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ABSTRACT

Physics-Informed Neural Networks (PINNs) refer to a deep learning approach
to represent the spatial and temporal characteristics of a distributed physical phe-
nomenon, such as thermal fields, using Neural Networks (NNs). The loss function
used to train PINNS relies on a term that penalises any violation of the Partial Dif-
ferential Equation (PDE) that governs the distributed phenomena, in addition to
a least-squares-error penalisation of any available observations in the relevant do-
main. PINNs have been shown to be successful in approximating the solutions to
PDEs and have proven effective even in the low data regime. A critical shortcom-
ing is the lack of a systematic treatment of the uncertainty of the approximation.
State-of-the-art approaches rely on Bayesian NN, though these are computation-
ally heavy, both during training and at inference, nor does the associated train-
ing procedure derive from first principles. To remedy these limitations, we pro-
pose Variational Inference PINNs (VI-PINNs). Our approach derives from first
principles: the uncertainty intrinsic to the distributed phenomena is explained by
adopting Stochastic PDEs, while relying on standard measurement uncertainty to
explain the observational uncertainty. This leads to the formulation of a posterior
probability for the distributed phenomenon. Drawing parallels with Bayesian in-
ference in finite spaces and relying on VI techniques to circumvent the otherwise
intractable posterior. We derive a training objective that allows us to train two
NNs, representing the mean and covariance of the approximation, respectively.
The solution may be interpreted as a Bayesian belief about the true distributed
phenomenon. Importantly, in the limit, the original PINN framework is recov-
ered. We compare our approach with Bayesian PINNs (B-PINNs). Our results
suggest that VI-PINNs are easier to implement, have a lower training time, and
yields results that better align with reality, especially when extrapolating outside
the measurement range.

Keywords: Neural Network, Variational Inference, Steady State Heat Equation, Physics-Informed
Neural Network, Partial Differential Equations, Gaussian Process

1 INTRODUCTION

A Physics-Informed Neural Network (PINN) is a new class of Neural Network (NN)) introduced by
Raissi et al.|(2017). The main idea of a[PINNis to use the strengths of a[NN] such as approximating
(complex) models [Markidis| (2021), Bhatnagar et al.| (2024)), [Fowler et al.| (2024)], modelling un-
known parts of a model [Markidis|(2021))], or pattern recognition in data sets [Mah & Chakravarthy
(1992)]. That is done in combination with the underlying physics of a system. The underlying
physics is introduced trough the use of a Partial Differential Equations or Ordinary Differen-
tial Equations (ODES). This allows for a smaller dataset of measurements, compared to a traditional
It can be used to solve forward problems, such as approximating/ emulating solutions to
and[ODES or inverse problems, such as estimating model parameters from limited data.

have been shown to yield good results on a broad range of applications [Raissi et al.| (2017),
Markidis| (2021))], but they also have their limitations. has no uncertainty quantification
built into it. This makes [PINNk sensitive to the noise in the training data. In|[Yang et al.| (2021)),
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a Bayesian PINN is proposed to solve this problem. The uncertainty is quantified using
sample-based techniques such as Hamiltonian Monte Carlo (HMC) [[Cobb & Talaian| (2021))] or No-
U-Turn Sampler [Hoffman & Gelman|(2011)]. These are computation-heavy and result in
a long training time for each iteration step.

To overcome this problem, we propose a Variational Inference Physics Informed Neural Network
(VI-PINN). This topology quantifies the uncertainty in an algebraic way instead of using sampling.
This paper is structured as follows: In section 2] the background for[PINN]and is given. In
section [3] the [VI-PINNJis constructed using Variational Inference and Bayesian inference. This is
first done for the general finite-dimensional case, followed by an ad hoc generalisation. In section[d]
the theoretical framework is implemented in a 1D problem, where it will be compared with the
results of a[B-PINNI In section[5} conclusions are presented.

2 BACKGROUND

2.1 PHYSICS INFORMED NEURAL NETWORK

The dynamics of a system can be represented using [PDEs| which has the general form

Ag t[u](x,t) = dpu(x, t) + Ag[u](x,t) =0 (1)
x € R" is a spatial vector, t € R the time, O, u(x, t) is the partial derivative of u(x, t) with respect
to ¢ and A, is some spatial linear operator. The objective is to find the explicit formulation u(x, t)
that satisfies equation , so that u(x, t) describes the dynamics in the spatio-temporal domain.

In a the unknown function u is approximated by the with as output ug and
parameters 6. The cost function is of the form

Teost0) = (1= 0 Ly~ wo@om, tr) P+ A L Aw ol @ 0P )
(®m tm,yY)EDPpATA (z,t)EDpHuYS
y are measurements at (T, ), A is a tuning factor that determines the relative importance of
each cost function, Dp 41 4 is the data set, and Dppy s represent an arbitrary set of space-time co-
ordinates where the[PDEglis enforced to the[NNl In the literature, there is no clear way to determine
the value of A, nor the set of space-time coordinates.

2.2 BAYESIAN PHYSICS-INFORMED NEURAL NETWORK

A way to quantify the uncertainty of the prediction is by extending the [PINNlframework to a[B-PINNI
[Yang et al.[(2021)]. This can be done by following the Bayesian Neural Network approach
[Jospin et al.| (2022)] and constructing a posterior for the NNFparameters (and optionally the
parameters).

p(0|Dpara,Dpuys) x p(Dparal@)p(Dpuys|0)

where
p(Pparal0) = [TV (ylus(@m, tm), o3) (32)
(m tm,Y)EDPpATA
p(Driysl) = [TV (01Ae clusl(e, t),0%) (3b)

(z,t)€EDpuYS

Since the posterior is intractable, it can be approximated using Markov Chain Monte Carlo sampling.
Possible strategies to establish these samples are[HMC|or[NUTS| In Figure[I] the[B-PINNJapproach
is schematically shown.

In the end, one obtains a weighted particle set {(a;, 8;)} that approximates p(6|Dpara, PDpuys)-
This particle set can be used to evaluate the output uncertainty of the distribution u, given (x, t),
according to the predicted distribution

p(ulz,t) = /p(0|DDATA,DpHYS)5 (u—ug(x,t))do ~ Zaid (u—ug,(x,t))

K3
and certain statistical measures in particular, e.g.

ur(x,t) = /ukp(u|w,t)du ~ Zaiugi (x,t)* 4)

3
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Hamiltonian Monte Carlo

(HMC)

DATA

Figure 1: Schematic of a B-PINN using HMC

2.2.1 IMPLEMENTATION OF THE B-PINN

A B-PINN]is capable of finding a good approximation, but it does so inefficiently. It takes Nysc
samples of the uncertain parameters. This includes all weights and biases from the [NN] and option-
ally the parameters of the [PDEs|too. All N, uncertain parameters are assumed to have a form of
uncertainty [Cobb & Jalaian| (2021)]. This results in Np;c - Npq,r samples being taken for every
iteration step. A proper estimation of the output uncertainty requires /NV;; training iterations of ug to
get a reliable result for the mean and covariance (i.e. k=1 and k=2 in equation (@), respectively).

When the complexity and/or noise level increases, the total required number of samples
[Nit - (Npc - Npgr)] will increase quickly. We desire to derive a more efficient approach. Our
idea is to approximate p(u) using a variational density and learn the density using Variational Infer-

ence (V).

2.3 LINK WITH STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
As one can note, Stochastic Partial Differential Equations (SPDEs) (equation (3)) are linked with

equation (3b).
Az t[u](z,t) = dpu(z, t) + Az[u](x,t) = w(z, t) (5)
with u is the solution of equation , w(a, t) the stochastic force term. w can be modelled using a
Gaussian Process (GP), with mean fi,, and kernel o2,.
w ~ GP(phe, JEJ)
In case that A, is a linear operator, from|Rasmussen & Williams|(2006) it is known that the function
u is also a[GP|where the mean and covariance function are governed by the [SPDES]

u(z,t) ~ GP(u, 03)

3 A VARIATIONAL APPROACH TO PHYSICS INFORMED NEURAL NETWORKS

3.1 BAYES’ RULE

The posterior for the quantity u, given the measurements y, is given by Bayes’ rule [Bolstad &
Curran| (2017)]. We assume to have access to the measurement model p(y, u), and prior p(u).
p(y,u) _ p(ylu)p(u)

Py =78y T o) ©

3.1.1 FINITE-DIMENSIONAL BAYESIAN INFERENCE

Assume that the quantity u is actually a function, describe by equation (7)) where A is non-singular
and w ~ GP(tw, Dww)-
Au=w @)
Due to the linearity of equation (]Z]), it is known that [Sarkka & Hartikainen| (2012}, Lindgren et al.
(2011)]
u~ p(u) = GP(u, Luu)

where
pu =E[u] =E[A'w] = Ay,

8
Yuw=E [(u — fu)(u— ,uu)T} =K [A_l(w — fe)(w — uw)TA_T] =A'y,,AT ®)
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Additionally, we assume that a measurement is taken
y ~N(Bu,Xyy)
such that .
u Hu Euu EuuB
(AR EE ) ®
To conclude, the conditional probability for the means and variance is described by
Huly = Hu + ZuuBT(Eyy + BZuuBT)_l(y — B)

(10)
Yuuly = Suu — ZuuB’ (Eyy + BEuuBT) ' By

3.2 VARIATIONAL INFERENCE FOR SPDE

Bayes’ rule is elegant, but quite often not applicable in practice due to the unknown measurement
distribution p(y). A popular technique that is used to approximate the posterior is [VIl [Ganguly &
Earp|(2021)]. The idea is to fit a variational density ¢, which is a member of some density family O,
by solving an optimisation problem. By minimising the Variational Free Energy (VEE) [Wu et al.
(2019)], g can be found.

e ‘ q(u)
¢"(u) = argmin By() {bg (p(ym))] (11

The quantity u is actually a function, where the entries of the vector u can be seen as different
function evolutions. The objective is now to find a variational density representing the probabil-
ity of the function u, that satisfies the and, additionally, conditions the likelihood on the
measurements, y.

The discussion will be limited to static[SPDES] though we note that the approach generalises trivially
to spatio-temporal [SPDE

3.2.1 FINITE-DIMENSIONAL VARIATIONAL INFERENCE
We start reviewing a general finite-dimensional case and comparing it to the results from Bayesian

Inference (section[3.1.1)), with the objective to obtain the same results as equation (g).

Using a variational approximation, following Opper| (2019), this can be found by introducing a
variational density
u ~ g(u) = GP(ug, Xgq)

with the free energy is given by

il = 80 o (1] >

where

1 1
g(u) = |27X44| 2 exp <—2(u - uq)TE;ql(u - Mq)>
1 (13)
p(wlu) = p(w) = [275uu]~F exp (2<Au ) TS (Au - m)

The can be evaluated to find equation (T4). The stepwise calculation can be found in Appendix
B.1l

1 1 _ 1 _
Lyrlq] oc ) IOg(mqu + itr(ZwiAquAT) + i(AMq - Mw)Tzwi<Aﬂq — ) (14)

To find the minimum of Ly ;[q], the first partial derivative with respect to £, and ¥, are set equal
to 0. Using Petersen & Pedersen| (2012, this results in equation @ One verifies that equation @)
and equation give the same result.

fe = A" o S = A7 Suu AT (15)
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When adding additional measurements, equation (I2)) can be extended to

£, [ = By [log( q(w) )} (16)

p(w,y)

and results in

1 _ 1 _
ﬁ%[[q] X i(ANq - Mw)TZwi’(AMq — ) + 5” (ZwiAquAT)

(17.1) (17.2)
1 _ 1o 1
+ 5 (Big = ¥) S5y (Bg = y) + 5t (Syy B BY) = S log [Tgq| - (17)

(17.3) (17.4) (17.5)

The stepwise calculation can be found in Appendix [B.2] One can verify that the minimum of equa-
tion (T7), found by setting the partial derivatives equal to 0, gives the same results as equation (9).

Once we have access to the mean and covariance, in fact, the job is done, and one can come back
to regular inference with There exist standard techniques to find the mean and covariance for
given[SPDES| however, all of them depend on linear function decompositions (e.g. Eigenfunctions,
Finite Element Method (FEM)), Finite Difference Method (EDM)), . . .) of the function u, and shift
all uncertainty to the coefficients. Rather, we would want to draw a connection with the
paradigm, specifically by approximating /i, and o'2.

The ambition is to approach an [SPDEs| similar to how a[PINNlapproaches a[PDEsl

3.2.2 AD-HOC GENERALISATION TO INFINITE-DIMENSIONAL CASE

The next step is to establish an ad hoc generalisation to the infinite-dimensional case. This is done
using the two analogies between: a vector with infinite vector entries and function evaluations at
arbitrary arguments, and matrices and linear operators.

Consider the static[SPDES]in equation (18), where A,, is some linear operator and w ~ GP (e, 02).
Azu] =w (18)

Due to the linearity, we have u ~ GP (i, 02). Further assume that we take point measurements y,
at spatial coordinates x,,, contained in some data set Dp a1 4.

y ~N(Bzlu], o) Dpara = {(®m,,yi)|i =1... Ny}

where:

or

We already know that
u -~ gP(Nuv 0121)
Using Opper| (2019), this allows us to write the probability of a realisation of u as

—log p(u) o< exp(—% //[u(m) — pu(x)]T oy (x, ') [u(x) — uu(w)]da:d:B’) (19)

and the probability of the measurement data is written as

1 1
p(Dparal) = ] 2003l exp (= oy 2y - Bulul ) 20)

(®m,y)EDpaTA
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Next, the ad-hoc generalisation of equation (17)) is constructed.

@) = [ Aslna) o2 (@.2") Aulpdnde’ e

2
DPHYS

(172) // tr ( o (w, )] AL) deda’ (22)

2
DPHYS

1
([@33) =5 D> oy lly — Balus]|? (23)

(mm7y)EDDATA

T4 Z tr ( 02 (Lo, T, )| BL) (24)

(me’)EDDATA

For (17]5), an ad- hoc solution is a great challenge. We proposed that it can be seen as a regularisation
term for 7. If o2 were a matrix, then would it be log(det[o2]). Here o2 is a covariance kernel, the
generalised determinant, det[.], it is then basically the product of the eigenvalues of the kernel. In
practice, only a finite number of query points are being evaluated. The determinant of the associated

covariance matrix can be approximated by

(17]5) = det [02] ~ det (S5779) (25)
where [SDHYS) = o2(x;,x;);  xi,x; € Dpuys

]

The last obstacles in the derivation are the double integrals. Those are impossible to evaluate for
arbitrary networks. Hence, the double integral can be approximated by drawing random samples in

the spatial dimension.
//facsc Jdada' ~ Ax® Y f(@,x') (26)
(z,2’)€D?

Filling equation (Z1}{26)into equation (I7), the approximated total free energy can be calculated

1 _
LY g, 02 ~ Aa:2ZA pig)” (zca:)Am/[uq]+§AmQZtr(JUQAm[ag(m,m’)]Ag)
(m x')€ED} vy s (x,2")€DLpy s
J1[pq) J2[o2]
1
+ = Ztr 02 (T, T )| By ) + ZO Ay — Ba[uglll? §log|det [(Z5FY5])
(wm,y)GDDATA (mm,y)eDDATA
Jslo?]
J3[o] Japq]
27

3.3 RELATION WITH PHYSICS INFORMED NEURAL NETWORK

Equation (27) can be split into two parts. A part that is similar to a standard cost function
(equation (2) w.r.t. ).

Tlag] + Talia] = 58 Y Aalpg) @) 05,2 Aw ))& 5 3 03y — Bl

(z,2')EDDyy 5 (wM7Y)EDDATA
and a second part that expresses the uncertainty (w.r.t. 03).

B3] = Jslo2] 4 Jsfo) = 82?3 tr (052 Al (@, i )JAL) — 3 log [det [S517S]|

(f'c ®')EDLyy s

1 /
+3 Zt?“ (03 *Balog (@m, @,,)Bg)  (28)

(®m,y)EDpaTA
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2

As one can see, there is no explicit tuning factor, A. The tuning results from oy, of, and Az, i.e. the

spatial coarseness.

4 RESULTS

4.1 PROBLEM FORMULATION

To validate our proposed framework, a 1D steady state Disturbed Thermal Field (DTE) is examined,
which can be described by means of the following [SPDEs|[Fourier|(1878)] and Boundary Condition
EBO:
k 0?u(zx)
Ox?

with € [0,1.0], the spatial coordinates, k > 0, the conductivity constant, w ~ GP(u,,,72), the
stochastic heat flux term and u ~ GP(pu, 02), the stochastic temperate field. Take a 1D steel beam
with a length of 1 m with homogeneous material properties. Over the length of the beam some
torches are placed, as shown in Figure 2] Normalizing equation (29), such that k = 1, results in a
[DTR with j1,, = (67)? sin(67 - ), and variance, 02 = 4,0 - §(x — ).

=w(z) BJ: u(0)=u(l)=1 (29)

0 X, Xz ) Xy

1, \ \

Figure 2: 1D steel beam with distributed heat sources

For the training of the different [NNk, 25 @, -points are chosen evenly spread over [0, 0.6]. For the
testing/validation, 200 x-points are chosen evenly spread over [0, 1.0]. This allows us to compare
the inter-/and extrapolation capabilities of the B-PINNland [VI-PINNI The training points have some
noise €, ~ GP(0,1.52), added to emulate measurement noise.

It was found empirically that rescaling the input x, and measurement data y, yielded better results
and reduced computation time.

Dpara € R" = D'para €[0,1]"

4.2 SOLVE WITH A B-PINN USING NUTS

The implementation of the technique is performed using the [Hoffman & Gelman
(2011)] implementation in Python using NumPyro [Phan et al.| (2019), |Bingham et al.|(2019)]. This
algorithm is an extension of It adaptively sets the step-size, [r, and the number of sam-
ples, N e, which reduces the computation time. In Table [T} four combinations of the following
hyperparameters are displayed:

€ : The number of training iterations.
Buln : The number of burn-in steps.
lrg : The initial step-size or learning rate.
Layers : The architecture of the network.
T AP : The Target Acceptance Probability.
NppEs : The Number of points used to evaluate the
Key : The random key used for the random generator.

For all the hyperparameter configurations, the maximum number of samples, N ¢, is 1023. In
Figure 3| the corresponding results are shown.
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It

Table 1: Hyperparameters NUTS-B-PINN.

€ Buln Irg Layers TAP Nppps Key
(a) | 5e* 5e? le [1, 3, 16, 20, 32, 20, 16, 3, 1] 0,80 1000 1234
(b) | 5e* 5e2 5¢~*  [1, 3,10, 16, 20, 32, 25, 20, 16, 10,3,1] 0,85 1200 12345
(©) | 5e3 5el le™® [1, 3, 10, 16, 20, 32, 20, 16, 10, 3, 1] 0,80 1000 20901
(d) | 5e* 5e2 le [1, 3, 16,25, 16, 3, 1] 0,80 800 1234

u(x)
X)

—— Test data « Trainingdata —— PINN std

(@) (b)

—— Test data « Trainingdata —— PINN std

(©) (d)
Figure 3: Results NUTS-B-PINN

4.3 SOLVE WITH A VI-PINN

The general architecture of VI-PINNlis shown in Figure ] The mean , is estimated with a
For the variance 03, the following the kernel is proposed

oy = oy exp [allz; — a|%]
with 0%, = |lonn(xi)onn(x;)|| where on () is a[NN] with input 2. The choice is made to
take the product instead of a[NN|with two inputs (x;, x,), to preserve the symmetry of the variance
(0% v (@i, ;) = o}y (2, 2;)). For this problem Ag 1] and A [0 (x, 2')]. AL, are given by
Az [Uq] = V?c,uq — Hw

Ao (x, @) AL =2 Ve oo(x, @) — ol d(x — &)

To reduce the training time, /2 /2, o2(x, ') is calculated explicitly for this 1D problem.

q
DATA

|(7'3 = oy explal|z; — “’/',1||2]|

Figure 4: General architecture of a VI-PINN
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The estimated mean p,, and variance 02, are evaluated in equation 1| to find the [VFEl In
Table [2] the hyperparameters of the NNk for 1, and oy, used in the l"!:llﬂlﬂl implementation,
are shown. The intermediate results for the mean i, and the standard deviation o, are shown
respectively in Figure[5a and Figure[5b} In Figure[5c] the combined result is shown.

Table 2: Hyper parameters of the 2 [NN|for the VI-PINN.

NN, NN Ir €u,  €ony  NpPDEs 0w 0y «
[1, 16,20,16,1] [1,5,8,12,12,12,10,1] 1le™* 15e3 10e3 700 2,0 1,5 500

ONN

—— Test data « Training data ~—— PINN X — Test data « Training data —— PINN std

(a) The mean pq4 (b) The standard deviation o (c) Combined results

Figure 5: Results VI-PINN

4.4 DISCUSS THE RESULTS

Table 3: Results from specify solving techniques

Solving technique Training time* MSE AR
NUTS-B-PINN (a) 23 min 10,93 s 7,93¢2 100, 00%
NUTS-B-PINN (b) 55min 57,72 s 1,48¢~1 41,00%
NUTS-B-PINN (c) 1 min 57,36 s 9,03e~2 41,50%
NUTS-B-PINN (d) 8 min 49,34 s 1,76e~t 100, 00%
VI-PINN 4 min 39,57 s 6,97¢~¢ 100, 00%

*All calculations are performed on 32 CPUs (Intel(R) Core (TM) 19-14900K)

In Table[3] the training time, Means Square Error (MSE), and Acceptance Rate (AR) of each solving
technique are shown.

4.4.1 MEAN ESTIMATION

The two techniques both provide a good estimation for u, inside the measurement range
(x € [0, 0.6]). When looking outside the measurement range, there is a notable difference. [VI-PINN]
can extrapolate and can yield a good solution. [B-PINN| can not, even when doing more iterations.

4.4.2 VARIANCE ESTIMATION

For [B-PINN] the variance (and standard deviation) shows a rising behaviour. Outside the measure-
ment range (z € [0.6, 1]), the o, estimation exploits to high values (>10).

When comparing to the [VI-PINN] both have a similar result inside the measurement range
(x € [0,0.6]). When looking outside the measurement range (z € [0.6, 1]), a noticeable differ-
ence can be observed. The o, estimation of the [VI-PINN|estimation stays bounded.

This can be explained because the variance 02 is included explicitly in the government equation of

[VI-PINNI (see equation (28)) and in that way can be regulated. The [B-PINN] estimation is sample-
based, hence has no explicit way of regulating it.
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4.4.3 COMBINED RESULT (MEAN AND STANDARD DEVIATION)

Examining the combined result of the mean 11, and standard deviation o, shows that the results from
the [VI-PINN] are significantly better than those of the[B-PINN] especially when extrapolating. This
expresses itself in a low [MSE|and high[AR] compared to the [B=PINNlestimations.

4.4.4 TRAINING TIME

The training time of the [B-PINN] is case-dependent. When the results after an iteration have a
high uncertainty, more samples are needed, and the iteration will take longer. A slight change in
a hyperparameter can result in a significant increase in training time. Increasing the number of
iterations does not always result in better estimations.

VI-PINN|don’t rely on sampling, therefore it’s less sensitive to changes in hyperparameters in terms
of training time, which makes it easier to tune than[B-=PINN] which results in a lower training time.

5 CONCLUSION

has been shown to give good results, even with small datasets. It does so by extending the
[NNI framework with physics, represented using or[ODESl But it has its limitations. [PINNk
has no uncertainty quantification built into it. In the literature, a[B-PINN]is proposed to solve this
limitation. This is a sample-based implementation, where all parameters are assumed stochastic.

We proposed the [VI-PINNl as a new way of including uncertainty estimation into the [PINNl predic-
tions. The [VI-PINN] achieves this due to its strong mathematical backbone, where [V1 is used to
estimate the posterior in combination with[VEE] which is used as a cost function in this probabilistic
framework.

Comparing the and both yield an acceptable result inside the training range.
Looking at the extrapolating capabilities, B-PINN| falls short, a gap that[VI-PINN] successfully fills.
The physics is firmly embedded into[VI-PINN] both in the estimation of 11, and oz. This gives it the
ability to give reliable results even when extrapolating. The cost function equation for[VI-PINN|
is an explicit function and therefore easier to implement and evaluate than[B=PINNI This results in
faster training times and results that better align with reality over the full range.

But it still has some flaws, such as a long training time and being unable to include implicit[BC|
To conclude this paper, we achieve our ambition of approaching the [SPDEs] similarly to how [PINNk

approach [PDEs| while the uncertainty is moved away from the parameters.
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A ABBREVIATION

[AR_____J[Acceptance Rate]

BC | Boundary Condition|

[Bayesian Neural Network]|

IEPINY ]

[DTF ] Disturbed Thermal Field]

[Finite Difference Method|

[FEM___] [Finite Element Methodl

GP | [Gaussian Process|
[Hamiltonian Monte Carlol

[NN__] [Neural Network]

[No-U-Turn Sampler]

MSE | [Means Square Error]

[Ordinary Differential Equations|
[PDEs | [Partial Differential Equations)
[PINN___] [Physics-Informed Neural Network]|
[Stochastic Partial Differential Equations|
[VFE__] [Variational Free Energy]

(VI |[Vanational Inferencel

[VI-PINN] [Variational Inference Physics Informed Neural Network]

B CALCULATION OF THE TERMS OF THE VARIATIONAL FREE ENERGY

B.1 FREE ENERGY WITHOUT MEASUREMENTS

Lyrlg] = Eqeu) [log <ZEE§>]

Given:

Calculate log (%) , using

_1 1 _
q(u) = [2m¥4,[ "2 exp <—2(u - :“q)Tzqq1 (u— Mq))

p(wlu) = p(u) = [2780u| " exp (_;( A )75 (Au M)
gives
o8 (fﬁ; ) — — 5 log(21) +10g(|4q]) — log(27) — log([ S}
(A ) L (A~ ) — (a - ) TS )]
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On the first line, the log(27) can be crossed out, and the other ¥’s can be taken together. Take now
the expected value E () = Eg, using Petersen & Pedersen| (2012).

Lot = 5 108 (524 )| <5 B [(u = ) 725 (0~ )]
(2

(1)
1
+§ Eq [(Au - Nw)TZ;i’(Au - lf'w)}
(3)

(1) = log(|Egq]) +  log(|Xwwl)
————
IND of g(u)—C'st.
Using Equation (328) from [Petersen & Pedersen|(2012) to solve (2)
E[c" Mc] = tr(M - cov(c)) + pl M e
with
c=(u—pg)and M =3}
SO
te = 0 and cov(c) = Xy
This results in
(2) =tr(S,, Sqq) =1 — Cst.
Use the same formula to solve (3), the result in
(3) = tr(Z;iAquAT) + (Apq — Nw)TZ;i’ (Apg — pw)
Filling in everything, equation (T4) is found

1 1 _ 1 _
Lyrlql = D) 10g(|2qq|) + QtT(EuE;AquAT) + §(Aﬂq - /Lw)Tzwi(Aﬂq — jiw) + Cst.

B.2 FREE ENERGY WITH MEASUREMENTS

20 = B [ (G800 < 2 s (s )|

By [bg (%)] ~ Eyu llog (plylw))]

Eq(u) {log (%)] is know from Appendix so only the [,y [log (p(y))] term must be deter-
minate. Due to linearity of B, we know that

_1 1 _
i) = 205y [ oxp ( (Bu— ) 5 (Bu - )

Given

SO
1
log(p(y|u)) = —§(Bu — uy)TZ;;(Bu — ty) + Cst.

Using Equation (328) from Petersen & Pedersen| (2012) now for solving E, ) [log (p(y|u))]
E[c" Mc] = tr(M - cov(c)) + uX My,
with
c=(Bu—py)and M = E;;
s0
e = (Bl — py) and cov(c) = By, B”
This results in

1 _ 1 _
—Equ) [log (p(y[u))] = itr(Zy;BquBT) + i(BNq - Ny)TEy; (Bpg — py) + Cst.
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