Double Randomized Underdamped Langevin with
Dimension-Independent Convergence Guarantee

Yuanshi Liu*, Cong Fang™*, Tong Zhang'

* School of Intelligence Science and Technology, Peking University
 Department of Computer Science & Engineering, the Hong Kong University of Science and Technology
{liu_yuanshi, fangcong } @pku.edu.cn, tongzhang @tongzhang-ml.org

Abstract

This paper focuses on the high-dimensional sampling of log-concave distributions
with composite structures: p*(dx) o« exp(—g(x) — f(x))dx. We develop a
double randomization technique, which leads to a fast underdamped Langevin
algorithm with a dimension-independent convergence guarantee. We prove that
the algorithm enjoys an overall O ((tr(g#) iteration complexity to reach an
e-tolerated sample whose distribution p admits Ws(p, p*) < €. Here, H is an upper
bound of the Hessian matrices for f and does not explicitly depend on dimension
d. For the posterior sampling over linear models with normalized data, we show
a clear superiority of convergence rate which is dimension-free and outperforms
the previous best-known results by a d'/? factor. The analysis to achieve a faster
convergence rate brings new insights into high-dimensional sampling.

1 Introduction

Sampling from a high-dimensional distribution serves as one of the key components in statistics,
machine learning, and scientific computing, and constitutes the foundation of the fields including
Bayesian statistics and generative models [Liu and Liu, 2001} Brooks et al., 2011} [Song et al.,
2020]. Recently, there is an emerging trend in designing provably faster Markov Chain Monte Carlo
(MCMC) algorithms using techniques from first-order optimization [Dalalyan|[2017, |Durmus et al.,
2019, [Cheng and Bartlett, 2018| [Vempala and Wibisono, 2019, (Chewi et al.| 2021]. One typical
MCMC algorithm that allows following the idea is the Langevin-type algorithms, which are of the
central interest of this paper.

Langevin-type algorithms originated in statistical physics discretize a stochastic differential equation
with stationary distribution corresponding to the target. For Gibbs distribution p(x) o e =Y ™) the
standard overdamped Langevin algorithm uses Euler Maruyama scheme to discretize the diffusion

process dx; = —VU(x;)dt + v/2dB;. The algorithm iteratively performs the updates as for
n=0,1,2,...,
Xnt+1 = Xn — hVU (X)) + V2he,, (1.1

where €, ~ N(0, I) follows the normal distribution and h > 0 is the step size.

This paper focuses on the dimension dependence of the convergence behavior of Langevin-type
algorithms. Specifically, we consider sampling problems over potentially high-dimensional and
strongly log-concave distributions with a composite structure: p oc e~V = ¢=9)=f(*) where
g(x) = Z|Ix||?. Regarding p as a posterior distribution, e~93) corresponds to a Gaussian prior
and e~/ ¥ corresponds to the likelihood. This structure also includes general m-strongly convex
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potential functions U (x), which can be split into a strongly convex term g(x) = 2 ||x||* and a weakly
convex one f(x) = U(x) — 2|x|*.

The analysis of Langevin sampling from an optimization viewpoint may date back to|Jordan et al.
[1998]. The viewpoint has led to a surge of works that establish quantitative convergence guarantees
for overdamped Langevin algorithms to sample log-concave distributions [Dalalyan, 2017, [Durmus
and Moulines| [2016]]. It should be noted that these convergence guarantees always involve an
extra d dimension dependence due to the injection of non-negligible Gaussian noise, whereas the
convergence rates of first-order optimization are often dimension-free [Nesterovl [2003]]. Various
accelerated methods have been proposed that can mitigate the dimension dependence and also achieve
faster convergence. First, as the momentum acceleration of Langevin algorithms [Ma et al.| 2021]],
underdamped Langevin Monte Carlo has a more stable trajectory and is known to exhibit a faster
convergence rate [Cheng et al., 2018, Ma et al.l 2021} Zhang et al., |2023]]. Apart from using a
different trajectory, more stable discretization schemes of the same diffusion process also lead to
better convergence [Shen and Lee, |2019} Wibisonol 2019, |He et al., 2020, |L1 et al., 2019]. However,
the dimension dependence remains. To the best of our knowledge, the fastest randomized midpoint

method for underdamped Langevin under Wasserstein distance achieves a O (%) convergence
rate and still has a d*/3 dimension dependence [Shen and Lee, |[2019].

Recently another thread of works studies the convergence with weaker dimension dependence. Some
researchers explore further general assumptions on the target distribution. The idea is by observing
that some smoothness conditions can average out the dimension-dependent errors brought by the
noise using Ito’s formula. For example, [Li et al. [2021]] achieves a v/d dimension dependence with a
3-rd order growth condition. Another approach investigates the curvature of the target distribution
and illustrates that dimension often does not determine the complexity of the sampling problem. Vono
et al.| [2022] propose an ADMM-type splitting algorithm with a dimension-free convergence rate
when the likelihood is separable. Along the same thread, Freund et al.|[2022] study the convergence
rate of Langevin algorithms with no explicit dependence on dimension and propose to characterize
the convergence rate by the upper bound of Hessian matrices of f. Specifically, by letting H be the
upper bound of the Hessian matrices of f, they show a variant of the overdamped Langevin algorithm

achieves a convergence rate of O (@) in KL divergence. This result improves the rate under wide

conditions because many high-dimensional sampling problems are intrinsically low-dimensional in
the sense that tr(H) = o(d), which frequently appears in machine learning. For example, when the
potential function has a ridge separable structure with mild conditions, tr(H ) can be dimension-free
(see Section for more details).

Though these works succeed in obtaining a convergence rate of the Langevin algorithm with a weak
dependence on the dimension, some important questions remain:

“ How to design provably faster algorithms with weak dependencies on dimension
even for the log-concave sampling?”

Such a question is significant for understanding high-dimensional sampling and already includes lots
of applications in real practice.

In this paper, we follow the regime of [Freund et al.| [2022] to design provably faster Langevin
algorithms, which answers the above question affirmatively. We propose a double-randomized
algorithm showing that variants of underdamped algorithms inherit the lower dimensional dependence
in overdamped Langevin and a special design of random stepsize can still keep the property when
using more stable discretization.

Specifically, we develop a double randomization technique and obtain the Double-Randomized
Underdamped Langevin (DRUL) algorithm. We consider an averaged contraction effect to avoid
dimension dependence. We design two distributions to achieve the mid-point acceleration with a

randomized stepsize. DRUL is proven to enjoy an overall O (%) iteration and gradient

complexity. For the posterior sampling over linear models, we show a clear superiority of DRUL,
which achieves a dimension-free O (62%) convergence rate. The novel perspective of DRUL is
introducing the random step size at each update. Such a random step size combined with a random

midpoint point proposed by [Shen and Lee| [2019] reduces the discretization error and provides new
insights into designing provably faster sampling algorithms.



Table 1: Comparison of the convergence rates for most related works. We consider the convergence
in Wasserstein distance to a strongly log-concave and log-Lipschitz smooth target distribution (we
summarize below the methods if additional assumptions are required). EU stands for Euler-Maruyama
discretization and RMM stands for Randomized Midpoint discretization. ‘Ridge-Separable Case’
refers to the convergence rate when f admits a ridge-separable structure (see (3.2))). Note that some
results are established in the KL divergence. We convert these convergence rates into the ones in
Wasserstein distance using Talagrand’s inequality.

Method Convergence Rate Ridge-Separable Case
Overdamped as Composite OptimizCRation
[Durmus et al., [2019] O (e%) O ((%)
(Proved in KL divergence) ‘ ‘
Overdamped with EU _ _
[Li et al, 2021] %, (ﬂ) %) (ﬁ)
(With an additional linear growth condition)
Underdamped with RMM o d1/3> o dl/S)
[Shen and Lee, 2019] (W (W
Overdamped as Composite Optimization ,
[Freund et al}[2022] 19 (%) 0 (L)
(Proved in KL divergence)
DRUL (Ours) 1% (M) O (y)

In summary, the contributions of the paper are listed below:

(A) We propose the Double-Randomized technique and design the DRUL algorithm.

(B) We show the DRUL converges to the target distribution in Wasserstein distance in

2)1/3 . . . . . .
@ (%) iterations. For posterior sampling over generalized linear models, a

dimension-free O (62%) complexity can be achieved.

2 Related works

There has been a surge of works investigating the asymptotic guarantees for the Langevin-type
algorithms [Roberts and Tweedie, 1996, Mattingly et al.,2002]. And a series of recent works establish
the non-asymptotic quantitative analysis framework of the Langevin-type algorithms. For performance
on strongly log-concave distributions, early works [Dalalyan, 2017, |[Durmus and Moulines} 2016]
establish the non-asymptotic convergence rate in TV distance with Lipschitz gradients assumption
for overdamped dynamics. Along the same setting, similar convergence rates are achieved in KL
divergence using the Wasserstein gradient flow [[Cheng and Bartlett, 2018} [Durmus et al.| 2019]]
or Wasserstein distance using the contractive property for overdamped Langevin. Underdamped
Langevin accelerates the vanilla Langevin algorithms [Ma et al.l [2021]]. With the same setting
mentioned above, a faster convergence rate can be established [[Cheng et al., 2018| |Dalalyan and
Riou-Durand, 2020, |Shen and Lee, 2019} [Zhang et al., 2023]] for underdamped Langevin algorithms.
Beyond the log Lipschitz-smooth setting, other examples also show better results can be achieved,
such as|Durmus and Moulines| [2019], Li et al.|[2019] for overdamped Langevin algorithms. Previous
works also investigate the convergence rate without strongly log-convex assumptions, such as the
log-Sobolev inequality (LSI) condition which is similar to the Polyak-L.ojasiewicz condition in
optimization. With target distributions satisfying LSI and log-Lipschitz-smooth, the results can be
extended for both overdamped Langevin [Vempala and Wibisono, 2019|] and underdamped Langevin
[Ma et al.} 2021}, |[Zhang et al., [2023]].

Another thread of works explores the dimension dependence of Langevin-type algorithms. Despite
the great similarity between the analysis in Langevin algorithms and optimization, the convergence
of Langevin-type algorithms depends on dimension in the log-concave setting whereas convex
optimization algorithms can often achieve dimension-independent results. With general strongly log-



concave (or LST) and log-Lipschitz-smooth condition, previous works establish a O (E%) convergence
rate for overdamped algorithms [Durmus et al., 2019] and a O (@) convergence rate for under-
damped algorithms [Cheng et al.,[2018] to ensure finding a solution x,, with Wy (Law(x,,),p) < €
or \/m < e. With an additional linear growth condition on third-order derivative, |Li
et al.| [[2021] achieve a o (@) convergence rate for overdamped Langevin. And for underdamped
Langevin algorithms, [Shen and Lee| [2019]] improve the dependence of dimension and obtains a

4] (g;;) convergence rate. Recent work of [Freund et al.| [2022] characterizes the dimensional

dependence of convergence rate by the upper bound of the Hessian matrix of f. As discussed in
2

Section , Freund et al.| [2022] establish a O (%) convergence rate in KL divergence,

2
which implies a O (%) convergence rate in Wasserstein distance. And when f admits a
ridge-separable formula, Freund et al.|[2022]] obtain a dimension-free O (E%) convergence rate with
some mild assumptions. We summarize the comparison of these most related works in Table 2]

3 Preliminary and problem setup

3.1 Notations

We use the convention O (-) and €2 (+) to denote lower and upper bounds with a universal constant.

O(+) ignores the polylogarithmic dependence. And use f < g to denote f = O(g). Use Wa(u, v) to
denote the 2-Wasserstein distance of distribution p and v. Use Law (X)) to denote the distribution of
the random variable X. The Frobenius norm is denoted by || - || while || - || stands for operator
2-norm for matrices.

3.2 Sampling problem

We consider the distributions with a composite structure:
dp(x) x exp{—U(x)}dx = exp {—g(x) — f(x)} dx, 3.1

where g(x) = 2||x||? is a quadratic function. In the context of posterior sampling, the associated

task is sampling from a distribution with a Gaussian prior. The composite structure also includes

the general m-strongly convex function, which can be divided into g(x) = 2*[|x[|* and the weakly

convex function f(x) = U(x) — 2||x[|?. We make the following assumption on f.
Assumption 3.1. f € C? is convex and has L-Lipschitz continuous gradients, i.e. 0 < V2f < LI.
It corresponds to making m-strongly convex and L + m-Lipschitz smooth assumptions on the

potential function U, which is a basic setting and widely studied in the Langevin sampling literature
(see e.g. Dalalyan| [2017]], Cheng and Bartlett| [2018]], Cheng et al.[[2018]], Shen and Lee|[2019])).

In addition to the previous assumption, we follow |[Freund et al.|[2022]] to characterize the convergence
rate by a new factor H to avoid explicit dimension dependence.

Definition 3.2. Let H be an upper bound of the Hessian matrices of f,i.e. H = V2 f(x).
Note that the Lipschitz smooth condition in Assumption provides a loose bound for H since
we always have H < LI. This implies that tr(H) will reach dL in the worst case, whereas this

quantity can be much smaller than d L under wide conditions. One typical example is when f admits
a so-called ridge separable structure shown below.

3.3 Example: ridge separable functions

Definition 3.3. f is said to admit the ridge separable form if
1 T
- (al'x), 32
f(x) . ;:1 oi(a; x) (3.2)

where o; are all univariate functions, and a; are given vectors in RY.



Ridge separable functions contain many applications in machine learning, such as regression or
classification over generalized linear models as well as (deep) neural networks in the neural tangent
kernel regime [Gelman and Hill, 2006} Jacot et al.,|2018]]. We follow the argument of |[Freund et al.
[2022], showing realizable conditions that ensure tr(H ) to be dimension-free.

Assumption 3.4. The function o; € C? has a bounded second derivative, i.e. o/ < Lg for all i € [n)].
Assumption 3.5. For all i € [n], then norm of a; is bounded by R, i.e. ||a;||*> < R2.

When Assumptions and hold, the Hessian has the upper bound VZ2f(x) =

no 1 _mni T ol Lo N\ ol _ Lo N\ aT
Yoiei o’ (ag x)aza; X 2030 aa; . Let H= 203" aza; and

n

L L n
tr(H) = tr (Z noaiaiT> = ?0 > llaill* < LoR?,
=1

=1

thus illustrates that tr( H ) has a dimension-free Lo R? upper bound. Meanwhile the Lipschitz constant
of V f can be bounded by

Lip(Vf) < [H|2 = < LoR?.

n
Ly T
—_— E a;a;
n

=1

It indicates that worst-case upper bounds of tr(H) and Lip(V f) are the same.

Note that Assumptions [3.4] and [3.5] are easy to achieve in practice. For example, consider using
posterior sampling to compute the Bayes estimator over a linear model, whose advantages against
maximum a posterior estimator have been discussed broadly (see e.g. |Audibert| [2009]). Here,
a; is associated with the data. So Assumption [3.5|can be realized by simply normalizing the data.
Moreover, o; corresponds to the loss function and is only required to have a bounded second derivative
by Assumption[3.4] Note that sampling from a ridge separable potential functions are extensively
studied in related literature (see [Mou et al.||2021] [Vono et al., [2022, [Lee et al.| 2018|| as examples).

3.4 Preliminary

Overdamped Langevin. The overdamped Langevin dynamics for target distribution (3.1)) is a
diffusion process that evolves along the following SDE
dx(t) = —Vg(x(t))dt — V f(x(t))dt + v2dB; (3.3)

where B, is the standard Brownian motion. The overdamped Langevin algorithms simulate and
discretize the SDE (3.3). Different algorithms vary mainly by different discretization methods.

Underdamped Langevin Underdamped Langevin algorithms accelerate the convergence rate of
overdamped Langevin algorithms and instead discretize the following dynamics

dx(t) = v(t)dt,

dv(t) = —uVg(x(t))dt — uV f(x(t))dt — 2v(t)dt + 2y/udB;. ©4

The diffusion process has the stationary distribution p(x v) o exp { —5=||v[|* = U(x)}.

Contractive Property One notable property that yields the convergence of Langevin dynamics is the
contractive property [Cheng and Bartlett, 2018, |Cheng et al.,[2018]], given as follows.

Definition 3.6. A stochastic differential equation has contractive property if there exists a positive
constant m and

Ellx(t) = y(1)|* < E[|x(0) = y(0)[|* exp(—m), 3.5
for any pair of solutions x(¢) and y(¢) driven by the same Brownian motion.
Remark 3.7. E||x(¢) — y(t)||? is an upper bound of squared Wasserstein distance of Law(x(¢)) and

Law(y(¢)), and thus (3.5) implies a geometric convergence of the Wasserstein distance.

Contractive property can be established for both underdamped and overdamped Langevin dynamics
under suitable conditions. The convergence analysis for our proposed algorithms follows a similar
argument as the contractive property.



Algorithm 1 Double-Randomized Underdamped Langevin (DRUL)

Require: Iteration NV, target function U = % ||Ix||? + f(x), initial point (xq, Vo), max step size h,
u= ﬁ—kL and r = Ltm
set p(dt) o< (3 — 7&) dt with support [0, A].
set p'(dt) oc (et;h — %) dt with support [0, A).
forn=1,2,--- ,Ndo
Sample o, ~ p’ and 3, ~ p.
Obtain the covariance matrix (o, 5 ).
Sample random vector (G, H, W) from distribution (0, X).

Xn ¢ A11(an)xn + Ar2(an) vy +u [ Ara(s — an)V f(xn)ds + 2y/uH.
Update Xn+1 — All(ﬁn)xn + A12(ﬁn)vn + ufo " AlQ(S - /B’rL)Vf(§7z)d5 + 2\/EG

Update v, 1 < Ao1(Bn)Xn + A22(Bn) Vi 4+ u [y " Aza(s — Bn) Vf(Xn)ds + 2¢/ulV.
end for

4 Double-randomized underdamped Langevin algorithm

In this section, we introduce our double-randomized sampling method and present our main result.
We will illustrate our intuition in Section[3

The proposed algorithm is built upon the following discretization scheme given a fixed point z,,

dx,, (t) = v, (t)dt,

dv,, (t) = —uVg(x,(t))dt — uV f(X,)dt — 2v,, (¢)dt + 2¢/udB;. “-1

The purpose of splitting the strongly convex part of U (x) is to avoid the md dimension dependence
of tr(H). Although m is reasonably small in practice, one cannot obtain a fully dimensional-free
convergence rate if the term with respect to g is discretized.

Denote the solution of process ([@.I)) at time ¢ given starting point (x,,v,), Brownian motion
{B.}o<t<p, step size 5 and point z,, by J(8,Xn; {Bt}o<t<g, (Xn, Vn)). The double-randomized
algorithm performs the following one-step update:

Xk4+1 = j(ﬁ7 j(av Xn; {Bt}OStgou (Xn7 Vn)); {Bt}OStSBa (X7L7 Vﬂ/))' 4.2)

The algorithm introduces a random step size 8 ~ p o (3 — 7% defined on [0, A] other than
t

deterministic h. And let « follows the distribution p’ (e%h - ﬁ) on [0, h].

The analysis focuses on a Gaussian prior setting. Under a Gaussian prior, the following Lemma
points out that 7 is linear in starting point (x,,, v,,) and has a decoupled Brownian motion, and thus
the update (4.2)) can be easily implemented.

Lemma 4.1. Assume g(x) = 2||x||?. If x,,(¢) follows the discretized Langevin diffusion process
(4.1) with starting point (x,,, vn% and a given X,,, for any ¢ > 0, it satisfies the integral equation

Xn(t) = j(t, iny {Bs}0§s§t7(xn; Vn)) = All(t>xn + A12(t)vn

t _ t 4.3)
+ u/ Aja(s =)V f(X,)ds + 2\/ﬂ/ Ajs(s — t)dBs,
0 0

where

V1—um— 16(_1_m)t n V1 —um+ 16(—1+,/1—um)t

A1(t) =————— yo 2T
n(®) 21 —um 21 —um
1 1
Aro(t) = — e(—1=VI-um)t + e(—1+\/m)t
12() 21— um 21— um



are deterministic functions of ¢t. Moreover, if x7, (¢) follows the exact Langevin process (3.4) with
starting point (x,,, v, ), then for any ¢ > 0

x5 (t) = A1 (t)xpn + A12(t) vy, + u/o A12(s =)V f(x}(s))ds
4.4)

¢
+ 2\/1;/ Aqa(s — t)dBs;.
0

Given the integral formula (4.3)), the algorithm can be summarized as Algorithm|I] In Algorithm [T}
Asq, Agg is deterministic scalar functions, and X : R? — R39%34 jg a]so deterministic. For the
explicit formula, please refer to Appendix |Al The distribution of (H,G,W) is induced by the
coupling between {B, }o<(<q and {B; }o<;<s in @.2).

4.1 Main theorem

The convergence guarantee of DRUL can be stated as the following theorem.

Theorem 4.2 ( Main theorem, convergence of DRUL). For any tolerance ¢ € (0, 1), denote the
minimizer of U (x) by x, and set the step size

1 62/3
12Cs%’ /3 (7
2 (2402H(mu~(1{) + Hx*||2))

h < min

where C> > 1 is a universal constant. With initial point (xg,vq), define Qp =
Empvrn(0,0) (10 = |2 + ||Ix0 + vo — v — x]||?). Then under Assumptions|3.1| when

8ek 2EQq
n ==~ log <> )

Algorithm 1] outputs x,, such that W(Law(x,,),p) < €.

=~ (e + I 2) 2 . . ) .
Theorem 4.2 shows an overall O  ~——_z—— | iteration and gradient complexity to find an
e-approximate sample in 2-Wasserstein distance. By pre-finding x, using a convex optimization
algorithm and linearly drifting the coordinates, we can assume x, = 0 without loss of generality.

DRUL admits the stepsize reaching O (ﬁ) and the overall complexity is O (%)

Now we consider a realizable case where our result achieves better complexity on d. The concrete
example is that f admits a separable structure as discussed in Section[3.3] Corollary {i.3|below shows
that when f admits a ridge separable structure, Algorithm[I|enjoys a dimension-free iteration and
gradient complexity.

Corollary 4.3. Follow the notations in Theorem Further, if f(x) admits a ridge-separable form
and satisfies Assumptions [3.4]and[3.5] Then if we set the step size

) (2/3
h < min ) /3
12028 (24Con( L + . 2))

With initial point (xg,vo) and Qo = Expvnr(0,0) ([¥0 — %||* + [|x0 + vo — v — x||?). Then

when
n > SC;H lo 2E

Algorithm|[I]outputs x,, such that W5 (Law(x;,), p) < €.

Discussion. Theorem .2 establishes the convergence rate of DRUL with a weak dimension depen-
dence. We shall note that for lots of high-dimensional sampling problems, the trace of the Hessian
matrices for the potential function is much smaller than d times the largest eigenvalue because the
eigenvalues often drop rapidly. In practice, this situation has been considered in lots of topics. For
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Figure 1: A demonstration of the eigenvalues of the Hessian matrix. (a) The eigenvalues of the Gram
matrix of MNIST data. (b) Eigenvalues of a three-layer neural network from [Sagun et al.|[2016].

example, one defines the effective rank (e.g. [Hsu et al.|[2012]]) to represent the acting dimension of
the data on linear models. In distributed machine learning, one can show fewer bits are needed to be
transmitted between machines when the eigenvalues decrease fast (e.g. [Hanzely et al.|[2018]]). As
shown in Figure[I(a)] the Gram matrix of the MNIST dataset, which is also the Hessian of Bayesian
ridge linear regression, has rapidly decreasing eigenvalues. Similar empirical results are observed
on deep neural network models by [Sagun et al.|[2016]], as in Figure[I(b)] In fact, beyond the ridge
separable case, there are many problems admitting tr(H) = o(d), such as the concentrated posterior
distributions with bounded gradients and neural networks with regularization. However, one may
notice that the result of Theorem [4.2]is based on a uniform upper bound of the Hessian matrices.
We think this is the basic case to show that our algorithm achieves convergence with an intrinsically
low-dimension dependence. It is possible to relax the condition to the upper bound of the traces
for local Hessian matrices with an additional Hessian smoothness assumption. Please see more
discussions in Appendix [E]

5 Intuition

In this section, we provide the intuitions of the algorithm design. For the sim-
plicity of the notation, let X,(s) = J(s, x7,,{Bt}o<f<g,(xn,vn)) and x,(s) =
T (8, T (e, X {Bt}0<t<a, (X1, Vn)); {Bt}o<t<s, (Xn, V). Then given o and j in Algorlthml
Xn(s) = T (8, Xn(a); {Bt}o<t<p, (Xn, Vi) and X, (B) = X 11.

Our analysis tracks the dynamics of the distance to the stationary distribution. Specifically, we
analysis the dynamics of EQ,, (t) = E||x,, () — x}(t) + v, (t) — v (1)]|? + E||x,(t) — x5 ()]|* and
EQ,, = EQ,,(0), which upper bound the squared 2-Wasserstein distance Wa(Law (x,,(t)), p)? and
Wo(Law(x,,), p)?, respectively. Here, (x7 (t), v (t)) evolving along the exact Langevin diffusion
(3:4) follows the stationary distribution and is synchronously coupled with (x,,(¢), v, (¢)). One can
find its formal definition in Appendix [B] Via tracking the flow and using the contraction property of
the process, the following Lemma characterizes the one-step discretization.

Lemma 5.1. Let x,, be the n- ste output of Algorlthm I 1| and x7 (¢) be defined as above. Set

U= 1o~ + . Under Assumptions (3.1} given that x,, and x}, are coupled synchronously, we have for
any h >0
_8
EQ,41 =EEg.,Q2,(8) <Eg.,e” <EQ, +& 6D
where £ is

s=B8

B
&= 2UEEO¢~p'E,B~p/O e (xn(s) = x5 (8) +vn(s) = vi(s), VI(xn(s)) — VI(Xn(a)))ds.

Lemma indicates at each step, ES,, contracts with a local discretization error. Telescoping
(5.1) and upper bounding the term & yields the Theorem To obtain the convergence rate in the



main theorem, we will show that Algorithm [I] guarantees an upper bound of £ which (1) achieves
the state-of-the-art dependence on stepsize and (2) satisfies that the dimension dependence can be
controlled by the contraction.

Improved discretization error. We accomplish the first goal by matching the expectation, which is
detailed by Lemmal[5.2]

Lemma 5.2. Let p be probability measure defined on [0, h] satisfying p(dt) o (% — ﬁ) dt¢, and
¢
h

dt on [0, h]. Then for

t—h

the probability measure p’ defined on [0, ] satisfies p’(dt) o (eT —
measurable function F'(t), p and p’ satisfy that

(A) There exists positive constant C such that E;.., fot e F(t)ds = Cy hE¢ 0 F(t).
(B) There exists positive constant Cy such that E;,/|F(t)| < CE.,|F(t)].

Claim (A) in Lemma [5.2] states that by choosing a random step size 8 ~ p/, we can leverage the
low discretization error of the randomized midpoint method. Denote the random weight w, (s, @) =
Xn(8) — x5 (8) + vp(s) — vi(s). One can split wy, (s, @) into (w,(s,a) — w,(0,0)) + w,(0,0).
The former term can be bounded using the one-step move, and by claim (A), the dominating latter
one is

B s
QUEEQNP/Eﬁwp/O e = (w(0,0),Vf(xn(s)) — Vi(Xn(a)))ds

=2uC1h(w(0,0),EEsp (Vf(xn(s)) — Vf(Xn(s)))),

which attains a low discretization error given that E,., V f (X, (s)) is a low biased approximation to
Esnpr Vf (% (s))-
Averaged contraction can control the weight variance. Then we consider the variation of the

weight w,, (s, ). The time difference of w,, (s, ) writes

w(s.0) = (= xive = vi) = [ () = Vi) —umle, ) —xi)

—2(va(r) = v (1) —uV f(Xn(a)) + uV f(x,(r)))dr.

(5.2) indicates the variance Var,~,(W(s, ) is dimension dependent for nondegenerated distribu-
tions  on [0, k], since it will introduce the v,, () whose difference to v,,(3) or v,,(0) is dimension
dependent. We control the dimension dependence via the averaged contraction. And the randomized
step size makes it possible to consider the averaged effect. We have the following Lemma to bound
the variation of the weight.

Lemma 5.3. Let x,,(t), v, (t), v (t) and v} (t) be defined as above and u = ﬁ Under Assump-
tion[3.1] for any ¢, e < h, we have
Ellx(t) = %n = %;,(8) + %5, + Vi () = vio = v (8) + v |I°

L (5.3)
SK2EE;, Q0 (t) + R*EQ,, + u?h* —tr(H) + h*||x.]2.
m

Now the dimension dependence of Var(w (s, «)) is contained in E;~.,£2,,(t), which can be controlled
using the averaged contraction under the stochastic step size.

6 Conclusion

This paper proposes a double-randomized technique and designs the DRUL algorithm. We prove that
with strongly convex and Lipschitz smooth assumptions potentials, the algorithm converges to the

T L A (H)+ %)) 2 . .
target distribution in Wasserstein distance in O (T) iterations. The result illustrates
that many sampling tasks in machine learning can achieve a dimension-independent complexity.
The proposed DRUL algorithm can be potentially much faster than existing algorithms for high-
dimensional problems. As a concrete example, when the negative log-likelihood function admits a
ridge-separable structure, under mild conditions, a dimension-free O (62%) iteration complexities

can be obtained by DRUL. We hope our technique brings new insights for designing dimension-
independent algorithms for high-dimensional sampling.
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A Simulation of the discretization process

A.1 Integral form of the discretized process

Proof of Lemma

Proof. Define the aligned vector z,(s) = (x,(s), v, (s)) and write the diffusion process as

dz,(s) = Az, (s)ds + ua(%,)ds + 2v/uBdB,, (A.1)

A:[—uoml —éf}’“:[—vg(ﬁ)}ﬂ:[g 9]

And B, is a Brownian Motion in R2?. By a variation of constant method, the solution of || is

¢ ¢
2, (t) = €2, (0) + u (/ e_A(s_t)ds> a+ 2\/5/ e A=Y BdB,
0 0

where

To obtain the explicit expression of x,,(¢) and v,,(t), respectively, it suffices to present a block-wise
form

QAL [ An (I Agp(t) }
o Agl(t)l Agg(t)l

of the exponential e*. And a direct decomposition yields that

\/m 2 (22 \/m+2 (2 HVP—Tum)t/2

Aqq(t
n(t) = 2\/22 4um 2 — 4um
Alg(t) - _ 1 e(—2—\/22—4um)i§/2 + 1 e(—2+\/22—4um)t/27
22 — 4um 22 — 4um (A2)
_ um (—2—v22—dum)t/2 —um (—2+vV2Z—dum)t/2 '

A9 (t) = ——e 4+ ——¢ ,

22 — 4um 22 — 4um
Ago(t) = 2+ V22 dum o(—2-V2—dum)t/2 | — 4dum — (—2+v2Z—dum)t/2

2 — 4um 4um

Since z,,(t) = (x,(t), v, (t)), we obtain the close-form solution of the discretized Langevin process
of x,,(t)

X, (t) = A1 ()%, + A2(t)v, + u/oh A1a(s — )V f(X,)ds + 2\/6/; Aqa(s — t)dBs;.
A similar proof can be applied to the exact diffusion process and thus }; (t) satisfies
x5 (t) = A11(t)xp + Ar2(t)vy, +u /Ot A12(s — )V f(x*(s))ds + 2\/5/(: A12(s —t)dB
Thus we can obtain the result in Lemma 4.1 O

A.2 Controls of the integral forms

Lemma A.1. The functions A1(t) and A;5(¢) in Lemma.1]satisfy
A St [An() -1 St

fort € [0, h).
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Proof. In the proof, we will repeatedly use the inequality e/ — 1 = O(t). For notational simplicity,
denote /1 — um by k. For the first claim,

L
1 1 _ — O(t).
2% NET € ok T ok (*)

As for the second claim, we have
k-1 k+1
eftfkt 67t+kt

Aa(t) =

App(t) —1= -1
12(t) 2k 2k
—kt kt —kt kt
(e e =2 1-—e e —1\
=e ( 5 + 5% + o7 = O(kt) + O(t).
Notethatk = /1 —um < land h < % < 1. When t < h our claims hold true. O

A.3 Simulation of the Brownian motion

Lemma A.2. Let B; be a standard Brownian Motion. In Algorithm we have G = f Ot Aja(s —

t)dBg, H = foa A1a(s —a)dBgand W = fg Aga(s —t)dBg. Then conditioned on the randomness
of and S, (G, H, W) follows a mean-zero Gaussian distribution with covariance

E[(G — EG)(H —EH)T| = (/mm(t’a) Aja(s —t)Aja(s — a)ds> I,
0

t
/ A12(8 — t)2d8> I,
0

E[(G — EG)(G —EG)T] =

E[(H — EH)(H — EH)T] =
(A3)

(
(

E[(W — EW)(W — (/ As(s — 1) ds)[
(

min(a,t)
E[(W —EW)(H - EH)'] = /O Aja(s — a)Aga(s — t)ds) I,

E[(W —EW)(G — EG)T] = (/Ot Ala(s — t)Aga(s — t)ds> I

Proof. By the properties of Brownian motion, (G, H, W) is a zero-mean Gaussian variable. Its
variance is given by

E[(G —EG)(H — EH)T] =E Uot Ajo(s — t)dB, /Oa Aja(s — a)st]

min(t,a)
= </ Aia(s —t)A1a(s — a)ds) 1.
0

The rest of the claims can be proved similarly. O

B Proof of the main theorem
In this section, we present the proof of Theorem .2}

B.1 Contractive lemma
We begin by defining the n-step exact process (x,v)) and (x}(t),v’(¢)). Denote dp*
e~ U=z lVI*dxdv. Let (x§, vi) ~ p* and

dx} (t) = v (t)dt, dvi(t) = —uU(x),(t))dt — 2v} (t)dt + V2udBy,

(x5,(0), v (0)) = (X1 (Bue1)» X1 (Bu1)), ®-D
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For the simplicity of notation, we denote (x},v}) = (x%(0), v (0)). And we have for any n and ¢,

(x3(t),vE(t)) ~ p*. With slight abuse of notation, let X,,(¢) and x,,(¢) denote inaccurate starting

point discretization process and midpoint process in Algorithm[I] respectively. And recall that in
Algorithm [T| we have

t

t
ﬁn(t) :All(t)xn + Alg(t)vn + u/ A12(5 — t)Vf(Xn)dS + 2\/’[7,/ Alg(s - t)ng (BZ)
0 0

and
t

X, (1) =A11(t)xn + Ar2(t) v + U/O Ap2(s = )V f(Xn(a))ds + 2\/5/0 A12(s — t)dB;.
(B.3)

And we assume X,,(t) is driven by the same Brownian Motion as x,, () and x (¢) at the n-th step.

Define 2, (1) = |1, (£) — x5 (1) + [%a(t) — X5(8) + Vi (t) = Vi (0] and @, = [[x,, — X512 +
| xn — x% + v, — v ||%. The proof concentrates on the dynamics of the €2,,. Note that Wasserstein
distance minimizes all the couplings and Q,,(t) > ||x, (t) — x (¢)||?>. Hence E(2,, upper bounds of
the Wasserstein distance Wo(Law(x,,), p). Given a synchronously coupled assumption, the dynamics
of Q,,(t) can be characterized as follow.

B.1.1 Proof of Lemma[3.1]

Proof. Let the random process B{* given B, be

—t

B — BaBi L 4B], 0<t<a
¢ dB;, t>a

where Bj is an independent Brownian motion. Note that By is a Brownian bridge and BS = B,,.
Then when X, () is given and x (¢), x,, (t) are coupled synchronously, given B,,, we have

(1) = v (1)dt,
dv’(t) = —uVg(x:(t))dt — uV f(x5(t))dt — 2v} (t)dt + 2/ udBY,

n

and

dx,, (t) = v, (t)dt,
dv,,(t) = —uVg(x,(t))dt — uV f (X, (a))dt — 2v,(t)dt + 2¢/udBY.

For simplicity, denote z,, (t) = x,,(t) —x(t) and ¥, (t) = v, (t) — v} (t). Then by Taylor’s Theorem
1
VU (x,(t)) — VU(x;,(t)) = / V2U (5%, (1) + (1 — 8)x7 (1)) dszn (t). (B.4)
0
Define H; = [, V2U (sx,(t) + (1 — 5)x7(t))ds, then

A9 ()/dt =2 (20 () + u(8), Uu(t) = ulg(xa(t) = 9(x4(6))) = u(V F(Ra(@) = V(1)) = 760 (t))
+ 2(2a (1), Y1)
== 2( () + Ya(), (7 = Deout) + uHizn(t)) = (2 (1), Ya(1)))

A
+ 2u(zn(t) + Yn(t), VI (xa(t) = V. (Xn(a)))),

where in the second equality we use (B.4) and divide V f(X,,(«)) into V f(x,,(¢)) and the difference
Vf(Xn(a)) — Vf(x,(t)). Note that A can be converted to a quadratic form

lu t— Zy, n
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whose eigenvalues ); are given by characteristic function (1 — A)? — 1 (u); (H;) +um — 2)? = 0.
Given the strong-convexity and Lipschitz smoothness of the potential U (x), when w is set to be ﬁ
the eigenvalue of A is greater than i Therefore,

€2, (t)/dt < —%Qn(t) + 2u(zn (t) + ¢n(t), VI (30 (1) = Vf (Xn())))-

Then by multiplying e~ and taking the integral form 0 to 5, we obtain

s—B

2,(8) < €™+ Q2 (0) + 2u /Oﬂ e (xn(s) = x7,(5) + Va(s) = Vi (s), VI (xn(s)) = VF(Rn(a)))ds.

In Algorithm|[T]the random step size 3 ~ p and thus we reach that

EQui1 < Epnpe” “EQn + 20EEj., / e ka(9) = x305) 4 v (5) Vi (9. T F0x(5) — T Rl
O

B.2 Proof of Theorem 4.2]

We devote the rest of this section to the proof of the main theorem. Lemma [5.1] shows that the
dynamics of the EQ2,, is driven by a shrinkage term and a local discretization error. To achieve the
claimed convergence rate, the proof aims to establish an upper bound of local error which is: (1)
dimensional-independent, (2) optimal in the sense of max step size h.

Proof. Given that EQ2,, is an upper bound of the squared 2-Wasserstein distance, it suffices to prove
EQ,, < €. By Lemma and Lemma|5.2 we have

EQ,,(8) <Eg e~ *EQ,
B s ~
BBy [ fr(s) = x0(6) Vi) = VA V0 (5)) = VR

=Eg. e *EQ,
+ 2uhC1EE g pr (% (B) = x3,(8) + va(B) — v (8), VI (xn(B)) — Vf(Xn(ar))) .

A

(B.5)
Next, we bound the error term A by
A =201 uhBE g (30 (8) — xn = X, (8) + %5, 4 V() = Vi — vy (B) + vy, VI (%a(8)) — VI (Xn(@)))

+ 2C(l'UhE<Xn - X:L + vy — V:;a Ea~p’]EB~p’ (Vf(xn(ﬁ)) - Vf(ﬁn(a))»

h
S%E‘lxn(ﬁ) — X, — X5 (B) + X5+ v (B) — v — VE(B) +VE|2

< h * *
+ WRE|Vf(xn(8)) = VFRn(@))|” + —uhElxn =3, + vy = vy |

R By B (7 50 (5)) — ¥ R0}

w?h*L

< (hZ]EﬁNP]EQn(B) + h*EQ, + tr(H) + h4||x*||2)

m
2L
+ u?h? (hQLQEQn + %tr(H) + L2h2||x*||2) + h’EQ,,
2 472 h'4L 472 2
+u? ( WULPEQ, + —=tr(H) + h*L%|x. |

w?h*L

b
Sh?EEg,Q,(8) + h*EQ,, + tr(H) + b x|,
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the observation uL = L < 1. Then by pluggmg the upper bound of A into (B.5)), there exists
constant C such that

b
where in 1nequa11ty , we apply Lemma Lemma and Lemma inequaliti < follows by

21,4
EQ,(8) <Eppe” *EQ, + Cy (thQn(ﬁ) +02EQ, + ) + h4||x*||2> . (B6)
(B:6) can be simplified as
Egnpe™ s + Coh? Coh* (2L
EQ,(8) < -2 ’1’_ o2 2~ EQ, + 1_2702% (mtr(H) + xﬂ) : (B.7)

Note that when 8 ~ p, EQ,,(8) = EQ,,+1. And EQ,, is an upper bound of Wasserstein distance.
Equation (B.7) characterizes the one-step discretization of the Langevin process, where the first term
indicates a linear convergence if without discretization error, and the second term is the one-step

discretization error.

Without loss ofgenerality, letCy > 1. Since h <1 < K, wehave Eg.,e™ % = (1 — en) < 1——.
Since h < 120 , we have h < 55— and h < f and therefore 1 — C’2h2 > 0, 205h% <
Hence the first term of (B.7) can be bounded by

I

z

Epnpe s +Cah? o 1= g +Col?
1— Coh? "SI Oon?

h 2
—a 4+ 2C5h
=|—3———+1|EQ
< 1 Coh? +> "
h h
-+
< 3K 6K EQ
(102h2+> "
h
<({1—-—]EQ
<(1- ),

< 1
12021{ — 203’

EQ,,

(B.8)

As for error term in l| since h < we have < 2053h*. Denote r = 1 — i

1— C }2 6K
and & = 2Cyh* (%tr(H) + 1% )% ) and therefore
£
EQn <rEQn_1+E <rVEQo +EQ+7+ -+ 7V 1) <rVEQ, + T (B.9)
When N > S log (%), we have
Nh 62
rVEQ) < eox EQq < 5 (B.10)
And when h < /2 t
nd when 5, WE g€
= (280n (2L u(H) % 2) s
& €2
< —. B.11
1—r = 2 ( )
Plugging (B.10) and into yields
EQy < €,
and therefore completes the proof. O

C Supporting lemmas

We assume that Assumption [3.1]holds in this section and Section D]
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C.1 Proof of Lemmal[5.2]

We would like to point out that how to match the random step size « and p is critical for obtaining a
low-bias estimator. And the control for local discretization error in Lemmal[5.1]involves a challenging
multiple integral. These considerations inspire our choice of p and p’. And in the following lemma,
we summarize the main properties of p and p’.

Lemma C.1. Let p be probability measure defined on [0, h] satisfying p(dt) (% — ;=) dt, and
the probability measure p’ defined on [0, k] satisfies p’(dt) o (e% — 4 ) dt on [0, 2]. Then for
measurable function F'(t), p and p’ satisfy that

(A) There exists positive constant C; such that E;.., fot e " F(t)=C hE¢np F(t).

(B) There exists positive constant Cy such that E;,/|F(t)| < CEy,|F(t)].

Proof. We begin with the first claim. By the definition of p and integration by parts, we obtain
¢ s—t h 1 t s—t
E¢unif[0,1] / e = F(s)ds :/ - / e = F(s)dsdt
0 o hJo
t

- (2/0 eSZtF(s)ds) '

h h
t—h

:/ e F(t)dt —

0 0

_ /h ! (F(t) - i/oteSZtF(s)ds> dt

0 0

¢ hoy ot

—F(t)dt — = F(s)dsdt

LE() +/0 h/ (s)dsdt,
(C.1)

=

which indicates that

h 1 t t h N t
_—— S;t = t— —_ =
/0 (h h“)/o e = F(s)dsdt /0 (e K h) F(¢)dt.
1t

p & 3 — 7~ has a normalizing constant which is of order ©(1). Denote the normalizing constant of
! (et%h — %) ds by a scalar function Z’(h). To obtain the first claim, it suffices to show Z’(h) is

0
of order O(h). Then given that e~ = > 1 — b Z'(h) satisfies

h
’ t—h t _h h h h
= ko — — = — k) — — < - - = =
Z'(h) /0 (e h)dt /{(1 e ) 5 h 5= 5

which proves the first claim.

Then we prove the second claim of the proposition. Note that when h < &k

Thus
7o (<% -5 <z S ©2
As for p, denote the normalizing constant of p by Z(h) = Oh +— ;L. Sinceh =o(1) and k > 1,
h
Zh)=1- o =0(1)
Then we have
o - )21 (- )24

where the last inequality follows by that ¢ < h = 0(1) and £ > 1. Combining (C.2) and (C.3) yields
Claim (B). O
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C.2 Convergence lemma

Lemma C.2. Let x,. be the minimizer of the potential function, that is, x, = argmin{g(x) + f(x)},
and A is a positive definite matrix that m/ < A < LI. Let x,,(¢) and x7 (¢) be defined as and

(B-T). Assume that u = . Then we have the following bound

1
B[l A%, (t)]* S L2Elxn(t) — x5 (O] + —2(A%) + L. |1,

n

El| A, (1) + v (O)II” S L2E|[xn(t) + v (t) — x5, (t) = vy (1)[|* + %tr(fﬁ) + L2||x.]|?,
and

L2
E[|AV f(xa()1? S L El|xa(t) — x5, (0)[* + Etr(AQ) + LPm® x|,

Proof. We begin with the first bound. By Young’s inequality and Lipschitz smoothness of f,
E[| A%, (8)* SE[A(xn(t) = x5 (0)1* + E[ A(x;, (1) — %) [* + [ Ax. ]
<LPE|%5(t) — x5, ()7 + B[ AGx () — %) + L2]|x. 1%

Since U(-) is m strongly convex and || Hx|| is a convex function with respect to x, Theorem 1.1 of
Hargé [2004] implies that

(C4)

A (1 (1) — Ext) P < By (o, 14X = - tr(42). (©5)

0,L
On the other hand, by Theorem 7 of Basu and DasGupta| [[1997],
(Ex;, (1) — x.) T2 (Ex, (1) — x.) <3,

where X is the covariance of p and therefore bounded by % Hence

Al 1
AIE*t—*2<” < —tr(A?). C.6
A1) —x)I? < 2 < L) c6)
Combining equation (C.3)) and (C.6), we obtain that
1
E[[A(x;, — %)l S E[A(x;, — Ex;,) || + [|A(Ex;, — x| £ —tr(A?). (C.7)

m
Combining (C-4) and (C.7) and then we achieve the first claim.
To bound E||A(x,,(t) + v,(t))||?, we have
E[| A%, (t) + va (1) II* SE[IAG (1) + va(t) — x5, () — vy (1))
+ EJJ A, () + vy (1) — x)|” + [ Ax. ]2
SLZE||xn () + va(t) = x;,(t) = v (D> + E[JAGx () — x|

+E[lAvy (1 + L7 ]*

mn

1 1

SLZE|fxn(t) + va(t) = x5, (8) = V(O + —tr(A%) + —tr(A%) + L[|x]
1

SLZE|fxn(t) + va(t) = x3,(8) = Vi)l + —tr(A%) + L2|x. %,

where the second inequality follows by the Lipschitz smoothness of f(x) and Young’s inequality; in

the third inequality we use (C.7) and v ~ A(0, ).

To prove the third claim, we have

E[|AV f (¢ ())1* SENA(Vf(x6a (1)) = V(x5 (0) I + EJA(VF (x5, (1) = Vf(x:)) [I* + 1AV f(x.)7

SLUE|xn () — x5, ()12 + EL?|| A, (1) — x.)|1* + L2V () ||
L2
SLE||xn (t) = x5 (#)|* + —tr(A%) + Lm?|x. %,

where in last inequality, we apply (C.7) and V f(x.) + mx, = 0. O
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D Technical bounds

In this section, we present some controls that are useful in the proof of Theorem |4.2

D.1 Bound of E||Vf(x,(t)) — Vf(Xn(a))||2

Lemma D.1. Let x,,(t), X, (¢) be defined as above and u = ﬁ For any fixed t,« < h.

(i) When Assumption[3.1]hold and H is a uniform upper bound of V2f, i.e. V2 f(x) < H for
all x € R?, x* (t)and X,, () satisfies

- h?
E[Vf(xa() = VI Rn(@)|* S h*LEQ, + —tr(H?) + L2h*|[x. >

(ii) When Assumptions and[E.2] hold, we have

2
L
B[V (x(1)) — Y (Ra@)) [ S HL%EQ + "~ EM 4 20 | + L3 KO

Proof. For any x,y € R?, we have

2
(D.1)

/O V2f((1 —k)x + ky)(x — y)dk

V56— V)P =\

Denote H = fol V2 f(x+ k(y —x))dk and H depends on x and y. Substitute x, y by x,,(t), X, (),
and then we obtain |V f(x,(t)) — V£ (Xn(a))||? = [|[H(xn(t) — X, ())||>. Then by plugging in
the close-form solution into || H (x,,(t) — X, (a))||%,

IH (3¢ (1) = Rn ()|
7:[<(A11(t) — An(a) — Alg(t) + Alg(a))xn + (Alg(t) — Alg(a))(xn + Vn)"'

u/o A1a(s — )V f(Xn(a))ds — u/o Ara(s — @)V f(x,)ds + 2\/5/0 Aja(s — t)dBg
‘2

— 2\/5/00( Ara(s — a)st)

%(All(t) — Ay (@) = Ara(t) + Ara(@))? [ Hxn [|* + (Ar2(t) — Ara(a)? | H(xn + va)|?

+u? /0 Aia(s — YHV f(Xp(a))ds — /0 Aja(s — a)HV f(x,,)ds

@

i a
/ Alg(s — t)?‘des - / Au(s — Ck)ﬁst
0 0

2
+u

Y

@
(D.2)

b
where in = we use Lemma < follows by the Jensen’s inequality. Besides Lemmaimplies that
(A1 (t) = Avi (@) = Apa(t) + Aia(a))?[|[Hx,||* S B2||[Hxp||? and (Ara(t) — Arz(@))?|[H (x, +
Vn)||2 S h2||H(Xn + Vn)H2~
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For the expectation of term @, we have

2

E /0 Aga(s = t)HV f(Xp())ds — /0 A1a(s — @)HV f(x,,)ds

2

<E /OAlg(s—t)?’:l(Vf(ﬁn(a))—Vf(xn))ds +

2 2

E /t Ais(s — )HV f(x,)ds

+E ’ / (A1a(s —t) — A1a(s — ))HV f(x,)ds
0

t ) (D.3)
g]Et/O Ava(s — 1)2ds]|H(VF(Rn(a) — VF(x0)) |

+E (aft)/ Apa(s — a)?ds| |HV f(xn)|)?

N ]Et/o (Ara(s — 1) — Asa(s — ) 2ds|[HLV f (x)]|2
SHUE|H (Vf(Xn(@) = V(%)) > + B HV f(x0)]],

where in the last inequality we use that ¢, < h and A12(t) = O(t). Let H' = fol V2f(Xn(a) +

4
k(Xn(a) — x,,))dk. By the definition of X, («), E||H (Vf(Xn()) — Vf(x,)) ||* can be upper
bounded by

E|H (Vf&n(a)) = Vf(xn)) |
<LPE|| (V£ (Rn(a)) = Vf(xn)) |I?

=L’k H’]._[’((All(a) — 1)Xn + Alg(a)vn + u/a Alg(t — Oé)Vf(Xn)dt + Qﬁ/a Alg(t — Oé)dBt>
0 0

SLPEA1(a)?[[H (%0 + va)|? + E(A11(2) — Ara(z) — 1)* L[ H x|

o 2
+ uQEa/ L?|| Az (t — a)H'V f(x,)|?dt + uEL?
0

/ Alg(t — O()g/dBt
0

SPLPE|H (xp + vi) | + R L*E[[H %, |* + w*h* LB H'V £ (x,,)|?
2

+ uL’E ‘

/ Alg(t — Oé)?‘lldBt
0

)

where in the last inequality we apply LemmalA.1] Note that x,,(0) = x;, and v,,(0) = v,,. Then by

LemmalC.2]

[V (%n(0)) ~ V(<) P
<IPB|V (% (0)) — V(x|
2
SRA(L*E||x, + v — x5 —vE|I2 + %Etr(ﬁ/z) + LY x.|%) + (L E||x, — x}||?
2 2
TR (H?) + PxP) + B (LBl — x5 7 + B (H?) + D) (D4)

2
+ ul’E ‘

/ A12<t — Oé)/}'_[/dBt
0

272 2

h
<h?L*EQ, +

Etr(H'?) + h?L*||x.||* + uL*E H/ Aot — a)H'dB;
0

3

m

where in the last inequality we use u = ﬁ < min {%, % } Plugging 1i into || and then we
have an upper bound of the expectation of term @. Plugging the upper bound of term @ into (D.2)),
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and thus we have the following inequality

E[Vf(xn(t) = VF(Zn(a))|?
SPE|Hx || + BE[H(xn + va)|* + w?h B2V f (x,)|*
212

Btr (H)") + W2LYx.||? + wEL?

m

+u?h? (h2L4IEQn + L

/ Alg(t — a)’}-_['dBt
0

)

2 o
<h?L?EQ, + %E (tr ((ﬁ’)Q) +tr (7%2)) 4 L2h2||x, |2 + wPh1L2E H/ Aps(t — a)H dB,
0

2

t @
+ u]E‘ / Aja(s — t)HAB, — / Aja(s — a)HdB,
0 0

2

2

i

t [}
-+ ulE ‘ / A12(8 — t)l}:lst — / A12($ — a),}:[st
0 0

where in the last inequality we use Lemma[C.2]and the definition of ©,.

When we assume V2 f(x) has a uniform upper bound H, we have

2

t [}
ulk ’ / A12(8 — t)?'deé — / Alg(S — Oé)r}:ldBé)
0 0
2 (D.5)
h . RhPL
<uE hHdB;|| < —tr(H?) < —tr(H)
0 m m
and
@ B 2 B4 WAL
u3h4L2IE’ / App(t — )H'dBy|| <uPh*L2h3tr(H?) < —tr(H?) < —tr(H).
0 m m

Besides we have tr ((7—?’)2) + tr (H?) < Ltr (H') + Ltr (H) < Ltr(H). These bounds yield the
control

2
E|Vf(x,(t) — Vf(Xn(a)]? < h2L*EQ,, + %u(ﬂ) + L2h2||x. || (D.6)

And when f is Lo-Hessian smooth, by Lemmas [D.2]and [D.3] we have

E[Vf(xn(t)) = VF(Xn(a))]|*
<n212E0, + OB (tr ((}2’)2) +tr (722)) +uh3LM + L2h?||x.||?
~ n m *
+ Lyu*hd? + L3u* L*h'0d? D7)
272 h‘2 /7 1/ hQL 272 2 2,216 32
SWLPEQy + LB (tr (7) + tr (H)) + ——=M + L2h?|[x.||* + L3u*h’d

Lh2M
m

<h*L*EQ, + + L2h?||x.||* + Lau?h®d>.

Lemma D.2. Let H be defined as above. When Assumptions [E.1]and [E.2] hold, we have

t « 2
E ‘ / Apa(s — t)HdAB, — / Aa(s — a)’ﬁtst) S KALM + Liuh®d®.
0 0
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Proof. First, we have

2

E /Ot Apa(s — t)HdB, — /Oa Apa(s — a)ﬁst)
=E ||H (/Ot Arz(s —t)dB; — /0‘1 Aa(s — Oé)st)
<E||(H - E[H|F.]) (/01t Aia(s — t)dB, — /Oa Ava(s — 04)st>

. . ) (D.8)
+E HIE [H|F] (/ Aqa(s —t)dBg — / Aa(s — a)st)
0 0

( /0 " Auals — 1)dB, — /0 " dia(s — a)st) 2)

2
a _ _ _ _ _
where < follows by dividing # into E [#|F,,] and H — E [#|F,,]. In the last inequality, E [#|F, |
is independent of B, and thus

E HE (HIF] ( /0 Aus(s — 1)dB, - /0 " (s - a)dB;)

2

2

2

s (|- e )1

)

+E HIE [H|F] (/Ot Aqa(s —t)dB, — /Oa Aja(s — a)st)

2

<HPE (D.9)

h
E [H|Fy) / dB,
0

<n’Etr ((E [HIF.])").

As for the firs term, let {B/}o<s<; be a standard Brownian motion which is indepen-
dent of {Bs}o<s<p. Define X (o) = J(a,xp;{B.}o<s<a;(Xn,vn)) and x| (t) =
J (0, X (a); {B/ }o<s<t, (Xn, Vn)). Then we have

E|H - E[#IF]|’ <E /0 [V2F((1 = k)xa(t) + kRnl@) = V2F((1 = k)X, (1) + k%, ()] dk

b 1
SL?E/ 11 = B) (xn (1) = x7,(8)) + E(Xn (@) — X5, ()| *dk
0

C t 2
SL3u’E ‘ / Arz(s — 1) (Vf(Xn(a)) = V(X (@))) ds
0
e} a 2
+ LZuR ‘ / Aa(s — a)dB, — / Aa(s — a)dB,
0 0
t t 2
+ L%uE ’ / A12(S — t)st — / A12<S — t)dB/s s
0 0

(D.10)

a _ b
where < follows by the definition of H and Jensen’s inequality; in < we use the Hessian smoothness

C
of f; < follows by the definition of x,,(t), X, (t), X, (a) and X/,(«). For the first term of the last
inequality, by the definition of X,,(«) and X!, («), we have

<L?h*u

2

/O Ara(s = 1) (VF(Rn(a)) = V(R () ds

2

/ Apa(s — a)dBg — / Apa(s — a)dB.,
0 0
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And thus we have

B (Hﬁ—E[ﬂlanf

( /0 " Aus(s — 1)0B, - /0 " As(s a)st) 2)

4 4

t t
<LZuR ‘ / Aqa(s —t)dB,|| +EL2u / Aa(s —t)dB, ®.11)
0 0 :
« 4 « 4
+ L3uRE / Apa(s — a)dBy|| + L3uE ’ / Ajs(s — a)dB.,
0 0
<L3uhSd*.

Plugging (D-TT)) and (D.9) in to control (D-8) yields

t o 2
E’ / Apa(s — t)HdB, — / Apa(s — a)ﬁst)
0 0
<hEtr ((E[?-_L|J-'n])2) + L2uhSd?

<h3LM + L3uhSd?,

where the last inequality follows by Assumption |E.2|and the observation that Etr ((E [H|F]) 2)
LEE[tr (H) | F.] < LM.

O IA

Lemma D.3. Let # and 7’ be defined as above. When Assumptions andhold, we have

2

uLl’E ‘ SuLlPhdM + Liu?L?hed?.

/ Alz(t — Oé)?jl/dBt
0

Proof. Similar to the proof of Lemma[D.2] we have

le' 2
uLl’E / App(t — a)H'dB,
0

a 2
:uL2E 7'_[// Alg(t — a)dBt
0

2 2

<ul’E||(#' —E [7'| 7)) / Asa(t — a)dB,
0

+uL2EH]E ] / Ava(t — a)dB,
0

<uL’E <||7-l’ —E[H# 5]

/ A12 (t — Oé)dBt
0

2
> +ul* W Etr ((E[H|F.])?).
(D.12)

We follow the notation of B/, and X/, () in (D.10). Then
2)

/ A12(t — Oé)dBt
0

E (IIH’ ~E[R|F| H / Ap(t — a)dB,
0

<E <L§ / (1 — k) [%n(c) — %, ()] dk \

)

/ Alg(t — Oé)dBt
0

2

2) (D.13)

/ A12(5 — Oé)st — / Alg(s — Oé)dB;
0 0

<LiE (u

4
<LZuE ‘

/ Alg(s — Ot)dBS
0

SL3uhSd?.
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Combining (D-12) and (D-13) and using tr (E[#'|F,,]) < LM yields

2

ul’E ‘ SuLlPhdM + Liu?L?hed?.

/ Alg(t — Oé)?jlldBt
0

D.2 Bound of E||x,,(t) — x,, — x5 (t) + x5 + v (t) — v, — vE(t) + v ||?

To prove Lemma [5.3] we consider the following Lemma which also includes the Hessian smooth
case.

Lemma D.4. Let x,(t), vy, (t), v (t) and v;(t) be defined as above and u = 7.
(i) Under Assumption [3.1] for any ¢, v < h, we have
ElJxn(t) = xn — x5, (t) + x5, + Vi () = v = v (t) + V;kz”Q

L (D.14)
Sh2EE;, Q0 (t) + R EQ, + u2h4%tr(H) + hh|x. |2

(ii) Under Assumptions[3.1] [E-T|and [E2] for any ¢, o < h, we have
E||%n (t) = %n — x5, (t) + x5, + Vo (t) = v = v (1) + v |7
h*LM
Sh2EE;, Q0 (t) + REQ, + u? ——— + h*||x.||? + L3u*h8d>.
m
Proof. Since the discretized process and the continuous process are synchronously coupled,
Xn (t) = Xn = %3, (1) + %5, + Vo (t) — v — Vi () + v,

t

=/ (Va(s) = vi(s) —um(xn(s) = x7,(5)) = 2(vn(s) = vy, (s)) — uVf(Xn(a)) + uV f(x;,(s)))ds.
0
(D.15)

Hence the square norm satisfies

3¢ (£) = % = X3, (£) + x5, + Vi (£) = Vo = Vi (1) + V3 ||

(s / [Vn(5) = VE(5) + Xn(5) — x5(5)[%ds + 3(L — um)?t / % (5) — x(5)]2ds
3t [ IFRa) - VHi(5)]ds)

S " (s)ds + 3%t / IV (@) — V£ () 2,
’ ’ (D.16)

a b
where < follows by equation [[D.15]] and Jensen’s inequality; in < we use |1 —um| < 1 and substitute
the square norm by £2,,(s). To bound the second term in the last inequality, we have

[ 19 e) = 900 P

0

< [ 197606 = VGG ) Pds + [ IV Rala)) = ViGa(s)lPas @17
0 0

<1’ / Q(s)ds + / IV £ (R (@) — ¥ f (320 (5))]2ds,
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where in the second inequality, we use the Lipschitz smoothness of f and ||x,(¢) — x%(¢)|| < Q,(t).
By combining bound (D.16) and (D.17), we arrive at that

E[[x(t) = %5 — X5, (£) + %5, + Vi (t) = Vi — Vi, (1) + vy |®
¢ t
<t | EQ,(s)ds +u’t | E|VF(Rnla)) — VI(x.(s))]*ds
0 0 (D.18)
hq h
<i? / O, ()dt + u2h/ E||V £ (R (@) — Vf (xa(s))]ds.
0 0
By (C3), we have h? [ LEQ,, (1)dt = h2Eyuniio s EQn () S h2Em EQ ().
When the Hessian of f is upper bounded by H, by (D.6), we have
El[%5(t) = %5 — X5, (£) + X, + Vi (£) = Vi = Vi (1) + v ||°

h2L
Sh2E4 ,BQ, () + u®h? <h2L2EQ + —tr(H) + L*h?||x. ||2>

hAL
SKPEE, Q0 (t) + W*EQ,, + u® —tr(H) + h*||x.||?,
m

which completes the first claim.
When the f is Lo-Hessian smooth, by (D.7), we have

El[xn(t) = xn — x3,(t) + x5, + Vi (t) — v, — vy (1) + V:L||2
h2LM

Sh2En ,BQ, () + u®h? (h2L2]EQn + + L?Rh?|x.|]? + L§u2h6d2)

RALM
SH2EE, Q0 (1) + R*EQ,, 4+ u? ——— + h?||x.||? + Lju*h®d?,
m

which establishes the second claim.

D.3 Bound of E|[EgyEany (Vf(x,(8)) — Vf(Xn(a)))|?

Lemma D.5. Let x,,(¢) and X,,(¢) be defined as above and u = Then,

L+m

(i) When Assumption[3.1]holds, and H be defined as Definition 3.2} Then

6
E|EsmpBanp (VF(xn(B)) — Vf(Xn(a)))|* S hOL?Q, + %tr(H) + RO L%, |2

(i) When Assumptions 3.1} [E.T|and [EZ] hold, we have

E”EBNp’EaNp’v(f(Xn(ﬂ)) - Vf(ﬁn(a))) ”2
6
<hSL*EQ,, + WL + WS L?||x. || + Lau?h'Od>.
m

Proof. Note that x,,(¢) depends on «. First, we have

B)) = Vf(Rn()))|?
B)) = Earp Vf (Zn(a))) |17
)12

E”E,BNP’EaNp’V( (xn(
=E[Ea~p (Eanp Vf (3
=E[Ea~pEswp (Vf(xn(s)) = V(Xn(s))
SEEqnp Espr [V f(xn(5)) = Vf (Xn(s))]l
=Eanp Bsnp B [|[VF(%n(5)) = Vf(Rn(s))|*|c, 5] -
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Define H" = fol V2f(xn(8) + k(Xn(5) — x,(s))) and recall that H' = fol V2 f(Xn(a) + k(x, —
Xy ()))dk. And then E [[|[V f(x,(s)) — V f(Xn(5))]|*|, s] can be bounded by

E [IIVF(xn(s)) = V. (Xn(5))I* |, 5]

=E [|H" (xn(s) — Zn(s))[I*| e 5]
b
where = is by plugging in the close-form solution of x,,(s) and X,,(s); < follows by Ay5(t —s) < h
and the Lipschitz continuous of V f.
E||Eﬁ~p’]Ea~p’v(f(Xn(ﬁ)) - Vf(in(oz))) H2
SWhLPE(V f(Rn(a)) = V f(x0)]?

2
LR

W [ Aralt = )V Rafa)) = VS o))l
0

S L2E [[[V £ (Ra(0)) — Vf (%) 2] 5]

h2[.2 _ @ _
— Etr(H?) + h?L*|x.||* + uL*E H/ Apa(t — a)H'dB;
0

a 2
<u?h? <h2L4EQn + )
2

)

hS _
SKOLPEQ, + —Etr(H'?) + h°L?|x.||? + vw*h* L’E ‘
m

/ ’Alg(t — Oz),}'_[/dBt
0

where % follows by (D-4). When V2 f has a uniform upper bound H, we have
E|Esnp Eanp V (f(xn(8)) = V f(Xn(a)))*

<hL’EQ, + %GEtr(?:L’Q) + RO L%, |2 + uh"tr(H?)

<hSL2EQ, + %tr(H) + hOL2||x.||?,
where in the last inequality, we use that Etr(H'?) < LEtr(H') < Ltr(H) and tr(H?) < Ltr(H).
And when Assumptions[E.T|and [E:2] hold, by Lemma[D.3]

E|Esnp Eanp V(f(xa(8)) = V.f(Xn(a)) |
<hSL2EQ, + %GEtr(’;':l’Q) + hO L%, |2 + uh"LM + L2u*h'°d?

X heL X
<hSLPEQ,, + — M + hOL?||x.||* + L3u*h'Yd>.
m

E Local Hessian bound results

As discussed in Section [d.1] here we show that the uniform Hessian upper bound can be relaxed
to local trace control with an additional Hessian smooth assumption. Specifically, we make the
following assumptions on f.

Assumption E.1. f has a L,-Lipschitz Hessian.

Assumption [E.T|is a standard assumption that frequently appears in the literature of optimization and
sampling [Ma et al.| 2021} [Dalalyan and Riou-Durand| [2020, |Durmus and Moulines| 2019]].

Assumption E.2. There exist M > 0 such that for all x € R, tr(V2f(x)) < M.

Assumption relax the uniform Hessian bound V2 f(x) < H for x € R under which we obtain
a convergence rate with tr(H). Assumption only requires that the trace of Hessian can be
controlled locally. Under Assumptions [ET] and [E:2] the convergence of DRUL only has a weak
dimension dependency, as stated in Theorem [E.3]
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Theorem E.3. For any tolerance ¢ € (0,1), denote the minimizer of U(x) by x.. Assume that
Assumptions [3.1] [E-T|and [E:2] hold. Set the step size

1 62/3 62/7

h < min , )
12Cyk (4802K (%M—I— ||X*||2))1/3 (4862L§u4d2)

17

where C, > 1 is a universal constant. With initial point (xg,vq), define Qp =
Expven0u) (%0 = x[|? + [[x0 + vo — v — x[|?). Then under Assumptions 3.1} when

8ek 2EQq
”2h10g< 2 >

Algorithm|T|outputs x,, such that W (Law(xy,), p) < €.

Without loss of generality, assume x, = 0. Then Theorem [E-3]indicates a convergence rate of
O (M*/3¢2/3 4 d?/7e=2/T), which has a lower dimension dependency both in the sense of the

order of d and the relevant e coefficient. When the Hessian of any x € R4 has a dimension-free trace,
we arrive at a convergence rate of O (e=2/3 4 d%/7e=2/T).

E.1 Proof of Theorem [E.J3

In this section, we prove the convergence guarantee using the upper bound of the local Hessian trace.

Proof. We follow the notations in the proof of Theorem .2)in Appendix[B.2] Similarly, denote the

error in (B:3) by
A = 2uhCiEE s (% (8) = %,(8) + va(B) = v, (B), VI (xn(B)) = Vf(Xn(a))).
Then

A 2C1uhE(xn (B) = %0 — %, (B) + %5, + Va(8) = Vi = v (B) + vi,, VI (xa(5)) = VF(Xn(a)))
+ 2C1uhE(xn — X5, 4+ Vi = Vi, Banp Bgny (VI (%0 (8)) = VF(Xn(@))))

Uh * * * *
S/JEHX"(B) —Xn — Xn(ﬂ) + Xn + V"(B) —Vnp — Vn(ﬂ) =+ V'IL||2
) h * *
+ PRV f (%, (8)) = Vf(%n(@))|* + L UhE[xn =, + vy — vill?
u ~
+ 3 U Eanp By (Vf (%0 (5)) = Vf&En(a))]?
a KWLM
< (hZEEMQn(t) + R EQ, + vl ——— + hY|x.|* + L§u4h8d2)
m
h2L
+ u?h? <h2L2EQn + —M + L?h?||x.||* + L§u2h6d2> + h’EQ,,
m

hSL

+ u? (hGLQ]EQn + ——M + hSL?||x. || + L§u2h10d2>
m

w?h*L

m

where < follows by Lemmasand We shall note that EQ,, 1 = Eg.,€,(5). Combining
the above control with (B-3)), we have

Sh*EEg.,Q,(8) + h*EQ,, + M + n*||x.||* + L3u*h®d?,

5

Eg.,e” % + Coh? h* ’L

EQ,,., <-2~0° RESEL oY Cs <UM+||X*||2+L§u4h4d2)
m

1— Cyh? "1 — Cyh?

h 2L
< (1 — ) EQ,, + 20,h* (“M + [|%. )12 + L§u4h4d2) ,
6K m
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where the last inequality follows by the control (B-8) and the choice of & which satisfies 1 —Ch? > 1.
Denote r = 1 — 6’—; and &' = 2C,h* (“%M + 1% 1? + L%u4h4d2> and therefore

&
EQn <rEQn_1+E<rVEQo+EQ+r+ -+ 7V <rVEQ, + Tt
When N > S log (212%), we have
Nh 62

rVEQy < eox EQq < 7 (E.1)

And when
2/3 2/7
h < min 2 1/3° 2 /7 (°
(48Cok (“EM + ||x.|2)) " (48C2L3utd?)

we get 13 < % Together with the (E.T)), we obtain the convergence rate in Theorem O

Finally, we would say that the trace of Hessian should be a more realistic factor to characterize the
complexity of Langevin algorithms. Beyond the ridge separable functions described in Section [3.3]
we illustrate the Bayesian sampling over the two-layer neural network model and show that the neural
network also has a bounded trace under suitable conditions. Note that our convergence analysis cannot
be applied to this task since neural networks are non-convex models, and we leave the extensions of
analysis to the general non-log-concave case as future work.

Proposition E.4. Define f(W,w) = w'o(W x), where o is the activation function. When
[x[l1 <71, [[w] <72 and 0”(z) < o, we have tr (V2 f(W,w)) < arirs.

Proof. By direct computation, we have

0 0

% =o(W'x), % = (a’(WTx) OwW) ®x,

0? 0?

TW]; =0, 8\7\{2 = Diag(¢”(W'x) O W) ® x ® x.

Therefore,
tr (sz(W, w))) = /)% - tr (Diag(a”(WTx) Ow))
<r?. (¢"(W'x),x) (E2)
< arirs.
O
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