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Abstract

We characterize the learning dynamics of Layerwise Inequality-Sign Propagation (LISP), a credit-
assignment rule that is gradient-free and avoids activation derivatives: forward and backward passes
execute without autograd, and layers exchange only a constraint-violation vector d¥) modulated
by a binary monotonicity indicator II,. We prove that (i) the raw LISP output update is gradient
descent on a smooth squared hinge loss with O(1/T") convergence, and (ii) for ReLU networks
without batch normalization, LISP with cross-entropy is value-equivalent to backpropagation al-
most everywhere—placing standard BP as one point inside the gradient-free LISP family. Across
>3,000 runs on CIFAR-10/100, LISP trails tuned BP by 0.4-2.8pp on clean data but outperforms
BP+CE by 2.8pp under 40% label noise; a controlled ablation isolates per-sample RMS normal-
ization as the operative mechanism, and transferring it to standard backprop reproduces the effect.
Al assistance disclosure. Writing assistance from a large language model was used for drafting and editing. All scientific
content, experiments, and conclusions reflect the authors’ own work.

1. Introduction

The learning dynamics of deep networks are almost universally studied through the lens of gradient
flow: weights evolve along —V L, and theoretical analyses characterize convergence in overparame-
terized regimes [1, 7]. This paper asks: what are the learning dynamics when gradient computation
is removed from hidden layers?

We study Layerwise Inequality-Sign Propagation (LISP), which reformulates training as a con-
straint satisfaction problem. For a C-class classifier with logits z € R and true class y, correct
classification with margin m requires:

Zy—zj>m Vj#uy. (D

LISP departs from backpropagation in two ways. First, the signal propagated through the net-
work is not a loss gradient but a vector of constraint-violation magnitudes—non-zero only where
the margin inequalities (1) are violated, and sparse by construction. Second, at hidden layers
this signal is gated not by the activation derivative o’(z2) but by a binary responsiveness indicator
I1,(z), equal to 1 wherever o is locally strictly increasing and 0 otherwise, applied elementwise:
IrerLu(z) = 1]z > 0], IT = 1 for sigmoid/tanh (strictly increasing everywhere), and II = 0 for
step/sign (optionally overridden to II = 1, the STE special case). No activation derivatives are
computed—only constraint violations and monotonicity are used.

LISP is gradient-free; BP is a value-equivalent special case. Algorithmically, LISP never
differentiates an activation: 11, is read off from the monotonicity of o, andno 1oss.backward ()
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is called. For ReLU networks without batch normalization, IIgc .y = ReLU’ a.e., so LISP with
cross-entropy recovers backpropagation exactly (Theorem 3)—a value equivalence placing BP as
one point inside the gradient-free LISP family. For sigmoid/tanh, IT = 1 replaces the vanishing
o'(z) — 0; for step/sign, the override IT = 1 is the STE special case. Outside this special case
the two genuinely diverge; the experiments isolate two explicit sources: (D1) per-sample RMS
normalization of the error vector, and (D2) the BN backward Jacobian—where distinct dynamics
such as noise robustness emerge.

Contributions. (C1) Unification. LISP is a gradient-free credit-assignment family in which
standard BP appears as a value-equivalent special case (ReLU + CE + no BN; Theorem 3). (C2)
Descent dynamics. The raw LISP output update is gradient descent on a smooth squared hinge loss
(Theorem 1); under update clipping and empirically verified hidden-layer alignment, multi-layer
LISP satisfies a descent inequality on S with bounded hidden-layer perturbation (Theorem 4). (C3)
Mechanism. Per-sample RMS normalization is the operative ingredient for label-noise robustness;
transferring it alone to BP reproduces the effect (§4). (C4) Empirics. Across >3,000 runs, LISP
trails tuned BP by 0.4-2.8pp on clean CIFAR-10/100 but exceeds BP+CE by 2.8pp under 40% label
noise.

Related work. Alternatives to backpropagation [19] include feedback alignment [14, 16], lo-
cal error signals [17], target propagation [13], equilibrium propagation [20], Forward-Forward [8],
and error-driven input modulation [5]. The STE [2, 9] replaces ¢’ with an identity surrogate; Yin
et al. [24] analyze its convergence, and LISP’s II generalizes STE by preserving monotonicity.
SignSGD [3] exploits gradient signs for compression; LISP propagates constraint-violation signs
without computing gradients. Large-margin objectives [22] replace only the loss; LISP defines the
entire learning rule.

2. LISP as Per-Sample-Normalized Margin BP

Consider an L-layer network with preactivations z() = W®h(=1) 4 b() and activations h") =
g Z(Z(l)).

Error signal (output). For each violating class j # y (where z, —2z; < m), letv; = m— (2, —
zj) > 0. The raw signal

APyl = +32, 0, AP = v )
satisfies d(¥) = —V_ )5, where
2
S = 5% Z Z [max (0, m — (zy, — 2))] "
i ety

LISP-margin uses the single worst violator arg max; vj; LISP-CE replaces (2) by db) =y —
softmax(z), the negative softmax-CE gradient.
Raw backward propagation. For [ = L, ..., 1:

AWD = dO (n=T /N, 3)
d=1 — ((W(l))Td(l)) O, (2!, )
followed by W) « W 4 n AW® with optional update clipping [|[AW D |z < e[ WO||p.

Practical implementation: two explicit deviations from BP. The experimental version of
LISP adds exactly two ingredients to (3)—(4):
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(D1) Per-sample RMS normalization. Before forming the outer product and before propagation,
each sample’s error vector is rescaled dgl) > dl(-l) / ||dl(-l) |lrms- This is a sample-wise precon-

ditioner: it equalizes contributions across examples regardless of raw violation magnitude.

(D2) BN-aware backward. Through a BN block with scale v, batch variance Var, and normalized
inputs x, LISP applies the full BN Jacobian

(@) = i (d - $117d - hxxTa),

identical to BP’s; (D1) is then applied to the result.

Theorems 1 and 3 concern the raw rule (3)—(4); the role of (D1) is isolated empirically in §4
(BP+NormHinge). For ReLU + softmax-CE without BN, both (D2) and the directional effect of
(D1) vanish, and LISP coincides with BP a.e. (Theorem 3). For step/sign activations the override
II = 1 is the STE [2].

3. Convergence Theory
3.1. Output Layer: Squared-Hinge Gradient Descent

Theorem 1 (Output-Layer Gradient Descent) With h'“—V) held fixed, the raw LISP output up-
date AW ) = +> dz(-L)(hZ(-L_l))T satisfies AW = —V1)5(0), where S is convex and
Lg-smooth in wL),

Proof Logits are affine in W) for fixed h(!=1 . Setting fio = m — (zy; — 2c), each term
vZ./2 = [max(0, fic)]?/2 has gradient v;. - [— (e, — ec)(hl(.L_l))T]; summing matches (2). [
Corollary 2 (O(1/T) rate) Withn =1/Lg,

(L) _ Nar(L)xp) 2
. (D) < Ls||W W&
o S(W.™) < 2T

for any feasible W (L)*.

Remark on (D1). Theorem 1 applies to the raw signal. The per-sample RMS rescale (D1)
replaces d; with d;/||d;||rms, downweighting samples with large raw violations and upweighting
small ones; the resulting update is a stochastic preconditioner on —V S. We isolate its effect via the
BP+NormHinge ablation in §4.

Theorem 3 (ReLU Equivalence (no BN)) For ReLU networks without batch normalization and
with cross-entropy error signal d'") = y — softmax(z1)), LISP with Ug,ry(z) = 1[z > 0]
produces the same layerwise error signals as backpropagation almost everywhere, hence identical
weight updates.

Proof For softmax cross-entropy, 0Lcg/0z") = softmax(z")) — y, so d¥) = —9Lcg /02,
For ReLU, Ilgery(z) = 1[z > 0] agrees with ReLU’(z) a.e. The backward recursions coincide a.e.
by induction over layers. |
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Reading. Theorem 3 is a value equivalence between two procedurally distinct rules: gradient-
free LISP and gradient-based BP produce the same update vector a.e. in the ReLU+CE+no-BN
special case, even though LISP never computes o’ or invokes autograd. Empirical deviations from
BP outside this case are attributable to the genuinely different 11, for non-ReL.U activations and to
the explicit ingredients (D1)/(D2) of §2.

3.2. Multi-Layer Descent under Update Clipping

We extend Theorem 1 to all layers updating simultaneously. Let Af; = n(AW®), . 7AW(L))
denote a raw LISP step, and assume: (A1) update clipping AW ||p < ¢|[ WO for all | <
L; (A2) Lg-Lipschitz gradient of S on the parameter trajectory; (A3) hidden-layer alignment:
(Vwn S, AWDY <0 foralll < L.

Theorem 4 (Multi-Layer Descent) Under (Al)—(A3), withn < 1/Lg, every LISP step satisfies

2.2
S(Oir1) < S(6:) — EIVwar SO)F + 25> W% ®)
I<L

Proof Lg-smoothness gives S(0;41) < S(0;) +(VS, nAb6;) + L—;HnAHtHQ. The inner product de-
composes as >,V S, nAW ). By Theorem 1, the output-layer term equals —1|| V) S||%;
by (A3) each hidden-layer term is < 0. Hence (V.S, nA6;) < —n|| V) S||%. For the quadratic,
nA0)2 = n?(|IVww SII% + 3o IAWO|2). Applying (A1) to hidden layers and using
1 < 1/Lg to absorb the output-layer quadratic into the descent term yields (5). |

Interpretation. Whenever the residual is dominated by the descent term—which holds for
small e—LISP is a descent method on S. Assumption (A3) requires that hidden-layer updates
do not increase S; this is directly supported by per-layer cosine similarity between LISP updates
and BP gradients (>99.9% on CIFAR-100; mean ~74% on CIFAR-10; Appendix D).

4. Experiments

We evaluate LISP across >3,000 runs on CIFAR-10/100 [12] with PlainConvBN (6-layer Con-
vNet, BN) and CifarResNet (residual variant). LISP-CE uses cosine LR [15], Adam [11], and 600
epochs. All configurations use CutOut [6] except LISP-margin on PlainConvBN. LISP-margin uses
SGD with momentum 0.9 and 200 epochs; BP baselines use SGD with cosine LR. CifarResNet
runs employ label smoothing [21] and EMA [18]. Extended BP+SGD to 600 epochs shows no
improvement beyond epoch 200 (Figure 1, dotted).

4.1. CIFAR-10/100: Matching Backprop

On the standard (uncorrupted-label) benchmarks, LISP-CE+Adam reaches 94.4% on CIFAR-10
PlainConvBN (0.4pp below BP+SGD), 95.8% on CifarResNet (vs. 96.2%, —0.4pp), and 72.7% on
CIFAR-100 (vs. 75.5%, —2.8pp). Higher training accuracy for LISP-CE on each dataset (99.4%
vs. 98.6% on CIFAR-10; 97.9% vs. 95.4% on CIFAR-100) localizes the gap to generalization, not
optimization—consistent with Theorem 4 (LISP descends S under our clipping regime). Direct
Feedback Alignment [16], another BP-free method using fixed random feedback weights, reaches
only 75.1% on CIFAR-10 PlainConvBN under identical conditions (600 epochs, same regulariza-
tion), a 19.7pp gap that highlights LISP’s unique effectiveness among gradient-free alternatives.
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Figure 1: Learning dynamics on CIFAR-10 PlainConvBN. (a) Test accuracy: LISP-CE+Adam
reaches 94.4% (within 0.4pp of BP+SGD at 94.8%). (b) Generalization gap. Dotted:
BP plateau after cosine LR ends.

Table 1: Test accuracy (%). Mean=std over 2-3 seeds. DFA included as a BP-free reference;
tabular benchmarks in Appendix F.

Dataset BP+SGD BP+AdamW LISP-margin LISP-CE
CIFAR-10 (PlainConvBN) 94.8+0.1 93.3 102 942402 94.4 0.
CIFAR-10 (CifarResNet) 96.2-+02 95.2+01 95.6+0.1 95.8+0.1
CIFAR-100 (PlainConvBN)  75.510.1 69.9+05 72.5+01 72.7+02
BP-free reference (CIFAR-10, PlainConvBN, 600 epochs):

DFA [16] 75.1+10

4.2. Label Noise: +2.8pp over BP+CE; mechanism is (D1)

Under 40% uniform label corruption on CIFAR-10 PlainConvBN, LISP-margin reaches 84.8 %
vs. 81.9% for BP+CE (42.8pp; Appendix E). Two ablations isolate the cause: (i) BP+Hinge
(same loss family as LISP-margin, no normalization) degrades faster than BP+CE—ruling out the
loss; (ii) BP+NormHinge (BP with ingredient (D1) ported in) matches LISP-margin at 40% noise.
The operative dynamical phenomenon is the per-sample preconditioner of §3: it caps the influence
of mislabelled, large-violation samples regardless of the credit-assignment rule.
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Appendix A. Local Direction Preservation

The responsiveness indicator I, is justified by the following observation.

Proposition 5 (Local Direction Preservation) Let 0 : R — R be non-decreasing and define
Ah = o(z+ Az) — o(2). If o is strictly increasing on some interval (z — €, z + €), then for all Az
with 0 < |Az| < € we have sign(Ah) = sign(Az).

Proof For 0 < |Az| < ¢, both z and z + Az lie in (z — €, z + €) where o is strictly increasing,
hence o(z + Az) > o(z) iff Az > 0. [ |

This formalizes the responsiveness intuition: when a unit is locally responsive, the sign of a
small preactivation change matches that of the induced activation change. II, encodes responsive-
ness, while magnitudes are handled by the per-sample rescale (D1).

Appendix B. Discussion

Unification. The ReLU equivalence theorem (Theorem 3) places standard cross-entropy back-
propagation as one point inside a broader gradient-free family: LISP never differentiates an activa-
tion, yet for ReLU networks without batch normalization it produces the same weight updates as
BP almost everywhere. The same family also subsumes the STE for non-differentiable activations,
providing a unified view of constraint-based credit assignment.
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Mechanism identification. Where LISP diverges from BP—when per-sample RMS normaliza-
tion (D1) and BN-aware propagation (D2) are active—we observe improved robustness to label
noise (+2.8pp over BP+CE at 40% corruption). The ablation identifying (D1) as the operative
ingredient, and the successful transfer of (D1) to standard backprop (BP+NormHinge), yield a con-
crete methodological insight: per-sample signal normalization caps the influence of mislabelled
high-violation samples regardless of the underlying credit-assignment rule.

Open directions. The 0.4-2.8pp generalization gap on clean data persists despite LISP reaching
higher training accuracy, pointing to a regularization mismatch rather than an optimization failure.
LISP’s per-sample normalization equalizes gradient contributions across samples, acting as implicit
regularization that differs from BP’s. Closing this gap through targeted regularization, extending
Theorem 4 to formally account for (D1) and (D2), and relaxing (A3) via a purely structural argument
are the natural next steps.

Constraint dropout. We randomly zeroed per-sample error signals during backward propagation
with inverted-dropout scaling. This is analogous to standard dropout but applies to the LISP sig-
nal path rather than forward activations. Despite testing dropout rates 0.1-0.3, we observed <1pp
improvement on CIFAR-100, suggesting that regularization mechanisms effective for forward ac-
tivations do not trivially transfer to the constraint signal path. Standard forward dropout (0.2-0.3)
combined with strong weight decay (0.05) proved more effective for LISP generalization.

Appendix C. Computational Efficiency

Table 2 compares per-epoch wall time on CIFAR-10 PlainConvBN. LISP-margin runs at compara-
ble speed to backprop; LISP-CE+Adam has higher per-epoch cost but uses 3x the epochs.

Table 2: Per-epoch wall time (seconds) on CIFAR-10 PlainConvBN (single GPU).

Method Time/epoch (s) Epochs  Total
BP+SGD 6.0+2.4 200 20.0min
LISP-margin 3.74+0.0 200 12.2min
LISP-CE+Adam 9.6+2.0 600 1.6h

Appendix D. Gradient Alignment

Figure 2 shows per-layer cosine similarity between LISP weight updates and backpropagation gra-
dients. On CIFAR-100, all layers achieve >99.9% alignment throughout training, indicating LISP
updates are nearly identical to BP gradients at every layer. On CIFAR-10, alignment averages ~74%
with layer-wise variation showing earlier layers (LO-L3) generally have higher alignment than later
layers (L4-L7). Both datasets are consistent with the descent picture of Theorem 4: positive align-
ment validates assumption (A3), and the LISP step is dominated by the output-layer gradient term
with a small hidden-layer perturbation residual.
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Figure 2: Per-layer cosine similarity between LISP updates and BP gradients. (a) CIFAR-10 shows
layer-wise alignment (LO-L7) with mean ~74%. (b) CIFAR-100 (zoomed y-axis: 0.995-
1.0) shows all layers at >99.9% alignment.

Appendix E. Label Noise Robustness (Extended)

We corrupt training labels uniformly at random at rates 0%, 10%, 20%, and 40%. Figure 3 shows
that LISP-margin degrades more gracefully than BP+CE. Crucially, BP+Hinge (same loss without
normalization) degrades faster than BP+CE, ruling out the loss function as the source of robustness.
BP+NormHinge—backprop with per-sample RMS normalization applied to the gradient—matches
LISP’s robustness at 40% noise, confirming that the normalization mechanism transfers directly to
standard training.
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Label Noise Robustness
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Figure 3: Label noise robustness on CIFAR-10 PlainConvBN. Mean+std over 2-3 seeds. LISP-
margin outperforms BP+CE at 40% noise; BP+NormHinge matches LISP, confirming
per-sample normalization as the key mechanism.

Appendix F. Tabular Benchmark Results

Table 3 extends the comparison to 8 OpenML tabular benchmarks [23] using a 2-layer MLP (256
hidden units) with 5-fold cross-validation. The best LISP variant matches or exceeds the best back-
prop MLP on 6 of 8 datasets (including ties). Tree-based methods (XGBoost, LightGBM) dominate
on the largest dataset (electricity, 45k samples) [4, 10].

Table 3: Test accuracy (%) on 8 OpenML tabular benchmarks. Best neural method per dataset is
bolded. 2-layer MLP (256 hidden), mean-=std over 5-fold CV.

Dataset XGBoost LightGBM BP+SGD BP+AdamW LISP-margin LISP-CE
1r1S (150/473) 94.0+353 94.7 140 96.0+49 953455 96.0+49 96.0+49
wine (1781373 98.3+14 97.842.1 98.9+14 98.3+14 98.3+14 100.0+00
blood (4s/r) 75.0+22 75.0+13 81.4105 81.31009 81.3+056 81.6+1.
vehicle sa618) 76.4+13 76.1+13 85.2122 84.2+27 83.1+11 84.3423
credit-g aw 67.1x06 66.2122 71.0133 69.5x19 69.943. 69.5+2.1
segment 23197 98.6405 98.4+05 98.2+04 98.1+04 98.0+05 98.2104
phoneme (s.4ws2) 90.1x0s 89.8+x0s 90.0x0s 89.2x05 90.0-07 89.9106
electricity asw) 88.2+03 88.0+03 82.7+04 83.4+03 81.9+04 83.8-+04

10
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Appendix G. Alternative Propagation Modes

The default LISP backward rule uses the magnitude mode where d¥) = d(+1) . 1[2@) > 0] for
ReLU activations. We also implement an inverse mode that maps desired post-activation changes
to pre-activation space via Az = o~ 1(h + Ah) — o~1(h), which amplifies signals near saturation
(opposite of vanishing gradients).

For saturating activations (sigmoid, tanh), inverse mode provides an alternative to the IT = 1
responsiveness used by default. For ReLU, inverse mode reduces to magnitude mode since o1 is
identity on positive reals—the two are mathematically equivalent. Table 4 compares test accuracy
on CIFAR-10 PlainConvBN for sigmoid and tanh under identical hyperparameters.

Table 4: Test accuracy (%) comparing propagation modes on CIFAR-10 PlainConvBN for saturat-
ing activations. All runs: LISP-Adam, EMA stabilization, cosine LR, 600 epochs, label
smoothing 0.1, weight decay 0.005, no cutout, no dropout.

Activation Magnitude Inverse A

Tanh 89.9 90.1 +0.2
Sigmoid 86.8 87.3 +0.5

Despite the theoretical appeal of amplifying signals at saturation, inverse mode shows no sig-
nificant improvement over magnitude mode (£0.5pp). The simpler magnitude mode (IT = 1) is
therefore recommended for saturating activations; it matches inverse mode’s accuracy while avoid-

ing the numerical overhead of computing o1,

11



	Introduction
	LISP as Per-Sample-Normalized Margin BP
	Convergence Theory
	Output Layer: Squared-Hinge Gradient Descent
	Multi-Layer Descent under Update Clipping

	Experiments
	CIFAR-10/100: Matching Backprop
	Label Noise: +2.8pp over BP+CE; mechanism is (D1)

	Local Direction Preservation
	Discussion
	Computational Efficiency
	Gradient Alignment
	Label Noise Robustness (Extended)
	Tabular Benchmark Results
	Alternative Propagation Modes

