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ABSTRACT

The use of low-bit quantization has emerged as an indispensable technique for
enabling the efficient training of large-scale models. Despite its widespread em-
pirical success, a rigorous theoretical understanding of its impact on learning per-
formance remains notably absent, even in the simplest linear regression setting.
We present the first systematic theoretical study of this fundamental question, an-
alyzing finite-step stochastic gradient descent (SGD) for high-dimensional linear
regression under a comprehensive range of quantization targets: data, labels, pa-
rameters, activations, and gradients. Our novel analytical framework establishes
precise algorithm-dependent and data-dependent excess risk bounds that charac-
terize how different quantization affects learning: parameter, activation, and gradi-
ent quantization amplify noise during training; data quantization distorts the data
spectrum; and data and label quantization introduce additional approximation and
quantized error. Crucially, we prove that for multiplicative quantization (with
input-dependent quantization step) , this spectral distortion can be eliminated, and
for additive quantization (with constant quantization step), a beneficial scaling ef-
fect with batch size emerges. Furthermore, for common polynomial-decay data
spectra, we quantitatively compare the risks of multiplicative and additive quanti-
zation, drawing a parallel to the comparison between FP and integer quantization
methods. Our theory provides a powerful lens to characterize how quantization
shapes the learning dynamics of optimization algorithms, paving the way to fur-
ther explore learning theory under practical hardware constraints.

1 INTRODUCTION

Quantization has garnered widespread attention as an essential technique for deploying large-scale
deep learning models, particularly large language models (LLMs) (Lang et al., 2024; Shen et al.,
2024). In line with this low-precision paradigm, a new frontier of research has emerged: quanti-
zation scaling laws, which seek to formalize the trade-offs between model size, dataset size, and
computational bit-width. Seminal work by Kumar et al. (2024) treated bit-width as a discrete mea-
sure of precision. This was extended by Sun et al. (2025), who established a more comprehensive
scaling law for floating-point (FP) quantization (Kuzmin et al., 2022) by separately accounting for
the distinct roles of exponent and mantissa bits. Going further, Chen et al. (2025) proposed a uni-
fied scaling law that models quantized error as a function of model size, training data volume, and
quantization group size. Collectively, these studies identify a crucial insight: for large-scale model
training, strategic low-bit quantization can drastically reduce memory, computation, and communi-
cation overhead. This efficiency enables the training of significantly larger models on more extensive
datasets under a fixed memory budget, all without sacrificing final model performance.

The practical deployment of low-precision training has advanced rapidly, yet a significant theory-
practice gap persists. Theoretical research remains predominantly restricted to analyzing conver-
gence guarantees on the training loss for quantized optimizers (Nadiradze et al., 2021; Liu et al.,
2023; Xin et al., 2025; Markov et al., 2023). For example, Markov et al. (2023) proves convergence
guarantee for the communication-efficient variant of Fully-Shared Data-Parallel distributed training
under parameter and gradient quantization. While these studies offer crucial insights into optimiza-
tion, they overlook a more fundamental question: how does quantization affect the model’s learning
performance? Specifically, a rigorous characterization of the interplay between quantization, model
dimension, dataset size, and their joint effect on the population risk remains largely unexplored. A
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notable step in this direction is Zhang et al. (2022), which analyzes the generalization of quantized
two-layer networks through the lens of neural tangent kernel (NTK). However, their work is limited
in three key aspects: it only considers parameter quantization; its analysis is confined to the lazy-
training regime; and it fails to provide explicit generalization bounds in terms of core parameters
like sample size, dimension, and quantization error. These limitations restrict its applicability to
modern low-precision training practices.

Motivated by recent theoretical advances in scaling laws (Lin et al., 2024; 2025), we analyze the
learning performance of quantized training using a high-dimensional linear model. This model
serves as a powerful and well-established testbed for isolating phenomena like learning rate and
batch size effects (Kunstner & Bach, 2025; Luo et al., 2025; Zhang et al., 2024b; Xiao, 2024; Ren
et al., 2025; Bordelon et al., 2025). Its simplicity provides the analytical flexibility necessary to
derive precise relationships between generalization error and critical parameters such as dimension,
sample size, and quantization error (or bit-width).

Our Setting. In this paper, we consider SGD for linear regression under quantization. We first
iterate the standard linear regression problem as follows:

min
w

L(w), where L(w) =
1

2
Ex,y

[
(y − ⟨w,x⟩)2

]
,

where x ∈ H, is the feature vector, where, H is some (finite d-dimensional or countably infinite
dimensional) Hilbert space; y ∈ R is the response; D is an unknown distribution over x and y;
and w ∈ H is the weight vector to be optimized. We consider the constant stepsize SGD under
quantization as follows: at each iteration t, an i.i.d. batch (with batchsize B) of examples (Xt,yt) ∈
RB×d × RB is observed, and the weight wt ∈ Rd is updated according to SGD as follows.

wt = wt−1 + γ
1

B
Qd(Xt)

⊤Qo

(
Ql(yt)−Qa

(
Qd(Xt)Qp(wt−1)

))
, t = 1, ..., N,

(Quantized SGD)

where γ > 0 is a constant stepsize, N is the number of sample batches observed, the master weights
be initialized at w0, and Qd,Ql,Qp,Qa,Qo are independent general quantization operations for
data features, labels, model parameters, activations and output gradients respectively. Notably, for
theoretical simplicity, we assume all matrix operations (e.g., addition and multiplication) are com-
puted in full precision, with quantization applied subsequently to obtain low-precision values. Then,
we consider the iterate average as the algorithm output, i.e., wN := 1

N

∑N−1
t=0 wt.

The goal of this work is to characterize the learning performance of the quantized SGD via evaluating
the population risk L(wN ), and more importantly, its relationship with the quantization error. Let
w∗ = argminL(w), we define the following excess risk as a surrogate of the population risk:

E(wN ) = L(wN )− L(w∗). (Excess Risk)

Our Contributions. We develop a novel theoretical study on the learnability of the quantized SGD
algorithm for high-dimensional linear regression problems. Our contributions are as follows:

• By systematically analyzing a class of quantization techniques, we establish a theoretical bound
for the excess risk in quantized SGD. This bound is explicitly formulated as a function of the
full eigenspectrum of the quantized data feature covariance matrix, sample size, and quantiza-
tion errors (see Theorem 4.1 for details). Our results precisely reveal how quantization applied
to different model components impacts learning performance: data quantization distorts the data
spectrum; the quantization of both data and labels introduces additional approximation and quan-
tized error; while the quantization of parameters, activations, and output gradients amplifies noise
throughout the training process on the quantized domain.

• We analyze two standard quantization error models: additive and multiplicative, which conceptu-
ally relate to the integer and FP quantization techniques. Our theoretical result shows that multi-
plicative quantization eliminates spectrum distortion and subsumes the additional quantized error
into dominated terms (see Theorem 4.2 for details). For additive quantization, our theoretical
bound suggests that the impacts of activation and gradient quantization diminish as batch size
scales up (see Corollary 4.1 for details).
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• We further derive the conditions on the quantization errors such that the learning performance
of the full-precision SGD can be maintained (in orders). Our results indicate that compared
with multiplicative quantization, additive quantization imposes more strict spectrum-related and
dimension-related requirements on data quantization but weaker batchsize-related requirements
on activation and parameter quantization (see Corollary 4.2 for details). By extending the com-
parison to data spectra with polynomial decay, we draw implications for comparing integer and
FP quantization (see Corollary 4.3 for details). This allows us to identify the conditions under
which each type is likely to yield superior performance.

2 RELATED WORKS

High-dimensional Linear Regression via SGD. Theoretical guarantees for the generalization prop-
erty have garnered significant attention in machine learning and deep learning. Seminal work by
Bartlett et al. (2020); Tsigler & Bartlett (2023) derived nearly tight upper and lower excess risk
bounds in linear (ridge) regression for general regularization schemes. With regards to the classi-
cal underparameterized regime, a large number of works studied the learnability of iterate averaged
SGD in linear regression (Polyak & Juditsky, 1992; Défossez & Bach, 2015; Bach & Moulines,
2013; Dieuleveut et al., 2017; Jain et al., 2018; 2017). With regards to modern overparameterized
setting, one-pass SGD in linear regression has also been extensively studied (Dieuleveut & Bach,
2015; Berthier et al., 2020; Varre et al., 2021; Zou et al., 2023; Wu et al., 2022a;b; Zhang et al.,
2024a), providing a framework to characterize how the optimization algorithm affects the general-
ization performance for various data distributions. Another line of work analyzed the behavior of
multi-pass SGD on a high-dimensional ℓ2-regularized least-squares problem, characterizing excess
risk bounds (Lei et al., 2021; Zou et al., 2022) and the exact dynamics of excess risk (Paquette et al.,
2024a). From a technical perspective, our work builds on the sharp finite-sample and dimension-free
analysis of SGD developed by Zou et al. (2023). However, these works did not concern the practical
quantization operations. It remains unclear how quantization error affects the learning behavior of
SGD for linear regression.

Theoretical Analysis for Quantization. As a powerful technique for deploying large-scale deep
learning models, quantization has attracted significant attention. From the theoretical perspective,
a line of works focus on the convergence guarantee in both quantized training (SGD) algorithms
(De Sa et al., 2015; Alistarh et al., 2017; Faghri et al., 2020; Gorbunov et al., 2020; Gandikota
et al., 2021; Markov et al., 2023; Xin et al., 2025) and post-training quantization methods (Lybrand
& Saab, 2021; Zhang & Saab, 2023; Zhang et al., 2023; 2025). For low-precision SGD, De Sa
et al. (2015) was the first to consider the convergence guarantees. Assuming unbiased stochastic
quantization, convexity, and gradient sparsity, they gave upper bounds on the error probability of
SGD. Alistarh et al. (2017) refined these results by focusing on the trade-off between communication
and convergence and proposed Quantized SGD (QSGD). Faghri et al. (2020) extended the fixed
quantization scheme (Alistarh et al., 2017) to two adaptive quantization schemes, providing a more
general convergence guarantee for quantized training. For post-training quantization, Lybrand &
Saab (2021) derived an error bound for ternary weight quantization under independent Gaussian
data distribution. Zhang et al. (2023) extended this results to more general quantization grids and
a wider range of data distributions using a different proof technique. More recently, Zhang et al.
(2025) presented the first quantitative error bounds for OPTQ post-training algorithm framework.
However, no prior work provides explicit generalization bounds.

Linear Models for Theory of Scaling Law. Several recent studies have sought to formalize and
explain the empirical scaling laws using conceptually simplified linear models (Bahri et al., 2024;
Atanasov et al., 2024; Paquette et al., 2024b; Bordelon et al., 2024; Lin et al., 2024; 2025). Among
them, Bahri et al. (2024) considered a linear teacher-student model with power-law spectrum and
showed that the test loss of the ordinary least square estimator decreases following a power law in
sample size N (or model size M ) when the other parameter goes to infinity. Bordelon et al. (2024)
analyzed the test error of the solution found by gradient flow in a linear random feature model and
established power-law scaling in one of N , M and training time T while the other two parameters
go to infinity. Building on the technique in Zou et al. (2023), Lin et al. (2024) analyzed the test error
of the last iterate of one-pass SGD in a sketched linear model. They presented the first systematic
study to establish a finite-sample joint scaling law (in M and N ) for linear models that aligns with
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empirical observations (Kaplan et al., 2020). More recently, Lin et al. (2025) extended the scaling
law analysis to the setting with data reuse (i.e., multi-pass SGD) in data-constrained regimes.

3 PRELIMINARY

3.1 QUANTIZATION OPERATIONS

For all quantization operations in (Quantized SGD), we employ the stochastic quantization method
(Markov et al., 2023), which unbiasedly rounds values using randomly adjusted probabilities. We
summarize this in the following assumption.

Assumption 3.1. Let Qi, i ∈ {d, l, p, a, o} be the coordinate-wise quantization operation for data
feature, label, model parameters, activations, and output gradients, respectively. Then for any u,
the quantization operation is unbiased:

E [Qi(u)|u] = u.

Furthermore, to better uncover the effect of quantization, we consider the following two types of
quantization error: multiplicative quantization and additive quantization, which are motivated by
abstracting the behavior of prevalent numerical formats used in practice.

Definition 3.1. Let Q be an unbiased quantization operation. We categorize it based on the structure
of its error variance:

• Multiplicative quantization. We call the quantization is ϵ-multiplicative if the conditional second
moment of quantization error is proportional to the outer product of raw data itself, i.e.,

E
[
(Q(x)− x) (Q(x)− x)

⊤
∣∣∣∣x] = ϵxx⊤.

• Additive quantization. We call the quantization is ϵ-additive if the conditional second moment of
quantization error is proportional to identity, i.e.,

E
[
(Q(x)− x) (Q(x)− x)

⊤
∣∣∣∣x] = ϵI.

This theoretical distinction is grounded in practical quantization schemes. For instance, integer
quantization (e.g., INT8, INT16) uses a fixed bin length, resulting in an error that is largely indepen-
dent of the value’s magnitude. This characteristic aligns with our definition of additive quantization,
where the error variance is uniform across coordinates. Conversely, floating-point quantization (e.g.,
FP8, FP32) employs a value-aware bin length via its exponent and mantissa bits (e.g., the E4M3 for-
mat in FP8). This structure causes the quantization error to scale with the magnitude of the value
itself, corresponding to the model of multiplicative quantization.

To precisely capture the quantization error, we further introduce some relevant notations on quanti-
zation errors during the training. Denote the activation and output gradient at time t as

at = Qd(Xt)Qp(wt−1), ot = Ql(yt)−Qa (Qd(Xt)Qp(wt−1)) .

Then we are ready to define quantization errors.

Definition 3.2. The quantization error on data ϵ(d), on label ϵ(l), on parameter ϵ
(p)
t at time t, on

activation ϵ
(a)
t at time t and on output gradient ϵ(o)t at time t are defined as follows.

ϵ(d) := Qd(x)−x, ϵ(l) := Ql(y)−y, ϵ
(p)
t := Qp(wt)−wt, ϵ

(a)
t := Qa(at)−at, ϵ

(o)
t := Qo(ot)−ot.

3.2 DATA MODEL

We then state the regularity assumptions on the data distribution, which align with those common in
prior works Zou et al. (2023); Lin et al. (2024). A key distinction in our setting is that all training
is performed on quantized data, Qd(x) and Ql(y). Consequently, we formulate these assumptions
directly on the quantized data rather than the full-precision versions.
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Assumption 3.2 (Data covariance). Let H = E[xx⊤] be the data covariance matrix and

H(q) := E[Qd(x)Qd(x)
⊤], D := E[(Qd(x)− x)(Qd(x)− x)⊤],

be the covariance matrices of the quantized data feature and quantization error, respectively. Then
we assume that tr(H) and tr(H(q)) are finite.

Further let H =
∑

i λiviv
⊤
i be the eigen-decomposition of H, where {λi}∞i=1 are the eigenvalues

of H sorted in non-increasing order and vi are the corresponding eigenvectors. As in Zou et al.
(2023), we denote

H0:k :=

k∑
i=1

λiviv
⊤
i , Hk:∞ :=

∑
i>k

λiviv
⊤
i , I0:k :=

k∑
i=1

viv
⊤
i , Ik:∞ :=

∑
i>k

viv
⊤
i .

Similarly, we denote the eigendecomposition of H(q) as H(q) =
∑

i λ
(q)
i v

(q)
i v

(q)
i

⊤
and correspond-

ingly obtain H
(q)
0:k,H

(q)
k:∞, I

(q)
0:k, I

(q)
k:∞.

Assumption 3.3 (Fourth-order moment). Let x(q) = Qd(x). Then for any PSD matrix A, there
exists a constant αB > 0 such that

E
[
x(q)x(q)⊤Ax(q)x(q)⊤

]
⪯ αB tr(H(q)A)H(q).

We note that the above assumptions are adopted primarily to simplify the exposition of our final
theoretical results. In practice, for specific quantization mechanisms (e.g., the multiplicative or
additive schemes in Definition 3.1), Assumption 3.2 is naturally satisfied by combining standard
regularity conditions on the full-precision data (Assumptions 2.1 and 2.2 in Zou et al. (2023)) with
the specific properties of the quantization error1.

Furthermore, to extend the model noise assumption to the quantization setting, we define the optimal
model weights regarding the quantized data features and labels:

w(q)∗ = argminw Ex,y∼D
[
(Ql(y)− ⟨w,Qd(x)⟩)2

]
.

Accordingly, we make the following assumption on the model noise ξ := Ql(y) − ⟨w(q)∗,Qd(x)⟩
based on the optimun under quantization.

Assumption 3.4. Denote ξ := Ql(y) − ⟨w(q)∗,Qd(x)⟩. Assume there exists a positive constant
σ > 0 such that

E
[
ξ2Qd(x)Qd(x)

⊤] ⪯ σ2H(q).

In fact, Assumptions 3.3 and 3.4 can be directly inferred from the standard assumptions on the
full-precision data under specific quantization regimes. We defer the discussion to Section G.

4 MAIN THEORETICAL RESULTS

We first derive excess risk upper bounds for Quantized SGD in Section 4.1, then compare these rates
with the full-precision SGD (in orders) in Section 4.2 and perform specific case study in Section 4.3.

4.1 EXCESS RISK BOUNDS

We now provide excess risk bounds under general quantization, multiplicative quantization and
additive quantization. Denote the effective dimension for Hq: k∗ = max

{
k : λ

(q)
k ≥ 1

Nγ

}
.

Theorem 4.1. Consider the general data quantization, let DH
1 = H (H+D)

−1
D (H+D)

−1
H

and DH
2 = D(H + D)−1H(H + D)−1D, and consider the zero initialization w0 = 0. Under

Assumption 3.1, 3.2, 3.3, and 3.4, if the stepsize γ < 1
γαBtr(H+D) , then it holds that,

E[E(wN )] ≤ VarErr + BiasErr + ApproxErr + QuantizedErr,

1We remark that the multiplicative quantization regime will require no dimensional constraints, making the
results applicable even to infinite-dimensional settings. In contrast, additive quantization necessitates a finite
dimension to prevent the variance of the quantization error, tr(ϵI), from becoming infinite.
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where

VarErr =

σ
(q)
G

2
+ 2αB

Nγ

(
∥w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w(q)∗∥2

H
(q)

k∗:∞

)
1− γαBtr (H+D)

(
k∗

N
+Nγ2

∑
i>k∗

λ
(q)
i

2

)
,

BiasErr =
1

γ2N2
· ∥w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w(q)∗∥2

H
(q)

k∗:∞
,

ApproxErr = E
[
(ϵ(l))2

]
+

3

2
∥w∗∥2DH

1
+

1

2
∥w∗∥2DH

2
,

QuantizedErr = 2∥D∥
[

1

γ2N2
· ∥w(q)∗∥2

(H
(q)

0:k∗ )−2
+ ∥w(q)∗∥2

I
(q)

k∗:∞

]

+2∥D∥
σ
(q)
G

2
+ 2αB

Nγ

(
∥w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w(q)∗∥2

H
(q)

k∗:∞

)
1− γαBtr (H+D)

∑
i≤k∗

1

Nλ
(q)
i

+Nγ2
∑
i>k∗

λ
(q)
i

 ,

with 2 σ
(q)
G

2
=

σ2+supt

∥∥∥E[ϵ(o)t ϵ
(o)
t

⊤
|ot

]
+E

[
ϵ
(a)
t ϵ

(a)
t

⊤
|at

]∥∥∥
B + αBE

[
tr

(
H(q)ϵ

(p)
t−1ϵ

(p)
t−1

⊤
)]

.

Theorem 4.1 establishes an excess risk bound for quantized SGD under a general quantization
paradigm, which is decomposed into four terms: variance error, bias error, approximation error, and
quantized error. In particular, the variance and bias errors resemble those for the full-precision SGD
(Zou et al., 2023) and can be equivalent by setting the quantization error to be zero. The key role
that quantization plays relies is two-fold: data quantization significantly influences the effective data
Hessian H(q), while activation, output gradient and parameter quantization affect the effective noise
variance σ

(q)
G (which will be further characterized in the subsequent theorems when given specific

quantization type). Specifically, the quantized Hessian arises from performing SGD in quantized
data space and the quantized noise variance corresponds to additional quantization error introduced
in the parameter update rule.

The additional two error terms, i.e., approximation error and quantized error, can be interpreted
as follows. The approximation error, resulting from quantization of both data and labels, corre-
sponds precisely to the discrepancy between the optimal solution in non-quantized data space and
quantized data space, i.e., 1

2E
[
(Ql(y)− ⟨w(q)∗,Qd(x)⟩)2

]
− 1

2E
[
(y − ⟨w∗,x⟩)2

]
. The quantized

error originates from the risk associated with applying the quantized averaged SGD iteration wN

to the discrepancy between the quantized data Qd(x) and the raw data x, which takes the form
⟨D,E [wN ⊗wN ]⟩. This expression resembles the quantized bias and quantized variance, but in-
cludes an additional factor accounting for data quantization error.

Moreover, in the absence of quantization, our bound exactly reduces to the standard results presented
in Zou et al. (2023). It is also worth noting that under the unbiased quantization assumption, param-
eter, gradient and activation quantization will not affect the BiasErr term 3 To better uncover the
effects of quantization, we consider two specific quantization regimes: multiplicative quantization
and additive quantization.

Theorem 4.2 (Multiplicative quantization). Under Assumption 3.1, 3.2, 3.3, and 3.4 and notations
in Theorem 4.1, if there exist ϵd, ϵl, ϵp, ϵa and ϵo such that for any i ∈ {d, l, p, a, o}, quantization Qi

is ϵi-multiplicative with ϵi ≤ O(1) and the stepsize satisfies γ < 1
αBCϵtr(H)

4, then the excess risk
can be upper bounded as follows.

E[E(wN )] ≲ ApproxErr + varErr + BiasErr,

2In Theorem 4.1, ∥ · ∥ denotes the spectral norm.
3In absence of the unbiased assumption, the conditional expectation for ηt := wt −w∗ (Eq. (1)) involves

additional terms related to quantization expectations, thereby introducing extra terms (related to parameter,
output gradient and activation quantization) into bias. Our framework can easily extend to this case. The
unbiased assumption is applied for theoretical simplicity.

4Cϵ = (1 + ϵd)(1 + 2ϵp + 4ϵo(1 + ϵa)(1 + ϵp) + 2ϵa(1 + ϵp)) ≤ O(1).

6
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where

ApproxErr ≲ ∥w∗∥2H ϵd + ϵl, BiasErr ≲
1

γ2N2
∥w∗∥2

H−1
0:k∗

+ ∥w∗∥2Hk∗:∞
,

VarErr ≲

(
k∗

N
+Nγ2

∑
i>k∗

λ2
i

)
σ2

B + αB

(
(ϵo + ϵa + ϵp)∥w∗∥2H +

∥w∗∥2
I0:k∗

Nγ + ∥w∗∥2Hk∗:∞

)
1− γαBCϵtr (H)

 .

We would like to remark that, compared with Theorem 4.1, the discrepancy between H(q) and H
can be incorporated into H under multiplicative quantization, eliminating additional error due to the
spectral gap. Though the multiplicative nature of the quantization introduces additional complexity
into the iteration update rule, this additional error is merged when ϵa, ϵo, ϵp are at most constants
(see Theorem F.1 for details). Regarding additive quantization, the excess risk bound can be directly
adapted from Theorem 4.1, which is summarized in the following corollary.

Corollary 4.1 (Additive quantization). Denote σ
(q)
A

2
= ϵo+ϵa

B + αBϵptr (H+ ϵdI) +
σ2

B . Under
Assumption 3.1, 3.2, 3.3, and 3.4 and notations in Theorem 4.1, if there exist ϵd, ϵl, ϵp, ϵa and ϵo
such that for any i ∈ {d, l, p, a, o}, quantization Qi is ϵi-additive, and the stepsize satisfies γ <

1
γαBtr(H+ϵdI)

, then
E[E(wN )] ≲ ApproxErr + VarErr + BiasErr,

where

ApproxErr ≲ ϵl + ϵd ∥w∗∥2 , BiasErr ≲
1

γ2N2
∥w∗∥2

H
(q)

0:k∗
−1 + ∥w∗∥2

H
(q)

k∗:∞
,

VarErr ≲
σ
(q)
A

2
+ 2αB

Nγ

(
∥w∗∥2

I
(q)

0:k∗
+Nγ∥w∗∥2

H
(q)

k∗:∞

)
1− γαBtr (H+ ϵdI)

(
k∗

N
+Nγ2

∑
i>k∗

(λi + ϵd)
2

)
.

A key point to emphasize under additive quantization is that, compared with multiplicative quan-
tization, the contribution of activation and output gradient quantization error to the effective noise

variance σ
(q)
A

2
is scaled by a factor of 1

B . The interpretation is that additive quantization provides
a constant-level conditional second moment for the quantization error, which diminishes the un-
derlying effect of the (quantized) data. Specifically, this reduction manifests as a change from a
dependence on the fourth moment of the data (i.e., 1

B2E[Xq⊤XqXq⊤Xq]) to a dependence on the
second moment (i.e., 1

B2E[Xq⊤Xq]), consequently introducing an extra factor of 1/B in the output
gradient and activation quantization error. This leads to a distinction in how quantization affects dif-
ferent components: the influence of ϵa and ϵo diminishes as batchsize B increases, while the effect
of ϵp remains independent of batchsize B.

4.2 COMPARISONS WITH STANDARD EXCESS RISK BOUND

In this part, we will provide a detailed comparison with standard excess risk bounds and identify
the conditions on the quantization error such that the excess risk bound will be not largely affected.
First, let k∗0 = max{k : λk ≥ 1

Nγ }, we recall the standard excess risk bound (Zou et al., 2023):

R0 =

k∗0
N

+Nγ2 ·
∑
i>k∗

0

λ2
i

 4αB

(
∥w∗∥2I0:k∗

0

+Nγ∥w∗∥2Hk∗
0 :∞

)
Nγ [1− γαBtr (H)]

+
1

B

k∗0
N

+Nγ2 ·
∑
i>k∗

0

λ2
i

 σ2

1− γαBtr (H)
+

2

γ2N2
· ∥w∗∥2(H0:k∗

0
)−1 + 2∥w∗∥2Hk∗

0 :∞
.

The following corollary derives the conditions on the quantization errors such that the learning
performance of the full-precision SGD can be maintained (in orders).
Corollary 4.2. To ensure that E[E(wN )] ≲ R0, conditions on the quantization error are as follows:
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• For Multiplicative quantization, under the Assumptions in Theorem 4.2, we require

ϵl ≲ R0, ϵp, ϵa, ϵo ≲
σ2

B∥w∗∥2H
∧ 1, ϵd ≲

R0

∥w∗∥2H
∧ 1.

• For Additive quantization, under the Assumptions in Corollary 4.1, we require

ϵl ≲ R0, ϵo + ϵa ≲ σ2, ϵp ≲
σ2

Btr(H+ ϵdI)
,

ϵd ≲
R0

∥w∗∥2
∧

√∑
i>k∗

0
λ2
i

d− k∗0
∧

∥w∗∥2Hk∗
0 :∞

+ 1
N2γ2 ∥w∗∥2

H−1
0:k∗

0

∥w∗∥2Ik∗
0 :∞

.

Corollary 4.2 establishes explicit conditions under which the quantized population risk matches its
non-quantized counterpart R0 up to a constant factor. Our theoretical results indicate that com-
pared with multiplicative quantization, additive quantization imposes more strict requirements on
data quantization ϵd, with an extra term related to data spectrum and dimension d 5, but weaker
requirements on activation ϵa and output gradient ϵ0 quantization (weaker by a factor of 1

B ). These
theoretical results align well with our insights: (1) multiplicative data quantization diminishes the
spectral gap between H and H(q); (2) additive activation and gradient quantization leads to a bene-
ficial scaling with the batch size B.

4.3 CASE STUDY ON DATA DISTRIBUTION WITH POLYNOMIALLY-DECAY SPECTRUM

Following Lin et al. (2024), we study the excess risk bound assuming constant level optimal param-
eter (i.e., ∥w∗

i ∥2 = Θ(1), ∀i > 0) and the power-law spectrum. In particular,
Assumption 4.1. There exists a > 1 such that the eigenvalues of H satisfy λi ∼ i−a, i > 0.
Corollary 4.3. Under Assumption 4.1, if σ2 is constant level, we have:

• For multiplicative quantization, under the Assumptions of Theorem 4.2, if we further assume
∥w∗∥2H ≲ σ2, let d(M)

eff = [Nγ(1 + ϵd)]
1
a , then

E[E(wN )] ≲ ϵd + ϵl +
d
(M)
eff ∧ d

Nγ
+

d
(M)
eff ∧ d

N

(
σ2

B
+ ϵp + ϵo + ϵa +

d
(M)
eff ∧ d

Nγ

)
.

• For additive quantization, under the Assumptions of Corollary 4.1, it holds

E[E(wN )] ≲ ϵdd+ ϵl +
d
(A)
eff ∧ d

Nγ
+

d
(A)
eff ∧ d

N

(
σ2

B
+ (1 + dϵd)ϵp +

ϵo + ϵa
B

+
d
(A)
eff ∧ d

Nγ

)
,

where d
(A)
eff =

(
d−max

{
d−a, 1

Nγ − ϵd
}− 1

a
)
ϵdNγ +max

{
d−a, 1

Nγ − ϵd

}− 1
a

.

Our findings in polynomial-decay data spectrum scenarios reveal distinct scaling behaviors under
multiplicative and additive quantization. Specifically, under additive quantization, the impacts of
both data quantization and parameter quantization scale with the data dimension d. In contrast, under
multiplicative quantization, these effects remain independent of d. This difference arises because
multiplicative data quantization is applied coordinate-wise, causing its behavior to depend solely
on the original data spectrum—making it applicable even in infinite-dimensional settings. Additive
data quantization, however, employs uniform quantization strength across all dimensions, leading
to a strong dependence on the data dimension d. We also note that under additive quantization, the
influence of the spectral gap is captured by the effective dimension term d

(A)
eff , which includes an

additional term
[
d−max{d−a, 1

Nγ − ϵd}−
1
a

]
ϵdNγ that depends significantly on ϵd.

Implications to integer and FP quantization. In practical integer quantization with bit-width b and
FP quantization with mantissa bit-width m, the quantization steps for a value x are approximately

5Under specific case ∥w∗∥2H = Θ(1) and ∥w∗∥2 = Θ(d), we require ϵd ≤ O
(
R0
d

)
in additive quantiza-

tion but ϵd ≤ O(R0) in multiplicative quantization. See Section 4.3 for details.
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Figure 1: Generalization under quantization. Test risk for SGD with iterate averaging under
multiplicative (FP-like) vs. additive (INT-like) quantization. (a) and (b): vary the quantization level
at fixed dimension. (c) and (d): vary dimension at fixed quantization level.

δ(x) = 2−b and δ(x) = 2⌊log2 x⌋−m 6, respectively. Consequently, the conditional second moment
of quantization error E[(Q(x) − x)2|x] is roughly proportional to the square of the quantization
step δ(x)2. This implies a fundamental correspondence: multiplicative quantization exhibits the
characteristic of FP quantization (input-dependent quantization step), whereas additive quantization
characterizes integer quantization (constant quantization step).

A practical takeaway is that, given specific FP and integer quantization with bit-width b and mantissa
bit-width m, practitioners can directly apply Corollary 4.3 to determine which quantization scheme
is more suitable under specific scenarios. A notable observation is the distinct role of dimension
d: FP quantization becomes preferable when md ≥ bd − 1

2 log2 d whereas integer quantization is
favored when bd ≥ md+

1
2 log2 d

7. This means FP quantization can outperform integer quantization
even when its mantissa bit-width is smaller than the integer bit-width by 1

2 log2 d, highlighting the
advantage of FP quantization in high-dimensional settings.

Numerical experiments. We evaluate constant–stepsize SGD with iterate averaging on a Gaus-
sian least–squares model. The feature distribution has covariance matrix with eigenvalues λi = i−2.
The ground–truth parameter is w∗ with entries w∗[i] = 1, and the observation noise variance is
σ2 = 1. This study answers two questions: Q1: How do additive vs. multiplicative quantization
errors affect learning? Q2: How does dimension d interact with these two quantization types?

Q1 (quantization level). We fix d = 200 and B = 1, and vary the quantization error level ε ∈
{0.001, 0.005, 0.01} for each scheme. Results are shown in Fig. 1(a,b). This empirically validates
our theory: additive errors distort the data Hessian spectrum, increasing risk, whereas multiplicative
errors diminish the spectral gap, maintaining risk constant despite higher error levels.

Q2 (dimension). We fix the quantization level at ε = 0.01 and B = 1, and vary d ∈
{50, 100, 200, 400}. Results are shown in Fig. 1(c,d). These empirical results align with our theo-
retical finding: additive quantization leads to a dramatic increase in excess risk with larger d, while
multiplicative quantization maintains stable performance even with high-dimensional data.

5 CONCLUSION AND LIMITATIONS

In this work, we analyze the excess risk of quantized SGD for high-dimensional linear regression.
Our novel theoretical framework characterizes the distinct impacts of various quantization types on
learnability: data quantization distorts the data spectrum (eliminated by multiplicative quantization);
parameter, activation and gradient quantization amplify noise (mitigated by additive quantization);
data and label quantization introduce additional error (scale with dimension in additive quantization
yet are dimension-independent in multiplicative quantization). Our theory establishes the conditions
on quantization errors required to maintain full-precision SGD performance, and it identifies the
scenarios under which FP and integer quantization are each likely to yield superior performance.

Our limitations are twofold: (i) we only establish excess risk upper bounds without a corresponding
lower-bound analysis, and (ii) our analysis is confined to one-pass SGD, leaving multi-pass SGD
and algorithms with momentum as open problems.

6we assume the exponent bits in FP quantization can cover the scaling of x.
7bd and md are the bit for integer data quantization and the mantissa bit for FP data quantization respectively.
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APPENDIX

The appendix is organized as follows. In Section A, we begin the analysis of excess risk bounds for
the iteratively averaged quantized SGD by first deriving the update rule for the parameter deviation
wt − w(q)∗ (detailed in Section A.1) and performing an excess risk decomposition (detailed in
Section A.2):

E[E(wN )] = R1 +R2 +R3 +R4.

We then conduct a refined analysis of R4 and R3 in Sections B and C, respectively. For R2, we ex-
tend techniques from Zou et al. (2023) in Section D. In particular, we first introduce useful notations
in Section D.1 and then present a comprehensive analysis of the update rule for E[ηtη

⊤
t ] in Section

D.2. This analysis is crucial for adapting previous proof techniques to the quantized SGD setting.
Based on these results, we perform a bias–variance decomposition in Section D.3, and analyze the
bias and variance errors separately in Section D.4 and D.5. Bounds for R1 are derived in Section E.

Finally, we provide detailed proofs of Theorem 4.1 in Section F.1, Theorem 4.2 in Section F.2,
Corollary 4.1 in Section F.3, Corollary 4.2 in Sections F.4 and F.5, and Corollary 4.3 in Sections F.6
and F.7.

Additionally, we discuss Assumptions 3.3 and 3.4 in Section G and clarify the use of LLMs in
Section H.

A INITIAL STUDY

For simplicity, we denote y(q) = Ql(y),w
(q)
t = Qp(wt),x

(q) = Qd(x).

A.1 DEVIATION OF THE UPDATE RULE

We introduce the global minima w(q)∗ in the sense of quantization, that is,

w(q)∗ = argminw Ex,y

[
(Ql(y)− ⟨w,Qd(x)⟩)2

]
.

Therefore,

E(x,y)∼D[(Ql(y)− ⟨w(q)∗,Qd(x)⟩)Qd(x)] = 0.

Denote ηt := wt −w(q)∗, define ηN := 1
N

∑N−1
t=0 ηt. We first derive an update rule for ηt:

Lemma A.1.

ηt =

(
I− 1

B
γQd(Xt)

⊤Qd(Xt)

)
ηt−1 + γ

1

B
Qd(Xt)

⊤
[
ξt + ϵ

(o)
t − ϵ

(a)
t −Qd(Xt)ϵ

(p)
t−1

]
,

where

ϵ
(o)
t :=Qo (Ql(yt)−Qa (Qd(Xt)Qp(wt−1)))− [Ql(yt)−Qa (Qd(Xt)Qp(wt−1))] ,

ϵ
(a)
t :=Qa (Qd(Xt)Qp(wt−1))−Qd(Xt)Qp(wt−1),

ϵ
(p)
t−1 :=Qp(wt−1)−wt−1,

ξt :=Ql(yt)−Qd(Xt)w
(q)∗.

Proof. By definition and the update rule of wt,

ηt =wt −w(q)∗

=wt−1 −w(q)∗ + γ
1

B
Qd(Xt)

⊤Qo (Ql(yt)−Qa (Qd(Xt)Qp(wt−1)))

=ηt−1 + γ
1

B
Qd(Xt)

⊤Qo (Ql(yt)−Qa (Qd(Xt)Qp(wt−1))) .
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Then, by introducing quantization errors, we have

ηt =ηt−1 + γ
1

B
Qd(Xt)

⊤Qo (Ql(yt)−Qa (Qd(Xt)Qp(wt−1)))

=ηt−1 + γQd(Xt)
⊤ 1

B
[Ql(yt)−Qa (Qd(Xt)Qp(wt−1))] + γ

1

B
Qd(Xt)

⊤ϵ
(o)
t

=ηt−1 + γQd(Xt)
⊤ 1

B
[Ql(yt)−Qd(Xt)Qp(wt−1)] + γ

1

B
Qd(Xt)

⊤(ϵ
(o)
t − ϵ

(a)
t )

=ηt−1 + γ
1

B
Qd(Xt)

⊤(ϵ
(o)
t − ϵ

(a)
t ) + γQd(Xt)

⊤ 1

B[
Ql(yt)−Qd(Xt)w

(q)∗ −Qd(Xt)ηt−1 −Qd(Xt)Qp(wt−1) +Qd(Xt)wt−1

]
=ηt−1 + γQd(Xt)

⊤(ϵ
(o)
t − ϵ

(a)
t ) + γQd(Xt)

⊤ 1

B[
Ql(yt)−Qd(Xt)w

(q)∗ −Qd(Xt)ηt−1 −Qd(Xt)ϵ
(p)
t−1

]
=ηt−1 + γ

1

B
Qd(Xt)

⊤(ϵ
(o)
t − ϵ

(a)
t + ξt)− γQd(Xt)

⊤ 1

B

[
Qd(Xt)ηt−1 +Qd(Xt)ϵ

(p)
t−1

]
,

A.2 DECOMPOSITION OF THE EXCESS RISK

Denote H := Ex∼D[xx
⊤], H(q) := Ex∼D[Qd(x)Qd(x)

⊤]. We decompose the excess risk as
follows.

Lemma A.2. Under Assumption 3.1,

E[E(wN )] = R1 +R2 +R3 +R4,

where

R1 =
1

2
E
[
(y −Ql(y))

2
]
+

1

2
E
[
⟨wN ,Qd(x)− x⟩2

]
,

R2 =
1

2
⟨H(q),E[η̄N ⊗ η̄N ]⟩,

R3 =
1

2
E
[
(Ql(y)− y)2

]
+

1

2
E
[
⟨w(q)∗,Qd(x)− x⟩2

]
,

R4 =
1

2
⟨H,E[(w∗ −w(q)∗)⊗ (w∗ −w(q)∗)]⟩.

Proof.

E[E(wN )] =
1

2
E
[
Ex,y

[
(y − ⟨wN ,x⟩)2

]]
− 1

2
Ex,y

[
(y − ⟨w∗,x⟩)2

]
=

1

2
E
[
Ex,y

[
(y − ⟨wN ,x⟩)2

]]
− 1

2
E
[
(Ql(y)− ⟨wN ,Qd(x)⟩)2

]
︸ ︷︷ ︸

R1

+
1

2
E
[
(Ql(y)− ⟨wN ,Qd(x)⟩)2

]
− 1

2
E
[
(Ql(y)− ⟨w(q)∗,Qd(x)⟩)2

]
︸ ︷︷ ︸

R2

+
1

2
E
[
(Ql(y)− ⟨w(q)∗,Qd(x)⟩)2

]
− 1

2
E
[(

y − ⟨w(q)∗,x⟩
)2]

︸ ︷︷ ︸
R3

+
1

2
E
[(

y − ⟨w(q)∗,x⟩
)2]

− 1

2
Ex,y

[
(y − ⟨w∗,x⟩)2

]
︸ ︷︷ ︸

R4

.
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Next, we compute R1, R2, R3 and R4 respectively. These computations are mainly based on the
first order optimality condition and the unbiased quantization Assumption 3.1. For R4,

R4 =
1

2
E
[
Ex,y

[(
y − ⟨w(q)∗,x⟩

)2]]
− 1

2
Ex,y

[
(y − ⟨w∗,x⟩)2

]
=
1

2
E
[
Ex,y

[
⟨w∗ −w(q)∗,x⟩ ·

(
2y − ⟨w∗ +w(q)∗,x⟩

)]]
=
1

2
E
[
Ex

[
⟨w∗ −w(q)∗,x⟩2

]]
=
1

2
E
[(

w∗ −w(q)∗
)⊤

H
(
w∗ −w(q)∗

)]
=
1

2
⟨H,E[(w∗ −w(q)∗)⊗ (w∗ −w(q)∗)]⟩.

For R2,

R2 =
1

2
E
[
(Ql(y)− ⟨wN ,Qd(x)⟩)2

]
− 1

2
E
[
(Ql(y)− ⟨w(q)∗,Qd(x)⟩)2

]
=
1

2
E
[
⟨w(q)∗ −wN ,Qd(x)⟩ ·

(
2Ql(y)− ⟨w(q)∗ +wN ,Qd(x)⟩

)]
=
1

2
E
[
Ex

[
⟨w(q)∗ −wN ,Qd(x)⟩2

]]
=
1

2
⟨H(q),E[η̄N ⊗ η̄N ]⟩.

For R3,

R3 =
1

2
E
[
(Ql(y)− ⟨w(q)∗,Qd(x)⟩)2

]
− 1

2
E
[(

y − ⟨w(q)∗,x⟩
)2]

=
1

2
E
[(

Ql(y)− y − ⟨w(q)∗,Qd(x)− x⟩
)
·
(
Ql(y) + y − ⟨w(q)∗,Qd(x) + x⟩

)]
=
1

2
E
[
Ql(y)

2 − y2 + ⟨w(q)∗,Qd(x)− x⟩⟨w(q)∗,Qd(x) + x⟩
]

=
1

2
E
[
(Ql(y)− y)2

]
+

1

2
E
[
⟨w(q)∗,Qd(x)− x⟩2

]
.

For R1,

R1 =
1

2
E
[
Ex,y

[
(y − ⟨wN ,x⟩)2

]]
− 1

2
E
[
(Ql(y)− ⟨wN ,Qd(x)⟩)2

]
=
1

2
E [(y −Ql(y)− ⟨wN ,x−Qd(x)⟩) · (y +Ql(y)− ⟨wN ,x+Qd(x)⟩)]

=
1

2
E
[
(y −Ql(y))

2
]
+

1

2
E
[
⟨wN ,Qd(x)− x⟩2

]
.

A.3 COMPUTATION OF THE QUANTIZED OPTIMAL SOLUTION

Here we compute w∗ and w(q)∗. From the optimality,

w∗ = H−1E(x,y)∼D[yx], w(q)∗ = (H(q))−1E [Ql(y)Qd(x)] = (H(q))−1E(x,y)∼D[yx].
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Hence, by H(q) = H+D,

w(q)∗ −w∗ =
[
(H(q))−1 −H−1

]
E(x,y)∼D[yx]

=(H(q))−1
(
H−H(q)

)
H−1E(x,y)∼D[yx]

=(H(q))−1
(
H−H(q)

)
w∗

=− (H(q))−1Dw∗

=− (H+D)
−1

Dw∗.

B ANALYSIS OF R4

Lemma B.1.
R4 =

1

2
∥w∗∥D(H+D)−1H(H+D)−1D.

Proof. Recall that

R4 =
1

2
⟨H,E[(w∗ −w(q)∗)⊗ (w∗ −w(q)∗)]⟩.

Further note that
E[(w∗ −w(q)∗)⊗ (w∗ −w(q)∗)] = E

[
(H+D)

−1
Dw∗w∗⊤D (H+D)

−1
]
,

we have
R4 =

1

2
E
[
tr
(
H(H+D)−1Dw∗w∗⊤D(H+D)−1

)]
=
1

2
E
[
tr
(
w∗⊤D(H+D)−1H(H+D)−1Dw∗

)]
=
1

2
∥w∗∥D(H+D)−1H(H+D)−1D.

C ANALYSIS OF R3

Lemma C.1.

R3 =
E
[
(ϵ(l))2

]
2

+
1

2
∥w∗∥2

H(H+D)−1D(H+D)−1H
.

Proof.

R3 =
1

2
E
[
(Ql(y)− y)2

]
+

1

2
E
[
⟨w(q)∗,Qd(x)− x⟩2

]
=
1

2
E
[
(Ql(y)− y)2

]
+

1

2
w(q)∗⊤Dw(q)∗

=
1

2
E
[
(Ql(y)− y)2

]
+

1

2
w∗⊤H (H+D)

−1
D (H+D)

−1
Hw∗

=
E
[
(ϵ(l))2

]
2

+
1

2
∥w∗∥2

H(H+D)−1D(H+D)−1H
.

D ANALYSIS OF R2

D.1 PRELIMINARY

We first define the following linear operators:

I = I⊗ I, M(q) = E[x(q) ⊗ x(q) ⊗ x(q) ⊗ x(q)], M̃(q) = H(q) ⊗H(q),

T (q) = H(q) ⊗ I+ I⊗H(q) − γM(q), T̃ (q) = H(q) ⊗ I+ I⊗H(q) − γH(q) ⊗H(q).
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For a symmetric matrix A,

I ◦A = A, M(q) ◦A = E[(x(q)⊤Ax(q))x(q)x(q)⊤], M̃(q) ◦A = H(q)AH(q),

(I − γT (q)) ◦A = E[(I− γx(q)x(q)⊤)A(I− γx(q)x(q)⊤)], (I − γT̃ (q)) ◦A = (I− γH(q))A(I− γH(q)).

Further,

M(q)
B ◦A =E

[
1

B2
X(q)⊤X(q)AX(q)⊤X(q)

]
,

(I − γT (q)
B ) ◦A =E

[(
I− γ

1

B
X(q)⊤X(q)

)
A

(
I− γ

1

B
X(q)⊤X(q)

)]
.

D.2 INITIAL STUDY OF R2

Lemma D.1. Under Assumption 3.1,

R2 ≤ 1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),E[ηt ⊗ ηt]

〉
.

Proof. By Lemma A.2,

R2 =
1

2
⟨H(q),E[η̄N ⊗ η̄N ]⟩.

Then we focus on E[η̄N ⊗ η̄N ].

E[η̄N ⊗ η̄N ] =
1

N2
·

 ∑
0≤k≤t≤N−1

E[ηt ⊗ ηk] +
∑

0≤t<k≤N−1

E[ηt ⊗ ηk]


⪯ 1

N2
·

 ∑
0≤k≤t≤N−1

E [E[ηt ⊗ ηk|ηk]] +
∑

0≤t≤k≤N−1

E [E[ηt ⊗ ηk|ηt]]

 .

Note that by the unbiased Assumption 3.1,

E
[
γQd(Xt)

⊤
(
ϵ
(o)
t − ϵ

(a)
t −Qd(Xt)ϵ

(p)
t−1

) ∣∣∣∣ηt−1

]
= 0.

Further, by the optimality,

E
[
γQd(Xt)

⊤
ξt

∣∣∣∣ηt−1

]
= E

[
γQd(Xt)

⊤
[
Ql(yt)−Qd(Xt)w

(q)∗
] ∣∣∣∣ηt−1

]
= 0.

Hence, by Lemma A.1,

E [ηt|ηt−1] =
(
I− γH(q)

)
ηt−1. (1)

Therefore,

E[η̄N ⊗ η̄N ]

≤ 1

N2
·

 ∑
0≤k≤t≤N−1

E [E[ηt ⊗ ηk|ηk]] +
∑

0≤t≤k≤N−1

E [E[ηt ⊗ ηk|ηt]]


=

1

N2
·

 ∑
0≤k≤t≤N−1

(I− γH(q))t−kE[ηk ⊗ ηk] +
∑

0≤t≤k≤N−1

E[ηt ⊗ ηt](I− γH(q))k−t


=

1

N2
·
N−1∑
t=0

N−1∑
k=t

(
(I− γH(q))k−tE[ηt ⊗ ηt] + E[ηt ⊗ ηt](I− γH(q))k−t

)
.
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Applying into R2, we have

R2 =
1

2
⟨H(q),E[η̄N ⊗ η̄N ]⟩

≤ 1

2N2
·
N−1∑
t=0

N−1∑
k=t

〈
H(q), (I− γH(q))k−tE[ηt ⊗ ηt] + E[ηt ⊗ ηt](I− γH(q))k−t

〉
=

1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),E[ηt ⊗ ηt]

〉
.

To bound R2, the main goal is to bound E[ηt⊗ηt]. Next lemma provides an update rule for iteration
E[ηt ⊗ ηt].
Lemma D.2. (Update Rule) Under Assumption 3.1,3.3,3.4,

E[ηt ⊗ ηt] =E
[(

I− γ
1

B
Qd(X)

⊤Qd(X)

)
E[ηt−1 ⊗ ηt−1]

(
I− γ

1

B
Qd(X)

⊤Qd(X)

)]
+ γ2Σt

⪯E
[(

I− γ
1

B
Qd(X)

⊤Qd(X)

)
E[ηt−1 ⊗ ηt−1]

(
I− γ

1

B
Qd(X)

⊤Qd(X)

)]
+ γ2σ

(q)
G

2
H(q),

where

Σt :=
1

B2
E
[
Qd(Xt)

⊤
[
ξt + ϵ

(o)
t − ϵ

(a)
t −Qd(Xt)ϵ

(p)
t−1

] [
ξt + ϵ

(o)
t − ϵ

(a)
t −Qd(Xt)ϵ

(p)
t−1

]⊤
Qd(Xt)

]
=

1

B2
E
[
Qd(Xt)

⊤
ξtξ

⊤
t Qd(Xt)

]
︸ ︷︷ ︸

Σξ
t

+
1

B2
E
[
Qd(Xt)

⊤
ϵ
(o)
t ϵ

(o)
t

⊤
Qd(Xt)

]
︸ ︷︷ ︸

Σϵ(o)
t

+
1

B2
E
[
Qd(Xt)

⊤
ϵ
(a)
t ϵ

(a)
t

⊤
Qd(Xt)

]
︸ ︷︷ ︸

Σϵ(a)
t

+
1

B2
E
[
Qd(Xt)

⊤Qd(Xt)ϵ
(p)
t−1ϵ

(p)
t−1

⊤
Qd(Xt)

⊤Qd(Xt)

]
︸ ︷︷ ︸

Σϵ(p)
t

,

and
at = Qd(Xt)Qp(wt−1), ot = Ql(yt)−Qa (Qd(Xt)Qp(wt−1)) ,

and

σ
(q)
G

2
=

supt

∥∥∥∥E [ϵ(o)t ϵ
(o)
t

⊤
|ot

]
+ E

[
ϵ
(a)
t ϵ

(a)
t

⊤
|at
]∥∥∥∥

B
+αBEwt−1

[
tr

(
H(q)E

[
ϵ
(p)
t−1ϵ

(p)
t−1

⊤∣∣wt−1

])]
+
σ2

B
.

Proof. By Lemma A.1,

ηt =

(
I− 1

B
γQd(Xt)

⊤Qd(Xt)

)
ηt−1 + γ

1

B
Qd(Xt)

⊤
[
ξt + ϵ

(o)
t − ϵ

(a)
t −Qd(Xt)ϵ

(p)
t−1

]
.

Hence,

E[ηt ⊗ ηt] = E
[(

I− 1

B
γQd(X)

⊤Qd(X)

)
E[ηt−1 ⊗ ηt−1]

(
I− 1

B
γQd(X)

⊤Qd(X)

)]
+ γ2Σt.

Next, we cope with each term in Σt.

Σϵ(p)

t =
1

B2
E
[
Qd(Xt)

⊤Qd(Xt)ϵ
(p)
t−1ϵ

(p)
t−1

⊤
Qd(Xt)

⊤Qd(Xt)

]
=

1

B2
E
[
Qd(Xt)

⊤Qd(Xt)E
[
ϵ
(p)
t−1ϵ

(p)
t−1

⊤∣∣wt−1

]
Qd(Xt)

⊤Qd(Xt)

]
=

1

B2
E
[
Qd(Xt)

⊤Qd(Xt)E
[
ϵ
(p)
t−1ϵ

(p)
t−1

⊤∣∣wt−1

]
Qd(Xt)

⊤Qd(Xt)

]
⪯αBEwt−1

[
tr

(
H(q)E

[
ϵ
(p)
t−1ϵ

(p)
t−1

⊤∣∣wt−1

])]
H(q).

19



1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079

Under review as a conference paper at ICLR 2026

Σξ
t =

1

B2
E
[
Qd(Xt)

⊤
ξtξ

⊤
t Qd(Xt)

]
=

1

B2
E

 B∑
i=1

B∑
j=1

Qd(Xt)
i⊤

ξit

(
Qd(Xt)

j⊤
ξjt

)⊤
=

1

B2

B∑
i=1

E
[
Qd(Xt)

i⊤
ξit

(
Qd(Xt)

i⊤
ξit

)⊤]
=

1

B
· E
[
Qd(x)ξ (Qd(x)ξ)

⊤
]

=
1

B
· E
[
ξ2Qd(x)Qd(x)

⊤]
⪯σ2

B
·H(q).

Σϵ(o)

t +Σϵ(a)

t =
1

B2
E
[
Qd(Xt)

⊤
(ϵ

(o)
t ϵ

(o)
t

⊤
+ ϵ

(a)
t ϵ

(a)
t

⊤
)Qd(Xt)

]
=

1

B2
E
[
Qd(Xt)

⊤
(
E
[
ϵ
(o)
t ϵ

(o)
t

⊤
|ot

]
+ E

[
ϵ
(a)
t ϵ

(a)
t

⊤
|at
])

Qd(Xt)

]
⪯ 1

B2
E
[(∥∥∥∥E [ϵ(o)t ϵ

(o)
t

⊤
|ot

]
+ E

[
ϵ
(a)
t ϵ

(a)
t

⊤
|at
]∥∥∥∥)Qd(Xt)

⊤Qd(Xt)

]
⪯ 1

B2
sup
t

∥∥∥∥E [ϵ(o)t ϵ
(o)
t

⊤
|ot

]
+ E

[
ϵ
(a)
t ϵ

(a)
t

⊤
|at
]∥∥∥∥E [Qd(Xt)

⊤Qd(Xt)
]

=
1

B
sup
t

∥∥∥∥E [ϵ(o)t ϵ
(o)
t

⊤
|ot

]
+ E

[
ϵ
(a)
t ϵ

(a)
t

⊤
|at
]∥∥∥∥H(q).

Lemma D.3. (Update Rule under Multiplicative Quantization) If there exist ϵd, ϵl, ϵp, ϵa and ϵo
such that for any i ∈ {d, l, p, a, o}, quantization Qi is ϵi-multiplicative, then under Assumption
3.1,3.3,3.4, it holds

E[ηt ⊗ ηt] =E
[(

I− γ
1

B
Qd(X)

⊤Qd(X)

)
E[ηt−1 ⊗ ηt−1]

(
I− γ

1

B
Qd(X)

⊤Qd(X)

)]
+ γ2Σt

⪯E
[(

I− 1

B
γQd(X)

⊤Qd(X)

)
E[ηt−1 ⊗ ηt−1]

(
I− 1

B
γQd(X)

⊤Qd(X)

)]
+ϵ̃E

[ γ
B
Qd(X)

⊤Qd(X)E[ηt−1 ⊗ ηt−1]
γ

B
Qd(X)

⊤Qd(X)
]
+ γ2σ

(q)
M

2
H(q),

where

ϵ̃ = 2ϵp + 4ϵo(1 + ϵa)(1 + ϵp) + 2ϵa(1 + ϵp),

σ
(q)
M

2
=

(1 + 4ϵo)σ
2

B
+

∥w∗∥2H
1 + ϵd

αB (4ϵo[(1 + ϵa)(1 + ϵp) + 1] + 2ϵa(1 + ϵp) + 2ϵp) .

Proof. By the computation in Lemma D.2, regarding Σϵ(p)

t ,

Σϵ(p)

t =
1

B2
E
[
Qd(Xt)

⊤Qd(Xt)E
[
ϵ
(p)
t−1ϵ

(p)
t−1

⊤∣∣wt−1

]
Qd(Xt)

⊤Qd(Xt)

]
=

ϵp
B2

E
[
Qd(Xt)

⊤Qd(Xt)wt−1w
⊤
t−1Qd(Xt)

⊤Qd(Xt)
]

⪯2ϵp
B2

E
[
Qd(Xt)

⊤Qd(Xt)ηt−1ηt−1
⊤Qd(Xt)

⊤Qd(Xt)
]

+
2ϵp
B2

E
[
Qd(Xt)

⊤Qd(Xt)w
(q)∗w(q)∗⊤Qd(Xt)

⊤Qd(Xt)

]
.
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Regarding Σϵ(a)

t ,

Σϵ(a)

t =
1

B2
E
[
Qd(Xt)

⊤
ϵ
(a)
t ϵ

(a)
t

⊤
Qd(Xt)

]
=

ϵa
B2

E
[
Qd(Xt)

⊤Qd(Xt)w
(q)
t−1w

(q)
t−1

⊤
Qd(Xt)

⊤Qd(Xt)

]
=

ϵa
B2

E
[
Qd(Xt)

⊤Qd(Xt)wt−1wt−1
⊤Qd(Xt)

⊤Qd(Xt)
]

+
ϵa
B2

E
[
Qd(Xt)

⊤Qd(Xt)ϵ
p
t−1ϵ

p
t−1

⊤Qd(Xt)
⊤Qd(Xt)

]
=
(1 + ϵp)ϵa

B2
E
[
Qd(Xt)

⊤Qd(Xt)wt−1wt−1
⊤Qd(Xt)

⊤Qd(Xt)
]

⪯2(1 + ϵp)ϵa
B2

E
[
Qd(Xt)

⊤Qd(Xt)ηt−1ηt−1
⊤Qd(Xt)

⊤Qd(Xt)
]

+
2(1 + ϵp)ϵa

B2
E
[
Qd(Xt)

⊤Qd(Xt)w
(q)∗w(q)∗⊤Qd(Xt)

⊤Qd(Xt)

]
.

Regarding Σϵ(o)

t ,

Σϵ(o)

t =
1

B2
E
[
Qd(Xt)

⊤
ϵ
(o)
t ϵ

(o)
t

⊤
Qd(Xt)

]
=

ϵo
B2

E
[
Qd(Xt)

⊤
otot

⊤Qd(Xt)
]

⪯2ϵo
B2

E
[
Qd(Xt)

⊤Ql(yt)Ql(yt)
⊤Qd(Xt)

]
+

2ϵo
B2

E
[
Qd(Xt)

⊤Qa(at)Qa(at)
⊤Qd(Xt)

]
⪯2ϵo
B2

E
[
Qd(Xt)

⊤Ql(yt)Ql(yt)
⊤Qd(Xt)

]
+

2(1 + ϵa)ϵo
B2

E
[
Qd(Xt)

⊤
ata

⊤
t Qd(Xt)

]
≤2ϵo
B2

E
[
Qd(Xt)

⊤Ql(yt)Ql(yt)
⊤Qd(Xt)

]
+
4(1 + ϵp)(1 + ϵa)ϵo

B2
E
[
Qd(Xt)

⊤Qd(Xt)ηt−1ηt−1
⊤Qd(Xt)

⊤Qd(Xt)
]

+
4(1 + ϵp)(1 + ϵa)ϵo

B2
E
[
Qd(Xt)

⊤Qd(Xt)w
(q)∗w(q)∗⊤Qd(Xt)

⊤Qd(Xt)

]
≤4ϵo
B2

E
[
Qd(Xt)

⊤
ξtξ

⊤
t Qd(Xt)

]
+
4(1 + ϵp)(1 + ϵa)ϵo

B2
E
[
Qd(Xt)

⊤Qd(Xt)ηt−1ηt−1
⊤Qd(Xt)

⊤Qd(Xt)
]

+
4[(1 + ϵp)(1 + ϵa)ϵo + 1]

B2
E
[
Qd(Xt)

⊤Qd(Xt)w
(q)∗w(q)∗⊤Qd(Xt)

⊤Qd(Xt)

]
.

Therefore,

Σt ⪯
(1 + 4ϵo)σ

2

B
H(q) + αB (4ϵo[(1 + ϵa)(1 + ϵp) + 1] + 2ϵa(1 + ϵp) + 2ϵp) tr

(
H(q)w(q)∗w(q)∗⊤

)
H(q)

+
2ϵp + 4ϵo(1 + ϵa)(1 + ϵp) + 2ϵa(1 + ϵp)

B2
E
[
Qd(Xt)

⊤Qd(Xt)ηt−1ηt−1
⊤Qd(Xt)

⊤Qd(Xt)
]
.

Note that

tr

(
H(q)w(q)∗w(q)∗⊤

)
=

∥w∗∥2H
1 + ϵd

,

then

Σt ⪯
[
(1 + 4ϵo)σ

2

B
+

∥w∗∥2H
1 + ϵd

αB (4ϵo[(1 + ϵa)(1 + ϵp) + 1] + 2ϵa(1 + ϵp) + 2ϵp)

]
H(q)

+
2ϵp + 4ϵo(1 + ϵa)(1 + ϵp) + 2ϵa(1 + ϵp)

B2
E
[
Qd(Xt)

⊤Qd(Xt)ηt−1ηt−1
⊤Qd(Xt)

⊤Qd(Xt)
]
.
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Hence,

E[ηt ⊗ ηt] ≤E
[(

I− 1

B
γQd(X)

⊤Qd(X)

)
E[ηt−1 ⊗ ηt−1]

(
I− 1

B
γQd(X)

⊤Qd(X)

)]
+ [2ϵp + 4ϵo(1 + ϵa)(1 + ϵp) + 2ϵa(1 + ϵp)]E

[ γ
B
Qd(X)

⊤Qd(X)E[ηt−1 ⊗ ηt−1]
γ

B
Qd(X)

⊤Qd(X)
]

+γ2

[
(1 + 4ϵo)σ

2

B
+

∥w∗∥2H
1 + ϵd

αB (4ϵo[(1 + ϵa)(1 + ϵp) + 1] + 2ϵa(1 + ϵp) + 2ϵp)

]
H(q).

D.3 BIAS-VARIANCE DECOMPOSITION

Denote At := E[ηt ⊗ ηt]. Then under general quantization, Lemma D.2 shows

At = (I − γT (q)
B ) ◦At−1 + γ2Σt ⪯ (I − γT (q)

B ) ◦At−1 + γ2σ
(q)
G

2
H(q).

Under multiplicative quantization, Lemma D.3 shows

At = (I − γT (q)
B ) ◦At−1 + γ2Σt ⪯ (I − γT (q)

B + ϵ̃γ2M(q)
B ) ◦At−1 + γ2σ

(q)
M

2
H(q).

Lemma D.4. Under Assumption 3.1-3.4,

R2 ≤ 1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),Bt

〉
︸ ︷︷ ︸

bias

+
1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),Ct

〉
︸ ︷︷ ︸

variance

,

where
Bt := (I − γT (q)

B )t ◦A0, B0 = A0 = E [η0 ⊗ η0] .

Ct := (I − γT (q)
B )Ct−1 + γ2σ

(q)
G

2
H(q), C0 = 0.

Proof. By Lemma D.1 and Lemma D.2,

R2 ≤ 1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),At

〉
.

The proof is immediately completed owing to

At = Bt +Ct.

Lemma D.5. Under Assumption 3.1-3.4, if there exist ϵd, ϵl, ϵp, ϵa and ϵo such that for any i ∈
{d, l, p, a, o}, quantization Qi is ϵi-multiplicative, then

R2 ≤ 1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),B

(M)
t

〉
︸ ︷︷ ︸

bias

+
1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),C

(M)
t

〉
︸ ︷︷ ︸

variance

,

where
B

(M)
t := (I − γT (q)

B + ϵ̃γ2M(q)
B )t ◦A0, B0 = A0 = E [η0 ⊗ η0] .

C
(M)
t := (I − γT (q)

B + ϵ̃γ2M(q)
B )C

(M)
t−1 + γ2σ

(q)
M

2
H(q), C0 = 0.
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D.4 BOUNDING THE BIAS ERROR

bias =
1

N2

N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),Bt

〉
=

1

γN2

N−1∑
t=0

〈
I− (I− γH(q))N−t,Bt

〉
≤ 1

γN2
⟨I− (I− γH(q))N ,

N−1∑
t=0

Bt⟩.

Let Sn =
∑n−1

t=0 Bt, S
(M)
n =

∑n−1
t=0 B

(M)
t , then we only need to bound SN and S

(M)
N . We first

derive the update rule for St and S
(M)
t .

Lemma D.6. For 1 ≤ t ≤ N ,

St ⪯ (I − γT̃ (q)) ◦ St−1 + γ2M(q)
B ◦ SN +B0.

Proof.

St =

t−1∑
k=0

(I−γT (q)
B )k◦B0 = (I−γT (q)

B )◦

(
t−1∑
k=1

(I − γT (q)
B )k−1 ◦B0

)
+B0 = (I−γT (q)

B )◦St−1+B0.

(2)
Then we have

St =(I − γT (q)
B ) ◦ St−1 +B0

=(I − γT̃ (q)) ◦ St−1 + γ(T̃ (q) − T (q)
B ) ◦ St−1 +B0

=(I − γT̃ (q)) ◦ St−1 + γ2(M(q)
B − M̃(q)) ◦ St−1 +B0

⪯(I − γT̃ (q)) ◦ St−1 + γ2M(q)
B ◦ SN +B0.

Lemma D.7. For 1 ≤ t ≤ N ,

S
(M)
t ⪯ (I − γT̃ (q)) ◦ S(M)

t−1 + (1 + ϵ̃)γ2M(q)
B ◦ SN +B0. (3)

Proof. Similarly,

S
(M)
t =(I − γT (q)

B + ϵ̃γ2M(q)
B ) ◦ S(M)

t−1 +B0

=(I − γT̃ (q)) ◦ St−1 + γ(T̃ (q) − T (q)
B ) ◦ S(M)

t−1 + ϵ̃γ2M(q)
B ◦ S(M)

t−1 +B0

=(I − γT̃ (q)) ◦ S(M)
t−1 + γ2((1 + ϵ̃)M(q)

B − M̃(q)) ◦ S(M)
t−1 +B0

⪯(I − γT̃ (q)) ◦ S(M)
t−1 + (1 + ϵ̃)γ2M(q)

B ◦ S(M)
N +B0.

Lemma D.8. (A bound for M(q)
B ◦St) For 1 ≤ t ≤ N , under Assumption 3.1-3.4, if γ < 1

αBtr(H(q))
,

M(q)
B ◦ St ⪯

αB · tr
([

I − (I − γT̃ (q))t
]
◦B0

)
γ(1− γαB tr(H(q)))

·H(q).

Proof. The first step is to derive a crude bound for St. Take summation via the update rule, we have

St =

t−1∑
k=0

(I − γT (q)
B )k ◦B0 = γ−1T (q)

B

−1
◦
[
I − (I − γT (q)

B )t
]
◦B0.

Note that

I − γT̃ (q) ⪯ I − γT (q)
B , (I − (I − γT (q)

B )t) ⪯ (I − (I − γT̃ (q))t),
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and further note that T (q)
B

−1
is a PSD mapping, and [I − (I − γT̃ (q))t] ◦B0 is a PSD matrix, we

obtain

St ⪯ γ−1T (q)
B

−1
◦ (I − (I − γT̃ (q))t) ◦B0.

For simplicity, we denote A := (I − (I −γT̃ (q))t)◦B0. We then tackle T (q)
B

−1
◦A.To be specific,

we apply T̃ (q).

T̃ (q) ◦ T (q)
B

−1
◦A = γM(q)

B ◦ T (q)
B

−1
◦A+A− γH(q)(T (q)

B

−1
◦A)H(q)

⪯ γM(q)
B ◦ T (q)

B

−1
◦A+A.

Therefore
T (q)
B

−1
◦A ⪯ γ(T̃ (q))

−1
◦M(q)

B ◦ T (q)
B

−1
◦A+ (T̃ (q))−1 ◦A.

Then we undertake the second step, applying M(q)
B on both sides.

M(q)
B ◦ (T (q)

B

−1
◦A) ⪯ M(q)

B ◦ γ(T̃ (q))
−1

◦M(q)
B ◦ T (q)

B

−1
◦A+M(q)

B ◦ (T̃ (q))−1 ◦A

⪯
∞∑
t=0

(γM(q)
B ◦ (T̃ (q))

−1
)t ◦ (M(q)

B ◦ (T̃ (q))
−1

◦A) (By recursion).
(4)

By Assumption 3.3,

M(q)
B ◦ (T̃ (q))

−1
◦A ⪯ αB tr(H(q)(T̃ (q))

−1
◦A)H(q)

= αBγ tr

( ∞∑
t=0

H(q)(I− γH(q))tA(I− γH(q))t

)
H(q)

= αBtr
(
H(q)(2H(q) − γ(H(q))2)−1A

)
H(q)

⪯ αBtr(A)H(q),

where the last inequality requires the condition that γ < 1
αBtr(H(q))

.

Hence, by (4), and further by (T̃ (q))
−1

H(q) ⪯ I and M(q)
B ◦ I ⪯ αB tr(H(q))H(q), we obtain

M(q)
B ◦ (T (q)

B

−1
◦A) ⪯

∞∑
t=0

(γM(q)
B ◦ (T̃ (q))

−1
)t ◦ (M(q)

B ◦ (T̃ (q))
−1

◦A)

⪯ αB tr(A)

∞∑
t=0

(γαB tr(H(q)))tH(q)

⪯ αB tr(A)

1− γαB tr(H(q))
·H(q).

Therefore,

M(q)
B ◦ St ⪯ γ−1 αB tr(A)

1− γαB tr(H(q))
·H(q) =

αB · tr
([

I − (I − γT̃ (q))t
]
◦B0

)
γ(1− γαB tr(H(q)))

·H(q).

Lemma D.9. (A bound for M(q)
B ◦ S

(M)
t ) For 1 ≤ t ≤ N , under Assumption 3.1-3.4, if γ <

1
(1+ϵ̃)αBtr(H(q))

,

M(q)
B ◦ S(M)

t ⪯
αB · tr

([
I − (I − γT̃ (q))t

]
◦B0

)
γ(1− (1 + ϵ̃)γαB tr(H(q)))

·H(q).
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Proof. The first step is to derive a crude bound for S(M)
t . Take summation via the update rule, we

have

S
(M)
t =

t−1∑
k=0

(I−γT (q)
B +ϵ̃γ2M(q)

B )k◦B0 = γ−1(T (q)
B −ϵ̃γM(q)

B )−1◦
[
I − (I − γT (q)

B + ϵ̃γ2M(q)
B )t

]
◦B0.

Note that

I − γT̃ (q) ⪯ I − γT (q)
B , (I − (I − γT (q)

B + ϵ̃γ2M(q)
B )t) ⪯ (I − (I − γT̃ (q) + ϵ̃γ2M(q)

B )t),

we obtain

S
(M)
t ⪯ γ−1(T (q)

B − ϵ̃γM(q)
B )−1 ◦ (I − (I − γT̃ (q) + ϵ̃γ2M(q)

B )t) ◦B0.

Denote A := (I − (I − γT̃ (q) + ϵ̃γ2M(q)
B )t) ◦B0, then

T̃ (q) ◦ (T (q)
B − ϵ̃γM(q)

B )−1 ◦A ⪯ (1 + ϵ̃)γM(q)
B ◦ (T (q)

B − ϵ̃γM(q)
B )−1 ◦A+A.

Therefore

(T (q)
B − ϵ̃γM(q)

B )−1 ◦A ⪯ (1 + ϵ̃)γ(T̃ (q))
−1

◦M(q)
B ◦ (T (q)

B − ϵ̃γM(q)
B )−1 ◦A+ (T̃ (q))−1 ◦A.

Then we undertake the second step, applying M(q)
B on both sides.

M(q)
B ◦ (T (q)

B − ϵ̃γM(q)
B )−1 ◦A ⪯

∞∑
t=0

((1+ ϵ̃)γM(q)
B ◦ (T̃ (q))

−1
)t ◦ (M(q)

B ◦ (T̃ (q))
−1

◦A). (5)

By Assumption 3.3,

M(q)
B ◦ (T̃ (q))

−1
◦A ⪯ αB tr(H(q)(T̃ (q))

−1
◦A)H(q)

= αBγ tr

( ∞∑
t=0

H(q)(I− γH(q))tA(I− γH(q))t

)
H(q)

= αBtr
(
H(q)(2H(q) − γ(H(q))2)−1A

)
H(q)

⪯ αBtr(A)H(q),

where the last inequality requires the condition that γ < 1
αBtr(H(q))

.

Hence, by (5), and further by (T̃ (q))
−1

H(q) ⪯ I and M(q)
B ◦ I ⪯ αB tr(H(q))H(q), we obtain

M(q)
B ◦ ((T (q)

B − ϵ̃γM(q)
B )−1 ◦A) ⪯

∞∑
t=0

((1 + ϵ̃)γM(q)
B ◦ (T̃ (q))

−1
)t ◦ (M(q)

B ◦ (T̃ (q))
−1

◦A)

⪯ αB tr(A)

∞∑
t=0

((1 + ϵ̃)γαB tr(H(q)))tH(q)

⪯ αB tr(A)

1− (1 + ϵ̃)γαB tr(H(q))
·H(q).

Therefore,

M(q)
B ◦ S(M)

t ⪯ γ−1 αB tr(A)

1− (1 + ϵ̃)γαB tr(H(q))
·H(q) ⪯

αB · tr
([

I − (I − γT̃ (q))t
]
◦B0

)
γ(1− (1 + ϵ̃)γαB tr(H(q)))

·H(q).

Next, we are ready to bound the bias error.
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Lemma D.10. (A bound for bias) Under Assumption 3.1-3.4,if the stepsize satisfies γ < 1
αBtr(H(q))

,
then

bias ≤I1 + I2

≤
2αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)

+
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞
.

Proof. Recalling (2), we can derive an upper bound for St by Lemma D.8:

St ⪯(I − γT̃ (q)) ◦ St−1 + γ2M(q)
B ◦ SN +B0

⪯(I − γT̃ (q)) ◦ St−1 +
γαB · tr

([
I − (I − γT̃ (q))N

]
◦B0

)
(1− γαB tr(H(q)))

·H(q) +B0

=

t−1∑
k=0

(I − γT̃ (q))k

γαB · tr
([

I − (I − γT̃ (q))N
]
◦B0

)
(1− γαB tr(H(q)))

·H(q) +B0


=

t−1∑
k=0

(I− γH(q))k

(
γαB · tr

(
B0 − (I− γH(q))NB0(I− γH(q))N

)
(1− γαB tr(H(q)))

·H(q) +B0

)
(I− γH(q))k.

(6)

Before providing our upper bound for the bias error, we denote

Ba,b := Ba − (I− γH(q))b−aBa(I− γH(q))b−a.

Then

bias ≤ 1

γN2
⟨I− (I− γH(q))N ,

N−1∑
t=0

Bt⟩

≤ 1

γN2

N−1∑
k=0

〈
I− (I− γH(q))N , (I− γH(q))k

(
γαB · tr (B0,N )

1− γαB tr(H(q))
·H(q) +B0

)
(I− γH(q))k

〉

=
1

γN2

N−1∑
k=0

〈
(I− γH(q))2k − (I− γH(q))N+2k,

(
γαB · tr (B0,N )

1− γαB tr(H(q))
·H(q) +B0

)〉
.

Note that

(I− γH(q))2k − (I− γH(q))N+2k =
(
I− γH(q)

)k ((
I− γH(q)

)k
−
(
I− γH(q)

)N+k
)

⪯ (I− γH(q))k − (I− γH(q))N+k,

we obtain

bias ≤ 1

γN2

N−1∑
k=0

〈
(I− γH(q))k − (I− γH(q))N+k,

γαB · tr (B0,N )

1− γαB tr(H(q))
·H(q) +B0

〉
.

Therefore, it suffices to upper bound the following two terms

I1 =
αB tr(B0,N )

N2(1− γα tr(H(q)))

N−1∑
k=0

〈
(I− γH(q))k − (I− γH(q))N+k,H(q)

〉
I2 =

1

γN2

N−1∑
k=0

〈
(I− γH(q))k − (I− γH(q))N+k,B0

〉
.

26



1404
1405
1406
1407
1408
1409
1410
1411
1412
1413
1414
1415
1416
1417
1418
1419
1420
1421
1422
1423
1424
1425
1426
1427
1428
1429
1430
1431
1432
1433
1434
1435
1436
1437
1438
1439
1440
1441
1442
1443
1444
1445
1446
1447
1448
1449
1450
1451
1452
1453
1454
1455
1456
1457

Under review as a conference paper at ICLR 2026

Regarding I1, since H(q) and I− γH(q) can be diagonalized simultaneously,

I1 =
αB tr(B0,N )

N2(1− γαB tr(H(q)))

N−1∑
k=0

∑
i

[
(1− γλ

(q)
i )k − (1− γλ

(q)
i )N+k

]
λ
(q)
i

=
αB tr(B0,N )

γN2(1− γαB tr(H(q)))

∑
i

[
1− (1− γλ

(q)
i )N

]2
≤ αB tr(B0,N )

γN2(1− γαB tr(H(q)))

∑
i

min
{
1, γ2N2(λ

(q)
i )2

}
≤ αB tr(B0,N )

γ(1− γαB tr(H(q)))
·

(
k∗

N2
+ γ2

∑
i>k∗

(λ
(q)
i )2

)
,

where k∗ = max{k : λ
(q)
k ≥ 1

Nγ }. Then we tackle tr(B0,N ).

tr(B0,N ) = tr
(
B0 − (I− γH(q))NB0(I− γH(q))N

)
)

=
∑
i

(
1− (1− γλ

(q)
i )2N

)
·
(
⟨w0 −w(q)∗,v

(q)
i ⟩
)2

≤ 2
∑
i

min{1, Nγλ
(q)
i }

(
⟨w0 −w(q)∗,v

(q)
i ⟩
)2

≤ 2(∥w0 −w(q)∗∥2I0:k∗ +Nγ∥w0 −w(q)∗∥2Hk∗:∞
).

Hence,

I1 ≤
2αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)
.

Regarding I2, decompose H(q) = V(q)Λ(q)V(q)⊤, then

I2 =
1

γN2

N−1∑
k=0

⟨(I− γΛ(q))k − (I− γΛ(q))N+k,V(q)⊤B0V
(q)⟩.

Note that B0 = η0η
⊤
0 , it can be shown that the diagonal entries of V(q)⊤B0V

(q) are ω2
1 , . . . , where

ωi = v
(q)
i

⊤
η0 = v

(q)
i

⊤
(w0 −w(q)∗). Hence,

I2 =
1

γN2

N−1∑
k=0

∑
i

[
(1− γλ

(q)
i )k − (1− γλ

(q)
i )N+k

]
ω2
i

=
1

γ2N2

∑
i

ω2
i

λ
(q)
i

[
1− (1− γλ

(q)
i )N

]2
≤ 1

γ2N2

∑
i

ω2
i

λ
(q)
i

min
{
1, γ2N2(λ

(q)
i )2

}
≤ 1

γ2N2
·
∑
i≤k∗

ω2
i

λ
(q)
i

+
∑
i>k∗

λ
(q)
i ω2

i

=
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞
.
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In conclusion, if the stepsize satisfies γ < 1
αBtr(H(q))

,

bias ≤I1 + I2

≤
2αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)

+
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞
.

Lemma D.11. (A bound for bias under multiplicative quantization) Under Assumption 3.1-3.4,
if the stepsize satisfies γ < 1

(1+ϵ̃)αBtr(H(q))
, if there exist ϵd, ϵl, ϵp, ϵa and ϵo such that for any

i ∈ {d, l, p, a, o}, quantization Qi is ϵi-multiplicative, then

bias ≤
2(1 + ϵ̃)αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− (1 + ϵ̃)γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)

+
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞
.

Proof. Recalling (3), we can derive an upper bound for St by Lemma D.9:

St ⪯(I − γT̃ (q)) ◦ St−1 + (1 + ϵ̃)γ2M(q)
B ◦ SN +B0

⪯(I − γT̃ (q)) ◦ St−1 +
(1 + ϵ̃)γαB · tr

([
I − (I − γT̃ (q))N

]
◦B0

)
(1− (1 + ϵ̃)γαB tr(H(q)))

·H(q) +B0

=

t−1∑
k=0

(I − γT̃ (q))k

 (1 + ϵ̃)γαB · tr
([

I − (I − γT̃ (q))N
]
◦B0

)
(1− (1 + ϵ̃)γαB tr(H(q)))

·H(q) +B0


⪯

t−1∑
k=0

(I − γT̃ (q))k

 (1 + ϵ̃)γαB · tr
([

I − (I − γT̃ (q))N
]
◦B0

)
(1− (1 + ϵ̃)γαB tr(H(q)))

·H(q) +B0


=

t−1∑
k=0

(I− γH(q))k

(
(1 + ϵ̃)γαB · tr

(
B0 − (I− γH(q))NB0(I− γH(q))N

)
(1− (1 + ϵ̃)γαB tr(H(q)))

·H(q) +B0

)
(I− γH(q))k.

Repeat the same computation in Lemma D.10, we obtain

bias ≤ 1

γN2

N−1∑
k=0

〈
(I− γH(q))k − (I− γH(q))N+k,

(1 + ϵ̃)γαB · tr (B0,N )

1− (1 + ϵ̃)γαB tr(H(q))
·H(q) +B0

〉
.

Therefore, it suffices to upper bound the following two terms

I1 =
(1 + ϵ̃)αB tr(B0,N )

N2(1− (1 + ϵ̃)γα tr(H(q)))

N−1∑
k=0

〈
(I− γH(q))k − (I− γH(q))N+k,H(q)

〉
I2 =

1

γN2

N−1∑
k=0

〈
(I− γH(q))k − (I− γH(q))N+k,B0

〉
.

Repeating the computation in Lemma D.10,

I1 ≤
2(1 + ϵ̃)αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− (1 + ϵ̃)γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)
.
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I2 ≤ 1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞
.

In conclusion, if the stepsize satisfies γ < 1
(1+ϵ̃)αBtr(H(q))

,

bias ≤
2(1 + ϵ̃)αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− (1 + ϵ̃)γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)

+
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞
.

D.5 BOUNDING THE VARIANCE ERROR

The key part of bounding the variance error is to derive an upper bound for Ct and C
(M)
t .

Ct := (I − γT (q)
B )Ct−1 + γ2σ

(q)
G

2
H(q), C0 = 0.

C
(M)
t := (I − γT (q)

B + ϵ̃γ2M(q)
B )C

(M)
t−1 + γ2σ

(q)
M

2
H(q), C0 = 0.

We first estimate Ct:

Ct =(I − γT (q)
B ) ◦Ct−1 + γ2σ

(q)
G

2
H(q)

=(I − γT̃ (q)) ◦Ct−1 + γ(T̃ (q) − T (q)
B ) ◦Ct−1 + γ2σ

(q)
G

2
H(q)

=(I − γT̃ (q)) ◦Ct−1 + γ2(M(q)
B − M̃(q)) ◦Ct−1 + γ2σ

(q)
G

2
H(q)

⪯(I − γT̃ (q)) ◦Ct−1 + γ2M(q)
B ◦Ct−1 + γ2σ

(q)
G

2
H(q),

Similarly,

C
(M)
t =(I − γT (q)

B + ϵ̃γ2M(q)
B )C

(M)
t−1 + γ2σ

(q)
M

2
H(q)

=(I − γT̃ (q)) ◦Ct−1 + γ(T̃ (q) − T (q)
B + ϵ̃γM(q)

B ) ◦C(M)
t−1 + γ2σ

(q)
M

2
H(q)

=(I − γT̃ (q)) ◦C(M)
t−1 + γ2(M(q)

B − M̃(q) + ϵ̃γM(q)
B ) ◦C(M)

t−1 + γ2σ
(q)
M

2
H(q)

⪯(I − γT̃ (q)) ◦C(M)
t−1 + γ2(1 + ϵ̃)M(q)

B ◦C(M)
t−1 + γ2σ

(q)
M

2
H(q).

Lemma D.12. (A bound for M(q)
B ◦ Ct) For t ≥ 1, under Assumption 3.1-3.4, if the stepsize

γ ≤ 1
αBtr(H(q))

, then

M(q)
B ◦Ct ⪯ M(q)

B ◦Ct ⪯
αBtr(H

(q))γσ
(q)
G

2

1− γαBtr(H(q))
H(q).

Proof. The main goal is to derive a crude upper bound for Ct. Denote Σ = σ
(q)
G

2
H(q).

Step 1: Ct is increasing.

Ct = (I − γT (q)
B ) ◦Ct−1 + γ2Σ

= γ2
t−1∑
k=0

(I − γT (q)
B )k ◦Σ (solving the recursion)

= Ct−1 + γ2(I − γT (q)
B )t−1 ◦Σ

⪰ Ct−1. (since I − γT (q)
B is a PSD mapping).
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Step 2: C∞ exists. It suffices to show that tr(Ct) is uniformly upper bounded. To be specific, for
any t ≥ 1,

Ct = γ2
t−1∑
k=0

(I − γT (q)
B )k ◦Σ ⪯ γ2

∞∑
t=0

(I − γT (q)
B )t ◦Σ.

Then

tr(Ct) ≤ γ2
∞∑
t=0

tr
(
(I − γT (q)

B )t ◦Σ
)
:= γ2

∞∑
t=0

tr(Et) ≤
γ tr(Σ)

λd
< ∞,

where the second inequality holds by the iteration:

tr(Et) = tr(Et−1)− 2γtr(H(q)Et−1) + γ2tr

(
Et−1E

[
1

B2
X(q)⊤X(q)X(q)⊤X(q)

])
≤ tr(Et−1)− (2γ − γ2αBtr(H

(q))) tr(H(q)Et−1)

≤ tr
(
(I− γH(q))Et−1

)
≤ (1− γλd) tr(Et−1),

where the first inequality holds by Assumption 3.3, the second inequality holds if γ ≤ 1
αBtr(H(q))

.

Step 3: upper bound C∞.

C∞ = (I − γT (q)
B ) ◦C∞ + γ2Σ,

which immediately implies

C∞ = γT (q)
B

−1
◦Σ.

We provide the upper bound by applying T̃ (q).

T̃ (q) ◦C∞ = T (q)
B ◦C∞ + γM(q)

B ◦C∞ − γM̃(q) ◦C∞

= γΣ+ γM(q)
B ◦C∞ − γM̃(q) ◦C∞

⪯ γΣ+ γM(q)
B ◦C∞.

That is,

T̃ (q) ◦C∞ ⪯ γσ
(q)
G

2
H(q) + γM(q)

B ◦C∞.

Therefore,

C∞ ⪯ γσ
(q)
G

2
· (T̃ (q))−1 ◦H(q) + γ(T̃ (q))−1 ◦M(q)

B ◦C∞

⪯ γσ
(q)
G

2
·

∞∑
t=0

(γ(T̃ (q))−1 ◦M(q)
B )t ◦ (T̃ (q))−1 ◦H(q). (solving the recursion)

We first deal with (T̃ (q))−1 ◦H(q).

(T̃ (q))−1 ◦H(q) = γ

∞∑
t=0

(I − γT̃ (q))t ◦H(q)

= γ

∞∑
t=0

(I− γH(q))tH(q)(I− γH(q))t

⪯ γ

∞∑
t=0

(I− γH(q))tH(q)

= I.
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Hence,

C∞ ⪯ γσ
(q)
G

2
·

∞∑
t=0

(γ(T̃ (q))−1 ◦M(q)
B )t ◦ I

= γσ
(q)
G

2
·

∞∑
t=0

(γ(T̃ (q))−1 ◦M(q)
B )t−1γ(T̃ (q))−1 ◦M(q)

B ◦ I

⪯ γσ
(q)
G

2
·

∞∑
t=0

(γ(T̃ (q))−1 ◦M(q)
B )t−1 ◦ γαBtr(H

(q))I

⪯ γσ
(q)
G

2
·

∞∑
t=0

(
γαBtr(H

(q))
)t

I

=
γσ

(q)
G

2

1− γαBtr(H(q))
I.

Here we complete deriving a crude upper bound for Ct:

Ct ⪯
γσ

(q)
G

2

1− γαBtr(H(q))
I.

Then

M(q)
B ◦Ct ⪯

αBtr(H
(q))γσ

(q)
G

2

1− γαBtr(H(q))
H(q).

Lemma D.13. (A bound for M(q)
B ◦ C

(M)
t ) For t ≥ 1, under Assumption 3.1-3.4, if the stepsize

γ ≤ 1
(1+ϵ̃)αBtr(H(q))

, then

M(q)
B ◦Ct ⪯

αBtr(H
(q))γσ

(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))
H(q).

Proof. The main goal is to derive a crude upper bound for C(M)
t . Similar to the proof for Lemma

D.12, we merely need to upper bound C∞:

C∞ = γ(T (q)
B − ϵ̃γM(q)

B )−1 ◦ σ(q)
M

2
H(q).

We provide the upper bound by applying T̃ (q).

T̃ (q) ◦C∞ = (T (q)
B − ϵ̃γM(q)

B ) ◦C∞ + (1 + ϵ̃)γM(q)
B ◦C∞ − γM̃(q) ◦C∞

= γσ
(q)
M

2
H(q) + (1 + ϵ̃)γM(q)

B ◦C∞ − γM̃(q) ◦C∞

⪯ γσ
(q)
M

2
H(q) + (1 + ϵ̃)γM(q)

B ◦C∞.

Therefore,

C∞ ⪯ γσ
(q)
M

2
· (T̃ (q))−1 ◦H(q) + (1 + ϵ̃)γ(T̃ (q))−1 ◦M(q)

B ◦C∞

⪯ γσ
(q)
M

2
·

∞∑
t=0

((1 + ϵ̃)γ(T̃ (q))−1 ◦M(q)
B )t ◦ (T̃ (q))−1 ◦H(q). (solving the recursion)

By the computation in the proof for Lemma D.12,

(T̃ (q))−1 ◦H(q) ⪯ I.

31



1674
1675
1676
1677
1678
1679
1680
1681
1682
1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1707
1708
1709
1710
1711
1712
1713
1714
1715
1716
1717
1718
1719
1720
1721
1722
1723
1724
1725
1726
1727

Under review as a conference paper at ICLR 2026

Hence,

C∞ ⪯ γσ
(q)
M

2
·

∞∑
t=0

((1 + ϵ̃)γ(T̃ (q))−1 ◦M(q)
B )t ◦ I

= γσ
(q)
M

2
·

∞∑
t=0

((1 + ϵ̃)γ(T̃ (q))−1 ◦M(q)
B )t−1(1 + ϵ̃)γ(T̃ (q))−1 ◦M(q)

B ◦ I

⪯ γσ
(q)
M

2
·

∞∑
t=0

((1 + ϵ̃)γ(T̃ (q))−1 ◦M(q)
B )t−1 ◦ (1 + ϵ̃)γαBtr(H

(q))I

⪯ γσ
(q)
M

2
·

∞∑
t=0

(
(1 + ϵ̃)γαBtr(H

(q))
)t

I

=
γσ

(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))
I.

Then

M(q)
B ◦Ct ⪯

αBtr(H
(q))γσ

(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))
H(q).

Lemma D.14. (A bound for variance) Under Assumption 3.1-3.4, if the stepsize satisfies γ <
1

αBtr(H(q))
, then

variance ≤
σ
(q)
G

2

1− γαBtr(H(q))

(
k∗

N
+Nγ2 ·

∑
i>k∗

(λ
(q)
i )2

)
.

Proof. Applying Lemma D.12,

Ct ⪯(I − γT̃ (q)) ◦Ct−1 + γ2M(q)
B ◦Ct−1 + γ2σ

(q)
G

2
H(q)

⪯(I − γT̃ (q)) ◦Ct−1 +
γ2αBtr(H

(q))γσ
(q)
G

2

1− γαBtr(H(q))
H(q) + γ2σ

(q)
G

2
H(q)

⪯(I − γT̃ (q)) ◦Ct−1 +
γ2σ

(q)
G

2

1− γαBtr(H(q))
H(q)

⪯
γ2σ

(q)
G

2

1− γαBtr(H(q))
·
t−1∑
k=0

(I − γT̃ (q))k ◦H(q) (solving the recursion)

=
γ2σ

(q)
G

2

1− γαBtr(H(q))
·
t−1∑
k=0

(I− γH(q))kH(q)(I− γH(q))k

⪯
γ2σ

(q)
G

2

1− γαBtr(H(q))
·
t−1∑
k=0

(I− γH(q))kH(q)

=
γσ

(q)
G

2

1− γαBtr(H(q))
·
(
I− (I− γH(q))t

)
.

(7)
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After providing a refined bound for Ct, we are ready to bound the variance.

variance =
1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−tH(q),Ct

〉
=

1

γN2

N−1∑
t=0

〈
I− (I− γH(q))N−t,Ct

〉

≤ 1

γ2N2

γ2σ
(q)
G

2

1− γαBtr(H(q))

N−1∑
t=0

〈
I− (I− γH(q))N−t, I− (I− γH(q))t

〉

=
1

γ2N2

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

N−1∑
t=0

[
1− (1− γλ

(q)
i )N−t

] [
1− (1− γλ

(q)
i )t

]

≤ 1

γ2N2

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

N−1∑
t=0

[
1− (1− γλ

(q)
i )N

] [
1− (1− γλ

(q)
i )N

]

=
1

γ2N

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

[
1− (1− γλ

(q)
i )N

]2
≤ 1

γ2N

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

min
{
1, γ2N2(λ

(q)
i )2

}

≤ 1

γ2N

γ2σ
(q)
G

2

1− γαBtr(H(q))

(
k∗ +N2γ2 ·

∑
i>k∗

(λ
(q)
i )2

)

=
σ
(q)
G

2

1− γαBtr(H(q))

(
k∗

N
+Nγ2 ·

∑
i>k∗

(λ
(q)
i )2

)
.

Hence,

variance ≤
σ
(q)
G

2

1− γαBtr(H(q))

(
k∗

N
+Nγ2 ·

∑
i>k∗

(λ
(q)
i )2

)
.

Lemma D.15. (A bound for variance under multiplicative quantization) Under Assumption 3.1-
3.4, if the stepsize satisfies γ < 1

(1+ϵ̃)αBtr(H(q))
, if there exist ϵd, ϵl, ϵp, ϵa and ϵo such that for any

i ∈ {d, l, p, a, o}, quantization Qi is ϵi-multiplicative, then

variance ≤
σ
(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))

(
k∗

N
+Nγ2 ·

∑
i>k∗

(λ
(q)
i )2

)
.

Proof. Applying Lemma D.13, and repeating the computation in the proof for Lemma D.14,

Ct ⪯(I − γT̃ (q)) ◦Ct−1 + γ2(1 + ϵ̃)M(q)
B ◦Ct−1 + γ2σ

(q)
M

2
H(q)

⪯(I − γT̃ (q)) ◦Ct−1 + γ2(1 + ϵ̃)
αBtr(H

(q))γσ
(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))
H(q) + γ2σ

(q)
M

2
H(q)

=(I − γT̃ (q)) ◦Ct−1 +
γ2σ

(q)
M

2
H(q)

1− (1 + ϵ̃)γαBtr(H(q))
H(q)

⪯
γσ

(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))
·
(
I− (I− γH(q))t

)
.
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Therefore, repeating the procedure in the proof for Lemma D.14,

variance ≤
σ
(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))

(
k∗

N
+Nγ2 ·

∑
i>k∗

(λ
(q)
i )2

)
,

Lemma D.16. Under Assumption 3.1-3.4, if the stepsize satisfies γ < 1
αBtr(H(q))

, then

R2 ≤
2αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)

+
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

+
σ
(q)
G

2

1− γαBtr(H(q))

(
k∗

N
+Nγ2 ·

∑
i>k∗

(λ
(q)
i )2

)
.

Proof. The proof is immediately completed by Lemma D.10 and Lemma D.14.

Lemma D.17. Under Assumption 3.1-3.4, if the stepsize satisfies γ < 1
(1+ϵ̃)αBtr(H(q))

, if there exist
ϵd, ϵl, ϵp, ϵa and ϵo such that for any i ∈ {d, l, p, a, o}, quantization Qi is ϵi-multiplicative, then

R2 ≤
2(1 + ϵ̃)αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− (1 + ϵ̃)γαB tr(H(q)))

·

(
k∗

N
+Nγ2

∑
i>k∗

(λ
(q)
i )2

)

+
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

+
σ
(q)
M

2

1− (1 + ϵ̃)γαBtr(H(q))

(
k∗

N
+Nγ2 ·

∑
i>k∗

(λ
(q)
i )2

)
.

Proof. The proof is immediately completed by Lemma D.11 and Lemma D.15.

E ANALYSIS OF R1

R1 =
1

2
E
[
(y −Ql(y))

2
]
+

1

2
E
[
⟨wN ,Qd(x)− x⟩2

]
=
1

2
E
[
(y −Ql(y))

2
]
+

1

2
E
[
w⊤

NDwN

]
=
1

2
E
[
(y −Ql(y))

2
]
+

1

2
E
[
(ηN +w(q)∗)⊤D(ηN +w(q)∗)

]
=
1

2
E
[
(y −Ql(y))

2
]
+

1

2
E
[
η⊤
NDηN

]
+

1

2
E
[
w(q)∗⊤Dw(q)∗

]
+ E

[
η⊤
NDw(q)∗

]
≤1

2
E
[
(y −Ql(y))

2
]
+ E

[
η⊤
NDηN

]
+ E

[
w(q)∗⊤Dw(q)∗

]
≤1

2
E
[
(y −Ql(y))

2
]
+ ⟨D,E [ηN ⊗ ηN ]⟩+ E

[
w(q)∗⊤Dw(q)∗

]
.

E.1 MULTIPLICATIVE DATA QUANTIZATION

Lemma E.1. If there exist ϵd, ϵl, ϵp, ϵa and ϵo such that for any i ∈ {d, l, p, a, o}, quantization Qi

is ϵi-multiplicative, then

R1 ≤
E
[(
ϵ(l)
)2]

2
+

2ϵd
1 + ϵd

R2 +
ϵd

(1 + ϵd)2
∥w∗∥2H.
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E.2 GENERAL DATA QUANTIZATION

Lemma E.2. Under Assumption 3.1-3.4, if the stepsize satisfies γ < 1
αBtr(H(q))

then

R1 ≤
E
[(
ϵ(l)
)2]

2
+ 2∥D∥(B + V) + ∥w∗∥2

H(H+D)−1D(H+D)−1H
,

where

B ≤
2αB

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
Nγ(1− γαB tr(H(q)))

∑
i≤k∗

1

Nλ
(q)
i

+Nγ2
∑
i>k∗

λ
(q)
i


+

1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−2
+ ∥w0 −w(q)∗∥2

I
(q)

k∗:∞
,

V ≤
σ
(q)
G

2

1− γαBtr(H(q))

∑
i≤k∗

1

Nλ
(q)
i

+
∑
i>k∗

γ2Nλ
(q)
i

 .

Proof. It suffices to prove

⟨D,E [ηN ⊗ ηN ]⟩ ≤ 2∥D∥(B + V).

Firstly,

⟨D,E [ηN ⊗ ηN ]⟩ ≤ ∥D∥tr (E [ηN ⊗ ηN ]) .

Secondly, from the computation in the analysis of R2,

E [ηN ⊗ ηN ] ≤ 1

N2
·
N−1∑
t=0

N−1∑
k=t

(
(I− γH(q))k−tE[ηt ⊗ ηt] + E[ηt ⊗ ηt](I− γH(q))k−t

)
.

Hence,

1

2
tr (E [ηN ⊗ ηN ]) ≤ 1

2N2
·
N−1∑
t=0

N−1∑
k=t

tr
(
(I− γH(q))k−tE[ηt ⊗ ηt] + E[ηt ⊗ ηt](I− γH(q))k−t

)
=

1

N2
·
N−1∑
t=0

N−1∑
k=t

tr
(
(I− γH(q))k−tE[ηt ⊗ ηt]

)
≤ 1

N2
·
N−1∑
t=0

N−1∑
k=t

tr
(
(I− γH(q))k−tBt

)
︸ ︷︷ ︸

B

+
1

N2
·
N−1∑
t=0

N−1∑
k=t

tr
(
(I− γH(q))k−tCt

)
︸ ︷︷ ︸

V

.
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We then focus on bounding B and V. By (6),

B =
1

N2
·
N−1∑
t=0

N−1∑
k=t

tr
(
(I− γH(q))k−tBt

)
=

1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−t,Bt

〉
=

1

γN2
·
N−1∑
t=0

〈(
I− (I− γH(q))N−t

)
(H(q))−1,Bt

〉
≤ 1

γN2
·

〈(
I− (I− γH(q))N

)
(H(q))−1,

N−1∑
t=0

Bt

〉

≤ 1

γN2

N−1∑
k=0

〈(
I− (I− γH(q))N

)
(H(q))−1, (I− γH(q))k

(
γαB · tr (B0,N )

1− γαB tr(H(q))
·H(q) +B0

)
(I− γH(q))k

〉

=
1

γN2

N−1∑
k=0

〈(
(I− γH(q))2k − (I− γH(q))N+2k

)
(H(q))−1,

(
γαB · tr (B0,N )

1− γαB tr(H(q))
·H(q) +B0

)〉

≤ 1

γN2

N−1∑
k=0

〈(
(I− γH(q))k − (I− γH(q))N+k

)
(H(q))−1,

(
γαB · tr (B0,N )

1− γαB tr(H(q))
·H(q) +B0

)〉
:=I3 + I4,

where

I3 =
1

γN2

N−1∑
k=0

〈(
(I− γH(q))k − (I− γH(q))N+k

)
,
γαB · tr (B0,N )

1− γαB tr(H(q))
· I
〉
,

I4 =
1

γN2

N−1∑
k=0

〈(
(I− γH(q))k − (I− γH(q))N+k

)
(H(q))−1,B0

〉
.

Regarding I3,

I3 =
αB · tr (B0,N )

N2(1− γαB tr(H(q)))

N−1∑
k=0

∑
i

[
(1− γλ

(q)
i )k − (1− γλ

(q)
i )N+k

]
=

αB · tr (B0,N )

N2(1− γαB tr(H(q)))

∑
i

[
1− (1− γλ

(q)
i )N

]N−1∑
k=0

(1− γλ
(q)
i )k

=
αB · tr (B0,N )

γN2(1− γαB tr(H(q)))

∑
i

[
1− (1− γλ

(q)
i )N

]2
(λ

(q)
i )−1

≤ αB · tr (B0,N )

γN2(1− γαB tr(H(q)))

∑
i

min
{
(λ

(q)
i )−1, γ2N2λ

(q)
i

}

≤ αB tr(B0,N )

γ(1− γαB tr(H(q)))
·

∑
i≤k∗

1

N2λ
(q)
i

+ γ2
∑
i>k∗

λ
(q)
i

 .

Note that
tr(B0,N ) ≤ 2(∥w0 −w(q)∗∥2I0:k∗ +Nγ∥w0 −w(q)∗∥2Hk∗:∞

),

hence,

I3 ≤
2αB

(
∥w0 −w(q)∗∥2I0:k∗ +Nγ∥w0 −w(q)∗∥2Hk∗:∞

)
Nγ(1− γαB tr(H(q)))

∑
i≤k∗

1

Nλ
(q)
i

+Nγ2
∑
i>k∗

λ
(q)
i

 .
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Regarding I4, decompose H(q) = V(q)Λ(q)V(q)⊤, note that B0 = η0η
⊤
0 , it can be shown that the

diagonal entries of V(q)⊤B0V
(q) are ω2

1 , . . . , where ωi = v
(q)
i

⊤
η0 = v

(q)
i

⊤
(w0 −w(q)∗). Hence,

I4 =
1

γN2

N−1∑
k=0

∑
i

[
(1− γλ

(q)
i )k − (1− γλ

(q)
i )N+k

]
(λ

(q)
i )−1ω2

i

=
1

γN2

∑
i

[
1− (1− γλ

(q)
i )N

]
(λ

(q)
i )−1ω2

i

N−1∑
k=0

(1− γλ
(q)
i )k

=
1

γ2N2

∑
i

ω2
i

(λ
(q)
i )2

[
1− (1− γλ

(q)
i )N

]2
≤ 1

γ2N2
·
∑
i≤k∗

ω2
i

(λ
(q)
i )2

+
∑
i>k∗

ω2
i

=
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−2
+ ∥w0 −w(q)∗∥2

I
(q)

k∗:∞
.

Therefore,

B ≤I3 + I4

≤
2αB

(
∥w0 −w(q)∗∥2I0:k∗ +Nγ∥w0 −w(q)∗∥2Hk∗:∞

)
Nγ(1− γαB tr(H(q)))

∑
i≤k∗

1

Nλ
(q)
i

+Nγ2
∑
i>k∗

λ
(q)
i


+

1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−2
+ ∥w0 −w(q)∗∥2

I
(q)

k∗:∞
.

37



1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009
2010
2011
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
2028
2029
2030
2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2045
2046
2047
2048
2049
2050
2051

Under review as a conference paper at ICLR 2026

By (7),

V =
1

N2
·
N−1∑
t=0

N−1∑
k=t

tr
(
(I− γH(q))k−tCt

)
=

1

N2
·
N−1∑
t=0

N−1∑
k=t

〈
(I− γH(q))k−t,Ct

〉
=

1

γN2
·
N−1∑
t=0

〈[
I− (I− γH(q))N−t

]
(H(q))−1,Ct

〉

≤ 1

γ2N2

γ2σ
(q)
G

2

1− γαBtr(H(q))

N−1∑
t=0

〈[
I− (I− γH(q))N−t

]
(H(q))−1, I− (I− γH(q))t

〉

=
1

γ2N2

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

N−1∑
t=0

[
1− (1− γλ

(q)
i )N−t

]
(λ

(q)
i )−1

[
1− (1− γλ

(q)
i )t

]

≤ 1

γ2N2

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

N−1∑
t=0

[
1− (1− γλ

(q)
i )N

]2
(λ

(q)
i )−1

=
1

γ2N

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

[
1− (1− γλ

(q)
i )N

]2
(λ

(q)
i )−1

=
1

γ2N

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i

min
{
(λ

(q)
i )−1, γ2N2λ

(q)
i

}

=
1

γ2

γ2σ
(q)
G

2

1− γαBtr(H(q))

∑
i≤k∗

1

Nλ
(q)
i

+
∑
i>k∗

γ2Nλ
(q)
i


≤

σ
(q)
G

2

1− γαBtr(H(q))

∑
i≤k∗

1

Nλ
(q)
i

+
∑
i>k∗

γ2Nλ
(q)
i

 .

F DEFERRING PROOFS

F.1 PROOF FOR THEOREM 4.1

Proof. By the fact that H(q) = H+D, Theorem 4.1 can be directly proved by Lemma A.2, Lemma
E.2, Lemma D.16, Lemma C.1 and Lemma B.1.

F.2 PROOF FOR THEOREM 4.2

We present another Theorem F.1 to provide precise excess risk bound rather than only in order and
prove Theorem F.1 in this section. By Theorem F.1, Theorem 4.2 can be immediately proved by the
fact that w(q)∗ = H(q)−1

Hw∗ and ϵi ≤ O(1).

Theorem F.1. Under Assumption 3.1-3.4 and notations in Theorem 4.1, if there exist ϵd, ϵl, ϵp, ϵa
and ϵo such that for any i ∈ {d, l, p, a, o}, quantization Qi is ϵi-multiplicative and the stepsize
satisfies γ < 1

αB(1+ϵd)(1+ϵ̃)tr(H) , then the excess risk can be upper bounded as follows.

E[E(wN )] ≤ ApproxErr +
1 + 3ϵd
1 + ϵd

VarErr +
1 + 3ϵd
1 + ϵd

BiasErr,
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where

ApproxErr = ∥w∗∥2H ·
(
3
2 + 1

2ϵd
)
ϵd

(1 + ϵd)2
+ ϵlE[y2],

VarErr =

(
k∗

N
+Nγ2(1 + ϵd)

2 ·
∑
i>k∗

λ2
i

)
σ
(q)
M

2

1− (1 + ϵ̃)γαB(1 + ϵd)tr (H)

+

(
k∗

N
+Nγ2(1 + ϵd)

2 ·
∑
i>k∗

λ2
i

) 2(1 + ϵ̃)αB

(
∥w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w(q)∗∥2

H
(q)

k∗:∞

)
Nγ [1− (1 + ϵ̃)γαB(1 + ϵd)tr (H)]

,

with

σ
(q)
M

2
:=

(1 + 4ϵo)σ
2

B
+

∥w∗∥2H
1 + ϵd

[4ϵo[(1 + ϵa)(1 + ϵp) + 1]αB + 2ϵa(1 + ϵp)αB + 2ϵpαB ],

ϵ̃ := 2ϵp + 4ϵo(1 + ϵa)(1 + ϵp) + 2ϵa(1 + ϵp).

Proof. By Lemma A.2, Lemma E.1, Lemma D.17, Lemma C.1 and Lemma B.1, applying the mul-
tiplicative condition, Theorem F.1 is immediately proved.

We would like to remark that, the multiplicative nature introduces additional complexity into the
update rule, resulting in an additional parameter ϵ̃ in VarErr. It is worth noting that when ϵp, ϵa, ϵo
are at most constant level, ϵ̃ is at most constant level and can therefore be merged.

F.3 PROOF FOR COROLLARY 4.1

We present Theorem F.2 to provide precise excess risk bound and prove Theorem F.2 in this section.
By Theorem F.2, Corollary 4.1 can be immediately proved by the fact that w(q)∗ = H(q)−1

Hw∗.

Theorem F.2. Under Assumption 3.1-3.4 and notations in Theorem 4.1, if there exist ϵd, ϵl, ϵp, ϵa
and ϵo such that for any i ∈ {d, l, p, a, o}, quantization Qi is ϵi-additive and the stepsize satisfies
γ < 1

γαBtr(H+ϵdI)
, then

E[E(wN )] ≤ ApproxErr + 2VarErr + 2BiasErr,

where

ApproxErr = ϵl +
3ϵd
2

∥w∗∥2H(H+ϵdI)
−1(H+ϵdI)

−1H +
ϵ2d
2
∥w∗∥2(H+ϵdI)−1H(H+ϵdI)−1 ,

VarErr =

σ
(q)
A

2
+ 2αB

Nγ

(
∥w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w(q)∗∥2

H
(q)

k∗:∞

)
1− γαBtr (H+ ϵdI)

(
k∗

N
+Nγ2

∑
i>k∗

(λi + ϵd)
2

)
,

with σ
(q)
A

2
= ϵo+ϵa

B + αBϵptr (H+ ϵdI) +
σ2

B .

Proof. By Theorem 4.1 and the additive condition, Theorem F.2 is immediately proved.

F.4 PROOF FOR THE MULTIPLICATIVE STATEMENT IN COROLLARY 4.2

Proof. We prove by applying Theorem F.1. Denote k∗0 = max
{
k : λk ≥ 1

Nγ

}
, the key of the proof

is to convert k∗ into k∗0 . We first handle some norms. Note that for k∗0 < i ≤ k∗, 1
Nγ ≤ λ

(q)
i . Then
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it holds

∥w0 −w(q)∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

=∥w0 −w(q)∗∥2
I
(q)

0:k∗
0

+ ∥w0 −w(q)∗∥2
I
(q)

k∗
0 :k∗

−Nγ∥w0 −w(q)∗∥2
H

(q)

k∗
0 :k∗

+Nγ∥w0 −w(q)∗∥2
H

(q)

k∗
0 :∞

≤∥w0 −w(q)∗∥2
I
(q)

0:k∗
0

+Nγ∥w0 −w(q)∗∥2
H

(q)

k∗
0 :∞

=∥w0 −w(q)∗∥2I0:k∗
0

+ (1 + ϵd)Nγ∥w0 −w(q)∗∥2Hk∗
0 :∞

≤2∥w0 −w∗∥2I0:k∗
0

+ 2∥w∗ −w(q)∗∥2I0:k∗
0

+ 2(1 + ϵd)Nγ∥w0 −w∗∥2Hk∗
0 :∞

+ 2(1 + ϵd)Nγ∥w∗ −w(q)∗∥2Hk∗
0 :∞

≤2∥w0 −w∗∥2I0:k∗
0

+ 2(1 + ϵd)Nγ∥w0 −w∗∥2Hk∗
0 :∞

+2∥w∗∥2D(H+D)−1I0:k∗
0
(H+D)−1D + 2(1 + ϵd)Nγ∥w∗∥2D(H+D)−1Hk∗

0 :∞(H+D)−1D,

and

1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

=
1

γ2N2
·
(
∥w0 −w(q)∗∥2

(H
(q)

0:k∗
0
)−1

+ ∥w0 −w(q)∗∥2
(H

(q)

k∗
0 :k∗ )

−1

)
− ∥w0 −w(q)∗∥2

H
(q)

k∗
0 :k∗

+ ∥w0 −w(q)∗∥2
H

(q)

k∗
0 :∞

≤ 1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗
0
)−1

+ ∥w0 −w(q)∗∥2
H

(q)

k∗
0 :∞

=
1

(1 + ϵd)γ2N2
· ∥w0 −w(q)∗∥2(H0:k∗

0
)−1 + (1 + ϵd)∥w0 −w(q)∗∥2Hk∗

0 :∞

≤ 2

(1 + ϵd)γ2N2
· ∥w0 −w∗∥2(H0:k∗

0
)−1 + 2(1 + ϵd)∥w0 −w∗∥2Hk∗

0 :∞

+
2

(1 + ϵd)γ2N2
· ∥w∗ −w(q)∗∥2(H0:k∗

0
)−1 + 2(1 + ϵd)∥w∗ −w(q)∗∥2Hk∗

0 :∞

=
2

(1 + ϵd)γ2N2
· ∥w0 −w∗∥2(H0:k∗

0
)−1 + 2(1 + ϵd)∥w0 −w∗∥2Hk∗

0 :∞

+
2

(1 + ϵd)γ2N2
∥w∗∥2

D(H+D)−1H−1
0:k∗

0
(H+D)−1D

+ 2(1 + ϵd)∥w∗∥2D(H+D)−1Hk∗
0 :∞(H+D)−1D.

We second handle

k∗

N
+Nγ2(1 + ϵd)

2 ·
∑
i>k∗

λ2
i .

Note that for k∗0 < i ≤ k∗, 1
Nγ(1+ϵd)

≤ λi <
1

Nγ . Hence,

k∗

N
+Nγ2(1 + ϵd)

2 ·
∑
i>k∗

λ2
i

=
k∗0
N

+
k∗ − k∗0

N
−Nγ2(1 + ϵd)

2 ·
∑

k∗
0<i≤k∗

λ2
i +Nγ2(1 + ϵd)

2 ·
∑
i>k∗

0

λ2
i

≤k∗0
N

+
k∗ − k∗0

N
−Nγ2(1 + ϵd)

2(k∗ − k∗0)
1

N2γ2(1 + ϵd)2
+Nγ2(1 + ϵd)

2 ·
∑
i>k∗

0

λ2
i

=
k∗0
N

+Nγ2(1 + ϵd)
2 ·
∑
i>k∗

0

λ2
i .
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Therefore, applying Theorem F.1 we have

E[E(wN )]

≤∥w∗∥2H ·
(
3
2 + 1

2ϵd
)
ϵd

(1 + ϵd)2
+ ϵlE[y2]

+

k∗0
N

+Nγ2(1 + ϵd)
2 ·
∑
i>k∗

0

λ2
i

 · 1 + 3ϵd
1 + ϵd

·
σ
(q)
M

2

1− (1 + ϵ̃)γαB(1 + ϵd)tr (H)

+

k∗0
N

+Nγ2(1 + ϵd)
2 ·
∑
i>k∗

0

λ2
i

 · 1 + 3ϵd
1 + ϵd

·
4(1 + ϵ̃)αB

(
∥w0 −w∗∥2I0:k∗

0

+Nγ(1 + ϵd)∥w0 −w∗∥2Hk∗
0 :∞

)
Nγ [1− (1 + ϵ̃)γαB(1 + ϵd)tr (H)]

+

k∗0
N

+Nγ2(1 + ϵd)
2 ·
∑
i>k∗

0

λ2
i

 · 1 + 3ϵd
1 + ϵd

·
4(1 + ϵ̃)αB

[
ϵ2d

(1+ϵd)2
∥w∗∥2I0:k∗

0

+
ϵ2d

1+ϵd
Nγ∥w∗∥2Hk∗

0 :∞

]
Nγ [1− (1 + ϵ̃)γαB(1 + ϵd)tr (H)]

+

[
2

(1 + ϵd)γ2N2
· ∥w0 −w∗∥2(H0:k∗

0
)−1 + 2(1 + ϵd)∥w0 −w∗∥2Hk∗

0 :∞

]
· 1 + 3ϵd
1 + ϵd

+

[
2ϵ2d

(1 + ϵd)3γ2N2
∥w∗∥2

H−1
0:k∗

0

+ 2
ϵ2d

1 + ϵd
∥w∗∥2Hk∗

0 :∞

]
· 1 + 3ϵd
1 + ϵd

.

Denote the standard excess risk bound (Zou et al., 2023)

R0 = EffectiveVarI + EffectiveVarI + EffectiveBias,

where

EffectiveVarI =

k∗0
N

+Nγ2 ·
∑
i>k∗

0

λ2
i

 4αB

(
∥w0 −w∗∥2I0:k∗

0

+Nγ∥w0 −w∗∥2Hk∗
0 :∞

)
Nγ [1− γαBtr (H)]

,

EffectiveVarII =

k∗0
N

+Nγ2 ·
∑
i>k∗

0

λ2
i

 1

B

σ2

1− γαBtr (H)
,

EffectiveBias =
2

γ2N2
· ∥w0 −w∗∥2(H0:k∗

0
)−1 + 2∥w0 −w∗∥2Hk∗

0 :∞
,

with k∗0 = max
{
k : λk ≥ 1

Nγ

}
. Denote C0 =

k∗
0

N +Nγ2(1+ϵd)
2·
∑

i>k∗
0
λ2
i

k∗
0

N +Nγ2·
∑

i>k∗
0
λ2
i

, then

E[E(wN )] ≲ ∥w∗∥2H
ϵd

1 + ϵd
+ ϵl + C0(1 + ϵ̃)(1 + ϵd)EffectiveVarI

+
σ
(q)
M

2

σ2/B
C0EffectiveVarII + (1 + ϵd)EffectiveBias.

Therefore, if

ϵl ≤ O (R0) , ϵp, ϵa, ϵo ≤ O

(
σ2

B∥w∗∥2H
∧ 1

)
, ϵd ≤ O

(
R0

∥w∗∥2H
∧ 1

)
.

then

E[E(wN )] ≤ O(R0).
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F.5 PROOF FOR THE ADDITIVE STATEMENT IN COROLLARY 4.2

Proof. We prove by applying Theorem F.2. We begin by handling k∗

N +Nγ2 ·
∑

i>k∗ λi (H+D)
2
.

For k∗0 < i ≤ k∗, λi (H+D) ≥ 1
Nγ . Hence,

k∗

N
+Nγ2

∑
i>k∗

λ2
i (H+D) =

k∗0
N

+
k∗ − k∗0

N
−Nγ2

∑
k∗
0<i≤k∗

λ2
i (H+D) +Nγ2

∑
i>k∗

0

λ2
i (H+D)

=
k∗0
N

+Nγ2
∑
i>k∗

0

λ2
i (H+D) .

We next handle some norms. A key observation is that for D = ϵdI, H(q) = H + D has same
eigenvectors as H.

We first cope with

∥w0 −w(q)∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

≤2∥w0 −w∗∥2
I
(q)
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H
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+ 2∥w∗ −w(q)∗∥2

I
(q)

0:k∗
+ 2Nγ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞
.

Regarding ∥w0 −w∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w∗∥2

H
(q)

k∗:∞
,

∥w0 −w∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w∗∥2

H
(q)

k∗:∞

=∥w0 −w∗∥2
I
(q)

0:k∗
0

+ ∥w0 −w∗∥2
I
(q)

k∗
0 :k∗

−Nγ∥w0 −w∗∥2
H

(q)

k∗
0 :k∗

+Nγ∥w0 −w∗∥2
H

(q)

k∗
0 :∞

≤∥w0 −w∗∥2
I
(q)

0:k∗
0

+Nγ∥w0 −w∗∥2
H

(q)

k∗
0 :∞

.

Regarding ∥w∗ −w(q)∗∥2
I
(q)

0:k∗
+Nγ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞
,

∥w∗ −w(q)∗∥2
I
(q)

0:k∗
+Nγ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

=w∗⊤D(H+D)−1I
(q)
0:k∗(H+D)−1Dw∗ +Nγw∗⊤D(H+D)−1H

(q)
k∗:∞(H+D)−1Dw∗

=
∑
i≤k∗

ϵ2d

(λ
(q)
i )2

(w∗⊤vi)
2 +

∑
i>k∗

Nγϵ2d

λ
(q)
i

(w∗⊤vi)
2

≤∥w∗∥2
I
(q)

0:k∗
+Nγ∥w∗∥2

H
(q)

k∗:∞

=∥w∗∥2
I
(q)

0:k∗
0

+ ∥w∗∥2
I
(q)

k∗
0 :k∗

−Nγ∥w∗∥2
H

(q)

k∗
0 :k∗

+Nγ∥w∗∥2
H

(q)

k∗
0 :∞

≤∥w∗∥2
I
(q)

0:k∗
0

+Nγ∥w∗∥2
H

(q)

k∗
0 :∞

.

Further note that

Nγ∥w∗∥2
H

(q)

k∗
0 :∞

=Nγ
∑
i>k∗

0

(w∗⊤vi)
2(λi + ϵd)

=Nγ
∑
i>k∗

0

(w∗⊤vi)
2λi +Nγ

∑
i>k∗

0

(w∗⊤vi)
2ϵd

=Nγ∥w∗∥2Hk∗
0 :∞

+ ϵdNγ∥w∗∥2Ik∗
0 :∞

,

and similarly,

Nγ∥w0 −w∗∥2
H

(q)

k∗
0 :∞

= Nγ∥w0 −w∗∥2Hk∗
0 :∞

+ ϵdNγ∥w0 −w∗∥2Ik∗
0 :∞

,
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hence,

∥w0 −w(q)∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

≤2∥w0 −w∗∥2
I
(q)

0:k∗
+ 2Nγ∥w0 −w∗∥2

H
(q)

k∗:∞
+ 2∥w∗ −w(q)∗∥2

I
(q)

0:k∗
+ 2Nγ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤2∥w0 −w∗∥2
I
(q)

0:k∗
0

+ 2Nγ∥w0 −w∗∥2
H

(q)

k∗
0 :∞

+ 2∥w∗∥2
I
(q)

0:k∗
0

+ 2Nγ∥w∗∥2
H

(q)

k∗
0 :∞

=2∥w0 −w∗∥2I0:k∗
0

+ 2Nγ∥w0 −w∗∥2Hk∗
0 :∞

+2∥w∗∥2I0:k∗
0

+ 2Nγ∥w∗∥2Hk∗
0 :∞

+ 2ϵdNγ
(
∥w0 −w∗∥2Ik∗

0 :∞
+ ∥w∗∥2Ik∗

0 :∞

)
.

We second cope with
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

≤ 2

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w0 −w∗∥2

H
(q)

k∗:∞
+

2

γ2N2
· ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w∗ −w(q)∗∥2

H
(q)

k∗:∞
.

Regarding 1
γ2N2 · ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w∗∥2

H
(q)

k∗:∞
,

1

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w∗∥2

H
(q)

k∗:∞

=
1

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗
0
)−1

+
1

γ2N2
· ∥w0 −w∗∥2

(H
(q)

k∗
0 :k∗ )

−1
− ∥w0 −w∗∥2

H
(q)

k∗
0 :k∗

+ ∥w0 −w∗∥2
H

(q)

k∗
0 :∞

≤ 1

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗
0
)−1

+ ∥w0 −w∗∥2
H

(q)

k∗
0 :∞

=
1

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗
0
)−1

+ ∥w0 −w∗∥2Hk∗
0 :∞

+ ϵ∥w0 −w∗∥2Ik∗
0 :∞

.

Regarding 1
γ2N2 · ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞
,

1

γ2N2
· ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

=
1

γ2N2

∑
i≤k∗

ϵ2d

(λ
(q)
i )2

1

λ
(q)
i

(w∗⊤vi)
2 +

∑
i>k∗

ϵ2d

(λ
(q)
i )2

λ
(q)
i (w∗⊤vi)

2

≤ 1

γ2N2
∥w∗∥2

(H
(q)

0:k∗ )−1
+ ∥w∗∥2

H
(q)

k∗:∞

≤ 1

γ2N2
∥w∗∥2

(H
(q)

0:k∗
0
)−1

+ ∥w∗∥2
H

(q)

k∗
0 :∞

=
1

γ2N2
∥w∗∥2

(H
(q)

0:k∗
0
)−1

+ ∥w∗∥2Hk∗
0 :∞

+ ϵd∥w∗∥2Ik∗
0 :∞

.

Further note that

∥w∗∥2
(H

(q)

0:k∗
0
)−1

=
∑
i≤k∗

0

(w∗⊤vi)
2

λi + ϵd
≤
∑
i≤k∗

0

(w∗⊤vi)
2

λi
= ∥w∗∥2(H0:k∗

0
)−1 ,

hence
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

≤ 2

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w0 −w∗∥2

H
(q)

k∗:∞
+

2

γ2N2
· ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤ 2

γ2N2
· ∥w0 −w∗∥2(H0:k∗

0
)−1 + 2∥w0 −w∗∥2Hk∗

0 :∞

+
2

γ2N2
∥w∗∥2(H0:k∗

0
)−1 + 2∥w∗∥2Hk∗

0 :∞
+ 2ϵd

(
∥w∗∥2Ik∗

0 :∞
+ ∥w0 −w∗∥2Ik∗

0 :∞

)
.
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Finally, adopting in Theorem F.2,

E[E(wN )]

≤ϵl +
3ϵd
2

∥w∗∥2H(H+ϵdI)
−1(H+ϵdI)

−1H +
ϵ2d
2
∥w∗∥2(H+ϵdI)−1H(H+ϵdI)−1

+2
Nγσ

(q)
A

2
+ 4αB

(
∥w0 −w∗∥2I0:k∗

0

+Nγ∥w0 −w∗∥2Hk∗
0 :∞

)
Nγ(1− γαB tr(H+ ϵdI))

·

k∗0
N

+Nγ2
∑
i>k∗

0

(λi + ϵd)
2


+
8αB

[
∥w∗∥2I0:k∗

0

+Nγ∥w∗∥2Hk∗
0 :∞

+ ϵdNγ
(
∥w0 −w∗∥2Ik∗

0 :∞
+ ∥w∗∥2Ik∗

0 :∞

)]
Nγ(1− γαB tr(H+ ϵdI))

·

k∗0
N

+Nγ2
∑
i>k∗

0

(λi + ϵd)
2


+

4

γ2N2
· ∥w0 −w∗∥2(H0:k∗

0
)−1 + 4∥w0 −w∗∥2Hk∗

0 :∞

+
4

γ2N2
∥w∗∥2(H0:k∗

0
)−1 + 4∥w∗∥2Hk∗

0 :∞
+ 2ϵd

(
∥w∗∥2Ik∗

0 :∞
+ ∥w0 −w∗∥2Ik∗

0 :∞

)
.

Denote

C1 =

k∗
0

N +Nγ2
∑

i>k∗
0
(λi + ϵd)

2

k∗
0

N +Nγ2 ·
∑

i>k∗
0
λ2
i

, C2 =
ϵd∥w∗∥2Ik∗

0 :∞

∥w∗∥2Hk∗
0 :∞

+ 1
N2γ2 ∥w∗∥2

H−1
0:k∗

0

.

Under the condition ∥w0 −w∗∥ = Θ(∥w∗∥) and the definition of R0,

E[E(wN )] ≲∥w∗∥2 ϵd
1 + ϵd

+ ϵl +
σ
(q)
A

2

σ2/B
C1EffectiveVarII

+ (1 + C2)C1EffectiveVarI + (1 + C2) EffectiveBias.

Further, if

ϵl ≤ O (R0) , ϵo + ϵa ≤ O(σ2), ϵp ≤ O

(
σ2

Btr(H+ ϵdI)

)
,

ϵd ≤ O

 R0

∥w∗∥2
∧

√∑
i>k∗

0
λ2
i

d− k∗0
∧

∥w∗∥2Hk∗
0 :∞

+ 1
N2γ2 ∥w∗∥2

H−1
0:k∗

0

∥w∗∥2Ik∗
0 :∞

 ,

then
E[E(wN )] ≤ O(R0).

F.6 PROOF FOR THE MULTIPLICATIVE STATEMENT IN COROLLARY 4.3

Proof. We prove by applying Theorem F.1. We first compute k∗

N +Nγ2(1+ ϵd)
2 ·
∑

i>k∗ λ2
i . Note

that by the power-law assumption, ∑
i>k

i−a ≈ k1−a.

We have

k∗

N
+Nγ2(1 + ϵd)

2 ·
∑
i>k∗

λ2
i ≤

min
{
d, [Nγ(1 + ϵd)]

1
a +N2γ2(1 + ϵd)

2[Nγ(1 + ϵd)]
1−2a

a

}
N

=
min

{
d, [Nγ(1 + ϵd)]

1
a

}
N

.
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We secondly compute ∥w0 −w∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w∗∥2

H
(q)

k∗:∞
.

∥w0 −w∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w∗∥2

H
(q)

k∗:∞
=O

(
k∗ +Nγ(1 + ϵd)

∑
i>k∗

λi

)
≤O

(
min

{
d, [Nγ(1 + ϵd)]

1
a +Nγ(1 + ϵd)[Nγ(1 + ϵd)]

1−a
a

})
=O

(
min

{
d, [Nγ(1 + ϵd)]

1
a

})
.

Hence,

∥w0 −w(q)∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

≤2∥w0 −w∗∥2
I
(q)

0:k∗
+ 2Nγ∥w0 −w∗∥2

H
(q)

k∗:∞
+ 2∥w∗ −w(q)∗∥2

I
(q)

0:k∗
+ 2Nγ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤O
(
min

{
d, [Nγ(1 + ϵd)]

1
a

})
+ 2∥w∗∥2

D(H+D)−1I
(q)

0:k∗ (H+D)−1D
+ 2Nγ∥w∗∥2

D(H+D)−1H
(q)

k∗:∞(H+D)−1D

=O
(
min

{
d, [Nγ(1 + ϵd)]

1
a

})
+

2ϵ2d
(1 + ϵd)2

[
∥w∗∥2

I
(q)

0:k∗
+Nγ∥w∗∥2

H
(q)

k∗:∞

]
≤O

(
min

{
d, [Nγ(1 + ϵd)]

1
a

})
.

The last inequality uses w0 = 0.

We thirdly compute 1
γ2N2 · ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w∗∥2

H
(q)

k∗:∞
.

1

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w∗∥2

H
(q)

k∗:∞

≤O

(
1

N2γ2

k∗∑
i=1

(1 + ϵd)
−1λ−1

i +

d∑
i=k∗+1

(1 + ϵd)λi

)

=O

(
1

N2γ2

k∑
i=1

(1 + ϵd)
−1λ−1

i +
1

N2γ2

k∗∑
i=k

(1 + ϵd)
−1λ−1

i +

d∑
i=k∗+1

(1 + ϵd)λi

)

≤O

(
1

N2γ2

k∑
i=1

(1 + ϵd)
−1λ−1

i +

d∑
i>k

(1 + ϵd)λi

)

≤O

(
k

Nγ
+

d∑
i>k

(1 + ϵd)λi

)

≤O

min
{
d, (Nγ(1 + ϵd))

1
a

}
Nγ

 .

Hence,
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

≤ 2

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w0 −w∗∥2

H
(q)

k∗:∞
+

2

γ2N2
· ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤O

min
{
d, (Nγ(1 + ϵd))

1
a

}
Nγ

+
2ϵ2d

(1 + ϵd)2

[
1

γ2N2
∥w∗∥2

H
(q)

0:k∗
−1 + ∥w∗∥2

H
(q)

k∗:∞

]

≤O

min
{
d, (Nγ(1 + ϵd))

1
a

}
Nγ

 .

The last inequality uses w0 = 0.
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Therefore, applying Theorem F.1, we have

E[E(wN )] ≤ O

(
ϵd

1 + ϵd
∥w∗∥2H + ϵl

)
+O

min
{
d, (Nγ(1 + ϵd))

1
a

}
Nγ


+O

min
{
d, [Nγ(1 + ϵd)]

1
a

}
N

·

σ2

B
+ (ϵp + ϵo + ϵa)αB∥w∗∥2H +

(1 + ϵ̃)αB min
{
d, [Nγ(1 + ϵd)]

1
a

}
Nγ

 .

Assuming that the signal-to-noise ratio is upper bounded, that is, ∥w∗∥2
H

σ2 ≲ 1, σ2 ≈ 1 (Lin et al.,
2024). If (1 + ϵd)d

−a ≤ 1
Nγ ,

E[E(wN )] ≤ O

(
ϵd

1 + ϵd
+ ϵl

)
+O

(
(Nγ(1 + ϵd))

1
a

Nγ

)

+O

(
[Nγ(1 + ϵd)]

1
a

N
·

(
σ2

B
+ (ϵp + ϵo + ϵa) +

(1 + ϵ̃)[Nγ(1 + ϵd)]
1
a

Nγ

))
.

Otherwise, if (1 + ϵd)d
−a ≥ 1

Nγ , note that

1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

=
1

γ2N2
· ∥w0 −w(q)∗∥2(H(q))−1

≤ 2

γ2N2
· ∥w∗∥2(H(q))−1 +

2

γ2N2
· ∥w∗ −w(q)∗∥2(H(q))−1

≤O

(
d

γ2N2(1 + ϵd)d−a

)
.

it holds

E[E(wN )] ≤ O

(
ϵd

1 + ϵd
+ ϵl

)
+O

(
d

γ2N2(1 + ϵd)d−a

)
+O

(
d

N
·
(
σ2

B
+ (ϵp + ϵo + ϵa) +

(1 + ϵ̃)d

Nγ

))
.

Consider the condition that ϵi ≤ O(1), ∀i ∈ {l, d, p, a, o}, the proof is immediately completed.

F.7 PROOF FOR THE ADDITIVE STATEMENT IN COROLLARY 4.3

Proof. We prove by applying Theorem F.2. If ϵd + d−a ≥ 1
Nγ , it holds

k∗ = max

{
k : λ

(q)
k ≥ 1

Nγ

}
= d.

Hence, by Theorem F.2,
VarErr

=

σ
(q)
A

2
+ 2αB

Nγ

(
∥w0 −w(q)∗∥2

I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

)
1− γαBtr (H+ ϵdI)

·

(
k∗

N
+Nγ2

∑
i>k∗

(λi + ϵd)
2

)

=
σ
(q)
A

2
+ 2αB

Nγ ∥w0 −w(q)∗∥2
I
(q)
0:d

1− γαBtr (H+ ϵdI)

d

N
.

BiasErr

=
1

γ2N2
· ∥w0 −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

=
1

γ2N2
· ∥w0 −w(q)∗∥2(H(q))−1 .
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Note that

∥w0 −w(q)∗∥2
I
(q)
0:d

≤ 2∥w0 −w∗∥2
I
(q)
0:d

+ 2∥w∗ −w(q)∗∥2
I
(q)
0:d

≤ 4∥w∗∥2
I
(q)
0:d

= O(d),

∥w0 −w(q)∗∥2(H(q))−1 ≤ 2∥w0 −w∗∥2(H(q))−1 + 2∥w∗ −w(q)∗∥2(H(q))−1 ≤ 4∥w∗∥2(H(q))−1 ≤ O

(
d

ϵd + d−a

)
,

Therefore,

E[E(wN )] ≤O

(
ϵd

1 + ϵd
d+ ϵl

)
+O

(
d

γ2N2(ϵd + d−a)

)
+O

(
d

N

(
ϵo + ϵa

B
+ (1 + dϵd)ϵp +

σ2

B
+

d

Nγ

))
.

Next, we consider ϵd + d−a ≤ 1
Nγ . We first compute k∗

N +Nγ2
∑

i>k∗(λi + ϵd)
2.

k∗

N
+Nγ2

∑
i>k∗

(λi + ϵd)
2 ≤

(
1

Nγ − ϵd

)− 1
a

+N2γ2

[
2
(

1
Nγ − ϵd

)− 1−2a
a

+ 2ϵ2d

(
d−

(
1

Nγ − ϵd

)− 1
a

)]
N

≤O

ϵ2dN
2γ2

[
d−

(
1

Nγ − ϵd

)− 1
a

]
+
(

1
Nγ − ϵd

)− 1
a

N

 .

We second compute ∥w0 −w∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w∗∥2

H
(q)

k∗:∞
.

∥w0 −w∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w∗∥2

H
(q)

k∗:∞

=O

(
k∗ +Nγ

∑
i>k∗

λi(H+D)

)

≤O

((
1

Nγ
− ϵd

)− 1
a

+Nγ

[(
1

Nγ
− ϵd

)− 1−a
a

+

(
d−

(
1

Nγ
− ϵd

)− 1
a

)
ϵd

])

≤O

(
ϵdNγ

(
d−

(
1

Nγ
− ϵd

)− 1
a

)
+

(
1

Nγ
− ϵd

)− 1
a

)
.

Note that

∥w∗∥2
D(H+D)−1I

(q)

0:k∗ (H+D)−1D
=

k∗∑
i=1

ϵ2d

λ
(q)
i

2 (w
∗⊤v

(q)
i )2 ≤

k∗∑
i=1

(w∗⊤v
(q)
i )2 = ∥w∗∥2

I
(q)

0:k∗
,

and

∥w∗∥2
D(H+D)−1H

(q)

k∗:∞(H+D)−1D
=
∑
i>k∗

ϵ2d

λ
(q)
i

(w∗⊤v
(q)
i )2 ≤ ∥w∗∥2

H
(q)

k∗:∞
,
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hence,

∥w0 −w(q)∗∥2
I
(q)

0:k∗
+Nγ∥w0 −w(q)∗∥2

H
(q)

k∗:∞

≤2∥w0 −w∗∥2
I
(q)

0:k∗
+ 2Nγ∥w0 −w∗∥2

H
(q)

k∗:∞
+ 2∥w∗ −w(q)∗∥2

I
(q)

0:k∗
+ 2Nγ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤O

(
ϵdNγ

(
d−

(
1

Nγ
− ϵd

)− 1
a

)
+

(
1

Nγ
− ϵd

)− 1
a

)

+2

[
∥w∗∥2

D(H+D)−1I
(q)

0:k∗ (H+D)−1D
+Nγ∥w∗∥2

D(H+D)−1H
(q)

k∗:∞(H+D)−1D

]
≤O

(
ϵdNγ

(
d−

(
1

Nγ
− ϵd

)− 1
a

)
+

(
1

Nγ
− ϵd

)− 1
a

)
+ 2

(
∥w∗∥2

I
(q)

0:k∗
+Nγ∥w∗∥2

H
(q)

k∗:∞

)

≤O

(
ϵdNγ

(
d−

(
1

Nγ
− ϵd

)− 1
a

)
+

(
1

Nγ
− ϵd

)− 1
a

)
.

We thirdly bound 1
γ2N2 · ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w∗∥2

H
(q)

k∗:∞
.

1

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ ∥w0 −w∗∥2

H
(q)

k∗:∞

=O

(
1

γ2N2

k∗∑
i=1

1

λi(H+D)
+
∑
i>k∗

λi(H+D)

)

≤O


(

1
Nγ − ϵd

)− 1
a

Nγ
+

(
d−

(
1

Nγ
− ϵd

)− 1
a

)
ϵd +

(
1

Nγ
− ϵd

)− 1−a
a



≤O


(
d−

(
1

Nγ − ϵd

)− 1
a

)
ϵdNγ +

(
1

Nγ − ϵd

)− 1
a

Nγ

 .

Note that

∥w∗∥2
D(D+H)−1(H

(q)

0:k∗ )−1(D+H)−1D
=
∑
i≤k∗

ϵ2d

λ
(q)
i

3 (w
∗⊤v

(q)
i )2 ≤

∑
i≤k∗

1

λ
(q)
i

(w∗⊤v
(q)
i )2 = ∥w∗∥2

(H
(q)

0:k∗ )−1
,

and

∥w∗∥2
D(D+H)−1H

(q)

k∗:∞(D+H)−1D
=
∑
i>k∗

ϵ2d

λ
(q)
i

2λ
(q)
i (w∗⊤v

(q)
i )2 ≤ ∥w∗∥2

H
(q)

k∗:∞
,

hence,
1

γ2N2
· ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ ∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤ 2

γ2N2
· ∥w0 −w∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w0 −w∗∥2

H
(q)

k∗:∞
+

2

γ2N2
· ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤O


(
d−

(
1

Nγ − ϵd

)− 1
a

)
ϵdNγ +

(
1

Nγ − ϵd

)− 1
a

Nγ

+
2

γ2N2
· ∥w∗ −w(q)∗∥2

(H
(q)

0:k∗ )−1
+ 2∥w∗ −w(q)∗∥2

H
(q)

k∗:∞

≤O


(
d−

(
1

Nγ − ϵd

)− 1
a

)
ϵdNγ +

(
1

Nγ − ϵd

)− 1
a

Nγ

 .
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Finally, applying Theorem F.2,

E[E(wN )] ≤ O

(
ϵd

1 + ϵd
∥w∗∥2 + ϵl

)
+O


(
d−

(
1

Nγ − ϵd

)− 1
a

)
ϵdNγ +

(
1

Nγ − ϵd

)− 1
a

Nγ



+O

ϵ2dN
2γ2

[
d−

(
1

Nγ − ϵd

)− 1
a

]
+
(

1
Nγ − ϵd

)− 1
a

N

(ϵo + ϵa
B

+ (1 + dϵd)αBϵp +
σ2

B

)

+O

ϵ2dN
2γ2

[
d−

(
1

Nγ − ϵd

)− 1
a

]
+
(

1
Nγ − ϵd

)− 1
a

N

O

(
ϵdNγ

(
d−

(
1

Nγ
− ϵd

)− 1
a

)
+

(
1

Nγ
− ϵd

)− 1
a

)
αB

Nγ
.

If we further assume that σ2 ≈ 1, if ϵd + d−a ≤ 1
Nγ ,

E[E(wN )] ≤ O

(
ϵd

1 + ϵd
d+ ϵl

)
+O


(
d−

(
1

Nγ − ϵd

)− 1
a

)
ϵdNγ +

(
1

Nγ − ϵd

)− 1
a

Nγ



+O

ϵ2dN
2γ2

[
d−

(
1

Nγ − ϵd

)− 1
a

]
+
(

1
Nγ − ϵd

)− 1
a

N

(ϵo + ϵa
B

+ (1 + dϵd)ϵp +
σ2

B

)

+O

ϵ2dN
2γ2

[
d−

(
1

Nγ − ϵd

)− 1
a

]
+
(

1
Nγ − ϵd

)− 1
a

N

 ϵdNγ

(
d−

(
1

Nγ − ϵd

)− 1
a

)
+
(

1
Nγ − ϵd

)− 1
a

Nγ
.

Consider the condition that ϵd ≤ O(1), the proof is immediately completed.

G DISCUSSION OF ASSUMPTIONS

G.1 DISCUSSION OF ASSUMPTION 3.3

Consider the standard fourth moment assumption on the full-precision data (Zou et al., 2023):

Assumption G.1. Assume there exists a positive constant α0 > 0, such that for any PSD matrix A,
it holds that

E
[
xx⊤Axx⊤] ⪯ α0 tr(HA)H.

Under Assumption G.1, we are ready to verify if Assumption 3.3 can be satisfied. We begin by:

E
[
x(q)x(q)⊤Ax(q)x(q)⊤

]
=E

[(
x(q)⊤Ax(q)

)
x(q)x(q)⊤

]
⪯2E

[(
x(q)⊤Ax(q)

)
(xx⊤ + ϵ(d)ϵ(d)

⊤
)
]

⪯4E
[(

x⊤Ax+ ϵ(d)
⊤
Aϵ(d)

)
(xx⊤ + ϵ(d)ϵ(d)

⊤
)
]

=4E
[
xx⊤Axx⊤]+ 4E

[
ϵ(d)ϵ(d)

⊤
Aϵ(d)ϵ(d)

⊤]
+4E

[(
x⊤Ax

)
ϵ(d)ϵ(d)

⊤]
+ 4E

[(
ϵ(d)

⊤
Aϵ(d)

)
xx⊤

]
.
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From Assumption G.1,
E
[
xx⊤Axx⊤] ⪯ α0 tr(HA)H.

Regarding E
[(

ϵ(d)
⊤
Aϵ(d)

)
xx⊤

]
,

E
[(

ϵ(d)
⊤
Aϵ(d)

)
xx⊤

]
= E

[
E
[(

ϵ(d)
⊤
Aϵ(d)

) ∣∣x]xx⊤
]
= E

[
tr
(
AE

[(
ϵ(d)ϵ(d)

⊤) ∣∣x])xx⊤
]
.

Regarding E
[(
x⊤Ax

)
ϵ(d)ϵ(d)

⊤]
,

E
[(
x⊤Ax

)
ϵ(d)ϵ(d)

⊤]
= E

[
tr
(
Axx⊤)E [(ϵ(d)ϵ(d)⊤) ∣∣x]] .

Next, we provide some examples on specific quantization mechanism to exemplify the satisfaction
of Assumption 3.3.
Example G.1. Strong multiplicative quantization. We consider a strong multiplicative quantiza-
tion. In this case, there exists a constant C ′ such that

ϵ(d)ϵ(d)
⊤
⪯ C ′xx⊤.

Hence,
E
[(

ϵ(d)
⊤
Aϵ(d)

)
ϵ(d)ϵ(d)

⊤]
⪯ C ′2E

[(
x⊤Ax

)
xx⊤] ,

and
E
[(

ϵ(d)ϵ(d)
⊤) ∣∣x] ⪯ C ′xx⊤.

Therefore,

E
[
x(q)x(q)⊤Ax(q)x(q)⊤

]
≤ 4α0(1 + 2C ′ + C ′2) tr(HA)H ≤ 4α0(1 + 2C ′ + C ′2)tr(H(q)A)H(q).

Example G.2. Strong Additive quantization. We consider a strong additive quantization. In this
case, there exist constants C,C ′ and constant matrix M such that

D := E
[
ϵ(d)ϵ(d)

⊤]
= CM, ϵ(d)ϵ(d)

⊤
⪯ C ′M.

Hence,

E
[(

ϵ(d)
⊤
Aϵ(d)

)
ϵ(d)ϵ(d)

⊤]
⪯ C ′tr (AM)E

[
ϵ(d)ϵ(d)

⊤]
=

C ′

C
tr(AD)D.

Therefore,

E
[
x(q)x(q)⊤Ax(q)x(q)⊤

]
≤4α0 tr(AH)H+ 4

C ′

C
tr(AD)H+ 4

C ′

C
tr(AH)D+ 4

C ′

C
tr(AD)D

≤4

[
α0 + 3

C ′

C

]
tr(H(q)A)H(q).

G.2 DISCUSSION OF ASSUMPTION 3.4

Consider the standard noise assumption on the full-precision data (Zou et al., 2023):
Assumption G.2. There exists a constant σ2

0 such that

E
[
(y − ⟨w∗,x⟩)2xx⊤] ⪯ σ2

0H.

Under Assumption G.2, we are ready to verify if Assumption 3.4 can be satisfied. We begin by:

E
[
(y(q) − ⟨w(q)∗,x(q)⟩)2x(q)x(q)⊤

]
=E

[
(y(q) − y + y − ⟨w∗,x⟩+ ⟨w∗,x⟩ − ⟨w(q)∗,x(q)⟩)2x(q)x(q)⊤

]
⪯3E

[
(y(q) − y)2x(q)x(q)⊤

]
+ 3E

[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
+3E

[
(⟨w∗,x⟩ − ⟨w(q)∗,x(q)⟩)2x(q)x(q)⊤

]
⪯3E

[
(y(q) − y)2x(q)x(q)⊤

]
+ 3E

[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
+6E

[
⟨w(q)∗ −w∗,x⟩2x(q)x(q)⊤

]
+ 6E

[
⟨w(q)∗, ϵ(d)⟩2x(q)x(q)⊤

]
.
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Next, we provide some examples on specific quantization mechanism to exemplify the satisfaction
of Assumption 3.4.
Example G.3. Strong multiplicative quantization In this case, we consider there exist constants
C ′, C ′′ such that

ϵ(d)ϵ(d)
⊤
⪯ C ′xx⊤,

E[(y(q) − y)2|y] = C ′′y2.

Regarding E
[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
,

E
[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
⪯2E

[
(y − ⟨w∗,x⟩)2xx⊤]+ 2E

[
(y − ⟨w∗,x⟩)2ϵ(d)ϵ(d)

⊤]
⪯2(1 + C ′)E

[
(y − ⟨w∗,x⟩)2xx⊤]

⪯2(1 + C ′)σ2
0H.

Regarding E
[
⟨w(q)∗, ϵ(d)⟩2x(q)x(q)⊤

]
,

E
[
⟨w(q)∗, ϵ(d)⟩2x(q)x(q)⊤

]
=E

[
ϵ(d)

⊤
w(q)∗w(q)∗⊤ϵ(d)x(q)x(q)⊤

]
⪯2E

[
ϵ(d)

⊤
w(q)∗w(q)∗⊤ϵ(d)xx⊤

]
+ 2E

[
ϵ(d)

⊤
w(q)∗w(q)∗⊤ϵ(d)ϵ(d)ϵ(d)

⊤
]

⪯2C ′α0tr(w
(q)∗w(q)∗⊤H)H+ 2C ′2α0tr(w

(q)∗w(q)∗⊤H)H.

Regarding E
[
⟨w(q)∗ −w∗,x⟩2x(q)x(q)⊤

]
,

E
[
⟨w(q)∗ −w∗,x⟩2x(q)x(q)⊤

]
⪯2E

[
⟨w(q)∗ −w∗,x⟩2xx⊤

]
+ 2E

[
⟨w(q)∗ −w∗,x⟩2ϵ(d)ϵ(d)

⊤]
⪯2(1 + C ′)α0tr

(
(w(q)∗ −w∗)(w(q)∗ −w∗)⊤H

)
H.

Regarding E
[
(y(q) − y)2x(q)x(q)⊤

]
, if we further assume that there exists a constant C ′′′ such that

E
[
y2xx⊤] ⪯ C ′′′H, then

E
[
(y(q) − y)2x(q)x(q)⊤

]
⪯2E

[
(y(q) − y)2xx⊤

]
+ 2E

[
(y(q) − y)2ϵ(d)ϵ(d)

⊤]
⪯2(1 + C ′)E

[
(y(q) − y)2xx⊤

]
⪯2(1 + C ′)C ′′E[y2xx⊤]

⪯2(1 + C ′)C ′′C ′′′H.

Therefore,

E
[
(y(q) − ⟨w(q)∗,x(q)⟩)2x(q)x(q)⊤

]
⪯3E

[
(y(q) − y)2x(q)x(q)⊤

]
+ 3E

[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
+6E

[
⟨w(q)∗ −w∗,x⟩2x(q)x(q)⊤

]
+ 6E

[
⟨w(q)∗, ϵ(d)⟩2x(q)x(q)⊤

]
⪯6(1 + C ′)C ′′C ′′′H+ 6(1 + C ′)σ2

0H+ 12C ′α0(1 + C ′)tr(w(q)∗w(q)∗⊤H)H

+12(1 + C ′)α0tr
(
(w(q)∗ −w∗)(w(q)∗ −w∗)⊤H

)
H

⪯σ2H(q),

where

σ2 =6(1 + C ′)(C ′′C ′′′ + σ2
0) + 12C ′α0(1 + C ′)∥w(q)∗∥2H + 12(1 + C ′)α0∥w(q)∗ −w∗∥2H.
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Example G.4. Strong additive quantization In this case, we consider there exist constants
C,C ′, C ′′ and constant matrix M such that

D := E
[
ϵ(d)ϵ(d)

⊤]
= CM, ϵ(d)ϵ(d)

⊤
⪯ C ′M,

E[(y(q) − y)2|y] ≤ C ′′.

Regarding E
[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
, if we further assume that E

[
(y − ⟨w∗,x⟩)2

]
≤ σ2

0 , then

E
[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
⪯2E

[
(y − ⟨w∗,x⟩)2xx⊤]+ 2E

[
(y − ⟨w∗,x⟩)2ϵ(d)ϵ(d)

⊤]
⪯2σ2

0H+ 2C ′σ2
0M

=2σ2
0H+ 2

C ′

C
σ2
0D.

Regarding E
[
(y(q) − y)2x(q)x(q)⊤

]
,

E
[
(y(q) − y)2x(q)x(q)⊤

]
≤ C ′′H(q).

Regarding E
[
⟨w(q)∗, ϵ(d)⟩2x(q)x(q)⊤

]
,

E
[
⟨w(q)∗, ϵ(d)⟩2x(q)x(q)⊤

]
=E

[
ϵ(d)

⊤
w(q)∗w(q)∗⊤ϵ(d)x(q)x(q)⊤

]
⪯2E

[
ϵ(d)

⊤
w(q)∗w(q)∗⊤ϵ(d)xx⊤

]
+ 2E

[
ϵ(d)

⊤
w(q)∗w(q)∗⊤ϵ(d)ϵ(d)ϵ(d)

⊤
]

⪯2C ′tr(w(q)∗w(q)∗⊤M)H+ 2C ′tr(w(q)∗w(q)∗⊤M)D.

Regarding E
[
⟨w(q)∗ −w∗,x⟩2x(q)x(q)⊤

]
,

E
[
⟨w(q)∗ −w∗,x⟩2x(q)x(q)⊤

]
=E

[
x⊤(w(q)∗ −w∗)(w(q)∗ −w∗)⊤xx(q)x(q)⊤

]
⪯2E

[
x⊤(w(q)∗ −w∗)(w(q)∗ −w∗)⊤xxx⊤

]
+ 2E

[
x⊤(w(q)∗ −w∗)(w(q)∗ −w∗)⊤xϵ(d)ϵ(d)

⊤]
⪯2α0tr

(
(w(q)∗ −w∗)(w(q)∗ −w∗)⊤H

)
H+ 2

C ′

C
tr
(
(w(q)∗ −w∗)(w(q)∗ −w∗)⊤H

)
D.

Therefore,
E
[
(y(q) − ⟨w(q)∗,x(q)⟩)2x(q)x(q)⊤

]
⪯3E

[
(y(q) − y)2x(q)x(q)⊤

]
+ 3E

[
(y − ⟨w∗,x⟩)2x(q)x(q)⊤

]
+6E

[
⟨w(q)∗ −w∗,x⟩2x(q)x(q)⊤

]
+ 6E

[
⟨w(q)∗, ϵ(d)⟩2x(q)x(q)⊤

]
⪯3C ′′H(q) + 6σ2

0H+ 6
C ′

C
σ2
0D+ 12C ′tr(w(q)∗w(q)∗⊤M)H(q)

+(2α0 + 2
C ′

C
)tr
(
(w(q)∗ −w∗)(w(q)∗ −w∗)⊤H

)
H(q)

⪯σ2H(q),
where

σ2 =3C ′′ + 6

(
C + C ′

C
+ 12C ′tr(w(q)∗w(q)∗⊤M)

)
σ2
0 + 2(α0 +

C ′

C
)tr
(
(w(q)∗ −w∗)(w(q)∗ −w∗)⊤H

)
=3C ′′ + 6

(
C + C ′

C
+ 12C ′∥w(q)∗∥2M

)
σ2
0 + 2(α0 +

C ′

C
)∥w(q)∗ −w∗∥2H.
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H THE USE OF LLMS

The use of large language models (LLMs) in this work was limited to linguistic polishing of the
text (e.g., grammar, clarity, and readability) and was not involved in any research phases, from
conceptualization and proofing to experimentation and interpretation.
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