 11. There exist functions g; : RP x A — R and hy : RP x A — R¥? qadapted to O'(’Hgl_)l) such
that g(Xy,a) — E[Y;| Xy, Ay = a] 5 0 for all a € A and

hi(Xt,a) —E [me*(XthtaYt)ma*(XtaAta}/t)T|XtaAt = a 50
for all a € A.

13
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Assumption 11 is almost the same as Assumption 9 but we require that the models are only trained on ’Hil_)l

to ensure that 7—[752_)1 can be preserved as an independent data set for calculating V[l/ 2. At this point, the
procedure can proceed the same as in Section 4.1. For completeness, we present a slightly modified version
of Proposition 2 adapted to the case of sample splitting.

Proposition 5. Under Assumptions 1- 6, 10, and 11, define 0(X;) as in Equation (9) and ny, == Zle Gt
Define:

T
Vt:npl—1< Z ﬁ,g(Xi)—ni Z ﬁt(Xz)>< Z ﬁt(Xz')—nlp Z ﬁt(Xi)> +

Xien® P x,en® X;en? X;eH®
i Z Z ﬂ'e(At =a | X’i)2 ht(Xiva) _ i Z o (X)ﬁ (X)T
np IP’(A:a\X"H(Q)) Tp R
X,en® a=1 t iy Ty X, en®
Then ‘ Vi—Vie| 2o
op

Algorithm 1 remains the same when used in this setting, with the only modification being that Proposition 5
should be used at the sixth step instead of Proposition 2.

5 Empirical Results

We deploy these methods in the contextual bandit problem, where the goal is to choose a sequence of actions
{A;}L., that minimize regret, 23:1 (ur —Y:), where pf = max{E[Y;(a)] : a € A} is the arm with the
highest expected reward. This is a well-studied problem with a variety of proposed solutions; we focus on
strategies for choosing P(A; = a|X¢, H¢—1) that simultaneously leverage flexible predictive models f; and j;
described in Assumption 9 targeting E[Y;| Xy, A;] and E[Y;?| X}, A;], respectively.

Strategies for selecting A;:

A uniform strategy where P(A; = a|X¢, Hi—1) = I%\\ for all t. Classical statistical guarantees will
apply in this setting since the decision-making is stationary and non-adaptive.

o An epsilon greedy strategy that lets

4 — argmax,c 4 ft(X¢,a)  with probability 1 — e
b any other a € A with probability W%l'

e An upper confidence bound (UCB) strategy that constructs confidence intervals using f; to
define the centerpoint and j; to control the width. Here,

At = argmax |:ft(Xt7 a) - QOL/2 jt(Xt7 a’):| 3
acA

where ¢,/ denotes the «/2 quantile of a standard normal distribution.

o An approach inspired by Thompson Sampling which draws from a distribution of Y;| X, a for
each a to form an estimate Y}(a) and then lets A; := argmaxfft(a). We apply this algorithm in the
current setting using the working assumption that Y;(a) ~ N(fi(Xy,a),j¢(Xs,a) — f2(X¢,a)). We
also consider versions of this method with a clipping constraint so all probabilities are constrained
to lie in [0.05,0.95].

We use a real data example to test the confidence intervals constructed using Theorem 1 under the above
sampling strategies. The data set is sourced from the Osteoarthritis Initiative (OAI) (Nevitt et al., 2006),

14
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a publicly available data set provided by the NIH. The OAI is a ten-year longitudinal observational study
of men and women affected by osteoarthritis. The study collects several baseline measurements about
each participant’s knee health, such as self-reported measurements of pain, disability status, and flexion
contracture, in addition to demographic measurements such as age, BMI, and sex. After enrollment in the
study, measurements of knee health, such as Kellgren and Lawrence (KL) grade, are taken at yearly intervals.

We consider the outcome (Y;) to be the four year change in KL grade for the affected knee of an osteoarthritic
patient. Although KL grade is a discrete numeric variable, we treat KL grade as a continuous variable for
the purposes of this example. The chosen features (X;) include the aforementioned baseline measurements
of knee health and demographic variables as well as additional risk factors identified in Dunn et al. (2020)
such as self-reported quality of life scores and use of pain medication. Since OAI was an observational study
to characterize disease progression rather than a trial to compare treatments, to evaluate methodology, we
construct a semi-synthetic data set that applies hypothetical treatments (A;) and then enforces a synthetic
relationship between A; and Y; while preserving the conditional distribution of Y; | X;. This is done using
machine learning methods to first learn the distribution of Y; | X; and then to create synthetic outcomes
that combine the output of the machine learning model with hypothetical treatment effects. For a detailed
description of the semi-synthetic dataset creation process, see Appendix C. The end result is a dataset with
similar complexity to the original longitudinal study but with the option to sample patients sequentially
with ground-truth knowledge of the treatment effect and target parameters. Note that to ensure that this
setting would align with the hardest case where treatment policies would not be likely to converge, we picked
treatments so that there would be the same expected reward across multiple arms and there would be no
unique optimal policy.

In simulations, patients come online one at a time and 0, is recomputed for each ¢ with Theorem 1 used to
form confidence intervals. As discussed in Section 4, online model-based estimates of the conditional mean
and variance are trained sequentially (using random forests) as inputs into the MAIPWM estimator. To
increase computational efficiency, we choose to re-train the predictive models after every 100 data points,
though in principle they could be re-trained after every sample. For continuous outcomes, we consider a
linear model with mg := —(Y; =3, 4 0ol a,—a)?.

We track the length of the confidence intervals and their nominal coverage rate (given target coverage of 0.9)
in Figure 2. The methods we consider are:

Methods for confidence interval construction:

e Naive Use off-the shelf maximum likelihood estimation with equal weighting of outcomes and sand-
wich estimates of the variance.

o IPW Uses the methodology of Guo & Xu (2025) to construct confidence intervals, which relies on
inverse propensity weighting of the score function and sandwich estimates of the variance.

o SQ-IPW Use the methodology of Zhang et al. (2021) to construct confidence intervals, which

weight observations by the square root of the propensity scores, setting w; = me (A¢|Xe)

PlA X, 1, ) and

using sandwich estimates of the variances.

« MAIPWM-External Using the method described in Theorem 1 with plug-in estimates V; ¢ con-
structed using external data as described in Section 4.1.

e MATPWM-Sample-Splitting Using the method described in Theorem 1 with plug-in estimates
Vi.o constructed using sequential sample splitting as described in Section 4.2.

« MAIPWM-Reuse Using the method described in Theorem 1 with plug-in estimates V; g« con-
structed by naively reusing all X; € H;_1 at time step t.

We tested the MAIPWM estimator in all combinations of strategies used to estimate V; g~ and select actions.
The empirical results shown in Figure 2 align with the theory — naive maximum likelihood estimates
undercover in all situations other than the uniform (nonadaptive case). IPW and SQ-IPW methods require
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= Naive = IPW - = SQ-IPW === MAIPWM-External =+ MAIPWM-Reuse = MAIPWM-Split
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Figure 2: Confidence intervals constructed using Theorem 1 using ML-based estimates of the variance cover
in all scenarios. GLMs using naive inverse propensity weighting often undercover, especially in situations
where the assignment probabilities vary substantially over time. We note that both sample splitting and
external data reuse for covariance estimation are valid, but sample splitting has significantly wider confidence
intervals. Reusing the same data for variance estimation and parameter estimation performs similarly to
using external data, though we lack theoretical guarantees for this method.
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a significantly larger number of samples before they achieve the nominal coverage rate and do not cover
at all in the case of Thompson sampling. The MAIPW estimator using sample splitting and external data
both cover correctly, with the sample splitting method paying a price in terms of notably wider confidence
intervals. Although we have no theoretical results supporting MAIPWM-Reuse, which reuses the historical
data to estimate the covariance, this method has nearly identical results to the two MAIPWM methods that
use external samples. Future work can potentially justify this formally.

6 Conclusion

We present a method for inference in M estimation problems under a potentially misspecified working model.
The method requires the estimation of time-varying covariance matrices, for which we provide an algorithm
for generalized linear models using flexible machine learning approaches. Empirical results demonstrate that
the method has correct nominal coverage, while existing approaches often undercover in situations where
action-selection probabilities vary considerably and the variance of the score function does not converge.
Our work suggests several potential avenues for follow-up work, which we detail below:

Estimation of action-selection probabilities Throughout, we assume that the probabilities of each
action being selected in the experiment are determined by the experimenter and known, which sometimes
cannot be guaranteed in practical settings. Weakening this assumption first requires modifying the asymp-
totic arguments for Theorem 1 and ensuring the rate of estimation of these probabilities to converge suffi-
ciently fast. It also complicates the estimation of the time-varying variance as explained in Section 4 since
Proposition 1 crucially relies on knowledge of the action-selection probabilities to decompose the variance
into a tractable form for plug-in estimation.

Data reuse In estimating the variance of the score function, we either assume access to an external dataset
of features with the same marginal distribution as in the sequential experiment or are forced to split the data
(and consequently sacrifice power). Empirical results suggest that simply reusing the collected sequential
data for both variance estimation and parameter estimation provides nearly identical results compared to
when an external dataset is available, but we have not provided a rigorous guarantee.

Efficiency of estimators Although we have demonstrated that the proposed estimator results in valid
confidence intervals, we have not shown it is optimal in any sense or demonstrated results about semi-
parametric efficiency, which is a logical next step for future work.
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A Preliminaries

We introduce several key facts about martingales that are used throughout. For a more thorough discussion,
consult Hall & Heyde (2014).

Fact 1 (Martingale Weak Law of Large Numbers, Hall & Heyde (2014)). Let (S, Hn)n>1 be a martingale
where S, = Y | X;, and let {b,} be a sequence of positive constants with b, — co. Writing X,; =

X, 1[|X;| < b, for 1 <i <n, we have b;'S,, £ 0 as n — oo if
1.5 P(IXi] > b,) =0
2. b S B[ X | Hooa] 20
5. 0.2 S (B [X2) — BB (X | Haoa} =0
Remark 3. A sufficient condition for Fact 1 to hold is when X; is bounded by a constant.

Remark 4. A sufficient condition for Fact 1 to hold is when X; is square integrable and - Zthl E[X?] — 0.
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B Deferred Proofs

B.1 Proof of Theorem 1

The overall structure of the proof is similar to Zhang et al. (2021), which in turn is based on classical proofs
of the asymptotic normality of M-estimators such as the ones described in van der Vaart (2000). The major
differences in the approach are that we now need to deal with the variance stabilizing matrices V; and bound
the complexity of the predictive model f;.

The proof relies on two Lemmas:

1. Lemma 3 uses the first order conditions to show that an appropriately rescaled version of the score
function % ZZ;I V[l/ 25,5’9* is asymptotically normal using a Martingale Central Limit Theorem
(Hall & Heyde, 2014).

2. Lemma 4 shows that HéT — 0

= op(1).

Given these two lemma, we can now use Taylor expansion around the score function to prove Theorem 1.

First, by Taylor’s theorem we can write for each ¢ and some ; on the line segment between 01 and 60* that

St,00 =8, 5, 8,0, (0" — Or) + % (9* — éT)T 3, 5, (9* — éT) .

—1/2

For each ¢, we multiply by ﬁfft and sum over ¢ € [T] to arrive at
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Recall that —ﬁ Zthl \7{”25@9* LA N(0,1;). By Slutsky’s Theorem, it is therefore sufficient to to show
that

T R T T -1
Z ‘/;71/2 (9T - 9*) 5.8, (Z th/z‘ét,éT> = oy(1),
t—1 =1

2
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in order to conclude that f Zt 1 Vt_l/2 e (éT - 0*) LN N(0, I4). We write this as follows.

T ) T T -1
~—1/2 (5 A ~_1/2.

36 (o) s (0,

t=1 t=1

2

. 1/2 T 1 1/2 -
S (i) s (sz )
t=1 t=1 2
T , T T , -1
~—1/2 * . ~—1 2
<lrs i ) s (G )
t=1 t=1 2
T 1z -1
A —1/2.. A
< 0* ZHVt /St,ét ‘2 <TZ A 5t9T>
t=1 t=1 9
1 & -
A 1
<[or -l 5 3 e (570
mll’l t:1
2

By Lemma 4,

9*H2 = 0p(1) and by Lemma 2, ’( Zt Vi _1/2 Sy GT)

sufficient to show that the remaining terms are O,(1) to conclude that the entire term is 0,(1). We know
that 1/0min is bounded because dmin > 0 by assumption. We tackle each of these terms individually (note
that by equivalence of matrix norms, it is sufficient to show convergence in 1-norm).

-1
’ = O,(1) . Therefore, it is
2

0,(1). We for some

. 1 T .. _
Showing + >, , stgt =

K
Z Te(Ar = al Xy) (T'ﬁé,,(aa X, fi(a, X¢))

a=1

Hstvét 1

1 g, (Xe, Ae, Yi) — ﬁigt(Xt,Auft(Xt,At)))
Ai=a P (Ay = a|X;, Hi_1) )
Te(At|Xt
LA ] . f A (X4, ALY,
T P (A X, He) Hmet oA Y,
K
]]-At=a

+7T5(At = CL|Xt)Z (1 — ]P(At — a‘Xt Ht 1 ) ngt Xtaa ft Xta Hl
a=1 ’

7T8(At|Xt)

— " (X, A Y
7P(At‘Xt7,Ht—1)u (X, Ar, Yi)

K
o B ]]-At:a
+ Tre(At - a|Xt) Z <1 P(At _ aXt7Ht1)> u]:(Xt?avft(Xt;a))a

a=1

where the last inequalities follow from Assumption 7 and Assumption 6 after noting that Hét — H*H < 6 for
any fixed ¢ since 6, must lie on the line segment between 61 and 6*. Therefore,

T
> sea
t=1

(A: | X+)
um (Xe, A, Y,
ZIPAt|Xt,Ht 1) (Xe, Ap, 12)

T
]lAt =a
+Z776(At:a|Xt Z( Af—a|Xf,Hf 1)>u]:(Xt7a7ft(Xt>a‘))'

t=1 =1
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We will now show that both the first and second terms converge to their expected values by Fact 1 to

conclude the proof. For the first term, E [%um(Xt,At,YtﬂHt,l = Ep ., [um(Xs, A, Y2)]. On
e (A X¢)

the other hand, letting w; = BAX e D) implies that w; < Cy by Assumption 4. Therefore,
E[wum (X, Ar, Y3)?] < E[Crwpum (X, A, Y2)?]
= C1E[wyunm, (X, Ay, Y1)?]
= C1E[E[wiu (Xt, Ar, Y2)?[Hi—1]]
= CLE[Ep i, [um(Xy, Ar, V)]
= C1Ep ~, [um(XthhY;f)2];
where the last term is bounded by a constant due to Assumption 7.

Similarly, we have

E

a=1

T K
]lA:a
EA - X 1— ¢ X7 ) X7 -
;”( t =4l t)z( P(At_a|Xt,'Ht_1))“f( v filX o)ty 1]

-

]lA =a
E|E|{1- : X X X _ _
[ {( ]P’(At — aXt,Ht_1)> U}‘( t»a7ft( t,a)| i Hi 1} |»Ht 1}

a=1

-

ILA =a
E|E|{1- 2 X _ X X _
[ K P(At — aXt,Ht_1)> | t Hi 1} U}‘( t»avft( t7a)|Ht 1]

1

Il
[enIN~)

Y

where the last line follows from the fact that E [(1 — W) | X4, ’Htﬂ] =0.

On the other hand, the variance can also be bounded. By Assumption 4 and the fact that w.(A; = a|X;) < 1,

2
we have that (1 - W) < (]. - 02)2, Therefore,

: Kl T P(4 ﬂzf)_cj,ﬂt_l)> “f(Xt’a’ft(Xt’a))Zl < (- OE s o, X ),

which is finite by Assumption 6.

Lemma 2. Under the conditions of Theorem 1,

= 0,(1).

-1
1 T -1/2,
(f thl Vt StﬂT)
2

Proof. Let us decompose

S . 7T6(At|Xt)

t.or = P(At|Xt,Ht_1)m9T(Xt’A“m

K
1a,=a .
+ 7Te(At = a|Xt) Z (1 - P(At — 2|4Xt;Ht1)) méT(Xtvaa ft(Xtaa’))'

a=1

It is sufficient to show the following statements:

I 23:1 Vt_l/ 2%#@* (X, A, Yy) is invertible and has bounded eigenvalues with probabil-

ity tending to 1.
T &5—1/2 7 (AlX, .. ..
2. |4 S0 V2 e e (g, (X, A, V) — g (X, 40, Y2)) | = 0p(1)

Ta,_q .
3. H% S (A= alX) i (1= spnmtetm ) (Ko a fi(Xe, a))H = 0,(1).

22



Under review as submission to TMLR

Demonstrating (1) First, note that

- A X)L
EV1/2 Te( Ay g (X, A, Vs 7-[]
[t P (A¢| X, Hi-1,) o+ (Xo, Ap, Vi) [Hia

_ r—1/2 e (A X+) )
. [P(At|Xt7Ht—1,)ma*(Xt’At’Yt”Ht1

= Vt_l/zE?’,pe [me* (Xt, Ay, Yt)]

By the weak law of large numbers, we can therefore conclude that

T T
A—1/2 7Te (A¢| Xy) r—1/2
— (X, A Ye) = — V E (Xi, A, Y]
Rearranging terms, we can write this as
T
Z Vi = ViR, lite: (X1, Ar Vo)) Zv;ei/QEpp [itg- (X1, Ar, Y]
=1 T

For the second term, we note that:

'ﬂ \

T
Z T2 VYDEp,, [ (Xe, A Y)]

op

T
1/2 v, 1/2
< T v

= 0,(1

op ||E7)7pe [ma* (Xt7 At? }/t)] ||op

~—

The last line follows because HV; 12 _ Vl/ 2

Assumption 3.

= op(1) by assumption, while |[Ep ;, [rig+]]|,, is bounded by
op

For the final term, we have that —Ep ,_ [ffig« (X, Ay, Y2)] = H for some positive definite matrix H and
—1/2 1/2 —1/2 -1
Ztlt&* (Ztlt&*) 2
op

5;1@/( . Therefore, the product of both terms has bounded eigenvalues and therefore the third term is invertible
with bounded eigenvalues.

<,

op

and

therefore it has bounded eigenvalues. Similarly, ’

Demonstrating (2) We have by Taylor’s theorem that for some 0 on the line segment connecting 07 and
GT that,

d e (A Xy)
e t t .. ..
T; P (A Xy, Hi1,) (meT(Xt’AhYt) _me*(Xt’At’Yt))
d e (A X3)
e t t
T; At|Xt7Ht 1a) O(XhAt’}/t).

Taking expectations, we have:
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N A X))
E V1/2 7Te( t|At
H[t P (A| X, Hi1,)

U, PEp o, i (X, Ar, V7))

< (7 v

mé(Xt, Ata Yt)|7'lt—1]

’ 1

FVeo ) 1, [ (Xes Ar, Yol -

1

Therefore, by Fact 1 we have that

71/2 e (At| X+) ) )
o (Xi, A, V3) — 1ing (X4, Ay, Y
Z b P (A Xy, Hea,) (meT( t, Ag, Yy) — mgs (X, Ay, t))

1 N
S%m+fZOM”2 Vi + VoIl
t=1

NEp [t (X, Ar, Yi)llly
1 T
=op(1) + 7 D IVielly 1Ep . [um(Xe, Ar, Yo)llly -
t=1

However, the last term is also o,(1) because V; g+ has bounded eigenvalues and Ep . [u,,] is bounded by
Assumption 7.

Demonstrating (3) Note that for all a € A, we have that

]lAt:a ..
El (1 TP(A—a Xt,HH)) Mo (X 112X, ) ‘HH’Xt]

_ ]1At:a O _
= E[ (1 - P(A, = a| Xtyﬂt—1)> ‘Ht17Xt]E[m9T(Xtaa7ft(Xha)) "Htfhxt} =0.

Therefore,

K
B 14,=a . N
E 7T6(At = a|Xt) E (1 — ]P(At — a|Xt,Ht_1)) mGT(Xt, a, ft(Xt7 a))|Ht11 =0

a=1
By the martingale WLLN, we then have that

Zw (A —a|X)§:< 14— )m(x 0, f(X0,a)) = 0,(1)
T e t t P(At:a‘Xt,,Htfl) ty Wy Jt ty D .

a=1

Lemma 3. Under the conditions of Theorem 1, f Zt W 1/251579* 4 N(0, Ig).

Proof. Consider the term Z; := cT‘A/t_l/ 25,579*, for any ¢ € R?. By the Cramer-Wold device, it suffices to

show that ﬁ Zthl Zy 4N (0,¢?). To do this, we demonstrate that Z; is a martingale difference sequence

and then apply the martingale CLT of Dvoretzky (1972). In order to apply this fact, we need the following
to be true:

o Conditional Expectation E[Z;|H;_1] =0 for all ¢ € [T7;
« Conditional Variance 1 S R[22 M) = |le|);
« Lindeberg Condition 3/ E[Z217,~|H,-1] > 0.

Checking each condition separately:
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Conditional Expectation By construction, we have that
E[Zi|Hir) = BTV 25,00 [Hema] = TV, PR s, 04 [Hia],

based on the fact that ‘A/t_l/Q € 0(Hi—1). So it suffices to demonstrate that E[s; g«|H¢—1] = 0.

First, we will rewrite

We(At‘Xt)
P (A Xy, Hio1, Xo)

E[St,0*|Ht71] :EP,m [ m&*(AthtaK)|Ht1:|

K
Ta, .
+ E Tt 1 - — —t== % ’X7 ’X TR
; " [< P(At|Xt7Ht—1)>m0 (a, Xy, fi(a, X¢))[Hy 1}

For the first term, note that

7T6(At = Q‘Xt)

Ep g, |=—————=1
P [P(At|xt,%1>m

0+ (At;XhYt),Ht—lj| =Ep x, [ho~ (A, X4, Vi) |He—1] = 0,

where the first equality follows because of a change of measure and the last line follows because 6* is the
minimizer of a score equation.

For the second term, we note that

K
]lAt:a .
;EP,M [(1 T P4, = aIXt,’Htl)) e« (a, Xtaft(aaXt))|Ht—1:|
K
_ ]lAt:a .
= ;]Epm [Ep,m [(1 T P4, = aIXt,Ht_l)) m@*(athvft<a7Xt))|th1>Xt:| |Ht1]

K
]IA:a
Ep r, |rigs (a, Xy, frla, X)) Epr, | (1 — : X 4.
; P,t{me (a tft(a t)) P, {( P(At:QXt7Ht_1)>|Ht 1 t:| |Ht 1]

1a,=a

However, Ep ., {1 - WM'HFM Xt} = 0. Therefore, both the first and second terms are 0.

Conditional Variance Let us rewrite ‘7[1/ 7= f/[ /24 Vi o+ 1/2 —Vie '/2 We then have that

T
TYr—1/2 T {r—1/2
E E [c Vi ' st0+800: Ve e Hin

t=1

NI~

t,0%

I
Nl =
[M]=

B[ (V7 4 Vg = Vi s ste (072 4 Vg = Vi)t

t=1

I
Nl =
Mﬂ

. (V_1/2+Vt 1/27‘/;—91*/2) [St o 5t 9*|’Hf 1] (V_1/2+Vt 1/2*‘/;91*/2)

~

HMH :

1/2 —1/2 —1/2 1/2 1/2 —1/2 —1/2
[W VioVig* = (Vig? = V2 VI = Vg2 (Vg2 = 00?)
+ (Vi = 02 Vi (Vg2 = 0712) e

T
1
= lel* + <" (TZAt> c
t=1
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where
‘r—l 2 "Ar—l 2 ‘rl 2 ‘rl 2 ‘7—1 2 "\r—l 2
At = ( t,9*/ t / ) t,G/* t,G/* ( t,9*/ t / )

(V0 o (V).

Vt;)l*/Q — th/z % 0 by assumption,

op

It suffices to show that [[A¢[[,, 2 0. However, this is true because ‘

and thg? has bounded eigenvalues.

2
Lindeberg Condition Fix any € > 0. Note that in general 1,z,>. < % We therefore have that,

1

St,0% [>e

=l

T
TYr—1/2 T Yr—1/2
E|cV, /St’g*St oV} el 1y o1 |Hi—1
le V,
Py ’ VT 't

T
1 N N 2
7€2T2 ZE |:<CT‘/t 1/2815,0*5379*‘/; 1/26) |Ht1:|
t=1

T
1 N .
= 57 ZCTVt 12 [(CTSW*)2(CTVt 1/25t70*)2|%t_1} '
t=1

It is sufficient to show that E [(cTst,g*)2(CT‘7,5_1/23t,9*)2|Ht_1} is bounded. By Cauchy-Schwarz, we have:

1/2 ]1/2

E (¢ st0 )27V 250002 Mo | S E[(s000) Heoa] 7B (€0 2s100) i
. 2
< 26'E [llseor 1 Ha-a ||| 7272

op

By assumption, we know that ||‘A/t_1/ 2||§p is bounded. Therefore, it is sufficient to demonstrate that

E[llst,o+||* | Hie—1] = Op(1) to conclude the proof. Recall that

K . .
. e~ (X¢, a, Yi) — mg« (X, a, ft (X¢, a
St.ox = E ﬂ-e(a/ | Xt) {me*(Xt7a7ft(Xt7a)) + H{At:a} 6 ( i t) o ( i ft( i )) } .
a=1

P(A; =a| Xy, Hio1)
Define

s (X, a,Yy) — e« (Xy, a, fr(Xe, a))
P(A; =a| Xy, Hi1) '

Ut,a = s (Xtvavft(Xha))a ‘/t,fl = ]]-{At:a}

Since me(a | X;) € [0,1] and K < oo, the inequality

K
1> waza
a=1

applied with we = m.(a | X;) and 2z, = Uy o + V3,4 yields

K
4
SE?Y zal* for |wa| <1,
a=1

K
stos|I* < E*> U + Vial*

a=1

K
<8K* Y (|Unall* + Vi),

a=1

where the second inequality follows from (x 4 y)* < 8(z* + y*).
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We now bound the two terms separately. For U; o, Assumption 6 implies that
[Utall* < up(Xi,a, fi(Xe,a))*,
where ur is an envelope satisfying E[ur(Xy, a, f;(X;,a))*] < co. Consequently,
E[||Utall* | Hi—1] < Elup(Xe, a, fi(Xe,a))* | Heo1] = Op(2).
For V; 4, bounded importance ratios (Assumption 4) imply that P(A; = a | Xy, H—1)~! < C}, and therefore
Vil < CF|[rig- (X2, 0, Y2) — g (Xe, a, fi(Xe, a))||”
< 8C4 (Ilg- (X, 0, YOI + [Vrall),
where the second line again uses (z + y)* < 8(z* + y*). Taking conditional expectations and using the

fourth-moment bound on 719+ (X, a, Y;) from Assumption 3, together with the bound on E[||U; 4 ||* | He-1],
yields

E[|Viall* | Heo1] = Op(1).
Combining these bounds and summing over the fixed number of actions K gives
K
E[llseo- " | Hen] < 8K (E[|Usall* | Hi-a] + E[|[Viall* | Hi-1]) = Op(1),
a=1

as required.

Lemma 4. Under the conditions of Theorem 1, ||0p — 6*|| = 0,(1).

1

Proof. We note that by Assumption 3, there exists some do > 0 such that HE[meT}H > Jo will imply that
1

HéT — 0*|| > €. Therefore,

#(pr -

)< (Je 4] ).

However, we know that for all § € O,

K

E[Stﬂ | Ht—l] = ZE

a=1

mel(a | Xt) (mﬂ(aaXtyft(aaXt))

X, A, Ye) — mo( Xy, A, fo( Xy, A
+]1{A,,=a}m6( ty At t) me( t tft( t tn)‘Htl]

P(At =a ‘ Xt,Ht_l)

_ E |: 7Te(At | Xt)
P P(A | Xo, Hyo1)

K
Toa
_ {Ai=a}
+ ailEpmt |:(1 ]P(At =a | Xt7Ht_1)) me(aaXtaft(aaXt))]

= Eﬂ'e [me(Xh At; }/;f)] .

me(Xta At7 1/;f>:|

Note that,

o i ), = [ et

S 51’1’1'(1)(

‘7t_1/2E [mG(Xtv At7 }/t)] Hl

2 409
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Therefore,

P (|[E g, (Xe, 4 1D)] | > 82) =P (e [ [125,, (X0, 40, V2] || > brmacts)

(e eres)

By assumption, £ ZZ;I ‘715_1/251& by = 0,(1/V/T). Therefore,
P ([l [, e 1] > )
L\ / /
~—1/2 ~—1/2
S]P(HTZ(V; Sty —E {V} ¢y
t=1
Therefore, it is sufficient to show that

T
% <Z ‘7:5_1/23,5,9 —E [Vt—l/2st,g|}ltl}>
t=1

> Gmax02 + op(1)> .

1

2.
1

sup
0cO

We show this is true for each component individually. Define go(z,a,y) := ejT‘A/t_l/ 1he (z,a,y). By Assump-

tion 5, for any € > 0, N| (G,M@,LQ(P,WE)) < o0o. Since Vt_l/z has bounded eigenvalues and e; is a unit
vector, Npj(€,{go}, L2(P, 7)) < oco. Now note that

A~

K
TV sig = > me(Ar = alXy) (900, X, fola, X))
a=1

+ ]]-At:a

go(Xe, A, Y3) — gG(XtaAtvft(Xtht)))
]P)(At = a|Xt,'Ht_1) ’

and we can immediately apply Lemma 1 to conclude the proof. O

B.2 Proof of Lemma 1

Proof. We will decompose R;(6) into two terms and consider them separately.

K
Ri(0) = Z'/Te(At = a|Xt)<90(a»Xtaft(a7Xt))

a=1
+ ]lA _ g@(Xt,At,Yt) — g@(XtaAta ft(Xtht)))
e ]P(At = a‘Xta,Htfl)
Te(Ae| Xi)
= X, ALY,
]P(At|Xt,Ht71)ge( ty 44ty t)

RV (0)

K
o . ]]-At:a
+ Zﬂ'e(At = a|Xt) (1 ]P’(At — a|Xt,”Ht1)) gO(Xta a, ft(Xta a)) .

a=1

R{P(9)

Showing first term converges We have by assume that for any § > 0, there exists a set of brackets Bs
of finite size. This means that for every 0, there exists a pair of functions (I,u) € Bs such that:

1. Uz,a,y) < go(z,a,y) < u(x,a,y) for every a € A, (z,y) in the support of P;
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2. Er, [u(Xy, A, V) = U(Xy, Ay, V2)] < 6
3. E[u(Xy, A, Y:)?] < 0o and E [I(Xy, Ay, 3)?] < oc.

Fixing § > 0, we then have the following:

sup R (6) — B[R (0)[H,-1]
0cO

7T€(At|Xt)

— sup —— (X, ALY,

QGSP(At|Xt,Ht_1)99( t: Ap, V)

[ melxy)

P (A X0 Ho)
e (Ae| X¢)

< max {-—o Y

" (Lu)EBs {P(AtXthl)

[ e (A Xy)

B, 1y Ko A Yo [ M

— max {7Te<AtXt)

(LweBs | P (A Xe, He1)

g [_medlX)

_P(At‘Xth,l)

gg(Xt,At,Y}) |Ht1]

w( Xy, Ay, Yy)

w( Xy, Ag, Yy)

U(XtaAtyyt) | Ht_1]
+ ]EPJre [U(Xt, At; }/t) — l(Xt7 At, Y;)] }

First, note that Ep . [u(Xy, A, Y;) — (X, A, Y:)] < 6 by assumption. For the other term, let w, =

P(A X, He—1)" NOWa note that

max th(XuAt, Yt) -E [th(XthnY;:)\Ht—l]
(l,u)GBo’

< Z ‘th(XtaAhYVt)_E[th(XhAtaYt)‘Htfl]-

(l,u)eBs

Putting this all together, we have that

T
1
7 2 R(V(0) ~ B[RV (0)[H,1]
=1
|z
<40+ T Z Z lwiu(Xe, Ay, Yy) — E[weu( Xy, Ay, Ye)|[He—1] -

Since |Bs| is finite, it is sufficient to show that w,u(Xy, Ay, Y:) — E [wau(Xy, A, Y2)|Hi—1] = op(1) for all
(I,u) € Bs. To do this, we invoke the martingale weak law of large numbers from Fact 1. Following
Remark 4,it is sufficient to show that Ep ., [w?u(X:, A, Y;)?] is bounded by a constant for all ¢ to demonstrate
the third criterion. For this, note that because of Assumption 4, there exists a constant C; > 0 such that
me(Ae|Xe) < 1 < C1. Then
P(A Xt Hi—1) — P(A X4, Hi—1) L
Elw;u(Xy, Ar, ¥1)?] < E[Crwgu(Xy, Ay, Ye)?)

= CIE[wtu<Xt7 Ata }/;5)2]

= ClE[E[wtu(Xt,AmYt)2|7'lt—1]]

= C1E[Ep r, [u(Xy, Ar, Y1)?]

= ClEP,we [U(Xtu Ay, Yi)2] < oo.

Therefore, Fact 1 applies, and we can conclude that Zthl REU(H) - E[Rﬁl)(9)|7-lt_1] < 0 + 0p(1). Taking
0 — 0 concludes the proof.
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Showing second term converges We have that 7. (4;|X;) < 1 and |A] < oo so it is sufficient to show
that for all a € A

e 1a_,
be6 T Z (1 P4 = 2tXt,Ht_1)) 90( X, @, f1( Xy, a)) = 0p(1).

We will first show pointwise convergence and then use a covering argument to get the uniform result. Define

Zt,Q = (1 — W) gQ(Xt; a, ft(Xta a)) Note that for all 9,

ﬂAt:a
(At = CL|Xt, Ht—l)

E[Ztﬁ'Htfl] =K |:(1 — ]P > g@(Xta a, ft(Xt7 G/))|Ht71 =0.

By Assumption 6, supg [|go(X¢, a, f:(X¢))|l; < ur(Xe, a, fi(X¢,a)) for all X; and a. Note that it is sufficient

At:a\Xt,Ht—l)
Fact 1 to be applied. However, we note that by Assumption 4 and the fact that m.(4; = a|X;) < 1 that

2
(1 %) < max((1 — Cy)?,1). Therefore,

2
to show that E {(1 — P(]IA#) ur(Xy, a, ft (X, a))z] is bounded by a constant for all ¢ in order for

T P(Ai=alX:, Hi_1)

E

1a,=a 2 ,
(1 B ]P(At = a|XtaHt—1)) u}-(Xtvaa ft(XhQ)) ]

< max((l - 01)27 1)E’ [u]:(Xt) a, .ft(Xt7 Cl))2} )
which is finite by assumption. This implies that for each 6, % 23:1 Zep = 0.

Because © is a bounded parameter space, for any € > 0, we can cover © C U;‘il ©;. Here, each ©; is an
e-ball with centers denoted 01, ..., 0. For any 6, we can decompose Z; g = Z; g + Z; 9, for some 6; such that
|0 —6;] < e. Now, let us write out

1 « 1« 1 <
SUp — Zig < — i o, — Ziog — Ly g.|.
ZEST; t,0_11§nj3§§\/[|TZ t,ej|+|th:; 1.0 = Zt,]

t=1
For the first term, we know that maxi<j<|+ ZZ;I Zy1,9| = 0p(1) because M is finite for each e. We therefore
just need to show that supyce, B Ethl Zi.9| = 0p(1) to finish the proof.
First, note that Z; 9 — Zip; is a martingale difference sequence. Therefore, it is sufficient to show that

E [HZW — Zt0; H2] is bounded to conclude the proof. This is true becaue

14,—a 2
E[||Z00 — Zuo, ] < El (1 F 2&,%9)

. (ge(Xm a, ft(Xt7 CL)) - g9j (Xta a, ft(Xt7a)))2‘|

< max((1 —Cp)%,1)é.

B.3 Proof of Proposition 1

Proof. For ease of notation, we denote the quantities m(a | X¢) = P(A: | X¢, Hi—1), p*(Xt,a) =
E[rmgs (Xt, a,Yi(a)) | X¢], and v*(Xy, a) := Var[mes (X¢, a, Yi(a)) | Xi].
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Let us rewrite using the law of total variance:
Var (spg- | Heo1) = Var(]E [se.0+ | He1, X4 | HH) —I—E[Var (seor | Heo1, X2) | HH]

Now, analyzing each of these terms separately:

K
Elseo | Hio1, X =E| 3 me(Ar = a | X0) (1i- (X, a, fi(Xi,a)
a=1
+ ILAt:ame* (Xta%yi) - mO* (Xt7a7ft(Xt7a’)> ‘Ht 17Xt
m(a | Xy)

= Zﬂ'e At =a ‘ Xt) |: ]é-A] )(2 )mg*(Xt,a,Yt(a)) ‘ Xta/Ht—1:|

+Zwe(At=a|Xt>El(1‘ m](ljfxt))

a=1

: m@* (Xta a, ft(Xta a)) ‘ Xt7Ht—1]

Zwe Ay = a | Xi)E [1hg« (X, a,Yi(a)) | Xi]
= EAWWE [hg~ (X, Ar, Yy) | Xo]

On the other hand, note that rmg(a, Xy, fi(a, Xt)) € o(Xt, He—1). Therefore, we can rewrite the conditional
variance given X; as:

K
Var (sg g« | Hi—1,Xt) = Var(Zwe al Xt)ﬁme* (X¢,a,Yr) Ht—laXt>
¢

a=1

Te a\Xt

Tm(alXy) E[rg- (X¢, a, Yi(a))rng: (X, a, Yi(a)T | X¢]

Mw

a=1
K

—(Zwe(a|Xt (X, a )(ZﬂeﬂXt (X, ))T

Ko (a] Xy)
=) Xy a|Xj Efitg- (X1, 0, Yy(a)rng: (X, 0. Yi(@))" | Xi]

a=1

—Eaymr, g (Xe, A, V2) | X Bay o, [0 (X, A, Vi) | Xi)T

Finally, combining the two terms, we obtain the full decomposition:

Var(sy g+ | He—1) = Var(EAtNﬂe [rg+ ( X+, Ay, Y?) | Xt])

+E

Z mE[me*(Xma,Y}(a))mg*(Xt,a,Yt(a))T | X¢] | ’Ht_1]

a=1

—E [Ea nm, [igr (X, At, Vo) | Xi) Bty [i0r (X, Ar, Y2) | X7
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B.4 Proof of Proposition 2

For ease of notation, let us write v} (X;) := Ea,r, [o(Xe, Ay, Y1) X:]. We will tackle this proof in three
parts:

1. Showing

T

— ( S a(xX) _,;> ( S o) —D)
X;eX X;eX

— Var(Ea, o, [itg (X1, A Vo) [X0)) = 0,(1);

2. Showing

f: Te(Ar = a | Xi)* hy(X;,a)
P(A; =a| Xs, Heo1)

me(a | Xe)* . ;
Z 7Ti(a||))§t))E[me* (X, a,Yi(a))rng- (Xe, a, Ye(a) | X4

3. Showing

—E|Ea,~r, [o- (X1, A, Vi) | X

“Ea, o, [ox (Xt, Ar, Y2) | Xt]T \ Htl} = 0p(1).

Adding term (1)-(3) together will demonstrate that ‘ Vi — Vigr 2 0.

op

Showing (1) First, we will show that 2:(X;) — Ea,or, [o(Xt, A, Y2)| X¢] 20. To see this, write

K
De(Xi) = Ba, o, [0( X0, A, YOI X)) = me(al Xi)gi(a, Xi) = By, [o(Xy, Ar, V7))
a=1
K K
=Y 7me(alXo)gi(a, Xi) = Y me(al X0 )E [rhg(Xy, a, Y3)| X1)
a=1 a=1

The final line holds by Assumption 9.

Let us consider the first term in the expression £ (3 o5 2:(Xi) —7) (X x,ex 2e(Xi)? — 17)T. Let us sub-

stitute 0¢(X;) = 0¢(X;) — v (Xt) + v (X:). We then obtain the result that the above expression is equal

32



Under review as submission to TMLR

to
T

PEAPIE AL I SEAE AN N K SRTIE AN RETAC))

XiEX XiEX XiEX

S|

which converges to Var (Ea,nx, [g(Xt, At, Y1)|X:]) by the weak law of large numbers.

Showing (2) Now, let us consider the expression

K
A =al|X,)?
Zpﬂe( 1=l hi(Xi, a)

K
e Ay = X 2 . .
—-E Z P W‘( : ¢ | t) E[me*(Xt,AuYt)me*(XuAuYt)T ‘ XtaAt = a] ‘ Ht—l]-

This is simply equal to

. > iﬁ (A, = a|X,)? hi(Xi, a) — E [E [mg (Xy, Ar, Yi)rivgs (X, A, Vo) 7| X4, Ay = al]
n e k P (A, = a| Xy, Hi 1)

XiEX a=1

o K
< 71 Z th(Xi,a)

XiGX a=1
— C1E [E [rig (X¢, Ag, Yy)rings (Xe, A, V)T Xy, Ay = al].

To show that this expression is 0, (1), it is sufficient to show that for all a € A,
1 . .
- > (X, a) = E [E [mhgs (X, Ae, Yi)rings (Xe, Ap, Y1) 7| Xe, A = a] | = 0,(1).
X; EX

Note that by Assumption 9,

1 1 . .
I Z he(Xi,a) = n Z hi(Xi,a) + E [mO*(XthtaYt)me*(XtaAta}/t)T|XtaAt = a} -
X, eX X, eX
E [me* (Xt,At,Yt)me* (Xthtv Yt)T|Xta Ay = a]

1 . .
= Op(l) + E Z ]E [m0* (Xt7 Ata Y;)me* (Xt7 At; }/;)T|Xta At - a} .
X,eX

Therefore, % Yox,ex hi(Xia) —E [E [mg*(Xt, Ay, Y mge (Xy, Ay, V)T | Xy, Ay = a]] = 0p(1) by the weak law
of large numbers.

Showing (3) Finally, consider the expression
K K .
Dy (X:) o (X3)T — (Z me(a | X)) (Xe, a)) (Z mela ] X)) (Xe, a)) . (10)
a=1 a=1

Let A(z) := Dy(x) — v (x) which we already showed was op,(1). Now, we can write:

(X)) (X0)T = (Ae(X0) + 7 (X0)) (De(X0) + v (X))
= A(XD)A(X)T + A X))y (X)) + v (X)AUX)T + vi (X (X))
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Subtracting the last term on both sides yields the identity
De(Xa)De (Xa)" — v (X (Xa)" = Au(X)A(X0)" + Au(Xa)v (Xi)T + v (Xi) Ay (X))

Each individual term is 0,(1) because v} (X;) is integrable. Therefore, we have that Equation (10) is 0,(1).
Now, consider the expression.

—E |:]EAtN7Te [’I’;’L@* (Xt7AtaY;) | Xt] ]EAtNﬂ'e [me* (XhAt,Y}/) | Xt]T ‘ Htfl
1o, . N
= =3 (X7 (X = v (X (X))
i=1
(X (X)T
n < Vt( v (X3)
_E{EAt~rr ge (Xo, A, Ya) | Xl Eoayom, [0s (Xe, Ae, Va) | Xo)T | Hooa | -

The first term is 0,(1) by the arguments given above, the second term is o,(1) by the weak law of large
numbers.

B.5 Proof of Proposition 3

We have for all 6 that

E [rhe (X, A, Yi)| X, Ai = a] = E [20(Xi,a)Y; + ve (X5, a)| X, A; = a]
= ZQ(X“ a)E[Y;‘XZ,A7 = Cl] + ’Ua(XZ‘, CL).

Therefore,
9t(Xi,a) — Emg- (Xi, A, Y;)[ X3, A; = a
= 25, (Xy, a) f1(Xi, a) — 29+ (X4, a) E[Y;| X, A; = a]
+ U§T (Xu a) — Vog* (Xz; a).

We have that vg, (Xi, A;) — ve(Xi, A;) = 0p(1) by the consistency of 67 combined with the continuous
mapping theorem. Note for the remaining terms that

ZéT (Xia a)ft(Xia a) — Zo* (Xi7 a)ED/Z|Xza Al = a’]

= ZéT (Xu a)ft(Xi, (l) — Zg* (X“ G,)E[YAX“ Az = &]

+ ZéT (X“ a)E[YAX“ Az = a] — Z@T (X“ a)E[Y”X“ Az = a]

= (25, (Xi, a) = 29+ (Xi, @) E[Yi| Xy, Ai = a] + 25,.(Xi, a) (f1(Xi, ) — E[Yi]Xi, A = a]).
Applying the assumptions that 6, % 6* and f,(X;,a) — E[Y;|X;, A; = a] 5 0 along with the continuous
mapping theorem immediately yields the result that g:(X;,a) is consistent.
Next, we will prove the second part of the theorem. By the properties of variance and because z¢(X;, 4;) is

fixed conditional on X; and A;, we have that

Var [rig (X, Ai, Y7)| Xy, A = a] = 29(X;, a)z9(Xi, )" Var(Y;] X;, A; = a).
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Analyzing the term,

hi(Xi, a) — Var (rig (X, 43, Ys) | X4, As)
= 25, (Xs,0a)zg,. (X,-,a)Tjt(Xi, a) — zg+ (X, a)zg- (Xi,a)TVar(YAX?;,Ai =a)
= 25, (Xi,a)zg,. (Xl,a) Ji(X;,a)
~ 2, (Xi,0)25,(Xi,0) " Var(Yi|X;, Ai = a)
+ 25, (Xi,a) 25, (X;,a) " Var(V;| X;, A; = a)
)z~ (X3, a) " Var(Y;| X;, A; = a)
= 25, (Xi,a)z5, (Xi,a) " (ji(Xi, @) — Var(Yi| Xi, A; = a))
+ (25, (Xi,a)z5, (X, a) T — 29+ (X4, )20+ (X;,0) ") Var(Y;] Xy, A; = a).

_29*( i@

Applying the assumptions that 6, = 0%, j,(X;,a) — Var[V;|X;, A; = a] 2 0 together with the continuous
mapping theorem immediately yields the result that h:(X;, a) is consistent.

B.6 Proof of Proposition 4

Proof. Define

K
Ri(6) = Y me(Ay = alX0) (moa. Xo, fi(a, X0)
a=1
mO(Xh Ay, Yt) - me(Xt, Ay, ft(Xm At))
+ ]]-At:a ).
P (At = CL|Xt,Ht_1)

By definition of 7, we have that

T
ZRt GT —supZRt GT ZZ +(07).

€0 —
This implies that
T
P(||or —6*]| > ¢) <P | sup t(e)zZRt(e*)
10—0* 1>} =1
1z T
=P sup R (0 R:(6*) >0
(le 0*|>6{T; } ;
1z
su — Ry( H
<|0 0*I|)>E{th: il R(6)[H,- 1}}

+  sup {;ZE[Rt(H)—Rt(G*NHtl]}

10—6+ >

— % Z {Ri(6") — E[Re(0")|Hi1]} > 0) :

We consider each term separately. First, note that in all cases we have that
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K
E[Ry(0)[Hi1] = Epr, | Y me(Ar = a|Xt)<m9(a’v X, fila, Xy))

a=1

+ ]]-Af,:a

me (X, Ar, Yy) — mG(Xthtaft(XtaAt)))‘rH )
P (A, = a|X,, Hi_1) -

_ EP |: 7T6(At = (I|Xt)
TP (A = a|l Xy, Heon)

S (s — ol XoEps, | (1- e
e (A t)ipm, P(A; = a| Xy, Hi1)

a=1
‘mg(a, Xy, fi(a, Xt))]
=E,, [mo(Xe, A, Y2)].

m@(Xthtv }Q):| +

Therefore,

T
sup {r} ZE [Ry(0) — Rt(ﬁ*)|7-£t1]}

l6—6%||>e€ —1
= | SuIT‘ {Eﬂ'ﬁ [mG(Xtv At7 th) — Mg~ (Xtv At7 }/t)]} < _611
60—0*||>e€

for some d; > 0 by Assumption 3. Note that Assumption 5 implies that the bracketing number
Ny(e, Mo, La(P, 7)) < oo for Mg = {mg(Xs,As,Y;) : 6 € ©}. This combined with Assumption 6
allows us to apply Lemma 1 conclude that the first and third terms also conerge to 0. Therefore,
P (||6r — 6*[], > €) = 0.

O
B.7 Proof of Proposition 5

By the law of large numbers, we have that % — pp and therefore n%, = piT +0,(T~1). Define the per-round
variance summand

U = (I/J\t(Xt) - Pt> (ﬁt(Xt) - ?t)T + aZK:l P(AtTr—e(s | ;(Z,);tl) he(X¢,a) — ﬁt(Xt)/V\t(Xt)T'

We can therefore write ‘A/t = i ZtT:1 ¢ ¥y. Moreover, ‘A/t = piT 23:1 G ¥+ 0p(1).

By assumption, {(;} are independent of all histories, therefore E[(; ¥, | H;—1] = pE[¥, | H;_1]. Consequently,
by the law of large numbers and Slutsky’s theorem, V; = E[¥,; | H;_1]4+0p(1). The remainder of the argument
is identical to Proposition 2 and, therefore,

Vi = Vi |, =0,

op

as claimed.

C Procedure for Semi-Synthetic Data Construction and Additional Results

All simulations were conducted over a horizon of (T' = 2000) sequential decisions with an initial burn-in period
of 500 observations used to fit nuisance models. Results are averaged over 100 independent replications. The
semi-synthetic experiments were constructed using the right-knee subsample of the Osteoarthritis Initiative
(OAI), consisting of (n = 3486) patients and 12 baseline covariates, including demographic characteristics,
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Kellgren-Lawrence grade, WOMAC pain and disability scores, KOOS quality-of-life measures, prior surgery
indicators, radiographic osteoarthritis indicators, body mass index, hip-knee-foot angle, and age. Outcome
models were estimated using random forests trained on the burn-in sample and subsequently refit every
500 observations using all accumulated data. The conditional variance model was estimated using a second
random forest trained on squared residuals. When required by the covariance estimators of Section 4.1, an
additional external sample of 1000 synthetic patients drawn from the empirical OAI covariate distribution
was used.

For the semi-synthetic dataset construction, we learn FE[Y;|X;] via a machine learning model, and then
enforce a linear model to describe E[Y;| Xy, A¢]. The procedure is

1.
2.

Train a machine learning model f to predict E[Y:|X:] using available dataset.

Generate synthetic causal outcomes, where it is assumed that the mean

K K
EYi|Xe, A =Y Bila—a+ > B3 f(Xe) X La,—a,

a=1 a=1
for user chosen parameters ¢, 5.

We observe each X; sequentially (sampled with replacement from the actual OAI data), and
then in each round A; are chosen using each of the methods in Section 5. We then draw

Vi N (30 B Lam + Y B3F(Xe) Ly 1))

Alternatively, we can introduce heteroskedasticity into the dataset by learning a secondary model v
to predict E [(Yt — f(X))? |Xt] We then sample

k k K
Y/;f ~ N (Z ﬁil]]'At=a + Zﬂ;f(Xt) X ]]'At=a7ZU(Xt)’Ya]]'At=(l ) )
a=1 a=1

a=1

where , is a user-chosen multiplier to the variance.

For the empirical simulations, we choose six different initializations

1.

4.

Scenario 1: Correct Specification, Homoscedasticity, Unique Optimal Arm
61 =1(0,1,2,3,4,5,6,7), 82 = (0,0,0,0,0,0,0,0), and unit variance uniformly.

In this scenario, all methodologies other than naive unweighted MLE should perform relatively well
as bandit algorithms will concentrate. Results are shown in Figure 3.

Scenario 2: Correct Specification, Homoscedasticity, No Unique Optimal Arm.
61 =1(0,0,1,2,2,3,5,5), 82 = (0,0,0,0,0,0,0,0), and unit variance uniformly.

In this scenario, IPW-style estimators may have difficulties but confidence intervals constructed as
in Zhang et al. (2021) should still cover correctly. Results are shown in Figure 4.

Scenario 3: Misspecification, Homoscedasticity.
51 =1(0,0,1,2,2,3,4,4), 8, = (1,-1,1,0,1,1,1, —3), and unit variance uniformly.
Results are shown in Figure 5.
Scenario 4: Misspecification, Heteroskedasticity
B1=(0,0,1,2,2,3,4,5), B2 =(1,-1,1,0,1,1,1,—-2),
and v =(1,2,3,4,5,5,5,5) x 0.2.

Results are shown in Figure 6.

We showed the results of only Scenario 2 in the main body due to space constraints, but the other scenarios
reveal broadly comparable results.
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Figure 3: Simulation results for scenario 1, where the model is correctly specified. In these settings, we see
that all methods cover, but it often takes the naive approaches (IPW and SQ-IPW) estimates significantly

more samples to reach the nominal coverage rates. Thompson sampling undercovers for several methods
when propensity scores are not clipped, consistent with theory.
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Figure 4: Simulation results for scenario 2, where the model is correctly specified but there is not a unique
optimal arm. The results are broadly similar as in Figure 4, though we note there is no theoretical guarantee
that IPW estimates should cover in this setting (though they do empirically).
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Figure 5: Simulation results for scenario 3, when there is model misspecification but homoskedastic errors.
IPW and SQ-IPW estimators now do not cover in every scenario, as their theoretical guarantees depend on
correct specification of the working models.

40



Under review as submission to TMLR

= Naive = IPW - = SQ-IPW =e= MAIPWM-External -+ MAIPWM-Reuse = MAIPWM-Split

Uniform Epsilon—-Greedy ucB Thompson Thompson-Clip

1.0 o= ——— — .11.0 e s, | 1.0 L ——— 1.0 o
. e G Cen 0.97 MMt T 3| S ey tnat
%o.a 0.8 / 0.8 081 p;y'f 0.8 /
5 f .
0.7
306 06 , 0.6 f’ 0.6/
O o . 06-'
049 0 0.4 0.51 0.4
O S P S OO DS OO DS OD PSS
BSOS © & L P S S PSS
Iteration
(a) Coverage for target 1 —a = 0.9
Uniform Epsilon-Greedy ucB Thompson 20 Thompson—Clip
20
100 151
15
10+
10 50
4 Sl 5 T —r—— 51
- ~—— 7 —~—— J

w6 S L e e | S N o
O O S O D O .S OO S OSSO
P S O S$ DRSRIRS DRSEIRS © & LS © S LS

Iteration

(b) Confidence interval width

Figure 6: Simulation results for scenario 3, when there is model misspecification and heteroskedastic errors.
The results are broadly similar to Figure 5.
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