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ABSTRACT

Large reasoning models often spend many tokens on low-value self-checking steps
that barely affect the final answer. We formalize these steps as reasoning outliers
and target them directly. Our method, FROST, modifies the attention mechanism
by replacing vanilla Softmax with Softmax1, which contracts low-attention tails
while keeping high-attention signals. In practice, this shifts probability mass toward
the few reasoning sentences that drive answer prediction and suppresses redundant
traces at the sentence level. To make this change usable for existing models, we
pair the activation swap with lightweight SFT, avoiding expensive retraining from
scratch. We provide a theoretical analysis showing why sentence-level outlier
suppression can be achieved without degrading core reasoning ability. Across
four math benchmarks and two strong reasoning backbones (Phi-4-Reasoning and
GPT-oss-20B), FROST consistently improves the accuracy–efficiency tradeoff over
prior SOTA methods (e.g., TALE and ThinkLess). On average, it reduces the
number of generated tokens by 69.68% and improves accuracy by 26.70% relative
to the base model. It also yields cleaner attention statistics, lowering maximum
activation infinity norm by 15.97% and average kurtosis by 91.09%.

1 INTRODUCTION

Large reasoning models (LRMs) have made rapid progress on complex reasoning tasks, including
mathematics (Luo et al., 2025a; Yang et al., 2024; Shao et al., 2024), coding (Ding et al., 2024a;b),
and scientific question answering (Comanici et al., 2025; Hurst et al., 2024). Despite these gains,
they often produce unnecessarily long reasoning traces. In many cases, a substantial fraction
of the generated text consists of repetitive self-verification or low-impact intermediate steps that
increase latency and token usage without improving correctness. This inefficiency becomes especially
problematic as reasoning models are deployed under strict inference-time and budget constraints.

Recent work on efficient reasoning has explored both token-level and sentence-level compression.
Token-level methods such as TALE (Han et al., 2025) and R2R (Fu et al., 2025) can reduce length
aggressively, but they may remove tokens inside otherwise useful reasoning sentences. Sentence-level
methods such as DRP (Jiang et al., 2025b) and GRPO-S (Tan & Pan, 2025) provide a more structured
alternative, yet often rely on iterative refinement or extra optimization loops that increase training
and inference overhead.

In this work, we ask a simple question: can we improve reasoning efficiency by removing low-impact
reasoning before generation becomes excessively long? We formalize these low-impact steps as
reasoning outliers: reasoning sentences that receive weak attention and contribute little to final
answer formation. This definition is consistent with findings that critical reasoning traces tend to

*This work was carried out at the RTX Technology Research Center during a Summer 2025 internship. These
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Original Model

User Large Reasoning Model

Let z = 4e^(it). Then expression becomes (75 + 117 i)*4 e^(it)+ (96+144i)/(4e^(it))= ... etc.\n\nI'll produce answer in required 
formatting. We need to find maximum value of Re((75+117i)z+(96+144i)/z), where |z|=4, and we want largest possible real part.
\n\nWe can let z = 4 exp(i t).\n\nThen compute:\n(75+117i)(4exp(it)) = 300 exp(it) + 468 i exp(it)? Wait recalc: Actually it equals 
4*(75+117i)e^(it)=300 e^(it)+468 i e^(it).\nAnd second term: (96+144i)/(4e^(it)) = (24+36i)/e^(it)= (24+36i)e^(-it)\n\nSo sum 
S(t)=300 e^(it)+468 i e^(it)+(24+36i)e^{-it}. Write as A e^(it)+B e^{-it} plus constant? But note that there is no constant because 
both terms depend on exponentials.\n\nBetter approach: Represent each term in polar form maybe combine them into cosine 
functions using Euler formula.\n\nAlternatively, write z = re^(it) but r fixed at 4 so then use substitution u=e^(2it)?\n\nWait I'll try 
rewriting directly: Let’s denote w = e^(it). So S(w)=300w+468iw+(24+36i)/w. Combine terms over common denominator if 
needed or separate real parts.\n\nWrite S = [300 cos t - 468 sin t?] Not sure.\n\nMaybe better method: Express everything in terms 
of cosine function after writing in amplitude-phase representation.\n\nAlternate idea: Use parameterization: Let z=4(cosθ+i sin θ). 
Then\nS(z)= (75+117i)*(4cosθ+4i sinθ) + (96+144i)/(4(cosθ+i sinθ)).\nCompute first product: = 4(75 cosθ-117 sinθ?) No wait 
careful multiplic……Factor factors: divide by 9? 309024/9=34336 which might be perfect square? Check: 184^2=33856, too low. 
Maybe factor further: 309024=16*19314? Possibly simplify later.\n\nBut anyway, let r1=√309024. Similarly, Term2: c2=(24+36i) 
has modulus √(24^2+36^2)=√(576+1296)=√1872=√(16*117)=4√117.\nThus Re(S)=r1 cos(t - α) + 4√117 cos(-t - β) but since 
cos(-x)=cos x, we get = r1 cos(t - α) + 4√117 cos

FROST

Let z = 4e^(it). Then expression becomes (75 + 117 i)(4 e^(it)) + ((96+144i)/(4e^(it))) = ... etc.\n\nI'll now produce answer in 
required format. We'll compute maximum value using derivative or rewriting as sum of cosines and sines, then use AM-GM 
inequality to find maxima.\n\nWe have:\nReal part = 300cos(t)+468 sin(t)+24cos(t)-36sin(t)=324 cos t+432 sin t\nMaximizing 
gives sqrt(324^2+432^2)=sqrt(104976+186624)=sqrt(291600)=540\n\nThus final answer: [[540]]</think>assistant<think>Given 
that |z|=4, let z=4e^(it), where t ∈ ℝ. The given expression simplifies to:\n\n(75+117i)*4e^(it) + (96+144i)/[4e^(it)] \n= 300cos(t)
+468sin(t)+24cos(t)-36sin(t)\n= (300+24)cos(t)+(468-36)sin(t)\n= 324cos(t)+432sin(t).\n\nThe maximum value of A*cos(t)
+B*sin(t) is √(A²+B²). Therefore,\n\nMaximum Real Part = √((324)^2+(432)^2) = √(104976+186624) = √(291600) = 
540.\n\nThus, the largest possible real part is 540.</think>[[540]]

Find the largest possible real part of \\[(75+117i)
z+\\frac{96+144i}{z}\\]where $z$ is a 

complex number with $|z|=4$

Find the largest possible real part of \\[(75+117i)
z+\\frac{96+144i}{z}\\]where $z$ is a 

complex number with $|z|=4$

Figure 1: Illustration of reasoning outliers in GPT-OSS-20B. The example highlights long reason-
ing traces with low-contribution steps, motivating sentence-level outlier removal.

show higher entropy (Tan & Pan, 2025), while low-value traces are often associated with weaker
informativeness (Wang et al., 2025; Fu et al., 2025).

Based on this view, we propose FROST, an attention-level intervention that replaces vanilla Softmax
with Softmax1 to contract low-attention tails while preserving high-attention signals. To make
this intervention practical for existing checkpoints, we combine the activation replacement with
lightweight supervised fine-tuning (LoRA-based SFT), rather than full retraining. This design choice
follows prior activation-based outlier-suppression insights (Luo et al., 2025b; Hu et al., 2024; Xiao
et al., 2024) and adapts them to efficient reasoning.

We evaluate FROST on four math benchmarks using two strong reasoning backbones (Phi-4-
Reasoning and GPT-oss-20B), and compare against strong efficiency baselines including TALE and
ThinkLess. FROST consistently improves the accuracy–efficiency tradeoff, achieving on average
69.68% fewer generated tokens and 26.70% higher accuracy than base models. We also observe
cleaner internal attention statistics, including lower maximum activation infinity norm (15.97%) and
lower average kurtosis (91.09%).

Contributions.
• We introduce reasoning outliers as a concrete target for efficient reasoning, defined through

weak-attention, low-impact reasoning traces.
• We propose FROST, a simple attention-level method (Softmax→ Softmax1) with lightweight

LoRA-based SFT that can be applied to existing LRMs.
• We provide theoretical support for sentence-level outlier suppression under the proposed activation

design.
• We show consistent gains in both efficiency and accuracy across multiple reasoning backbones and

benchmarks, with substantial improvements in token usage and attention metrics related to outliers.

2 RELATED WORK

Reasoning Models. Recent frontier LLMs, including DeepSeek-R1 (Guo et al., 2025), OpenAI
o1 (Jaech et al., 2024), and Gemini 2.0 Pro (Team et al., 2023), demonstrate strong performance on
mathematical and logical reasoning (Hao et al., 2024). Current progress is typically organized into
two paradigms (Ke et al.): inference-time scaling and learning-to-reason. Inference-time scaling
methods increase effective reasoning depth through prompting or search, including few-shot/in-
context prompting (Brown et al., 2020), Chain-of-Thought (CoT) prompting (Wei et al., 2022), and
explicit search-planning procedures (Besta et al., 2024). CoT has become a default building block
because it improves intermediate trace quality and interpretability (Wei et al., 2022), and is often
combined with interactive decomposition and tool-use patterns such as ReAct (Yao et al., 2023),
Self-Ask (Press et al., 2023), and agentic pipelines (Pan et al., 2025; 2024).

In parallel, learning-to-reason methods optimize model behavior during post-training, e.g.,
RLHF (Ouyang et al., 2022), DPO (Rafailov et al., 2023), GRPO (Ramesh et al., 2024), and EBM-
style reasoners (Jiang et al., 2025a). However, stronger reasoning behavior frequently comes with
overthinking: models generate long, repetitive chains with unnecessary branches and traceback-style
self-checking (Hou et al., 2026; Chen et al., 2025). This behavior increases inference cost and can
degrade both answer quality and safety under practical constraints (Cuadron et al., 2025; Kumar et al.,
2025). These observations motivate methods that improve reasoning efficiency without sacrificing
correctness.
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Efficient Reasoning Methods. Prior work on efficient reasoning can be grouped into prompt-based
control, supervised fine-tuning (SFT), and reinforcement learning (RL) (Sui et al., 2025). Prompt-
based methods impose explicit generation budgets or stopping rules (Liu et al., 2025; Xu et al., 2025a;
Han et al., 2025); TALE is a representative example that uses token-budget control per instance (Han
et al., 2025). SFT methods train on compressed traces to encourage concise generation (Ma et al.,
2025; Xia et al., 2025a), with DRP as a representative pruning-based distillation approach (Jiang
et al., 2025b). RL methods shape length-accuracy trade-offs through reward design (Hou et al., 2026;
Li et al., 2025; Yi et al., 2025); for example, Chia et al. (2024) combine reference and exploration
signals to promote favorable reasoning branches.

Recent attention-centric studies (Choi et al., 2025; Cai et al.) are related but focus on KV-cache
efficiency. Think Clearly (Choi et al., 2025) uses sentence-level attention spikes near the end-
of-thinking token to prune redundancy, and R-KV (Cai et al.) compresses redundant attention
interactions. In contrast, our analysis attributes sentence-level contributions to final-answer formation,
emphasizing functional contribution rather than cache redundancy.

3 REASONING OUTLIER
We analyze how LRMs allocate attention over reasoning traces. We then quantify how different
trace components contribute to final-answer prediction, and finally define and characterize reasoning
outliers.

Attention Weights- Layer 0 Head 0 Attention Weights- Layer 30 Head 0 Attention Weights- Layer 39 Head 0

Attention Weights- Layer 30 Head 39 Attention Weights- Layer 39 Head 39Attention Weights- Layer 0 Head 39

Token PositionToken Position Token Position

Token Position
Token Position

Figure 2: Attention patterns of reasoning tokens. Attention maps from Phi-4-Reasoning on a
GSM8K example (Abdin et al., 2025; Cobbe et al., 2021) at layers 0, 30, and 39, shown for the first
head (top row) and last head (bottom row). Yellow denotes higher attention, while blue indicates
lower attention. Shallow layers exhibit nearly uniform contributions, whereas deeper layers and later
heads focus on specific tokens with stronger influence.

3.1 ATTENTION PATTERNS OF REASONING TRACES

We begin by examining how attention is allocated across generated reasoning traces in representative
LRMs, including DeepSeek-R1 (Guo et al., 2025), Phi-4 (Abdin et al., 2025), and GPT-4o (Hurst
et al., 2024). Since these models generate text autoregressively, the attention pattern induced during
prediction provides a direct view of which parts of the trace are most likely to matter.
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Formally, let the reasoning trace be T = [t1, t2, . . . , tn], where each ti denotes a token. We write the
attention matrix as

A = [aij ], aij = AttentionWeight(ti, tj),

where aij measures how strongly token ti attends to token tj .

To make this concrete, we analyze a GSM8K example (Cobbe et al., 2021) generated by Phi-4-
Reasoning (Abdin et al., 2025). The heatmaps in Figure 2 reveal a clear progression: early layers
spread attention relatively evenly across the trace, whereas deeper layers and later heads concentrate
attention on a much smaller set of tokens. These high-attention tokens tend to align with pivotal
reasoning steps and the final answer. These patterns imply that the model gradually filters broad
contextual information into a compact set of decision-relevant signals.

3.2 IMPACT OF REASONING TRACE ON MODEL PREDICTION

We next examine how different parts of a generated solution contribute to answer formation. To do
so, we measure the total attention weight assigned to the final-answer token </think>, using it as a
proxy for the influence of each trace component on the model’s prediction.

We decompose each generated solution into three parts: the question Q, intermediate reasoning steps
R1, R2, . . . , Rm, and the final answer A. For any component, we aggregate its attention contribution
to the first token of the final answer as Wtrace =

∑
ti∈Ttrace

aiA, where Ttrace denotes the set of tokens
belonging to that component and aiA is the attention weight from token ti to the </think> token.
This quantity captures how much each component contributes to the final answer generation.

Head 37 Layer 1 Head 37 Layer 30 Head 37 Layer 40

Sentence NumberSentence Number Sentence Number

Sum
 of A

ttention W
eights

Figure 3: Total attention directed to the final-answer token </think> from different reasoning-
trace components. We report component-wise total attention for a GSM8K sample using Phi-4-
Reasoning at layers 1, 30, and 40. A small subset of traces contributes strongly, whereas many traces
contribute marginally, especially in deeper layers.

As shown in Figure 3, reasoning components contribute unevenly to final-answer formation: a few
traces dominate, while many have negligible effect.

Vanilla FROST
Sentence Number Sentence Number

Sum
 of A

ttention W
eights

Sum
 of A

ttention W
eights

Figure 4: Theoretical analysis of reasoning-outlier removal. Using Phi-4-Reasoning, we compare
attention distributions before and after applying Softmax1 (FROST). After outlier suppression,
attention mass is concentrated more on critical traces while low-impact traces are reduced, indicating
preserved or improved reasoning focus.
3.3 REASONING OUTLIERS: DEFINITION AND CHARACTERIZATION

The analyses above indicate that not all generated reasoning content is equally useful. A substantial
portion of the trace contributes only weakly to final-answer formation, even though it still consumes
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tokens and inference time. In practice, these low-impact traces often appear as verification loops,
self-checking, or the repetition of earlier steps. One plausible reason (Sui et al., 2025) is that current
training and prompting strategies often encourage longer chains of thought to preserve accuracy,
which can inadvertently promote redundant or irrelevant reasoning.

Motivated by this observation, we define reasoning outliers as reasoning traces that receive low
attention and make negligible contributions to final-answer prediction. To suppress such traces, we
draw on their connection to attention outliers (Luo et al., 2025b; Hu et al., 2024) and adopt Softmax1:

Softmax1(xi) =
exp(xi)∑

j exp(xj) + 1
, (1)

where xi is the attention score of token ti.
Theoretical Analysis. We next examine why Softmax1 can reduce reasoning outliers without
compromising the model’s core reasoning process. Using Phi-4-Reasoning (Abdin et al., 2025) on a
GSM8K example (Cobbe et al., 2021), we compare the last-layer attention distribution of head 15
under standard attention and under Softmax1 (FROST). As shown in Figure 4, Softmax1 attenuates
low-impact traces while preserving, and in some cases sharpening, attention on critical reasoning
tokens. This supports its use as the central mechanism behind our efficient-reasoning approach. Full
theoretical details appear in Section 5.
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Figure 5: End-to-end FROST workflow We replace the standard Softmax attention with Softmax1
to trim low-impact reasoning traces. The model is then fine-tuned with SFT to adapt the new attention
pattern. As a result, the model produces shorter reasoning paths while retaining the most important
steps for the final answer.

To improve reasoning efficiency, we train LRMs with supervised fine-tuning (SFT) under an attention
outlier-removal mechanism, as illustrated in Figure 5.

During SFT, we train on data for mathematical reasoning that includes step-by-step solutions and
final answers. We replace vanilla Softmax with Softmax1 (eq. (1)) so that low-attention tails
are contracted and critical traces receive relatively higher emphasis. Unlike prior outlier-removal
approaches that require training from scratch (Hu et al., 2024) or multi-stage continual adaptation (Luo
et al., 2025b), our approach adapts existing checkpoints in a lightweight way. We optimize with
cross-entropy loss and apply LoRA (Hu et al., 2021) to reduce training cost. This combination yields
a practical path to efficient reasoning: minimal parameter updates, shorter traces, and preserved
reasoning quality.

5 THEORETICAL ANALYSIS

In this section, we provide a concise theoretical analysis showing that Softmax1 can suppress reason-
ing outliers at the sentence level in LRMs. Our goal is to formalize deployment-time suppression in
efficient reasoning consistent with the empirical trend in Figure 4.

Setup. Let a token sequence be partitioned into sentences {Si}mi=1. For a query q ∈ Rd and keys
{kt} ⊂ Rd, define token compatibilities zt = Softmax1(

⟨q,kt⟩√
d

)vt, where t indexes tokens in

5



Published in the First Workshop on Efficient Spatial Reasoning at ICLR 2026

sentence Si and vt ∈ Rd is the corresponding token value. Let ϕ : R|Si| → R be a monotone
pooling operator (e.g., sum/mean/logsumexp/max). Define sentence scores si = ϕ

(
{zt}t∈Si

)
and

s = (s1, . . . , sm) ∈ Rm; the probability simplex ∆m−1 =
{
α ∈ Rm

∣∣ αi ≥ 0,
∑m

i=1 αi = 1
}
.

Assumption 5.1 (Softmax1 operator). There exists a Softmax1 mapping σ1 : Rm → ∆m−1 such
that:
1. Order preservation: If xi ≥ xj then σ1(x)i ≥ σ1(x)j .
2. Shift invariance: σ1(x+ c1) = σ1(x) for all c ∈ R.

3. Tail contraction: There exists κ ∈ (0, 1) such that for all x ∈ Rm, ∥σ1(x)∥∞
median(σ1(x))

≤ κ ∥x∥∞
median(x) .

4. Smoothness and positivity: σ1 is continuously differentiable on Rm and σ1(x)i > 0 for all finite
x.

We write the sentence-level attention as α = σ1(s) ∈ ∆m−1 and the layer output as y =
∑m

i=1 αivi,
which αi and vi are attention probabilities and token values corresponding to sentence si. Assume
∥vi∥∞ ≤ Bv and that all linear maps used below have finite operator norms Bv , which is a constant.

Lemma 5.1 (Monotone pooling preserves sentence dominance). If ϕ is monotone coordinatewise,
then for any i, j,

(
∀t ∈ Si, ∃ t′ ∈ Sj : zt ≥ zt′

)
=⇒ si ≥ sj . Consequently, by Assump-

tion 5.1(P1), αi = σ1(s)i ≥ σ1(s)j = αj .

Proof. See Section C.1 for a detailed proof.

Theorem 5.1 (Softmax1 suppresses sentence-level attention outliers). Let s = (s1, . . . , sm) be the
sentence scores built via a monotone pooling ϕ. If s is heavy-tailed (e.g., ∥s∥∞/median(s)≫ 1),
then for α = σ1(s)

∥α∥∞
median(α)

≤ κ · ∥s∥∞
median(s)

for some κ ∈ (0, 1), (2)

so the relative dominance of outliers contracts at the sentence level.

Proof. See Section C.2 for a detailed proof.

Theorem 5.2 (Deployment-time suppression of low-attention sentences). Let the output logits
be ℓ = Woy with ∥Wo∥op =: Bo and ∥vi∥ ≤ Bv. For a sentence i with αi ≤ ε, its one-layer
contribution to logits is bounded by

∥∆ℓi∥ = ∥Wo(αivi)∥ ≤ Bo ε ∥vi∥ ≤ Bo Bv ε. (3)

For L stacked layers with Jacobians {Jℓ}Lℓ=1 and ∥Jℓ∥op ≤ Bℓ,

∥∆ℓ
(L)
i ∥ ≤ ε

( L∏
ℓ=1

Bℓ

)
Bv Bo. (4)

Since the Softmax1 map sm : RV → ∆V−1 is 1-Lipschitz in the ℓ∞→ℓ1 norm,

∥∥sm(ℓ+∆ℓ
(L)
i )− sm(ℓ)

∥∥
1
≤ ∥∆ℓ

(L)
i ∥ ≤ Bo Bv

( L∏
ℓ=1

Bℓ

)
ε. (5)

Let B := maxℓ∈[L] Bℓ be the largest operator norm over L layers. Then∥∥∥sm(ℓ+∆ℓ
(L)
i )− sm(ℓ)

∥∥∥
1
≤ BoBvB

Lε = O
(
BoBvB

Lε
)
. (6)

In practice Bo, Bv, B are approximately constant, so the bound reduces to O(ε). Therefore, low-
attention sentences are effectively skipped at inference.

Proof. See Section C.3 for a detailed proof.
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6 EXPERIMENTAL STUDIES

We conduct a comprehensive empirical evaluation of FROST for efficient reasoning on GPT-
oss (Agarwal et al., 2025), Magistral-Small-1.1 (Rastogi et al., 2025), and Phi-4-Reasoning (Abdin
et al., 2025). Each setting is run with three random seeds, and we report the average and standard
deviation for each metric in our tables.

Table 1: FROST vs. other Efficient Reasoning Models. We compare FROST with four baseline
methods on GSM8K, MATH500, AIME24, and Minerva. For each method, we report Pass@1 and
generated token count (#Tk), with variance omitted because it remains consistently ≤ 2%. Best
results are shown in bold, and second-best results are underlined. Overall, FROST gives the strongest
accuracy–efficiency tradeoff and improves over the base model by 26.70% in accuracy while reducing
token usage by 69.68%.

Type Method GSM8K MATH500 AIME24 Minerva
∆Pass@1 ∆#Tk

Pass@1 #Tk Pass@1 #Tk Pass@1 #Tk Pass@1 #Tk

Ph
i-

4
-R

ea
so

ni
ng

Base 0.9242 1017.70 0.5480 1721.95 0.0667 1017.70 0.2500 1898.86 0.000 0.00
TALE 0.9500 1716.60 0.5800 1874.43 0.2900 2069.97 0.2627 2093.17 +0.074 +524.49
DRP 0.8340 721.00 0.6200 2122.00 0.3333 6135.00 0.2701 1289.50 +0.067 +1152.69

SelfBudgeter 0.9189 1507.14 0.5347 1195.18 0.1342 1372.83 0.2357 2618.23 +0.009 +259.30
ThinkLess 0.9279 1421.90 0.5414 1101.21 0.1608 1405.40 0.2575 1708.70 +0.025 -4.75

Ours 0.9311 154.33 0.5980 344.37 0.2667 899.80 0.2716 401.19 +0.070 -964.13

G
PT

-O
SS

-2
0B

Base 0.8704 1275.23 0.5400 1575.36 0.1333 1003.57 0.2574 1586.95 0.000 0.00
TALE 0.8283 2664.41 0.5454 3878.87 0.2000 1354.67 0.2700 3262.47 +0.011 +1430.33
DRP 0.7880 902.50 0.6146 4137.00 0.2245 4983.00 0.2715 1885.15 +0.024 +1616.64

SelfBudgeter 0.8610 1850.00 0.5340 2285.00 0.1320 1256.00 0.2550 1298.00 -0.005 +312.47
ThinkLess 0.8740 1785.00 0.5410 2206.00 0.1600 1205.00 0.2580 1220.00 +0.008 +244.22

Ours 0.8764 377.17 0.5800 680.89 0.1667 1009.60 0.2794 691.71 +0.025 -669.94

M
ag

is
tr

al
-S

m
al

l-
1.

1

Base 0.6075 2664.41 0.1480 1389.89 0.0000 537.13 0.0699 1288.04 0.000 0.00
TALE 0.7146 1516.86 0.3040 723.91 0.0333 967.43 0.1544 748.18 +0.095 -480.77
DRP 0.6500 902.50 0.2100 1680.33 0.0450 1350.77 0.1120 1604.22 +0.048 -85.41

SelfBudgeter 0.6900 1850.00 0.2300 1520.00 0.0520 1256.00 0.1300 1298.00 +0.069 +11.13
ThinkLess 0.7200 1785.00 0.2500 1405.00 0.0600 1205.00 0.1450 1220.00 +0.087 -66.12

Ours 0.7551 137.55 0.3040 98.20 0.0974 149.93 0.1551 109.23 +0.122 -1346.14

Models. We use Phi-4-Reasoning (Abdin et al., 2025), Magistral-Small-1.1 (Rastogi et al., 2025),
and GPT-oss (Agarwal et al., 2025) as backbone models. Concretely, we start from Phi-4-Reasoning*,
Magistral-Small-1.1*, and GPT-oss-20B-finetune*, and fine-tune them with SFT under the FROST
setting on math reasoning data.
Datasets. Similar to the setup in Zhao et al. (2025a), we use OpenR1 (Hugging Face, 2025) for
training. For evaluation, we use four out-of-domain math benchmarks: GSM8K (Cobbe et al., 2021),
MATH500 (Lightman et al., 2024), AIME24 (of America, 2024), and Minerva (Dyer & Gur-Ari,
2022). These datasets are commonly used to evaluate Efficient Reasoning in mathematical problems.
Metrics. To evaluate our proposed method, we report pass@1 as the accuracy metric and use the
number of tokens in the model-generated response to measure token efficiency.
Baselines. We compare against five representative efficient-reasoning methods: (1) TALE (Han
et al., 2025): a prompt-based token budgeting method to generate concise reasoning responses. (2)
DRP (Jiang et al., 2025b): an SFT-based method that applies step-level pruning to produce concise,
skill-aware reasoning traces. (3) SelfBudgeter (Li et al., 2025): an RL-based method that iteratively
optimizes a token budget under budget and formats reward signals. (4) ThinkLess (Fang et al., 2025):
an RL-based method that detects critical thinking points and skips low-value steps. It introduces
a reward function that balances accuracy with token usage, while maintaining performance. We
follow the same hyperparameter settings as specified in the original papers for fair comparison of
each efficient reasoning method.

Results. According to Table 1, FROST offers the best overall balance between accuracy and token
efficiency among SOTA efficient reasoning methods. Across the three base models—GPT-OSS-20B,
Magistral-Small-1.1, and Phi-4-Reasoning—it yields an average 26.70% gain in accuracy while

*https://huggingface.co/microsoft/Phi-4-reasoning
*https://huggingface.co/mistralai/Magistral-Small-2507
*https://huggingface.co/openai/gpt-oss-20b
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reducing token usage by 69.68%. Although TALE attains the best accuracy on a few individual tasks,
it does so with substantially longer responses. This pattern is consistent with our hypothesis that both
overly long and overly compressed reasoning can hurt performance. By concentrating generation on
high-attention, decision-relevant reasoning traces, FROST improves efficiency and reduces the risk
of hallucinated or misleading intermediate content. At the same time, because some useful steps may
still receive low attention, FROST does not always achieve the top accuracy on every benchmark.

6.1 SUPPLEMENTARY EXPERIMENTS

We provide additional analysis to investigate our method’s performance at different training stages
and under different attention functions.

Table 2: Ablation on Different Activation Functions. We compare different activations func-
tions within the same training pipeline as FROST, using Phi-4-Reasoning on GSM8K, MATH500,
AIME24, and Minerva. For each variant, we report Pass@1 and generated token count (#Tk), with
variance discarded because it is consistently ≤ 2%. Best results are shown in bold, and second-best
results are underlined. Across most settings, Softmax1 yields the strongest overall performance,
while Entmax15 is typically the next best alternative.

Method GSM8K MATH500 AIME24 Minerva
Pass@1 #Tk

Pass@1 #Tk Pass@1 #Tk Pass@1 #Tk Pass@1 #Tk

Base 0.9242 1017.70 0.5480 1721.95 0.0667 1017.70 0.2500 1898.86 0.4472 1414.05
Softmax 0.8317 1160.63 0.4880 1379.52 0.1333 1909.07 0.2390 1934.72 0.4230 1595.99

Sparsemax 0.8188 160.99 0.5120 451.59 0.1667 948.60 0.2647 580.84 0.4406 535.26
Entmax15 0.8984 163.75 0.5520 406.97 0.1667 876.63 0.2831 439.48 0.4751 471.71

Softmax1 (FROST) 0.9311 154.33 0.5980 344.37 0.2667 899.80 0.2716 401.19 0.5169 449.92

FROST with Different Activation Functions. To better understand the role of Softmax1, we
compare FROST with three alternative activation functions: standard Softmax, Sparsemax (Hu
et al., 2023; Martins & Astudillo, 2016), and Entmax15 (Wu et al., 2024; Correia et al., 2019). Here,
Entmax15 refers to the Tsallis α-entmax family, which lies between softmax and sparsemax and
produces a sharper attention distribution. The comparison in Table 2, conducted on Phi-4-Reasoning
over GSM8K, MATH500, AIME24, and Minerva, shows that Softmax1 provides the strongest
overall balance between accuracy and token efficiency. On average, it improves Pass@1 by 15.65%
and reduces token usage by 68.18% relative to the base model. Compared with Sparsemax and
Entmax15, FROST more effectively suppresses low-impact reasoning traces without discarding too
many important ones. The main exception is Minerva, where Entmax15 achieves slightly higher
accuracy at a similar token budget. This suggests that the effect of sharper attention can vary across
tasks, and is consistent with prior discussions of aggressive reasoning compression (Yang et al., 2025;
Wang, 2024).

Table 3: Reasoning Outlier-removal Performance. We evaluate the Phi-4-Reasoning model’s
performance for removing reasoning outliers on AIME2024 dataset. We report two outlier-related
metrics: the maximum infinity norm ∥x∥∞ and the average kurtosis of the activation tensors, together
with average sentence entropy, which reflects how strongly the model concentrates on critical
reasoning traces. Variance is discarded because it is consistently ≤ 2%. Best results are shown in
bold, and second-best results are underlined. Across most metrics, FROST achieves the strongest
outlier-removal performance and the highest sentence entropy, indicating more focused and efficient
reasoning.

Method Maximum Infinity Norm ∥x∥∞ ↓ Average Kurtosis ↓ Average Sentence Entropy ↑ Pass@1 ↑ #Tk ↓
Base 35.31 241.72 2.71 0.0667 1017.70
Softmax 34.53 189.36 2.79 0.1333 1909.07
Sparsemax 34.06 152.18 2.93 0.1667 948.60
Entmax15 30.39 43.72 2.92 0.1667 876.63
FROST 29.67 21.54 3.07 0.2667 899.80

Reasoning Outlier-removal Performance in FROST. We study whether FROST actually removes
the kinds of attention patterns associated with inefficient reasoning. To do this, we use two activation-
level measures: the maximum infinity norm ∥x∥∞ and the average kurtosis of activation tensors
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x across transformer layers. These two metrics together quantify the presence of outliers. Lower
values on these metrics indicate weaker outlier behavior. We also report average sentence entropy,
following Wang et al. (2025), as a signal of how strongly the model concentrates on critical reasoning
content. Critical tokens tend to exhibit higher entropy than non-critical ones. As shown in Table 3,
FROST improves all three indicators on AIME2024 with Phi-4-Reasoning. Compared with the base
model, it reduces the maximum infinity norm by 15.97%, reduces average kurtosis by 91.09%, and
increases average sentence entropy by 13.28%. These results suggest that FROST both suppresses
outlier-heavy activations and shifts attention toward more useful reasoning traces. Additionally,
the table shows a clear pattern: larger outlier values tend to coincide with lower sentence entropy
and weaker reasoning efficiency. The main exception is the comparison between Sparsemax and
Entmax15, where entropy remains similar even though the outlier statistics differ. This suggests
that internal activation behavior and final output quality are related, but not perfectly coupled. One
possible explanation is that both Entmax15 and Sparsemax sharpen attention by suppressing not
only weak scores but also some larger ones. While this reduces outlier-related statistics, it can also
remove parts of genuinely useful reasoning traces, which lowers sentence entropy and can hurt
Pass@1 performance. In other words, these activations may improve internal sharpness without
consistently improving output quality. Because Softmax1 contracts the low-attention tail more
selectively, it avoids this trade-off more effectively and better preserves important reasoning signals.

6.2 GENERALIZABILITY OF FROST
We evaluate whether efficiency gains transfer beyond the training domain and how FROST general-
izes to out-of-domain reasoning tasks. Using Phi-4-Reasoning as the base model, we evaluate on
LeetCode (Xia et al., 2025b), LiveCodeBench (Jain et al., 2025), and UGPhysical (Xu et al., 2025b),
spanning coding and physics reasoning tasks. As shown in Table 4, FROST preserves and often
improves out-of-domain performance while substantially reducing token usage. This indicates that
the method does not overfit the training distribution and successfully filters out irrelevant reasoning
traces. It also validates that FROST generalizes beyond any specific tasks used during fine-tuning.
Because FROST only replaces the attention activation and updates a small set of LoRA parameters,
overall reasoning capabilities remain stable.

Table 4: Ablation on Other Reasoning Tasks. Using Phi-4-Reasoning as the base model, we
test FROST on three out-of-domain tasks: LeetCode and LiveCodeBench for code reasoning,
and UGPhysics for physics reasoning. We report Pass@1 and generated token count (#Tk), and
variance consistently ≤ 2%. Bold indicates the best result and underline indicates the second-best
result. FROST achieves the best overall performance, showing that it generalizes well beyond math
reasoning task.

Method Leetcode LiveCodeBench UGPhysics
Pass@1 #Tk

Pass@1 #Tk Pass@1 #Tk Pass@1 #Tk

Base 0.3222 2755.13 0.3248 3154.80 0.3172 2603.00 0.3214 2837.64
Softmax 0.3778 2106.85 0.3538 2909.07 0.3011 2622.52 0.3442 2546.15
FROST 0.3889 1163.06 0.3777 1967.56 0.3473 805.77 0.3713 1312.13

7 DISCUSSION AND CONCLUSION
We introduce FROST, an attention-aware approach for making large reasoning models more efficient.
Our approach detects and removes reasoning outliers, which produce longer answers and hurt quality.
FROST combines Softmax1-based outlier suppression with lightweight supervised fine-tuning,
allowing the model to produce shorter and more accurate reasoning paths. In experiments, FROST
improves the overall accuracy–efficiency tradeoff, with +26.70% average accuracy and -69.68%
token usage. It also reduces the maximum infinity norm ∥x∥∞ by 15.97% and average kurtosis by
91.09%, further supporting its effectiveness at mitigating reasoning outliers.

Despite FROST showing strong performance in efficient reasoning, several limitations remain. First,
our study primarily focuses on mathematical reasoning, so the method still needs broader evaluation
across other reasoning domains, such as coding and science. Second, the current version of FROST
relies on supervised fine-tuning and does not leverage GRPO-style optimization, which could yield
further efficiency gains. In future work, we plan to test FROST on a wider range of reasoning tasks
and explore GRPO-based extensions that build on the current outlier-removal framework.
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A IMPACT STATEMENT

We believe this methodology offers an opportunity to strengthen the core of large reasoning models
by improving efficiency and enabling models to produce more critical reasoning traces. However, it
may also amplify biases present in the training data, potentially leading to unfair or discriminatory
outcomes for underrepresented groups.

B ADDITIONAL RELATED WORK

Efficient Alignment. In recent years, foundation models (Zhou et al., 2025; He et al., 2025; 2024;
Wang et al., 2024; Touvron et al., 2023) have shown strong capabilities in solving multitask problems.
To further improve their performance on specific tasks, alignment techniques are essential for refining
model behavior. However, traditional approaches like RLHF (Ouyang et al., 2022) and DPO (Rafailov
et al., 2023) are computationally expensive. This highlights the urgent need for parameter-efficient
fine-tuning methods that offer effective and economical alignment for foundation models. Several
traditional methods demonstrate strong capabilities in aligning foundation models, including LoRA
(Hu et al., 2021) and QLoRA (Dettmers et al., 2023). Building on this, Luo et al. (2025b) propose
a LoRA variant that replaces the standard softmax layer with OutEffHop layers (Hu et al., 2024)
to improve the efficiency of low-rank adaptation. However, all of these methods are heavily based
on LoRA, and when adaptation is required for modules outside the attention architecture, the
computational cost increases significantly. Zhao et al. (2025b); Luo et al. (2025c) propose novel
alignment methods that focus on small subsets of neurons within foundation models. For example,
Zhao et al. (2025b) identify key neurons with high influence on LLMs’ jailbreak defense using latent
representations, and fine-tune only these neurons using red-teaming datasets. Our method builds on
fast low-rank adaptation techniques (Luo et al., 2025b), further improving adaptation efficiency, and
integrates them into SFT training to optimize reasoning paths and produce efficient reasoning models.
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C PROOFS OF MAIN TEXT

C.1 LEMMA 5.1

Proof of Lemma 5.1. Monotonicity means that if we increase any input coordinate to ϕ, its output
does not decrease. Let u = {zt}t∈Si and w = {zt′}t′∈Sj . If for each coordinate of u there is a
not-smaller coordinate in w replaced by the smaller value, then by repeatedly applying coordinatewise
monotonicity we obtain si = ϕ(u) ≥ ϕ(w) = sj . Order preservation (P1) then yields αi ≥ αj .

C.2 THEOREM 5.1

Proof of Theorem 5.1. By Lemma 5.1, sentence scores s reflect dominance induced by token
compatibilities under ϕ. Applying Assumption 5.1(P3) directly to s yields (2). Assumption 5.1(P2)
allows re-centering s ← s − c1 without changing α; thus (2) is invariant to any global shift and
depends only on relative separations.

C.3 THEOREM 5.2

Proof of Theorem 5.2. For (3), apply operator-norm submultiplicativity: ∥Wo(αivi)∥ ≤ ∥Wo∥op ·
αi∥vi∥ ≤ Bo εBv. To obtain (4), propagate the perturbation through L differentiable layers with
Jacobians Jℓ:

∥∆ℓ
(L)
i ∥ ≤

( L∏
ℓ=1

∥Jℓ∥op
)
∥Wo∥op αi∥vi∥ ≤ ε

( L∏
ℓ=1

Bℓ

)
BoBv.

Finally, since Softmax1 is 1-Lipschitz in ℓ∞→ℓ1, the change in probabilities is bounded by the logit
change, yielding (5). Replacing

∏L
ℓ=1 Bℓ with BL (by definition of B) gives the stated O(BoBvB

Lε)
rate. If Bo, Bv, B are O(1), the rate simplifies to O(ε).

D AN EXAMPLE OF LRM REASONING TRACES

In this section, we analyze the Phi-4-Reasoning response to the first question of AIME24, which
is also illustrated in Figure 4. As shown in the color box in Section D, traces S1 and S2 are classi-
fied as uncritical. Although S2 includes partially critical content such as "So the walking time
(actual walking time) plus t minutes equals total time.", its overall reasoning re-
mains non-critical. Trace S3 represents a critical reasoning step, where the model identifies the two
key equations in the problem. Subsequently, from S4 to S19, the model enters a self-verification
phase, producing reasoning traces beginning with wait that reflect self-checking and correction.
Starting from S20, the model resumes critical reasoning after the signal "We’ll produce final
answer in a box.", and by S24, it generates the final answer, concluding its reasoning process.

E EXPERIMENT SYSTEM AND IMPLEMENT SETTINGS

E.1 COMPUTATIONAL RESOURCES

We perform all experiments using two NVIDIA H100 GPUs with 80GB of memory and a 12-core
INTEL(R) XEON(R) PLATINUM 8592 CPU operating at 1.90GHz. Our code is developed in
PyTorch and utilizes the Hugging Face Transformer Library for experimental execution. For running
the LLMs, we use the default system prompt provided by the official source and set the temperature
to 0.6 to balance consistency and performance.

E.2 HYPERPARAMETERS

We present the hyperparameters used in the fine-tuning stage for each model. We use AdamW
(Loshchilov & Hutter, 2019) as the optimizer. Most other hyperparameters are kept consistent across
all models and datasets, including a batch size of 256 during deployment and 8 during training.
In training, we also use gradient accumulation with 4 steps and set the weight decay to 0.01 for
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An Example of LRM Reasoning Traces

[Question] Every morning Aya walks 9 km and then spends t minutes in a coffee shop. At
speed s km/h, the total time is 4 hours (including the coffee stop). At speed s+ 2 km/h, the
total time is 2 hours 24 minutes. If she walks at s+ 1

2 km/h, find the total time in minutes
(including the coffee stop).
[Uncritical Trace S1] <think>We are given: "Every morning Aya goes for a 9-kilometer-
long walk and stops at a coffee shop afterwards. When she walks at a constant speed of
s kilometers per hour, the walk takes her 4 hours, including t minutes spent in the coffee
shop. When she walks s+ 2 kilometers per hour, the walk takes her 2 hours and 24 minutes,
including $t$ minutes spent in the coffee shop. Suppose Aya walks at s+ 1

2 kilometers per
hour. Find the number of minutes the walk takes her, including the $t$ minutes spent in the
coffee shop."
[Uncritical Trace S2] Let’s denote: "Walking distance = 9 km. There’s a coffee shop stop
time t minutes, but note that the given total times includes the coffee shop stop time. So the
walking time (actual walking time) plus t minutes equals total time. Let s be her walking
speed (km/h) in first scenario. Then walking time (in hours) is 9/s. And the total time is 4
hours."
[Critical Trace S3] But includes t minutes stop, so actual walking time is 4 hours minus t
minutes (converted to hours, t/60 hours), so equation: 9/s = 4 − t/60. (Equation 1) and
9/(s+ 2) = 2.4− t/60 (Equation 2)
[Uncritical Trace S4] But wait, let’s check: speed = s+ 2, then walking time (in hours) is
9/(s+ 2). Total time is 2 hours 24 minutes, which is 2 + 24/60 = 2.4 hours.
[Uncritical Trace S5] But wait, let’s check: The problem said: "Suppose Aya walks at s+1/2
kilometers per hour. Find the number of minutes the walk takes her, including the t minutes
spent in the coffee shop."
[Uncritical Trace S6] Wait, 2 hours 24 minutes = 144 minutes.
[Uncritical Trace S7] Let me recalc: 3 hours 24 minutes = 2*60 + 24 = 120 + 24 = 144
minutes.
[Uncritical Trace S8] Let us double-check the reasoning process.
[Uncritical Trace S9-S17] .....
[Uncritical Trace S18] I’ll now produce step-by-step explanation.
[Uncritical Trace S19] We’ll produce final answer in a box.
[Critical Trace S20] The two equations are given as 9/s = 4 − t/60 (Equation 1) and
9/(s+ 2) = 2.4− t/60 (Equation 2).
[Critical Trace S21] Alternatively, we can solve for t in terms of s from equation 1: t =
60∗(4−9/s) = 240−540/s, and plug in equation 2: 9/(s+2) = 2.4−(240−540/s)/60 =
2.4− (4− 9/s) = 2.4− 4 + 9/s = (9/s)− 1.6.
[Critical Trace S22] So equation becomes: 9/(s+ 2) = (9/s)− 1.6. Multiply both sides
by s(s+ 2): 9s = (9(s+ 2))− 1.6s(s+ 2).
[Critical Trace S23] Now, when Aya walks at speed s+ 1/2 = 2.5 + 0.5 = 3 km/h, then
walking time (in hours) is 9/3 = 3 hours. But total time includes coffee shop stop time t
minutes, which is 24 minutes = 24/60 = 0.4 hours. So total time is 3 + 0.4 = 3.4 hours,
which is 3 hours 24 minutes.
[Critical Trace S24] I’ll produce final answer: 204 . </think>

all training runs. A learning rate of 1e−5 is used for all models during fine-tuning. For low-rank
adaptation, we use a LoRA rank of 8 and LoRA alpha set to 16. In FROST, we set the maximum
training steps to 5,000. All supervised fine-tuning and GRPO training are conducted using mixed
precision with bfloat16. In deployment, we set the temperature to 0.6 for all models with top-p
sampling at 0.9. For evaluation, we use a maximum generation length of 4096 across all models,
except TALE.

F ADDITIONAL EXPERIMENTS

In this section, we present additional experiments demonstrating that FROST surpasses current
state-of-the-art efficient reasoning methods.
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F.1 TRAINING AND TEST TIME COMPARISON

We conduct experiments to measure the training and inference time of each baseline and compare
their computational costs with FROST. For evaluation, test time is measured on the AIME tasks with
the GPT-OSS-20B model, while training time is reported using the respective datasets specified in
each baseline’s original paper. All experiments are conducted on the same computational resources,
as described in Section E.1.

Table 5: Comparison of Training and Test Time Costs Across Methods. We conduct experiments
to measure the training and test time of each method. For test-time evaluation, we use the AIME
dataset with the GPT-OSS-20B model. Best results are shown in bold, and second-best are underlined.

Method TALE DRP ThinkLess FROST

Training Time (m) - 353 1186 204
Test Time (m) 56 18.5 4.2 3

As shown in Table 5, FROST achieves the fastest training time among all methods, while also
minimizing computation cost and inference time during deployment. This demonstrates that our
approach not only accelerates training but also reduces deployment overhead.

F.2 ATTENTION DISTRIBUTIONS OF ACTIVATION FUNCTIONS

We conduct an additional experiment to analyze the attention distribution of GPT-OSS-20B on a
sample from the GSM8K dataset. As shown in Figure 6, FROST effectively removes a large number
of low-attention sentences while retaining significant ones. In contrast, the vanilla model produces
many sentences with low attention weights, and Sparsemax and Entmax15 retain only one to two
sentences, often aggressively discarding important reasoning traces. This visualization provides an
explanation consistent with the performance results reported in Table 2.

Vanilla FROST Sparsemax Entmax15

Figure 6: Attention Distribution of Each Activation Function.

G INFLUENCE THE ATTENTION DYNAMICS OF Softmax1 DURING TRAINING
AND INFERENCE

We observe that incorporating Softmax1 significantly influences both training and inference attention
dynamics across transformer layers. During supervised fine-tuning (SFT), Softmax1 enforces tail
contraction by suppressing low-attention activations, which stabilizes gradients and reduces the
variance of updates propagated through residual connections. This effect leads to faster convergence
of LoRA adapters, as the low-rank parameter subspace more efficiently aligns with critical attention
directions, improving overall adaptation coverage within fewer training steps. This observation is
consistent with Luo et al. (2025b); Hu et al. (2024). Across layers, Softmax1 reshapes the attention
landscape—shallow layers become more selective in contextual grounding, while deeper layers exhibit
higher entropy concentration around critical reasoning traces. During inference, this sharpening
propagates forward, effectively filtering redundant reasoning sentences while maintaining coherence.
Together, these behaviors demonstrate that Softmax1 not only enhances efficient reasoning but also
accelerates LoRA-SFT optimization by improving the representational focus of each attention head.
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H INFLUENCE OF Softmax1 ACROSS LAYERS

We analyze the effect of Softmax1 across transformer layers by visualizing the attention distributions
of head 15 for both vanilla Softmax and Softmax1. As shown in Figures 7 and 8, Softmax1
consistently suppresses attention outliers, leading to smoother and more stable activations across the
network. In lower layers, Softmax1 contracts heavy tails and mitigates rare extreme peaks, enhancing
local feature mixing with higher-entropy and reduced kurtosis distributions. In higher layers, it
suppresses residual long-range spikes and sharpens focus on semantically relevant tokens, yielding
sparser yet more stable attention and clearer causal information flow.

Sentence Number Sentence Number

L
ayer N

um
ber

L
ayer N

um
ber

Vanilla FROST

Figure 7: Theoretical Analysis of Reasoning Outlier Removal in All Layers

I EXTENDED ATTENTION HEATMAPS ACROSS ADDITIONAL LAYERS AND
HEADS

In this section, we present extended attention heatmaps covering additional layers and heads. Specifi-
cally, we analyze Layers 0, 5, 15, 25, 30, 35, and 39 and Heads 0, 5, 10, 15, 20, 25, 30, 35, and 39
to provide a more comprehensive view of attention evolution across the network. The corresponding
observations are illustrated in Figure 9.

J HUMAN EXPERT EVALUATION

We invite three computer science students specializing in reasoning models to annotate reasoning
traces generated by the original and FROST-trained models. We then compare the traces pruned
by FROST and evaluate their criticality based on relevance and contribution to the final answer.
Averaging across all evaluators, FROST achieves 92% accuracy in correctly removing non-critical
reasoning traces. Only 8% of reasoning traces are incorrectly removed, which significantly degrades
final-answer accuracy. These mistakenly pruned traces are typically long and contain repeated
information that supports self-verification and error correction. However, they also provide critical
content—such as key equations—in the end of trace. This observation suggests a potential explanation
for why FROST achieves the second-best Pass@1 score in the Phi-4-Reasoning experiment shown
in Table 1.

K DISCLOSURE OF LLM USAGE

In our paper and project, we use large language models (LLMs) to help revise the text for greater
conciseness and precision.
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Figure 8: Attention Distribution of Softmax1 Across All Layers
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Figure 9: Extended Attention Heatmaps Across Additional Layers and Heads
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