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Abstract

We propose a novel approach to interactive theorem proving (ITP) using deep
reinforcement learning. The proposed framework is able to learn proof search
strategies as well as tactic and arguments prediction in an end-to-end manner.
We formulate the process of ITP as a Markov decision process (MDP) in which
each state represents a set of potential derivation paths. This structure allows us
to introduce a search mechanism which enables the agent to efficiently discard
(predicted) dead-end derivations and restart from promising alternatives. We
implement the framework in the HOL4 theorem prover. Experimental results show
that the framework using learned search strategies outperforms existing automated
theorem provers (i.e. hammers) available in HOL4 when evaluated on unseen
problems. We further elaborate the role of key components of the framework using
ablation studies.

1 Introduction

Interactive theorem proving (ITP) is the process of humans interacting with a computer system to
develop formal proofs of mathematical theorems. In ITP, a human user can define mathematical
objects, and then guide the computer to prove theorems about them using commands called tactics.
Tactics are programs that embody high-level proof strategies such as simplification and induction.
Successful tactic application converts the current target goal (a theorem to be proved) into zero or
more subgoals that remain to be proved.

Proofs written in an ITP system are ultimately checked by a machine, and therefore, they are much
more trustworthy than pencil-and-paper proofs. For this reason, ITP has gained success in both
formalizing mathematics, and in verifying computer programs [Leroy, 2009, Hales et al., 2017].
Nevertheless, because a great amount of formal detail needs to be spelled out when using an ITP
system, substantial human inputs are required to fill the gaps between steps in a proof. In particular,
in terms of tactic-based theorem proving, human guidance in the selection of both tactics, and the
arguments to tactics is crucial to a successful proof. This requires expert knowledge both of the
relevant mathematics, and the particular ITP system being used. This requirement for expertise has in
turn limited the application of ITP systems.

One promising line of work to address this limitation has been to use machine learning methods to
replace the role of human experts in ITP. Existing learning-based approaches have two noticeable
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characteristics: learning from human examples for tactic prediction and using a fixed proof search
strategy (e.g. breadth/best-first search (BFS)) that is separate from the learning process to find proofs.
The dependency on human examples limits the application of this kind of techniques depending
on the availability and quality of the human proofs in the domain that the proof is required. There
are potentially infinitely many proofs of a theorem, but there are only one or two of them exist in
the library without any gurantee of being optimal. For this reason, it is essential for an agent to
be able to explore different proofs by itself in order to generalize well and capture the underlying
mathematical knowledge. On the other hand, fixed proof search strategies tend to be artificial and
suboptimal. Search strategies such as BFS are usually computationally expensive in time and space
(due to needless proof states resulting from redundant expansion of previous proof states), and are
thus not suitable for learning algorithms that require fast iteration.

We propose a reinforcement-learning (RL) framework to learning ITP that addresses the above
limitations of the existing approaches. The RL agent interacts (Figure 1a) with the HOL4 interactive
theorem prover [Slind and Norrish, 2008] and mimics the behavior of human ITP experts. Given
a proof state, a human expert often decides not only what tactic and arguments to apply, but also
whether or not to go back to a previous proof state and restart the proof from there. This kind of
situation occurs frequently in ITP as careless tactic applications can quickly result in unmanageable
proof states. An experienced ITP expert would have the intuition on when and where to backtrack. Our
agent learns proof search strategies in a similar manner by learning to choose promising derivations
and subgoals to attack, as well as the tactics and their arguments to apply to the goals, without using
the limited examples in the library.

Our Contributions are as follows.

• We provide a formulation of ITP as a Markov decision process (MDP) [Bellman, 1957] in
which flexible state representations enable tracking multiple subproofs during the search
process. The structure of the action space allows for tactics to have both theorem names and
terms as input arguments.

• We propose an RL architecture using multiple recurrent and feed-forward neural network
modules to solve the above MDP. We use policy gradients [Williams, 1992] to jointly learn
to apply actions at the backtracking, goal, tactic and argument levels.

• We implement the framework in the HOL4 theorem prover and show that it outperforms
state-of-the-art automated theorem provers (i.e. hammers [Gauthier and Kaliszyk, 2015])
available in HOL4 including E [Schulz et al., 2019], Z3 [de Moura and Bjørner, 2008] and
Vampire [Kovács and Voronkov, 2013]. We further use ablation studies to establish the
contribution of key components of our architecture in achieving the overall performance.

2 Interactive Theorem Proving with Reinforcement Learning

Theorem example:
p ∧ q ⇒ p ∧ q

Proof
rpt strip_tac
>- (* Induct_on ‘p’ *) simp[]
>- simp[]

QED

Figure 2: A Simple HOL4 Proof.

We begin with an overview of interactive proving in HOL4
by a simple example (corresponding to the script in Figure 2).
Suppose we want to prove the theorem p ∧ q ⇒ p ∧ q where
p and q are propositional variables (i.e., boolean). This expres-
sion is called our initial goal. Since it is an implication, we will
assume the antecedent, and then use that to prove the conclu-
sion. This can be done by applying a tactic, rpt strip_tac
to the goal. This tactic does not take any arguments.

HOL4 tells us that the tactic application results in two new
subgoals. In this case, they are p⇒ q ⇒ p and p⇒ q ⇒ q.1
At this stage, both subgoals need to be proved in order for the
proof to succeed. Suppose we choose to first prove p⇒ q ⇒ p. We notice that because p and q are
boolean variables, it should be possible to prove the goal by cases. This can be done by applying
the Induct_on tactic to the goal. The Induct_on tactic takes a single term argument, that is, an
arbitrary HOL4 expression. In this case, it will be the variable p.

1HOL4 actually moves p and q to what it calls the goal’s assumption-list; for simplicity here, we represent
that list with chained implications in one formula.
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Fringe: 0 
Goal: 0  
Tactic: rpt strip_tac 
Argument(s): []
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<latexit sha1_base64="RRF+3lmZTi6hxfXAoRnXLcH8zqc=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi/1LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwqhmTA=</latexit><latexit sha1_base64="RRF+3lmZTi6hxfXAoRnXLcH8zqc=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi/1LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwqhmTA=</latexit><latexit sha1_base64="RRF+3lmZTi6hxfXAoRnXLcH8zqc=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi/1LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwqhmTA=</latexit><latexit sha1_base64="RRF+3lmZTi6hxfXAoRnXLcH8zqc=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi/1LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwqhmTA=</latexit>
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Fringe 2

Fringe 4

QED

Fringe: 1  
Goal: 0  
Tactic: induction 
Argument(s): [p]

Fringe: 1  
Goal: 0  
Tactic: simp 
Argument(s): []

s0
<latexit sha1_base64="Sv3lICb9jK5fSAZpKqoVY8tgL+0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10b/q0X63ROp2DrBK/IDUo0OxXv3qDhGcxKsslM6br09QGOdNWcInTSi8zmDI+ZkPsOqpYjCbI56dOyZlTBiRKtCtlyVz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRdZALlWYWFV8sijJJbEJmf5OB0MitnDjCuBbuVsJHTDNuXToVF4K//PIqaV/UfVr37y5rDVLEUYYTOIVz8OEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+EWNeA==</latexit><latexit sha1_base64="Sv3lICb9jK5fSAZpKqoVY8tgL+0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10b/q0X63ROp2DrBK/IDUo0OxXv3qDhGcxKsslM6br09QGOdNWcInTSi8zmDI+ZkPsOqpYjCbI56dOyZlTBiRKtCtlyVz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRdZALlWYWFV8sijJJbEJmf5OB0MitnDjCuBbuVsJHTDNuXToVF4K//PIqaV/UfVr37y5rDVLEUYYTOIVz8OEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+EWNeA==</latexit><latexit sha1_base64="Sv3lICb9jK5fSAZpKqoVY8tgL+0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10b/q0X63ROp2DrBK/IDUo0OxXv3qDhGcxKsslM6br09QGOdNWcInTSi8zmDI+ZkPsOqpYjCbI56dOyZlTBiRKtCtlyVz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRdZALlWYWFV8sijJJbEJmf5OB0MitnDjCuBbuVsJHTDNuXToVF4K//PIqaV/UfVr37y5rDVLEUYYTOIVz8OEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+EWNeA==</latexit><latexit sha1_base64="Sv3lICb9jK5fSAZpKqoVY8tgL+0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10b/q0X63ROp2DrBK/IDUo0OxXv3qDhGcxKsslM6br09QGOdNWcInTSi8zmDI+ZkPsOqpYjCbI56dOyZlTBiRKtCtlyVz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRdZALlWYWFV8sijJJbEJmf5OB0MitnDjCuBbuVsJHTDNuXToVF4K//PIqaV/UfVr37y5rDVLEUYYTOIVz8OEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+EWNeA==</latexit>

s1
<latexit sha1_base64="81eF9qM7B8OsGaTTzMLvOaBuYvo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmmObZ4IhPdCZlBKRS2rLASO6lGFocSH8Pxzcx/fEJtRKIe7CTFIGZDJSLBmXXSvenTfrXm1/05yCqhBalBgWa/+tUbJDyLUVkumTFd6qc2yJm2gkucVnqZwZTxMRti11HFYjRBPj91Ss6cMiBRol0pS+bq74mcxcZM4tB1xsyOzLI3E//zupmNroNcqDSzqPhiUZRJYhMy+5sMhEZu5cQRxrVwtxI+Yppx69KpuBDo8surpH1Rp36d3l3WGqSIowwncArnQOEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+cmNeQ==</latexit><latexit sha1_base64="81eF9qM7B8OsGaTTzMLvOaBuYvo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmmObZ4IhPdCZlBKRS2rLASO6lGFocSH8Pxzcx/fEJtRKIe7CTFIGZDJSLBmXXSvenTfrXm1/05yCqhBalBgWa/+tUbJDyLUVkumTFd6qc2yJm2gkucVnqZwZTxMRti11HFYjRBPj91Ss6cMiBRol0pS+bq74mcxcZM4tB1xsyOzLI3E//zupmNroNcqDSzqPhiUZRJYhMy+5sMhEZu5cQRxrVwtxI+Yppx69KpuBDo8surpH1Rp36d3l3WGqSIowwncArnQOEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+cmNeQ==</latexit><latexit sha1_base64="81eF9qM7B8OsGaTTzMLvOaBuYvo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmmObZ4IhPdCZlBKRS2rLASO6lGFocSH8Pxzcx/fEJtRKIe7CTFIGZDJSLBmXXSvenTfrXm1/05yCqhBalBgWa/+tUbJDyLUVkumTFd6qc2yJm2gkucVnqZwZTxMRti11HFYjRBPj91Ss6cMiBRol0pS+bq74mcxcZM4tB1xsyOzLI3E//zupmNroNcqDSzqPhiUZRJYhMy+5sMhEZu5cQRxrVwtxI+Yppx69KpuBDo8surpH1Rp36d3l3WGqSIowwncArnQOEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+cmNeQ==</latexit><latexit sha1_base64="81eF9qM7B8OsGaTTzMLvOaBuYvo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphrO9/e6W19Y3NrfJ2ZWd3b/+genjUNkmmObZ4IhPdCZlBKRS2rLASO6lGFocSH8Pxzcx/fEJtRKIe7CTFIGZDJSLBmXXSvenTfrXm1/05yCqhBalBgWa/+tUbJDyLUVkumTFd6qc2yJm2gkucVnqZwZTxMRti11HFYjRBPj91Ss6cMiBRol0pS+bq74mcxcZM4tB1xsyOzLI3E//zupmNroNcqDSzqPhiUZRJYhMy+5sMhEZu5cQRxrVwtxI+Yppx69KpuBDo8surpH1Rp36d3l3WGqSIowwncArnQOEKGnALTWgBhyE8wyu8edJ78d69j0VryStmjuEPvM8f+cmNeQ==</latexit>

s2
<latexit sha1_base64="qZHOW0zcrurCzCtRylDo8U5YtZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+APtNjXo=</latexit><latexit sha1_base64="qZHOW0zcrurCzCtRylDo8U5YtZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+APtNjXo=</latexit><latexit sha1_base64="qZHOW0zcrurCzCtRylDo8U5YtZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+APtNjXo=</latexit><latexit sha1_base64="qZHOW0zcrurCzCtRylDo8U5YtZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+APtNjXo=</latexit>

s3
<latexit sha1_base64="o3KPLyNVCZl/17MFC/GDPIJjxuw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ60IPLQbXm1t0cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1FlOBM4q/RTjQllEzrCnqWSRqj9LD91Rs6sMiRhrGxJQ3L190RGI62nUWA7I2rGetmbi/95vdSEN37GZZIalGyxKEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Va5AijjKcwCmcgwfX0IA7aEILGIzgGV7hzRHOi/PufCxaS04xcwx/4Hz+APzRjXs=</latexit><latexit sha1_base64="o3KPLyNVCZl/17MFC/GDPIJjxuw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ60IPLQbXm1t0cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1FlOBM4q/RTjQllEzrCnqWSRqj9LD91Rs6sMiRhrGxJQ3L190RGI62nUWA7I2rGetmbi/95vdSEN37GZZIalGyxKEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Va5AijjKcwCmcgwfX0IA7aEILGIzgGV7hzRHOi/PufCxaS04xcwx/4Hz+APzRjXs=</latexit><latexit sha1_base64="o3KPLyNVCZl/17MFC/GDPIJjxuw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ60IPLQbXm1t0cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1FlOBM4q/RTjQllEzrCnqWSRqj9LD91Rs6sMiRhrGxJQ3L190RGI62nUWA7I2rGetmbi/95vdSEN37GZZIalGyxKEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Va5AijjKcwCmcgwfX0IA7aEILGIzgGV7hzRHOi/PufCxaS04xcwx/4Hz+APzRjXs=</latexit><latexit sha1_base64="o3KPLyNVCZl/17MFC/GDPIJjxuw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ60IPLQbXm1t0cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1FlOBM4q/RTjQllEzrCnqWSRqj9LD91Rs6sMiRhrGxJQ3L190RGI62nUWA7I2rGetmbi/95vdSEN37GZZIalGyxKEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Va5AijjKcwCmcgwfX0IA7aEILGIzgGV7hzRHOi/PufCxaS04xcwx/4Hz+APzRjXs=</latexit>

s4
<latexit sha1_base64="IOyRn+l92q/EGaCyrW+JwLQxSQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk/ZV3XPr3n2j1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AP5VjXw=</latexit><latexit sha1_base64="IOyRn+l92q/EGaCyrW+JwLQxSQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk/ZV3XPr3n2j1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AP5VjXw=</latexit><latexit sha1_base64="IOyRn+l92q/EGaCyrW+JwLQxSQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk/ZV3XPr3n2j1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AP5VjXw=</latexit><latexit sha1_base64="IOyRn+l92q/EGaCyrW+JwLQxSQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSgxk0BtWaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk/ZV3XPr3n2j1iRFHGU4g3O4BA+uoQl30AIfGIzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AP5VjXw=</latexit>

a3 :
<latexit sha1_base64="uwzzSy1LVQppcxr+1ykJsGIJSB4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqoHgqePFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzwkRwYz3vG5XW1jc2t8rblZ3dvf2D6uFR28SppqxFYxHrbkgME1yxluVWsG6iGZGhYJ1wcpf7nSemDY/Vo50mLJBkpHjEKbG5RAaXt4Nqzat7c+BV4hekBgWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzVBHJTJDNb53hM6cMcRRrV8riufp7IiPSmKkMXackdmyWvVz8z+ulNroJMq6S1DJFF4uiVGAb4/xxPOSaUSumjhCqubsV0zHRhFoXT8WF4C+/vEraF3Xfq/sPV7UGLuIowwmcwjn4cA0NuIcmtIDCGJ7hFd6QRC/oHX0sWkuomDmGP0CfP183ja0=</latexit><latexit sha1_base64="uwzzSy1LVQppcxr+1ykJsGIJSB4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqoHgqePFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzwkRwYz3vG5XW1jc2t8rblZ3dvf2D6uFR28SppqxFYxHrbkgME1yxluVWsG6iGZGhYJ1wcpf7nSemDY/Vo50mLJBkpHjEKbG5RAaXt4Nqzat7c+BV4hekBgWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzVBHJTJDNb53hM6cMcRRrV8riufp7IiPSmKkMXackdmyWvVz8z+ulNroJMq6S1DJFF4uiVGAb4/xxPOSaUSumjhCqubsV0zHRhFoXT8WF4C+/vEraF3Xfq/sPV7UGLuIowwmcwjn4cA0NuIcmtIDCGJ7hFd6QRC/oHX0sWkuomDmGP0CfP183ja0=</latexit><latexit sha1_base64="uwzzSy1LVQppcxr+1ykJsGIJSB4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqoHgqePFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzwkRwYz3vG5XW1jc2t8rblZ3dvf2D6uFR28SppqxFYxHrbkgME1yxluVWsG6iGZGhYJ1wcpf7nSemDY/Vo50mLJBkpHjEKbG5RAaXt4Nqzat7c+BV4hekBgWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzVBHJTJDNb53hM6cMcRRrV8riufp7IiPSmKkMXackdmyWvVz8z+ulNroJMq6S1DJFF4uiVGAb4/xxPOSaUSumjhCqubsV0zHRhFoXT8WF4C+/vEraF3Xfq/sPV7UGLuIowwmcwjn4cA0NuIcmtIDCGJ7hFd6QRC/oHX0sWkuomDmGP0CfP183ja0=</latexit><latexit sha1_base64="uwzzSy1LVQppcxr+1ykJsGIJSB4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqoHgqePFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzwkRwYz3vG5XW1jc2t8rblZ3dvf2D6uFR28SppqxFYxHrbkgME1yxluVWsG6iGZGhYJ1wcpf7nSemDY/Vo50mLJBkpHjEKbG5RAaXt4Nqzat7c+BV4hekBgWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzVBHJTJDNb53hM6cMcRRrV8riufp7IiPSmKkMXackdmyWvVz8z+ulNroJMq6S1DJFF4uiVGAb4/xxPOSaUSumjhCqubsV0zHRhFoXT8WF4C+/vEraF3Xfq/sPV7UGLuIowwmcwjn4cA0NuIcmtIDCGJ7hFd6QRC/oHX0sWkuomDmGP0CfP183ja0=</latexit>

a2 :
<latexit sha1_base64="dT5CZcTVPrtyWdIDXaNTWsGadcg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGQfEU8OIxgnlAsoTZyWwyZB7LzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uKOHMWN//9kobm1vbO+Xdyt7+weFR9fikY1SqCW0TxZXuRdhQziRtW2Y57SWaYhFx2o2md7nffaLaMCUf7SyhocBjyWJGsM0lPGzcDqs1v+4vgNZJUJAaFGgNq1+DkSKpoNISjo3pB35iwwxrywin88ogNTTBZIrHtO+oxIKaMFvcOkcXThmhWGlX0qKF+nsiw8KYmYhcp8B2Yla9XPzP66c2vgkzJpPUUkmWi+KUI6tQ/jgaMU2J5TNHMNHM3YrIBGtMrIun4kIIVl9eJ51GPfDrwcNVrYmKOMpwBudwCQFcQxPuoQVtIDCBZ3iFN094L96797FsLXnFzCn8gff5A12yjaw=</latexit><latexit sha1_base64="dT5CZcTVPrtyWdIDXaNTWsGadcg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGQfEU8OIxgnlAsoTZyWwyZB7LzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uKOHMWN//9kobm1vbO+Xdyt7+weFR9fikY1SqCW0TxZXuRdhQziRtW2Y57SWaYhFx2o2md7nffaLaMCUf7SyhocBjyWJGsM0lPGzcDqs1v+4vgNZJUJAaFGgNq1+DkSKpoNISjo3pB35iwwxrywin88ogNTTBZIrHtO+oxIKaMFvcOkcXThmhWGlX0qKF+nsiw8KYmYhcp8B2Yla9XPzP66c2vgkzJpPUUkmWi+KUI6tQ/jgaMU2J5TNHMNHM3YrIBGtMrIun4kIIVl9eJ51GPfDrwcNVrYmKOMpwBudwCQFcQxPuoQVtIDCBZ3iFN094L96797FsLXnFzCn8gff5A12yjaw=</latexit><latexit sha1_base64="dT5CZcTVPrtyWdIDXaNTWsGadcg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGQfEU8OIxgnlAsoTZyWwyZB7LzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uKOHMWN//9kobm1vbO+Xdyt7+weFR9fikY1SqCW0TxZXuRdhQziRtW2Y57SWaYhFx2o2md7nffaLaMCUf7SyhocBjyWJGsM0lPGzcDqs1v+4vgNZJUJAaFGgNq1+DkSKpoNISjo3pB35iwwxrywin88ogNTTBZIrHtO+oxIKaMFvcOkcXThmhWGlX0qKF+nsiw8KYmYhcp8B2Yla9XPzP66c2vgkzJpPUUkmWi+KUI6tQ/jgaMU2J5TNHMNHM3YrIBGtMrIun4kIIVl9eJ51GPfDrwcNVrYmKOMpwBudwCQFcQxPuoQVtIDCBZ3iFN094L96797FsLXnFzCn8gff5A12yjaw=</latexit><latexit sha1_base64="dT5CZcTVPrtyWdIDXaNTWsGadcg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGQfEU8OIxgnlAsoTZyWwyZB7LzKwQlvyCFw+KePWHvPk3ziZ70MSChqKqm+6uKOHMWN//9kobm1vbO+Xdyt7+weFR9fikY1SqCW0TxZXuRdhQziRtW2Y57SWaYhFx2o2md7nffaLaMCUf7SyhocBjyWJGsM0lPGzcDqs1v+4vgNZJUJAaFGgNq1+DkSKpoNISjo3pB35iwwxrywin88ogNTTBZIrHtO+oxIKaMFvcOkcXThmhWGlX0qKF+nsiw8KYmYhcp8B2Yla9XPzP66c2vgkzJpPUUkmWi+KUI6tQ/jgaMU2J5TNHMNHM3YrIBGtMrIun4kIIVl9eJ51GPfDrwcNVrYmKOMpwBudwCQFcQxPuoQVtIDCBZ3iFN094L96797FsLXnFzCn8gff5A12yjaw=</latexit>

a1 :
<latexit sha1_base64="uoZcsUiW7gB/OmfNGqSY/kH/oS8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTAwkR9jbzCVLdveO3T0hHPkLNhaK2PqH7Pw3bpIrNPHBwOO9GWbmRangxvr+t1daW9/Y3CpvV3Z29/YPqodHbZNkmmGLJSLRnYgaFFxhy3IrsJNqpDIS+BiNb2f+4xNqwxP1YCcphpIOFY85o3Ym0X5w06/W/Lo/B1klQUFqUKDZr371BgnLJCrLBDWmG/ipDXOqLWcCp5VeZjClbEyH2HVUUYkmzOe3TsmZUwYkTrQrZclc/T2RU2nMREauU1I7MsveTPzP62Y2vg5zrtLMomKLRXEmiE3I7HEy4BqZFRNHKNPc3UrYiGrKrIun4kIIll9eJe2LeuDXg/vLWoMUcZThBE7hHAK4ggbcQRNawGAEz/AKb570Xrx372PRWvKKmWP4A+/zB1wtjas=</latexit><latexit sha1_base64="uoZcsUiW7gB/OmfNGqSY/kH/oS8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTAwkR9jbzCVLdveO3T0hHPkLNhaK2PqH7Pw3bpIrNPHBwOO9GWbmRangxvr+t1daW9/Y3CpvV3Z29/YPqodHbZNkmmGLJSLRnYgaFFxhy3IrsJNqpDIS+BiNb2f+4xNqwxP1YCcphpIOFY85o3Ym0X5w06/W/Lo/B1klQUFqUKDZr371BgnLJCrLBDWmG/ipDXOqLWcCp5VeZjClbEyH2HVUUYkmzOe3TsmZUwYkTrQrZclc/T2RU2nMREauU1I7MsveTPzP62Y2vg5zrtLMomKLRXEmiE3I7HEy4BqZFRNHKNPc3UrYiGrKrIun4kIIll9eJe2LeuDXg/vLWoMUcZThBE7hHAK4ggbcQRNawGAEz/AKb570Xrx372PRWvKKmWP4A+/zB1wtjas=</latexit><latexit sha1_base64="uoZcsUiW7gB/OmfNGqSY/kH/oS8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTAwkR9jbzCVLdveO3T0hHPkLNhaK2PqH7Pw3bpIrNPHBwOO9GWbmRangxvr+t1daW9/Y3CpvV3Z29/YPqodHbZNkmmGLJSLRnYgaFFxhy3IrsJNqpDIS+BiNb2f+4xNqwxP1YCcphpIOFY85o3Ym0X5w06/W/Lo/B1klQUFqUKDZr371BgnLJCrLBDWmG/ipDXOqLWcCp5VeZjClbEyH2HVUUYkmzOe3TsmZUwYkTrQrZclc/T2RU2nMREauU1I7MsveTPzP62Y2vg5zrtLMomKLRXEmiE3I7HEy4BqZFRNHKNPc3UrYiGrKrIun4kIIll9eJe2LeuDXg/vLWoMUcZThBE7hHAK4ggbcQRNawGAEz/AKb570Xrx372PRWvKKmWP4A+/zB1wtjas=</latexit><latexit sha1_base64="uoZcsUiW7gB/OmfNGqSY/kH/oS8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTAwkR9jbzCVLdveO3T0hHPkLNhaK2PqH7Pw3bpIrNPHBwOO9GWbmRangxvr+t1daW9/Y3CpvV3Z29/YPqodHbZNkmmGLJSLRnYgaFFxhy3IrsJNqpDIS+BiNb2f+4xNqwxP1YCcphpIOFY85o3Ym0X5w06/W/Lo/B1klQUFqUKDZr371BgnLJCrLBDWmG/ipDXOqLWcCp5VeZjClbEyH2HVUUYkmzOe3TsmZUwYkTrQrZclc/T2RU2nMREauU1I7MsveTPzP62Y2vg5zrtLMomKLRXEmiE3I7HEy4BqZFRNHKNPc3UrYiGrKrIun4kIIll9eJe2LeuDXg/vLWoMUcZThBE7hHAK4ggbcQRNawGAEz/AKb570Xrx372PRWvKKmWP4A+/zB1wtjas=</latexit>

TacticZero 
(RL agent)

HOL4 
(Environment)

Action: fringe, goal, tactic, argument(s)

New 
Sub-goal(s)

a)

b)

0 : p ^ q ) p ^ q
<latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit>

0 : p ^ q ) p ^ q
<latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit>

0 : p ^ q ) p ^ q
<latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit>

0 : p ^ q ) p ^ q
<latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit>

0 : p ^ q ) p ^ q
<latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit><latexit sha1_base64="DOgKdp2DXeBTXSDlQe+CC+RUxYE=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5KIoHgqePFYxX5AU8pks2mXbjZxd6OU0LsX/4oXD4p49Q9489+4bQNq64OBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7wYuK37qhULBY3epTQbgR9wUJGQBupZ5edc5xgj4MI8C32rll/oEHK+P5H7dkVp+pMgReJm5MKylHv2Z9eEJM0okITDkp1XCfR3QykZoTTcclLFU2ADKFPO4YKiKjqZtNfxvjQKAEOY2lKaDxVf09kECk1inzTGYEeqHlvIv7ndVIdnnUzJpJUU0Fmi8KUYx3jSTA4YJISzUeGAJHM3IrJACQQbeIrmRDc+ZcXSfO46jpV9+qkUsN5HEV0gMroCLnoFNXQJaqjBiLoAT2hF/RqPVrP1pv1PmstWPnMPvoD6+MblGyZZA==</latexit>

0 : p ) q ) p
<latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit><latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit><latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit><latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit>

0 : p ) q ) p
<latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit><latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit><latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit><latexit sha1_base64="/o6lzQVU3WC8s13cZ5Baif58tO8=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuamcTkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeESnADnvfjLC2vrK6tFzaKm1vbO7vu3n7dyFRTVqNSSN0MiWGCJ6wGHARrKs1IHArWCAdXY7/xwLThMrmDoWJBTHoJjzglYKWOi71LrHD7lvf6QLSWj/h+5qU6bskrexPgReLnpIRyVDvud7sraRqzBKggxrR8T0GQEQ2cCjYqtlPDFKED0mMtSxMSMxNkk0tG+NgqXRxJbSsBPFH/TmQkNmYYh7YzJtA3895Y/M9rpRBdBBlPVAosodOPolRgkHgcC+5yzSiIoSWEam53xbRPNKFgwyvaEPz5kxdJ/bTse2X/5qxUwXkcBXSIjtAJ8tE5qqBrVEU1RNETekFv6N15dl6dD+dz2rrk5DMHaAbO1y8Hepku</latexit>

0 : p ) q ) p
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0 : p ) q ) q
<latexit sha1_base64="GJOr94wUTHgUmREFByhoaVu6vB0=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi71LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwj+mS8=</latexit><latexit sha1_base64="GJOr94wUTHgUmREFByhoaVu6vB0=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi71LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwj+mS8=</latexit><latexit sha1_base64="GJOr94wUTHgUmREFByhoaVu6vB0=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi71LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwj+mS8=</latexit><latexit sha1_base64="GJOr94wUTHgUmREFByhoaVu6vB0=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyowIiquCG5dV7APaoWTSTBuaScbkjlKGbt34K25cKOLWP3Dn35i2s7CtBy6cnHMvufeEieAGPO/HWVpeWV1bL2wUN7e2d3bdvf26UammrEaVULoZEsMEl6wGHARrJpqROBSsEQ6uxn7jgWnDlbyDYcKCmPQkjzglYKWOi71LnOD2Le/1gWitHvH97KvjlryyNwFeJH5OSihHteN+t7uKpjGTQAUxpuV7CQQZ0cCpYKNiOzUsIXRAeqxlqSQxM0E2uWSEj63SxZHStiTgifp3IiOxMcM4tJ0xgb6Z98bif14rhegiyLhMUmCSTj+KUoFB4XEsuMs1oyCGlhCqud0V0z7RhIINr2hD8OdPXiT107Lvlf2bs1IF53EU0CE6QifIR+eogq5RFdUQRU/oBb2hd+fZeXU+nM9p65KTzxygGThfvwj+mS8=</latexit>

2 : T ) q ) T
<latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit>

2 : T ) q ) T
<latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit>

2 : T ) q ) T
<latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit><latexit sha1_base64="3oHCm2vyiuni+/ecZZAll8WMAPI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgquHFZpS/oDCWTZtrQTDImGaUM/Q83/oobF4q4Elz4N6bTAW3rgcDJOfdy7z1BzKjSjvNtFVZW19Y3ipulre2d3T17/6ClRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHYyupn77nkhFBW/ocUz8CA04DSlG2kg9u1q9hF6E9FCFaWMCvVs6GGokpXiAd3O/36KeXXYqTga4TNyclEGOes/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdtsEnhilD0MhzeMaZurfjhRFSo2jwFRmGy56U/E/r5vo8MJPKY8TTTieDQoTBrWA06Bgn0qCNRsbgrCkZleIh0girE2cJROCu3jyMmlVK65TcW/OyjWYx1EER+AYnAIXnIMauAZ10AQYPIJn8ArerCfrxXq3PmalBSvvOQRzsL5+ABCFoVo=</latexit>

1 : F ) q ) F
<latexit sha1_base64="EQn8CMe9duVqrv7MESNk2Mm+7lc=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgqCOKyin1AZyiZNNOGZpIxyShl6H+48VfcuFDEleDCvzGdDmhbDwROzrmXe+8JYkaVdpxvq7C0vLK6VlwvbWxube/Yu3tNJRKJSQMLJmQ7QIowyklDU81IO5YERQEjrWB4MfFb90QqKvitHsXEj1Cf05BipI3UtavuOfQipAcqTC/H0Luh/YFGUooHeDfz+y3q2mWn4mSAi8TNSRnkqHftT68ncBIRrjFDSnVcJ9Z+iqSmmJFxyUsUiREeoj7pGMpRRJSfZreN4ZFRejAU0jyuYab+7UhRpNQoCkxltuG8NxH/8zqJDs/8lPI40YTj6aAwYVALOAkK9qgkWLORIQhLanaFeIAkwtrEWTIhuPMnL5JmteI6Fff6pFyDeRxFcAAOwTFwwSmogStQBw2AwSN4Bq/gzXqyXqx362NaWrDynn0wA+vrB+IvoT0=</latexit><latexit sha1_base64="EQn8CMe9duVqrv7MESNk2Mm+7lc=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgqCOKyin1AZyiZNNOGZpIxyShl6H+48VfcuFDEleDCvzGdDmhbDwROzrmXe+8JYkaVdpxvq7C0vLK6VlwvbWxube/Yu3tNJRKJSQMLJmQ7QIowyklDU81IO5YERQEjrWB4MfFb90QqKvitHsXEj1Cf05BipI3UtavuOfQipAcqTC/H0Luh/YFGUooHeDfz+y3q2mWn4mSAi8TNSRnkqHftT68ncBIRrjFDSnVcJ9Z+iqSmmJFxyUsUiREeoj7pGMpRRJSfZreN4ZFRejAU0jyuYab+7UhRpNQoCkxltuG8NxH/8zqJDs/8lPI40YTj6aAwYVALOAkK9qgkWLORIQhLanaFeIAkwtrEWTIhuPMnL5JmteI6Fff6pFyDeRxFcAAOwTFwwSmogStQBw2AwSN4Bq/gzXqyXqx362NaWrDynn0wA+vrB+IvoT0=</latexit><latexit sha1_base64="EQn8CMe9duVqrv7MESNk2Mm+7lc=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgqCOKyin1AZyiZNNOGZpIxyShl6H+48VfcuFDEleDCvzGdDmhbDwROzrmXe+8JYkaVdpxvq7C0vLK6VlwvbWxube/Yu3tNJRKJSQMLJmQ7QIowyklDU81IO5YERQEjrWB4MfFb90QqKvitHsXEj1Cf05BipI3UtavuOfQipAcqTC/H0Luh/YFGUooHeDfz+y3q2mWn4mSAi8TNSRnkqHftT68ncBIRrjFDSnVcJ9Z+iqSmmJFxyUsUiREeoj7pGMpRRJSfZreN4ZFRejAU0jyuYab+7UhRpNQoCkxltuG8NxH/8zqJDs/8lPI40YTj6aAwYVALOAkK9qgkWLORIQhLanaFeIAkwtrEWTIhuPMnL5JmteI6Fff6pFyDeRxFcAAOwTFwwSmogStQBw2AwSN4Bq/gzXqyXqx362NaWrDynn0wA+vrB+IvoT0=</latexit><latexit sha1_base64="EQn8CMe9duVqrv7MESNk2Mm+7lc=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoLgqCOKyin1AZyiZNNOGZpIxyShl6H+48VfcuFDEleDCvzGdDmhbDwROzrmXe+8JYkaVdpxvq7C0vLK6VlwvbWxube/Yu3tNJRKJSQMLJmQ7QIowyklDU81IO5YERQEjrWB4MfFb90QqKvitHsXEj1Cf05BipI3UtavuOfQipAcqTC/H0Luh/YFGUooHeDfz+y3q2mWn4mSAi8TNSRnkqHftT68ncBIRrjFDSnVcJ9Z+iqSmmJFxyUsUiREeoj7pGMpRRJSfZreN4ZFRejAU0jyuYab+7UhRpNQoCkxltuG8NxH/8zqJDs/8lPI40YTj6aAwYVALOAkK9qgkWLORIQhLanaFeIAkwtrEWTIhuPMnL5JmteI6Fff6pFyDeRxFcAAOwTFwwSmogStQBw2AwSN4Bq/gzXqyXqx362NaWrDynn0wA+vrB+IvoT0=</latexit>
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Figure 1: a) Interaction between the RL agent and the environment. b) An example scenario. An
action (ai) consists of a fringe, a goal, a tactic and its arguments. Each state consists of multiple
fringes and each fringe includes a set of goals that are sufficient to be proved to derive the original
target theorem. At each state, the agent evaluates goals within each fringe and decides which fringe is
more promising, and within each fringe which goal to work on first (shown by red arrows). Given this
choice, the agent then selects a tactic and appropriate arguments. At each state the agent can cease
working on the newly added fringe, and backtracks to an older fringe if the new one is predicted to be
hard. This process continues until an empty fringe is derived (s4).

After applying Induct_on ‘p’ to p ⇒ q ⇒ p, two more subgoals are generated, with the variable
p replaced by truth values T and F respectively. At this stage, we have three subgoals to deal with.
One is the earlier goal that we chose to defer: p⇒ q ⇒ q. The other two are the newly generated
T⇒ q ⇒ T and F⇒ q ⇒ F.

One might decide at this stage that the previous tactic application of Induct_on ‘p’ has made the
situation worse because it has left us with more goals to prove. A human expert may now look back
at the remaining subgoals before the application of Induct_on ‘p’ and try another tactic. Fortunately,
there is a tactic called simp that can prove the goal p⇒ q ⇒ p directly. The simp tactic takes a list
of theorem names as its argument. In this case, an empty argument list is sufficient to prove the goal.
Similarly, simp[] proves the remaining p⇒ q ⇒ q goal as well.

2.1 Modeling ITP with MDP

Tactic-based theorem proving is naturally understood as a tree search problem where a tree is
composed of sets of goals and can be updated by applying tactics to a node. Below we give a
formulation that reflects such intuition — states are the search trees and actions are the tactic
applications to nodes.

States A proof attempt starts with a main goal g ∈ G. At any point in a proof attempt, there is a set
of goals that all need to be proved. We refer to these finite sets of goals as fringes. In the context of
our framing as an MDP, multiple fringes will be generated and maintained in such a way that the main
goal will be proved if everything in any one fringe is proved. Thus a fringe represents a particular
path along which we may continue in an attempt to complete a single valid HOL4 proof of the main
goal. In contrast, always choosing the most recently generated fringe would be equivalent to never
backtracking in HOL4. The MDP state s is therefore a finite sequence of fringes and we denote the
i-th fringe in state s by s(i). See Figure 1b for an example state sequence.
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X
<latexit sha1_base64="hubDtb7x++ALjbrpFcNEr1iXr6A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqdQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werf4y6</latexit><latexit sha1_base64="hubDtb7x++ALjbrpFcNEr1iXr6A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqdQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werf4y6</latexit><latexit sha1_base64="hubDtb7x++ALjbrpFcNEr1iXr6A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqdQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werf4y6</latexit><latexit sha1_base64="hubDtb7x++ALjbrpFcNEr1iXr6A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqdQfVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8werf4y6</latexit>

Feed-forward

ck�1
<latexit sha1_base64="5R/Ktn0lLnPv6a/l76HrHKzi+s8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxWsB/QhrLZbtolm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM95miUx0L6CGS6F4GwVK3ks1p3EgeTeI7uZ+94lrIxL1iNOU+zEdKxEKRtFKXTbMoytvNqzW3Lq7AFknXkFqUKA1rH4NRgnLYq6QSWpM33NT9HOqUTDJZ5VBZnhKWUTHvG+pojE3fr44d0YurDIiYaJtKSQL9fdETmNjpnFgO2OKE7PqzcX/vH6G4a2fC5VmyBVbLgozSTAh89/JSGjOUE4toUwLeythE6opQ5tQxYbgrb68TjrXdc+tew+NWpMUcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzB9pCjyE=</latexit><latexit sha1_base64="5R/Ktn0lLnPv6a/l76HrHKzi+s8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxWsB/QhrLZbtolm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM95miUx0L6CGS6F4GwVK3ks1p3EgeTeI7uZ+94lrIxL1iNOU+zEdKxEKRtFKXTbMoytvNqzW3Lq7AFknXkFqUKA1rH4NRgnLYq6QSWpM33NT9HOqUTDJZ5VBZnhKWUTHvG+pojE3fr44d0YurDIiYaJtKSQL9fdETmNjpnFgO2OKE7PqzcX/vH6G4a2fC5VmyBVbLgozSTAh89/JSGjOUE4toUwLeythE6opQ5tQxYbgrb68TjrXdc+tew+NWpMUcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzB9pCjyE=</latexit><latexit sha1_base64="5R/Ktn0lLnPv6a/l76HrHKzi+s8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxWsB/QhrLZbtolm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM95miUx0L6CGS6F4GwVK3ks1p3EgeTeI7uZ+94lrIxL1iNOU+zEdKxEKRtFKXTbMoytvNqzW3Lq7AFknXkFqUKA1rH4NRgnLYq6QSWpM33NT9HOqUTDJZ5VBZnhKWUTHvG+pojE3fr44d0YurDIiYaJtKSQL9fdETmNjpnFgO2OKE7PqzcX/vH6G4a2fC5VmyBVbLgozSTAh89/JSGjOUE4toUwLeythE6opQ5tQxYbgrb68TjrXdc+tew+NWpMUcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzB9pCjyE=</latexit><latexit sha1_base64="5R/Ktn0lLnPv6a/l76HrHKzi+s8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh4LXjxWsB/QhrLZbtolm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM95miUx0L6CGS6F4GwVK3ks1p3EgeTeI7uZ+94lrIxL1iNOU+zEdKxEKRtFKXTbMoytvNqzW3Lq7AFknXkFqUKA1rH4NRgnLYq6QSWpM33NT9HOqUTDJZ5VBZnhKWUTHvG+pojE3fr44d0YurDIiYaJtKSQL9fdETmNjpnFgO2OKE7PqzcX/vH6G4a2fC5VmyBVbLgozSTAh89/JSGjOUE4toUwLeythE6opQ5tQxYbgrb68TjrXdc+tew+NWpMUcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzB9pCjyE=</latexit>

⇡(ck|t, g, s, c<k)
<latexit sha1_base64="VSoYeOyb0ALaQGsJKQz788bC0wc=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUKCURQRcuCm5cVrAPaEKYTCftkMkkzEyEErN046+4caGIWz/BnX/jpM1CWw9cOJxzL/fe4yeMSmVZ38bS8srq2nplo7q5tb2za+7td2WcCkw6OGax6PtIEkY56SiqGOkngqDIZ6Tnh9eF37snQtKY36lJQtwIjTgNKEZKS5555CS0jr3wQTVGDdmAToTU2A8ynHvZVZifembNalpTwEVil6QGSrQ988sZxjiNCFeYISkHtpUoN0NCUcxIXnVSSRKEQzQiA005ioh0s+kjOTzRyhAGsdDFFZyqvycyFEk5iXzdWdwp571C/M8bpCq4dDPKk1QRjmeLgpRBFcMiFTikgmDFJpogLKi+FeIxEggrnV1Vh2DPv7xIumdN22rat+e1FizjqIBDcAzqwAYXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PWeuSUc4cgD8wPn8AtsGZBw==</latexit><latexit sha1_base64="VSoYeOyb0ALaQGsJKQz788bC0wc=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUKCURQRcuCm5cVrAPaEKYTCftkMkkzEyEErN046+4caGIWz/BnX/jpM1CWw9cOJxzL/fe4yeMSmVZ38bS8srq2nplo7q5tb2za+7td2WcCkw6OGax6PtIEkY56SiqGOkngqDIZ6Tnh9eF37snQtKY36lJQtwIjTgNKEZKS5555CS0jr3wQTVGDdmAToTU2A8ynHvZVZifembNalpTwEVil6QGSrQ988sZxjiNCFeYISkHtpUoN0NCUcxIXnVSSRKEQzQiA005ioh0s+kjOTzRyhAGsdDFFZyqvycyFEk5iXzdWdwp571C/M8bpCq4dDPKk1QRjmeLgpRBFcMiFTikgmDFJpogLKi+FeIxEggrnV1Vh2DPv7xIumdN22rat+e1FizjqIBDcAzqwAYXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PWeuSUc4cgD8wPn8AtsGZBw==</latexit><latexit sha1_base64="VSoYeOyb0ALaQGsJKQz788bC0wc=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUKCURQRcuCm5cVrAPaEKYTCftkMkkzEyEErN046+4caGIWz/BnX/jpM1CWw9cOJxzL/fe4yeMSmVZ38bS8srq2nplo7q5tb2za+7td2WcCkw6OGax6PtIEkY56SiqGOkngqDIZ6Tnh9eF37snQtKY36lJQtwIjTgNKEZKS5555CS0jr3wQTVGDdmAToTU2A8ynHvZVZifembNalpTwEVil6QGSrQ988sZxjiNCFeYISkHtpUoN0NCUcxIXnVSSRKEQzQiA005ioh0s+kjOTzRyhAGsdDFFZyqvycyFEk5iXzdWdwp571C/M8bpCq4dDPKk1QRjmeLgpRBFcMiFTikgmDFJpogLKi+FeIxEggrnV1Vh2DPv7xIumdN22rat+e1FizjqIBDcAzqwAYXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PWeuSUc4cgD8wPn8AtsGZBw==</latexit><latexit sha1_base64="VSoYeOyb0ALaQGsJKQz788bC0wc=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUKCURQRcuCm5cVrAPaEKYTCftkMkkzEyEErN046+4caGIWz/BnX/jpM1CWw9cOJxzL/fe4yeMSmVZ38bS8srq2nplo7q5tb2za+7td2WcCkw6OGax6PtIEkY56SiqGOkngqDIZ6Tnh9eF37snQtKY36lJQtwIjTgNKEZKS5555CS0jr3wQTVGDdmAToTU2A8ynHvZVZifembNalpTwEVil6QGSrQ988sZxjiNCFeYISkHtpUoN0NCUcxIXnVSSRKEQzQiA005ioh0s+kjOTzRyhAGsdDFFZyqvycyFEk5iXzdWdwp571C/M8bpCq4dDPKk1QRjmeLgpRBFcMiFTikgmDFJpogLKi+FeIxEggrnV1Vh2DPv7xIumdN22rat+e1FizjqIBDcAzqwAYXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PWeuSUc4cgD8wPn8AtsGZBw==</latexit>

Hidden  
state

Figure 3: The argument network. The aim is to select arguments from candidates theorems X for
a tactic t to be applied on goal g. To achieve this, the hidden state of an LSTM neural network are
initialized using g. The LSTM layer takes the previously chosen argument as an input (ck−1) and
through a feed-forward and a softmax layer generates the probability of selecting each candidate
theorem for the next argument (ck). c0 is initialized to t.

Actions An action is a 4-tuple (i, j, t, c) ∈ N×N×T ×A∗. Intuitively, given a state s, i selects the
i-th fringe in s and j selects the j-th goal within fringe s(i). Then, t is the HOL4 tactic that we select
from the set T of possible HOL4 tactics, and c is the possibly empty list of arguments that accompany
t (see Figure 1b). An argument in A is either a theorem name, or a HOL4 term. The existence of
arguments makes the action space arbitrarily large—terms may be arbitrarily defined, and there are
thousands of theorems that can be given as arguments to the tactic. This necessitates an RL algorithm
that can handle large action and state spaces, for which we select policy gradients [Williams, 1992].

Rewards Feedback is received from HOL4 after each tactic application. If successful, it generates
a set of new (sub-)goals such that proving all of them proves g; if this set is empty, then g is itself
proven. A tactic application may fail, either with an error indicating that it is not applicable, or with
a timeout caused by HOL4 exceeding a maximum computation time which we set. In terms of our
framing as an MDP, different numeric rewards are associated with the different cases described above.

MDP State Transition A proof attempt always starts with a single main goal g, and so the initial
state is a single fringe containing one element, g. Given a state s, performing an action (i, j, t, c)
may not change the state. This happens when the tactic times out, has no effect, or is not applicable.
Otherwise, the application of the tactic generates a set of new subgoals. This set G of new subgoals
may be empty, indicating that goal s(i)(j) is immediately proved by tactic t. In any case, a new
fringe is then constructed by first copying fringe s(i), and then replacing the goal s(i)(j) with the
new subgoals G. Then we construct a new state s′ by adding the new fringe to state s. Each state
constructed in this way maintains all possible partial proof attempts. The size of each state is linear
in the number of timesteps so that the manipulation and storage of states are efficient.

Termination The MDP terminates when an empty fringe is constructed, which implies that we can
recover a proof of the main goal. In this case, the agent receives a positive reward. The process is
also terminated if the timestep budget is exceeded, in which case the proof attempt is unsuccessful
and the agent receives a negative reward. The state s4 in Figure 1b is an example of a terminal state.

2.2 A solution to the MDP formulation

Encoding HOL4 expressions Each HOL4 expression is represented by a 256-dimensional vector,
which is learned by a seq2seq autoencoder [Kingma and Welling, 2014] for sequences pre-trained on
4360 definitions and theorems (tokenized and represented in Polish notation) in the HOL4 library.
For implementation, we use a customized version of the pytorch-seq2seq2.

Selecting fringes Let G ⊆ R256 be the space of goals; we learn a function

Vgoal : G→ R, (1)

which, intuitively, represents how easy a goal is to prove. Given a state s we define the score vs(i) of
its i-th fringe as

vs(i) = Σg∈s(i)Vgoal(g). (2)

2https://github.com/IBM/pytorch-seq2seq
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Fringe 0

s
<latexit sha1_base64="KrcZCqOyXUiPgf4ahUqlFamnFaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq6UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda1BijjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sD5/AHUa4zV</latexit><latexit sha1_base64="KrcZCqOyXUiPgf4ahUqlFamnFaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq6UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda1BijjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sD5/AHUa4zV</latexit><latexit sha1_base64="KrcZCqOyXUiPgf4ahUqlFamnFaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq6UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda1BijjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sD5/AHUa4zV</latexit><latexit sha1_base64="KrcZCqOyXUiPgf4ahUqlFamnFaw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq6UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda1BijjKcAbncAke3EAD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sD5/AHUa4zV</latexit>

g0, g1, g2
<latexit sha1_base64="PG7xV2UeQmLUszOl7azfS8CtyNQ=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgQkpSBF0W3LisYB/QhjCZTtKhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7J0g5U9pxvq3KxubW9k51t7a3f3B4ZB+fdFWSSUI7JOGJ7AdYUc4E7WimOe2nkuI44LQXTO4KvzelUrFEPOpZSr0YR4KFjGBtJC/ynSsU+W7Rmr5ddxrOAmiduCWpQ4m2b38NRwnJYio04Vipgeuk2sux1IxwOq8NM0VTTCY4ogNDBY6p8vLF0XN0YZQRChNpSmi0UH9v5DhWahYHZjLGeqxWvUL8zxtkOrz1cibSTFNBlg+FGUc6QUUCaMQkJZrPDMFEMnMrImMsMdEmp5oJwV398jrpNhuu03AfrustVMZRhTM4h0tw4QZacA9t6ACBJ3iGV3izptaL9W59LEcrVrlzCn9gff4AQMKQVw==</latexit><latexit sha1_base64="PG7xV2UeQmLUszOl7azfS8CtyNQ=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgQkpSBF0W3LisYB/QhjCZTtKhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7J0g5U9pxvq3KxubW9k51t7a3f3B4ZB+fdFWSSUI7JOGJ7AdYUc4E7WimOe2nkuI44LQXTO4KvzelUrFEPOpZSr0YR4KFjGBtJC/ynSsU+W7Rmr5ddxrOAmiduCWpQ4m2b38NRwnJYio04Vipgeuk2sux1IxwOq8NM0VTTCY4ogNDBY6p8vLF0XN0YZQRChNpSmi0UH9v5DhWahYHZjLGeqxWvUL8zxtkOrz1cibSTFNBlg+FGUc6QUUCaMQkJZrPDMFEMnMrImMsMdEmp5oJwV398jrpNhuu03AfrustVMZRhTM4h0tw4QZacA9t6ACBJ3iGV3izptaL9W59LEcrVrlzCn9gff4AQMKQVw==</latexit><latexit sha1_base64="PG7xV2UeQmLUszOl7azfS8CtyNQ=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgQkpSBF0W3LisYB/QhjCZTtKhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7J0g5U9pxvq3KxubW9k51t7a3f3B4ZB+fdFWSSUI7JOGJ7AdYUc4E7WimOe2nkuI44LQXTO4KvzelUrFEPOpZSr0YR4KFjGBtJC/ynSsU+W7Rmr5ddxrOAmiduCWpQ4m2b38NRwnJYio04Vipgeuk2sux1IxwOq8NM0VTTCY4ogNDBY6p8vLF0XN0YZQRChNpSmi0UH9v5DhWahYHZjLGeqxWvUL8zxtkOrz1cibSTFNBlg+FGUc6QUUCaMQkJZrPDMFEMnMrImMsMdEmp5oJwV398jrpNhuu03AfrustVMZRhTM4h0tw4QZacA9t6ACBJ3iGV3izptaL9W59LEcrVrlzCn9gff4AQMKQVw==</latexit><latexit sha1_base64="PG7xV2UeQmLUszOl7azfS8CtyNQ=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgQkpSBF0W3LisYB/QhjCZTtKhk0mcmRRK6He4caGIWz/GnX/jpM1CWw/cy+Gce5k7J0g5U9pxvq3KxubW9k51t7a3f3B4ZB+fdFWSSUI7JOGJ7AdYUc4E7WimOe2nkuI44LQXTO4KvzelUrFEPOpZSr0YR4KFjGBtJC/ynSsU+W7Rmr5ddxrOAmiduCWpQ4m2b38NRwnJYio04Vipgeuk2sux1IxwOq8NM0VTTCY4ogNDBY6p8vLF0XN0YZQRChNpSmi0UH9v5DhWahYHZjLGeqxWvUL8zxtkOrz1cibSTFNBlg+FGUc6QUUCaMQkJZrPDMFEMnMrImMsMdEmp5oJwV398jrpNhuu03AfrustVMZRhTM4h0tw4QZacA9t6ACBJ3iGV3izptaL9W59LEcrVrlzCn9gff4AQMKQVw==</latexit>

Fringe |s|-1
. . .

<latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit>

. . .
<latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit>

v(s(0))
<latexit sha1_base64="522djG00NzgNMoZhXyKRNlf7UaI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvHisYD+gDWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbe/s7hX3SweHR8cn5dOztolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcr/wO1OujYjVE84S7kd0pEQoGEUrdaZVU3VrtUG54tbdJcgm8XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPi/1U8MTyiZ0xHuWKhpx42fLc+fkyipDEsbalkKyVH9PZDQyZhYFtjOiODbr3kL8z+ulGN75mVBJilyx1aIwlQRjsvidDIXmDOXMEsq0sLcSNqaaMrQJlWwI3vrLm6R9Xffcuvd4U2mQPI4iXMAlVMGDW2jAAzShBQwm8Ayv8OYkzovz7nysWgtOPnMOf+B8/gCph45Z</latexit><latexit sha1_base64="522djG00NzgNMoZhXyKRNlf7UaI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvHisYD+gDWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbe/s7hX3SweHR8cn5dOztolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcr/wO1OujYjVE84S7kd0pEQoGEUrdaZVU3VrtUG54tbdJcgm8XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPi/1U8MTyiZ0xHuWKhpx42fLc+fkyipDEsbalkKyVH9PZDQyZhYFtjOiODbr3kL8z+ulGN75mVBJilyx1aIwlQRjsvidDIXmDOXMEsq0sLcSNqaaMrQJlWwI3vrLm6R9Xffcuvd4U2mQPI4iXMAlVMGDW2jAAzShBQwm8Ayv8OYkzovz7nysWgtOPnMOf+B8/gCph45Z</latexit><latexit sha1_base64="522djG00NzgNMoZhXyKRNlf7UaI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvHisYD+gDWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbe/s7hX3SweHR8cn5dOztolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcr/wO1OujYjVE84S7kd0pEQoGEUrdaZVU3VrtUG54tbdJcgm8XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPi/1U8MTyiZ0xHuWKhpx42fLc+fkyipDEsbalkKyVH9PZDQyZhYFtjOiODbr3kL8z+ulGN75mVBJilyx1aIwlQRjsvidDIXmDOXMEsq0sLcSNqaaMrQJlWwI3vrLm6R9Xffcuvd4U2mQPI4iXMAlVMGDW2jAAzShBQwm8Ayv8OYkzovz7nysWgtOPnMOf+B8/gCph45Z</latexit><latexit sha1_base64="522djG00NzgNMoZhXyKRNlf7UaI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvHisYD+gDWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbe/s7hX3SweHR8cn5dOztolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcr/wO1OujYjVE84S7kd0pEQoGEUrdaZVU3VrtUG54tbdJcgm8XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPi/1U8MTyiZ0xHuWKhpx42fLc+fkyipDEsbalkKyVH9PZDQyZhYFtjOiODbr3kL8z+ulGN75mVBJilyx1aIwlQRjsvidDIXmDOXMEsq0sLcSNqaaMrQJlWwI3vrLm6R9Xffcuvd4U2mQPI4iXMAlVMGDW2jAAzShBQwm8Ayv8OYkzovz7nysWgtOPnMOf+B8/gCph45Z</latexit>

v(s(|s|� 1))
<latexit sha1_base64="q/LB1Vj+OcV+K/N0LzKWFofNbK4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvQHiy7Iuix4MVjBdsK26Vk02wbmk2WZLZQtv0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53CxubW9k5xt7S3f3B4VD4+aRuVaspaVAmln0JimOCStYCDYE+JZiQOBeuEo7u53xkzbbiSjzBJWBCTgeQRpwSs5I+rpjo100uvVuuVK27dXQCvEy8nFZSj2St/dfuKpjGTQAUxxvfcBIKMaOBUsFmpmxqWEDoiA+ZbKknMTJAtTp7hC6v0caS0LQl4of6eyEhszCQObWdMYGhWvbn4n+enEN0GGZdJCkzS5aIoFRgUnv+P+1wzCmJiCaGa21sxHRJNKNiUSjYEb/XlddK+qntu3Xu4rjRwHkcRnaFzVEUeukENdI+aqIUoUugZvaI3B5wX5935WLYWnHzmFP2B8/kDteiQGg==</latexit><latexit sha1_base64="q/LB1Vj+OcV+K/N0LzKWFofNbK4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvQHiy7Iuix4MVjBdsK26Vk02wbmk2WZLZQtv0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53CxubW9k5xt7S3f3B4VD4+aRuVaspaVAmln0JimOCStYCDYE+JZiQOBeuEo7u53xkzbbiSjzBJWBCTgeQRpwSs5I+rpjo100uvVuuVK27dXQCvEy8nFZSj2St/dfuKpjGTQAUxxvfcBIKMaOBUsFmpmxqWEDoiA+ZbKknMTJAtTp7hC6v0caS0LQl4of6eyEhszCQObWdMYGhWvbn4n+enEN0GGZdJCkzS5aIoFRgUnv+P+1wzCmJiCaGa21sxHRJNKNiUSjYEb/XlddK+qntu3Xu4rjRwHkcRnaFzVEUeukENdI+aqIUoUugZvaI3B5wX5935WLYWnHzmFP2B8/kDteiQGg==</latexit><latexit sha1_base64="q/LB1Vj+OcV+K/N0LzKWFofNbK4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvQHiy7Iuix4MVjBdsK26Vk02wbmk2WZLZQtv0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53CxubW9k5xt7S3f3B4VD4+aRuVaspaVAmln0JimOCStYCDYE+JZiQOBeuEo7u53xkzbbiSjzBJWBCTgeQRpwSs5I+rpjo100uvVuuVK27dXQCvEy8nFZSj2St/dfuKpjGTQAUxxvfcBIKMaOBUsFmpmxqWEDoiA+ZbKknMTJAtTp7hC6v0caS0LQl4of6eyEhszCQObWdMYGhWvbn4n+enEN0GGZdJCkzS5aIoFRgUnv+P+1wzCmJiCaGa21sxHRJNKNiUSjYEb/XlddK+qntu3Xu4rjRwHkcRnaFzVEUeukENdI+aqIUoUugZvaI3B5wX5935WLYWnHzmFP2B8/kDteiQGg==</latexit><latexit sha1_base64="q/LB1Vj+OcV+K/N0LzKWFofNbK4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvQHiy7Iuix4MVjBdsK26Vk02wbmk2WZLZQtv0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53CxubW9k5xt7S3f3B4VD4+aRuVaspaVAmln0JimOCStYCDYE+JZiQOBeuEo7u53xkzbbiSjzBJWBCTgeQRpwSs5I+rpjo100uvVuuVK27dXQCvEy8nFZSj2St/dfuKpjGTQAUxxvfcBIKMaOBUsFmpmxqWEDoiA+ZbKknMTJAtTp7hC6v0caS0LQl4of6eyEhszCQObWdMYGhWvbn4n+enEN0GGZdJCkzS5aIoFRgUnv+P+1wzCmJiCaGa21sxHRJNKNiUSjYEb/XlddK+qntu3Xu4rjRwHkcRnaFzVEUeukENdI+aqIUoUugZvaI3B5wX5935WLYWnHzmFP2B8/kDteiQGg==</latexit>

. . .
<latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit><latexit sha1_base64="bs9gDy+A4fsD67fqzw2BE7k801o=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zQHbR1YGGbesO9NmEph0HW/ncrG5tb2TnW3trd/cHhUPz7pmCTTjPsskYnuhdRwKRT3UaDkvVRzGoeSd8Pp3cLvPnFtRKIecZbyIKZjJSLBKFrJH4wSNMN6w226Bcg68UrSgBLtYf3L5lgWc4VMUmP6nptikFONgkk+rw0yw1PKpnTM+5YqGnMT5MWyc3JhlRGJEm2fQlKovxM5jY2ZxaGdjClOzKq3EP/z+hlGt0EuVJohV2z5UZRJgglZXE5GQnOGcmYJZVrYXQmbUE0Z2n5qtgRv9eR10rlqem7Te7hutEhZRxXO4BwuwYMbaME9tMEHBgKe4RXeHOW8OO/Ox3K04pSZU/gD5/MH5y6OoA==</latexit>

so
ftm

ax

so
ftm

ax

Sampled  
tactic

Tactic  
scores

Candidate  
theorems

Sampled  
arguments     

g
<latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit><latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit><latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit><latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit>

Vgoal(g)
<latexit sha1_base64="Py/IDoz9Lb7mDQWBLcteDGrYtig=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIoMeCF48V7Ae0IWy2m3TpZhN2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBVcg+N8WxubW9s7u5W96v7B4dGxfVLr6iRTlHVoIhLVD4hmgkvWAQ6C9VPFSBwI1gsmd3O/98SU5ol8hFnKvJhEkoecEjCSb9e6fj4ENoU8SogoikZ06dt1p+ksgNeJW5I6KtH27a/hKKFZzCRQQbQeuE4KXk4UcCpYUR1mmqWETkjEBoZKEjPt5YvbC3xhlBEOE2VKAl6ovydyEms9iwPTGRMY61VvLv7nDTIIb72cyzQDJulyUZgJDAmeB4FHXDEKYmYIoYqbWzEdE0UomLiqJgR39eV10r1quk7Tfbiut3AZRwWdoXPUQC66QS10j9qogyiaomf0it6swnqx3q2PZeuGVc6coj+wPn8AIIaUXg==</latexit><latexit sha1_base64="Py/IDoz9Lb7mDQWBLcteDGrYtig=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIoMeCF48V7Ae0IWy2m3TpZhN2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBVcg+N8WxubW9s7u5W96v7B4dGxfVLr6iRTlHVoIhLVD4hmgkvWAQ6C9VPFSBwI1gsmd3O/98SU5ol8hFnKvJhEkoecEjCSb9e6fj4ENoU8SogoikZ06dt1p+ksgNeJW5I6KtH27a/hKKFZzCRQQbQeuE4KXk4UcCpYUR1mmqWETkjEBoZKEjPt5YvbC3xhlBEOE2VKAl6ovydyEms9iwPTGRMY61VvLv7nDTIIb72cyzQDJulyUZgJDAmeB4FHXDEKYmYIoYqbWzEdE0UomLiqJgR39eV10r1quk7Tfbiut3AZRwWdoXPUQC66QS10j9qogyiaomf0it6swnqx3q2PZeuGVc6coj+wPn8AIIaUXg==</latexit><latexit sha1_base64="Py/IDoz9Lb7mDQWBLcteDGrYtig=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIoMeCF48V7Ae0IWy2m3TpZhN2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBVcg+N8WxubW9s7u5W96v7B4dGxfVLr6iRTlHVoIhLVD4hmgkvWAQ6C9VPFSBwI1gsmd3O/98SU5ol8hFnKvJhEkoecEjCSb9e6fj4ENoU8SogoikZ06dt1p+ksgNeJW5I6KtH27a/hKKFZzCRQQbQeuE4KXk4UcCpYUR1mmqWETkjEBoZKEjPt5YvbC3xhlBEOE2VKAl6ovydyEms9iwPTGRMY61VvLv7nDTIIb72cyzQDJulyUZgJDAmeB4FHXDEKYmYIoYqbWzEdE0UomLiqJgR39eV10r1quk7Tfbiut3AZRwWdoXPUQC66QS10j9qogyiaomf0it6swnqx3q2PZeuGVc6coj+wPn8AIIaUXg==</latexit><latexit sha1_base64="Py/IDoz9Lb7mDQWBLcteDGrYtig=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIoMeCF48V7Ae0IWy2m3TpZhN2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBVcg+N8WxubW9s7u5W96v7B4dGxfVLr6iRTlHVoIhLVD4hmgkvWAQ6C9VPFSBwI1gsmd3O/98SU5ol8hFnKvJhEkoecEjCSb9e6fj4ENoU8SogoikZ06dt1p+ksgNeJW5I6KtH27a/hKKFZzCRQQbQeuE4KXk4UcCpYUR1mmqWETkjEBoZKEjPt5YvbC3xhlBEOE2VKAl6ovydyEms9iwPTGRMY61VvLv7nDTIIb72cyzQDJulyUZgJDAmeB4FHXDEKYmYIoYqbWzEdE0UomLiqJgR39eV10r1quk7Tfbiut3AZRwWdoXPUQC66QS10j9qogyiaomf0it6swnqx3q2PZeuGVc6coj+wPn8AIIaUXg==</latexit>

tactic network  
(feed-forward)

argument network  
(Recurrent)

goal network  
(feed-forward)

X
Vgoal(gi)

<latexit sha1_base64="lR0qXgXVAgQBGFL/i5lGnZ8LliQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJCLosuHFZwT6gCWEynaRDJw9mbsQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4/FVyBZX0blZXVtfWN6mZta3tnd8/cP+iqJJOUdWgiEtn3iWKCx6wDHATrp5KRyBes54+vp37vnknFk/gOJilzIxLGPOCUgJY888hRWYS7Xu4Ae4A8TIgoikbo8TPPrFtNawa8TOyS1FGJtmd+OcOEZhGLgQqi1MC2UnBzIoFTwYqakymWEjomIRtoGpOIKTefvVDgU60McZBIXTHgmfp7IieRUpPI150RgZFa9Kbif94gg+DKzXmcZsBiOl8UZAJDgqd54CGXjIKYaEKo5PpWTEdEEgo6tZoOwV58eZl0z5u21bRvL+otXMZRRcfoBDWQjS5RC92gNuogih7RM3pFb8aT8WK8Gx/z1opRzhyiPzA+fwBMbZc9</latexit><latexit sha1_base64="lR0qXgXVAgQBGFL/i5lGnZ8LliQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJCLosuHFZwT6gCWEynaRDJw9mbsQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4/FVyBZX0blZXVtfWN6mZta3tnd8/cP+iqJJOUdWgiEtn3iWKCx6wDHATrp5KRyBes54+vp37vnknFk/gOJilzIxLGPOCUgJY888hRWYS7Xu4Ae4A8TIgoikbo8TPPrFtNawa8TOyS1FGJtmd+OcOEZhGLgQqi1MC2UnBzIoFTwYqakymWEjomIRtoGpOIKTefvVDgU60McZBIXTHgmfp7IieRUpPI150RgZFa9Kbif94gg+DKzXmcZsBiOl8UZAJDgqd54CGXjIKYaEKo5PpWTEdEEgo6tZoOwV58eZl0z5u21bRvL+otXMZRRcfoBDWQjS5RC92gNuogih7RM3pFb8aT8WK8Gx/z1opRzhyiPzA+fwBMbZc9</latexit><latexit sha1_base64="lR0qXgXVAgQBGFL/i5lGnZ8LliQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJCLosuHFZwT6gCWEynaRDJw9mbsQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4/FVyBZX0blZXVtfWN6mZta3tnd8/cP+iqJJOUdWgiEtn3iWKCx6wDHATrp5KRyBes54+vp37vnknFk/gOJilzIxLGPOCUgJY888hRWYS7Xu4Ae4A8TIgoikbo8TPPrFtNawa8TOyS1FGJtmd+OcOEZhGLgQqi1MC2UnBzIoFTwYqakymWEjomIRtoGpOIKTefvVDgU60McZBIXTHgmfp7IieRUpPI150RgZFa9Kbif94gg+DKzXmcZsBiOl8UZAJDgqd54CGXjIKYaEKo5PpWTEdEEgo6tZoOwV58eZl0z5u21bRvL+otXMZRRcfoBDWQjS5RC92gNuogih7RM3pFb8aT8WK8Gx/z1opRzhyiPzA+fwBMbZc9</latexit><latexit sha1_base64="lR0qXgXVAgQBGFL/i5lGnZ8LliQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJCLosuHFZwT6gCWEynaRDJw9mbsQSght/xY0LRdz6Fe78G6dtFtp64MLhnHu59x4/FVyBZX0blZXVtfWN6mZta3tnd8/cP+iqJJOUdWgiEtn3iWKCx6wDHATrp5KRyBes54+vp37vnknFk/gOJilzIxLGPOCUgJY888hRWYS7Xu4Ae4A8TIgoikbo8TPPrFtNawa8TOyS1FGJtmd+OcOEZhGLgQqi1MC2UnBzIoFTwYqakymWEjomIRtoGpOIKTefvVDgU60McZBIXTHgmfp7IieRUpPI150RgZFa9Kbif94gg+DKzXmcZsBiOl8UZAJDgqd54CGXjIKYaEKo5PpWTEdEEgo6tZoOwV58eZl0z5u21bRvL+otXMZRRcfoBDWQjS5RC92gNuogih7RM3pFb8aT8WK8Gx/z1opRzhyiPzA+fwBMbZc9</latexit>

action:

Sampled  
fringe

(i, j, t, c)
<latexit sha1_base64="sKaUmNatNzgfBVaVxWUB+JF6qp0=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIEULYFUGPAS8eI5gYSJYwO5lNxsw+mOkVwhLwV7x4UMSr3+HNv3E22YMmFgwUVd10TXmxFBpt+9sqrKyurW8UN0tb2zu7e+X9g7aOEsV4i0UyUh2Pai5FyFsoUPJOrDgNPMnvvfF15t8/cqVFFN7hJOZuQIeh8AWjaKR++agqauShRrBGegHFkeenbHrWL1fsuj0DWSZOTiqQo9kvf/UGEUsCHiKTVOuuY8foplShYJJPS71E85iyMR3yrqEhDbh201n8KTk1yoD4kTIvRDJTf2+kNNB6EnhmMouoF71M/M/rJuhfuakI4wR5yOaH/EQSjEjWBRkIxRnKiSGUKWGyEjaiijI0jZVMCc7il5dJ+7zu2HXn9qLSIHkdRTiGE6iCA5fQgBtoQgsYpPAMr/BmPVkv1rv1MR8tWPnOIfyB9fkDz2OUAA==</latexit><latexit sha1_base64="sKaUmNatNzgfBVaVxWUB+JF6qp0=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIEULYFUGPAS8eI5gYSJYwO5lNxsw+mOkVwhLwV7x4UMSr3+HNv3E22YMmFgwUVd10TXmxFBpt+9sqrKyurW8UN0tb2zu7e+X9g7aOEsV4i0UyUh2Pai5FyFsoUPJOrDgNPMnvvfF15t8/cqVFFN7hJOZuQIeh8AWjaKR++agqauShRrBGegHFkeenbHrWL1fsuj0DWSZOTiqQo9kvf/UGEUsCHiKTVOuuY8foplShYJJPS71E85iyMR3yrqEhDbh201n8KTk1yoD4kTIvRDJTf2+kNNB6EnhmMouoF71M/M/rJuhfuakI4wR5yOaH/EQSjEjWBRkIxRnKiSGUKWGyEjaiijI0jZVMCc7il5dJ+7zu2HXn9qLSIHkdRTiGE6iCA5fQgBtoQgsYpPAMr/BmPVkv1rv1MR8tWPnOIfyB9fkDz2OUAA==</latexit><latexit sha1_base64="sKaUmNatNzgfBVaVxWUB+JF6qp0=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIEULYFUGPAS8eI5gYSJYwO5lNxsw+mOkVwhLwV7x4UMSr3+HNv3E22YMmFgwUVd10TXmxFBpt+9sqrKyurW8UN0tb2zu7e+X9g7aOEsV4i0UyUh2Pai5FyFsoUPJOrDgNPMnvvfF15t8/cqVFFN7hJOZuQIeh8AWjaKR++agqauShRrBGegHFkeenbHrWL1fsuj0DWSZOTiqQo9kvf/UGEUsCHiKTVOuuY8foplShYJJPS71E85iyMR3yrqEhDbh201n8KTk1yoD4kTIvRDJTf2+kNNB6EnhmMouoF71M/M/rJuhfuakI4wR5yOaH/EQSjEjWBRkIxRnKiSGUKWGyEjaiijI0jZVMCc7il5dJ+7zu2HXn9qLSIHkdRTiGE6iCA5fQgBtoQgsYpPAMr/BmPVkv1rv1MR8tWPnOIfyB9fkDz2OUAA==</latexit><latexit sha1_base64="sKaUmNatNzgfBVaVxWUB+JF6qp0=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIEULYFUGPAS8eI5gYSJYwO5lNxsw+mOkVwhLwV7x4UMSr3+HNv3E22YMmFgwUVd10TXmxFBpt+9sqrKyurW8UN0tb2zu7e+X9g7aOEsV4i0UyUh2Pai5FyFsoUPJOrDgNPMnvvfF15t8/cqVFFN7hJOZuQIeh8AWjaKR++agqauShRrBGegHFkeenbHrWL1fsuj0DWSZOTiqQo9kvf/UGEUsCHiKTVOuuY8foplShYJJPS71E85iyMR3yrqEhDbh201n8KTk1yoD4kTIvRDJTf2+kNNB6EnhmMouoF71M/M/rJuhfuakI4wR5yOaH/EQSjEjWBRkIxRnKiSGUKWGyEjaiijI0jZVMCc7il5dJ+7zu2HXn9qLSIHkdRTiGE6iCA5fQgBtoQgsYpPAMr/BmPVkv1rv1MR8tWPnOIfyB9fkDz2OUAA==</latexit>

⇡(f |s)
<latexit sha1_base64="sDCtG98LlzKf+f5KKTuvbqL/SiE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxWsB/QhrLZbtqlm03cnQgl9k948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqHicJ9yM6VCIUjKKVOr1EVMMnc94vV9yaOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu+UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGbPk4HQnKGcWEKZFvZWwkZUU4Y2opINwVt+eZW0LmqeW/PuLit1ksdRhBM4hSp4cAV1uIUGNIGBhGd4hTfnwXlx3p2PRWvByWeO4Q+czx+HKo+D</latexit><latexit sha1_base64="sDCtG98LlzKf+f5KKTuvbqL/SiE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxWsB/QhrLZbtqlm03cnQgl9k948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqHicJ9yM6VCIUjKKVOr1EVMMnc94vV9yaOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu+UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGbPk4HQnKGcWEKZFvZWwkZUU4Y2opINwVt+eZW0LmqeW/PuLit1ksdRhBM4hSp4cAV1uIUGNIGBhGd4hTfnwXlx3p2PRWvByWeO4Q+czx+HKo+D</latexit><latexit sha1_base64="sDCtG98LlzKf+f5KKTuvbqL/SiE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxWsB/QhrLZbtqlm03cnQgl9k948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqHicJ9yM6VCIUjKKVOr1EVMMnc94vV9yaOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu+UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGbPk4HQnKGcWEKZFvZWwkZUU4Y2opINwVt+eZW0LmqeW/PuLit1ksdRhBM4hSp4cAV1uIUGNIGBhGd4hTfnwXlx3p2PRWvByWeO4Q+czx+HKo+D</latexit><latexit sha1_base64="sDCtG98LlzKf+f5KKTuvbqL/SiE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh4LXjxWsB/QhrLZbtqlm03cnQgl9k948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqHicJ9yM6VCIUjKKVOr1EVMMnc94vV9yaOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu+UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGbPk4HQnKGcWEKZFvZWwkZUU4Y2opINwVt+eZW0LmqeW/PuLit1ksdRhBM4hSp4cAV1uIUGNIGBhGd4hTfnwXlx3p2PRWvByWeO4Q+czx+HKo+D</latexit>

⇡(t|g, s)
<latexit sha1_base64="h7prN6V8/C8+r//aa2m9wQW39Ec=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCF48V7Ae2oWy2m3bpZhN2J0KJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2J1j+OE+xEdKBEKRtFKD91EVPBpcG7OeqWyW3VnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk+ZF1XOr3t1luUbyOApwDCdQAQ+uoAa3UIcGMFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+AMt0kDg=</latexit><latexit sha1_base64="h7prN6V8/C8+r//aa2m9wQW39Ec=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCF48V7Ae2oWy2m3bpZhN2J0KJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2J1j+OE+xEdKBEKRtFKD91EVPBpcG7OeqWyW3VnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk+ZF1XOr3t1luUbyOApwDCdQAQ+uoAa3UIcGMFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+AMt0kDg=</latexit><latexit sha1_base64="h7prN6V8/C8+r//aa2m9wQW39Ec=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCF48V7Ae2oWy2m3bpZhN2J0KJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2J1j+OE+xEdKBEKRtFKD91EVPBpcG7OeqWyW3VnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk+ZF1XOr3t1luUbyOApwDCdQAQ+uoAa3UIcGMFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+AMt0kDg=</latexit><latexit sha1_base64="h7prN6V8/C8+r//aa2m9wQW39Ec=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoMeCF48V7Ae2oWy2m3bpZhN2J0KJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2J1j+OE+xEdKBEKRtFKD91EVPBpcG7OeqWyW3VnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk+ZF1XOr3t1luUbyOApwDCdQAQ+uoAa3UIcGMFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+AMt0kDg=</latexit>

⇡(c|t, g, s)
<latexit sha1_base64="wE1bhwJQF/qp+waQmdbxgMpKbiQ=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQoZREBF0W3LisYB/QhDKZTtqhk0mYuRFKLPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOUEiuAbH+bZWVtfWNzZLW+Xtnd29ffvgsK3jVFHWorGIVTcgmgkuWQs4CNZNFCNRIFgnGN/kfueBKc1jeQ+ThPkRGUoeckrASH372Et41YsIjIIwo9NHqA1r+rxvV5y6MwNeJm5BKqhAs29/eYOYphGTQAXRuuc6CfgZUcCpYNOyl2qWEDomQ9YzVJKIaT+bxZ/iM6MMcBgr8yTgmfp7IyOR1pMoMJN5UL3o5eJ/Xi+F8NrPuExSYJLOD4WpwBDjvAs84IpREBNDCFXcZMV0RBShYBormxLcxS8vk/ZF3XXq7t1lpYGLOkroBJ2iKnLRFWqgW9RELURRhp7RK3qznqwX6936mI+uWMXOEfoD6/MHrCKVLA==</latexit><latexit sha1_base64="wE1bhwJQF/qp+waQmdbxgMpKbiQ=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQoZREBF0W3LisYB/QhDKZTtqhk0mYuRFKLPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOUEiuAbH+bZWVtfWNzZLW+Xtnd29ffvgsK3jVFHWorGIVTcgmgkuWQs4CNZNFCNRIFgnGN/kfueBKc1jeQ+ThPkRGUoeckrASH372Et41YsIjIIwo9NHqA1r+rxvV5y6MwNeJm5BKqhAs29/eYOYphGTQAXRuuc6CfgZUcCpYNOyl2qWEDomQ9YzVJKIaT+bxZ/iM6MMcBgr8yTgmfp7IyOR1pMoMJN5UL3o5eJ/Xi+F8NrPuExSYJLOD4WpwBDjvAs84IpREBNDCFXcZMV0RBShYBormxLcxS8vk/ZF3XXq7t1lpYGLOkroBJ2iKnLRFWqgW9RELURRhp7RK3qznqwX6936mI+uWMXOEfoD6/MHrCKVLA==</latexit><latexit sha1_base64="wE1bhwJQF/qp+waQmdbxgMpKbiQ=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQoZREBF0W3LisYB/QhDKZTtqhk0mYuRFKLPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOUEiuAbH+bZWVtfWNzZLW+Xtnd29ffvgsK3jVFHWorGIVTcgmgkuWQs4CNZNFCNRIFgnGN/kfueBKc1jeQ+ThPkRGUoeckrASH372Et41YsIjIIwo9NHqA1r+rxvV5y6MwNeJm5BKqhAs29/eYOYphGTQAXRuuc6CfgZUcCpYNOyl2qWEDomQ9YzVJKIaT+bxZ/iM6MMcBgr8yTgmfp7IyOR1pMoMJN5UL3o5eJ/Xi+F8NrPuExSYJLOD4WpwBDjvAs84IpREBNDCFXcZMV0RBShYBormxLcxS8vk/ZF3XXq7t1lpYGLOkroBJ2iKnLRFWqgW9RELURRhp7RK3qznqwX6936mI+uWMXOEfoD6/MHrCKVLA==</latexit><latexit sha1_base64="wE1bhwJQF/qp+waQmdbxgMpKbiQ=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQoZREBF0W3LisYB/QhDKZTtqhk0mYuRFKLPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOUEiuAbH+bZWVtfWNzZLW+Xtnd29ffvgsK3jVFHWorGIVTcgmgkuWQs4CNZNFCNRIFgnGN/kfueBKc1jeQ+ThPkRGUoeckrASH372Et41YsIjIIwo9NHqA1r+rxvV5y6MwNeJm5BKqhAs29/eYOYphGTQAXRuuc6CfgZUcCpYNOyl2qWEDomQ9YzVJKIaT+bxZ/iM6MMcBgr8yTgmfp7IyOR1pMoMJN5UL3o5eJ/Xi+F8NrPuExSYJLOD4WpwBDjvAs84IpREBNDCFXcZMV0RBShYBormxLcxS8vk/ZF3XXq7t1lpYGLOkroBJ2iKnLRFWqgW9RELURRhp7RK3qznqwX6936mI+uWMXOEfoD6/MHrCKVLA==</latexit>

s(i)(j) = g
<latexit sha1_base64="bT87X2woIg484cboB0d+p1l4Ke0=">AAAB8HicbVBNSwMxEJ2tX7V+Vb0IXoJFaC9ltwh6EQpePFawH9IuJZtm29gkuyRZoSz9FV48KOLVn+PNf2Pa7kFbHww83pthZl4Qc6aN6347ubX1jc2t/HZhZ3dv/6B4eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzPz2E1WaRfLeTGLqCzyULGQEGys96DKrlB8r18N+seRW3TnQKvEyUoIMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWiqxoNpP5wdP0blVBiiMlC1p0Fz9PZFiofVEBLZTYDPSy95M/M/rJia88lMm48RQSRaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOCDcFbfnmVtGpVz616dxel+kkWRx5O4QzK4MEl1OEWGtAEAgKe4RXeHOW8OO/Ox6I152Qzx/AHzucPMeqPNg==</latexit><latexit sha1_base64="bT87X2woIg484cboB0d+p1l4Ke0=">AAAB8HicbVBNSwMxEJ2tX7V+Vb0IXoJFaC9ltwh6EQpePFawH9IuJZtm29gkuyRZoSz9FV48KOLVn+PNf2Pa7kFbHww83pthZl4Qc6aN6347ubX1jc2t/HZhZ3dv/6B4eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzPz2E1WaRfLeTGLqCzyULGQEGys96DKrlB8r18N+seRW3TnQKvEyUoIMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWiqxoNpP5wdP0blVBiiMlC1p0Fz9PZFiofVEBLZTYDPSy95M/M/rJia88lMm48RQSRaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOCDcFbfnmVtGpVz616dxel+kkWRx5O4QzK4MEl1OEWGtAEAgKe4RXeHOW8OO/Ox6I152Qzx/AHzucPMeqPNg==</latexit><latexit sha1_base64="bT87X2woIg484cboB0d+p1l4Ke0=">AAAB8HicbVBNSwMxEJ2tX7V+Vb0IXoJFaC9ltwh6EQpePFawH9IuJZtm29gkuyRZoSz9FV48KOLVn+PNf2Pa7kFbHww83pthZl4Qc6aN6347ubX1jc2t/HZhZ3dv/6B4eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzPz2E1WaRfLeTGLqCzyULGQEGys96DKrlB8r18N+seRW3TnQKvEyUoIMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWiqxoNpP5wdP0blVBiiMlC1p0Fz9PZFiofVEBLZTYDPSy95M/M/rJia88lMm48RQSRaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOCDcFbfnmVtGpVz616dxel+kkWRx5O4QzK4MEl1OEWGtAEAgKe4RXeHOW8OO/Ox6I152Qzx/AHzucPMeqPNg==</latexit><latexit sha1_base64="bT87X2woIg484cboB0d+p1l4Ke0=">AAAB8HicbVBNSwMxEJ2tX7V+Vb0IXoJFaC9ltwh6EQpePFawH9IuJZtm29gkuyRZoSz9FV48KOLVn+PNf2Pa7kFbHww83pthZl4Qc6aN6347ubX1jc2t/HZhZ3dv/6B4eNTSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzPz2E1WaRfLeTGLqCzyULGQEGys96DKrlB8r18N+seRW3TnQKvEyUoIMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWiqxoNpP5wdP0blVBiiMlC1p0Fz9PZFiofVEBLZTYDPSy95M/M/rJia88lMm48RQSRaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOCDcFbfnmVtGpVz616dxel+kkWRx5O4QzK4MEl1OEWGtAEAgKe4RXeHOW8OO/Ox6I152Qzx/AHzucPMeqPNg==</latexit>

g
<latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit><latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit><latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit><latexit sha1_base64="GggvKZOG6uiUU6Gz6Shy5NG4f5M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqjQbVmlt3FyDrxCtIDQo0B9Wv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLQ2fkwipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ20r+qeW/da17UGKeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfCO4zJ</latexit>

c
<latexit sha1_base64="KLXTrFnyLXZCPoi4ep87Zg1EvAM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwY/NhtebW3QXIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPvZIvGcXFhlRMJY2ScNWai/NzIaaT2LAjuZJ9SrXi7+5/VTE974GZdJalCy5UdhKoiJSX4+GXGFzIiZJZQpbrMSNqGKMmNLqtgSvNWT10nnqu65de/+utYkRR1lOINzuAQPGtCEO2hBGxhIeIZXeHO08+K8Ox/L0ZJT7JzCHzifP9MWkOU=</latexit><latexit sha1_base64="KLXTrFnyLXZCPoi4ep87Zg1EvAM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwY/NhtebW3QXIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPvZIvGcXFhlRMJY2ScNWai/NzIaaT2LAjuZJ9SrXi7+5/VTE974GZdJalCy5UdhKoiJSX4+GXGFzIiZJZQpbrMSNqGKMmNLqtgSvNWT10nnqu65de/+utYkRR1lOINzuAQPGtCEO2hBGxhIeIZXeHO08+K8Ox/L0ZJT7JzCHzifP9MWkOU=</latexit><latexit sha1_base64="KLXTrFnyLXZCPoi4ep87Zg1EvAM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwY/NhtebW3QXIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPvZIvGcXFhlRMJY2ScNWai/NzIaaT2LAjuZJ9SrXi7+5/VTE974GZdJalCy5UdhKoiJSX4+GXGFzIiZJZQpbrMSNqGKMmNLqtgSvNWT10nnqu65de/+utYkRR1lOINzuAQPGtCEO2hBGxhIeIZXeHO08+K8Ox/L0ZJT7JzCHzifP9MWkOU=</latexit><latexit sha1_base64="KLXTrFnyLXZCPoi4ep87Zg1EvAM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwY/NhtebW3QXIOvEKUoMCrWH1azCKWRqhNExQrfuemxg/o8pwJnBeGaQaE8qmdIx9SyWNUPvZIvGcXFhlRMJY2ScNWai/NzIaaT2LAjuZJ9SrXi7+5/VTE974GZdJalCy5UdhKoiJSX4+GXGFzIiZJZQpbrMSNqGKMmNLqtgSvNWT10nnqu65de/+utYkRR1lOINzuAQPGtCEO2hBGxhIeIZXeHO08+K8Ox/L0ZJT7JzCHzifP9MWkOU=</latexit>t
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Figure 4: Structure of the model. The functionality of each network is described in subsection 2.2.

Summing in this way reflects a simplifying design choice; namely that 1) to prove s(i) we must prove
all its consituent goals, 2) that Vgoal outputs logits, and 3) as we sum logits that the probability of
solving each goal is independent given its numeric representation.

To choose a fringe to work on, the agent samples from the discrete distribution with probabilities

πfringe(s) = Softmax(vs(0), ..., vs(|s|−1)). (3)

After selecting a fringe, by default we select the first goal in that fringe to work on, because all of the
goals within a fringe have to be proved in order to prove the main goal, and the order in which they
are proven is irrelevant.

Selecting tactics Suppose that we have selected a goal g to work on. We learn a function

Vtactic : G→ RD, (4)

where D is the total number of tactics allowed, which estimates the effectiveness of each tactic for
proving g. To select the tactic, we again sample from the discrete distribution, here with probabilities

πtactic(g) = Softmax(Vtactic(g)). (5)

Selecting a list of arguments Suppose that we have selected a goal g and a tactic t. If t takes
arguments, we need to select a list of them. This process is naturally modeled by a recurrent neural
network architecture as shown in Figure 3.

The argument policy recurrence takes three pieces of data as its input. The first is a set of candidate
theorems (or a set of candidate terms if t takes a term) that the policy can choose from. The candidate
theorems are usually the theorems proved earlier than g in the library, and the candidate terms are
the variables that occur in g. The second is the previously selected argument, which is initialized
to the selected tactic. The third is a latent state variable which carries the sequential information of
previously selected arguments over the argument generation process. This is because the arguments
to tactics like simp generally depend on each other.

The first output of the recurrent module is a set of scores associated with the candidate arguments.
We softmax these scores and sample to get one argument. An LSTM also produces a second output
which is the latent state variable that carries the sequential information. The recurrent process is
terminated when it reaches a pre-defined maximum length L which we set for the argument list.

Computing policy gradients Given a state s, the selection process described above now allows us to
define our policy distribution in terms of the following factors.

• π(f |s), the probability of selecting fringe f given s induced by πfringe of Equation 3. Recall
that, subsequently, the first goal g in f is always selected.

• π(t|s, g), the probability of selecting tactic t given s and g, induced by πtactic of Equation 5.

• π(cl|s, g, t, c<l); l = 1, 2, . . . , L, the probability of selecting the l-th element of the argu-
ment list c given s, g, t and the previously generated elements of the argument list. This is
induced by the recurrent argument selection, where L is the fixed length of arguments, and
c<l = (c1, ..., cl−1).
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Denoting the action by a, the policy therefore factorises as

πθ(a|s) = π(f |s)π(t|s, g)

L∏
l=1

π(cl|s, g, t, c<l), (6)

where θ represents the parameters of {Vgoal, Vtactic, Varg}. Denoting the m-th reward by rm, and the
MDP trajectory by τ = (s0, a0, r0, s1, a1, r1, . . . , sM , aM , rM ), our objective function is the usual
sum of discounted expected rewards with discount factor γ ∈ (0, 1], i.e.,

J(θ) = Eτ∼πθ

[ M∑
m=0

γmrm

]
. (7)

Despite the large action space at hand, optimisation in θ by gradient descent is made tractable by
substituting the classic REINFORCE estimator [Williams, 1992] for∇θJ .

3 Experiments

3.1 Learning

ITP settings The learning task is to train an agent that is capable of proving theorems using a given
set of tactics in HOL4’s core library. The tactics allowed to be used by the agent are listed in Table 1.
We collect3 1342 theorems that are known to be provable using the given set of tactics in HOL4’s
core library and randomly split them into training and testing sets in an 80:20 ratio. The training data
merely provides the agent with the statement of theorems for it to learn to prove by itself. We set the
timestep budget to be 50, and the execution time limit of each tactic application to be 0.1 seconds.
Given a goal g, the candidate set of theorems that can be chosen as arguments to a tactic is all the
theorems which come from the theories mentioned in g and occur before g in the library.

Table 1: Tactics that can be used by the agent.

Tactics Argument types

drule, irule single theorem
fs, metis_tac, rw, simp list of theorems
Induct_on single term
eq_tac, strip_tac none

Reward shaping If a theorem is proved, a positive terminal reward depending on the difficulty of the
target theorem is given. If the rate at which the theorem is being proved in earlier rollouts is above
average, then the reward is 5. Otherwise, the reward is 15. If the proof attempt fails, the agent receives
a terminal reward of -5. We also encourage the agent to “make progress” by giving it a 0.1 reward
when new subgoals are generated and a 0.2 reward when a subgoal is solved. For all other outcomes
after each timestep, a reward -0.1 is given. The negative terminal reward reduces the tendency of the
agent to maximize the reward by making irrelevant progress that does not lead to a successful proof
of the main goal. By nature of the tactics in Table 1, repeatedly applying the same tactic to the same
goal will eventually result in unchanged fringes, in which case the -0.1 reward will be given.

Replaying One difficulty during training is that positive rewards are sparse. The agent may find a
proof of a difficult theorem by accident, but then take many episodes to prove it again. To help the
agent recall its successes, we maintain a replay buffer of earlier successful proofs of each theorem.
During training, if the agent fails to prove a theorem it was previously able to prove, replaying will be
triggered so that the agent is walked through one of the 5 most recent successful proof and parameters
updated correspondingly. This represents a departure from pure policy gradients, but worked well in
our experiments, presumably because the update remains in the high dimensional direction ∇θJ and
therefore differs from a precise on-policy update (such as MAPO [Liang et al., 2018]) only by the
ad-hoc choice of learning rate.

3See supplementary materials for a description of the method.
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Training We jointly train the policies using RMSProp [Hinton et al., 2012] with a learning rate of
5 × 10−5 for each policy. The discount factor γ is set to be 0.99. The structure of our model is
illustrated in Figure 4. It takes two weeks with a single Tesla P100-SXM2 GPU and a single Intel(R)
Xeon(R) CPU E5-2690 v4 @ 2.60GHz to complete 800 iterations.

3.2 Evaluation

In this section, we study the theorem proving capability of TacticZero by comparing it with three
state-of-the-art automated theorem provers (Z3, E and Vampire) available as hammers in HOL4.
When choosing arguments (premises), TacticZero and each hammer will use the same set of candidate
theorems as described in subsection 3.1. For each hammer, we first call them with the default
evaluation mode, in which case the provers will try to use all the theorems in C to prove the target
theorem. We then call the provers by using HOL(y)Hammer’s learning-based mechanism [Gauthier
and Kaliszyk, 2015] of premise selection, which will first choose n theorems from C and then send
them to the provers as premises. We also provide four additional baselines: an untrained TacticZero
agent, breadth first search (BFS) and depth first search (DFS) with random choice of tactics and
arguments, and always calling a single metis_tac[] for each theorem.
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Figure 5: Performance of TacticZero compared to hammers and additional baselines. E (Z3, Vampire
resp.) indicates the performance of the E prover when using all available theorems as premises.
E/32 indicates the performance of E prover when using premise selection to choose 32 theorems as
premises. Parameter b in BFS and DFS is the branching factor that controls the number of expansions
for each node. The reconstruction of proofs found by hammers is not always successful. The black
line plot shows the number of failed reconstructions of each method (note different scale on right).
The blue portion of each bar shows the number of theorems that are also proved by TacticZero.

Figure 5 shows the number of theorems in the testing set proved by each method given a timeout of
10 seconds. metis_tac as the simplest baseline can prove only 13 (out of 268) testing problems,
suggesting that the majority of the testing problems are non-trivial. TacticZero solves the largest
number of theorems, which is 132. In contrast, E, Vampire and Z3 solve 68, 47 and 41 theorems
rescpectively, when using all the available facts as premises. The performance of hammers improves
when learning-based premise selection is enabled (see E/128 for example). TacticZero is able to
prove 18% more theorems (132 as opposed to 112 given by E+Vampire+Z3/128) even when we
combine all the hammers together with premise selection enabled.

There is also an overlap between the theorems proved by TacticZero and those proved by other
methods. For example, there are 61 theorems proved by both TacticZero and E+Vampire+Z3/128,
meaning that TacticZero proved 71 theorems not found by combining E, Vampire and Z3, and the
hammers working together proved 51 theorems not found by TacticZero. It is thus possible to achieve
better performance by combining TacticZero and hammers in practice. We also note that learnt proofs
can be dramatic improvements on what human authors wrote: Figure 6a shows an example of this.

The BFS/DFS baselines have the second worst performance among all the baselines. This suggests
that proper selection of tactics and arguments is essential even when using a principled proof search
strategy. In the next section, we further study the impact of different proof search strategies when
proper tactic and argument policies are available.
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Table 2: Ablation study for different proof search strategies in comparison with the full TacticZero.
Stochastic means that when branching, the agent follows the tactic policy stochastically by sampling
from the policy distribution; topk means that the agent chooses deterministically best k tactics
suggested by the tactic policy, where k = b.

Methods # proved % proved mean # timesteps mean length of proof

BFS/stochastic (b=2) 99 37.1 15.32 3.25
BFS/stochastic (b=3) 79 29.6 17.01 2.60
BFS/topk (b=2) 116 43.5 15.85 3.10
BFS/topk (b=3) 92 34.5 14.79 2.36
DFS/stochastic (b=2) 83 31.1 8.33 6.00
DFS/stochastic (b=3) 96 36.0 9.71 6.21
DFS/topk (b=2) 86 32.2 8.04 5.86
DFS/topk (b=3) 90 33.7 9.78 6.36
Latest fringe 112 41.9 11.07 6.94
Cumulative logprob (b=2) 113 42.3 15.61 3.13
Cumulative logprob (b=3) 115 43.1 15.44 2.38
Diagonal (b=2) 105 39.3 12.54 5.56
Diagonal (b=3) 103 38.6 15.27 4.66

TacticZero 132 49.4 11.72 5.00

3.3 Ablation study

We now study the proof search strategy learned by TacticZero by comparing it with other fixed
search strategies including depth-first search, breadth/best-first search with different branching
factors, greedily expanding the latest fringe, searching following the cumulative log probability
of a goal as defined in GPT-f [Polu and Sutskever, 2020], and a diagonal search as defined in
Tactician [Blaauwbroek et al., 2020]. Learned tactic and argument policies are available for all the
agents in this experiment. All the agents are given the same amount of timestep budget which is 50.

The results of the experiment are shown in Table 2. The largest number of proved theorems is
given by the search strategy learned by TacticZero. The BFS family tends to find shorter proofs but
generally takes more timesteps to find a proof. This is because the depth of BFS is determined by
the timestep budget and the branching factor4, and there might be redundant expansion in a single
level. On the other hand, the DFS family tends to find proofs quickly (as indicated by the timesteps
column and row 5-8) but the proofs are rather long. This is because DFS lacks the ability to backtrack
further than 1-level up in the search tree. This prevents the agent finding alternative and potentially
shorter derivations by restarting the proof at a higher level when it is stuck with a particular node.
Greedily expanding the latest fringe behaves similarly to DFS, but instead of backtracking, it stays
with the same node forever and queries the tactic and argument policies for alternatives until the node
becomes expandable. This strategy is slightly better than the DFS family in terms of the number of
provable theorems, but it takes more timesteps to find proofs, and tends to find longer proofs than
those discovered by DFS.

We also note that the learned proof search strategy not only finds the largest number of proofs, but
also sits in the middle of the chart in terms of timesteps and length of proof — it takes fewer timesteps
than a BFS agent to find a proof, and finds “deeper” proofs that may not be discoverable by a BFS
agent within the same timestep budget, and tends to find proofs that are shorter than those found by a
DFS agent. In fact, the learned strategy is often neither BFS nor DFS. See Figure 6b for an example.

4 Related Work

Automated theorem proving (ATP) The problem setting of machine learning for ATP is rather
different from that of ITP. In ATP, one usually works with a “backbone” algorithm such as a

4For example, with a timestep budget = 50 and a branching factor = 2, the maximal depth of the search tree
would be 5, which means that the maximal length of proofs that can be found by such an agent is 5.
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Theorem EVERY2_DROP:
∀R l1 l2 n. EVERY2 R l1 l2 ⇒

EVERY2 R (DROP n l1) (DROP n l2)
Proof

Induct_on ‘n’
>- (strip_tac » fs[])
>- (Induct_on ‘l1’ >- fs[]

>- (rpt strip_tac » fs[]))
QED
(*

(* Original human proof *)
rpt strip_tac » IMP_RES_TAC LIST_REL_LENGTH
» Q.PAT_ASSUM ‘LIST_REL P xs ys’ MP_TAC
» ONCE_REWRITE_TAC [GSYM TAKE_DROP] » rpt strip_tac
» ONCE_REWRITE_TAC [TAKE_DROP] » Cases_on ‘n ≤ LENGTH l1’
>- metis_tac [EVERY2_APPEND,LENGTH_DROP,LENGTH_TAKE]
» fs [GSYM NOT_LESS] » ‘LENGTH l1 ≤ n’ by numLib.DECIDE_TAC
» fs [DROP_LENGTH_TOO_LONG] » rfs [DROP_LENGTH_TOO_LONG]

*)

(a) A proof discovered by TacticZero. The proof
has been minimized through the removal of re-
dundant arguments provided to the fs tactic. The
human proof of the same theorem has significantly
more steps (notwithstanding its access to a much
bigger pool of basic tactics).

(b) A proof search of the theorem ∀ x s. x ∈ s ⇒
∀f. f(x) ∈ IMAGE f s. Red nodes represent the
fringes that never lead to a successful proof, and blue
nodes consist of a path from which a proof can be
reconstructed. This proof search is neither a BFS nor
DFS, but a unique strategy involving backtracking.
See supplementary materials for an interactive HTML
version of this figure.

Figure 6: Example proofs and proof search performed by TacticZero.

resolution-based or connection-based algorithm [Letz et al., 1994], upon which machine learning
approaches [Urban et al., 2008, Kaliszyk and Urban, 2015a, Wang et al., 2017, Rocktäschel and
Riedel, 2017, Loos et al., 2017, Selsam et al., 2018, Piotrowski and Urban, 2018, Kaliszyk et al.,
2018, Crouse et al., 2019, Chvalovský et al., 2019, Zombori et al., 2019, 2020, Lederman et al.,
2020, Firoiu et al., 2021] are built to guide proof search. ITP systems do not use such a “backbone”
algorithm as their main framework for theorem proving. For this reason, the action space of ATP is
different from that of ITP, and machine learning approaches developed for ATP are not compatible
with ITP. One the other hand, proofs in ATP are often represented in a low-level language and hard
to interpret as high-level mathematical concepts, in contrast to ITP which uses tactics and embodies
more human-like mathematical reasoning.

There are also approaches that work by interfacing ATP with ITP systems. These tools are called
hammers [Paulson and Blanchette, 2010, Kaliszyk and Urban, 2014, 2015b, Gauthier and Kaliszyk,
2015, Czajka and Kaliszyk, 2018]. These tools work by translating goals in an ITP system to the
languages in ATP systems. If a proof is found by an ATP system, the tool then tries to reconstruct the
corresponding proof in the ITP system. This process, however, might fail in the situations that the
derived proof cannot be fully translated back to the ITP high-level representations.

Interactive theorem proving Machine learning for ITP are more closely related to our work, and
most focus on supervised learning from existing human proofs in the library of an ITP system.
TacticToe [Gauthier et al., 2020] chooses tactics based on recorded human proofs in the library, and
uses a distance-weighted k nearest-neighbour classifier [Dudani, 1976] for lemma selection [Kaliszyk
and Urban, 2013]. GPT-f [Polu and Sutskever, 2020, Han et al., 2021] learns from proofs in the
METAMATH [Megill and Wheeler, 2019] (LEAN [de Moura et al., 2015] resp.) library, and uses
transformer-based [Vaswani et al., 2017] language models to predict proof steps and tactics. For
proof search, they both use BFS as a fixed search strategy. In contrast, our approach learns a dynamic
proof search strategy that enables backtracking. GamePad [Huang et al., 2019] and ASTactic [Yang
and Deng, 2019] are both learning environments for the COQ theorem prover [Coq Development
Team, 2004] and focus on learning from human proofs. GamePad targets specific sub-tasks of ITP
such as the algebraic rewriting problem. ASTactic is more general and comes with a deep learning
model that learns from human proofs to generate tactics by expanding abstract syntax trees. A beam
search is then implemented as the proof search strategy to find proofs. TacTok [First et al., 2020]
improves ASTactic by learning also from partial proof scripts, but follows ASTactic by using the same
beam search as its search strategy. ProverBot9001 [Sanchez-Stern et al., 2019] learns from proofs in
the CompCert [Leroy, 2009] project of COQ, and uses recurrent neural networks to predict arguments
for tactics. For proof search, ProverBot9001 expands their search tree by DFS.
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There are also approaches including reinforcement learning components. HOList/DeepHOL [Bansal
et al., 2019, 2020] trains a proof guidance model to prove theorems in the HOL LIGHT theorem
prover [Harrison, 1996] by continuously expanding training data. If a proof is found, it is used to
generate additional training data, which is used to update the model used for exploration. Although
the process is referred to as a reinforcement learning loop, it uses pre-engineered scoring for premise
selection to help find new proofs, and a BFS strategy to find proofs. In our framework, the agent
learns arguments (premise) selection as well as tactic selection without pre-engineered scoring, and
manages proof search by itself, all through deep policy gradients.

5 Conclusion

We introduced a reinforcement learning framework to learning interactive theorem proving in HOL4.
Rather than sequentially searching for a HOL4 proof, our agent exists within the more abstract context
of our Markov decision process environment. This environment supports learning tactic prediction as
well as proof search strategies in a principled and effective manner without relying on limited human
examples in the libraries. We also hope that the MDP formulation opens the possibility of applying
other well-developed RL algorithms to ITP. In the future, we plan to overcome the limitation of our
framework by allowing free generation of complex HOL4 terms as arguments to obtain a more refined
action space as well as training the agent on individual HOL4 projects such as the CakeML [Kumar
et al., 2014] library.
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