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ABSTRACT

Given a dense shallow neural network, we focus on iteratively creating, train-
ing, and combining randomly selected subnetworks (surrogate functions), towards
training the full model. By carefully analyzing ) the subnetworks’ neural tangent
kernel, i) the surrogate functions’ gradient, and #i7) how we sample and combine
the surrogate functions, we prove linear convergence rate of the training error —
within an error region— for an overparameterized single-hidden layer perceptron
with ReLU activations for a regression task. Our result implies that, for fixed
neuron selection probability, the error term decreases as we increase the number
of surrogate models, and increases as we increase the number of local training
steps for each selected subnetwork. The considered framework generalizes and
provides new insights on dropout training, multi-sample dropout training, as well
as Independent Subnet Training; for each case, we provide corresponding conver-
gence results, as corollaries of our main theorem.

1 INTRODUCTION

Overparameterized neural networks have led to unexpected empirical success in deep learning

(Zhang et al] 2021 [Goodfellow et al| ROI6] [Arpit et al| 2017 [Recht et al)] 2019, [Toneva et al.

2018), but also have led to new techniques in analyzing neural network training (Kawaguchi et al.

2017} [Bartlett et al) 2017} [Neyshabur et al] 2017 [Golowich et al) 2018} [Liang et al.| [2019} [Arord]
et al| {2018} |Dziugaite & Roy||2017} [Neyshabur et al.|[2018} |[Zhou et al.} 2018} |Soudry et al.| 2018}

Shah et al] [2020; [Belkin et al] [2019; 2018} [Feldman] 2020} [Ma et al] [2018} [Spigler et al| 2019}
Belkin) [2021]: |Bartlett et al.| 2021} [Jacot et al}|2015]). While there is literature that focuses a diverse
set of overparameterized neural network architectures (Frei ef al| 2020} [Fang et all 2021} |Lu et al]
2020} [Huang et al] 2020} [Allen-Zhu et al] 20194} [Gu et al.l 2020} |Cao et al] [2020) and training
algorithms (Du et al|[2018 [Zou et al] 2020} |Soltanolkotabi et al} 2018} |Oymak & Soltanolkotabi]
2019, [Li et al| 2020; |Oymak & Soltanolkotabi) |2020), most efforts fall under the following sce-
nario: in each iteration, all parameters of the neural network are updated using a version of gradient

descent. Yet, advances in regularization techniques (Srivasiava et al] 2014 [Wan et al| 2013

& Ghahramani| 2016} [Courbariaux et al] 2015 [Labach et al||2079), computationally-efficient
(Shazeer et al} 2017} [Fedus et al][2021} [Lepikhin et al] [2020} [LeJeune et al] [2020} [Yao et al.

2021} [Yu et al] 2018} Mohtashami et al] 2021} [Yuan et al| [2019} [Dun et al] 2019 [Wolfe et al.
2021]) and communication-efficient distributed training methods (Vogels et al| |2019; [Wang et al.
2021} [Yuan et al 2019 [Dun et al) 2019 [Wolfe et al| [2021)) deviate from this narrative: One would
—explicitly or implicitly— train smaller, randomly-selected, model versions within the large dense
network, in an iterative fashion. This raises the question:

“Can one meaningfully train an overparameterized ML model
by iteratively training and combining together smaller versions of it?”

We provide a positive answer to this question for single-hidden layer perceptrons with ReLU activa-
tions. This is a non-trivial, non-convex problem setting, that has been used extensively in proving the
behavior of training algorithms on neural networks (Du et al| 2018} [Zow et al| 2020} [Soltanolkotabi|
ler al] 2018} [Oymak & Soltanolkotabil 2019} [Li et al.] 2020} [Oymak & Soltanolkotabil [2020).
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Figure 1: Training a single hidden-layer perceptron using multiple randomly masked subnetworks.
Here, f(W,x) denotes the full model with weight W, and f,,,: (W, x) denotes the surrogate model
(subnetwork) with only active neurons dictated by the mask mfc at k-th iteration for subnetwork /.
Let us first describe briefly the scenario considered here; this is depicted in Figure[I] Given a single
hidden-layer perceptron Fig.1(a), we sample masks within one training step Fig.1(c), each mask
deactivating a subset of the neurons of the original network’s hidden layer. In a way, each mask
defines a surrogate model, as in Fig.1(b), based on the original network, leading to a collection of
subnetworks. These surrogates independently update their own parameters (possibly on different
data shards), by performing a number of (stochastic) gradient descent steps. Lastly, we update the
weights of the original network by aggregating the parameters of the subnetworks, before the next
iteration starts. Note that multiple masks could share active neurons. When aggregating the updates,
we take the mean of the updated values across all subnetworks that have these neurons active.

Motivation and connection to existing methods. Standard gradient descent computes updates over
all the weights per iteration, based on a loss function. The present methodology computes updates
over weight subsets, based on the generated masks: i.e., the weight updates relate to different loss
functions, each depending on the output of a different subnetwork. When the sampled mask leaves
all neurons active, the training scheme is the same as in training the whole model. Yet, the same
framework connects with existing techniques for training deep neural networks.

Dropout regularization. Dropout (Srivasiava et al] 2074 [Wan et al] 2013] [Gal & Ghahramani
2016 [Courbariaux et al] [2073)) is a widely-accepted technique against overfitting in deep learn-
ing. In each training step, a random mask is generated from some pre-defined distribution, and
used to mask-out part of the neurons in the neural network. Later variants of dropout include the
drop-connect [2073), multi-sample dropout [2019), Gaussian dropout
[2013), and the variational dropout (Kingma et al.|[2015). Here, we restrict our attention

to the vanilla dropout, and the multi-sample dropout. The vanilla dropout corresponds to our frame-
work, if in the latter we sample only one mask per iteration, and let the subnetwork perform only
one gradient descent update. The multi-sample dropout extends the vanilla dropout in that it sam-
ples multiple masks per iteration. For regression tasks, our theoretical result implies convergence
guarantees for these two scenarios on a single hidden-layer perceptron.

Distributed ML training. Recent advances in distributed model/parallel training have led to variants
of distributed gradient descent protocols. Instead of centrally aggregating gradient updates per it-
eration, distributed local SGD (Mcdonald et al] [2009; [Zinkevich et al] 2010; [Zhang & Ré| 2074}
Zhang et al] [2076) updates all the model parameters only after several local steps are performed
per compute node. This reduces synchronization and thus allows for higher hardware efficiency
(Zhang et al] [2016). Yet, all training parameters are updated per outer step, which could be com-
putationally and communication inefficient. The Independent Subnetwork Training protocol
ler al] 2019 [Dun et al] 2019 [Wolfe et al] [2021) goes one step further: it combines model- and
parallel-training methodologies, with local SGD motions to minimize communication and computa-
tional bottlenecks, simultaneously. In particular, IST splits the model vertically, where each machine
contains all layers of the neural network, but only with a (non-overlapping) subset of neurons be-
ing active in each layer. Multiple local SGD steps can be performed without the workers having to
communicate. Yet, the theoretical understanding of IST is currently missing. Our theoretical result
implies convergence guarantees for IST for a single hidden-layer perceptron, and provides insights
on how the number of compute nodes affects the performance of the overall protocol.

Contributions. The present training framework naturally generalizes the approaches above. Yet,
current literature —more often than not— omits any theoretical understanding for these scenarios,
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even for the case of shallow MLPs. While handling multiple layers is a more desirable scenario (and
is, indeed, considered as future work), our presented theory illustrates how training and combining
multiple randomly masked surrogate models behaves. Our findings can be summarized as follows:

» We provide convergence rate guarantees for i) dropout regularization (Srivastava et al.| |2014),
i) multi-sample dropout (/noue| |2019), iii) and multi-worker IST (Yuan et al| |2019), given a
regression task on a single-hidden layer perceptron.

* We show that the Neural Tangent Kernel (NTK) (Jacot et al.||2018) of surrogate models stays close
to that with initial weights; this implies that it stays close to the infinite width NTK. Consequently,
our work shows that training over surrogate models still enjoys linear convergence.

* For subnetworks defined by Bernoulli masks with a fixed distribution parameter, we show that
the expectation of aggregated gradient in the first local step is a biased estimator of the gradient
computed on the whole network, with the bias term decreasing as the number of subnetworks
grows. Moreover, the aggregated gradient starting from the second local step stays close to the
aggregated gradient of the first local step. This finding leads to linear convergence of the above
training framework with an error term under Bernoulli masks.

* For masks sampled from categorical distribution, we provide tight bounds ¢) on the average loss
increase, when sampling a subnetwork from the whole network; i) on the loss decrease, when
the independently trained subnetworks are combined into the whole model. This finding leads to
linear convergence with a more desirable error term than the Bernoulli mask scenario.

Challenges. Much work has been devoted to analyzing the convergence of neural networks based on
the NTK perspective (Jacot et al.||2018); see the Related Works section below. The literature in this
direction notice that the NTK remains roughly stable throughout training. Therefore, the network
output can be approximated by the linearization defined by the NTK. Yet, training with randomly
masked neurons poses additional challenges: i) With a randomly generated mask, the NTK changes
even with the same set of weights. Thus, analyzing the convergence of neural networks with masked
neurons requires careful treatment of the surrogate models’” NTKs. #4) Each gradient defined by
the subnetwork is a biased estimator of the gradient computed on the whole network, even in the
first step of the subnetwork update. iii) From the objective perspective, the non-linear activation
function and the gradient aggregation makes the function represented by the updated whole network
not necessarily equal to the linear combination of the updated subnetworks. These three challenges
complicate analysis, thus driving us to treat the NTK, gradient, and combined network function with
special care. We will resolve these difficulties in the proof of the three main theorems.

2 RELATED WORKS

The NTK enabled more refined analysis of training overparameterized neural networks (Jacor et al.|
2018} |Du et al.| 2018} |Oymak & Soltanolkotabi| |2020f |Song & Yang| 20205 Ji & Telgarsky} [2020;
Su & Yang| 2019 |Arora et al.| 2019 Mianjy & Aroral 20205 |Huang et al.| [2021). NTKs can be
viewed as the reproducing kernels of the function space defined by the neural network structure,
and are constructed using the inner product between gradients of pairs of data points. With the
observation that the NTK stays roughly the same with sufficient overparameterization, recent work
has shown that (stochastic) gradient descent achieves zero training loss on shallow neural networks
for regression task, even if when the data-points are randomly labeled (Du et al.| 2018} |Oymak &
Soltanolkotabi) |2020) \Song & Yang| |2020). Later work characterizes the loss update in terms of the
NTK-induced inner-product of the label vector, and notices that, when the label vector aligns with
the top eigenvectors of the NTK, training achieves a faster convergence rate (Arora et al.| |2019).

A different line of work explores the structure of the data-distribution in classification tasks, by as-
suming separability when mapped to the Hilbert space induced by the partial application of the NTK
(Vi & Telgarsky, |20205 \Mianjy & Arora)[2020). Rather than depending on the stability of NTK, the
crux of these works relies on the small change in the linearization of the network function. This line
of work requires milder overparameterization, and can be easily extended to training stochastic gra-
dient descent without changing the overparameterization requirement. The above literature assumes
all the parameters are updated per iteration.

There is literature devoted to the analysis of dropout training. For shallow linear neural networks,
(Senen-Cerda & Sanders| |2020a) give asymptotic convergence rate by carefully characterizing the
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local minimas. For deep neural networks with ReLU activations, ((Senen-Cerda & Sanders| |2020D)
shows that the training dynamics of dropout converge to a unique stationary set of a projected sys-
tem of differential equations. Under NTK assumptions, (Mianjy & Arora, |2020) shows sublinear
convergence rate for an online version for dropout in classification tasks. Our main theorem implies
linear convergence rate of the training loss dynamic for the regression task on a shallow neural
network with ReLU activations.

Theoretical work on Federated Learning (FL) also focuses on the convergence of neural network
training. FL-NTK (Huang et al.| [2021) characterize the asymmetry of the NTK matrix due to the
partial data knowledge. For non-i.i.d. data distribution, (Deng & Mahdavi| |2021)) proves conver-
gence for a shallow neural network by analyzing the semi-Lipschitzness of the hidden layer. Our
work differs since we consider training a partial model with the whole dataset. Lastly, there is recent
work on training partially masked neural networks (Mohtashami et al.||2021]). The authors consider
minimizing a differentiable objective function under Lipschitz assumptions. We consider the more
frequently used setting of a one-hidden layer perceptron with non-differentiable activation.

3  TRAINING WITH RANDOMLY MASKED NEURONS

We use bold lower-case letters (e.g., a) to denote vectors, bold upper-case letters (e.g., A) to denote
matrices, and standard letters (e.g., a) for scalars. ||al|s stands for the ¢5 (Euclidean) vector norm,
[|A |2 stands for the spectral matrix norm, and || A || stands for the Frobenius norm. Unless other-
wise stated, p denotes the number of subnetworks, and [ € [p] its index; K denotes the number of
global iterations and k € [K] its index; 7 is used for the number of local iterations and ¢ € [7] its
index. We use My, to denote the mask at iteration &, and Ejng, j[-] = Emy,...,m, [] to denote the total
expectation over masks My, . .., M. We use P(-) to denote the probability of an event, and I{-} the
indicator function. For distributions, we use A/ (, X) to denote the Gaussian distribution with mean
p and variance ¥. We use Bern(§) to denote the Bernoulli distribution with P(z = 1) = ¢ for
2 ~ Bern(§). The categorical distribution over p categories is determined by parameter £ € R? and
produces random variables = € [p] such that P(z = i) = ;. In this paper, we use a one-hot output
of categorical distribution by treating random variables as one-hot vectors x ~ Categorical(§),
with P(xz; = 1) = &;. For a complete clarification of the notations, please refer to Table

3.1 SINGLE HIDDEN-LAYER NEURAL NETWORK WITH RELU ACTIVATIONS

We consider the single hidden-layer neural net-

work with ReLU activations, as in: Algorithm 1 RandomlyMaskedTraining

1: Initialize Wy, a

1 m
f(W,a,x) = — E aro((Wy, X)) 2: fork=0,..., K —1do
vmi= Sample mask My, ~ D

w

= f(W,x). 4: forl‘;ll,...,vg‘yfdo
Here, W = [wi,...,wp] € R™Xd js 2 f ’“1;0:_0 4§ 1d
the weight matrix of the first layer, and a = ™ wr="5..,7-10 (W)
[a1,. .. ,aT}T € R™ is the weight vector of the ~ 7: W§g7t+1 — Wi,t - 77%
second layer. We assume that each w,. is ini-  8: end for
tialized based on N(0, x2I). Each weightentry ~ 9: AW, «— W — W,
a, in the second layer is initialized uniformly at  10: end for
random from {—1,1}. Asin (Du et al| 2018 11: forr=1,...,mdo
Zou et al.) |2020y |Soltanolkotabi et al.| 2018  12: Wit ¢ Wi + Dgr Zle AW§M
Oymak & Soltanolkotabi) 2019 |Li et al.}[2020F 13- end for
Oymak & Soltanolkotabil |2020), a is fixed. 14: end for

Consider a p-subnetwork computing scheme.

In the k-th global iteration, we consider each binary mask My € {0,1}™*? to be composed of
subnetwork masks m} € {0,1}™ for [ € [p|. The r-th entry of m! is denoted as mgw. Let
Xir = Y0y mﬁw denote the number of subnetworks that update neuron r in global iteration k.
Let Ny, , = max{Xy ., 1} to be the normalizer of the aggregated gradient, NV, ,ﬁ; = min{Xy ,, 1} to
be the indicator of whether a neuron is selected by at least one subnetwork. The surrogate function
defined by a subnetwork mask mﬁc is given by:
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foal (W, x) = \FZarmk, (W, X)).

With colored text, we highlight the differences between the full model and the surrogate functions.
¢ is a constant to be defined later on, conveniently selected by our theory. We consider training
the neural network using the regression loss. Given a dataset (X,y) = {(x;,y;)},, the func-
tion output on the whole dataset is denoted as f(W,X) = [f(W,x1),..., f(W,x,)]. Then, the
regression loss of a surrogate model is given by:

1 2
Lang (W) = 5 |y = fumg (W0
The surrogate gradient is computed as:
Lt (W) 1
8k7w,, = m ;armi:,r (fmgc (W, x;) — yi) x; I{(w;,x;) > 0}.

L
Nk,r

Moreover, we define the global aggregation step size as 7y, = ==. Within this setting, the general

training algorithm is given by Algorithm I

4 CONVERGENCE ON TWO-LAYER RELU NEURAL NETWORK

We often assume that each entry in the mask mﬁw ~ Bern(§) is sampled independently, unless

otherwise stated. Here, £ € (0, 1) represents the Bernoulli distribution parameter. Since the forward
pass of the surrogate function is a linear combination of &-proportion of the neurons’ output, we
multiply each neuron output by a factor of £ to keep the overall output scaling consistent, as in
(Mianjy & Aroral|2020)). For notation clarity, we define:

Uk = Zar&j Wi, T7X’L = Zar Wk,?"vxi>)'

We focus on the behavior of the following loss, computed on the whole network over iterations k:
Ly = HY*ukH%, where uy = {u,(cl),...,ul(cn)} .
This is the regression loss over iterations & between observations y and the learned model uy.

Properties of subnetwork NTK. Recent works on analyzing the convergence of gradient descent
for neural networks consider approximating the function output uy with the first order Taylor ex-
pansion (Du et al.| 2018} |Arora et al.| 2019, |Song & Yang| |2020)). For constant step size 7, taking
the gradient descent’s —~-Wy1 = Wy — nVw L(W{)- first-order Taylor expansion, we get:

)l ~ o) + (Vwul, Wi - Wi )~ ufl £nZH ). M

where H(k) € R™*" is the finite-width NTK matrix of iteration &, given by

m

H(k)i; = %(xi,xj> Z]I{(wkm,xl) >0, (Wk,r,x;) > 0}

r=1

Compared with previous definition of finite-width NTK, we have an additional scaling factor £. This
is because based on our later definition of masked-NTK, we would like the masked-NTK to be an
unbiased estimator of the finite-width NTK. In the overparameterized regime, the change of the net-
work’s weights is controlled in a small region around initialization. Therefore, the change of H(k)
is small, staying close to the NTK at initialization. Moreover, the latter can be well approximated
by the infinite-width NTK:

HY = ¢ Egonon [(xi, x)I{{w,x;) >0, (w,x;) > 0}].
(Du et al||2018) shows that H* is positive definite.

Theorem 1. (Du et al||2078) Denote Ay := Amin (H®®), the minimum eigenvalue of H*. If for any
i # j it holds that the points x;,x; are not co-aligned, i.e., x; || x;, then we have Xy > 0.
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With H(k) staying sufficiently close to H>, (Du et al.| 2018} |Arora et al||2019; |Song & Yang
2020)) show that A (H(k)) > 22 > 0. Moreover, Equationimplies that

w1 — u ~ —EnH(k) (u —y),
that further leads to linear convergence rate:
Lyi1~ Ly + (Vu, Lk, g1 — ug) = L — Enfug — y, H(k) (ur —y)) = (1 = &nAo) Li.
In rigorous NTK analysis, the Taylor expansion for both uy and Ly, produces error term that reduces
the convergence rate from 1\ to ynAo with v € (0, 1) being a constant.

Yet, for neural networks with randomly masked neurons, the situation is trickier: in each iteration,
due to the different masks, the NTK changes even when the weights stay the same. Since, the NTK
of the masked network changes as i) the mask changes, and i) the network weight changes, we
define the masked-NTK induced by the network weight in k-th iteration and the mask in the %’-th
iteration as follows:

Definition 1. Let ml, be the mask of subnetwork 1 in iteration k'. We define the masked-NTK in
global iteration k and local iteration t induced by mfc, as:

(méc’ o H(]C, t))u = %<Xi7 Xj> Z /’ni:’.r]l{<wgc,t,r7 Xi> >0, <W§c,t,r?xj> 2 0}
r=1
with mew denoting the rth weight vector in the kth global iteration and tth local iteration.
Here, with colored text we highlight the main differences to the common NTK definition. Note
that although we are only interested in the masked-NTK with &k = &', to facilitate our anal-
ysis on the minimum eigenvalue of masked-NTK, we also allow k # k’. Note that we have
Em, [m!, o H(k,0)] = H(k). Throughout iterations of the algorithm, the following theorem shows
that all masked-NTKs stay sufficiently close to the infinite-width NTK.
Theorem 2. Suppose the number of hidden nodes satisfies m = Q (n*log(Kpn/3)/ex2). If for all k, t
it holds that |Wi. ¢ — Wo.r|l2 < R := 22, then with probability at least 1 — 5, for all k, k' € [K]
and all | € [p], we have:
Amin (mf, o H(k,t)) > 22.

Note that the above theorem relies on the small weight change in iteration (k,t). In order to guar-
antee each subnetwork’s loss decrease, we need to ensure that the ) the weight change is bounded
up to global iteration k (this implies that when a subnetwork is sampled from the whole network, its
weights do not deviate much from the initialization); i) the weight change during the local training
of the subnetwork is also bounded. This requires an upper bound on the sampled subnetwork’s loss
before the local training starts. The following hypothesis sets up the “skeleton” to construct different
theorems, based on different problems considered.

Hypothesis 1. Assume that for all i € [n] we have ||x;||2 = 1. Fix the number of global iterations
K. Suppose the number of hidden nodes satisfies m = ( (n®log(Kpn/5)/¢x2), and suppose we use
a constant step size n = O (Mo/n?). Then, if for all k' < k the following convergence holds with
convergence rate o € (0, 1) and error term By > 0:

En, . woa 1Y — we1l3] < (1— B, 1w, Iy — uw 3] + By 2
and, further, the weight perturbation before iteration k is bounded by

Iwicr = wal + 20725 (LB, woally il + (K- 0B) <& @)
with B = % + k/&(1 — &)pn, then, with probability at least 1 — 46, we have:

. n\o N
ly — uéc,t+1”§ < (1 - ) ly uk,t”%v “)

with the surrogate function of the subnetwork functlon defined by mask 1 in global iteration k and
local iteration t denoted as

AL( ~ ~l(1 ~l(n
k-(t) = fmfc (Wgc,tvxi) ugc,t - [ k-(t)v cee 7uk(’t)i|
and the local weight perturbation satisfies that for all t € [7]:

Wit = Wi || < 2B, ) wia [y — ko] + 2nmny/ 2K (5)
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The hypothesis above states that, in a given global step k, given the linear convergence of the loss
(Equation [2)) and a small weight perturbation guarantee (Equation [3)) in previous iterations k¥’ < k,
each subnetwork’s local loss also decreases linearly (Equation[d), as well as the weight perturbation
remains bounded (Equation [5). Yet, the above hypothesis does not connect the subnetwork’s loss
with the whole network’s loss through the sampling and aggregation process.

This is the goal in the sections that follow. Our aim is to turn Hypothesis[I]into a series of specific
theorems that cover different cases. In particular, we provide a convergence result for Algorithm ]
for 4) masks with i.i.d. Bernoulli entries, where we leverage the aggregation of gradients, and prove
the non-decrease property of subnetwork’s loss to bound the difference between the aggregated
gradient at local iteration ¢ and local iteration 1; and ¢7) masks with i.i.d Categorical rows, where
we leverage the loss change in sampling and aggregating subnetworks, and depend on the linear
convergence to show loss decrease. In both settings, we prove the bound on weight perturbation
of each subnetwork, as hypothesized above, to bound the aggregated weight perturbation. Also, in
both settings, we show that the required condition in Hypothesis|l|can be satisfied.

4.1 MAIN RESULTS

While the local gradient descent for each subnetwork makes progress with high probability, when a
large network is split into small subnetworks, the expected error on the dataset increases. Since the
masks are sampled i.i.d. from the joint Bernoulli distribution, the function of each sub-network is
an unbiased estimation of the function represented by the large network. Therefore, we have:

En, [lly — @3] = Iy — w3 + En, [0} —url3].

When analyzing the convergence, the last term needs to be carefully dealt with. Moreover, it is not
trivial to show that, when combining the updated network of the local steps, the loss computed on the
whole network is smaller than or equal to the error of each sub-network. Resolving these technical
difficulties, we present our general result for masks sampled from a joint Bernoulli distribution:
Theorem 3. Let the assumption of Theorem I hold, i.e., Ao > 0, and for all i € [n], we have
Ixill2 = 1 and |y;| < C — 1 for some C' > 0. Fix the number of global iterations to K and the
number of local iterations to T. Assume for each global iteration k, the mask My, is generated such
that mﬁw ~ Bern(&) with & € (0,1]. Let the number of hidden neurons satisfy

K n? nKkK?B;

—o(2 LR e Wy 6
" <5 max{#gexg’ K2ON2 p})’ ©
Ao
max{n,p}nt

and fix the local stepsize ton = O ( ) Then with probability at least 1 — § we have

k/
Epa,, ) [y —uwll3] < (1= §967x0)" [ly — o3 + By, (7)
with =1— (1 —&)P and

_64(1—€)%n%d 6817 (0—£)n’k
B = mMAZ + PAo

—£2)nk? + (r—1)%pC;
672p 2472

2
-
200 1)2p4
+ 8n~( )1\)g pCi
_46%(1 — &)nk?
) .

+ 4n(t — 1)pnCh,

Gy

Overall, given the overparameterization requirement in Equation[J} the neural network training error,

as expressed in Equation[7] drops linearly within an error region, defined by B, in Equation[7] While

this theorem seems complicated, we can make mild assumptions and simplify the key messages of
1

this form. In the following sections, we assume that max{K,d,p} <nand xk = n~=.

Dropout. The dropout algorithm (Srivastava et al.||2014) corresponds to the case 7 = 1, p = 1. For
this assignment, we arrive at the following corollary.

Corollary 1. Under the assumptions in Theorem and the additional assumption that
max{K,d} < n, fix the number of iterations to K, the step size ton) = O (*o/n?), and the number of
hidden neurons satisfies m = © (n°K /¢2245). Suppose we run the dropout algorithm on a two-layer
ReLU neural network. Then, with probability at least 1 — 0, we have:

k/
Epa,, g [lly —uwl3] < (1= 306x0)" ly —uol3 +0(1—¢)
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Typically, 1 — £ is usually referred to as the “dropout rate”. In our result, as £ approaches 0, which
corresponds to the scenario that no neurons are selected, the convergence rate approaches 1, meaning
that the loss hardly decreases. In the mean time, the error term remains constant. On the contrary,
as & approaches 1, which corresponds to the scenario that all neurons are selected, we get the same
convergence rate of 1 — O (n)\g) as in previous literature, and the error term decreases to 0.

Multi-Sample Dropout. The multi-sample dropout (/noue||2019) corresponds to the scenario where
7 = 1,p > 1. Our corollary below indicates how increasing p helps the convergence.

Corollary 2. Under the assumptions in Theorem [3} and the additional assumption that
max{K,d} < n, fix the number of iterations to K, the step size to n = O (*o/n?), and let the
number of hidden neurons satisfy m = © (n°K J¢o235). Suppose we run the p-sample dropout algo-
rithm on a two-layer ReLU neural network. Then, with probability at least 1 — §, we have:

En,, ) [y — w3 < (1= 2nxo)” ||y—u0|‘2+0< (o0t 4 0=€'),

Based on this corollary, increasing the number of subnetworks p improve the convergence rate since
0 increases as p increases, due to the increasing coverage probability of each neuron. Moreover,
increasing the number of subnetworks help decreasing the error term even when the dropout rate &
is fixed. After p is as large as nK, the error term become dominated by the term O ((1 — €)*/nK).

Multi-Worker IST. The multi-worker IST algorithm (|Yuuan et al.}|2019) is very similar to the general
scheme with p > 1 and 7 > 1, but W1th the additional assumption that max{K, d,p} < n, and a

special choice of initialization K = n -3,

Corollary 3. Under the assumptions in Theorem[3] fix the number of iterations to K, the step size to
7 = O (M /nr max{n,p}), and let the number of hidden neurons satisfy m = © (n°K [cox4s). Suppose
we run the IST algorithm on a two-layer ReLU neural network. Then, with probability at least 1 — 9,
we have

K’ - 2
Epna,,_ [y — uwl3] < (1= 206720)" lly — woll§ + 0 (585 + &6 4 2100020

While this corollary presents a convergence result for the multi-worker IST, which is missing in

the current literature, it also bears the problem that, when 7 > 1, the last error term %
potientially increase as the number of workers (subnetworks) increase. This could again be due to
the fact that some neurons are shared among workers and the gradients from the individual workers
are normalized during aggregation. We present an alternative theorem that resolves this issue, by
making another assumption on the masks generated in each global iteration. In particular, we assume
that, for a p-worker scenario, for each neuron, the mask is generated from a categorical distribution,
where each worker uses the same probability. In this way, the masks endorsed by each worker are
non-overlapping (as stated in (Yuan et al.| [2019)), and the union of the masks covers the whole set
of hidden neurons. The following theorem presents the convergence result under this setting.

Theorem 4. Suppose the assumption of Theorem holds, i.e. Ao >0, and for all i € [n], we have
Ixill2 = 1 and |y;| < C — 1 for some C > 1. Fix the number of global iterations to K, and the
number of local iterations to T. Let & = 1/p - 1,, and suppose that for each v € [m], k € [K],
the mask is generated such that my, , ~ Categorical(€). Let the number of hidden neurons satisfy
m = Q (v°n*K max{n®,d} /x%s). Then, with constant local step-size 1 = (*o/n?) we have that:

2.3
Enay oo [Iy —uclZ] < (343 (1-22)") " 02+ 0 (Heshind),
holds with probability at least 1 — 9.

This theorem has a couple noticeable properties. First, when the number of workers p = 1, i.e.,
the scenario of multi-worker IST reducing to the full-network training, the error term disappears,
driving further connections between regular and IST training. Second, one can arbitrarily increase
the overparameterization parameter m, which further leads to error term decrease: this suggests that
IST training could be benefited by wider models, an observation made in (|Yizan et al.| |2019; |Dun
et al.| 2019 (Wolfe et al.||2021).
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Figure 2: Validation experiments on a single hidden layer perceptron.
5 EXPERIMENTS

We  validate our theory with the Communities and Crime Data  Set

(US Department of Commerce, Bureau of the Census| [[992} [Dua & Graffy 2017 [Redmond &
Baveja| |2002)). This dataset has 128 features, and we take a subset of 100 samples from the dataset.

We run Algorithm[T|on a one hidden layer perceptron with 4000 hidden neurons. We fix the number
of global iteration to K = 200 and use a constant step size.

In Figure [2a] we plot the logarithm of the mean and variance of the training error dynamic with
respect to the K (for clarity, we only plot the first 125 iterations), which includes the sampling step,
local training steps, as well as the gradient aggregation step. Notice that there are three types of
dynamics, as annotated in the figure: (1) A smooth decrease of training error: This corresponds to
subnetworks’ local training, which is supported by Hypothesis [T] that each subnetwork makes local
progress. (2) The sudden decrease of training error: This corresponds to the aggregation of locally-
trained subnetworks, and is consistent with our proof in Theorem ] (3) The sudden increase of
training error: This corresponds to re-sampling subnetworks; according to our theory, the expected
average training error increases after sampling.

Figure [2b] and Figure 2 provide heatmap results that demonstrate the change of the error term
as we vary the number of subnetworks, number of local steps, and the selection probability. In
Figure 2B] the subnetworks are generated using Bernoulli masks, and training process with a fixed
number of local steps. Note that, as we fix the number of subnetworks and increase the selection
probability, the error decreases (lighter colors in heatmap). Moreover, if we fix the number of
selection probability and increase the number of subnetworks, the training error also decreases. This
is consistent with Theorem 3] In Figure [2d] the subnetworks are generated using categorical masks.
Since for categorical masks, the selection probability is determined by the number of subnetworks,
we instead vary the number of local steps. Note that the training error increases both when we
increase the number of subnetworks (and thus resulting in a smaller subnetwork for each worker)
and increasing the number of local steps. This is consistent with our theoretical result in Theorem 4]

6 CONCLUSION

We prove linear convergence up to an error region when training and combining subnetworks in
a single hidden-layer perceptron scenario. Our work extends results on dropout, multi-sample
dropout, and the Independent Subnet Training, and has broad implications on how the sampling
method, the number of subnetworks, and the number of local steps affect the convergence rate and
the error region. While our work focus on the single hidden-layer perceptron, we consider multi-
layer perceptrons as an interesting direction: we conjecture that a more refined analysis of each
layer’s output is required (Du et al] 2019} [Allen-Zhu et al| [2019F). Moreover, focusing on the
convergence of a stochastic algorithm for our framework is a different research direction.
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7 REPRODUCIBILITY STATEMENT

In the theorectical results of this paper, we make assumptions on the dataset similar to previous
work (Du et al| [2018; |Song & Yang| 12020} |Arora et al||2019), where ) no two input data points
are co-aligned, 4z) the input data points are normalized, and 7:7) the value of the labels are bounded.
We point out that ) is a standard assumption in machine learning settings, since co-aligned data
points with different labels cannot be fitted to zero training error, and 4¢) and iii) can ba achieved by
normalizing the dataset. Moreover, the additional assumption of fixing the number of global itera-
tions K is also common in previous literature (Su & Yang| 2019 |Allen-Zhu et al.||2019a)). Although
increasing K requires a larger overparameterization, we note that, since the learning rate is inde-
pendent of K, achieving an e-error near the error region requires K = Q (1087/</log(1 — norro/4)~1).
This shows that K typically do not affect the overparameterization much. Lastly, we provide proof
of Theorem [2] Hypothesis [I] Theorem [3] and Theorem []in section [B] [C|[D] and [Fin the appendix,
respectively. We also provide code for running the experiments as supplementary material.
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A PRELIMINARY AND DEFINITION

In the proofs of our theorems, we use extensively the following tools.
Definition 2. (Sub-Gaussian Random Variable) A random variable X is x?-sub-Gaussian if

Efe®] <e™ 2

Definition 3. (Sub-Exponential Random Variable) A random variable with mean E[X]| = p is
(K, a)-sub-exponential if there exists non-negative (k' o) such that for all t < a1

+2 72

E[et(X—u)] <e %

Property 1. (Sub-Exponential Tail Bound) For a (k', «)-sub-exponential random variable X with
E[X] = p, then we have

t2 2

Tz <t < B

X >ptn) < € 5T TOSIES

e 2 ift> -
Property 2. (Markov’s Inequality) For a non-negative random variable X, we have
1
P(X > a) < —E[X]

a

Property 3. (Hoeffding’s Inequality for Bounded Random Variables) Let X1, . .., X,, be indepen-
dent random variables bounded by | X;| < 1 for all i € [n]. Then we have

]P) ( 1 2 t> S e—2nt2
n =

>x
i=1

Property 4. (Berstein’s Inequality) Let X1, ..., X, be random variables with E[X;] = 0 for all
€ [n]. If | X;| < M almost surely, then

t2/2

n
]P) (Z Xz > t) S e Z;Lzl W“‘[XJQ-H»ZLH/(;
i=1

Property 5. (Jensen’s Inequality for Expectation) For a non-negative random variable X, we have

Ekﬂg@mﬁ

Apart from the properties above, we also need the following definitions to facilitate our analysis.

First, we note that, in the following proofs, we let R = 1"'92‘;1. Define

Ay ={3w € B(wo,, R) : I{{w,x;) > 0} # I{{wo,,x;) > 0}}

to denote the event that for sample x;, the activation pattern of neuron » may change through training
if the weight vector change is bounded in the R-ball centered at initialization. Moreover, let

St =[m)\ S, ®

to be the set of neurons whose activation pattern does not change for sample x; if the weight vector

change is bounded by the R-ball centered at initialization. Moreover, since we are interested in the
loss dynamic computed on the following function

1$=j;;mdwww»

we denote the full gradient of loss with respect to each weight vector w,. as

aL(Wk = Z arxi(uy,” — yi) {(Wir, %) = 0}
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B PROOF OF THEOREM [2]

Recall the definition of masked-NTK

1 m
(i 0 F(k, 1))i; = — (xi,%;) D i (W g xi) 2 0, (Wi %) 2 0}

r=1

To start with, we fix &’ € [K],l € [p], and ¢, j € [n]. In this case, let
hT' = mgc’,r <Xi’ Xj> H{<W0,7'7 Xi> 2 07 <WO,7'a Xi> Z O}

Then we have

m

1
(mi:/ o I‘I(O7 0))1] = E Z hT

r=1
Also we have
Enm, w [hr] = Eweno,1) [Emy, [Pe]] = HEY

Note that for all » we have |h,.| < 1. Thus we apply Hoeffding’s inequality for bounded random
variables and get

oo 1 G o0 77712
P(|(m§€/OH(O,O))ij—Hij|>t):P<‘mz_:1hr—Hij >t> < 2¢72mt

Apply a union bound over ¢, 7 gives that with probability at least 1 — 2n2e=2m%" it holds that
|(mf§, o I‘I(O7 O))Z] — HZOJO| S t
for all 4, j € [n]. Therefore,
[lmj, o H(0,0) — H||3 < [mj, o H(0,0) — H*||3
n - 9
< Z |(mj, o H(0,0));; — H;
ij=1

< n?t?

Lett = 2—2 gives

A
|m}, o H(0,0) — H*| < 7

2
mAj

holds with probability at least 1 — 2n2e™ n2 . Next we show that for all k € [k] and ¢ € [7], as long
as [|Wg ¢r — Wor|l2 < R forall » € [m], then it holds that

|mk, o H(k,t) — mL, o H(0,0)|]2 < 2nx 'R
Following the argument of (Song & Yang| |2020), lemma 3.2, we have

2
1 n m
o) o007 < 3 (S )

i,j=1 \r=1

with
Srig = My (W0, Xi) > 05 (Wo,r, %5) > 0} = T{(wj 1y, %) > 05 (Wi %) > 0})

Then s,.; ; = 0 if ~A;, and ~A;, happend. In other cases we have |3mv,j| < 1. Thus we have that

foralli,j € [n]

4ER

<2k 'R
KV 2T

En, Wol8rij] = EP (Air U Ajr) <

16
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and

2 4R _
IE1\/Ik7VVo |:(8”‘,i’j - ]EMImWO [ST,i,j]) } < EMk;WO,r [Sz,i,j] < H\/ﬂ <28k 'R

Thus applying Bernstein inequality with t = £k~ 1 R gives
Ly -1 méR

. . . . eqe méR
Therefore, taking a union bound gives that, with probability at least 1 — n?e~ 1o~ we have that

|mk, o H(k,t) — mL, o H(0,0)|]2 < |[m}, o H(k,t) — m}, o H(0,0)||r < 3¢nx'R

Using R < »1@2/\0 gives |ml, o H(k,t) — ml, o H(0,0)|]2 < % < 20 with probability at least
2

1 —ne” e . Therefore, we have

A
I, o Fi(k,£) — H® s < 2

which implies that Ay, (ml, o H(k,t)) > 22 holds with probability at least 1 —
mA2

n? (e‘ Y 2e s ) for a fixed ¥’ € [K] and [ € [p]. Taking a union bound over all £’

n* log

and [ and plugging in the requirement m = 2 (T) gives the desired result.

C PROOF OF HYPOTHESIS

In this proof, we follow the idea of (Du er al||2018). However, the difference is that i) we use
our masked-NTK during the analysis, and i:) we use a different technique for bounding the weight
perturbation. We repeat the requirement stated in the theorem here:

Suppose that, for all &' < k, the expected network loss enjoys a linear convergence with and addi-
tional error term

Eny g woa Iy — w41l3] < (1= @) B,y woa [y — wwll3] + aBy

for some o < 1, and

2nK
Iwir = wola + 207 22 (LBt lly — willa) + (K - 0B ) < R

for all r € [m] with

B= E+Hv€(1 —&pn

We start focusing on local iteration ¢ € [7]. We also assume that ||wy ¢ » — Wor|l2 < R, and the
probability bound of Lemma [23] holds, and show the local convergence. As in previous works, we
will show that this assumption actually holds by induction after we show the local convergence. For
the local convergence, we are interested in

N N N N
ly — ), t+1H2 = [ly — i t||2 -2(y - uj, 4 Ug 1 uk,t> + [0 441 — uk,tH%

Again we define ﬁﬁc(it)ﬂ Al(z) = Il(k)t +1 (Qt with
i(k)t = Z aka r Wk t+1, r?xl>) -0 <<W;€,t,r7xi>))
T‘ES
é(;c t = Z armk r Wgc,t+17r’xi>> -0 (<w§c,t7r’xi>))
TESJ'

17
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with the definition of S; as defined in equation (@), and notice that, with the 1-Lipchitzness of ReLU,

1
B0 < 2 3 I (b ) = ()
reo;
1
< ﬁ TEZS% HWgc,tJrLr - W’C’taTHQ
< Z OLrm <W§”)
—vm st ow, ,
S Sy
rest

< dnrT Ry — g

where the last inequality uses |S;-| < 4mx~! R from Lemma Therefore,
N l 1(3 nl - i
[ = 0 )| < Vinmas 1)y — ]l < 4~ nRlly — a3

Similarly, we have

IA

(Al() ale ))
Uptr1 — Ug g

m 2
(znwzm wk,t,rnz)

1
m
- 2
Z |W§c,t+1,r - Wk,t,rH2

2
2\ OLm, (Wg”)
<y | Lo W)

r=1

IN

ow,.
2

< n*nPlly — a3

Lastly, we define m}, o H(k,t)* with

1
(mj o H(k,0)"), = — (xi,%;) > mp (Wi, i) > 0, (We o, X5) > 0}
res;t

and we have

1 1
Y, = N D armi (W i — Wi %) T{(Wg %) > 0}
reS;

\L\% r
=—— Z ar,mj,, <8(Tk) Xi> H{{wg,r,x;) > 0}

TGS

LSSl (35— 012 (i) H i) = 0. w5 > 0)

resij 1

U z; (0}, o H(k, £) — mj, o H(k, 1)7) (y-j B uﬁf?)
J

18
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Therefore,

(v =T =1 Y (v = @) (m o H(k ) = m o H(k, DY), (5

=1
=1 (y — gy, (mj o H(k,t) — mj o H(k, 1)) (y — Q)
77)\0
> —ly— k,t”z nl[mj, o H(k, t)lHQ”y_ukt 5
nA _
> ( 20 dnk 1nR> lly — uk7t||§

where the last inequality follows from the fact that

[l o H(k, ) H[|3 < [y, o H(k, )" |5

res;t

< 515
= 16nk "> R?
Putting things together gives
ly — g, t+1||2 (1= 2o + 1695~ nR +n*n?) [ly — |13
Choose R < gi" andn < 1% gives

A1 77)\0
w—%ﬁﬁ<(1 )w Y

Therefore, for all ¢ € [7] we have
. nAo .
Iy ai < (10 y - algs
Next we bound the weight change during the local steps. We have
=t aLﬂu-<Vth)
Wt = Werlla <7 Z
2

t—1
NG )
<7 2 Iy~ el

jw—zm
o

S (y = wpll2 + [Jug — 0 l2)

<nr

Applying Markov’s inequality to the global convergence, with probabiltiy at least 1 —
that

[y —uklle < V2K/0Em, ) wo.a [y — ullo]

By Lemma[25] we have
En, [[lur — 0[|5] < 4£(1 — €)nk?
Thus with probability at least 1 — 5%z it holds that

lug — 0|2 < 264/26(1 — €)npk /5

19
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Plugging in gives
nTvV2nK 26(1 - ¢)pK

Wi t,r — Wil < WE[M,C,ILWO@ [ly — uxll2] + 207N -

Since for iterations k' < k, we have

2nK
Wk = Worll2 + 207/ —— s (Q]E[Mk, JWoa Iy — ugll2] + (K—k)B> <R

Since k < K and o < 1, and
B
B ===+ r/E(1 = Epn > my/E1 - pn

Hwk,t,r - WO,T||2 S Hwk,r - WO,TH2 + Hwk,t,r - Wk,rH2 S R

we have that

which completes the proof.

D PROOF OF THEOREM

Before we start the proof, we introduce several notations. Define

IYI)@ = T Z ar Wk+1 raxz>) (<wk,rvxi>))

reS;
== Z i (0((Wisr.0 %)) — (Wi )

Let

and similarly,

Then we have u,(H)_1 ,(C I{ 2 + I( and ug1 —uy = Iy ; + Iz ;. Also, we define H(k)* tobe

l Z X, X5 H{ Wkr7xz>>0<wk7axj>>0}
1”65'L

For k-th global iteration, first local iteration, we define the mixing gradient as

P L (Who)
Sk = NMk,r _—

— ow,

P 0Ly (W)

= Nk,r lz: aWT
n

Zmi)r Al( ) _ yl)aerH{<Wk ryX;) > 0}

i=1

I
3
M5 10

Il
-

() = Ny arx{{(wi, xi) > 0}

Sl S

K2

where we define the mixing function as

P

. i

Fir = s Yl ")
I=1

20
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As usual, we let fj, . = [ ,Elr), ey fknr)} . We note that f,gzz has the form

b
, i
= o m
=1

1 & L
= 7\/5 Z (078 (nk,r Z méC,T‘mgﬁ),’r‘/> U(<Wk,7“7 XZ>)
=1

r'=1

Let vg ppr = N r Zle mfv Tmz .- The mixing function reduce to the form

s

) 1 &
f;gzl = Z ar”k,r,r’o(<wk,r7 Xz>)
\/m r=1

Also, note that if N, = 0, we have vy, . ,» = 0.

We prove Theoremby a fashion of induction. Assume that for &’ < k, we have
En, | Woa [IIY = weril3] < (1= a@)En,, ) woa [y —uwl3] + B

for some o < 1, and the weight perturbation before iteration k is bounded by

2nK

1
i = wo la+ 207 25 (LB Iy = il + (K - 0B) < R

with o = 1007, R = O (%22) and
64(1 — £)*n3d n 6877 (0 — £3)n3k> . 0 —&)nk? (1 —1)%*pCy
mA2 PAo 672p 2472
802(7 — 1)2npCy
A

B =

+4n(T — 1)pnCy

B:\/&—i—/ﬁ E(1—8pn
o

With such conditions, we have that with probability at least 1 — 46, Hypothesis[T|holds. We start by
showing

and

Enm, [Ily — wrg1[3] < (1= a)lly — will5 + @By
After that, we show that

2nK (1

[Wkt1,r — Wo,rll2 + 21T 5 (aE[Mk] [y — ugprll2] + (K — k)B) <R

to complete the proof. Throughout this proof, we assume that
n m
Z Z (wo’r,xi>2 < 2mnk? — mnR?
i=1r/=1
and that

[Wollr < V2md — vmR

Note that Lemma and Lemma shows that, as long as m = ) (log % , the above assumption
holds with probability at least 1 — & over initialization. Moreover, Lemma [16{shows that as long as

m= (” ;\g; 2 ), with probability at least 1 — § over initialization we have

ISt < 4mk™'R

21
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To start, expanding the loss at iteration k£ + 1 gives
Eny [ly — weial3] = Iy — will3 = 2 {y — ug, Ena, [urr1 — u]) + Ema, [[[wrsn — ugl3]
=y — w3 = 2{y — up, Em [T14]) = 2(y — up, Ema, [To0]) +
Enry, [[lugs1 — uglf3]

Following previous work, we bound the second, third, and fourth term separately. However, the
second term requires a more detailed analysis. In particular, we let

Iy, = L — n0rH(k)(y — ug)
Then the loss at iteration k + 1 has the form
Em, [[ly = weal3] = lly — gl — 2007 (y — up, H(E)(y — ug)) + En,, [lugr — i3] —
2 <y — u, Ep, [I'lk]> —2(y — ug, En, [I2 1))
< (1= n0m20)ly — wkll3 + 2[{y — up, Ena, [I34])] +
2y — up, Em, [T24])] + Ea, [[urrs — ur3]

where in the last inequality we use Apin(H(K)) > % from (Du et al| |2018), Assumption 3.1.
Moreover, Lemma [6] Lemma 9} and Lemma [T0] shows that under the given assumption, with n =

O (—20 ) we have
( )

nT max{n,p}

1 16007E2(1 — €)2k2n3d  203€2%7 (T — 1)2n%pC
[y — s B, [1,])] < gnorolly — gl + 0T C S Eend ) 20E T Dby

m)\o 9/\0
1 no€?(0 — 2)nk? | nAo€*(1 —1)%pCy
—uy, Enm, [T <= — a3

+ 17252)\0(7 — 1)2pnC’1

1 17Tn%€2720(0 — £2)n3kK2
B, [t — welZ] < Snmdolly — i+ oot

Putting things together gives

1 16n07E%(1 — €)?n3d  203&2%7 (T — 1)%2n*pC
Enm, [[ly — urs1ll3] < (1 - 4nemo> ly — a2 + —2 £1-9 RS (r—1) 1

m)\o 9)\0
nAo€2(0 — E2nK?  nro&2(T —1)%pCy n 1702€2720(0 — £2)n3K2 n
24Tp 9676 D

2 Aot (T — 1)pnCy
1 1
S (]. — 47’]07’)\[)) ||y - uk”% + 17']07_)\031
Therefore, we have
1 k
Bnae Iy~ wnlf] < (1= 36720 lly — ol + B

This completes the first part of the proof. To show the second part, using Jensen’s inequality, we

I .
have En, [|ly — urt1ll2] < En, [ly — urs1 3] 2. With a = {067 Ao, we have

[0
Eng, [y = westlla] < (1= 5) lly = wellz + VaB:

and thus by taking total expectation, we have

o
Bty woa ¥ = wertlle) € (1= 5 ) Ente s woa Iy = wille) + v/aBy

Next, we bound the weight perturbation using induction. Recall our induction hypothesis
[2nK (1
||Wk,r - Wo,r||2 + 2777' m (aE[Mkl],Wo,a [”y - ukH2] + (K - k)B> <R

22
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We would like to show that

2nK (1
|Wet1,r — Wo rll2 + 207 gy <aE[Mk],Wo,a [y — wpqlle] + (K =k — I)B) <R

Using the convergence above and the fact that
[Whi1.r = Worllz < Wk = Worll2 + 1Wes1,r — Wo,rll2

it suffice to show that

2nK 2nK 2nK Bq
2 STy WE[M;C_I],Wo,a ([ly —ugll2] + 297/ —=B —2n7

mo moa

||Wk+1,r — Wk.r

Recall the definition of B as

B= \E NG

It then suffice to show that

2nK 26(1 - ¢pK
IWht1r = Wourll2 < 0y [ =B,y woa [Ily = wrllz] + 297any [ ==

By Hypothesis [T| we have

2nK 26(1 - &)pK
W = Wirllz < 17y S Bty woa [y = wella) + 2y | =P

foralll € [p] and t € [7]. Then we have

p

[Wii1r = Wil < ner > mi Wk — Wil
=1

2nK 26(1 - &)pK
< T B, woa [y = wkla] + 2gmny |2

which completes the proof of the second part. Next, we use over-paramterization to show that the
base case also satisfies the condition above. In particular, we want to show that

2nK (1 Ko
2 — | —E — KB|)<R<
7y 2 (B lly —wals] + KB) <R < 20

Equivalently, we want

KA mo 1
Zf nW(:Q(m“{aEwMﬂy—uﬂﬂ+KB}>

We use Lemma[26]to get that
Ew,.a [[ly — uoll3] < C?n
Plugging in the bound above and a = in(%')\o, and solving for

A~ 0y — ol
nt Vn3K oY oliz

n*K
’m:Q(ﬁwﬁg

KXo [ md
o Vi = HEB)

gives that

Solving for
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gives that
3K3B2 2.2
My = Q %
K230
Using the requirement of 7 gives
mK?3B%r
—o( /="
" ( PR
Plugging in the definition of B gives

B nK3B; &1 -¢6K?p
m =} (%%35 R )

Combining the three requirements above gives
K n* nK?B;
=0 = —_— e K
" ( 5 { 20N K2ONZ p})

E LEMMAS FOR THEOREM [3]

Lemma 1. The expectation of the mixing function satisfies

: ), 00=9)
Ewm, [ 1512«] = 0u;) + —Jm

aro (W, Xi))
Proof. Note that if N, = 0, then we have f,glv)n = 0 for all ¢ € [n]. Thus
Enm, { Iifl‘Nli:rzo] =0

Moreover, if Nj-, = 1, the expectation can be computed as

P m
7 k,r
Enge [0 | Nite = 1] = Bane | D237 37 oo (wir, x) | N, = 1]
I=1r'=1
1 & a
SE D LN I SRR 1] oo (W 52)

== 3 el ) + ()

by using Lemma[20] Combining the two conditions above gives that

EMk [ 15?7)"} = HD(Nle = 1)EMk |:fl£‘f7)~ ‘ NICL,T =1+ P(Nlér = O)EMk [flifz | lelw =0

= j% T,,i_lawa“Wk’TI’Xi» + wﬁwa((wk,,/,xi))
01 —¢)

= GUI(;) + WCLTU«WICWH Xi>)

Lemma 2. The expectation of the mixing gradient satisfies

0 0(1 — i
Ewm, [8k,r] = gaLa(yk) + (1m §) ZXiO’(<Wk,r,Xi>)
r i=1
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Proof. With the result from Lemma([I] we have
1

Vi

K2

M=

En, [8k,r] = (EM,c [f;ili} — yiEm, [N;CLT]) arx; I{{wg ., x;) > 0}

Il
—

(u,i“ — i+ \/ﬁfamawk,r,xm) arx;I{ (Wy ., x;) > 0}

I
El
S i

1

_OOL(Wy) | (1 —&) <~ .
= ow, + = ;xzouwm,xm

|
Q

Lemma 3. Suppose m > p. If for some R > 0 and all v € [m)] the initialization satisfies

m
Z <W0,T'axi>2 < 2mnk? — mnR?
r=1
and for all v € [m], it holds that ||wy, , — Wo r||2 < R, the expected norm of the difference between

the mixing function and u,(j) satisfies

8(0 — £2)nk?

EMk [ka,r - uk”% ‘ Nkl,r = 1] < D

Proof. Since Epg, |:Vk>,7~7,»/ | N,jjr = 1] = & for 1’ # r, we have for r1 # ro, there is at least one of
r1, 79 that is not r. Thus

Emy [(Whrirs = ) Whrrs =€) | Nty = 1] =0
and for r #£ 1’/
Varn, (Ve | Nisp = 1) = By, (Ve — )7 | N = 1]
Moreover, for r = r’, Lemma
Em, [V, —€)?] <0 —€°

Therefore, using Lemma[21] we have

2
i D)2 1 U
Baa, | (70~ )" 188 =1] = 2B, || 3 ar = Qo) | 18, =1
r’#r
1 m
- Z Vaer (Vk,r,r’ | Nlir = 1) O‘((Wk7rl7x7:>)2+
m r’'=1
1
EEMk [(Vk,r,r, - 5)2] U(<Wk,r,Xi>)2
0 — 2 m 9 _ 2
< pmf Z (Wi, %)% + 3 (Wi x;))?
r/Zr
2(0 — &2 n 2(0 — £2
< M <Wo,r,Xi>2 +mR? | + M (<W;w~,xi> + RQ)
pm r’'=1 p
< M
p
Plugging this in gives
8(0 — £2)nr?
EMk [”fkﬂ” - uk”% ‘ Nlﬂ:r = 1] < T
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Lemma 4. Under the condition of Lemma |3} the expected norm and squared-norm of the mixing
gradient is bounded by

1660(0 — £2)n2k?
pm

(6 — &*)
pm

2n6

Em, [llgk,lI3] < WHY — w3+
f

Enm, [llge,rll2] < THY — gz +4nk

Proof. Using Lemmal[3] we have

89(0 — £2)nk?
Ent, [N [fer — well2] = PN, = DEn, [ — ug]] < S0 =80

p
According to Jensen’s inequality, we also have
20060 — £2)n
Ewm, [N]ér”fk,r —wll2] <2k- %
Moreover, we have
L (40 ) ar i
r= = — Y TNri]I T?iZO
gk?, \/Ezzzl (fk‘,r Y Q. k, X {<Wk’ X > }
L5~ (40 o) Ny OL(W)
= — - SN x,I ” >0 Rt R4
\/rn; (fk:,r Uy ) Qr Vg X4 {{Whr, Xi) b+ ¢ ow,
Therefore,
o [5] poscwaf, 2, []< 2
k
Ear, [l ] < —f ] AV |32 (2 =) st > 0
T 2 i—1 )
- 7 i 2 QTL@
< NS (A =)+ — w3
i=1
< 2 (Ena, [N 8 — i3] + 0lly — uel)
m
2nd 166(0 — £2)n?k?
<y w3

pm

This shows the first inequality. To show the second, similarly we have

Eng, [N,M OL(Wy) )
E 2] < E - N x;1 %) >0
w, (lgerl) < — H AW o (|12 1:(f;w uf) ar N (Wi, 1) > i,
1 N,
< N, ‘ (Z) (7') _
_\/m krE f + \/mHy llk||2

n nf
<\ B [N e — all2] +\/\/%||y—uk||2

_ 2
\/\}| —ug|l2 + 4nk 9(9pm§)

Lemma 5. Under the condition of Theorem 3} we have

NIRRT R
uk(,lt) - uk(Z) < ntv/nlly — a2
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and therefore,

Ui) _ glt0)

Ut

7 (ly = el + [ — 1)
. AN 2
A~ ~1 N
() = @) < 2020 (lly = wellf + hw, — w4)13)

Proof. We have

NIC (i 1 Ui
) — gl N S armk, (0 ((Why o xi)) = 0 (Wer,x2)))
r=1
1 m
S 7777, Z ‘0- (<W§€7t,r7xl>) -0 (<Wk T’X’L>)‘
r=1
= Lin:vait'r VVk,?"H2
m r=1
_ L m t—1 8Lmi (Wk: t)
= ym — = ow,

2
t—1

<V Y lly — s
t'=0

< ntv/nlly — gl
Therefore,

’ NGNS Al(z
k? t

< ntv/n (ly = ugllz + [[ue — @2
Moreover,

RIOEERIOIK < 9242 2 12
Upp — Ug <27t n(||y—uk||2—|—|\uk—uk||2)

RIOEERION &
(9 - )" =

O
Lemma 6. Under the condition of Lemma withn < W, we have
1 16007E%(1 — €)?x2n3d 23827 (T — 1)2n4pC)

[y — g, B, [T04])] < §779T)\0|\Y*11k\|§+ i + O
Proof. We start by analyzing wj1 , — Wy, .. Taking expectation, we have

- p 71 aLmL (Wit)
Bne, Wi~ W] = B, [ 303

I =1 t=0

_ D 8[4 ) p 7—1 OL. . (Wz,t) 8[/ (Wk)

= _n]EMk Nk,rT Z + Nk, r Z ow.. aW

p
= —n7En, (k] — 1B | Y

=1 t=1
0T OL(W)  nf(1 — )T «—
=T Tow, w2l
. i-rfl OL . (Wﬁcyt) L (Wp)
N, | Mk,r
— ow, ow,
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Therefore
EMK [ 1(211] = Z QTIE:M,C Wk+1 T7X1>) (<wk,raxi>)]
TES
= =3 Baay Wit = W) w3 > 0)
m res;
_nbt OL(Wy,) ) .
- Z < 2 %) {{wyryx;) >0} — (51(,)C + 52(,1)
TES
o7 i i
5 Z Z - ulc X17xj> ]I{<Wk,raxi> >0, <Wk,r,xj> >0} —n (81(7]1 + 52(,1)9)
res; j=1
=007 > (H(R)y; — HR)S) (y; — ) = n (7 + €))
j=1
where

m reS; j=1
_ l
; ¢ p -1 8Lmzk (WM) OL,, (wk)
Eah= = 2 o { By e D030 ) I (Wi x,) = 0)
’ m res; ’ =1 t=1 aWT aWT

Let &1 = [51(1;3, e 751(32} ,and &), = [52(1,2, e ,52(’72}. Then we have

Enm, Tix] = 07 (H(k) — H(k)™) (y — wp) — 0 (Erp + E21)
Thus,

Ewm, (11 ] = Em, L] — n67H(E) (y — ug)
= nHTH(k)J‘(y — llk) +n (51,k + gZ,k)

According to Lemmaand Lemma we have the bound of EI(Z,)C and 52(11)@ as

’81“,1 (1 —f)Tnm/in—d
’82(,k S M (9”}’ — ugll2 + \/p01)

Moreover, according to Lemmalm we have
[H(k)" 2 < 4éns™'R

Let R < 1"2/;0 , we have

Ao

[E() 2 < 22
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Therefore, we have

= B (430} 207 iy = B8 = )+ 03 (| (= o) 2] (o) ]
= 07 ally — w3+ max ([€] +[€50 )03 |- o
i=1
< smolly — wilf + max ([ + [6X2]) mvally - wil
= 32 2 ejn) ALk T2 w2
1 2061 (1 — 1)n?
< onimolly —uwil3 + TETT I

3 2 _ 2
<779€(1 B vp01> Iy = well

Using the general inequality that ab < 3(a® + b?), and n < W, we get

16007€2(1 — €)%k2n3d 20227 (1 — 1)%n*pCy
+
m)\o 9)\0

1
[y — g, B, [T54])] < S0 olly — w3+

O
Lemma 7. Under the assumption of Theorem[3|we have that for all k € [K],i € [n), it holds that

< 05(1 - €)T7m\/ﬂ
m

£t

Proof. We have

’81(2 _§ Z Zar X, X;j) 0({Wr, X;))
m2 res; j=1
_% Z Z | Wi, Taxz
resS; j=1
&tn
- 3 Z [We,rl2
mz reS;
0E(1 — &)™
S—L—§L*§:( )
mz res;
(1 —&)mn 0¢(1 —&)™R
< B TSy At VIALL
pS m [Wollr + Jm
/2d
<01 —&Tnk o
where for the bound of [[Wy ||z we use Lemma[22] O

Lemma 8. Suppose |wy 1, — Wo r|l2 < R forall v € [m]. Then we have

< M (6lly = unllz + Vo)

0] <
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Proof. Since r € S, the difference between the surrogate gradients of a sub-network has the form

aLmﬁC (Wﬁc,t) 0L, (Wk)

ow,

3WT
2

Therefore, using the convexity of /5-norm,

p 3Lm§c (ng,t) B aLmL (Wk)

nk,r

nk,r

- (Wi,t) OLpy (Wk)

P n
nk,r
i 2 2 [

> armh g (i) = 7) H{wi,x;) > 0}

2

Oy (W) 0Ly (W)

ow,.

P
=1

8WT

b [|0Ly (W) DLy (W)

— ow,. ow,.
= 2

Al(y) Al(J)‘

g (W) 0Ly (W)

8WT

8Wr

E <E
ALEDY aw, aw, M
- 2
< Em,
< Em,
By Lemma[3] we have
~1(2) N
)~ a 7 (ly = wells + g — 1)
Therefore,
‘ @) ¢ XP:T—l oL
S| < —F= Enm, |7k,
m res; =1 t=1 aWT
< — Em,, |1%,r
m t=1resS; =1 aWT
é. T—1 n P n
k,r ~1(7)
< — Em, Z mg,r Up 'y
vm t=1res, vm I=1 j=1

IN

r€S.
3 p
(T — 1)n2
sm5(2>(wyuwz+EMk

nér(r 2

< BT (o) — il + 5 )

where the last inequality follows from Lemma

Lemma 9. Under the condition of Theorem[3| we have

A€ (0 — €)nr?

T
ﬂﬁn% = - Ny
>t 3 B e D (Iy = el + lly = 812
t=1 ; 1=1
Tk, ka rlluk — uk||2]>

nAo&* (T — 1)*pCy

1
_ < Z _ 2
[(y — ug, En,, [I2])] < 8779T/\0||y w3 + Sipr
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Proof. To start, we notice that Using the 1-Lipschitzness of ReLU, we have

i §
Ban [|B4]] = JBan || 22 ar (o) = 0w, x0)
reS;
3
< T > Emy lo((Wei1.m %) = 0((Whg10 X3)]
m res:t
§
< — Ent, [[(Wht1,r — Wir, Xi) ]
\/ﬁrezs:i '
§
<= En,, [[Wht1,r — Wi l2]
=1 p QL ., w!
775 m; ( k,t)
<—= > Em, ||k _ 7
vm rest t=0 =1 owr o
-1 p |oL,, (W!
né my ( k,t)
<= | B llgerlle] + Enay e D |l ———F
vm res;t t=1 1=1 Owr 9

IN

0 4 S| 0(6 — &2
m m p

T—1
% > Ewm, nk,rZZmé,rliy—ﬁa,th]
t=1

rESf =1

0 4 S| 06 — &2
m m p

<
néy/n =
-~ > B |mer D> mily =k
rest t=1 =1

IN

0&T/n An€kn|S-| [6(6 — €2
m m p

T—1
IV nk,rzzmg,rnuk_ﬁ;cuzl

m
rest t=1 =1

where in the seventh inequality we use the bound on Eng, [[|gk,» 2] from Lemma [i] Moreover,
using Lemma[24] we have

Em,

p
M DM, lay, — flib] < VpC
=1

Then we have

0 4 St (60— &2 -1
| < TED sy -y + PEEEL RO T2 s

m

+4né(t — 1)k~ Ry/npC,

0(0 — &2
< Sbery/in="Rlly — wills + 16n¢nR (p“
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where in the last inequality we use |S;-| < 4mx~!R. Therefore,

n

Z(y- —uf)Em, |17
=1
|Baa, 1] |

n
EMk [12(1])6} ‘

[(y — ug, Enn,, [T2k])| =

— ]

< max Y; — u,(ci)

1€[n]

<\fmax

i€[n]

1=

1
M, [I ZI)CH |y — ugll2

< 8nféTr 'nR|ly — ug|3 + 16nER ly — ugll2+

(6 — £2)n3
P
dn&(r — 1)/<flnR\/pC1||y — ugl|2

1 MAE(0 = E)nk? | nho€?(r — 1)%pCy

2007\ _
8 Aolly ukHz 24pT 9670

where in the last inequality we use R < 222 and ab < 1 (a? + b?). O

Lemma 10. Under the condition of Theorem withn < we have

Ao
48nT max{n,p}’
17n2€%2720(0 — €2)n3kK2
n-§ ( £) +772§2>\0(7' - 1)2pnC’1

1
Enm, [lursr — ugll3] < 1779T>\o||y — w3+

Proof. As in previous lemma, we use the Lipschitzness of ReL.U to get

m 2
Ewm, [(U,(gj_l E?)? < %EMk (Z (28 (U(<Wk+1,raxi>) - U(<Wk,rvxi>))>

r=1

<¢ ZEMk[ (Wet103%:)) = o (Wi i)

<& ZEMk |:<Wk+l,r - Wk,r,Xi>2]

r=1

m
<¢? ZEMk [Hwk-&-lw - Wk,rm

r=1
=& (D1 + Do)

where
Dix =) Em, {||Wk+17r - Wk,r||§}
res;
Daj= Y Ewm, {||Wk+1,r —Wk,r”;}
rES#

Using Lemma|[TT]and Lemma[I2] we have
16n2720(0 — £2)n2k?

Diye < (427200 + 4007 (1 — V)p) |y — w3 + + 4yt (1 — 1)°pCy
207\ AP Aof(0 — €2 Tnk?  pPT(T — 1)AepC
Dg,kgnlgO(1+(T—1)p)lly—uk||§+ i 0(9p€) 42 18)0 1
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Therefore we have
Em, [lurgr — will3] < €n(Dyg+ Do)
20T\
(477 5272n29+47749§2 4 3( 1)p—|— n 175 0

16n2€2720(0 — £2)n3K2

1+ (r—1p )uy—uknz

a2 No€20(0 — £2)Tn2K? n

+ 4y T (r = 1)%pCh +

p 9p
n*€*7 (1 — niopCi
18
With n < m, we have

172€2720(60 — £2)nK>
p

En, [[0e41 — uglf3] < 17797)\o||y — w3+ +7?ENo(T — 1)°pnCy

O

Lemma 11.

160*720(0 — £2)n%k?

Dy < (47727-2n0 + 4n40n373(7 - 1)]9) ly — uk”% + + 4774 3 2(7’ — 1)2pC’1

Proof. We have

1 0Ly (W) ’

Dyj =1 Z Em,, | ||75,r Z Z k&wr

res; t=0 [=1 9

[ 1 Lyt (Wgyt) L (W) ’

p
< n? E
=7 Z M | |78k + Mk,r Z Tw. awr
res; t=1 1=1

2

p |[0L,, (W! 0L (W
<272 3" Ena, [l l3] +20%(r — Dp ZZEMk Mr D asv ) avi )
=1 r "

resS; resS; t=1

2

2

Note that for » € S;, we have

2 2

Ly (me) Lyt (W)

8WT awr

zarxz (i) = i) w20} 2 0

MMk = (1) 1)) 2
< R 3 (uk(,t) — il ))

i=1

9 2

2
— (2n2nlly — upl3 + 20%n]u, — ,)3)

IN

where in the last inequality we use Lemma [5] Plugging in the bound above and the bound on
Enm, [l|gx|3] from Lemmald] gives

160*720(0 — £2)n%k?

Dy < 47727-2719”}’ — uk||§ + + 41]497137'3(7 —Dplly - uk.||§+

P
A e (1 — DBy, |17, Y il ue — 013
1=1

16n2720(0 — £2)n2K2
< (P rnd -+ 40057~ 1)p) [y — e + 2L

+ 4t n3r (1 — 1)%pCy

O
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Lemma 12.
Doy < 7207 \o 1+ (r— 1) lly — usll? + 41?X0(0 — £2)nk? n n*r (1 — 1) AopCy
2.k S 18 T YZRINS kll2 9p 18
Proof.
2
=i OL (ngt>
Dae=1" 3 Enty [ |mer DD
rest t=0 i1=1 )
2
2 2 = 2, Ol (Wét)
<P D0 | B [llgnell3] + DB ||l D —5>
resit t=1 =1 r 9
2 2 = 2 OLm, (Wg”)
SﬁTZ Enm, | 2}+pZEMk nk,rz T ow.
rest t=1 =1 r )
277 ™b 8n%0(0 — £2)Tn?k? n%rnp
< S lly = w3 + = S+ s S Ban (1, 3wy —
t=1 1=1
27727'719 8n20(0 — £2)Tn?k? 27]297'(7' —1)np
< 20160y — w3+ SV i 4 20T Z D2 6y — g3

27727—(7—7 1)np|SJ_|]EM ,,72 iml Huk 7ﬁl ”2
m i k k,r k,r k2

=1

Using [S;-| < 4mk~ 'R with R < $23° gives

20T\ A No0(0 — £2)TnkK?
D < 00 (14 (r = 1))y — g + 2P0 TR

18 9p
2 p

n°T(T — 1) Aop .

%EM& 2, S ml [l — ui%}
=1
72070 o APNe0(0 — )k n27(T — 1)AopCh
< A =Dp)lly — w2 + o + 13

F PROOF OF THEOREM 4]

As in previous theorem, we start by studying ||y — ug1||3. In the case of a categorical mask, we
have the nice property that the average of the sub-networks equals to the full network

Upt+1 = E uk T

using this property, Lemma|[l3|characterize ||y — w1 ||2 as

1 ) P y
||y - uk+1H§ = - Z ”y - uk‘,TH% 2 Z Z || kT — Uy 7'”2
p =1

1=10r=1
We start by assuming the condition of Hypothesis[I|holds. We proceed by proving the convergence,
then we prove the weight perturbation bound with a fashion of induction. Hypothesis [I]implies that

nAo X
e

Ao nAo .
TR ol () WMRE

t=0
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Using the fact that Eng, [G}] = uy, we have that

En, [Ily — @3] = Ily — w3 + Ena, [llur — @3]

Therefore, we have

Ao = & A X
Ent, [lly = wes ]3] ZEMk Iy —a} 3] - 022(1—”20) En, [lly — a:[13] -

2p t=0 [=1
1 o
2 2 B, [, , 3]
p I=1U=1
77)\ 7—1 p 77)\
0 0
—ly =l - B0 S (1150 ) Ban [y - k1B
P t=0 =1
1< 1 o :
> B [l — 048] — 5 D07 B, [0, — 0 [3]
pl:l p =10=1

Lemma 14]studies the error term ||uy — 0|3 and gives

p
~ ~1
Z”uk—ukHZ_ ZZHuk w13

lll’l

Plugging in we have

A N
B, [y — e 3] snyuk%"QZ( o) ZEMk ly — 3] +

=0

p l
~1 NG A1 N
MR [, — a3 — 1, . — o )13]
I=1U=1

1
p?

Let

1 &N ,
=5 2 2 B (16, — af 13 — 1a., — o 3]
I=11=1

Lemma [T5] shows bound of the expectation of ¢;, with respect to the initialization. In particular,
under the assumption that the network initialization satisfies || Wy ,||2 < kv2md — \/mR for some
R > 0, and the weight perturbation is bounded by ||w§w — w2 < R forall » € [m] then we
have for all v > 0

p 7—1

A
<2 2y 2o D Ew [lly — i JB] + o

=1 t=0

with

32n7(p — 1)%k2n3d
’Y)\Qm

]EWg,a [L;c] <
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Using this result, we have that

)\ T—1 /\ t p R
Baa, [y — e8] = lly — el - =223 (1 - ”2) S Eaa, [lly — G 13] + o
=1
1

nA LN nA ¢

0 0 N

Iy~ el = 0SS (150 ) B [y - a1 +
t=0

P
p 7—1 t 2 2 3
YN Ao ( 77)\0) ]2 32n7(p — 1)°k*n’d
1-— | E y—u + +
2p l:ZI — 2 Mk [” k‘||2] 7)\Om
1 p -1 ,
=DIPP vl
Tt
T—1 t
(1= y)ndo - 1o .
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P =1 t=0
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+ 52> B 1]
YAom Lt
T—1 t
(1 —v)nAo 1o
<y —wel3— S (1= 0 )y - w3+
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3207 (p — 1)2k2n3d L1 z”: lz’i 5 [ L
) My |k ]
TAomn L
YA o 32n7(p —1)%k%*n3d
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1 p -1 ,
=D B, 1]
Lt

Therefore,

nio\ " 32n7(p — 1)2k2n3d
Bat, o 1y = wen 8] < (74 (0= (1250 ) Iy el 2

’7)\0m
Also,
7~ k
nA 32nr(p— 1 2,237
s i < 0 (- )Y b B
B YL =7)A0m

T k
A 32n7(p — 1)%k2n3d
En woa [y — ul3] < <7+(1—7) (1—0) ) Ew,.ally — uoll3 + (/\ 7')
(1 - (1 - "T(’) ) ¥(1 =) Aom

N k
7o 5 647(p — 1)%k%n3d
< 1-— 1——
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Next we bound the weight perturbation. Similar to the proof of Theorem [3] it suffice to show that

2nK 2nK 2nK By
[Wht1,r — Worll2 <74/ WE[Mk_l],Wo,a (ly — ugll2] + 2174/ WB =27/ o
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where in our circumstance, we have £ = %. Again, we recall the definition of B as
B
B:\/;l—i—fi E(1—=&pn

32n7(p — 1)%k2n3d

(1= (1=22) ") 51 = )mao

with

By =

It then suffice to show that

2nK
[Wht1,r — Wourllz < 17y 5 BV i]h Wo,a [y — ugll2] + 277Tfm\/ m5

By Hypothesis [I| we have

[2nK /2
l
”Wk,t,r - Wk77‘||2 =nr mo ]E[Mk 1[,Wo,a [”y uk” +2nTKn m5

forall ! € [p] and ¢ € [7]. Then we have

P

||Wk+1ﬂ" - Wk,7‘||2 < Nk,r Zmii,’f‘”W;C,T,T -
=1

2nK
<0\ g B woa [y — sl +277mn\/7

In the end we use overparameterization to show for k£ = 0. In particular, we show

277T\/%< Ew,.a(ly — ol }+KB><R 0(“20)
a=(1_y)(1_(1_7?>7>2(1_;m0

As before, using Lemma[26] we have

With

Ew,.ally — uoll2] < (BEw,.a [ly —wol3])* = Cvn

Using the same technique as in Theorem [3| we have

e Q 72 K max{n* n?d, pK?}
n (1- 7)2112)\35\/'7

G LEMMAS FOR THEOREM

Lemma 13. The kth global step produce the squared error satisfying

P
Iy = wpall3 =~ ley— I3 = 2Z:X:II — a3

I=1101'=1
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Proof. We have

ly — g3 =

~ 1
— Uy, T>

p =1101'=1
1y ;o L - 1 ~v l v
=Ml B Yy a5 >3 (y—aly -l )
pl:l pl:l p I=1101'=1
1< .
==y -5~
pl:l

1 P P A »
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=1101'=1

S (- ahy k)

I=1U=1

12 1 P )
= EZ Iy — @, 113 — 37 Dol — a3
=1

I=110U=1
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= lly — a5 -
P4

p

Lemma 14. We have

1 &
3
I=11=

-1

||ﬁ§c,'r - uk,'r H%

—

p

p
> fug - a3 = 722 Jaf, — a3
=1

lll/l
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Proof. Using uy, = 5 377, @), we have

P

p
PRI AEDS
=1

=1

2
p I=111=1l1=1
LSS N i i) - LSS g
P PACRIEFINACRY
p11:1l2:1 pl:l l1=1
1 p . p
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£
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=

|
M=
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o)
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~—"
SN~——

I
-
N
Il
-
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Il
-
Il
-

O

Lemma 15. If the network initialization satisfies ||Woq ,||2 < kvV2md — \/mR for some R > 0,
and the weight perturbation is bounded by ||Wk7r < Rforall r € [m] then for all v > 0
we have

p T7—1

Ena, [y — wi.lI3) +
=1 t=0

with
32nk27(p — 1)?n3d
YAom

]EWU,a [L;c] S

Proof. First, we have

IWellr = [Wollr + W}, — Wol

1
m 2
= kV2md — kRy/m + <Z [wh. — wO,T||§>

r=1
= kV2md — kR\y/m + Rvm
= kVvV2md

For convenience, denote

oiy) =0 (Whpoxi) s 0f, = o((Whor i)

) )
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Note that
a2 — el RS ub@ gl (06 U0
[, — 0 ||2 ([, - uk iz = Z Uy, Uy —Uy’;
=1
n ’ ’ o . .
— Z ,(z) _ Al (1) + 4 Al (Z) _ ﬁi::?(_l)) (ak(l) _ ,&Lv(l) _ ai@:’(‘r) + ,&/277(_ ))
=1
» n m LG % UG UG
~ 23 (S (ke (o - ob]) - (0 - o1)) )
=1 r=1
(Z a (m . ( ) 4 0k+1 T) —ml, (gg}i) + Ufef”)))
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p LG 1,(i l ' l U,(i
= E Z (mgc,r (Jk,(r) - o'k—(i-i r) - mgc T (ak-vg ? o’k;ﬂ'-( )>> :
=1 r=1
mgm (02”(:) + Ui’(ﬁm) — mgw ( /(@) + U,”( ))) + LZZI
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LY p L,(z i ’ UG e
=23 v (i, (10 = o) = mi (o1 = o))
mggw (O’i”(’:/) +O"lc)5>ii’r,) mi:r (Uk 75/) To v, (7,)))

’
Using independence between a, and a,» we can see that Ew, a [LZ’Z } = 0. Moreover, since for

I # I’ we have m}, . # mk ., itis obvious that mk ml = 0 forl # I'. Therefore,

HMS

l 1,(3)2 1,(3)2 v ()2 l/ ,(9)2 L
(mk (Jk r T Oky1y) T Mer \ Ok Opiis)) Tt

1,(4)2 1,(4)2 Ly
(‘Ukr — Oyl +
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M: I
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Il
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Foralll € [p],r € [m], and all ¢ > 0 we have

Em: ‘ l ( 2 o ,(i)2
k+1,r
=1

! 1
‘Uk (;) + ng,r

Z‘l() o—i-(l-llr

<3 [l — whoa, - (Il + [,
r=1

where the second inequality uses the 1-Lipschitzness of ReLU and the fact that ||x;||2 = 1. Since
we have for all 7 € [m], it holds that

waw — W§€+1,r||2 = 77; ow,

=11 OLn, (Wi,t) < n\/ﬁi ” N ”
= Y — U |2
Vm &= ’

2
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Then

VS |y—um||2<z(\wkr +Hw;m”2)>

2 (Wi, + Wi llr)

.
< 477%\/mndz [N

Ankvmnd = R
< TVIEN |y — a2 + dnrgrv/mnd

q t=0
Also, in the last inequality we use 2ab < %2 + qb? for all ¢ > 0. Plugging in the choice

8(p — 1)rVn3d

1= YAom
with some y > 0 gives
m T—1
Z‘Uz N2 ()2 777)\07” Z” I2 + 16nK>7(p — 1)n*d
k,r k+17‘ — 471 y — '-Y>\O
Therefore
m/\ P
~ ~ ! ~ ~ ’ 0 ~ /7
Enr, |, — o 13 — - 3] < z(EMk Iy - . 13) + Ena, [lly — @k 03] ) +
1677:‘{7‘(—].) 3d 1,
B, |11
’YAOm + M Lk
Therefore
p ’ !
>3 S Ew, (16, — af 13 - 1o, . — af 3]
1=10=1
p i1 2 2,3
77’}/ 0 Ny 32nk*7(p — 1)*nd
TP (Bna, [lly — 3] + En, [y — a403] ) + P
I=11'=1 Yo
1 L
> B[]
P4
20§ S g, [y 3] + 2TV LS sa g e
= My (1Y — Uk M
2p D= ' A TAom 21 10=1 '

H AUXILIARY RESULTS

Lemma 16. With probability at least 1 — ne=™% ' E e have |S;| < 4mrx~1R forall i € [n).

Proof. Note that I{r € Si*} = I{I{A;,} # 0} = I{A;,.}. Therefore, we have

1S =D "I{r e S} =1{A;,}.
r=1
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Since Ew, , [[{A;}] = P(A;r) < 22 < k7R, we also have

< 21
Ewy, [(1{Air} ~ Ewo, [{Ai}))?] < Bu,,, [1{A1)?] = Kf/};? <x 'R

Again apply Bernstein inequality over the random variable I{A;.} — Ey, . [I{A;}] with ¢t =
3mk 1R gives
P(|S;"| < 4mkx™'R) =P (Z I{Air} > 4mﬁ_1R> <exp (-mr'R)

r=1

Lemma 17. Define H- € R"*" such that
HE = 5 () Y H(we ) 2 0wy, x0) > 0)
reS;
If|Si+| < 4mk~ LR, then we have
|2 < 4nén— 'R
Proof. We note that
B3 < =7 = ) =GP
i,j=1
For each i, j pair we have
5| < S5t = 4¢n7'R
m
Thus

L[l < (JH|2) 72 < (16n262A%) 7 = dngn— 'R

Lemma 18. For i.i.d Bernoulli masks with parameter &, Nlj:r ~ Bern(0) with

0 =P(Ni,=1)=1—(1-¢7

Proof. We have
P(Ni, =1) =1-P(N, =0)

p
=1- HP(mLJ. =0)
=1

— 11—

Lemma 19. We have
EMk [(Vk,r,r - 5)2] S 0 — 52

= Nj,. Therefore
Em, [Vk,rr] = Em, [N,ﬁ:r} = 0. Moreover, since N2 = N, we have Enr, [ug,w} = 6. Thus,
using 6 > &, we have
Em, [(vhirr —€)?] = Em, (Vi) — 26Bm, Vkyr] + €2
=0 —2¢0 + &2
<0-¢

Proof. To start, we notice that vy ., = Nr > 1y M. = N o0y mh .
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Lemma 20. For i.i.d Bernoulli masks with parameter &, we have

§ ifr#r

Proof. If r = 7/, we have

Em, [V | Nisp = 1] = En,

P
Nk,r ngc,r | Nlﬁ:r = 1]

=1

Kie,r

:EMk [Nli’l‘ | Nk:,r = ]
=1

If ' # r, then we have that mj, ,, is independent from mj, . and Ny, ,.. Therefore,

EMk [Vk,r,r’|N]§:r: } EMk nkrzmkr|Nkr

=1

Lemma 21. The variance follows

0=8  yfp £yt
Vaer (Vk,r,r’ | N’iT = 1) B {0 " Z;T i 'r/

Proof. For r # r’, the expectation of 1/,3 e given Nit o= 1is

l U
Zl’ 1 mk rmk 'rmk r/mk r!

EMk [V]%,T,T/ ‘ NkL,T = 1] = EMk

l

= Z Ewm, [mi:,r’]EMk [mg,r’}EMk X
k,r

1
— 21 (R 1 Ni — 1| —¢2 $ E My r
_5 +£ My, X | k,r — 5 Z M X
- =1

Therefore, the variance of vy, .~ given Nj-. = 1 has the form

Nt =1
Xk’r | k,r ‘|

my,
N, -

1

]EMk I:mi:m/]

Em,

Var (Vi | gNiE = 1) = B, [0 | Nty = 1] = Ena, v | N5 = 1]

1
:gEMk |:Xvk,r | N]iT: 1:| _£QZEM’9

43

l/
/cr

Xkr

s

| N,

1
k,r

=1

+



Under review as a conference paper at ICLR 2022

Let X (p) = Y1, m! ~ B(p, &), then we have

Enm [Xkr|Nkr—1]:EMk{1+A£p—1J

l
my
En, [ k,r i = 1] = p(mgw =1| Nk{T = 1)Em, [

1+x<p—1>} = G [m«p—n}

Xy
Moreover, using reciprocal moments we have
1 0
)
Fll+X(p-D) pg
Therefore
My Ak 1 ko M1y Xp-1] e2"™ |1+ X@p-1)

S
P

If » = 7/, the variance is
Varng,, (v | gr = 1) = Varn, (95 | g- = 1) =0

md/32

Lemma 22. Suppose v <1, R < k 3%. With probability at least 1 — e we have that

IWollr < kV2md — /mR

Proof. Forall r € [m],d; € [d], we have
Em, [w?dl] =K

Moreover, each w?; is a (2x*, 2k?)-sub-exponential random variable

E {et(ufdl—ﬂz)} —

2

2
Yrdy

Hw?, —p2 __rdy
e (wrdl R e 22 dwle

vl
vl

1 T

Toaver Ve =t

—tK? .
e < 62t2H4

V1—2tk2

with £ < 5. Thus, using independence between entries of W gives

Emem%wquIIIIEFmﬁﬁﬁqggmﬁﬁ

r=1d;=1

Invoking the tail bound of sub-exponential random variable gives

T if0<t< 2
]P’(HWOH%:ZdeQ—f—t) < e 8t2d if 0 <t <2mdk
e an? ift > 2mdk?
Let t = mdk? — 2mrxRv2d + mR2. Then
[Woll% < 2mdk? +mR? — 2mkRV2d = (kV2md — /mR)?
+2
with probability at least 1 —e™ smax®. Using R < K4/ 3% we have t > %mde. Thus with probability

atleast 1 — e~ % we have

IWollp < kv2md — vmR

44



Under review as a conference paper at ICLR 2022

Lemma 23. Assume x < 1 and R < . With probability at least 1 — ne™ 32 over initialization, it
holds for all i € [n] that

%\

<W0,T,Xi>2 < 2mr? — mR?

NIE

\]
Il
-

and thus

2
(Wo.r, ;)" < 2mnk® — mnR?

Ms

>3

=17

I
—

Proof. To begin, we show that each (wy, x;) are Gaussian with zero mean and variance x2. Using
independence between entries of wy ,., we have

d

E |:€—t<w0 7‘7x1>:| H —two,r,;Tij

7j=1

d
H twOzjL]}
d

=1

22 2
_t ZJI'LJ

—t2K2

<.

where the last equality follows from our assumption that ||x;|[2 = 1. Next, we treat each w,; =
(wWo,r, xi)2 as a random variable. First, we compute the mean of w;. ;

Elw, ] = Ew, |:<W0,r7xi>2:|

= Ew, E wo,r,d%s,d
di=1

d
Z Ew, [wg,r,d] x?,d

di=1

Then, we show that each w,. ; is sub-exponential with parameter (2/@2, 2/@'2).

1 o0 2 Wi
E [et(“’”_ﬁ)} = etwri=m) e 4 fio
KV2T J_oo ’

1 o . s o

= —(grmz — (V@) —ts? 4 :
e 2K W s

KV 2m VWr,i

1 T tx2
= . . e
K2 (2%)~1 —t
—tr2

1 — 2tk2

thn“

IN
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fort < ﬁ Since each wy , is independent, we have that each w,.; is independent for a fixed i.
Thus

E {et Z;n:l(wr,iflg)} _ H E |:et(wr$i7HQ)} < 62mtn4
r=1

Thus we have

2
i TEeet if0<t< 2
p (Zwm > mi? +t> < { 0= 1= 2ms

—1 e 22 ift > 2mek?

We choose t = mr? — mR2. Since R < -, we have that m"‘ < t < mk2. Thus

\/”

P (Z Wy > o2mk? — mR2> < e ®

r=1

Apply a union bound over all i € [n] gives that with probability at least 1 — ne~ 32, it holds for all
i € [n] that

m
Zwm < 2mk? — mR>
r=1
Sum over n gives that

Lemma 24. If for some R > 0 and all r € [m)] the initialization satisfies

Z (Wo.r,xi)? < 2mnk? — mnR?
r=1
and for all v € [m], it holds that ||Wy, , — Wo ,||2 < R. Then we have

/4
Enm, 77, Y mhlug — fli@] <y
=1
and
p
Enr, |k D millar — ﬁ2|21 < VpCi
=1
with
Cr = 46%(1 — &)nrk?
p
Proof. Using reciprocal moments, we have
02
Em,, [e,r] =P (Nlir = 1) Em, [7k,r | Nlj:r =1] = pE

To start, we compute that for r # /. Using the independence of m% - and mfﬂ ~» We have

p p
Enn, 75, Y mi (6 — mi,w)ﬂ = B, [0, Mk (€ = mi)?)

=1

p
= Z]EMk [ﬁ/%,rmgc,r] EMk [(€ - mé@,r’)ﬂ

e

=&(1 = Em, [1.r]

= f( ]EMk
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For 7 = 7/, we use the idempotent

P
77]%,7" Z mgc,r(f - mgc,r)z‘| - ( ]EMk

=1

Therefore
P ‘ L\ 2 1 L ?
M, lnﬁ,rzmz,T (uf” - ) ] < — B, |1, Y mh, (Z ar(§ —m, ) <<wk,w,xz->>>
=1 =1 =1
1 p
< EEMIC [77 rzm k,r Z f mkr (<Wk7?”/7xi>)2‘|
=1 r’'=1
1 & U
S - Z ]EMk T] ,T‘Zm.llf,T 5 mkr ) (<Wk77" X7>)
r'= =1
= wEMk [7776,7'] 72 U(<Wk,7"axi>)2+
1-— 1-2
Cm =2 e, b ()
0*(1—¢) < 2, (1-6)%6? 2
< 22:1 (Wi )"+ e (Wi )
< 202(1 — &)K> n 202(1 — €)K2
p mp§
< 462(1 — &)K2
p

where in the last inequality we use m > & —1. Thus, we have

P n p 2
N i ~1(2
Ent, |00 Y ikl — u§€|§] => Em, [nk >omb, (o) - ") | <0
1=1 =1

=1

Also, we have

P P
En, (s D pllue = |2 | < Ea, <n > il — ﬁang
=1 1=1
1
2
< VPEwm, |j7k r ka rllue — uk2‘|
Plugging in the previous bound gives the desired result. O

Lemma 25. If for some R > 0 and all r € [m] the initialization satisfies

m

2
E (Wo,r, %) < 2mnk? — mnR?
r=1

and for all v € [m], it holds that || Wy, — Wo |2 < R. Then we have

En, [[[ur — 0]|3] < 4€(1 = &)nk?

47



Under review as a conference paper at ICLR 2022

Proof. To start, we have

m 2
EMk |:(u§;) _ r&ic(l))2:| _ %EMk (Z GT(E — mkﬂ,)a((wk,r, Xz>)>

< = 3" B, (€~ mh,)? ol(wir,xi))
< 5(1Tr: f) i< kr7X1>2
r=1
26(1— &)

Therefore,
. - D) 1)\ 2
Bag [l = 641 =3 Ban, | (o - 7)< ae1 - e
i=1
O
Lemma 26. Assume that for all i € [n), y; satisfies |y;| < C — 1 for some C > 1. Then, we have
Ew,,a [[ly —uoll3] < C%n
Proof. Ttis easy to see that

Ew,a [uf)| =0

Note that
) 2
EWo,a |:(u6‘)) :| EWO, (Z a0 Wo ry Xi )
2 2
= ;EWO |:<W0,7‘7Xi> }
m d 2
= Z Ew, <Z wO,r,d/xi,d’>
d'=1
= ZZEWO wOrd’xzd’]
r=1d'=1
SOy,
r=1d'=1
=¢2
Therefore,

B | (5= o) ] =02 = 20w [u] + B | (o) ] =1 4 €

Thus,

B (I~ wl] = 3 Bwan | (5= of?) | = o2 + €0 < 2
i=1

i=1
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Table 1: Notations

SYMBOL DESCRIPTION MATHEMATICAL DEFINITION
K Number of global iterations K e Ny
k Index of global iterations k € [K]
. Number of local iterations TNy
t Index of local iterations t €]
p Number of subnetworks p e Ny
I Index of subnetworks L€ [p]
Probability of selecting a
£ neuron ¢ €(0.1]
Vector probability of
¢ selection a neuron by each &€ (0,17
worker
Constant step size for local
n gradient update neR
M, Binary mask in iteration k& M, € {0,1}P*™
Binary mask for neuron r in »
my, , iteration & my , € {0,1}7, the vector of rth column of M,
Binary mask for subnetwork . m
m!, lin iteration m;, € {0,1}™, the vector of Ith row of M,
Binary mask for neuron r in !
m%@,r subnetwork [ in iteration k M, € {0,1} the (I, r)th entry of My,
Number of subnetworks
Xy, selecting neuron 7 in Xpr =0 ml,
' iteration k
Aggregated gradient
Ny normalizer for neuron r in Ni,r = max{Xy,,1}
' iteration k
Indicator of gradient
Nt existing for neuron r in Ni, = min{ X} ,, 1}
" iteration k
Global gradient aggregation
Ne.r step size for neuron r in M, = Nitor /N
’ iteration k
Output of the whole _
u,(f) network at global itgration k ul(;) = fm Z:;l ar0((Wr, X;)
for sample ¢
Output of the whole
uy network at global iteration k uy, = {ul(cl)7 o 7ul(cn)}
for all X
1(4) Output of subnetwork [ at L1(0) 1 m . .
Ukt iteration (k, t) for sample i Ukt = Jm Dr—1 aT'mk,ra(<wk,t,r’ Xi>
N Output of subnetwork [ at ~ N R
il LA o = [4@ (n)
kit iteration (k, t) for all X kit = Ukt oo Ukt
1(4) Output of subnetwork [ at G 1(3)
U iteration (k, 0) for sample 4 Uk = Uko
1 Output of subnetwork [ at 1Al
Wk iteration (k, 0) for all X W = U0
Ly Global loss at iteration k Ly =y —ul3
Local loss for subnetwork [ LN L N
Lt (ng) at iteration (k, t) Lot (Wi ) = [y = et (Wi )ll5
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I GENERALIZATION ERROR

In this section, we provide bound on the generalization error for the scenario in Theorem 3]

Theorem 5. Suppose the assumption of the dataset in Theorem |3| holds, and suppose p < n. Fix
some failure probability 6, total number of global iterations K = () (log %) and use the initializa-

tion scale Kk = O(@) and step size n = O (%) If the number of hidden neurons

satisfies

K nt nK?
m_Q((SmaX{K/2)\g7I12)\g}pOIy(6’£)>7 (9)

Then with probability at least 1 — 6, we have that for any 1-Lipschitze loss function ¢ such that
U(yi,y;) = 0, it holds that

Lp(f(Wg, ")) = Epeyyop [((f (W, %), 9)] < O 61\/Y(H:ﬁ+ M

I.1 GENERAL STRUCTURE

For the simplicity of the proof, we treat { as constant and use O(-) analysis. For a third order
tensor A € R™*"2X"s we denote its mode-i matricization as mat,;(A) € R™1™i2*™ with
i,J1,J2 € {1,2,3} being different elements. For a matrix A’ € R™*"2, we denote its vector-
ization as vec(A’) € R™*"2_ To start, we fix K = Q (1og %) In this way, based on our learning

rate, we have that||ux — yl|[2 = O (%) Thus, for a 1-Lipschitz loss function ¢(-), we have

Ls(f(Wg,-) Zn: ( uK 2 Yi) —E(yi,yz—)) < %HHK —yll2=0 <\/17T(5)

i=1

3\1—‘

We define the partial derivative tensor Z(k) and the masked partial derivative tensor m}, o Z(k, t) €
R™MmXxdXn 4

20, = S {(wir %) > 0}
(mff o Z(k, t))r: ;= %a,.mfw.xiﬂ {<wf€,t77., xi> > O}

Therefore, we have that
Wi, — Wi, =—n(m}o(Z(k,t) (0}, —y)
kt+1 k.t n k ) kt Y
Let

Mk,1
Nk =

c Rmxm

nk,m
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then we have

T—1 p
Wi — Wy = Zﬂk (Wi:,tJrl - me)
t=0 I=1
T—1
=YYk (mj o (Z(k, 1) (&, —y)

t=0 \l=1
r—1
Ny Y (mi o (Z(k,1)) (8, — up)
t=0 I=1
‘We denote
ner s S5 [P (W) 10w,
8k = Mk,r 2.2 kyr ow,. & Ow,

With this definition, the update of each weight vector can be written as

1.2 aLmﬁc <W§€7t> nfT OL(Wy,)

Witl,r — Wk pr = —NNk,r Z Z T ow. = —?aT —nAgk
t=0 |=1 T "

Then we have
ully —u)) = 1) + I,

37 ar (Wirrr = Wi %) I{(Wi ) > 0} + 1)
res;

O OL(W ‘
Z < ow k) + Agk,r7Xi> (W, x;) 2 0} + 12(7’1
TES "

0T
T S S — ) o) ) 2 0, (v > 0)

res; j=1

3 (g xi) (Wi, xi) > 0} + 1)
reS;

&
\/a

_né
Ne

= 007y (H(k)i; — H(k)S) (uy) —y)

Jj=1

\/— Z ar Agk 7‘7X2> H{<wk ’I”,X’L> > 0} +I2(/)<,

rES;

Letting €, € R™ be defined as

Z a'r Agk ’I"?XZ> ]I{<Wk T?X’L> > 0}
resS;

€k,i = \F
Then we have
W1 —up = —nfrH(k)(up —y) + nfrH(E) " (ug — y) — €5 + Io
= —nfrH>(uy —y) — 707 (H(k) = H*)(uy, — y) + n0rH(k) " (ugp —y) — € + Lo
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and thus
werr —y = (I—n0rH®) (0 —y) — 00 (H(k) — H*)(ux —y) + nfrH(k) " (u, — y)—
€x + Loy
= (I —n0rH(0)) (ux —y) + €,
by denoting
€, = —nOr(H(k) — H(0))(u —y) + n07H(k)* (up —y) — ex + Lo
Then
k—1
u, —y = (I —nfrH>) (ug —y) + Z (I — prH>™)k—K+1¢l
k'=0

Thus we have
Wiyt — Wy = n07Z(0)(I — nfrH>)Fy — nrZ(0)(I — nf7H>)*uy—
k—1
nOTZ(0) Z (I — norH™)F—F+1¢,
k=0
T—1 P
U (Z i (my, o (Z(k, 1)) — 6’Z(0)> (we —y)—
=1

t=
T—

I
= o

(= -

n . (my, o (Z(k, 1)) (), — up)

Therefore, the weight matrix difference can be bounded as
Wi —Wollp <Q1+ Q2+ Qs+ Qs+ Qs

i
=
Il

with

k—1

Q1 =|[nor > Z(0)(I —norH>)"y
k’=0

F

k—1
Qa2 =07 Y Z(0)(I — nfrH>) u,
k’=0
k—1 k1—1
Qs = ||nft Z Z Z(0)(I — norH>™)M—FFle

k1=0k2=0

F

F
k—1 7—1 P

ERSES (z e (i o (K1) ez<o>) (e — )
k=0 t=0 \i=1

k—1 7—1

Qs =|n>_ Y mw (m, o (Z(K,1)) (), , — up)
k'=0t=0 I=1

Based on next section, we have

F

F

Enyal@1] =0

I
mi\g

ST (<) 1y 4 " (10g(n/5)>i>

E[Mk},a Q4 =0

B, e [Qs] = O(n7v/nk)
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Then, as long as k = O (\/S Ao /3 ), we have that

T) andn =0 (Tw/ng’ max{n,K?2}
Enty.a [[Wi — Wolls] = 0 ( YT () Ty + 1)

Thus, with probability at least 1 — § we have

Wi — Wollr = O (51 < yT(H=) 1y + 1))

Moreover, the row-wise weight perturbation is bounded as

k—1
Wk — Wo,rll2 < Z [Wk,r — Wk, oll2
k=0
k—1
nrnVK 1 & pK?
= 1—= WS
O( N >k,z:zo( 87797'/\0) +O<777'/m —
<0 WK
- /\05\/%

Consider the functional class
F={f(W,) | lWr,r —worl2 < R;[[W), — Wo[[r <R}

nvK
-o(25)

R=0 <51 ( y ' (H>) ly + 1>)

Then the Rademacher complexity of this functional class is

1
R 2log 2\ * 2R*\/m 2
Rad(F) < — [ 1 Ry/2log ©
ad(F) < o —i—( - + - + g 5

ol (P 51))

Thus, with probability at least 1 — § we have that

sup (L (f) — Ls(f) < 2Raa(F) + 1| 228 _ g (51 [YEY  [08 nus
feF n n n

which implies that

H>)-! log & Ho -1 log <"
Lp(f) < Ls(f)+0O |67t y(H>) y+\/?05 -0 6—1\/W+ 8 %3
n n n no

1.2 BOUND OF @1, Q2, @3, Q4 AND Q5

We bound each of the terms separately. We first note that

with

1 a1X1H{<W0,1,X1>} PO alxnﬂ{<W071,Xn>}

rats(Z(0) = l

and therefore mat3(Z(0)) 'mat3(Z(0)) = ¢H(0). Let T = 767 r (= nfrH™)F

c Rmdxn

amX1I{(Wo,m,x1)} .. amXn I{{Wom,Xn)}
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1.2.1 BOUND OF Oy

For 1, we have

k—1

QF = |lnor > Z(0)(I — norH>)"y
k’=0

F
2

k—1
= ||nfrvec <Z Z(0)(I — 7797H°°)k/y>
k=0

2
2

k-1
= |[no7 Z mats(Z(0))(I — nfrH®)*'y
k=0

=y ' T 'mat3(Z(0)) 'mat(Z(0))Ty

1
=~y T H(0)Ty

3

1 - 1 -
< gyTTTH Ty+z [H(0) — [, | T3]y 3

1 2 /1 0
< LyrrTEETy o (Pyloen/d)
3 VIMAG
where the last inequality follows from the fact that

k—1
ny/log(n/d
Tl < o7 3 (0= oraa)® = dai - [FL0) — F<[ < VBN g, oy
k'=0

Also, consider the eigen-decomposition H* = " | A\;v;v, . Note that T and H* has the same
eigenvectors. Therefore,

n k-1 n
T = nHTZ Z (1 —nfrx)F v’ < Z Atviv] = (H>®)!
i=1 k'=0 i=1

Thus

which implies that
i
Q, < 57% yT(H>)"ly + O (M)

1.2.2 BOUND OF ()2

For ()5, we have
Q2 = [|Z(0)Tuol| < [ Z(0)[|7IT|[2[uo]l2

Note that with probability at least 1 — § we have that |[ug |2 < /% k. Also, we can bound ||Z(0)| »

as
n

Z Z HZ(O)T,zHg

=1 r=1

1Z(0)1%

1 n m

-— ; ; llarx;I{{wq -, x;) > 0}

IN
S

Thus we have

Q2 < V1) - \/?H _ nk\g
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1.2.3 BOUND OF Q3
We start with giving a bound on ||€] ||o. We have that
lekllz < 007 ([ H(K) = HO)[l2lux = yll2 + HE) [2lur = yl2) + [T2xllz + ez

il

Among all the terms, ||I5 x||2 can be bounded using the bound on En, HIQ( ,)C

}

<O (nns7'R) |lug —y[2 + O (m;; + nm—lnR\/zTCl>

En, [IT2.4ll2] < v max B, HIS;

Moreover, since we have that
|H(k) |2 = O (ne™'R); |H(k) — H(0)|2 = O (ns™'R)

Therefore
En, [l€rll2] < O (nmne™'R) |uy, — yll2 + Em, [llexll2] +
3
nnzR -1
O + Tk nRA\/pC
( VP )

What remains is to bound Eny, [||€x||2]. To do this, we first bound the norm of Agy, .. We write

7-1 p OL 1 (Wﬁc t) OLp (W)
Agk,r = Nk,r Z Z mfw - i 4+
t=0 |=1 Ow, 8wr
T—1 p
k T@L(Wk)
Nk,r Z ¢ ow,
t=0 =1

T

t o (Ol (Wﬁm) Ly (W)

nkr +
prr e ow,. aW,«
- 1 8L(Wk)
gkr — é. 8WT
The second term has norm
E . — OB ( )]1 LX) >0V | NE =1
| e e | fZ O ) axd{(wi ) 2 0F | N, = 1] +
N _ 1 0L(Wy)
k,r — 5 6W7 )
NG (1-0)vn
\ﬁEMk ([ — wgll2 | N = 1] + TH“/« -yl
n nK
=0 — - 0]
(&) 1=yl +0 (=)
For the first term, in previous proof, we have
P [OL,. (Wi:t) OLp (W) P n ‘
M ’ Nk,r 1) AUG)
Enm, | 7k,r zz; aw, awr < Em, NG ;mk,r > L — Uy, ‘
= 2 = Jj=

with

1(z
’uk(t) _“k

n(lly = wellz + [ux — al2)
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Combining the result above, we have

y4
Emy (A8 1,] < my/— Zt <||u/c = ¥ll2 + Em, [nwzmmllu;e |2
1=1

>+
o <\/Z) e~y +0 (j%p)

§O<T\/Z(777'+1)) [ug —yll2 + O <\T/T%+ mz\\/ﬁfﬁ)

Now we bound Eyg, [|l€x||2]

né
Ewm, [[[€xll2] < ﬁ; Em, [[|Agkr ]

[13
O (nT\/ﬁ(nT + 1)) lug — yll2 + O <T}T/<; % + 77272n pCl>

Combining the bound above, with the assumption that R < = and < —-, we have

Em, [llekll2] = O(nrvn)llu, —yl2 + O (TIT (H\/er p01>>

Using the convergence rate of Epng, ) [[|ur — y|l2]. since By = O(1) we have that

Einay (e 2] < 00y (1 = g0730)*uo =y + Ol v/) (1 = 516730)*+
o[ (o))
p
<(1- énGT)\o)kO (%) + O (777' <n\/f+ pC’1>>

As in the bound of ()5, we have

k—1 k1—1
B, [@s] =Epay | ([n07 > Y Z(0)I — norH®)—F e
k1=0 ko=0 P
k—1 ki1—1
<nbr-vn Yy (L—=nirAe) TR By, [ll€, 2]
k1=0ko=0
2 2 n? a 1 k
< \/ — 1—= 1
<O |n*r 5 9kz::1( 87797'/\0) +
k—1 k1—1
0 <n2 2 ( + an’1>> 0 ) (1—norrg)k et

k1=0 k2=0

za)

nT n3
< A

56



Under review as a conference paper at ICLR 2022

1.2.4 BOUND ON Q4

First, we bound ||>7_; my, (m}, 0 Z(k, t) — m!, 0 Z(0,0))|| .. In particular, we have

-

p 2 m n p
Z (ml, 0 Z(k, t) — m}, 0 Z(0,0))|| = lzzzan,TarximLTsr,in
1=1 ol mr*l i=1 =1
S 7zznkrzmkr|s”‘l
r=11=1
= E;;N]j:r'sr’l‘

with
Spi =1 {<WL7t7T7 x7;>} —I{{wo %)}
Then s, ; = 0if ~A;,, and |s, ;| < 1 otherwise. Thus

Ew,m, [Niplsril] = 0P(Air) <

Also, its variance follows
Varw,m, (sri) < Ew, M, [sm] =0k'R
Thus, applying Berstein inequality gives

NhY - mnlR
P <ZZN¢T|ST,¢| > 2mnbk 1R> < exp (_ o >

r=11i=1

Thus, with probability at least 1 — exp ( ”"(L)GR) we have that

p 2

Z (m}, 0 Z(k,t) — m}, 0 Z(0,0))

<nfxk'R
F

Take a union bound over all k, ¢, and apply overparameterization gives that with probability at least
1 — 4, it holds that

ZP: (m}, 0 Z(k,t) — m} 0 Z(0,0))|| < Vnfs—1R
Then we bound HZz:l:m (m}, 0 Z(0,0)) — 0Z(0)|| .. We haje
2 I 2
Zp: (m}, 0 Z(0,0)) — 0Z(0)|| = Tlnz;z; (nk r Zm ko — ) arx;I{(wo,r,x;) = 0}
P r =1 i= 2
S 3D SIARY
m :

Il
-
Il
-

T K2

Since we have Epg, {N kﬂ} =0, and Varm, (V, k{) = §—6? we can again apply Berstein inequality
to get that

P (i Zn:(N,ir —0)2 > 2mnf(1 — 9)) < exp (—W)

Thus, with probability at least 1 — exp (—%ﬁ) we have that

p 2

Z (m}, 0 Z(0,0)) — 0Z(0)

< 2n6(1 —0)

F
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Take a union bound over all k£ and apply overparameterization gives that with probability at least
1 — 4, it holds that

P

Z (m}, 0 Z(0,0)) — 0Z(0)

< /nb(1—0)
F

Thus, we have that

> mi (mj, 0 Z(k, 1)) — 0Z(0) > i (mj, 0 Z(0,0)) — 0Z(0)

+
=1 F =1 F
p
Z (m), o Z(k, t) — m}, 0 Z(0,0))
=1 F
<0 (vn)
with R < % Therefore,
k—1 7—1 P
Q4<nzz Z (m}, 0 Z(k,t)) — 0Z(0)|| [uw — ]2
=0 t=0 || =1 F
k K m
1— =nlr 0] -1 4+0(1
nfz<( ) 0(yf5) <>)
<777'nK>
AoV

1.2.5 BOUND ON Q5
To bound ()5, we first note that

P

Z (mf, 0 Z(k, 1)) (g, — ug)

<3S g () )

And, we have

(mgc,ro' (<W§<,t,rv Xl>) - fo—(<wk,r7 Xi>))2

NE

B () — 7] =

Il
—

T

1 m
S E Z (Hwéc,t,r - Wkﬂ‘HQ + <W]€’T,Xi>2)
r=1
since
2 2
(mé,rU (<W§c7t,rvxi>) —&o((Wirxi)))” < (o (<W§C7t,mxi>) — o((Wrp %)) +
(mgc,r - 5)2U(<Wk,'r7 Xi>)2
= ngf,t,r - Wk,er + <Wk7r,Xi>2
With
[t = Wiall, < =Bt Iy = wella] + 20n 20Ok

k
1 nmnv K pK
<(1-= —
< (1 87797/\()) (0] ( W ) + 0 <777'/-m mé) B3
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we have
p Z A ¢
e (om0 2050 )| | = 55 5055 i (5% + e
=1 F rr'=11=1 =1
1 n n
<nB3+ - Z; 2 (Wkr, Xi)
< nt + 2nk?
Therefore
k—17—1 P
Q5 <’I7 ZEa Z kaZ k t)) (flk7t—uk) ]
=0 t=0 =1 P
k—1
<nrv/n (Z B3 + H)
k=0
< O(nrv/nk)
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