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Abstract

We study policy-regret minimization problem in
dynamically evolving environments, modeled as
Markov games between a learner and a strategic,
adaptive opponent. We propose a general algorith-
mic framework that achieves the optimal O(v/T')
policy regret for a wide class of large-scale prob-
lems characterized by an Eluder-type condition—
extending beyond the tabular settings of previous
work. Importantly, our framework uncovers a
simpler yet powerful algorithmic approach for
handling reactive adversaries, demonstrating that
leveraging opponent learning in such settings is
key to attaining the optimal O(v/T) policy regret.

1. Introduction

In recent years, reinforcement learning (RL) has achieved re-
markable success across a wide range of complex decision-
making problems. Notable examples include mastering
games such as Go (Silver et al., 2016; 2017; 2018), real-
time strategy games like StarCraft II (Vinyals et al., 2019)
and Dota (Berner et al., 2019), autonomous driving (Shalev-
Shwartz et al., 2016), and socially interactive games such as
hide-and-seek (Baker et al., 2019), capture-the-flag (Jader-
berg et al., 2019), and poker (Texas hold’em) (Moravc¢ik
et al., 2017; Brown & Sandholm, 2018). Many of these set-
tings can be naturally formulated as instances of multi-agent
reinforcement learning (MARL), where multiple agents
interact and learn to make decisions in a shared environ-
ment (Yang & Wang, 2020; Zhang et al., 2021).

Despite these empirical advances, the theoretical and
algorithmic foundations of MARL remain relatively
underdeveloped—particularly in scenarios where the learner
faces adaptive opponents that adjust their strategies in re-
sponse to the learner’s behavior. Most prior work addresses
this challenge through the lens of external regret, which
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measures the gap between the learner’s performance and
that of the best fixed strategy in hindsight. However, ex-
ternal regret fails to capture the counterfactual nature of
adaptivity: it overlooks how opponents might have reacted
differently had the learner chosen a different strategy.

To address this limitation, policy regret (Arora et al., 2012b)
has emerged as a more suitable notion. Unlike external
regret, policy regret compares the learner’s performance
against the return they would have achieved by following
an alternate strategy, thereby accounting for the adaptive
behavior of opponents. Policy regret has been widely used
to analyze learning against adaptive adversaries in online
learning (Arora et al., 2012b; 2019) and repeated games
(Arora et al., 2018), but only recently extended to the set-
ting of multi-agent RL. In particular, Nguyen-Tang & Arora
(2024a) initiated the study of policy regret in Markov games,
establishing fundamental barriers and providing sufficient
conditions for achieving sublinear policy regret in tabular
environments. Their results hinge on two simplifying as-
sumptions: small discrete state and action spaces, and con-
sistent behavior—the adversary’s response in a state depends
solely on the learner’s policy in that state.

However, these assumptions are restrictive. In realistic envi-
ronments, an opponent’s strategy in a particular state may
depend on the learner’s actions in other states. Moreover, in
many real-world applications such as robotics and games,
the state and action spaces can be exponentially large or even
continuous and high-dimensional. making tabular guaran-
tees impractical. While function approximation has proven
effective in handling large-scale RL problems (Foster et al.,
2021; Liu et al., 2022; Jin et al., 2021; Zhan et al., 2023; Liu
et al., 2023; Chen et al., 2023; Zhong et al., 2022), its role in
minimizing policy regret within MARL remains unexplored.
This motivates the central question of our work:

Can we design sample-efficient RL algorithms for policy
regret minimization with function approximation?

In this work, we introduce BOVL-the first algorithmic
framework for policy-regret minimization in Markov games
for a broad class of problems characterized by f5-type
Eluder coefficients. Our problem class subsumes the class of
tabular problems studied in (Nguyen-Tang & Arora, 2024a)
introduces a novel class of linear problems, extending the
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(Nguyen-Tang & Arora, 2024a)

This work

RL problems Two-player Markov games Two-player Markov games
Learner policies Deterministic Deterministic/Stochastic
Adversary behavior Consistent Lipschitz
Representation Tabular General function approximation
Expressivity Exact Realizable, complete, and Eluder
Policy regret mVVHSAB(SAB(H +V/S) + H?)\/T/d* V(m+ H)/dgyT

Table 1. A comparison between our work and (Nguyen-Tang & Arora, 2024a). Due to fundamental barriers in policy regret minimization
for Markov games (Nguyen-Tang & Arora, 2024a), we only consider m-memory bounded and stationary adversaries for sample-efficient
learning. Here, T' denotes the number of episodes, m the memory of the adversary, H the episode length, S, A and B, the cardinalities of
the state space, learner’s action space, and adversary’s action space, respectively, d* the minimum positive visitation probability, and ~,
dr the covering-type and Eluder-type complexity measures of the function classes.

landscape of policy-regret minimization. Furthermore, our
framework provides a significantly simpler algorithmic de-
sign while attaining tighter bounds when specialized to the
tabular case. It also resolves three of the four open problems
posed in (Nguyen-Tang & Arora, 2024a). Specifically,

* We identify a general class of problems character-
ized by ¢5-type Eluder conditions (Condition 1 and
Condition 2), which includes both the tabular case
in (Nguyen-Tang & Arora, 2024a) and a new class
of linear Markov games. Our framework also in-
troduces a natural Lipschitz condition that models
how adversaries respond similarly to similar policy
sequences—an essential relaxation that overcomes the
fundamental barriers identified by Nguyen-Tang &
Arora (2024a, Theorem 3).

* We propose a generic algorithm, BOVL (Algorithm 1),
tailored to this broader class. BOVL employs a batch-
ing strategy to handle adaptive, memory-bounded ad-
versaries and constructs optimistic estimates of both
value functions and adversary responses based on col-
lected data. Compared to the layerwise exploration in
Nguyen-Tang & Arora (2024a), BOVL is conceptually
simpler and more amenable to large-scale settings.

* We show that BOVL attains a policy regret bound
of V(m + H)\/dg~T, where V is the scale of the
value functions, m the memory of the adversary, H the
episode length, d and «y the Eluder-type and covering-
type complexities of the function classes, respectively,
and T the total number of episodes. When instantiated
to the tabular case, this bound improves significantly
over Nguyen-Tang & Arora (2024a) by a factor of

HSA
B(i*< 9

probability—which can be arbitrarily small in prob-
lems with large state and action spaces.

where d* is the minimum positive visitation

We summarize these key improvements in Table 1.

1.1. Technical Contribution

A core technical contribution of our work is a novel ap-
proach to handling the batching component of BOVL.
Batching—originally inspired by Arora et al. (2012b)—divides
the total time budget into equally sized intervals during
which the algorithm commits to a fixed policy. This design
is crucial for coping with adaptive (but memory-bounded)
adversaries, as it allows the learner to observe consistent
responses over each batch.

A key challenge in this setup is that the models trained at
the beginning of a batch are not guaranteed to have small
empirical loss on the data subsequently collected within that
batch. Xiong et al. (2023) addressed this issue in the context
of value function learning by showing that only a small num-
ber of batches exhibit large in-batch empirical error. Their
analysis relies on a variant of ¢5-type Eluder conditions.
However, their technique applies only to empirical squared
loss, which suffices for value function approximation but
not for adversary learning in our setting, which involves em-
pirical log-likelihood loss. The reason is that their approach
requires a lower tail bound that is trivial for squared loss but
remains unknown for log-likelihood.

To overcome this, we introduce a new approach that con-
trols batches with large total variation loss rather than log-
likelihood loss, thus avoiding reliance on unavailable lower-
tail bounds (see Appendix F.2). Beyond our current setting,
this technique naturally generalizes to obtain regret bounds
with low switching costs in online density estimation prob-
lems with function approximation such as those studied in
Liu et al. (2023).

2. Problem Setup and Preliminaries

We consider two-player Markov games (MGs), specified
by the tuple M = (., o/, B, H,P,r), where . denotes
the state space, ./ the learner’s action space, and % the
adversary’s action space. The game proceeds over H steps
per episode. The reward function is given by r = {7, }ne[m1s
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where each 1, : .7 x & x 8 — R. We define [H] :=
{1,...,H}. The transition dynamics are given by P =
{Pn} he[m)» specifying the joint distribution over trajectories
s1.x conditioned on action sequences a1.7; and by.p:

H
P(s1:mla1:m,b1:8) =Pi(s1) H Py (snlsh—1,an-1,bn—1).
he2

Without loss of generality and for simplicity, we assume all
episodes begin at the same fixed initial state s;.

Interaction Protocol. At each episode, the learner and
adversary interact over H steps, starting from the fixed ini-
tial state s1. At time step h € [H], the learner observes the
current state s, and selects an action aj;, € .2/, while the ad-
versary selects an action by, € Z. The learner then observes
by, receives a reward 1, (sp, an, by,), and the environment
transitions to the next state spy1 ~ Pp(|sp, an,bp). The
episode terminates after H steps.

Policies and Value Functions. A (Markov) policy for the
learner is denoted 7 = {7, } (], Where each 7, (-[s) €
A(<47) specifies a distribution over actions at step h and
state s. Similarly, the adversary’s policy is 1 = {pn } he[a»
where up(-|s) € A(A). Here, A(X) denotes the set of
probability measures over a measurable space X'. The value
function at step h and state s, under policy pair (7, ),
is defined as V" (s) := Emu[Zfih ri(sy, ai,by)|sn =
s], where the expectation is taken over trajectories gen-
erated by the joint policy and transition dynamics. We
also define the action-value function Q;"(s,a,b) :=
B[y it ar, bo)l(snyanbr) = (s.a,b)]. We as-
sume that the learner and adversary select policies from
restricted classes I, and I 4, respectively.

Policy Norm. To compare the similarity between two
policies within IT,, or ITg, we define generic norms || - || 1o
and || - |11 on the corresponding policy spaces. Our results
are stated in generality and do not depend on any specific
choice of norm. However, to provide concrete examples:

* If policies are stochastic and the action space is discrete,
one can use the ¢; /¢, norm:

I — 7'l = max sup [[mn(-ls) — mh(ls) e (D
helH] se.#

* In contrast, if II,, contains only deterministic policies
and <7 is continuous (e.g., in robotics), the norm above is
ill-defined. In such cases, it is more appropriate to use:

7T*7T/ = Imax sSu T S*TI'IS
I =7, = s sup 1w (s) = 7 (5) s

where 7}, : ¥ — o7 and || - ||~ is @ norm on the continu-
ous action space &7 (e.g., an £, norm).

Additional Notation. Let f = (f1,..., fi), where each
fn S x o x B — R. For any policy pair (7, u),
we define the expectation of f;, under policies 7 and p as
fh(s, T, ,u) = ]EaNWh,(-|S),b~uh,(-\S) [fh(S, a, b)} We define
the Bellman operator 7,/ : R X X% _, R XAXPF uq;

[T " freal(@) = (@) + Prgr (|2), frgr (7, 1)),
where (-, -) denotes the dot product between two vectors.

We denote the p-norm by || - ||, the maximum and mini-
mum of two values by « V y := max{z,y} and x Ay :=
min{z,y}, respectively. We write f < g to indicate
f=0(g),ie., f < cg for some absolute constant c¢. Sim-
ilarly, we define the asymptotic relations 2 and < as the
counterparts of > and = up to constant factors.

We also introduce the following shorthand notation:

¢ Ty = (sh,ah,bh), and X = . X & X @,

® Zp = (Sh,ah,bh,T}L,Sh+1),Z = yXJZfX@Xny,
* zj, = (s},,a},, b, 7}, s},.,) for episode t.

Define

En ' (fry frr)(@n) = [T frar — ful(zn),
Leu(frs Sr1) (20) = (i (Sns an, br) = Th— fat1 (shg1, 7, 1)
Alru(fry frr1)(zn) = la,u (fhs fra1)(2n)
= Ly (TR " frs1, fr1)(2n)

Boundedness. Without loss of generality and for simplic-
ity, we assume that all rewards are bounded: 1, € [0, V] for
all h € [H], where V is a known constant.

Adaptive Adversaries. We consider adaptive adver-
saries, following the framework introduced by Arora et al.
(2012bsa); Nguyen-Tang & Arora (2024a). Specifically, the
adversary is allowed to adapt its behavior over time using
arbitrary deterministic algorithms. Formally, at episode ¢,
the adversary selects a policy u using a (potentially un-
bounded) deterministic mapping 2; : IIY, — I, which
maps the history of the learner’s policies 7!, ..., 7 to the
adversary’s response f’.

This reactive model generalizes the canonical Stackelberg
game setup (Von Stackelberg, 2010), where a “defender”
(the learner) first commits to a strategy, and an “attacker”
(the adversary) responds optimally, given knowledge of the
defender’s strategy.

Policy regret minimization. We measure the learner’s
performance using policy regret (Merhav et al., 2002; Arora
et al., 2012b), which compares the learner’s cumulative
reward to that of the best fixed policy sequence in hind-
sight, accounting for the adaptive nature of the adversary.
Formally, the policy regret after T episodes is defined as:

T
PR(T)= sup Y V(T (5 )y Mmoo )

wEll t=1
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where [r]¢ denotes the repeated sequence (m,...,7) of
length ¢, and 2, ([7]") is the adversary’s policy if the learner
had used 7 in all past episodes.

3. Problems with Large State-Action Spaces

We begin by recalling the fundamental barriers to policy
regret minimization in Markov games identified by Nguyen-
Tang & Arora (2024a). These barriers hinge on two criti-
cal concepts: m-memory boundedness (Definition 1) and
stationarity of the adversary (Definition 2). An adversary
is said to be m-memory bounded if it only considers the
learner’s most recent m policies. An adversary is stationary
if its behavior does not vary over time.

Definition 1 (m-memory bounded adversaries). An adver-
sary is said to be m-memory bounded for some m > 0, if

for every t and any policy sequence 7', ..., wt, we have:
t
7).

Qlt(ﬂ17...

) = ﬂt(ﬂlv(t_m+1), ..

Definition 2 (Stationary adversaries). An m-memory
bounded adversary is said to be stationary if there exists a
mapping p* : 117, — Ilg such that, for every t and any

j T LT N
olicy sequence ', . .., mt, we have

Q[t(ﬂla . ,7Tt) — u*(wlv(t_"H—l), .

Lmh).
Nguyen-Tang & Arora (2024a) show that policy regret min-
imization is not sample-efficient against adversaries that are
either (i) unbounded in memory or (ii) memory-bounded
but non-stationary.

Motivated by this impossibility result, we restrict our fo-
cus for the remainder of the paper to memory-bounded and
stationary adversaries as formalized in Definition 2. Specif-
ically, we assume that the adversary is governed by a fixed
mapping p*, and is m-memory bounded and stationary,
where m is known to the learner.

For convenience, we assume that the adversary employs
Markov policies. Thus, we can write the joint distribution
over adversary actions b;.p as:

M*(bl:H|51:Haﬂ— (t= m+1)t H

T

bh|3ha (t—m-i—l):t)7

Whenever it is clear from the context, we also use the short-
hand p* () to denote p*([7]™).

3.1. Value Function Approximation

We consider the setting of large state spaces, where the
state space . is exponentially large. In such cases, it is
undesirable for the policy regret to scale polynomially with
the number of states |.#’|. To address this, it is common in
practice—especially in deep RL (Mnih et al., 2015)—to use
function approximation (e.g., neural networks) to estimate
value functions. We adopt this approach in our work.

Formally, the learner is given a function class F = F; X

. x Fu, where each Fj, C {X — [0, V]} provides a set
of candidate functions to approximate Q; ™) for any
m € Il, with p* denoting the m-memory bounded and

stationary adversary.

Learning in Markov games remains extremely challenging
without additional expressivity assumptions on the func-
tion class. We adopt the standard assumption of Bellman
completeness.

Assumption 3.1 (Bellman completeness). For all m €
., f € F, and h € [H], we have TI* ™ f, 1 € F,.

Bellman completeness requires the function class to be
closed under the Bellman operator. It also implies real-
izability, i.e., Q" ey V(m k) € Ty x [H.
This assumption is w1dely used as a sufficient condition
for sample-efficient RL with function approximation (see,
e.g., Jinet al. (2021)).

Covering number. When the function class F and policy
class IT,, are finite, their statistical complexity can be mea-
sured via their log cardinalities, log | F| and log |II.,|. For
infinite classes, we use the standard notion of e-covering
number.

Definition 3 (e-covering). For any € > 0, the e-covering
number of a pseudometric space (X,d), denoted by
N(e; X, d), is the smallest integer n such that there exists a

subset X, C X with |X.| = nand sup inf d(z,z’) <e.
rex T €X.

We apply the covering numbers to the spaces (F, || - ||oo)
and (I, | |11, ), where ||f — glloc = max, | fn —gn -
For notational simplicity, we omit the metric dependence
and write Nx(e) and Ny, (€), instead of N(e; F,| - |loo)
and N(¢; Iy, || - ||m,, ), respectively.

Example 3.1 (Linear function approximation). Consider
a linear Markov game with feature map ¢:X —R% i.e.,
Vh € [H], the transition and reward functions are given
by Pr(s'|x) = (p(x), vp(s")) and ri(x) = (Pp(x),0r), for
some functions vy,(-) and parameters 0), € R% (Jin et al.,

2023). The function class F C {x+— (¢(x),w):w € R},
Lemma 3.1. In Example 3.1, logNr(e) =
O (dinH log(l/e))

Lipschitzness assumption. Finally, we assume that func-
tions in F are Lipschitz with respect to both the learner’s
and adversary’s policies.

Assumption 3.2. (Lipschitzness for Value Functions)
There exists a constant Lip, such that for all , 7' € Iy,
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' € g, f € Fand (s, h) € (S, [H]),

|fh(55 777”) - fh(svﬂ'/a,u” < Lin ) ||7T - 7T/HHQ¢7
| fr(s, 1) = fu(s, 7, 1")| < Lipg -l — 1|11, -

For example, if we define || - [|ir,, and || - ||z, using the

{1 /€ as in Equation (1) norm, then Lipg < V.

3.2. Opponent Function Approximation

Nguyen-Tang & Arora (2024a, Theorem 3) show that achiev-
ing sublinear policy regret is impossible—even against m-
memory bounded and stationary adversaries—if there is no
constraint on how the adversary responds to two similar
sequences of learner policies. To address this issue, they
propose a sufficient condition for learnability, namely con-
sistency: if the learner plays two sequences of policies that
agree at certain states s and steps h, then a consistent adver-
sary should respond with policies that also agree at those
same states and steps.

Definition 4 (Consistent adversaries (Nguyen-Tang & Arora,
2024a)). An m-memory bounded and stationary adversary
is said to be consistent if, for any two sequences of learner’s

policies T, ... . m™ and V', ... v™, and any (s, h) € & x
[H], the following holds: if =} (-|s) = vi(-|s),Vi € [m],
then 1} (-|s, 7', ..., ™) = pi(c|s, v, .. ™).

In essence, the adversary’s response at step h and state s
depends only on how the learner’s policies behave at that
state and step. While consistency enables learnability in
tabular Markov games by overcoming the fundamental hard-
ness barrier, it significantly limits the class of admissible
adversaries and does not generalize to large state spaces.

To overcome this limitation, we instead assume that the
adversary’s response is Lipschitz in the learner’s policy:

Assumption 3.3 (Lipschitz Adversary). There exists a
constant Lip ,;, such that for all w, 7' € Mo, we have

(™) = " (7))l < Lipagy - |7 = 7'[l,,

This assumption ensures that similar learner policies yield
similar adversary responses, under the respective policy
norms. It generalizes the consistency assumption: for in-
stance, even if m;, = 7 for some h € [H], a Lipyy,-
Lipschitz adversary need not satisfy p} (7) = pj(7’), as
required under consistency. When I, contains only deter-
ministic policies, a consistent adversary is 1-Lipschitz.

Behavior Model Class. We assume that the learner has
access to a known model class of adversary behaviors that

contains the true adversary. Specifically, the learner is given
a behavior model class ¥ = ¥, x --- x Uy, where each
ur € Yy, maps I, x & to distributions over 4. We
assume realizability:

Assumption 3.4 (Adversary realizability). The adver-
sary’s response function satisfies u*([-|"™) € .

Remark 1. We only model how p* responds to a repeated
sequence [t|™ = (m,..., ™), as this is the benchmark used
in defining policy regret. No assumptions are made about
how u* responds to arbitrary sequences of differing policies.

Following standard practice in maximum likelihood estima-
tion (MLE) analysis (Geer, 2000), we measure the complex-
ity of ¥ using the bracketing number:

Definition 5 (Bracketing number). A collection {[l;,u;],i €
[N]} of function pairs l;,u; : g X & X B — Ry is said
to be an e-bracketing cover of Wy, if
e max sup sup |lu;(m,s,-)|1 < O1);
i€[N] rell,y s€.
* For every pp, € Wy there exists i € [N] such that
Li(m,8,0) < pp(bls,m) < wi(m,s,b) for all (w,s,b);

¢ max sup Ssup Hli(ﬂ'vsha ) - ui(ﬂ'vsha )Hl <e
€[Nl relly, sy e

The smallest such N, denoted by N\[I],h (€), is called the e-
bracketing number of Vy,. The e-bracketing number of ¥, de-

noted by N\g (€), is defined as N\[I],(e) = maXpe[) N,[I],h (¢).

The bracketing number gives stronger control over model
complexity than the covering number and is commonly used
in model-based RL (Liu et al., 2022; 2023). Unlike those
works, our definition does not assume a specific factoriza-
tion of pyp, ().

Running Example. We illustrate these ideas with a linear
adversary response model:

Example 3.2 (Linear Response). For all (s, h, ),
pp (s, [7]™) = (@7, wh)

where ®* : R%adv — R maps v € R 1o (®*,v), and
wf, € Riedv that depends on , h, s with ||wT, || = O(1).

In the tabular setting of Nguyen-Tang & Arora (2024a) with
consistent adversary and Il including only deterministic
policies, we recover this form with dyy = HSA and wj,
being the one-hot vector corresponding to (h, s, 7;(8)).

Lemma 3.2. Assume the linear response in Example 3.2.
Let UV = Uy X ... x Uy where each Vy, is the set of up,
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such that pp,(-|s, m) = (@, wf,) with ||®| e = O(1). Then
the bracketing number of U can be bounded as:

log N (€) = O (dgay Blog(B/e)).

The proof is given in Appendix G.

4. Algorithmic Framework

In this section, we introduce a simple yet general algorithm-
Batching and Optimism based on Value and Likelihood
fitting (BOVL)—for policy regret minimization with function
approximation. The pseudocode is provided in Algorithm 1.

BOVL combines both value-based and model-based learn-
ing: the former for learning value functions, and the latter
for modeling the adversary’s behavior. It takes as input the
value function class F, the adversary model class ¥, the
policy class II ., the number of effective episodes 7!, and
the number of batches K.

The algorithm proceeds as follows:

* Optimistic planning (Line 3): At each episode ¢ € [T,
BOVL computes an optimistic policy 7! that maximizes
the expected return under the most optimistic combina-
tion of a value function and an adversary model.

* Data collection (Line 4): The learner executes policy 7
to collect a trajectory 7¢, with the adversary responding
based on the most recent m policies of the learner.

* Periodic confidence set updates (Lines 5-8): Every
|T/K | episodes, the algorithm updates its confidence
sets F'(-,-) and W' using all collected data. In between
updates, the confidence sets remain fixed (Line 9).

A core component of BOVL is the construction of confi-
dence sets F'(-,-) and W', The set F'(m,v) includes all
value functions f € F that approximately explain the data
collected so far, up to an error «, in terms of squared loss as
a proxy for the Bellman error under the policy pair (7, v).
This construction is rather standard in RL and is similar to
that in the GOLF algorithm of Liu et al. (2023). The set
Ut includes all models ;1 € ¥ whose log-likelihood over
the collected data is within 3 of the best possible model in
W. This can be viewed as a relaxation of maximum likeli-
hood estimation: when 8 = 0, U’ reduces to a singleton
containing the MLE.

The key design in BOVL for handling m-memory bounded
adversaries is its batching strategy. The algorithm partitions
the total episode budget 7' + (m — 1) K into evenly spaced
intervals (batches) of size m — 1 + |T//K |, and holds the
policy fixed throughout each batch. The confidence sets—
and therefore the policy—are only updated at the start of each

'"BOVL runs for T+ (m — 1)K episodes due to Line 6.

batch. This structure allows the learner to observe and infer
the adversary’s behavior in response to repeated executions
of the same policy. Notably, Line 6 implements a “warm-up’
phase where the learner executes 7t for m — 1 episodes
(without collecting data) to ensure that the adversary’s re-
sponse stabilizes to the current policy.

l

Remark 2. The tri-level optimization in Line 3 generally
cannot be solved efficiently, and our analysis is primarily
theoretical.

Comparison with the algorithm by (Nguyen-Tang &
Arora, 2024a) for tabular MGs. Since our work resolves
several open questions posed by Nguyen-Tang & Arora
(2024a), it is useful to contrast the algorithmic design prin-
ciples of both works.

¢ Similarities: Both algorithms employ batching to ad-
dress m-memory bounded adversaries. They also share
the high-level idea of jointly learning the environment
and the adversary through optimism over value functions
and opponent models.

* Differences: Our algorithm handles large state and action
spaces through function approximation, whereas Nguyen-
Tang & Arora (2024a) is limited to tabular Markov games.
Their algorithm uses a complex layerwise exploration
mechanism that requires full coverage of the state-action
space at every time step h € [H]. This involves mark-
ing infrequent transitions and truncating reward func-
tions—designs that are fragile and impractical in large
or continuous domains. Furthermore, their method de-
pends on knowledge of the minimum nonzero visitation
probability, a strong assumption that may not hold in
practice. In contrast, BOVL uses more modular and in-
terpretable components—standard squared-loss fitting
for value functions and log-likelihood based updates for
opponent modeling—leading to a significantly simpler
and more general algorithm.

5. Theoretical Guarantees

In this section, we establish theoretical guarantees for our
algorithm BOVL. Specifically, we introduce a general suf-
ficient condition, called the /5-type Eluder condition, and
prove that for any Markov game satisfying this condition,
BOVL achieves O(v/T) policy regret.

5.1. /5-type Eluder Conditions

The Eluder condition is a structural complexity measure
inspired by the pigeonhole principle and the elliptical poten-
tial lemma, which have been widely used in tabular MDPs
(Jin et al., 2018) and linear MDPs (Jin et al., 2023). Variants
of Eluder conditions have become a standard tool for analyz-
ing optimistic exploration algorithms in both bandit and RL
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Algorithm 1 BOVL(F, U, 11, T, K) -

Batching and Optimism based on Value and Likelihood fitting

1: Initialize: ¥° = ¥, and F° (7, (7))

Zf,V(ﬂ',/J,) elly x U,

o = V2 log(2NF(1/T)Nn, (1/T)TH/5) + VLipg (1 + Lipyg,),

8 = log (NQ(l/T)TH/a) .

2: fort=1,...,Tdo

3: 7w = argmax max ma. S1,T
WgGHd pewt=1 fe Ft— 1(71,“ fl( 1 [L( ))

4:  Execute 7 to collect a trajectory 7/ = {(s} ,a}, b}, 7))} ne(H) (the adversary responds to the last m policies of the

learner, including 7?)
5. ift=t; :=j|T/K]| + 1 for some integer j then
Execute 7" for m —
7: Update the confidence sets F*(-,

=)

t
.Ft(ﬂ,y) = {f e F: Zlﬂ,u(fhafh-Fl)(Z;L) inf

i=1

U= {,ue U : sup Zlog Ha(Bhlsh @ )
HRE€YR G
where U, (fn, fnt1)(s,a,0,7,8") = (fu(s,a,b)
8. else
9: Fi(,)=F=1(,-) and ¥ = w1
10:  endif
11: end for

n (b} ‘Shﬂrl)

1 consecutive episodes (and collect nothing)
-) and ¥ as follows:

t

gthh

Lew(gns fas1)(2),) < o, Vh € [H]}

=1

ﬂVhe[H]}

— 7 — fuy1(s’,m,v))? and Zi = (Sﬁaaiab277"2vsfz+1)'

settings (e.g., Russo & Van Roy (2013); Liu et al. (2022);
Jin et al. (2021); Zhan et al. (2023); Liu et al. (2023); Chen
et al. (2023); Zhong et al. (2022)).

In our case, we extend the Eluder condition to two com-
ponents of learning: value function approximation and op-
ponent modeling. Moreover, due to the batching nature
of BOVL, we require a slightly stronger version known as
the /5-type Eluder condition—first introduced in the con-
text of online learning with limited adaptivity by Xiong
et al. (2023). This condition is critical for controlling errors
within each batch where confidence sets are not updated.

To highlight the distinction between the standard and /5-type
Eluder conditions, we begin with a simple example:

Example 5.1 (Standard vs. ¢>-type Eluder Conditions). Let

® and Y be vector spaces. Consider sequences {¢;} in @
and {y;} in Y, and let A > 0.

The standard Eluder condition characterizes the complexity
of (®,Y) by the smallest d such that lef;} (Be,yi)2 < A
forallt € [Tj then the cumulative sum of inner products is

bounded: ), | (¢i,y;) < VAT

The {5-type Eluder condition strengthens this conclusion by
bounding the sum of squared inner products, requiring that

22:1 (¢i,yi)? < d\logT.

Clearly, the {s-type condition is stronger. In fact, it implies
the standard one via Cauchy-Schwarz: Zf:1<¢i,yi> <

TZ§:1<¢%‘, yi)2 </ dT'XlogT.

We now formally define the ¢5-type Eluder conditions for
value functions and adversary models.

Condition 1 (¢5-type Eluder coefficient for value function
class). The {a-type Eluder coefficient of (F, Il ), denoted
by dimg(F,Ily), is the smallest d such that for any T € N
and any sequences { f'},cr) C F, {7"} e C Il and
{@} Yepr) € " x o x BB and for any X > 0, the following
holds:

t—1
if S Er T fh) @) < A Ve [T,
=1

t ) )
then > &7 " U (flL fi ) (@h)? < O(dAlogt).

This condition states that small cumulative in-sample Bell-
man errors imply small cumulative in-distribution Bellman
errors, where the bound depends on dimg (F, ).

Lemma 5.1. The Eluder coefficient for the linear model in
Example 3.1 satisfies dimg(F, 1) = O(d;,) for any 4.
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Function Approximation Policy Regret
General V(m + H)\/dgyT
BOVL (QOurs) Linear V(m+ H)(din V daay)/(H + B)T
Tabular V(m+ H)SA\/(H + B)3T
APE-OVE - 2y /T
(Nguyen-Tang & Arora, 2024a) Tabular mVVHSAB(SAB(H +VS) + H?),/ £

Table 2. A summary of our main result and its instantiation to the linear case and the tabular case.

Condition 2 (/5-type Eluder coefficient for adversary class).
Let dimp (V, 11, ) denote the ly-type Eluder coefficient of
the adversary class V. It is the smallest d such that for any
T € N, any sequences { }1err) C W1 and {7'}eir) C
11/, and any X > 0, the following holds:

if Z 21 (7
then Z I (e

i <A vte [T,

)| < O(dAlogt).

This condition extends Eluder-type reasoning to adversary
models using total variation (TV) distance. Similar assump-
tions have been employed in the optimistic MLE literature
(e.g., Liu et al. (2023), Condition 3.1).

Lemma 5.2. Consider the linear response model in Exam-
ple 3.2 with dimension dug,. Then dimpg(V, ) = O(duay)
for any 11 .

5.2. Main Result

We now present the main result, which provides a theoretical
guarantee on the policy regret of BOVL.

Theorem 1. Fix any § € (0,1). Under Assumptions
3.1, 3.2, 3.3 and 3.4, and Conditions I and 2, if we set

K =< T-dplog®T in BOVL, then with probability at
least 1 — 0,

PR(T) = O(V(H + m)\/dp~yT log® T),

where v =5V, dg =dimg(F, Uy )Vdimg(V,1y).

This result shows that the policy regret of BOVL is inde-
pendent of the cardinalities of the state space .# and action
spaces <, 4, making BOVL suitable for large-scale prob-
lems, including those with continuous high-dimensional
actions. We instantiate this result for two cases.

For linear value functions (see Example 3.1) and lin-
ear adversary models (see Example 3.2), we can bound
v = O((Hdiy V Bduy)log(BT)) (by Lemma 3.1 and
Lemma 3.2) and dg = O(diy V dagy) (by Lemma 5.1 and
Lemma 5.2).

The tabular case studied in Nguyen-Tang & Arora (2024a)
with consistent adversaries corresponds to the linear case
with di, = SAB and d,q, = HSA.

We summarize these instantiated bounds in Table 2. Even
in the tabular case, our policy regret bound improves over

Nguyen-Tang & Arora (2024a) by a factor of %tsif‘, which
can be significantly large when d* is small, as is often the

case in finite but large-state problems.

5.3. Sketch Proof of the Main Theorem

We outline the main steps in proving the policy regret bound
for BOVL. The full proof appears in Appendix A.

Step 1: Optimism and Error Decomposition. We begin
by showing that, with high probability, the confidence sets
Ui~ contain the true adversary model p* and F'=1(r,v)
contains the value function Q™ forall m, v and ¢ € [T (see
Lemma D.1). This follows from martingale concentration
and the construction of confidence radii « and 3 in BOVL.

Let

(fta,ut): fl(slvﬂ-thu'(ﬂ-t))'

arg max
feFt=1(xt,u(nt)),pevt-1

Each time the algorithm switches policies or plays a pol-
icy for fewer than m consecutive episodes, it may incur
up to O(V) additional regret. Since such events happen at
most mK times (due to K policy switches and (m — 1)K
instances of “immature” plays), the total regret can be de-

composed as: .
PR(T + (m — K) SmEV +V Y ||uj (=" ™)1
t=1

T H
—‘,—ZZE; o )(f}i7f}€+1)(xz)(2)

t=1 h=1



Policy-Regret Minimization in Markov Games with Function Approximation

Step 2: Leveraging the Confidence Set Design By de-
sign, for each batch j € {0,..., K — 1}, construction of
the confidence sets in Line 7 forces f*+! and 7t +! to have
small squared loss (a proxy for Bellman error). Using stan-
dard martingale concentration inequalities (Lemma E.1), we
can show that, with high probability

tj

AN s B W PR BRIV
E &, ( ho o Jht1 )(zh)® S a
i=1

Because confidence sets are only updated at the start of each
batch, we cannot guarantee that the total empirical squared
Bellman error will be small for all episodes within the batch.
However, by the />-type Eluder condition (Condition 1), the
number of batches where this fails is small. In particular,
the cardinality of the set C® of all batches with large total
empirical squared is bounded as (Lemma F.2):

%] < dimpg(F, L) log T log(TV?). 3)
Then, for all episodes ¢ in any batch in {0, ..., K — 1}/K*:
=1 t * t
Y& T ) @h) S 4)
i=1
Similarly, by Condition 2, the number of batches with large
total variation error is also small (Lemma F.4):
K[ < dimp (¥, ) log™ T, ®)

and for all ¢ in batches indexed by {0, ..., K —1}/K":
t—1 ‘ .
Db (@) = pi(a)IE S . (6)
i=1

Step 3: From Conditions to Final Regret Bound. Using
the ¢5-type Eluder conditions, we can now relate the bounds
above to the regret decomposition in Eq. (2). In particular,
by Cauchy—Schwarz:

Z 5;”#*(77 )(f}i7fi€+l)(x%)

te{0,...,K—1}/Ks

< V/Tdimp(F, Iy )alogT.  (7)

A similar chain of arguments establish that

DO IR THUS]

te{0,...,K—1}/Ktv

<\/Tdimp(V,1,,)BlogT. (8)

Combining Egs. (2), (7), (8), and the bounds on |KC%| and
|kt |, we obtain the desired O(v/T) policy regret.

6. Conclusion and Discussion

In this work, we develop the first general algorithmic frame-
work for policy regret minimization in Markov games with
function approximation, addressing a fundamental open
problem in sequential decision-making under strategic in-
teraction. Unlike prior works that are restricted to tabular
settings or rely on strong assumptions such as consistency
of adversaries, our framework handles large-scale and con-
tinuous environments through function approximation. Our
approach achieves an optimal O(v/T) policy regret bound
under natural assumptions, notably /5-type Eluder condi-
tions that jointly characterize the complexity of the value
function and opponent model classes.

A key technical insight in our design is the batching mech-
anism that enables the learner to commit to policies over
multiple rounds, which is critical for learning in the pres-
ence of reactive adversaries. To overcome the challenge
that confidence sets are not updated within a batch, we
introduce a novel analysis technique that quantifies the num-
ber of batches with large in-sample error using Eluder-type
arguments. This allows us to tightly control the regret contri-
butions from both value estimation and opponent modeling.
In contrast to previous work, which only handles squared
loss for value estimation, our method supports total vari-
ation loss and bypasses the need for lower tail bounds on
log-likelihood, which are unknown.

We also demonstrate that our regret bound remains indepen-
dent of the cardinality of the state and action spaces, making
our algorithm suitable for continuous high-dimensional do-
mains. When specialized to linear or tabular models, our
bounds not only recover but also strictly improve upon those
of prior work, such as Nguyen-Tang & Arora (2024a), with
significant gains in the tabular case.

While our framework provides a principled foundation for
learning in Markov games with function approximation,
several important directions remain open. First, extending
our guarantees to adversaries with unbounded memory or
greater adaptivity would broaden the scope of our frame-
work. Second, it would be valuable to explore alternative
complexity measures that can relax or replace the current
Lipschitz assumptions. Third, designing adaptive batching
schemes could further improve empirical performance, es-
pecially in non-stationary settings. Fourth, validating the
framework on large-scale benchmarks would help bridge the
gap between theory and practice. Finally, generalizing the
algorithm to cooperative or aligned multi-agent scenarios
could open new avenues for applying policy regret mini-
mization to collaborative decision-making.
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A. Full Proof of Main Theorem

We restate Theorem 1 with more details in the following theorem.

Theorem 2. Fix any § € (0,1). Under Assumptions 3.1, 3.2, 3.3, 3.4, and Conditions 1, 2, with probability at least 1 — 6,
the policy regret of BOVL can be bounded as

PR(T + (m —1)K) SmKV + Hy/a- T -dimp(F, ) -logT + V/B-T -dimp(V,1l,;) -log T

_T _T
+ HV — - dimp(F, Tl7) log T + Vo dimp (0, T1y) - log? T.

Proof of Theorem 2. In this subsection, we present a brief sketch proof for the policy regret bound of BOVL. Our proof
strategy consists of the following key steps.

Step 1: Optimism and error decomposition. We firstly show that with high probability, the confidence sets W1
contains the true response p* and F~! (7, v) contains Q™ for all r, v and t € [T] (Lemma D.1). This naturally comes
from martingale concentration and the choice of confidence radii o and 3 in BOVL. Let

(f'n') = arg max filst ', (@)
FEFI 1 (t u(mt)) pE W1

Notice that switching a policy or playing the same policy but for less than m consecutive episodes adds O(V) to the policy
regret in the worst case. There are at most mK times BOVL perform such behavior (K policy switches + (m — 1) K times
playing a policy “immaturally”). Thus we have,

PR(T + (m — 1)K) — mKV

Vfr*’u*(ﬂ*)(sl) _ Vlwt’“*(ﬂt)(sl)

]~

o~
Il
-

max max
pEWI=L fEFET(m*, (7))

Frlsn,m*, p(m)) = Vi# ) (s)

M=

o~
Il
—

t t wtut ()
max max s, () =V, s
o maxfGsrte) =1 )

M=

~
Il
-

Filsy,mt, pb(xh)) — Vi T (sy),
I3

M=

.
Il
-

where the second inequality is due to optimism, the third inequality is due to the optimistic planning (Line 4) of Algorithm 1.
We have

gt = fh(sr,mt (1) — VI (s1) 4 f(sr, 7t pt (1) — f(sr, 7, ()

¢t v

By the standard error decomposition (Lemma B.1), we have

H
CI = ZEWt’#*(ﬂt) |:g;; o (7T )<f}t,7f}t+1)(‘rh>:| )
h=1

where . ,, denotes the expectation taken over the random trajectory (s1,a1,b1,...,Sm,am, by) induced by following 7
and u, and z, = (sp, an, by). We have

Y <V lpiClst, 7)) — pi (s, 7).

12
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Therefore,

< I

PR(T'+ (m - 1)K

i ivi

H
523 B [ (s S o] + 73 kGl ) = il )

t=1

IN

IN

M= HMH
Mm i

T
En et )(fhafh+1)(1'h) +O(HVT) + Z 1 (Cls, ) = i (s, ) ®)

ﬁ
Il
-
>
Il

1

where the last inequality follows the standard Azuma-Hoelfding’s inequality.

Step 2: Control the number of batches with large in-batch loss. A batch j starts at episode ¢; 4+ 1 and ends at episode
tj+1, where t; := j|T/K | + 1. Let us denote by B, the set of all episodes within batch j, i.e.,

Bj = [tj + l,tj+1] = {t]‘ + 17tj + 2, e ,tj+1}

Let us define the “normalized” in-batch losses for all batch j € {0,..., K — 1},

tj+1
1 LT C S e ] i
ST oEr T ) () (10)
i:t_j—‘-l
[ZES]
Aj = 5 Dl = g (1)
i=t;+1

Define K® be the set of all batches j € {0, ..., K — 1} with large in-batch bias-centered squared loss, i.e.,
Ke:={je{0,...., K -1} : A; > 3}.
Similarly, define K be the set of all batches j € {0, ..., K — 1} with large in-batch TV distance, i.e.,
K :={je{0,....,K —1}: A; > Q(1)}
By Lemma F.2 and Lemma F.4, with probability at least 1 — §, we have

K| < dimp(F, ) - log T log(TV?). (12)

|K| < dimpg (¥, 11, ) log? T. (13)
We also define the complement sets K* = {0,..., K — 1}/K* and K* = {0,..., K — 1}/K.
Step 3: Utilize the design of our confidence sets. Recall that, for any batch j € [K], our construction of the confidence

sets at Line 7 forces f%*1 and 7% ! to have small bias-centered squared loss which is a proxy for squared Bellman error.
By standard martingale concentration inequalities (Lemma E.1), we can show that, with probability at least 1 — 4,

tj ti:+1 * ti4+1 .
Vi€ {0, K -1 g (ot i @)? S o

Combining with the construction of K%, we have

t—1
vie | B e T ) @h)? S o (14)
jeks i=1

13
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By Lemma D.3, the construction of the confidence set ¥* in Algorithm 1, and Assumption 3.4, we have with probability at
least 1 — 6,

. ti+1 7 * 7
Vje{0,...,K —1}, leu (ls1,m") = i (lsr,7)[1F < 8.

Similarly, by the construction of K, we have

vie BJ»Z”M (ls1, 7m0 — pi(ls1, 7)1 < B. (15)

76’Cf'u

Step 4: Establishing the relations between Equation (14), Equation (15) with Equation (9). So far, we want to bound
Equation (9) while we know Equation (14) and Equation (15). Note that the terms in Equation (9) look similar to the
corresponding terms in Equation (14) and Equation (15), except that the terms in Equation (14) and Equation (15) control
the losses of the models at time ¢ for all collected data up to time ¢ — 1. It turns out the Eluder conditions will exactly help
us with establishing the relations between Equation (14), Equation (15) with Equation (9). In particular, by Condition 1,
Equation (14) implies that

S & S @h)? S dimp(F, ) - alog T
teU;ers Bj

Therefore, by Cauchy-Schwartz inequality, we have

Soogr L f )@l S VT dimp(FL1Ly) - alog T (16)
t€U;crs B

By a similar chain of arguments, using Condition 2 and Cauchy-Schwartz inequality, Equation (15) implies

Sl Clst ) = piClst ) S VT - dimg(W,1L,) - Blog T. (17)
tEUjeK’W Bj

We are now ready to bound the terms in Equation (9) using Equation (16) and Equation (17). We have

T
S @ = Y & e+ Y & U fh) (@h)

t=1 t€Ujers Bi t€U s Bi

< VT -dimg(F, M) - alogT+V |K?|

< /T -dimg(F, ) -alogT + V?dimE(}", I, ) -log T log(TV?)

where the first inequality follows from Equation (16) and the second inequality is due to Equation (12). Similarly, we have

T
DoliClsn ) = piClsn )= Y uiClsna) = piClsum)lli+ Y0 luiClsn ) = piCls )b
=1

tEUjegtv B; tEUjeK:tv B;

T
< /T -dimp(¥,10,,) - flog T + ?dimE(\II,Hm) log? T,

where the inequality follows from Equation (17) and Equation (13). Rearranging the terms and rescaling § complete our
proof.

O
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B. Technical Lemmas

We present a standard value-policy error decomposition that straightforwardly generalizes the value-function error decompo-
sition in (Jiang et al., 2017; Jin et al., 2021), from an arbitrary value function and its greedy policy to an arbitrary value
function and an arbitrary policy.

Lemma B.1 (Value-policy error decomposition). For any f € F and any policy 7, u, we have

H
filst,m, ) = ViH(sy) = ZEML [(fn = TR fre1)(Sny an, by)] -
h=1

Proof of Lemma B.1. We have

fi(st, i, pn) = ViPH(s1) = Eru [f1 — QT

=Erulfi] = Erpu [TT"Q37]
Erulfi] = Erp [TT" fo] + Er o [TT"{f2 — Q3"}]
B [ft =TT fo] + Er i [fo — Q2]

H
= Z E‘n’,u [fh - T;?ufh-i-l] 3
h=1
where the first equation follows from the Bellman equation, and the last equation follows from induction. O

The following lemma controls the running sum of zero-mean random variables by their variance, typically known as the
Freedman inequality (Freedman, 1975). The proof for Freedman’s inequality is elementary, which could be found in e.g.
(Nguyen-Tang & Arora, 2024b).

Lemma B.2 (Freedman’s inequality). Let X1, ..., X1 be the sequence of any random real-valued variables. Denote
E,[-] = E[|X1,..., Xi—1]. Assume that X; < R for some R > 0 and E;[X;] = 0 for all t. Define the random variables

T T
Si=> X;, V=) EJX7]
t=1 1=1

Then for any 6 > 0, with probability at least 1 — §, for any X € [0,1/R),

In(1/6
S < (672))\V+¥.
We define the o-algebra By = o (Usek—1,jeim D5 U {(s}, al, 0%, 75)} jepn_1) U (sF, af, b)) denote By, 5[] := E[-|5;].

The following lemma establishes the variance condition on the excess TD loss, a TD analogous to the variance condition
that is widely used in the empirical process theory (Massart, 2000).

Lemma B.3 ((Nguyen-Tang & Arora, 2024b, Lemma B.1)). For any %’;ﬁ -measurable policy m, u and any %’,’i -measurable
function f € F, we have

Ek,h[Alﬂ',u(fha fh—&-l(zfz:)} = 527#<fha fh+1)(xﬁ)27
Bk n[Alrp(frs fas1)(27)%] < 36VZERH (f, frsr) (@)
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Algorithm 2 Meta-algorithm
1: fort=1,2,...,T do
2: Choose 7" as a deterministic function of {(7*,7) };cp—1]

3:  Execute 7' and collect ¢ ~ PJ.
4: end for

C. Maximum Likelihood Estimation

In this section, we analyze the maximum likelihood estimation (MLE) in the following meta-algorithm in Algorithm 2.
Here, a trajectory distribution is uniquely induced by a policy 7 € 1I and a parameter § € O, denoted by P} .

We generalize the MLE guarantees from the tabular case in (Liu et al., 2022) to the general model Pj. To do so, we need to
define the bracketing numbers of ¢ for our model in a way that makes sense and generalizes the results in (Liu et al., 2022),
which we present as follows.

Definition 6. {[l;,u;],i € [N]} where l;,u; : Il x T — Ry is an e-bracketing cover of © if,

* There exists an absolute constant ¢ > 0 such that max;c|n) Sup ¢y ||ui (7, -)|[1 < ¢, and
» Forany 0 € O, there exists i € [N] such that l;(m,7) <Pj (1) < w;(m,7),¥(m,7) € (II, T), and

* maX;ev] sup [[li(m, <) — wi(m,)[1 < e

The smallest such N, denoted by Ng (€), is called the e-bracketing number of © (w.r.t. the model P} ).

Remark 3. The upper bracket u;(7, ) in Definition 6 does not need to be a valid probability over T, but its sum over T
must be bounded from above by an absolute constant, which is crucial for our model. This small detail is missing from the
proof of Proposition 14 of (Liu et al., 2022) because all upper brackets in the tabular model of (Liu et al., 2022) is a valid
probability.

Remark 4. When the trajectory distribution Pj can be factorized as P (1) = fo(7) X 7(T), our bracketing number in
Definition 6 reduces to the bracketing number defined in (Liu et al., 2023) (the paragraph right after their Definition 2.2). In
other words, we do not need this factorization in our definition of bracketing numbers and our results.

Our first result, similar to (Liu et al., 2022, Proposition 13), states that the log-likelihood of the true model is close to the
maximum log-likelihood, up to an estimation error that is driven by the complexity of the model class.

Lemma C.1. Fixany d € (0,1) and T. With probability at least 1 — 6, for allt € [T] and § € ©,

> log 7. E; < log (Ne(1/T)T/5) .
i=1 9*

Our second result, similar to (Liu et al., 2022, Proposition 14), specifies how the empirical log-likelihood between a model
and the true model controls the total variation distance between the two models.

Lemma C.2. Fixany ¢ € (0,1) and T. With probability at least 1 — 6, for all t € [T) and all € ©,

t
> P — P
i=1

¢ i

IP)TF* 1

2 <3 log 0UT) 4 1og (N (1/T)T/5)
i=1 ]P)é) (T)

Proof of Lemma C.1 and Lemma C.2. By the definition of bracketing numbers in Definition 6, for any § € O, there exists
i € [No(1/T)] such that

* Sup e |lui(m, -)||1 < ¢ for some absolute constant ¢, and

o u;(m,7) > Pg(7),¥(m,7) € II x T, and

16
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* SUPeq flui(m, ) = P()[H < 1/T.

The proof of Lemma C.1 and Lemma C.2 then closely follow that of Proposition 13 and Proposition 14 of (Liu et al., 2022),
respectively, by replacing their fg X 7 by our Pj. [

D. Optimism

Lemma D.1 (Optimism). Under Assumption 3.2, Assumption 3.3, Assumption 3.1, Assumption 3.4, with probability at least
1-49,

V(m,t) € I x [T], " € U and Q" ™ e F(xm, u*(r)).

Proof of Lemma D.1. We will prove that, with probability at least 1 — 6, V(m, ¢, h) € II x [T] x [H], we have

t t
Zl‘n'”u*(ﬂ)( ;»# (ﬂ-)vQZfl (ﬂ-))( h) — inf lrr,u (‘n’)(fh7Qh+1 )(Z;z) < Q,
i=1 mern iz
t
— Y log i, (bhlsh, ™) + sup Z 1og pun (b}, 7*) < B.
i=1 Hr€¥R =1

The first inequality follows from Lemma D.4 and the second inequality follows from Lemma D.2. O
D.1. Optimistic MLE

In this section, we establish the MLE guarantees for our adversary model.
Lemma D.2. Fixany ¢ € (0,1) h € [H], and T € N. With probability at least 1 — 9, for all t € [T] and all pj, € Up,

Zlo K b?'sf’ ) < log (N, (1/T)T/3),
=1 Mh b s )

where Ny, (€) is the e-bracketing number of ¥, as defined in Definition 5.

Proof of Lemma D.2. Let T = (s1,a1,b1,..., Sk, an,by), and define

P, (1) = P1(s1)mi(a1|s1) i (br]s1, m)Pa(s2]s1,a1,b1) - . . i (bn|sh)

Lemma D.3. Fixany ¢ € (0,1) h € [H], and T € N. With probability at least 1 — 9, for all t € [T'] and all pp, € Up,

t

SE, oot lunClsn, ') = i (lsn, 7 ||1<210 Mh f )+10g(N\1/, (1/T)T/9),
= i=1 nlsh, )

where P}, (sy,) is the probability over sy, by following m and {1} (-|-, ) } he[r], and Ny, (€) is the e-bracketing number of
W;, as defined in Definition 5.

Proof of Lemma D.2 and Lemma D.3. We apply Lemma C.1 and Lemma C.2, respectively, with

T = (Sh, bh), 0= Hhy 0= \Ifh, Pg(T) = uh(bh|5h, ﬂ)PZ(Sh).
Given the above realization, note that if {[l;, u;], 7 € [N]} is a e-bracketing cover of Wy, in the sense defined in Definition 5,
then {[l;,@;],i € [N]} is an e-bracketing cover of ¥, in the sense defined in Definition 6, where I;(, 7) := 1;(7, s, by) X

P7 (sp) and @; (7, 7) = w; (7, $p, bp) X PT(s1). O
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D.2. Optimistic Value Function

Lemma D.4. Fixanye > 0,0 € (0,1). Under Assumption 3.2 and Assumption 3.3, with probability at least 1 — 0, for all
(t,h,m) € [T] x [H] xII,

f
fn€ P

< 36(e — 2)V?1log(Nr(e)Nm,, (€)TH/S) + 10V Lipg (1 + Lipyg, )te + 2Vte.

t
S b @7 TR ) ) — it S e oy (s Q11 T (2

Proof of Lemma D.4. Fix any (h, 7, fn, fat1) € [H] X II X Fp, X Fp4+1. By Lemma B.2 and Lemma B.3, we have that
with probability at least 1 — 6, for all 7 € [0, ﬁ],

Zg S (m ) (frs frg)( fEh ZAZ 0% () fh,fh+1)(zh)

i=1 i=1

< 36(e —2 VzTZE e (fhyfh+1)($h) %log(l/(;).
i=1

By setting 7 = W, we have that, with probability at least 1 — 4,

> " Al () (fns Frr1) (1) < 36(e — 2)V? log(1/5).

i=1

By replacing fj11 in the above inequality by Q' "™ and using T (W)Qh’“ (™ = QZ’“*(W), we have that, with

probability at least 1 — 6,

t

t
Sl @F QR V) = iy (s @ ) (21) < 36(e — 2)V 2 log(1/6).
=1

=1
‘We have
Qr " (wn) — Q™ sy w1 (1) — QT () + QE AT (sn, 7t (7))
_ QZ’H*(W)(I;L) au (77)( n)
+ Q" P an) = QT ()

QhJr1 (Sh+1>7r p (77))+Qh+1 Mg, (7))
— Q) (sngr (1) + Qs (s 7 (1))
— QP (s, 7 1 (1) 4 QT (s, 7 i (7))
—Qp Lt (m ™ (1, 7w (7)) + Q. (! N(snya, @', w* (1))

w(
“(m

< Lipg - |7 — 7'|[n,, + Lipg - lp" (7) — p*(7')|Ing + Lipg - |7 — 7'l + Lipg - |1 (7) — p* (7)1
+Lipg - [|m — 7'||nn,, + Lipg - |0 (7) — p* (7") |,
< BLipo(1 + Lipag,) - 7 — 7',
Therefore,
L () (1" QL ) (#4) = L e = (QF ,Q NG < 6VLipg (1 + Lipagy) - [I7 — 7'[|1, -

Similarly, we have

lw,u*(w)(fha Q;:{fl (W))(Ziz) - lw’,p,*(ﬂ")(fllm QZ.:{ (e ))(Z;l) S 4VL1PQ(1 + LipAdv) ' ||7T - 7T/||HQ, + 2V||f - f/HOO
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By applying a union bound and a standard discretization, we have, with probability at least 1 — 4, for all (¢,h,7) €
[T] x [H] x 11,

t
S e @ QT T () — i ST e (s QT ) (2
i=1 fh,ej:h i=1

< 36(e — 2)V?log(Nx(e) N, () TH/S) + 10V Lipg (1 4 Lip,g, )te + 2Vte.

E. In-distribution Error Control

Lemma E.1. Fixanye > 0,9 € (0,1). Under Assumption 3.2 and Assumption 3.3 , with probability at least 1 — 0, for all
(f,m t,h) € F x Uy x [T] x [H], we have

ZS W ( (s o) (@) < QZAlwu w () (Fhs Fos1) (2h)

= i=1
+ 144(e — 2)V?10g(2N 5 (€) N1, (€)TH/6) + 6t(Lip (1 + Lipyg,) + 2)Ve,

and

t

ZS’”‘ i )01 2 5 32 Ao i) 1)

—18(e — 2)V?log(2N 7 (€)Nu,, (€)TH/8) — 3t(Lip (1 + Lip,y,) + 2)Ve.

Proof of Lemma E.1. Fix ¢ > 0. Let F,II. be the e-coverings of F and II., respectively. Fix any (f,m, ¢, h) €

Fe x I x [T] x [H]. By Lemma B.2 and Lemma B.3, we have that with probability at least 1 — 4, for all 7 € [0, ﬁ],
t . t

STEH D fuy ) (@) =S Al e ) (frs 1) (2)

i=1 i=1

< 36(e —2 V%;g“‘ (fhachrl)(xh) +%10g(2/5)

By setting 7 = m and 7 = W, respectively, the above inequality implies:

t t
STE O (fuy Fre)(@5)? 2D Al e (my (s Frsr) (24) + 144(e — 2) V2 log(2/0),

i=1 =1
Z(‘fﬁ“ @ (fas frir) (@})? > ZAZ mee () (Fs fra1) (21) — 18(e — 2)V? log(2/9).
i=1

Applying a union bound and rescaling 0, we have that with probability at least 1 — 4, it holds for all (f,w,t,h) €
Fe x I x [T] x [H] that

STETH T (fny Fra)(@5)? <237 Al ooy (s fr1) (2) + 144(e — 2)V2 log(2NF(€) N, () TH/S),  (18)

i=1 i=1
Zé’ O f, frr) (@) > ZAlﬂu o) (Fhs Frs1)(21) — 18(e = 2)VZ log(2N £ (€) N, (€)TH/S).  (19)
i=1 i=1
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We will now bound the discretization errors of &, " "™ (frs fug1) and Ly = (o) (fn, foe1) when we discretize F and 11,
Fix any (h, z) € [H] X (¥ x & x B). Forany7r 7', f, f', we have

EXP Py fur) = E5 TS fra)
= (Tp* ™ 1y O (T T TN T T (fgn = fh) + (= £
< VLipg (1 + Lipagy)lm — [l + 201f = F'lloo,

where the last inequality follows from the Lipschitzness assumption in Assumption 3.3. By the definition of e-coverings, for
any (7, f) € Iy x F, there exist (n’, f') € II. x Fe suchthat || f — f||cc < €and |7 — 7’||1,00 < €. Therefore, we have

E7 ™ (Fs Frr1)? = s;; v )(f;’”f;’,+1)2|

= 167" (fy frr) — s oDl NEE T (F, fran) + EF P T F f )]
< 2(VLipg(1 + LlpAdV) + 2)Ve. (20)

Similarly, we have

‘ATF,/,L* () (fh7 fh-‘rl) - Aﬂ",p,*(ﬂ") (filu f}/L+1)| < 2(‘7L1pQ(1 + LipAdv) =+ 2)‘76 (21)
Combining both Equation (20) and Equation (21) into Equation (18) and Equation (19) completes our proof. O
F. Handling Batches
Let
=j|T/K|+1.

Let us first fix any h € [H]. Forany j € {0,1,..., K}, we know that

Vt € Bj = [t; + 1,tj ], mt =ald T f= ftt b =ttt (22)

F.1. For Value Function Approximation

We define the “normalized” in-batch cumulative Bellman errors for each batch j € [K] as

tjt1

Z 57r i fh7fh+1)(zh)2-

zt—i—l

Lemma F.1. Fix any C > 3. Under Assumption 3.1 and Condition 1, with probability at least 1 — §,

C
| € [K]: 5 < A; < CY| S dimp(F.ILy) - logT.

Proof of Lemma F.1. Let 31 < ... 75 be all the batches j such that % < Aj; < C. Thus, we have

C
Z gh N (fh’chrl)(Zh) > M a. (23)

2
€U mean Bi

By Lemma E.1, with probability at least 1 — 6,

V(b € [K] < (1], Y&

i=1

Wt )( }tlj+1, }tL:rll : <22Al G (i (ZZ)—I—O&S?)O(,
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where the last inequality due to Algorithm 1 that the version space C' is updated at episode ¢;, and thus

S Alﬂtﬁlw(ﬂtﬁl)(z}) < «. Under the same event as the above inequality, for all m € [M] and all t € B; |
[jm + 1ajm+1]’ we have

Z & e )(fh,fh+1) (z},)? Z En A )(fh’fh“)(zh)

ie[t—l]ﬁume M Bj,, zE[t 1]
—Ze D ) Z e (L fh) ()2
i=tj,, +1
thn u ]m+ N (7\' ]m+ ) J7n+1 Jrn+1 7; 7\' SH (ﬂ')
_ZS (fy e )@ Z &, (fhvfh+l)(xh)
i=t;,, +1

<3a+ Ca=(C+3)a.

By Condition 1, the above inequalities imply that

> U )@ SAFID - (C + B)alog T

i€Upmeiar) Bim
Combining the above inequality with Equation (23) gives
M < dimg(F, gy ) - logT,

for C' > 3. L]
Lemma F.2. Under Assumption 3.1 and Condition 1, with probability at least 1 — §log(TV?),

{j € [B]: A; > 3}| < dimp(F,1ly) - log T'log(TV?).

Proof. Note that, A; < TV < 772 1y addition, [3, BV?] € UETV"/9)[3 x 201, 3 x 27). Applying Lemma .1 to
each [3 x 2¢=1 3 x 2¢) and using a union bound completes our proof. O
F.2. For Adversary Approximation

We define the normalized in-batch cumulative TV distance for each batch j as

J+1

Aj= ﬁ Do ki) = wi(a)IIE, V) € [K].

i=t;+1

Lemma E.3. For any C that is greater than some absolute constant Cy, under Assumption 3.4 and Condition 2, with
probability at least 1 — 9,

{jelK]: 5 <A; <O} Sdimp(V,11y) - logT.

M\Q

Proof of Lemma F.3. By Lemma D.3, there is an absolute constant ¢ such that with probability at least 1 — ¢, for all j € [B],
we have

tA
. ; i (b%]st, (% ]s%,
STy ) - ||1SZ M+ﬁ<snp2bgw+5§26, (24)

i|st, i) pET T (b st )
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where the second inequality follows from Assumption 3.4 and the last inequality is due to the control of the log-likelihood
loss at the beginning ¢; + 1 of batch j in Algorithm 1.

Fix C' > 0. Let j; < jo < ... < jps be all the batches j such that
= < 2 (") = pi (=) < CB. (25)
’iij
Thus, we have

MCB
-

D TG e GO = (26)

1€Umein) Bim

Under the same event for Equation (24), forall t € B;,, = [jm + 1, jm+1], we have

t—1
> i (7) = i I <D b () — i (IR
=1

i€[t=1NU e ar) Bim

Jm t—1
=D @) = @O+ YD i) = )17
=1 i=Jm+1
Jm t—1
Im+1 7 * 7 7 * 7
S A GO THC O] e S I C O R C O]
i=1 1=Jm+1
< 0(1)8 +Cp.

where the second equality comes from pf = p/=+1 V¢ € B; , the second inequality comes from Equation (24), and
Equation (25).

Therefore, by Condition 2,

S (ki) — )] < dimp (9, Iy )(O(1) + C)3log(T).

1€Umen) Bim
Combining with Equation (26), we have
M < dimg(P, 1) logT
as long as C'is greater than some absolute constant. O
Lemma F.4. There is an absolute constant Cy such that, with probability at least 1 — § log(T),

{j € [K]:A; > Co}| < dimp(¥,11,,)log” T.

Proof of Lemma F4. Note that A; < % < K < T, where 3 is (1). We have [Cy,T] C UliigéT/C“)[CoT’l,C’02i).

Applying Lemma F.3 to each interval [Cp2i~1, C(2%) and combining them via a union bound completes the proof. O

G. Proofs of Supporting Lemmas in the Main Paper

Proof of Lemma 3.1. Bounding the log e-covering of a linear model is standard, e.g., see (Wainwright, 2019). Since F is
the product space of H function classes, the log e-covering number of F can be bounded by the sum of the bounds on the
log e-covering number of all F,. O
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Proof of Lemma 3.2. Note that by the structure of U, each pj, € Uy, up(+|s,7) depends on (7, h, s) only via the vector
w?y,, where ® is completely independent of (7, h, s). Thus, the bracketing number of ¥ is bounded by the bracketing
number of {® € RY*% ||®||,, = O(1)}. We can construct an e-bracketing cover of that set from an e-cover w.r.t. || - || oo
In particular, for each ® € RP*dadv we write @ = (®1,... P ) where ®; € R, Each coordinate ®; can be e-covered
by at most O ((%)dad”) balls of radius e (Wainwright, 2019). From each e-cover, we can construct one e-bracket. Indeed, let
say @, is an e-cover of ®;, i.e., [|[®; — ®,||oo < €. Then, [®; — €1, ®; + 1] is a valid e-bracket of ®;, where 1 denotes
the dq,-dimensional vector with all coordinates of 1. Then, perform a combinatorial count over all j € [B] and a careful
rescaling of € complete our proof. O

Proof of Lemma 5.1 and Lemma 5.2. With simple algebraic manipulations, the problems in the above lemmas reduce to the
standard elliptical potential lemma (Abbasi-Yadkori et al., 2011; Jin et al., 2023). O
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