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Abstract—We present a multi-level knowledge graph for formal mathematics built on the
SciLib®V ontology. This ontology is modular and is formalized in OWL and description logic.
It strictly distinguishes three levels of description: the interpretation level, which captures what
an object means; the representation level, which describes how this object is expressed; and
the resource level, which specifies where the object is stored and in what form it exists. This
separation yields an addressee-invariant knowledge space suitable for both human researchers
and Al agents. The knowledge graph is materialized from the filtered Mathlib library which
is a formalized mathematical library implemented in the Lean 4 proof assistant. It consists
from approximately 190 000 statements with typed dependency edges and a domain taxonomy
of 660 subclasses with provenance metadata. A multimodal embedding model trained on five
types of mathematical objects correctly matches elements from different modalities 74% of the
time on the first try. We demonstrate the practical utility of the approach through combined
vector-graph structured lemmas retrieval for automated theorem proving with LLM DeepSeek-
proover-v2 7B. On the MiniF2F benchmark, which includes 488 tasks and 50,752 runs, our
system significantly outperforms three state-of-the-art search engines for Lean: LeanSearch,
LeanFinder, and LeanExplore. All observed improvements are statistically significant. Our
vector search and LeanSearch produce statistically indistinguishable results, with a p-value
close to 1. This confirms that the observed improvement is driven by the use of graph structure,
specifically the symbolic layer, as well as ontology-based hint retrieval and categorization, rather
than by embedding quality alone.
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1. INTRODUCTION

Formalization and structuring of scientific knowledge remains a central challenge in computer
science [1]. The development of formal proof languages (Lean 4 [2|, Coq, Isabelle), computational
algebra systems, and generative models creates a demand for semantic libraries. They presents
knowledge representation systems that connect semantics, syntactic forms, and physical data in
a manner invariant to the addressee which can be a human researcher or an Al agent. This
work continues the line of research on formalization of scientific knowledge in digital libraries
LibMeta [3, 4].

Existing approaches can be divided into three directions. (1) Ontologies of scientific communica-
tion as SPAR [5], ORKG [6]. They describe publication metadata but do not model the semantics of
statements. (2) Ontologies of mathematical knowledge OntoMathPRO [7], OMDoc [8], MMT /Math-
in-the-Middle [9]. They fix terminology and taxonomy but do not link concepts to formal code
or physical data. (3) Search systems for formal libraries as LeanSearch [10], LeanExplore [11],
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LeanFinder [12]. They provide retrieval and reproducibility but introduce no symbolic semantic
layer. Analysis of these directions reveals three open problems:

1. No separation between the meaning of a mathematical object, its form, and its data.
Mathematical object can be presented in textual, formulaic, code-based form which contains
data in files, embeddings, storage coordinates.

2. No support for multiple coequal representations of a single object: the same theorem can be
expressed in natural language, in LaTeX notation, in Lean 4 code, or as a rendered formula
image, and all forms must be treated equally.

3. No model of contextual truth: existing ontologies treat truth as an absolute property, whereas
the same statement may be true in one axiomatic system and false in another.

Our approach is based on a hypothesis of knowledge connectivity and an representation invariant
design principle. Hypothesis of knowledge connectivity: mathematical knowledge is inherently
connected across the boundaries of individual documents; the dependency structure of a knowledge
graph (which lemmas a theorem uses in its type and proof, which math domain their shares and
how they can be traced to core lemmas or axioms) captures this connectivity and can serve as
a navigational structure for both human and machine agents. Design principle (representation
invariance): the meaning of a mathematical object can and should be separated from any particular
representation; the resulting invariant structure (shared URI linking interpretation, representations,
and resources) reduces noise and simplifies the construction of a neuro-symbolic search space.

In this work, we address the three open problems above and test out statements above
experimentally. Our contributions are:

1. The SciLibruR®V ontology - a modular OWL/DL ontology with a strict three-level
semantic separation into interpretation, representation, and resource. The ontology formalizes
contextual truth and introduces Al-annotation provenance.

2. A knowledge graph of the mathematical domain materialized from Mathlib:
~190000 statements, typed dependency edges, 660 domain subclasses, 66M RDF triplets,
vector store extensions with near one million data objects vectorized from 5 different
modalities.

3. Experimental validation: graph-structured premise retrieval (named mode C21) statis-
tically significantly outperforms three state-of-the-art Lean search engines on 488 MiniF2F
tasks wuth total 50 752 runs across 19 experimental setups.

The paper is organized as follows. Section 2 reviews related work and formalize hypothesis
and design principles. Section 3 describes the SciLib ontology. Section 4 presents knowledge
graph construction. Section 5 introduces the multimodal embedding model. Section 6 contains
experimental evaluation. Sections 7-9 discuss results, limitations, and conclusions.

2. RELATED WORK
2.1. Formalization of scientific knowledge at scale

Formalization of scientific knowledge is developing along two parallel tracks. The document-
centric track treats knowledge as collections of texts with metadata: Semantic Scholar [13]| indexes
205M+ publications with SPECTER embeddings and citation graphs; ORKG [6] decomposes papers
into problem—method-result triples; SPAR [5] standardizes publication metadata. These systems
operate at impressive scale but do not model the internal semantics of scientific statements.

The concept-centric track models knowledge as connected mathematical objects rather than
documents. OntoMathPRO [7] provides a taxonomy of more than 3400 mathematical concepts
linked to DBpedia and MSC classification. OMDoc [8] partially separates content such as
mathematical structures from presentation or formatting. MMT /Math-in-the-Middle [9] introduces
an intermediate level between formal systems (Coq, Lean, Isabelle). The semantic library
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LibMeta [14] formalizes the ontology of a digital library’s content, defining it through types of
resources, their attributes, and information objects; Ataeva, Serebryakov, and Tuchkova |3, 4]
developed the semantic space “Mathematics” within this framework.

Our work continues the LibMeta line, extending it with a strict three-level separation (interpre-
tation / representation / resource) and binding to formal proof libraries. The three-level structure
is conceptually related to the FRBR model (Work / Expression / Manifestation) adopted in library
science, specialized here for scientific objects with formal code.

2.2.  LLMs and formal theorem proving

Large language models have achieved remarkable results in mathematical reasoning. Two
paradigms coexist: informal (text generation checked by experts or benchmarks) and formal
(automatic verification via proof assistants).

The formal paradigm relies on languages such as Lean 4 |2|, whose library Mathlib implicitly
contains interconnected mathematical knowledge without binding to specific scientific texts. The
existence of an external deterministic verifier that checks proofs in finite time has enabled GRPO-
style reinforcement learning: DeepSeekMath [15] introduced the GRPO mechanism; DeepSeek-
Prover-V1.5 [16] added proof assistant feedback and Monte-Carlo tree search; DeepSeek-Prover-
V2 [17] combined subgoal decomposition with RL, reaching 88.9% on miniF2F (671B model).

Alongside specialized models, complex proving infrastructures have emerged: Kimina-Prover [18]
interleaves informal reasoning with Lean code via RL at 72B scale; Aristotle [19] achieved gold-medal
performance at IMO 2025 through Monte-Carlo graph search and lemma decomposition; HILBERT
[20] combines recursive reasoning with FAISS-based retrieval over Mathlib (99.2% on miniF2F).
These systems explore vast proof-search spaces (sampling budgets of 8000+ attempts, hours of wall
time). In user-facing scenarios assisting a working mathematician as fast, deterministic, traceable
retrieval is preferable to exhaustive sampling.

2.3. Premise retrieval for Lean 4

Premise retrieval provides relevant lemmas to a prover model as contextual hints. LeanSearch [10]
informalizes Mathlib theorems via GPT-3.5 and retrieves by embedding similarity. LeanFinder [12]
fine-tunes embeddings on user-intent queries with RLHF. LeanExplore [11| combines embeddings,
BM25-+ lexical matching, and PageRank from the dependency graph. Herald [21]| provides a natural-
language-annotated Lean 4 corpus used by multiple retrieval systems. LeanDojo-v2 [22] offers an
end-to-end framework for data extraction, fine-tuning, and proof search.

All these systems return flat lists of lemma signatures without indicating how to apply each
lemma (which tactic: apply, rw, and simp). A symbolic semantic layer — ontological structure,
typed relations, tactic annotations — is absent.

2.4. Multimodal contrastive learning

Contrastive learning aligns representations from different modalities in a shared space. The
paradigm progresses from pairwise losses (contrastive loss [23], InfoNCE [24], SimCLR [25]) through
dual-encoder architectures (CLIP [26]: text + image, 400M pairs) to multi-view extensions:
Contrastive Multiview Coding [27] shows that representation quality improves with the number
of views and provides the “full graph” formulation Lr =), . L(V;,V;) for M views with (]\24 )
pairwise losses.

1<j

Mathematical objects can be (and often do) expressed (represented) in M > 2 modalities (e.g.,
natural language, Lean 4 code, LaTeX formula, and image). However, pairwise alignment for
M > 3 scales as O(M?); centroid-based alignment — aggregating modalities into a single invariant
representation — scales as O(M). Existing contrastive frameworks do not address the problem of
defining the abstract object that manifests across modalities: they align representations but do not
separate meaning from form.
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2.5. Positioning and problem statement

We do not build a search engine for Lean 4 and do not propose a new theorem-proving method.
We propose a neuro-symbolic semantic library in which a typed knowledge graph provides the
symbolic semantic layer, and multimodal embeddings provide the neural layer. Both layers are
connected through URIs and combined during structured retrieval.

Existing systems either provide a taxonomy (OntoMathPRO) or search (LeanSearch, Lean-
Finder, LeanExplore), or vector representations (CLIP-style embeddings), or complex sampling
infrastructure (Kimina, Aristotle, HILBERT'), but none provides a multi-level semantic graph that
simultaneously connects formal objects, domains, typed dependencies, and tactic-annotated hints
suitable for fast, deterministic Al-assisted scenarios. In this paper we show, within the domain
of mathematics, why a dataset and an embedder alone are insufficient for meaningful work with
mathematical knowledge.

Positioning: We do not build a search engine for Lean 4 and do not propose a new method
for automated theorem proving. We propose a neuro-symbolic knowledge space in which a typed
knowledge graph provides the symbolic semantic layer, and multimodal embeddings provide the
neural layer. Both layers are connected through URIs and combined during structured retrieval.
The mathematical domain serves as a demonstration of the approach.

Existing systems either provide a taxonomy (OntoMathPRO) or search (LeanSearch, Lean-
Finder), or vector representations (embedding models), but none provides a multi-level semantic
graph that simultaneously connects formal objects, domains, semantic properties, and annotations
suitable for Al scenarios. In this paper we show, within a single domain, why a dataset and an
embedder alone are insufficient for meaningful work with mathematical knowledge.

Statement: We can formalize hypothesis of this paper and main ontological design principle as
follows: Hypothesis (knowledge connectivity). Define the typed dependency neighborhood of an

entity e € Entity’:
N(e)={e € Entity? | usesInTypeI(e, e) Vv usesInValueI(e, e},

and its k-step expansion N(=F)(e) = U?:o NU)(e). The hypothesis states that for a query entity eq
with formal statement ¢(e;) and a generative model G,

P(g H (P(eq) | So(eq)a repr(N(Sk)(eq))) > P(g H ‘P(eq) ‘ @(eq))

for small k£ and tasks where the bare model has low success rate. Here repr(S) denotes the set of
representations of entities in S, and G - ¢ means that the model generates a proof verified by Lean.
This hypothesis is tested directly in the experiment (Section 6, C21 vs A0, p < 0.001 on hard tasks).

Design principle (representation invariance). For an entity e, let R(e) = {r € Representation? |
hasRepresentation?(e,r)}. The principle requires: (a) all interpretive properties (studiedIn,
isSpecializationOf, hasTruthAssessment) are defined on e, not on any r € R(e); (b) no
representation is canonical: =3 f: Entity? — Representation? such that f(e) is privileged over
R(e)\ {f(e)}. Asa consequence, queries at the interpretation level (e.g., SPARQL over usesInType)
return results independently of the query modality.

3. THE SCILIB ONTOLOGY: SEMANTIC MODULE

Following the classical definition of ontology as a formal specification of a shared conceptual-
ization [28], the SciLib ontology is formalized in a subset of OWL 2 DL. The constructs actually
used are restricted to the fragment ALCHZQ(D): atomic negation (AL), full concept conjunction
and disjunction (C), role hierarchy (#), inverse roles (Z), qualified cardinality restrictions (Q), and
concrete domains (D) for datatype properties.

Let ¥ = (C,R,I) be a DL signature, where C is a set of concept names, R is a set of role names,
I is a set of individual names. An interpretation Z = (AZ,.7) assigns a nonempty domain AZ and
a function -Z mapping each concept C' € C to CT C AZ, each role R € R to R C AT x AT, and
each individual a € I to a® € AZ. The DL theory of SciLib is Tscirib = (TBox; ABox), Where Tpox is
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the terminological part (axioms about concepts and roles) and Apyy is the assertional part (facts
about concrete objects).

The ontology* is modular, comprising three groups of modules: infrastructure (Core, Bridge,
Full), process (Social, System, Scholarly), and semantic (Interpretation, Representation, Resource).
In this paper we focus on the semantic group, which constitutes the main contribution. All cross-
module axioms reside in the Bridge module, ensuring independent evolution of semantic modules

(Fig. 1).

SciLib 1.0.0

Process Infrastructure Semantic

System Resource

Social

Representation

Scholarly

Interpretation

l Domain 1
—‘ Domain 2

Domain N

Ll

Entry point

Figure 1. Modular architecture of the SciLib ontology. The semantic group (right) contains three layers of
abstraction. All cross-module axioms reside in Bridge. Full is the entry point importing all modules. Arbitrary
domain can be attached to Interpretation layer.

3.1. Interpretation

The Interpretation module formalizes the acts of interpreting scientific knowledge and fixing the
context in which an object of knowledge is assigned meaning, epistemic status, and a truth relation.

3.1.1. Domains and entities. The class Domain represents a subject area. For mathematics, the
hierarchy contains 660 subclasses extracted from the Mathlib directory nomenclature and annotated
by GPT-5.2. Each annotation carries provenance metadata: aiAuthor (model name), aiReasoning
(chain of reasoning), aiAnalysisDate (date), confidence € [0, 1]. This design enables filtering and
progressive replacement of Al-generated annotations with expert-validated ones.

Domain subsumption is expressed via rdfs:subClass0f:

GroupTheory L AbstractAlgebra C Math.
The class Entity describes content objects. Subclasses of Statement include Axiom, Theorem,

Lemma, Hypothesis, Conjecture. The class Proof is linked to Statement by the role hasProof.
For axioms, the ontology imposes a restriction:

Vz (Axiom(z) — - 3p hasProof(z,p)),

an axiom is accepted within a context without proof; the existence of a proof turns the statement
into a theorem.

The link between an entity and a domain is established via the role studiedIn (inverse:
hasEntityStudiedIn). This is an interpretive link, not rdf:type: it may be multiple and context-
dependent.

4 SciLib ontology public release. https://github.com/andkhalov/scilib,ntology
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3.1.2. Semantic properties. Three semantic properties capture relations between domain
instances (not between classes, to avoid confounding taxonomic and interpretive semantics):

e isSpecializationOf — transitive, irreflexive, asymmetric;
e isGeneralizationOf — inverse of the above;

e isIsomorphicTo — symmetric, transitive, irreflexive.

These properties are defined between instances of Domain, not between classes themselves, to
preserve the possibility of contextual interpretation and to avoid committing class-level subsumption
to specific semantic relationships.

3.1.3. Contextual truth. Following Tarski’s semantic conception [29], truth in SciLib is not an
absolute property of a statement but a relation between a statement and a context: the parallel
postulate is true in Euclidean geometry and false in the geometry of Lobachevskii. The ontology
models truth as a partial function tv: € x C — V (entity X context — truth value), reified via the
class TruthAssessment that links entity, context, and truth value as a ternary relation (OWL/DL
supports only binary relations). While the present experiment does not exercise truth assessments
directly, this mechanism is a structural requirement under the open-world assumption (OWA): any
knowledge graph integrating statements from multiple formal systems must distinguish the context
in which a statement holds.

3.2.  Representation
The Representation module describes forms of knowledge expression independently of semantic
content and storage. Conceptually (an informal characterization, not a DL definition), a represen-
tation is a pair:

Representation <— (modality, spec),

where modality is the kind of expression and spec is the format specification. In OWL this is ex-
pressed as existential restrictions: Representation C JhasModality.Modality I JhasSpec.Spec.

Modalities form a hierarchy: TextModality (subclasses: NaturallLanguage, FormalLanguage),
VisualModality, AudioModality. For formal languages, the classes ExecutionContext (toolVersion,
platform, containerImage) and BuildRecipe (selector, template) ensure reproducibility: a text
in a formal language (Lean, Python, Java) is not self-contained, as its correct interpretation depends
on the version of tools, platform, imports, and dependencies.

Key principle: all representations of a single object are coequal. There is no canonical form
— there is a set of equivalent representations linked by a shared URI of the root entity in the
Interpretation layer. This prevents conflating meaning with form, an assumption common in systems
where Meaning = Text or Knowledge = Embedding.

3.3.  Resource
The Resource module describes material and computable carriers of knowledge — data, embed-
dings, machine learning models, and storage systems — independently of semantic content and form.
Conceptually (not a DL definition), a data resource is characterized by four attributes

Data «— (T, V, H, L(s)),

where T is the data type, V is the version, H is the checksum, and L(s) is the set
of locators (storage coordinates in backend s). In OWL: Data C JhasDataType.DataType Il
JstoredIn.StorageBackend.

StorageBackend (PostgreSQL, S3/MinlO, Qdrant, GraphDB) is separated from DataLocation
(specific coordinates: bucket, collection, named graph etc.). This permits migrating data between
backends without changing the semantics.

Embeddings are not a modality. An embedding is a derived computable resource, not a form
of expression. The class ModalityEmbedding (linked to Model via producedBy) represents an
embedding of a specific modality. The class DerivedEmbedding (attribute derivationMethod)
describes aggregated embeddings, including the centroid. Treating embeddings as resources rather
than representations prevents the confusion between proximity in vector space and semantic
equivalence.
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3.4.  Why three levels

The three-level separation (interpretation / representation / resource) is the central design
principle of SciLib and its key distinction from existing ontologies. It enables three capabilities

simultaneously:

1. Representation invariance. A single mathematical object (e.g., Entity "Cauchy—Schwarz
inequality" see Fig. 2) exists as an abstract entity at the interpretation level with multiple
coequal representations (Informal natural language form, Lean 4 code, LaTeX formula,
rendered image). Queries at the interpretation level cross representation boundaries, while
queries at the representation level remain format-specific.

2. Neuro-symbolic integration. The symbolic layer (graph edges, typed relations) and the neural
layer (embeddings, similarity search) are unified through the ontology: typed edges belong
to the interpretation level, embeddings belong to the resource level, and both reference the

same entity via URI.

3. Simplified graph structure. All meta-structure is attached to the abstract entity at the
interpretation level; representations and resources inherit it by reference, avoiding redundant

cross-links.

(3) loc_IferProductSpace
(1) Core R .
PostgreSQL Backend
§ IS
(1) (1) MathLib v24 S
§
&
9
Nat Pow Real order O, & 9
Pt % 5
0.
o Multimodal SciLibMath vi
data_innerProductSpac
3 e truth innerProductSpac has truth value ru e e.Corelinner-mul_inne.
% |
AN ,L 8 e.Core.inner_mul_inne. eou(ce 066"*
B3, 4= o5 F
7% z22 7 A RS
AL &
PN Bl S e mod fnnerProducispac 9
El 2/ & as d;
| & e.Coreinner-mul_inne ata
« & . 4 lean embedding for hasdata  data_émb.InnerProduct
Y a P InnerProductSpace.Co Space.Core.inner.mul
o o %
Domain instance: has entity studiedin — , hes ion of has modait 9 ES s
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Analysis InnerProductSpace — UeWIop ul paipmis InnerRfoduetSpace Co Y. mod InnerProductSpac 9 s© I
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- au, 4 g
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« Q@.& i, v Qdrant Vector DB Backend £
- (3) 2}
mod S Spac loc_efb_InnerProducts

Average embedding for

inner product : ]
InnerProductSpace. Co e.CorGURERMEIne pace Core.inner_mul_i

Figure 2. Entity (Cauchy—Schwarz inequality): a mathematical object described in knowledge graph by SciLib
ontology (only two modalities shown). Different conceptual layers marked as: (1) Interpretation, (2)
Representation, (3) Resource.

4. KNOWLEDGE GRAPH CONSTRUCTION

We describe the construction of the knowledge graph as a sequence of stages, indicating at each
stage where semantic properties and Al annotations appear.

Stage 1. Data source. Mathlib [2] is the largest library of formalized mathematics for Lean 4.
The parser JIXIA processes compiled Mathlib files and generates declaration files (.decl. json) and
symbol files (.sym. json) containing types, proof bodies, and dependencies for each statement. °

Stage 2. Metadata extraction. For each statement we extract: name, module, kind (theorem,
lemma, definition, axiom), attributes (@[simp], @[ext], etc.), Lean 4 code, and dependencies. The

5 JIXIA: A static analysis tool for Lean 4. https://github.com/frenzymath /jixia
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result is stored in PostgreSQL (table mathlib_statements, 213 338 records). At this stage we have
raw data from Mathlib without any ontological interpretation.

Stage 3. Ontology application. Fach statement is typed as an instance of the corresponding
SciLib ontology class (Theorem, Lemma, Definition, etc.). Two types of edges are extracted from
dependencies: usesInType (use in type signature) and usesInValue (use in proof body). These
typed edges are a fundamental distinction from simple dependency graphs: they distinguish “A
mentions B in its signature” (A is likely a consequence of B) from “A uses B in its proof” (B is a
technical tool for A).

Stage 4. Domain taxonomy and semantic properties. The domain taxonomy is extracted from
the Mathlib directory structure. Each directory (e.g., Mathlib.GroupTheory) becomes a subclass
of Domain. For each of the 660 subclasses, GPT-5.2 generates: a description, the parent domain,
and semantic properties (isSpecializationOf, isGeneralizationOf). All annotations carry
provenance: aifuthor = "gpt-5.2", confidence € [0, 1], aiReasoning (chain of reasoning). This
layer is Al-generated and requires expert validation; the provenance metadata enables progressive
refinement.

Stage 5. RDF materialization. All data are serialized as RDF triples and loaded into GraphDB
(RDF triplestore). The resulting graph contains approximately 190000 entity nodes, 660 domain
class nodes, and typed edges.

Resulting knowledge graph. This methodology transformed trasform MathLib implicit structure
into 33.8M explicit RDF triplets and 35.9M inferred triplets by Hermit reasoner in the GraphDB.
Final graph contain over 66M triplets.

Ezample: the Cauchy—-Schwarz inequality.  The theorem cauchy_schwarz_aux (module
Mathlib.Analysis.InnerProductSpace.Defs) is represented at all three levels of the ontology.
At the interpretation level: the entity has type Statement, is linked to its domain via
studiedIn — Analysis.InnerProductSpace, and carries typed dependency edges: usesInType
— InnerProductSpace.Core.normSq, InnerProductSpace.Core.toPrelnner’; usesInValue —
mul_assoc, mul_left_comm, InnerProductSpace.Core.inner_conj_symm, inner_smul_left, and
others. At the representation level: hasRepresentation links the entity to its Lean 4 code, LaTeX
formula, and natural-language descriptions. At the resource level: hasAverageEmbedding links
to the centroid embedding in Qdrant. All three levels reference the same URI of the entity in
interpretation layer.

Stage 6. Integration with the embedding model. The multimodal embedding model (Section 5)
operates at the resource level: embeddings are stored in Qdrant and linked to entity URIs
through the ModalityEmbedding class. The centroid embedding (Section 5, Eq. 1) is stored as a
DerivedEmbedding. During retrieval, graph-based candidates (symbolic layer, interpretation level)
are augmented with vector-based candidates (neural layer, resource level), both referencing the same
entities via URIs.

5. MULTIMODAL EMBEDDING MODEL

The knowledge graph is complemented by a multimodal embedding model that represents each
of 5 modalities of a mathematical object (English text, Russian text, Lean 4 code, LaTeX notation,
formula image) as a vector in a shared 312-dimensional space. For each object o; with modality
embeddings {e},...,eM}, M =5, the centroid

| M
i Z e (1)
m=1

serves as a modality-invariant representation of the object.

The base text encoder is SciRus Tiny 3.5 [30] mmep 312-dimensional output, the visual encoder
uses overlapping patches processed by ConvNeXt and projected into the same space. The
dataset ScilibModal v2 consists of ~972000 objects from Mathlib and was used for contrastive
training on base of pairwise InfoNCE [24] and centroid-based alignment. On full training (100%
data, 15 epochs), the centroid-based leave-one-out retrieval on ~19000 held-out objects achieves
R@1 > 0.99 which denotes the proportion of correct relevant objects retrieved at rank 1 for all text
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modalities and R@Q1 = 0.93 for images (the weakest direction). Cross-modal search in the same

19 K data fold shown cm@1 = 0.74 denotes the proportion of correct cross-modal correspondences
retrieved at rank 1. We use cosine similarity as a closure metric.

In the terms of the SciLib ontology, embeddings are objects of the Resource layer: ModalityEmbedding
(linked to Model via producedBy), with the centroid stored as a DerivedEmbedding. The URI links
each embedding to Entity and Domain through the Bridge module.

6. EXPERIMENTAL EVALUATION

To demonstrate the practical utility of the ontology-driven approach, we evaluate graph-
structured premise retrieval for automated theorem proving.

6.1. Setup

Benchmark: MiniF2F [31], 488 tasks (Test: 244, Valid: 244), formalized in Lean 4. Using both
splits is justified: neither the model nor the knowledge graph were trained on MiniF2F tasks.

Model: DeepSeek-Prover-V2-7B [17] (bfloat16, not fine-tuned).

Parameters: T = 0.6, top_p = 0.95, K = 8 attempts per (task, mode) pair.
Verifier: Lean 4 REPL, timeout 30 s, maxHeartbeats 2M.

Total volume: 50752 runs (488 x 7 modes x 8 + ablation).

Metric: pass@k is defined as

5]
pass@k = — 1- - ,
N = (%)
where NV is the number of tasks, n; is the number of samples for task 7, ¢; is the number of correct
samples [31]. At k = 1 this reduces to the empirical frequency of success.

Statistical test. We use the Wilcoxon signed-rank test [32]| (paired, two-sided). For each task 4,
(x) _

the per-task pass rate r; CEX)/ n; is computed for modes X and Y, and the paired differences

d; = ?"Z(X) — rgy) are formed. The test statistic is

W= Y sign(d;) Ri,
i:d; #0

where R; is the rank of |d;| among all nonzero |d;|. The null hypothesis Hy: the median of d; is zero

(the two modes are equally effective). The p-value is the probability of observing a test statistic at
least as extreme as W under Hj.

We prefer the Wilcoxon test over parametric alternatives (e.g., paired t-test) for two reasons:
(a) pass rates are discrete (taking values 0, %, %, ..., 1) and their distribution is strongly bimodal,
violating the normality assumption; (b) the test operates on ranks rather than absolute values,

making it robust to outliers. Significance levels: * p < 0.05, ** p < 0.01, *** p < 0.001.

Stratification. Tasks are divided into strata by the bare-model score (A0). Hard: A0 pass@1
< 25% (232 tasks). Partial-capability zone: AQ solves 1-4 out of 8 (59 tasks). FEasy: A0 > 50%
(241 tasks).
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6.2. The C21 pipeline

Our primary mode, C21, combines graph-based and vector-based retrieval with zero LLM calls
for seed generation. The pipeline consists of 10 steps: (1) regex-based feature extraction (types:
Nat, Int, Real; operations: dvd, pow, le, etc.); (2) pattern classification against 9 predefined
mathematical patterns; (3) seed resolution via SPARQL in GraphDB; (4) graph expansion along
typed edges (usesInType: up to 20 neighbors; usesInValue: up to 15); (5) PostgreSQL enrichment
(Lean code, attributes, module); (6) candidate classification by tactic usage (apply, rw, simp,
def); (7) domain-specific simp lemma search; (8) vector augmentation via Qdrant; (9) structured
formatting with tactic headers; (10) model generation.

The critical distinction from all baselines is Step 6: each hint is annotated with the tactic the
model should use. The model receives not only what to use but also how:

-- Useful theorems (use with apply):
-- dvd_trans
@[trans] theorem dvd_trans : a | b ->b | ¢ ->a | ¢

-- Simp lemmas (use with simp [...]): dvd_refl,

Baselines provide flat lists of signatures without tactic context.

Role of multimodal embeddings. In Step 8, the vector search in Qdrant uses centroid embeddings
(Eq. 1) — aggregated representations of the mathematical object across all five modalities. Although
the query is a Lean 4 statement, the search operates in a modality-invariant space: the centroid
captures information from all representations (English, Russian, LaTeX, image), not just from the
Lean modality. This is the multimodal component of the neuro-symbolic pipeline.

6.3. Baselines

Three state-of-the-art Lean search engines:
LeanSearch [10] performs informalization with GPT-3.5 — embedding — cosine similarity.
LeanF'inder |12] relies on user-intent fine-tuned embeddings combined with RLHF alignment..

LeanFEzplore [11] employs a hybrid ranking pipeline that integrates embedding based retrieval,
BM25 search and PageRank signals derived from the dependency graph.

All baselines receive 10 hints in an identical prompt template (flat list of name : type).

We additionally consider three internal configurations: A0, which uses the bare model without
any external hints; B1, which applies Sciliib’s vector-based retrieval implemented with Qdrant; and
(23, which combines all graph-based retrieval strategies with a subsequent LLM-driven re-ranking
stage.

6.4. Results

Table 1 reports results for the following retrieval and baseline modes: C21, which combines graph-
based and vector-based retrieval and serves as our primary configuration; C23, which augments
graph-based retrieval with a re-ranking stage; BI, which relies exclusively on vector search; A0,
which uses the bare model without any retrieval; BL LS, corresponding to the LeanSearch engine;
BL LF, corresponding to LeanFinder; and BL LFE, corresponding to LeanExplore

Table 1. pass@1 by difficulty stratum (488 tasks)
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Mode All (488) Hard (232) Partial (59) Easy (236)
C21 50.0% 8.6% 48.9% 89.4%
C23 48.9% 8.0% 40.9% 88.5%
BL LF 48.8% 7.3% 37.7% 88.9%
A0 48.7% 3.3% 28.8% 93.5%
B1 48.2% 7.4% 41.1% 87.4%
BL LS 47.9% 6.2% 37.9% 88.1%
BL_LE 47.0% 5.7% 30.1% 87.2%

Across all tasks, the differences between modes remain relatively small, with pass@1 ranging
from 47.0% to 50.0%. This compression is expected because ~50% are consistently solved (easy)
and ~39% are never solved with A0 achieving 0 successful attempts out of 8. The partial-capability
zone contains 59 tasks and is the most informative: C21 nearly doubles pass@1 compared to A0
increasing pass@1 from 28.8% to 48.9% and outperforms the strongest baseline LeanSearch by +11
percentage points with 48.9% compared to 37.9%. The statistical significance of these differences is
further supported by the Wilcoxon signed-rank tests reported in Table 2. As shown in Figure 3 C21
leads across all slices, with the largest advantage observed in the partial-capability zone. This effect
is examined in more detail in Figure 4, which focuses specifically on the partial-capability zone.

Table 2. Wilcoxon tests (p-value): C21 vs all modes

021 vs Al (488) Hard (232) Partial (59)
LeanSearch (BL_LS) *0.032 0.079 *0.031
LeanFinder (BL_LF) 0.100 0.386 *0.012
LeanExplore (BL_LE) *%0.001 0.027%* *440.001
SciLib vector (B1) *0.024 0.391 0.059
Bare model (A0) 0.163 < FF%0.001 #4£0.001

*p < 0.05, ¥ p <0.01, *** p < 0.001.

6.5. Analysis

The graph is the differentiator, not embedding quality. Bl (SciLib vector search) and BL LS
(LeanSearch) yield statistically identical results (p = 0.931). Both are pure vector search systems
with different embedding models. Since C21 significantly outperforms Bl (p = 0.024), the entire
C21 advantage is explained by the graph structure and tactic-aware hint categorization, not by
superior embeddings.

Typed edges outperform PageRank. LeanExplore uses PageRank from the dependency graph
— a graph-like signal. Yet LeanExplore is the weakest baseline (47.0%). PageRank yields a
single scalar “importance” score but does not structure information for the model. Typed edges
(usesInType/usesInValue) and tactic classification provide qualitatively richer context.

Pattern-based seeds outperform model-generated seeds. In the ablation study (exp. 140, 244 tasks,
16 modes), C11 (regex patterns, 0 LLM calls, ~8 s) outperforms C1 (model-generated seeds, ~30
LLM calls, ~163 s) by +2.8 pp on hard tasks (8.8% vs 6.0%). Deterministic regex rules are more
precise and 11x faster than neural seed generation for navigating the dependency graph.

AIME: a category where baselines lead. On the 30 AIME tasks, LeanFinder (5.4%) and
LeanSearch (5.0%) outperform C21 (3.8%). AIME problems often require non-standard tricks
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pass@1 by Mode and Difficulty Stratum (MiniF2F Test+Valid, 488 tasks)

- AO (Bare)

= B1 (Vector)

mmm C21 (Graph+Vec)
mmm C23 (Graph Rerank)

100

B LeanSearch
mmm LeanFinder

80 = LeanExplore

60

pass@1 (%)

All (488) Hard Sweet Easy
A0=25% [1/8,4/8] >50%
(232) (59) (241)

Figure 3. pass@l by AQ difficulty stratum. C21 leads across all slices; the advantage is maximal in
the partial-capability zone.

Sweet Spot: A0 € [1/8, 4/8] — 59 tasks
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Figure 4. Partial-capability zone analysis. On tasks where the bare model solves 1-4 out of 8
attempts, C21 achieves 48.9% pass@1 vs 28.8% for A0 and 37.9% for LeanSearch.

that are better captured by informalized semantic search than by dependency-graph traversal. This
result indicates that C21 and vector search are complementary rather than substitutive.

FEzclusive solutions. On hard tasks in the Test split, graph-based modes solve 4 tasks that no
baseline solves, while baselines solve only 1 task that no graph mode solves (ratio 4:1). The graph

expands the set of solvable tasks, not merely increases the probability of solving already-solvable
ones.
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6.6. Case study

In the task mathd_numbertheory_320, the objective is to prove n = 34 from the hypotheses
n < 101 and 101 | (123456 —n). AO solves 1/8, attempting rfl, which fails; LeanSearch solves
2/8, returning relevant but tactically unannotated lemmas. By contrast, C21 solves 8/8: the
regex extractor identifies Nat,dvd, graph expansion retrieves dvd_refl and dvd_trans, tactic
classification assigns them the labels simp and apply, and the model generates norm_num at hi;
interval_cases n <;> omega (PASS, 434 ms). These structured hints direct the model toward
arithmetic tactics rather than a direct proof of equality.

7. DISCUSSION

The SciLib ontology addresses the three gaps identified in the introduction: (1) three-level
separation of interpretation, representation, and resource; (2) multiple coequal representations;
(3) contextual truth formalization.

The experimental results demonstrate that the graph structure and ontology-driven hint
categorization — not embedding quality — are the source of the C21 advantage. The equivalence
of B1 and LeanSearch (p = 0.931) provides direct evidence: any vector search, regardless of the
embedding model, reaches approximately the same ceiling on this benchmark. The graph provides
what embeddings cannot: typed dependencies and tactic annotations.

It is important to trace the causal chain from the ontology to the experimental result.
Without the three-level model, there would be no typed edges (usesInType/usesInValue) —
only an undifferentiated dependency graph. Without typed edges, there would be no tactic-aware
classification of candidates (Step 6 of the C21 pipeline), because the distinction between “used
in type signature” and “used in proof” is precisely what enables classifying a lemma as apply vs
rw vs simp. Without tactic classification, C21 would reduce to flat-list retrieval — statistically
indistinguishable from LeanSearch (p = 0.931). The entire experimental advantage thus originates
in the ontological design decision.

The knowledge graph is not a theorem solver. It serves as a structured vocabulary, providing
names of tactics and lemmas relevant to the problem formulation. The solution remains with the
generative model. The ontology ensures traceability: each hint traces back to a specific graph edge
(usesInType or usesInValue).

The neuro-symbolic architecture — symbolic graph traversal at the interpretation level combined
with neural similarity search at the resource level — is unified through the ontology. This design is
addressee-invariant: both a human mathematician and an Al prover can query the same knowledge
graph for contextually grounded information.

8. LIMITATIONS

A discussion of the limitations is necessary for the correct interpretation of the presented results.

One important limitation is that the study is confined to a single subject domain (mathematics),
which makes validation in other scientific areas necessary. Owing to resource constraints, the
taxonomy of 670 domain classes was generated by an LLM and requires expert validation. In
addition, with only K = 8 attempts, the analysis retains limited statistical power at the individual-
task level. Also the study uses a single generative model (DeepSeek-Prover-V2-7B), which further
limits the scope of the evaluation. The use of 9 pattern categories implies incomplete coverage of
task types. Moreover the system is tied to Leand /Mathlib, and extension to other formal systems
was not tested. In the multimodal model, images remain the weakest modality with R@Q1 ~ 0.61 vs
> (.82 for text modalities. Furthermore, the results of LeanSearch and LeanFinder depend on the
availability of external APIs, and we report results obtained during February—March 2026.
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9. CONCLUSION

We present the SciLib ontology as a modular OWL/DL ontology that implements a three-level
separation into interpretation, representation and resource layers and provides a formalization of
contextual truth.

A knowledge graph for the mathematical domain is constructed from Mathlib, comprising
approximately 213 000 statements connected by typed dependency edges and 670 domain subclasses
enriched with Al-generated annotations and provenance metadata. A multimodal embedding model
covering five modalities achieves a top-1 cross-modal matching accuracy of 0.74 when using centroid-
based aggregation.

On the MiniF2F benchmark, which includes 488 tasks and 50 752 runs, graph-structured premise
retrieval (C21) shows a statistically significant advantage over three state-of-the-art Lean search
engines. The observed equivalence of vector search methods, with a p-value of 0.931, indicates that
the performance gains are attributable to the graph structure and tactic-aware categorization rather
than to differences in embedding quality.

Future work will focus on extending the approach to additional scientific domains, validating the
Al-generated taxonomy with expert review, expanding the set of pattern categories, and integrating
the system with interactive proof workflows.
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