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ABSTRACT
Multi-robot systems often involve autonomous agents navigating
shared environments toward individual goals. In such environments,
the spatial and temporal structure of the task may create opportuni-
ties for intermittent, localized cooperation, such as jointly opening
a heavy gate, synchronizing to pass a traffic light as a convoy, or
temporarily forming a vehicle platoon to reduce traversal time. Such
cooperation is often opportunistic and fragile: robots remain self-
interested, coordination is local and temporary, and deviation is
always possible. We study this setting for two agents through the
Intermittent Cooperation-Based Two-Agent Path Planning (IC2PP)
problem, a shortest-path game on graphs in which agents navigate
toward individual targets while optionally cooperating at specific
nodes to reduce their own travel times. Although such cooperation
can strictly benefit both agents, it is strategically fragile: agents may
deviate at any point along their paths. While a joint strategy in which
each agent follows its naive shortest path without considering cooper-
ation may not necessarily form a Pure Nash Equilibrium (PNE), we
characterize the structure of PNE joint strategies in IC2PP, and show
that stable cooperation must follow a highly constrained form. We
further prove that at least one PNE exists in every instance of IC2PP,
and present a polynomial-time algorithm for enumerating all rele-
vant PNEs. When multiple equilibria arise, we study coordination
mechanisms based on bargaining-theoretic selection concepts and
empirically compare equilibrium outcomes in terms of individual
travel times and social welfare.
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1 INTRODUCTION
Consider the following real-world scenario: two autonomous robots
navigate from their respective start locations to separate task destina-
tions. Each can independently follow an individually shortest path,
yet under certain circumstances they may benefit from coordinating
their routes. For instance, jointly opening a heavy gate, synchro-
nizing to pass a traffic light as a convoy, or temporarily forming
a vehicle platoon may reduce their traversal times, incentivizing
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deviation from individually optimal paths in favor of cooperation.
Such coordination, however, is inherently precarious and limited to
specific locations and times. It is feasible and beneficial only if both
agents arrive sufficiently close in time to enable synchronization, and
neither agent may gain by deviating (e.g. by initiating cooperation
earlier or later, or by leaving prematurely once its individual benefit
diminishes). As a result, cooperation that appears advantageous in
principle may fail in practice. This creates a fundamental tension:
cooperation can strictly improve individual outcomes, but only if
it is precisely timed and strategically stable. Although cooperation
opportunities are local and time-dependent, agents commit to com-
plete paths in advance, and deviations at any point along a path can
undermine coordination.

In this work, we show that despite this apparent fragility, coop-
eration at equilibrium is possible, and precisely because of it, such
cooperation must follow a highly structured form. We study this
phenomenon through the Intermittent Cooperation-Based Two-
Agent Path Planning (IC2PP) problem, a two-player game on a
graph modeling navigation in a shared environment in which self-
interested agents navigate from individual start nodes to individual
targets, seeking to minimize their arrival times while cooperation op-
portunities in the graph can be leveraged to improve their outcomes.
These cooperation opportunities may undermine strategic stability,
as they allow agents to improve their path times, and consequently
agents following their shortest independent paths do not necessarily
form a Nash equilibrium, nor is this outcome necessarily advanta-
geous. We fully characterize the Pure Nash Equilibria (PNE) of this
game and show that any cooperative equilibrium must follow a rigid
structure: a single contiguous cooperation segment, preceded and
followed by non-cooperative paths, with cooperation beginning and
ending only at nodes jointly stable against unilateral deviation. This
structural characterization has two key implications. First, a PNE
always exists. Second, equilibrium computation becomes tractable:
for each cooperation node, there exists at most one non-dominated
PNE ending cooperation at that node, meaning that no other PNE
yields strictly lower travel times for both agents. Leveraging these
insights, we present a polynomial-time algorithm that enumerates
all non-dominated equilibrium joint strategies.

Finally, when multiple equilibria arise, they reflect different trade-
offs between the agents’ individual benefits. We examine how agents
may select among such equilibria using standard bargaining-based
solution concepts for decentralized coordination, and empirically
evaluate how cooperation opportunities and path alignment influence
equilibrium efficiency.

2 RELATED WORK
IC2PP is related to a diverse set of two-player games, as well as
multi-robot and multi-agent problems that arise across markedly



different domains, each with distinct assumptions, objectives and
interaction models.

Several games on graphs study strategic interactions in spatial
settings, including Stackelberg security games [13, 18, 49] and
assignment-based models such as the dinner party problem [5, 8,
11, 16], and topological distance games [14, 20]. However, they
typically focus on static assignments or partitions and do not address
path-based strategies, where decisions consist of sequences of nodes
subject to spatial constraints and hence may involve intermittent
dynamics in practice.

Coalition formation research [4, 6, 23] studies how agents form
cooperative groups to pursue mutual benefits, typically focusing on
stable partitions or maximizing global utility. Dynamic coalition
formation [2, 31, 38, 48] extends this line of work to settings in
which collaboration can evolve over time, but it overlooks trajectory
coordination along paths or the planning of sequences of short-term,
intermittent cooperation.

Task allocation problems [33] address efficient execution of tasks
by agents focusing on optimizing a global utility. For example, in
Coalition Formation with Spatial and Temporal Constraints (CF-
STP) [42] agents are assigned to time-critical tasks across locations,
yet this framework assumes fully cooperative agents maximizing
collective utility, rather than self-interested agents forming tempo-
rary coalitions for individual objectives. Ad-Hoc Teamwork [45]
refers to the problem of enabling agents to collaborate without prior
coordination, focusing on adaptive behaviors and adjustment skills
developed through training and experience. However, this line of
work also focuses on fully cooperative settings.

Multi-Agent Path Finding (MAPF), Autonomous Intersection
Management (AIM), and congestion games typically model shared
locations as detrimental phenomena to be avoided. MAPF focuses
on collision-free planning, usually under centralized or fully coop-
erative assumptions [9, 30, 44], and extensions with task dependen-
cies or cooperative requirements likewise assume fully cooperative
agents [12]. Congestion games capture competition over shared re-
sources whose costs increase with usage [24, 25, 29, 47]. AIM plans
vehicle trajectories to avoid conflicts at intersections [15, 21, 28],
including distributed methods [15], multi-intersection settings [28],
and vehicle platooning [7, 34, 36], where coordinated arrivals im-
prove efficiency. However, these typically assume fully cooperative
behavior. In contrast, our work models nodes as opportunities for
strategic coordination among self-interested agents, introducing a
fundamentally different game-theoretic structure.

Cost-sharing games study how agents split the cost of jointly
used network resources, focusing on equilibrium existence and effi-
ciency under fixed cost-allocation mechanisms [1, 27]. While this
line of work captures strategic incentives in network design, it as-
sumes static participation in shared resources and does not consider
path-based strategies in which agents endogenously decide when to
cooperate and when to act independently along their trajectories, as
in our setting.

Research on urban mobility and shared transportation [10, 17, 19,
26, 37, 43, 50] primarily focuses on coordination mechanisms for
ride-sharing and fleet management, often aiming to balance opera-
tional efficiency with social welfare. These models typically abstract
away from agent-level strategic path choices and do not consider
cooperation as a decision made by self-interested agents. While

existing work, such as [22, 32], considers cooperation switching
with one or multiple hops, they focus on matching drivers and riders
under centralized or algorithmic coordination, rather than modeling
the strategic decision-making process of self-interested agents from
a game-theoretic perspective.

3 IC2PP: PROBLEM DEFINITION
We formalize the Intermittent Cooperation-Based Two-Agent
Path Planning (IC2PP) problem as follows:

We consider two self-interested agents simultaneously navi-
gating a shared graph-based environment from their respec-
tive source to target nodes, where cooperation at specific
interaction points may reduce the delays they incur. Each
agent seeks to find a path minimizing its individual travel
time. Their strategic interaction is modeled as a two-player
game, and the goal is to identify, characterize, and compare
resulting Pure Nash Equilibrium (PNE) outcomes.

Consider an environment with two self-interested agents, 𝐿1 and
𝐿2, simultaneously navigating an undirected graph 𝑀 = (𝑁 , 𝑂) rep-
resenting a shared physical environment. Each agent 𝐿𝐿 starts at its
initial node 𝑃𝐿 → 𝑁 , aiming to reach its target node 𝑄𝐿 → 𝑁 as early as
possible. Each edge (𝑅,𝑆) → 𝑂 has an associated travel time 𝑇𝑀𝑁 ↑ 0.
Each node 𝑅 → 𝑁 may impose a travel delay on an agent visiting it,
representing, for example, the time required to perform a local task
(e.g., opening a gate) before proceeding. The travel delay incurred
by a single agent passing alone at node 𝑅 is 𝑇1𝑀 , whereas cooperation
may reduce it to 𝑇2𝑀 (𝑇1𝑀 ↑ 𝑇2𝑀 ↑ 0). The set 𝑁𝑂 = {𝑅 → 𝑁 | 𝑇2𝑀 < 𝑇1𝑀 }
includes nodes in which cooperation strictly reduces delay (referred
to as cooperation nodes).

If agent 𝐿1 (w.l.o.g.) arrives at a cooperation node 𝑈 → 𝑁𝑂 at time
𝑉1 before agent 𝐿2 arrives at time 𝑉2, cooperation requires the earlier
agent to wait until the other arrives. As a result, if 𝐿1 waits for 𝐿2, its
total delay at 𝑈 is (𝑉2 ↓ 𝑉1) + 𝑇2𝑃 . In this case, agent 𝐿2 incurs a total
delay of 𝑇2𝑃 . Otherwise, both agents incur the non-cooperative delay
𝑇1𝑃 . Consequently, an agent’s actual delay at a node depends on both
its own arrival time and that of the other agent.

A path 𝑊 is a sequence of nodes connected by edges. For any
two nodes 𝑅,𝑆 along 𝑊 , let 𝑊𝑀,𝑁 denote the subpath from 𝑅 to 𝑆.
The path time 𝑋 (𝑊1

| 𝑊2
), formally defined in A.1, denotes the

total travel time of an agent along 𝑊1, given that the other agent
follows 𝑊2. This includes edge traversal times and vertex delays
induced by synchronization and cooperation, excluding delays at the
first and last nodes. 𝑋 (𝑊) denotes the independent travel time of an
agent along 𝑊 , assuming the agent traverses all nodes alone, without
cooperation.

The shortest independent path (𝑌𝑍𝑎𝑀,𝑁 ) denotes the shortest path
between nodes 𝑅 and 𝑆, assuming the traversing agent does not coor-
dinate with the other agent at any node along the path. The shortest
cooperation path (𝑌𝑏𝑎𝑀,𝑁) denotes the shortest path assuming the
traversing agent cooperates at all cooperation nodes without waiting
for the other agent, incurring delay 𝑇2𝑄 at each node 𝑐 → 𝑌𝑏𝑎𝑀,𝑁 .

A strategy for an agent is defined as the full path from its starting
node to its target. We consider a strategic setting in which each agent
selects a full-path strategy while being aware of the other agent’s



start and goal nodes, aiming to minimize its individual path time.
A joint strategy is a pair of paths (𝑊1, 𝑊2

) specifying the strategies
chosen by agents 𝐿1 and 𝐿2, respectively. A joint strategy is a Pure
Nash Equilibrium (PNE) if neither agent can unilaterally deviate so
as to strictly improve its individual travel time.

4 PNE PROPERTIES IN IC2PP
We seek to identify all joint strategies constituting a PNE: joint-
paths where no agent has an incentive to unilaterally deviate. When
considering a joint strategy in which neither agent’s path includes
any cooperation nodes, verifying whether the strategy constitutes a
PNE is straightforward: it suffices to check that each agent follows
its shortest independent path, which can be done using a standard
shortest-path algorithm. However, when cooperation nodes are part
of the path, the situation becomes more complex, as these coopera-
tion opportunities may incentivize the agents to deviate from their
paths in order to improve their arrival times. If there are 𝑑 > 0
cooperation nodes, there may exist up to 2𝑅 distinct cooperation
patterns. Consequently, determining whether a joint strategy that
involves cooperation opportunities forms a PNE is nontrivial. This
raises several structural questions: when should cooperation begin,
what form should it take, and when should it end? We show that
cooperation-involving equilibrium strategies exhibit strong structural
properties that sharply restrict these possibilities.

We divide our analysis into two classes of joint strategies: those
that involve cooperation and those that do not. For each class, we
characterize the structural conditions required for a joint strategy
to constitute a PNE. We begin with joint strategies that involve
cooperation. These can be partitioned into three distinct segments:
(1) Joining Segment: Each agent independently approaches the
cooperation starting node 𝑈𝑆 , where cooperation begins.
(2) Cooperation Segment: The agents intermittently cooperate at a
subset of cooperation nodes from 𝑈𝑆 to a later node 𝑈𝑇 , referred to as
the cooperation departure node.
(3) Departure Segment: From 𝑈𝑇 onward, each agent follows an
independent path to its target node.

In the following sections, we analyze each of these segments and
formulate a set of structural conditions that must hold to prevent
unilateral deviations1 and ensure the joint strategy constitutes a PNE.

4.1 Joining segment
In this segment, each agent follows an independent path, involving
no cooperation, toward the cooperation starting node 𝑈𝑆 . In Appen-
dix B.1, we prove the following Lemma:

LEMMA 1 (EARLY COOPERATION). Each agent prefers to initi-
ate cooperation at the earliest possible cooperation node along the
other agent’s path.

Following Lemma 1, one might expect both agents to prefer
initiating cooperation at the earliest cooperation node that is mutually
reachable. However, doing so may enable one agent to exploit the
other by leaving the cooperation prematurely, thereby imposing
an inferior path time on the remaining agent. Anticipating such
behavior, the other agent may instead prefer to avoid cooperation

1Although described in dynamic terms for clarity, deviations in our model correspond
to ex ante selection of an alternative full-path.

Figure 1: Although 𝑈1 is the earliest cooperation node reachable
by both agents, cooperation there allows agent 𝐿1 to deviate and
leave agent 𝐿2 with an inferior outcome, leading 𝐿2 to avoid 𝑈1.

nodes that admit exploitative deviations, even if this delays the onset
of cooperation. Figure 1 illustrates such a scenario.

To ensure that neither agent has an incentive to deviate from its
intended path during the joining segment, we explicitly consider two
types of potential deviations:
(1) Cooperation deviation: If agent 𝐿1’s (w.l.o.g.) path includes a
cooperation node reachable by agent 𝐿2 within a relevant time for
cooperation, then by the Early Cooperation Lemma, agent 𝐿2 would
prefer to deviate from its intended in order to initiate cooperation at
that earlier node.
(2) Arrival time deviation: If the last-arriving agent at 𝑈𝑆 can adjust
its path to arrive earlier (thereby enabling cooperation to begin
sooner) this adjustment benefits both agents.

DEFINITION 1 (NON-COOPERATIVE PARTIAL PATH). A partial
path 𝑊𝑆𝐿 ,𝑀 from agent 𝐿𝐿 ’s starting node 𝑃𝐿 to a node 𝑅 → 𝑁 is defined
as a Non-Cooperative (NC) Partial Path if the first cooperation node
along the path that the other agent, 𝐿↓𝐿 , can reach from its starting
node 𝑃↓𝐿 within relevant time for cooperation is 𝑅 . Formally, for every
cooperation node 𝑈 → 𝑊𝑆𝐿 ,𝑀 \ {𝑅}, 𝑋 (𝑌𝑍𝑎𝑆↓𝐿 ,𝑃 ) > 𝑋 (𝑊𝑆𝐿 ,𝑃 ) + 𝑇1𝑃 ↓ 𝑇2𝑃 .

We denote the set of all Non-Cooperative Partial Paths from the
starting node 𝑃𝐿 to node 𝑅 as ω𝑈𝑂

𝑆𝐿 ,𝑀 , and the shortest Non-Cooperative
Partial Path from 𝑃𝐿 to node 𝑅 as 𝑌𝑍𝑎𝑈𝑂

𝑆𝐿 ,𝑀 . The shortest NC partial
paths from a start node 𝑃𝐿 to all nodes can be efficiently computed
using a slight adaptation of Dijkstra’s algorithm (Algorithm 1). If
a cooperation node 𝑈 → 𝑁𝑂 is reachable by the other agent at a
time suitable for cooperation, it is removed from the graph once its
shortest non-cooperative partial path is identified, preventing further
expansions.

Algorithm 1 SHORTEST NC PARTIAL PATHS(𝑀,𝑁𝑂 , 𝑃𝐿 , 𝑌𝑍𝑎𝑆↓𝐿 )

1: 𝑋𝑆𝐿 ,𝑀 ↔ ↗, 𝑊𝑆𝐿 ,𝑀 ↔ ↘ for all 𝑅 → 𝑁
2: 𝑋𝑆𝐿 ,𝑆𝐿 ↔ 0, 𝑊𝑆𝐿 ,𝑆𝐿 ↔ 𝑃𝐿
3: 𝑒 ↔ 𝑁
4: while 𝑒 has a node 𝑅 s.t. 𝑋𝑆𝐿 ,𝑀 < ↗ do
5: 𝑅 ↔ node in 𝑒 with smallest 𝑋𝑆𝐿 ,𝑀
6: Remove 𝑅 from 𝑒
7: if 𝑅 ω 𝑁𝑂 or 𝑌𝑍𝑎𝑆↓𝐿 ,𝑀 > 𝑋𝑆𝐿 ,𝑀 + 𝑇1𝑀 ↓ 𝑇2𝑀 then
8: for each neighbor 𝑆 of 𝑅 do
9: if 𝑋𝑃𝐿 , 𝑅 + 𝑇1𝑀 + 𝑇𝑀,𝑁 < 𝑋𝑃𝐿 ,𝑆 then

10: 𝑋𝑃𝐿 ,𝑆 ↔ 𝑋𝑃𝐿 , 𝑅 + 𝑇1𝑀 + 𝑇𝑀,𝑁
11: 𝑊𝑆𝐿 ,𝑁 ↔ 𝑊𝑆𝐿 ,𝑀 ≃ 𝑆

12: Return a dictionary from each 𝑅 → 𝑁 to 𝑊𝑆𝐿 ,𝑀



Appendix B.2 includes a line-by-line walkthrough of the algo-
rithm.

DEFINITION 2 (MUTUALLY-ROBUST NON-COOPERATIVE PAR-
TIAL PATHS). Two non-cooperative partial paths, 𝑊1

𝑆1,𝑀 and 𝑊2
𝑆2,𝑀 ,

are defined as Mutually-Robust Non-Cooperative Partial Paths if
neither agent can improve the cooperation starting time at 𝑅 by
unilaterally changing its path toward it. Formally, one of the fol-
lowing conditions holds: (1) Both agents arrive at node 𝑅 simul-
taneously: 𝑋 (𝑊1

𝑆1,𝑀) = 𝑋 (𝑊2
𝑆2,𝑀). (2) If agent 𝐿1 (w.l.o.g.) reaches

𝑅 first, then 𝐿2 arrives at 𝑅 via its shortest independent path, i.e.,
𝑋 (𝑊2

𝑆2,𝑀) =𝑋 (𝑌𝑍𝑎𝑆2,𝑀).

Following Definitions 1 and 2, to eliminate unilateral deviations
within the joining segment, the agents’ joining segments must form
Mutually-Robust NC Partial Paths.

4.2 Cooperation segment
In this segment, an agent may deviate by seeking additional cooper-
ation opportunities or by avoiding cooperation at certain nodes. In
Appendix C.1, we prove the following:

LEMMA 2 (COOPERATION CONTINUITY). Consider two coop-
eration nodes. If both agents cooperate between them, then neither
agent can strictly improve its path time by deviating to an individual
path and rejoining later.

Following Lemma 2, to prevent unilateral deviations along the
cooperation segment, both agents must follow a shared continuous
path from the cooperation starting node to the cooperation departure
node. However, note that this does not mean that both agents should
simply take the shortest cooperative path to the cooperation depar-
ture node 𝑈𝑇 (𝑌𝑏𝑎𝑃𝑀 ,𝑃𝑁 ), since the agents differ in their individual
objectives, thus their preferred departure nodes may not coincide.
As a result, an agent may have an incentive to deviate by exiting
cooperation prematurely and proceeding independently toward its
target. If an agent benefits from leaving cooperation before 𝑈𝑇 , such
a deviation violates the Nash equilibrium conditions. Moreover, an-
ticipating this, the other agent, may decide to depart even earlier to
optimize its own departure node. This process could repeat multiple
times, potentially resulting in suboptimal outcomes for both agents
(see example in Figure 2). Alternatively, an agent may enforce a
detour within the cooperation segment to avoid nodes at which the
other agent could deviate prematurely, thereby preventing outcomes
that would result in an inferior path time. Figure 3 illustrates such a
scenario. Therefore we make the following vital definition:

DEFINITION 3 (STABLE COOPERATION PARTIAL PATH). A
cooperation partial path 𝑊𝑃𝑀 ,𝑃𝑁 between cooperation nodes 𝑈𝑆 , 𝑈𝑇 →

𝑁𝑂 is a stable cooperation partial path if the departure node 𝑈𝑇 is the
optimal departure node for both agents along the path. Formally,
let 𝑅𝐿𝑇⇐ (𝑊𝑃𝑀 ,𝑃𝑁 ) denote the optimal departure node for agent 𝐿𝐿 along
𝑊𝑃𝑀 ,𝑃𝑁 → ω𝑃𝑀 ,𝑃𝑁 , defined as

𝑅𝐿𝑇⇐ (𝑊𝑃𝑀 ,𝑃𝑁 ) = arg min
𝑃→𝑉𝑂𝑀 ,𝑂𝑁

𝑋
(
𝑊𝑃𝑀 ,𝑃 ≃ 𝑌𝑍𝑎𝑃,𝑊𝐿

"" 𝑊𝑃𝑀 ,𝑃𝑁 ≃ 𝑌𝑍𝑎𝑃𝑁 ,𝑊↓𝐿
)

then, 𝑈𝑇 = 𝑅1𝑇⇐ (𝑊𝑃𝑀 ,𝑃𝑁 ) = 𝑅2𝑇⇐ (𝑊𝑃𝑀 ,𝑃𝑁 ).

This definition implies that once cooperation begins at node 𝑈𝑆 ,
both agents would prefer to continue cooperating along 𝑊𝑃𝑀 ,𝑃𝑁 rather

Figure 2: The optimal departure node for 𝐿2 along the path
𝑓1, 𝑓2, 𝑓3, 𝑓4 is 𝑓4, while for 𝐿1, it is 𝑓3. Along the path 𝑓1, 𝑓2, 𝑓3,
the optimal departure node for 𝐿2 is 𝑓2, and for the path 𝑓1, 𝑓2,
the optimal departure node for 𝐿1 is 𝑓1. Thus, the only PNE in
this scenario is the path containing only 𝑓1.

than deviating earlier towards their respective target nodes. The set
of all stable cooperation partial paths between two nodes 𝑅 and 𝑆
is denoted by ω𝑋

𝑀,𝑁 , and the shortest stable cooperation partial path
between these nodes is denoted by 𝑌𝑏𝑎𝑋𝑀,𝑁 .

The stability of a partial path between two cooperation nodes
𝑈1 and 𝑈2 depends solely on the path times from 𝑈1 onward and
is independent of the path segment leading to 𝑈1. Leveraging this
property, the shortest stable cooperation partial paths ending at a
cooperation node 𝑈 → 𝑁𝑂 can be computed efficiently via a backward
variant of Dijkstra’s algorithm (Algorithm 2) which explores the
graph backward from 𝑈 while excluding nodes that violate stability.
Appendix C.2 includes a line-by-line walkthrough of the algorithm.

Algorithm 2 SHORTEST STABLE PATHS(𝑀,𝑁𝑂 , 𝑈𝑇 , 𝑌𝑍𝑎𝑊1 , 𝑌𝑍𝑎𝑊2 )

1: 𝑋𝑀,𝑃𝑁 ↔ ↗, 𝑊𝑀,𝑃𝑁 ↔ ↘ for all 𝑅 → 𝑁
2: 𝑋𝑃𝑁 ,𝑃𝑁 ↔ 0, 𝑊𝑃𝑁 ,𝑃𝑁 ↔ 𝑈𝑇
3: 𝑒 ↔ 𝑁
4: while 𝑒 has a node 𝑅 s.t. 𝑋𝑀,𝑃𝑁 < ↗ do
5: 𝑅 ↔ node in 𝑒 with smallest 𝑋𝑀,𝑃𝑁
6: Remove 𝑅 from 𝑒
7: for each neighbor 𝑆 of 𝑅 s.t. 𝑆 → 𝑒 and 𝑇𝑁,𝑀 + 𝑇2𝑀 + 𝑋𝑀,𝑃𝑁 +

𝑌𝑍𝑎𝑃𝑁 ,𝑊1 ⇒ 𝑌𝑍𝑎𝑁,𝑊1 and 𝑇𝑁,𝑀 + 𝑇2𝑀 +𝑋𝑀,𝑃𝑁 + 𝑌𝑍𝑎𝑃𝑁 ,𝑊2 ⇒ 𝑌𝑍𝑎𝑁,𝑊2 do
8: if 𝑋𝑅, 𝑈𝑇 + 𝑇2𝑀 + 𝑇𝑁,𝑀 < 𝑋𝑆, 𝑈𝑇 then
9: 𝑋𝑆, 𝑈𝑇 ↔ 𝑋𝑅, 𝑈𝑇 + 𝑇2𝑀 + 𝑇𝑁,𝑀

10: 𝑊𝑁,𝑃𝑁 ↔ 𝑆 ≃ 𝑊𝑀,𝑃𝑁
11: Return a dictionary from each 𝑅 → 𝑁 to 𝑊𝑀,𝑃𝑁

Following Definition 3, to eliminate unilateral deviations within
the cooperation segment, this segment must form Stable Cooperation
Partial Path.

4.3 Departure segment
In this segment, since cooperation ceases and both agents aim to
reach their respective targets as quickly as possible, each agent will
necessarily follow its shortest independent path towards its respective
target: 𝑌𝑍𝑎𝑃𝑁 ,𝑊1 and 𝑌𝑍𝑎𝑃𝑁 ,𝑊2 . However, if the shortest independent
path of one agent, (w.l.o.g) 𝐿1, includes a cooperation node 𝑈⇑𝑇 that
serves as a better departure point for 𝐿2 than 𝑈𝑇 , then 𝐿2 would
prefer to continue cooperating along 𝑌𝑍𝑎𝑃𝑁 ,𝑃⇑𝑁 instead of taking its
independent shortest path directly to its target. This violates the
Nash equilibrium conditions. Thus, the cooperation departure node



𝑈𝑇 must also be the optimal exit node for both agents along the
departure segment (𝑌𝑍𝑎𝑃𝑁 ,𝑊1 , 𝑌𝑍𝑎𝑃𝑁 ,𝑊2 ).

4.4 Full Path Equilibrium Cooperation
To conclude our analysis of the cooperation involving joint strategies,
we identify five conditions that a cooperative joint strategy must
satisfy, proven to be both necessary and sufficient for it to constitute a
Nash equilibrium (full proof appears in Appendix E.1). Note that this
holds for cooperation joint strategies, hence the shortest independent
paths joint strategy may also be a PNE.

THEOREM 1. A cooperation joint strategy (𝑊1, 𝑊2
) constitutes a

PNE if and only if all the following conditions hold:
(1) The agents cooperate along exactly one cooperation segment,

𝑊𝑋
𝑃𝑀 ,𝑃𝑁

→ ω𝑋
𝑃𝑀 ,𝑃𝑁

, which is stable.
(2) Both agents reach the cooperation start node 𝑈𝑆 via Mutually-

Robust non-cooperative partial paths 𝑊1(𝑈𝑂 )

𝑆1,𝑃𝑀 → ω𝑈𝑂
𝑆1,𝑃𝑀 and

𝑊2(𝑈𝑂 )

𝑆2,𝑃𝑀 → ω𝑈𝑂
𝑆2,𝑃𝑀 .

(3) The cooperation end node 𝑈𝑇 is jointly optimal for departure:
𝑈𝑇 = 𝑅1𝑇⇐ (𝑊

2
𝑃𝑀 ,𝑊2 ) = 𝑅2𝑇⇐ (𝑊

1
𝑃𝑀 ,𝑊1 ).

(4) From 𝑈𝑇 onward, both agents follow their shortest indepen-
dent paths to their targets, 𝑌𝑍𝑎𝑃𝑁 ,𝑊1 and 𝑌𝑍𝑎𝑃𝑁 ,𝑊2 .

(5) Cooperation weakly dominates the shortest independent path
for both agents: 𝑋 (𝑊1

| 𝑊2
) ⇒ 𝑋 (𝑌𝑍𝑎𝑆1,𝑊1 ), 𝑋 (𝑊2

| 𝑊1
) ⇒

𝑋 (𝑌𝑍𝑎𝑆2,𝑊2 ).
Consequently, (𝑊1, 𝑊2

) can be formally expressed as follows:

𝑊1 = 𝑊1(𝑈𝑂 )

𝑆1,𝑃𝑀 ≃ 𝑊𝑋
𝑃𝑀 ,𝑃𝑁

≃ 𝑌𝑍𝑎𝑃𝑁 ,𝑊1 , 𝑊2 = 𝑊2(𝑈𝑂 )

𝑆2,𝑃𝑀 ≃ 𝑊𝑋
𝑃𝑀 ,𝑃𝑁

≃ 𝑌𝑍𝑎𝑃𝑁 ,𝑊2

Condition 1 ensures the validity of the Cooperation segment,
while Condition 2 guarantees the validity of the Joining segment.
Conditions 3 and 4 verify the correctness of the Departure segment.
Finally, Condition 5 ensures that the entire path is advantageous for
both agents, confirming the overall benefit of the cooperation.

DEFINITION 4 (EQUILIBRIUM COOPERATION JOINT STRAT-
EGY). We refer to a joint strategy satisfying the above conditions as
an Equilibrium Cooperation Joint Strategy (ECJS), and denote the
set of all such strategies by ECJS.

Further analysis of the ECJS structure yields the insight:

Pareto Sub-optimality: The optimal ECJS in ECJS𝑃𝑀 ,𝑃𝑁 is not nec-
essarily Pareto optimal. Specifically, since 𝑋 (𝑌𝑍𝑎𝑈𝑂

𝑆𝐿 ,𝑃𝑀 ) ↑ 𝑋 (𝑌𝑍𝑎𝑆𝐿 ,𝑃𝑀 )
and 𝑋 (𝑌𝑏𝑎𝑋𝑃𝑀 ,𝑃𝑁 | 𝑌𝑏𝑎𝑋𝑃𝑀 ,𝑃𝑁 ) ↑ 𝑋 (𝑌𝑏𝑎𝑃𝑀 ,𝑃𝑁 | 𝑌𝑏𝑎𝑃𝑀 ,𝑃𝑁 ), the full-path

joint strategy
(
𝑌𝑍𝑎𝑈𝑂

𝑆1,𝑃𝑀 ≃ 𝑌𝑏𝑎
𝑋
𝑃𝑀 ,𝑃𝑁

≃ 𝑌𝑍𝑎𝑃𝑁 ,𝑊1 , 𝑌𝑍𝑎
𝑈𝑂
𝑆2,𝑃𝑀 ≃ 𝑌𝑏𝑎

𝑋
𝑃𝑀 ,𝑃𝑁

≃ 𝑌𝑍𝑎𝑃𝑁 ,𝑊2

)
may be suboptimal compared to (𝑌𝑍𝑎𝑆1,𝑃𝑀 ≃𝑌𝑏𝑎𝑃𝑀 ,𝑃𝑁 ≃𝑌𝑍𝑎𝑃𝑁 ,𝑊1 , 𝑌𝑍𝑎𝑆2,𝑃𝑀 ≃
𝑌𝑏𝑎𝑃𝑀 ,𝑃𝑁 ≃ 𝑌𝑍𝑎𝑃𝑁 ,𝑊2 ), indicating that the optimal joint strategy in
ECJS𝑃𝑁 is not necessarily Pareto optimal. Figure 3 illustrates such a
scenario. In this example, the game presents three PNE: ((𝑃1,𝑄1), (𝑃2,𝑄2)),
((𝑃1, 𝑈1, 𝑈2,𝑄1), (𝑃2, 𝑈1, 𝑈2,𝑄2)), and ((𝑃1, 𝑈1,𝐿, 𝑈3,𝑄1), (𝑃2, 𝑈1,𝐿, 𝑈3,𝑄2)).
Among the three PNE, the joint strategy ((𝑃1, 𝑈1,𝐿, 𝑈3,𝑄1), (𝑃2, 𝑈1,𝐿, 𝑈3,𝑄2))
minimizes the path time of 𝐿2, though it remains suboptimal com-
pared to the joint strategy where both agents follow the shortest path
between 𝑅𝑃1 and 𝑅𝑃3 : ((𝑃1, 𝑈1, 𝑈2, 𝑈3,𝑄1), (𝑃2, 𝑈1, 𝑈2, 𝑈3,𝑄2)).

4.5 Equilibrium in Independent Joint Strategies
A joint strategy that involves no cooperation may constitute a PNE
only if both agents follow their shortest independent paths and no

Figure 3: A PNE exists from 𝑈1 to 𝑈3, but not when both agents
follow 𝑌𝑏𝑎𝑃1,𝑃3 , since 𝐿1 prefers to deviate at 𝑈2. Equilibrium is
obtained when both instead follow 𝑈1,𝐿, 𝑈3.

profitable cooperation opportunities exist along either path. A naive
validation approach would require checking all possible cooperation
opportunities along these paths. However, leveraging Lemmas 1
and 2, it follows that the best response of an agent, 𝐿1 (w.l.o.g), to a
fixed strategy 𝑊 of the other agent, 𝐿2, is either the shortest indepen-
dent path 𝑌𝑍𝑎𝑆1,𝑊1 , or a cooperative path that initiates cooperation at
the earliest reachable cooperation node along 𝑊 and maintains coop-
eration until the optimal departure node 𝑈𝑇 . Algorithm 3, computes
this best-response strategy in polynomial time.

Algorithm 3 BEST RESPONSE PATH (𝑀,𝑁𝑂 , 𝑃1,𝑄1, 𝑃2,𝑄2, 𝑊 )

1: 𝑌𝑍𝑎𝑆1 ↔ ALL SHORTEST PATHS FROM(𝑀, 𝑇1, 𝑃1)
2: 𝑌𝑍𝑎𝑊1 ↔ ALL SHORTEST PATHS TO(𝑀, 𝑇1,𝑄1)
3: 𝑈⇐1,𝑔 ↔ 𝑕𝑖𝑗𝑘
4: for all 𝑈𝐿 → 𝑊 by its order of occurrence along 𝑊 do
5: if 𝑌𝑍𝑎𝑆1,𝑃𝐿 ⇒ 𝑊𝑆2,𝑃𝐿 + 𝑇1𝑃1 ↓ 𝑇2𝑃𝐿 then
6: 𝑈⇐1 ↔ 𝑈𝐿
7: break
8: if 𝑈⇐1 = 𝑕𝑖𝑗𝑘 then
9: return 𝑌𝑍𝑎𝑆1,𝑊1

10: 𝑖𝑙𝑉𝑚𝑑𝐿𝑛𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 ↔ ↗

11: 𝑈𝑖𝑖𝑙𝑘𝑝𝐿𝑉𝑚𝑖𝑗𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 ↔ 0
12: for all 𝑅 → 𝑊𝑃⇐1,𝑊2 by its order of occurrence along 𝑊 do
13: 𝑈𝑖𝑖𝑙𝑘𝑝𝐿𝑉𝑚𝑖𝑗𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 ↔ 𝑈𝑖𝑖𝑙𝑘𝑝𝐿𝑉𝑚𝑖𝑗𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 + 𝑇2𝑀
14: if 𝑈𝑖𝑖𝑙𝑘𝑝𝐿𝑉𝑚𝑖𝑗𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘+𝑌𝑍𝑎𝑀,𝑊1 ⇒ 𝑖𝑙𝑉𝑚𝑑𝐿𝑛𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 then
15: 𝑖𝑙𝑉𝑚𝑑𝐿𝑛𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 ↔ 𝑈𝑖𝑖𝑙𝑘𝑝𝐿𝑉𝑚𝑖𝑗𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 + 𝑌𝑍𝑎𝑀,𝑊1
16: 𝑔 ↔ 𝑅
17: 𝑅𝑌𝑍𝑎𝑏 ↔ next node in 𝑊
18: 𝑈𝑖𝑖𝑙𝑘𝑝𝐿𝑉𝑚𝑖𝑗𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 ↔ 𝑈𝑖𝑖𝑙𝑘𝑝𝐿𝑉𝑚𝑖𝑗𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 +𝑇𝑀, 𝑅𝑌𝑍𝑎𝑏
19: if 𝑌𝑍𝑎𝑆1,𝑃⇐1 + 𝑖𝑙𝑉𝑚𝑑𝐿𝑛𝑎𝐿𝑉𝑜𝑋𝑚𝑑𝑘 ⇒ 𝑌𝑍𝑎𝑆1,𝑊1 then
20: return 𝑌𝑍𝑎𝑆1,𝑃⇐1 ≃ 𝑊𝑃⇐1,𝑇 ≃ 𝑌𝑍𝑎𝑇,𝑊1
21: else
22: return 𝑌𝑍𝑎𝑆1,𝑊1

A full explanation of the algorithm, including a line-by-line walk-
through and a complexity analysis, is provided in Appendix D.1.
Applying this algorithm to both agents and comparing the resulting
strategies with the shortest independent paths allows us to efficiently
verify whether (𝑌𝑍𝑎𝑆1,𝑊1 , , 𝑌𝑍𝑎𝑆2,𝑊2 ) is a PNE.

1In the context of the pseudocode, 𝑋𝑐𝑃,𝑄 denotes both the shortest path between nodes
𝑀 and 𝑁 and the associated path time, depending on the context.



4.6 PNE Joint Strategy Set
We show that the number of ECJS that must be considered is at most
linear in𝑑 = |𝑁𝑂 |, and that this set is guaranteed to be non-empty.

Let ECJS𝑃𝑁 denote the set of ECJS that end cooperation at 𝑈𝑇 →

𝑁𝑂 , and let ECJS𝑃𝑀 ,𝑃𝑁 denote those that start cooperation at 𝑈𝑆 → 𝑁𝑂
and conclude it at 𝑈𝑇 . Since all joint strategies in ECJS𝑃𝑁 involve
the simultaneous departure of the agents from 𝑈𝑇 , and their path
times from 𝑈𝑇 to their respective target nodes remain constant, there
exists one (or a few equivalent) joint strategy in ECJS𝑃𝑁 that arrives
earliest at 𝑈𝑇 and dominates all others. Accordingly, our approach
seeks to identify this optimal joint strategy for each cooperation
node 𝑈𝑇 → 𝑁𝑂 , thereby reducing the number of relevant cooperation
paths to be linear in𝑑. This task reduces to identifying the optimal
cooperation starting node 𝑈𝑆⇐ and the joint strategy in ECJS𝑃𝑀⇐ ,𝑃𝑁 that
minimizes the arrival time at 𝑈𝑇 . For a given cooperation starting
node 𝑈𝑆 , the optimal joint strategy in ECJS𝑃𝑀 ,𝑃𝑁 is obtained when
both agents follow their shortest non-cooperative partial paths to 𝑈𝑆
(𝑌𝑍𝑎𝑈𝑂

𝑆1,𝑃𝑀 , 𝑌𝑍𝑎𝑈𝑂
𝑆2,𝑃𝑀 ), with arrival times synchronized to ensure mutual

robustness, and then jointly follow the shortest stable cooperation
partial path 𝑌𝑏𝑎𝑋𝑃𝑀 ,𝑃𝑁 .

Consequently, if ECJS𝑃𝑀 ,𝑃𝑁 ε ↘, its optimal element (𝑊1, 𝑊2
)

satisfies

𝑊𝐿 = 𝑌𝑍𝑎𝑈𝑂
𝑆𝐿 ,𝑃𝑀 ≃ 𝑌𝑏𝑎

𝑋
𝑃𝑀 ,𝑃𝑁

≃ 𝑌𝑍𝑎𝑃𝑁 ,𝑊𝐿 , 𝑚 → {1, 2} (1)

and finding the optimal joint strategy in ECJS𝑃𝑁 reduces to finding
the optimal cooperation starting node 𝑈⇐𝑆 minimizing the arrival time
at 𝑈𝑇 :

𝑈⇐𝑆 = arg min
𝑃𝑀 →𝑑𝑅

{
max

(
𝑋 (𝑌𝑍𝑎𝑈𝑂

𝑆1,𝑃𝑀 ),𝑋 (𝑌𝑍𝑎
𝑈𝑂
𝑆2,𝑃𝑀 )

)
+ 𝑇2𝑃𝑀 +𝑋 (𝑌𝑏𝑎𝑋𝑃𝑀 ,𝑃𝑁 | 𝑌𝑏𝑎𝑋𝑃𝑀 ,𝑃𝑁 )

} (2)

In Section 5, we use this characterization to introduce an efficient
algorithm to map all ECJS an agent must consider when determining
its strategy by examining all cooperation nodes 𝑈 → 𝑁𝑂 , treating
each as a potential cooperation ending node and identifying the
optimal ECJS concluding cooperation at that node. As shown in
Appendix E.2, not all cooperation nodes need to be considered
in this process. Specifically, concatenation of two stable paths is
stable, and the longer stable path necessarily dominates the shorter.
Therefore, partial cooperation paths can be ignored.

The following theorem, proven in Appendix E.3, concludes the
insights on the size of the ECJS set:

THEOREM 2. IC2PP always admits a Pure Nash Equilibrium

5 MAPPING THE SET OF RELEVANT ECJS
The structural results presented above restrict the equilibrium search
to at most one candidate per cooperation departure node. Based
on this observation, Algorithm 4 computes the optimal stable joint
strategy ending cooperation at a given node. Algorithm 5 enumerates
all non-dominated cooperative PNEs by iterating over all possible
departure nodes.

5.1 Joint Paths To Cooperation Departure Node
Given a cooperation departure node 𝑈𝑇 , Algorithm 4 computes the
dominating stable cooperation joint strategy ending cooperation at

that node. Appendix F includes a line-by-line walkthrough of the
algorithm and its complexity analysis.

Algorithm 4 OPTIMAL STABLE JOINT STRATEGY ENDING COOP-
ERATION AT A GIVEN NODE(𝑀,𝑁𝑂 , 𝑈𝑇 , 𝑃1, 𝑃2,𝑄1,𝑄2)

1: 𝑌𝑍𝑎𝑆1 ↔ SHORTEST PATHS FROM(𝑀, 𝑇1, 𝑃1)
2: 𝑌𝑍𝑎𝑆2 ↔ SHORTEST PATHS FROM(𝑀, 𝑇1, 𝑃2)
3: 𝑌𝑍𝑎𝑊1 ↔ SHORTEST PATHS TO(𝑀, 𝑇1,𝑄1)
4: 𝑌𝑍𝑎𝑊2 ↔ SHORTEST PATHS TO(𝑀, 𝑇1,𝑄2)
5: 𝑌𝑏𝑎𝑋𝑃𝑁 ↔ SHORTEST STABLE PATHS(𝑀,𝑁𝑂 ,𝑈𝑇 ,𝑌𝑍𝑎𝑊1 ,𝑌𝑍𝑎𝑊2 )

6: 𝑌𝑍𝑎𝑈𝑂
𝑆1 ↔ SHORTEST NC PATHS(𝑀,𝑁𝑂 , 𝑃1, 𝑌𝑍𝑎𝑆2 )

7: 𝑌𝑍𝑎𝑈𝑂
𝑆2 ↔ SHORTEST NC PATHS(𝑀,𝑁𝑂 , 𝑃2, 𝑌𝑍𝑎𝑆1 )

8: 𝑖𝑙𝑉𝑕𝑂↔↗, 𝑈𝑆⇐ ↔ 𝑕𝑖𝑗𝑘
9: for all 𝑈𝑆 → 𝑁𝑂 do

10: if max(𝑌𝑍𝑎𝑈𝑂
𝑆1,𝑃𝑀 , 𝑌𝑍𝑎

𝑈𝑂
𝑆2,𝑃𝑀 ) + 𝑇2𝑃𝑀 + 𝑌𝑏𝑎𝑋𝑃𝑀 ,𝑃𝑁 ⇒ 𝑖𝑙𝑉𝑕𝑂 then

11: 𝑖𝑙𝑉𝑕𝑂↔max(𝑌𝑍𝑎𝑈𝑂
𝑆1,𝑃𝑀 , 𝑌𝑍𝑎

𝑈𝑂
𝑆2,𝑃𝑀 ) + 𝑇2𝑃𝑀 + 𝑌𝑏𝑎𝑋𝑃𝑀 ,𝑃𝑁

12: 𝑈𝑆⇐ ↔ 𝑈𝑆
13: if 𝑖𝑙𝑉𝑕𝑂+𝑇2𝑃𝑁 +𝑌𝑍𝑎𝑃𝑁 ,𝑊1 ⇒ 𝑌𝑍𝑎𝑆1,𝑊1 and 𝑖𝑙𝑉𝑕𝑂+𝑇2𝑃𝑁 +𝑌𝑍𝑎𝑃𝑁 ,𝑊2 ⇒

𝑌𝑍𝑎𝑆2,𝑊2 then
14: return (𝑌𝑍𝑎𝑈𝑂

𝑆1,𝑃𝑀⇐
≃𝑌𝑏𝑎𝑋𝑃𝑀⇐ ,𝑃𝑁 ≃𝑌𝑍𝑎𝑃𝑁 ,𝑊1 , 𝑌𝑍𝑎

𝑈𝑂
𝑆2,𝑃𝑀⇐

≃𝑌𝑏𝑎𝑋𝑃𝑀⇐ ,𝑃𝑁 ≃
𝑌𝑍𝑎𝑃𝑁 ,𝑊2 )

15: return 𝑕𝑖𝑗𝑘

LEMMA 3. Algorithm 4 computes, in polynomial time, the opti-
mal stable joint strategy ending cooperation at 𝑈𝑇 .

The correctness of Lemma 3 follows from the observation that
if ECJS𝑃𝑁 ε ↘, the joint strategy presented in Eq. 1 where 𝑈𝑆 is
computed as in Eq. 2, is dominant in ECJS𝑃𝑁 . As established in
Appendix F, the algorithm’s time complexity is O(|𝑂 | + |𝑁 | log |𝑁 |).

Important note. If the departure segment admits further beneficial
cooperation for either agent, the resulting joint strategy is not an
ECJS. However, as shown in Appendix E.2, such strategies are
disregarded by Algorithm 5 when evaluating all cooperation nodes
as potential departure nodes.

5.2 Optimal ECJS Computation
To map all relevant joint strategies in ECJS, we evaluate each co-
operation node as a potential cooperation departure node, retaining
only the dominating ECJS and discarding dominated concatenations
of stable paths. Theorem 3, proven in Appendix G, establishes that
Algorithm 5 identifies all non-dominated (or equivalent) ECJS.

THEOREM 3. Algorithm 5 returns a set 𝑂𝑏𝑞𝑌𝑅𝑒𝑓 of joint strate-
gies satisfying the following properties:
(1) PNE Guarantee: Every element in 𝑂𝑏𝑞𝑌𝑅𝑒𝑓 is a PNE.
(2) Dominance: Every ECJS not included in 𝑂𝑏𝑞𝑌𝑅𝑒𝑓 is dominated
by at least one strategy in ECJSmap.

Complexity. Algorithm 5 iterates over all 𝑑 cooperation nodes,
invoking SHORTEST STABLE PATHS and Algorithm 4 for each, yield-
ing complexity of O(𝑑 · ( |𝑂 | + |𝑁 | log |𝑁 |)).

6 ECJS SELECTION
When multiple non-dominated ECJSs exist, trade-offs arise: one
agent’s travel time improves only if the other’s worsens (see example



Algorithm 5 OPTIMAL ECJS(𝑀,𝑁𝑂 , 𝑃1, 𝑃2,𝑄1,𝑄2)

1: 𝑂𝑏𝑞𝑌𝑑𝐿𝑙 ↔ {(𝑌𝑍𝑎𝑆1,𝑊1 , 𝑌𝑍𝑎𝑆2,𝑊2 )}, 𝑔𝑖𝑑𝑚𝑗𝐿𝑉𝑘𝑔 ↔ ↘

2: for all 𝑈𝑇 → 𝑁𝑂 do
3: if 𝑈𝑇 ω 𝑔𝑖𝑑𝑚𝑗𝐿𝑉𝑘𝑔 then
4: 𝑂𝑏𝑞𝑌𝑑𝐿𝑙 [𝑈𝑇 ] ↔ ALGORITHM 4(𝑀,𝑁𝑂 , 𝑈𝑇 , . . . )
5: 𝑔𝑖𝑑𝑚𝑗𝐿𝑉𝑘𝑔 ↔ 𝑔𝑖𝑑𝑚𝑗𝐿𝑉𝑘𝑔⇓
6: SHORTEST STABLE PATHS(𝑀,𝑁𝑂 , 𝑈𝑇 , 𝑌𝑍𝑎𝑊1 , 𝑌𝑍𝑎𝑊2 )

7: 𝑌1 ↔ BR(𝑀,𝑁𝑂 , 𝑃1,𝑄1, 𝑃2,𝑄2, 𝑌𝑍𝑎𝑆2,𝑊2 )
8: 𝑌2 ↔ BR(𝑀,𝑁𝑂 , 𝑃2,𝑄2, 𝑃1,𝑄1, 𝑌𝑍𝑎𝑆1,𝑊1 )
9: if 𝑌1 ε 𝑌𝑍𝑎𝑆1,𝑊1 or 𝑌2 ε 𝑌𝑍𝑎𝑆2,𝑊2 then

10: 𝑂𝑏𝑞𝑌𝑑𝐿𝑙 ↔ 𝑂𝑏𝑞𝑌𝑑𝐿𝑙 \ {(𝑌𝑍𝑎𝑆1,𝑊1 , 𝑌𝑍𝑎𝑆2,𝑊2 )}

11: return 𝑂𝑏𝑞𝑌𝑑𝐿𝑙 \ 𝑔𝑖𝑑𝑚𝑗𝐿𝑉𝑘𝑔

Figure 4: Two non-dominated ECJSs: cooperation at 𝑈1 benefits
𝐿1, while cooperation at 𝑈2 benefits 𝐿2; both outperform no coop-
eration.

in Figure 4). However, since every ECJS improves upon independent
shortest paths, agents share an interest in agreeing on a strategy.

This coordination problem can be modeled as a correlation game
[3], where agreement on a joint strategy is essential to avoid sub-
optimal outcomes. Coordination can be achieved either through
conventions [40, 46] (e.g., minimizing the maximum path time, max-
imizing minimum utility relative to the 𝑌𝑍𝑎 , or maximizing social
welfare) or through the concept of a correlated equilibrium[3]. In
this setting, the agents agree on a shared probability distribution over
the set of non-dominated ECJSs and use it to jointly select a strategy
(e.g. via an external correlation device). This mechanism ensures
consistent execution and prevents mismatched decisions, enabling
the agents to maximize the expected value of a shared objective
function, such as fairness or social welfare.

Since the joint strategies in ECJS inherently reflect conflicting
preferences, reaching a mutually acceptable agreement can be chal-
lenging. To address this, we model the problem as a bargaining game
[41], aiming to identify a correlated equilibrium guided by standard
bargaining solution concepts. Specifically, we seek a solution that
satisfies the following properties:

(1) Pareto Optimality: No agent’s outcome can be improved
without worsening the outcome of the other.

(2) Symmetry: Identical agents with symmetric options should
receive identical outcomes.

(3) Fairness: The outcome should be impartial and just, avoiding
favoritism or discrimination between agents.

While Pareto optimality and symmetry are well defined, fairness is
more nuanced and context dependent. We therefore operationalize
fairness by comparing four common bargaining solutions: Nash
solution [41], Kalai-Smorodinsky solution [35], and the egalitarian
and utilitarian solutions.

Figure 5: An illustration of the set 𝑌 of all expected gain pairs

Formally, we denote the set of non-dominated joint strategies
in ECJS by ECJS𝑈𝑔 , and represent the selection of a probability
distribution over the joint strategies in ECJS𝑈𝑔 as a bargaining
game (𝑌,𝑔). The utility of each agent is defined by the time saved
compared to its 𝑌𝑍𝑎 . That is, for a given joint strategy (𝑊1, 𝑊2

) the
utility of agent 𝐿𝐿 is defined as 𝑆𝐿 (𝑊1, 𝑊2

) =𝑋 (𝑌𝑍𝑎𝑆𝐿 ,𝑊𝐿 ) ↓𝑋 (𝑊𝐿
|𝑊↓𝐿

).
We define the disagreement point 𝑔 as:

𝑔 =
(
𝑆1 (𝑌𝑍𝑎𝑆1,𝑊1 , 𝑌𝑍𝑎𝑆2,𝑊2 ), 𝑆2 (𝑌𝑍𝑎𝑆2,𝑊2 , 𝑌𝑍𝑎𝑆1,𝑊1 )

)
The set 𝑌 of all possible outcomes in the bargaining game is defined
as the set of expected utility pairs achievable by randomizing over
joint strategies in ECJS𝑈𝑔 . Let ECJS𝑈𝑔 = {(𝑊1

1 , 𝑊
2
1 ), . . . , (𝑊

1
𝑌, 𝑊

2
𝑌)}.

Then

𝑌 =
{ 𝑌∑
𝐿=1

𝑟𝐿 ·
(
𝑆1 (𝑊

1
𝐿 , 𝑊

2
𝐿 ), 𝑆2 (𝑊

2
𝐿 , 𝑊

1
𝐿 )
) """ 𝑟𝐿 ↑ 0,

𝑌∑
𝐿=1

𝑟𝐿 = 1
}

where each 𝑟𝐿 denotes the probability assigned to the 𝑚-th joint
strategy in ECJS𝑈𝑔 , and the resulting pair represents the expected
utilities of the two agents. We determine the parameters 𝑟1, . . . ,𝑟𝑌
for each solution concept as follows.

(1) Nash Solution, maximizes the product of the agents’ utilities
relative to the disagreement point, capturing mutual benefit
under rational cooperation.

(2) Kalai-Smorodinsky Solution, ensures proportional fairness
by preserving each agent’s utility ratio relative to its maxi-
mum attainable utility.

(3) Egalitarian Solution, seeks to equalize outcomes by maxi-
mizing the minimum utility across agents.

(4) Utilitarian Solution, maximizes the overall social welfare.
Since we seek a Pareto-optimal solution, we restrict our attention

to the Pareto frontier of the set 𝑌 , where no agent’s expected utility
can be improved without worsening the other’s. As a result, the
solution corresponds to a probability distribution supported on at
most two joint strategies. The specific strategies involved, however,
may vary depending on the chosen bargaining solution concept.

7 IMPLEMENTATION AND RESULTS
To provide a comprehensive perspective of IC2PP, understand how
different selection methods affect individual and social outcomes,
and examine factors influencing cooperation incentives, we fully
implemented all algorithms2 and evaluated IC2PP algorithms on
randomly generated graphs with diverse topologies, travel times,
and node delays. To broaden the experimental evaluation, we also
utilize the MAPF Benchmark Set [44], which provides a variety of
grid-based maps. To adapt these maps to IC2PP, each grid cell is

2The code repository is publicly available at https://github.com/shedlezki/Intermittent-
Cooperation-Simulation.

https://github.com/shedlezki/Intermittent-Cooperation-Simulation
https://github.com/shedlezki/Intermittent-Cooperation-Simulation


Figure 6: Effects of topology attributes on individual path times.

modeled as a node with two delay values, 𝑇1 for single-agent and 𝑇2

for cooperative execution, while edges between adjacent cells have
a travel time of 1 time unit.

To capture the factors that influence cooperation, we varied the
following attributes of an IC2PP instance:

• Cooperation Magnitude — The average ratio between the
task execution time of a single agent and that of two agents
cooperating at a cooperation node.

• Cooperation Density — the ratio of cooperation nodes to all
nodes in the graph.

• Path Lengths — the average path time between the start and
target nodes of the agents.

• Shortest Paths Divergence (SPD) — The minimal path time
separating the agents if following their individual shortest
paths from their respective start to target nodes, reflecting
how aligned these paths are.

We compare methods for joint strategy selection as follows. First,
we compute the optimal social welfare for each scenario using a
polynomial time algorithm (explained in details in Appendix H).
Then, using Algorithm 5, we identify all non-dominated ECJS and
evaluate the Price of Anarchy (PoA) [39] and Price of Stability
(PoS) [1], defined respectively as the ratios of the worst and best
ECJS to the optimal social welfare. Finally, we compare individual
path times and social welfare across ECJS selection methods under
varying Cooperation Magnitude, Density, Path Length, and SPD.
We conducted four separate experiments, each evaluating the effect
of a different cooperation factor (Magnitude, Density, Path Length,
and SPD) across a range of values. For each configuration, the
algorithms were tested on 50 randomly sampled scenarios from the
MAPF Benchmark Set. To control Path Length and SPD, start and
target nodes were selected based on predefined path lengths.

Figure 6 summarizes cooperation parameters’ impact on path
times via improvement ratios relative to independent shortest paths.
Decreasing shortest paths divergence or increasing cooperation den-
sity/magnitude improves individual and total path times across selec-
tion methods. Conversely, longer paths minimally affect individual
or social benefits.

Figure 7: Social Welfare vs. Path Lengths

Figure 7 shows that increasing path length improves the ratio
of achieved social welfare to the optimal social welfare, with the
Utilitarian solution and Min-Sum convention consistently attaining
the highest ratios and approach the optimum as path length increases
(other factors appear in Appendix I).

Overall, since selection methods produce comparable outcomes
for individuals, agents can adopt shared social objectives, such as
makespan minimization or social welfare maximization, without
compromising individual performance.

8 CONCLUSIONS
In this paper, we introduced the IC2PP framework for analyzing
cooperation among two self-interested agents whose incentives to
cooperate depend on temporal and spatial context. We character-
ized the structure of Pure Nash Equilibria (PNE) and developed an
efficient algorithm to enumerate all non-dominated PNE, proving
existence in all instances. We compared coordination mechanisms
for two agents and examined how different factors affect cooperation
outcomes in general.

These findings establish a foundation for understanding and guid-
ing rational cooperation in autonomous multi-agent systems op-
erating in real-world settings, where cooperation incentives are
context-dependent and shaped by temporal and spatial synchroniza-
tion. Therefore, this work opens the door to a broad line of future
research, including extensions to 𝑠 > 2 agents, online planning, and
scenarios with limited information about other agents.
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